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1. INTRODUCTION

- ‘Despite the success achieved by the barotropic model in numerically

predicting the flow.pattern.at 500 mb, corresponding progress has not' been made

in attaining useful 1000 mb surface prognoses by simple two-level baroclinic models.

The present* operational model (mesh model), -which is obtained by extraﬁolatiﬁg
thé forecast 850-500 mb thickness frorg the 8.50 mb level to the 1000 mb level, :
suffers, in the éyes of the subjective forecasters, from an inabilify to predic’t. _
~cyclogenesis and from a general oversmoothness and diffuseness of pattern. Small
scale features tend to disappear during the forécast int_erval..andj'sha.rp features,.
sqch as frontal troughé, Itend to lose their-. identities,

' As a consequence of these and other deficiences of thé p.rééent_ .'nume;-ical'
1000 mb prognoses, the standard method employed by th.e fore'caéters_at the |
Analysis and Forecast Branch of the National'Meteqrological Cg_nter in pyépaﬂng
s_urféce prognostic charts involves the fitting of a consistent isobaric pattern to the
500 mb vorti;i-ty pé.ttern (obtained from the barotropic for ecast) in accordance with
well-éétablished empizjical rules. .Fr equently, corrections are made to the
bardtropic prognoses on the basis of éxperience with typical'e.rroré, ahd these -
corrections .a're incorpdrated i.ﬁ the surface prognoses as well.

Be;:ause of the éomparative 'éase with which the forécaster is able to

fit 'surfaﬁe £e;.=ltur es to the upper-level vorticity pattern, it might be hoped that even

a simple two-level forecast model would be capable of yielding a useful 1000 mb

o
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counterpart to the barotropic forecast. However, as we have just noted, this hope
is not supported by numerical experiments conducted in the past in the Development
Branch at the National Meteorological Center. However, other experiments
carried out over an extended period of time by the writer and by Professor Sandérs
of M. I. T., based on graphical solutions of a two-level model, have appeared to
give useful results. As an example of apparently useful graphical prognoses, we
may cite the series presented by Reed (1960), which were found to be comparable in
accuracy to the corresponding subjective prognoses issued by the Analysis and
Forecast Branch. In the discussion of the typical errors in this series, it was
noted that the most serious probably stemmed from the fact that only initial, rather
than initial and forecast, 500 mb patterns were available. Thus even better results
were to be anticipated if barotropic forécasts were utilized in the procedure';

More recently a short series of graphical prognoses were prepared at the
Analysis and ‘Forecast Branch under Professor Sander's supervision by forecasters
without previous eiperience with the method. These, also, achieved the same level
of accuracy as the subjective proénoses, though in this later experiment prognostic
500 mb charts were used.

Encouraged by the results of these later tests, the direci,tors .of the Analysis
and Forecast Branch requested the writer to program the model for the IBM 7090 so
that current forecasts could be obtained on a twice daily basis and evaluated for their
usefulness by éxpérie‘nced forecasters. It must be stated frankly that on logi.cal

grounds there was little, if any, reason to feel that the numerical solutions of the



equations used in graphical prediction should differ in any significant way from
earlier solutions which were tried and found wanting. The present model and
all earlier models have involved only two levels of information and essentially
the same modelling assumptions.

However, one differepce which could conceivably lead to improvement,
by reducing the truncation error, is the use of a relatively slow-varying equivé,lent
advecting wind in the graphical method. Another difference which might have
some effect arises from the different ofder of solution of the basic equations. The
vertical motion is first eliminated, and the 1000 mb height is then forecast directly
by use of the barotropic 500 mb he;.ght prediction. A point of obvious, and perhaps
important, difference with the mesh model is the use of 1000 mb rather than 850 mb
as the lowest level of information.  However, the predecessor to the mesh model,
the s.o-called thérmotropic model, did utilize 1000 mb data.

A final peculiarity of the graphical prediction method, which, if carried. :
into the numerical solution of the equations, might produce noticeably different
restlJ.lt.s, is the use of Lagrangian rather than E_ulerian integrations. However,
many of the library routines available in the compuﬁng branch are better adapted to
.,the fixed grid péint than to the moﬁng particle type of compufcation, and for this _
réa‘son the first forecast experiment was carried out by hourly iterations at the fixed
- grid points. More than five month of twice daily 1000 mb prognoses haye now been
obtained iﬁ this first experiment, and definite impressions have been _g;ined_‘

concerning the usefulness and shortcomings of the solutions. Sample forecasts will



be presented in section 3.

“'' In the course of this first experiment the suspicion arose that the equations
were not being accurately solved by the Eulerian method, presumably because of
truncation error. It seemed that in certain cases the conserved quantity (esséntially
the potential vorticity) which appears in the equations was not being conserved in the
advections and iterations. Moreover occasional ragged and exaggerated patterns
ldeve.loped in the 24 to 36 hour forecasts which it was felt might be eliminated by a
superior integration technique. The decision was therefore made to write a sec;::nd
proigram which utilized the same equations but which solved them by the Lagrangian
technique of following individual air parcels. Sw;:rictl_y speaking, the solutions are
only quasi-Lagrangian, combining frajectory tracing and computations at fixed grid
points in the manner discussed by Okland (1962)..

The main purpose of the present'mefnora_ndum is to describe and compare
the results of the two experiments in 1000 mb prognosis. in sec'tion 2, the fnodelling
assumptions and computational procedures of the Eulerian experiment are reviewed.
The results of the experiment are evaluated subjectively in section 3 and some :
sample forecasts are shown. The backgroupd of the quasi-~Lagrangian experiment
is outlinedlin section 4. Finally comparisons of the Eulerian and Lagrangian

solutions in a limited number of cases are presented in section 5.

2. THEORETICAL BACKGROUND AND COMPUTATIONAL PROCEDURES FOR
EXPERIMENT 1 ' .

Derivations of the graphical prediction equations have been given previously

by Estoque (1957) and Reed (1957). In practice a short, approximate method of



solution first suggested by Estoque has been found satisfactory. In this method
the space-mean 1000 mb wind field is neglected compared with the wind field itself,
making relaxation unnecessary and thereby considerably shortening the hand
procedures. It was decided to conduct the first numerical experiment also without
relaxation. However, a different approach has been followed here in deriving the
equ.ations in order to eliminate a logical difficulty which arises in Estoque's
treatment.‘ When the space mean 1000 mb wind is -neglected, the mesh length is not
defined, yet this quantity still appears as a major parameter of the model.

The vorticity equation may be written

g‘f(ﬁ*f) = -Y-7(S.rf)+f (%%, )

where Z_, is th;e vorticity, I the coriélis parameter, |/ the horizontal wind
velocity and y the vertical motion (dp/dt). The subscript zero indicates the
1000 mb level.:

We next assume a parabolic vertical velocity profile bet‘;ween the surface
and 500 mb {subscript 5).

I =1

which when substituted in (1} yields
,.__. -
2 (108) = 7(S. 06 jg, (W =) -
9t
If now the geostrophic wind is used to approximate the vorticity and if
furthermore, the surface pressure pattern is, to a first approximation, regarded

as consisting of equally spaced, circular highs and lows in a uniform basic current



so that

Z, = Aly) ¢ Bsin A x st 5y 2
it follows that | 2

1 T%sz, --—%ﬁtzo e

Here g is the accelation of gravity, L is the wave length, and Z, the 1000 mb

height.

Substitution of (5) in (3) yields the equation
1,2
2 /[ ) oW (- . f L wsw 6
Sz G)=tr(aed) " hk o
‘where' G/_ szz
S éry

' Equation (6) involves the approximation that the variation of 1/f may be neglected
in comparison with the variation of Z, .
The thermodynamic ener gy equation
2 ( ?7Z)_ _
e[ = - V —_— - Tw
e(55/ 77V /, 7

where d 9 P

g =" ;6 2f

is next introduced The symbols { and § denote the specific volume and potential

temperature, respectively,

With the assumption of a straight line hodograph in the layer between

' 1000 mb and 500 mb, equation (7) may be integrated to give

% (ZJ’ZO)=‘M‘V(Z,-'Z,)+ ié%:—éf)(:w;*w')',



Next we multiply (8) by
7,2
A fF L | - (8a)
- 2 z
S j o~ (/éo —/é;)
a slow varying parameter which will be regarded as constant, and add to (6)

ivi
giving .

A ) (2 + G (2~ +-'2—- LL*’—“‘U
%[-Zo+6.f~é(25'24/]-1—[%'7['210 G /’5 (‘{5 Zc)] ”’7(/’.’/’;} e (9)

Introducing now the kinematic boundary. condition
w, = H;o o,

where Ps is the pressure at the ground, we find that

Gz -mik(z2) - Y V[2 G Mk (2 -2,)] (10)
where ) 3 _F?Ll /94

——aay

' M= g ;‘ /éo'/’s

Equation (10) is now rearranged to give
1 ’ ; :') p . ; . |
2 [i'2,- (k)2 G =T [k 2 (k)2 o]0

or

2 [bz,-2, +G-m] = -l-7[k Zs- 2.4 G -M] (12

where

,é=/é'/(/+é') | . (za)
G=G/(1+&) |
M =M_'/(/+/é')



We next make use of the idea, first introduced by Fjortoft (1952}, of an
-equivalent advecting wind, which gives the same instantaneous advection as \Vo
but which has the property of changing more slowly with time. This concept is
particularly valuable in graphical integration where long time steps must be
employed.

“Thus. (12) may be written in the equivalent form

(k2 -2, + G-M)= -\ *V(k 2~ 2+GM) 0¥

W mkx g v (k2 1 GM)
"y zKxEVE

The form of the prediction equation in (13) is especially useful in graphical
solutions where it is desired to trace the movement of a conservative quantity.

For numerical solution, it is convenient to write (13) in the alternative form

9Z, = _y . 9 Zg (14)
7et T T WerVZ TR g

For the avoidance of an artificial long-scale build-up of the conservative
quantity, it is desirable that the field of \vE should be nondivergent (Shuman 1957).

Thus\é has been expressed in the following form

Ve = Ik x L VCR + G-M)



Wher’e \[? is ‘the 5OQ mb stream function, in height units, determined from the

balance equation. With this relationship (14) becomes

2% . pl(pmert g2 %) i’iJ

¢ fis Dy ek 9R Dy (15)

where ZE = ,é ’7_{,{ + G—-/W

The forecast procedure is to solv;a (15) by means of finite difference
approximations for the 1000 mb height tendency. At the initial hour the one-hour _
change is added to the initial value. In subsequent iterations the change is
computed for two hours and is added to the height value for the previous hour to
obtain the value for the later hour. The 1000 mb heights and 500 mb stream
functions required for the solution of (15) are taken from the analysis.and
barotropic history tapes.

The value of k used in the computations is 0.55. This value was
emﬁirically de_terr’nined. from experience with graphical predictions, and, for a
standard static stability and latitude of 45°, corresponds to a prédominant wave
number, as defined by (8a) and (1_Za), of six. The corresponding value of M is
found to be '0-8-8PG .

Early tesltiz_;g r.evealed that the influence of the G-term was negligible. It
wasg also found that a smaller value of the coefficient of Ps gave better results,

and the value was arbitrarily reduced to .066. Furthermore, over level ground.

it appeared that the advection of Z0 was somewhat larger than given by use of the
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coefficient of 0.55 with 'zg. . It was therefore decided to raise this coefficient
by the factor 1.13. This same factor is used in correcting the truncation error
in the advection term of the barotropic forecasts. The quantity ZE used in

practice was thus

Z = 061 ) - 0.066p, C(16)

In measuring the advection term in equation (15) a 16-point Jacobian
devised by Shuman was used. Every twelve hours the predicted field was

smoothed by means of the regular operational smoother.

3. RESULTS OF EXPERIMENT 1

An objectiv-e verification system has not been employed in evaluating the
results of the experiment. Instead the performance of the forecasts has been
judged on the basis of subjective impressions of forecasters in the Analysis and
Forécast Branch acquired through their daily experiences with the 12, 24, and
36 hour 1000 mb prognoses and the 36 hour thickness prognosis.

The general, overall impression is that the objectiw.re prognoses represent
useful caricatures of the verification chart, though in individual cases quite
accufrate_and' realistic patterns may be forecast ( figures 1 and 2). There seems to
be no doubt that the important features of the pressure pattern - the pressure centers,
trough and ridge iinesr - represent, day in and day out, a good fit to the corres-

péﬁ&if;g,"'baro”crop-ic"fo‘reca‘st. so that when the upper-level forecast is accurate, the

1000 mb prognosis is broadly correct. But even when grossly correct, the
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prognoses tend to have exaggerated and sometimes ragged features which detract
from their usefulness. An example of a particularly distorted prognosis appears
in figure 3. High pressure systems tend almost invariably to overbuild. The lows
show a corresponding, but not so pronounced, tendency to deepen. Once a low has
achieved its maximum depth, it generally weakens at a much lesser rate than
observed.

The tendency for the development of exaggerated and distorted features has‘ been -
observed to some degree in graphical solutions. However, perhaps because of the
forecaster's habit of introducing subjective smoothing, the development has not
been neafly so marked. On the other hand, in several extreme cases of excessive
intensification in the numerical forecasts, it appeared from cursory examination that
the conservative_quantity was not in fact being conserved. It was'this observation
that led to the establishment of the second, Lagrangian experiment. Not only was
it hoped that a different method of solution would lead to improved results, but
it was considered desirable, as a matter of basic interest, to conduct an experiment
in which the two mathematically equivalent methods of solution could be compared.

Other characteristic failings of the model, noted in previous graphical tests,
appeared aga-in in the current series. Cold highs which moved offshore in winfer
were forecast to be much stronger than observed. Even the crude intr’oduction of
_diabatic heating into the model would no doubt partly eliminate this error (Reed, 1953).

Another characteristic error appeared just east of the Rocky Mountains when
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shallow cold air was wedged against the east slopes. In such cases inverted
troughs in Mexico or the Southern Rockies were forecast to move eastward too
rapidly, or the southward push of a cold ridge of high pressure along the east
slépe- was not correctly gauged. It was formerly thought that the apparently
abnormal southward surge of high pressure is connected with an extreme southward
directed ageostrophic component in cold air which resists being forced up the east
slope of the mountains. However, it seems from some closer examinations that
the appearance of ageostrophic motion, in excess of the usual frictional outflow,
may be an illusion connected with the fictitious nature of the pressure gradients on
the surface chart.. When winds and isobars (or pressure contours) are compared at
the same level, and not along the sloping ;surface defined by the'térrain, the angle
between them is not noticeably larger than the frictional angle over level ground.
Figures 4 and 5 furnish an example of a case in which large forecast errors propagated
downstrlea.m (in terms of the 500 mb flow) from the lee slopes of the Rockies. Clearly
the NW-SE inclination of the reduced isobars in western Texas agrees neither with
the 850 mb flow nor the surface wind flow (making due allowance for friction}.

- The general impression is that the orographic and diabatic errors are of
great importance in the winter forecasts. Until they are eliminated, numerical

)

methods will be powerless to handle such critical problems as secondary cyclogenesis

alohg the east coast of the United States. Sangster (1960) has presented a method for

obtaining an accurate representation of the pressure gradient force in mountainous
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terrain. From his work it is apparent that more complex models which allow for
variation in static stability are needed before the orographic effect can be adequately
' . han.dléd, and the same is probably true for the heating effects.

4. THEORETICAL BACKGROUND AND COMPUTATIONAL PROCEDURES FOR
EXPERIMENT 2 :

The derivation of the equations proceeds as in section 2 except that now

§ £ - %%;(Z_—Zé) 1)

where d is the mesh length, m the map scale factor and the bar indicates the average

of Z at the four grid points surrounding the point of interest. Thus equation (16) is
- [~}

" replaced by the following equation

_ _ oy £ “J—-——"“")
2 (224 6)=- V(B2 6) 5m  f-f ) 18

The thermodynamic energy equation (8) remains exactly as before. This is now

multiplied by
!

L3 " (182)
6 J/;”’z"" (/é.'/bs/

and added to (18) to give 2
2

= — Y g f J “o
S IR T

- which upon introduction of the boundary condition assumes the form of a conservation
law

2 [52G4 (22 )m]e o P[E2 16 o6 (2o 2)- ] o
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where 2

3§ _@G_-
‘/7,141 /bo‘/bf

Upon.rearrangement (20) may be written

2. [« Z-2.rh2,026" o] = P[aE b Zra@opt] )

M=

Here

a=1/(1+¥)
L= L+ b))

Again the concept of an.equivalént advecting wind is introduced. Thus

nd :w-i«:; - : ‘ : (Z 1 a)

W= kxEp(aZ bz +GM) e

which may be adequately approximated by

W =k xf v(s ¥ -M) | - (23)
{5 g
With this wind, and the definitions G =aG', M =aM!', (21) becomes

- = 24

This equation states that the quantity in parentheses is cons erved.in"the equivalent
wind field. Thus _

(4.2-—2 +$;_L +q-M) =(4_?—Z +b 2, +4—/14) (25)
where the subscripts p and u refer to predicted-downstream and imt1a1-upstream
quantities, r gspectively .

In the quasi-lagrangian sch‘eme equation (25) is used to make 12-hourly

predictions of the 1000 mb height at the 1977 grid points of the standard JNWP grid.
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. Twelve-hour trajectories are traced back upstream from the grid points, and the
various upstream quantities on the right hand side of (25) are found by means of
quadratic interpolation from the known initial valués at the grid points. The predicted
500 mb height is known from the barotropic forecast, The predicted values of G and
M are known for all time for each grid point. Thus (25) becomes a Helmholtz equé.tion

of the form

aZy,-Z, tA4=0 | | (26)

which is solvable for Z‘J " by the relaxation method. The quantity A is defined as

——

_ ' |
A‘:[(éf;-#é'_w)ﬁ‘f'(fd“ézy 6+M)uj-azau.
A short method of solving for Zoﬁ, analogous to the previous solution, results when

variations of(a Eo) are neglected compared with variations of Z,. Then

2z, = (Z b2 -¢m) +l4z +G-) @
This solution was used in making t'he c;.ompa:risons between the Lagrangian and
Eulerian methods. It also serves as a first guess for the relaxation meth.od. It will
be recalled that relaxation was added in the second program in the hope of removing
' the raggedness and distortions from future forecasj:s.

Some of the more important details of the computations will now be discussed.

The trajectories were constructed in hourly steps using winds at time t to determine

the displacements during the interval from ttot - 1. As shown in the appendix, the

failure to take account of time and space variations of the advecting wind field does
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not lead to significant error for the short time interval employed. Displacements
were first computed at the fixed-grid points from differences of é }Ib—m taken
over.a double grid interval. A bi-linear interpolation was used in determining the
displacement of the moving air particle which in general lay between the fixéd grid
points. The ihterpolation formula is given in the appendix.
Once the position of each coordinate is know.n'af the beginning- of the 12-hour

forecast period, the next step is to determine the qﬁant'ity on the right hand side

of (25). This is accomplished by the bi-quadratic iﬁtefpdlation formula given in

‘the appendix. In computing the initial fixed grid values of(a Eo) ; la 16 point |
averaging formula was used. It was felt that a more representative ai‘vérage

would be obtained by including a greater number of points. The formula is explained
more fully in the appendix.

The g.rid interval over which the averaging was performed was twice the
standard grid.intelsrval of 381 km. The choice of grid interval was determined
em;l)iri.cally in the manner of the v;ra.ve length or wave number in Experiment 1,

The coefficient b which corresponds to'k in the previous solution was assigned the
value 0.55. Equations (18a) and(2la) were then solved for the mesh leng;:h which
turnéd out to be 775 km or approximately twice the regular length.

Once the effective grid distance is known, the numerical "constants" in G .

and M are determined. Thus these quantities are found to be

¢
M = 00405 £, (cp4/

A x/Of,#'M-zﬁé (cp/

"
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Because of the 16-point averaging formula, the relaxation can be carried out
only within the inner area bounded by the dashed lines in figure 6. At exterior

points Z, was held constant at

Figure 6

Illustration of boundary (dashed line) separating interior and exterior regions



- 17 -

the initial value. The dashed line was also regarded as the exterior boundary

in measuring trajectories, since it was not possible to apply the bi-quadl;atic
interpolation formula in most of the outer strip.- Whe_n air particles crossed the
dashed boundary, their grid indices were rounded off to whole numbers causing
the floating points to be displaced to fixed grid points. Thus air which entered the
interior during the forecast interval was assumed to originate at grid p'oints

on, or one grid distance removed from, the interior boundalry. Since the exterior

points are located well within the tropics, the assignment of incorrect origins

to certain trajectories is not believed to have a significant effect on the forecasts.

5. RESULTS OF EXPERIMENT 2

The original intent in this second experiment was to rerun about a dozen

. forecasts in which the Eulerian solution exhibited large errors of certain
characteristic types and _to.compare the two solutions. Because of availablity

_of data tapes, the test cases had to bé chosen for the period following March 5, 1962,

) thoﬁgh better examples of errors occurred in earlier cases. Moreover, once |
tﬁe cases were gelected, various difficulties were experienced in retrieving the

data, and certain cases had to be abandoned. Thé tests therefore are limited to

five cases which exhibited characteristic errors in the Eulérian solution and to a

1

single case (see figure 1) in which the Eulerian solution was highly accurate.
If only cases of extreme error are chosen the odds would seem to favor improvement

. for any reasonable alternative solution. Thus, it was felt necessary to determine

whether the Lagrangian scheme could improve bad forecasts without damaging good.
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Experience with the Eulerian forecasts led to recognition of four severe
types of férecast deficiencies. These we have labelled (1) exploding highs (2)
teardrop highs, (3) southeast extensions and (4) distorted, unr‘_ealistic shapes.
The exploding high is characterized by exceqsively hfgh central pressure and

strong gradients near the high center, as in an intense low. The teardrop high

consists of an abnormal ridge development, generally beneath the jet stream in |
the south and southwest quadrants of occluded cyclones, which takes the form

of a teardrop. The southeast extension réfers to the occasional tendency for an

elongated trough of low pressure to develop in the southeast quadrants of lows.
Each of these fea_tures gives an unrealistic appearance to the forecast. However,
other less distinctive types of distortion occur which in extreme cases we refer

to as distorted, unrealistic shapes.

It is ﬁot feasible to reproduce he;e the forecasts for each of the test caseé.
_ .Instea.d a brief description and evaluation,of each case will be given with only one.
case being selected for iliustration. This is the case which contained the most
severe errors and which showed the greatest difference between the two solutions.
The Eulerian forecaét for the situation in question has already been shown in
figure 3.

Case of 00Z April 16, 1962 - Extreme development of exploding high
over Rocky Mountains.” Marked improvement noted in Lagrangian solution with

.

central pressure reduced by 300 ft. in-36-hr. forecast.
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Case of 12Z April 13, 1962 - Teardrop high and southeast extension south and

s.ou*the.ast of Newfoundland. Also, development of "induced low" beneath the teardrop
high, as sometimes noted in such cases. The Lagrangian solution removed the
undesirable features and gave é much improved verification. (Compare figures 3,

7, and 8, the Eulerian and Lagrangian forecasts and verification, respectively.)

The behavior of the conservative quantity (appréximated by ELZ:T -7 °) ;luring the
development of the undesirable features of the Eulerian forecast is shown in

figures 9 - 12. According to subjective estimates from trajectory tracing, the
computational difficulties commence in t.he interval from 12 to 24 hours and are

fir st manifested in the appearance of fictitious maxima and minima of the conserv-
ative quantity along the stream field. (Note the undulations of the 88 confour on the
left. side of figure 11. Twelve-hours later (figure 12) further amplification is evident;
and a fictitious 92 high center has appeared east of Cape Hatteras.

Case of 12Z Mair¢h 28, 1962 - Southeast extension from low neéar lake Huron. In

this casé the feature was only moderately developed, and the Lagrangian solution
failed to diminish it significantly.

Case of 00Z April 12, 1962 - Distorted, unrealistic shapes to pressure systems.

The Lagrangian forecast proved noticeably superior.

Case of 00Z March 21, 1962 - Probably the most successful Eulerian forecast during

the five months of testing. The Lagrangian forecast was es sentially the same and

of equal quality.
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In addition to the results of the above cases, forecasts were obtained
for the randomly selected case used in checking out the Lagrangian program.
Although the Eulerian solution in this case was lacking the extreme exaggerations
of tllé test cases, it ne\.rertheless contained minor distortions which were largely
eliminated in the Lagrangian solution. The only forecast involving relaxation was
also cérried out on this case. The relaxation eliminated the slight remaining
distortions and produced eye-pleasing patterns which represented an excellent fit
to the corresponding barotropic 500 mb prognosis.
Because of the limited number of cases tested to date, it is perhap; a bit
‘early f:o draw firm conclusions concerning the relative merits of the Eulerian and
Lagrangian fore_casts. But certainly the preliminary results lend stropg support to
the following tentative conclusions. |
(1) The Lagrangian solutions. eliminate in whole or in part the four
| characteristic types of errors noted in the Eulerian forecasts.
' (2) The Lagrangian solutions give less ragged and more realistic looking
pressure patterns.
(3)_ Large scale overbuilding of highs and, to a lesser extent, overdeep-
ening of lows is characteristic of both type of forecasts and appears to
be a weakness of the two-level model.
' from the theoretical standpoint perhaps the most interesting result of the
experimen'p has been the demonstration of the growth, in specific instances, of

large computational errors in the Eulerian forecasts. Since the use of a one hour time



step assures computational stability for the grid distances (roughly 300 km) and
displacement speeds (60 knots) entering into the forecasts, these errors must be
due to truncation effects. Such effects have been discussed by Obukhov (1957),
Gates (1959), Phillips (1960), and Knox (1961) for the linear case of the advection of
a conservative fleld by a uniform constant advecting wind. In the examples cited
here the advected quantity is conserved, but the advecting wind changes‘. both in time
and space., Whether this is an additional factor in the pronounced growth of the
parasitic waves encountered in the present experiments is a matter of conjecture.
Further work on computational errors in nonlinear systems (Phillips, 1959) should

shed light on this important question.

6. SUMMARY AND CONCLUSIONS

A two-level model used in making graphical predictions of 1000 mb hei“ght |
has been solved numerically both by normal Ethe-aifference, itgrative procedures and
by a quasi-Lagrangian mlethod involving 12 hour trajectories. Both methods employ
the output of the 500 mb barotropic forecasts. Neither method involves relaxation,
though tize Lagrangian method has also been programmed to operate with relaxation
in fui;ure tests.

Twelve, twenty -four and thirty-six hour 1000 mb prognoses and thirty-
glx hour 1000-500 mb thickness prognoses have been obtained routineiy by the first
(Eulerian) method for a period of about five months. In broad aspect the forecasts

have represented reasonably good fits to the corresponding 500 mb forecasts.
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However, they have suffered from certain characteristic deficiencies which have
detracted from their usefulness. By '36 hours pressure patterns often tend to become
ragged and distorted. In certain cases extreme exaggerations develop in which
highs assume the appearance of intense lows, ridges elongate unnaturally and
acquire a teardrop shapé, and sharp troughs thrust southeastward from low centers,

Only limited testing has been possible with the Lagrangiain Solution.
However, comparison of six cases tested to date with the cérresponding Eulerian
SOIutions lends strong support to the following conculsions:

(1) The Lagrangian forecasts are smoother and more realistic appearing.

(2) The characteristic types of extreme exaggeration noted above are
generallf either eliminated or improved by the Lagrangian Solutions.
{(3) Overdevelopment of highs and, to a lesser extent, lows is a feature

of both solutions, and apparently is a defect of the two-level model.
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APPENDIX

1. Accuracy of the trajectory method
By definition
u #dx/dt , v =dy/dt
Thus. the displagements in the x and y directions during a finite interval
of time are
bx = fu(x, y.t)dt
by = fv(x, y,t)dt
Expanding now the inte gré.nd in 2 Taylor Series about x, ,¥,,t, and omitting

higher order terms, we find that

§x = f[“a (?“ £>c+( )J)H 2u 5t+-.-].Jt
&y = 5[4/‘+(99/;)S74 (?)' 9% +(3"'7 St+-- ]Ji‘
" g [l (e 2 28] 5t 0 (28] 6]t
§y = f {".’c *(“ ?‘A‘r)“ 9"’/5{ 7 st ]dt
Thus
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The terms in parenthesis will be recognized as the component accelerations
at the origin., These will be roughly an order of magnitude smaller than the
coriolis acceleration. Hence, the ratioc of the second term to the first is

2
= fuo __t_. / ot = it
10 2 20

r

-4 ~1
For £ =10 ~ sec , t =3600 sec (one hour)
r =0.018
It is apparent that for the short time interval employed here, the displacement

error in using only the first term in the series is very small.

Z. The bi-linear interpolation formula

Let i, j be the grid indices increasing in the manner shown in figure 13,

and d be

{i, j=1) (i-1, j-1)

X
(181, j~63)

(il j) (1 "la J)

Figure 13

Grid scheme used in bi-linear interpolation
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the wind displacement. Successive linear interpolations in the i and j directions

gives for & at an interior point (i-61, j-6))

Agi jogi = %id * (Keryj = Riyg ) §¢ + (R oy =% 1) 5

#(; + 2, TRy jer T "‘:-,,J) 5¢ 87

* ]
-l, =]

3. The bi-quadratic interpolation formula
Consider an array of 16 points, as shown in figure 14, surrounding an interior

point p at which it is desired to make the interpolation. The interpolated value of

13

|
- {5
d

—
b
—
[\Y]

oy —————4
(2]
[N

P
'lPN-—-————‘FO\-—‘——“E;——————“- ::
. o

1’-&»
b

Figure 14

Grid scheme used in bi-quadratic interpolation



- 28 -

a variable pat point a, derived from a quadratic curve which passes through

points 5 and 9 and is the least square fit to points 1 and 13, is
4= 55 i85 424, ) 5584 )+ /4

Similar formulas apply at points b, c, and d. A quadratic interpolation in the i

direction then gives :
A= gl sil(A - o) 50 (42 )0 42

4. The 16-point averaging formula

11 2 1_,0 :
A
12. 4 D 6 5 9
3 1
‘ - .

13 B 7 8 T +16

F G

14 4 15

Figure 15

Grid scheme used in 16~-point averaging
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The average value of a variableZ around the circle with radius twice the
mesh length (figure 15) is
Zz = (Z, + 2yt Ly r Bt Byt T gt E E o Bt Zg rZ - zﬁ)ﬁz
From the geometry
2, = B, »0732(2,~Z;)
and similar equations apply to Zg etc.
Thus
Z =o,0733(2, r 2, +2,+ 2, )+ 0.0¢4¢ (2, + 2, rE, 42,
200 (Bt B+ B+ Byt By # By + Zy5 * Bag)
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LEGENDS

36-hr 1000 mb prognosis verifying at 12Z, March 22, 1962, Example of
accurate Eulerian forecast. (Compare with figure 2)

Surface map 12Z, March 22, 1962.

36-hr 1000 mb prognosis verifying at 00Z, April 15, 1962. Example of

poor Eulerian forecast, expecially in region south of Newfoundland. |
Surface map, 00Z, February 28, 1962. Dashed lines indicate estimated
streamlines in absence of friction.

850 mb map, 00Z February 28, 1962. Note that winds and isotherms between
Amarillo and Big Spring suggest that the true surface gradient is more in
conformity with the streamlines in fig. 4 than with the reduced isobars.

Note, too, that the contours and isotherms in this figure should be discontinuous
over the Rockies.

Illustration of boundary (dashed line) separating interior and exterior regions.
36-hr 1000 mb prognosis verifying at 002, April 15, 1962, Lagrangian
Solution.

Surface map 00Z, April 15, 1962.

500 mb initial contour chart and cons ervative quantity (dashed), 122,

April 13, 1962,

12 hr forecast of 500 mb contours and conservative quantity (dashed),
verifying 12Z, April 14, 1962.

24 hr forecast of 500 mb contours and conservative quantity (dashed),
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verifying 127, April 14, 1962.

Fig. 12. 36 hr forecast of 500 mb contours and conservative quantity (dashed),
verifying 00Z, April 15, 1962.

Fig. 13, Grid scheme used in bi-linear interpolation.

Fig. 14. G.rid scheme used in bi-quadratic interpolation.

Fig. 15, Grid scheme used in 16-point averaging.


















Blank page retained for pagination


















Usco"u'wn .DC



