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PREFACE. 

This article was written to give some sort of answer to the questions: 
(1) How much mi h t  the best obtainable spheroid for the earth as a 

for the whole of North America? (2) How much difference would 
the adoption of such a spheroid make in the eogrs hic coordinates 
of points now referred to the Clarke S heroi a 7  ? (3 Is it probable 
that, in the foreseeable future, it wi11$30 necessary or desirable to 
give up tho Clarke Spheroid for co ra hic purposcs und to adopt 
some other? (4) Are resent mct % f !  o s o adjusting triangulation for 

adequate when extended to a territory so large as the whole of North 
America ? 

The questions involve matters of opinion and the answers to them 
must necessarily invo1.w opinion to a certain extent aiid must there- 
fore be rather general in character. If the uestions were made more 
specific, the answer would involve a great l e a l  of numerical calcula- 
tion, tedious to  do and equally tedious to rend about. It was not 
intended to overload this article with matter of that sort. Such calcu- 
lations as are explained in detail have been placed soparately a t  
the end. 

Dr. 0. S. Adams and k'. W. Darlin , mathematicians, gave valuable 

whole M e r  from t 5 e Clarke Spheroid of 1866, now officially adopted 

obtaining the figure o P the earth and the dcflections of the vertical 

assistance in making and checking t E ese calculations. 
The last the formulas for transferring eogruphic 

lem, that of finding the length and aziinuth 
the geographic coordinates of its end points 

coordinates over a 
and for the inverse 

are gven. Numerical examples of the use of these formulas are 
also given. The calculations contained in othor chapters of this pub- 
lication were mostly made by those formulas. 
in as an afterthought, since it a peared not to be readily access%: 
except in languages other than I? 4 nglish. 

geodesic lino of given length a n f  direction 

of a geodesic lino 

This matter was 

11 
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EFFECT OF VARIATIONS IN THE ASSUMED FIGURE OF THE 
EARTH ON THE MAPPING OF A LARGE AREA. 

Date. Author. 
%?f 
he flat- 

BY WALTER D. LAMBERT, Mathematician, U. S .  Coast and Geodetic Survey. 

R ~ P  
&Id- rocalof 
major the at- 

VARIOUS DETERMINATIONS OF THE EARTH'S MEAN FIGURE. 

The following table gives the rincipal determinations of the earth's 
mean figure, beginning with &e work of MQchain and Delambre. 
Their work was undertaken for the pu ose of obtaining the length 

part of the earth's meridian quadrant.' Their work forms a con- 
venient transition between the older and the newer e ochs in eodesy. 
The modern era may be considered as fully establiged by %e time 

of the meter, which wtts at that time Ti; efined as one ten-millionth 

934.28 

911.6 
8W. M 

of Bessel. 

Author. 

........... 
Clarke ................ 1858 6 878 !&M W4.W 

Do ................ 1883 6'378:288 294 36 

Clarke ................ 1880 6,37&207 m.98 
Pratt.. ..... : ......... 1863 6:378.U5 

Flschor ............... 1608 6,378.338 28860 

Oommlsslon g6ndrnle 
des polds et mesurw 
(for the metrlc sys- 
tem). 

Delambro.. ........... 
-- 

302.78 Clarke ................ 
"7.85 Harknass ............. 

Holmert .............. .............. ............ ............ 
2w. 71 

Do.. .............. 
Walbeck. ............. 
Schmidt.. ............ 1880 6,378.248 283.47 

1807 6'378.200 288.3 
1907 6'378.289 287.8 

11808 6'378.988 297.0 * 1808 0:378.GW 2oB. 2 

1881 6 377.WZ 800.#) 

Everest.. ............. 
Bassel.. ............... 
Everat.. ............. 
Alry .................. 
Jamesand Clarke ..... 

1799 

1810 
1810 
1819 
1818 

1830 
1841 
1847 
1,WV 
1858 

Elements of fhe earth's mean jigure. 

semi- 
malor 

axis (a). 

Kllondna 
6,815.738 

6 376.420 
6'376:623 

6: 876. Q!Ul 

6 377.253 
0' 371.387 

6' 376.895 

6' 376.034 d 371.481 
0: 371. me 

I Using deflectlow of Ulo vertlcal corrected for t o w  hy and Isastatlc com 
9 Lfsln deflections of the vertlcal left uncorrected onJ)Uie sphemld dete&ed to fit BS nearly 85 pos- 

nsatlon. 

dhle to &e iincomrted deflectlons. 

I The length of the meter Is now dofhied by the lntarnatlonnl standard meter kept at S B m ,  near ParL. 
1 



2 0. S. COAST AND GEODETIC SURVEY. 

The semiminor axis ( b )  corresponding to the Hayford (1) S heroid 
1909 is (3,356.909 km. (See, however, the footnote on p. l0.P The 
relation between the semiaxes a and 6 and tho iiattening j i s  

b=a-uf 

If the flattening be held fixed, and a be varied, then b varies in the 
same direction as a by an almost e ual amount (less than the change 

and the flatteningfvaried, then a chan e of one unit in the reciprocal 

of the flattenin and the semiminor axis b increase and decrease to- 

The determination in the recedin table that is in all probability 
nearest to the truth is the 8 7  ayford 1) result of 1909 (~76,378.388 
km., l/f=297.0). These values were adopted by the Paris (Astro- 
nomic) Conference of 1911, and are used in the American Ephemeris 
and Nautical Almanac. The probable errors of these determinations 
of a and l/f are, respectively 0 035 km. and 0.8. The reciprocal of 
the flattening is further c o d m e d  by (1) the results of pendulum 
observations and (2) deductions from the recession of the e uinoxes. 

Helmert in the table is from pendulum observations and a later deter- 
mination from a greater number of observations taken all over the 
world (without correction for topography and isostatic compensation, 
but using only stations. chosen where this correction is certainly 
small) is 296.7, and Borne’s value from observations throughout the 
world, fewer in number but corrected for topography and compensa- 
tion is 297.4; the mean of these two results from pendulum observa- 
tions is h o s t  exactly 297.0. Tho flattenin deduced from the 

variation of density within the earth, but only to a surpisingly slight 
extent V6ronnet has shown‘ that with any law of density con- 
sistent with hydrostatic equilibrium in the interior of the earth we 
have from the precession 

l [ f =  297.12 f 0.38 

Here the quantity following the double si n indicates not the usual 

Sensity. The precessional constant adopted b VBronnet is itself 

haps kl.0. The best availablo evidence, therefore, points to a 
flattening the reci rocal of which is about 297. 

It will be note 2 that the value of the semimajor axis a deduced by 
Hayford is reater than any other value in tho table. This quantity 
a can not %e deduced from pendulum observations. This larger 
value of a is due to the correction for topography and isostatic 
corn ensation. The neglect of this correction in previous discussions 
hw feft outstanding in general the error due to the deflection of the 
plumb line toward the interior of the continental land masses, which 

pp. 131-134. 

in a by only about one three-hun &. edth part). If a be held fured, 

of the flattening, i.e., in l/f, will change P by about 72 m.; the reciprocal 

gether, a being % eld constant. 

The value 298.3 for the reciprocal of t f: o flattening attri 1 uted to 

precession of the eq+noxes depends on the B aw assumed for the 

robable error, but the range due to possi % le variations in tho law of 

subject to error, which fact widens the limits o 9 uncertainty to  per- 

a aebere Bitelm brichte der k6niRUch preusslschm Akademie der Wissonsclralten 1911 
I Investigatioas o&nvlty and Isostasy. U. S. Coast and Oeodetlc Survey Speclal PdbUceih No, 40, 
4 Joumnl dm NnthdmatiqUS PWW et aPPuqUht Vole 77 (18121, P. 418. 

19. 



EFFECT OF VARIATIONS I N  FIGURE O F  EARTH. 3 

Clarke 18BB ............................ 
Clarko: lW... ......................... 
Evemt lS.30.. ........................ 
Plossls.~ ............................... 
Bossel, 1841. ........................... 
Kml enhoe ............................ 
D d s h  Survey. .. .:. .................. 

fact results in greater tip went curvature over continental areas 

deduced from the uncorrected deflections. This fact appears when 
the figures of Hayford (1) and Hayford (2) are compared. I t  is to 
bo expected, therefore, that future determinations in which the 
correction for isostasy will be made, will make the dimensions of the 
earth’s fi re greater than previous ones other than Hayford’s and 
ive res% closer to Ha ford’s. The probable error of f0.035 km. 

that probablo errors so deduced givo too low an estimate of the real, 
uncertainty; this is due to the presence of systematic errors. I t  is 
robably safo to put the practical limits of uncertainty of CL in Hay- 

ford (1) as less than f 150 m. 

than over the earth as a w K ole and diminish- the radii of curvature 

y35 m.) comes from the o l servations themselves, and it is well known 

Kilomdrrs. 
6 3182uB 295 0 UnltodStahW) Canada 2 bfexIco(2). 
0:3iP. 2.49 

W0,377.2M 
0,370.523 308.64 Mnp 0 
0,377.397 298.15 Onmany (7), Austrln (8), Dutch East 

Indlos (9). 
0,370.950 309.65 Holland (9). 
6,377.019 300 Denmark (10). 

293’47 F m c o  3) South Airira (4) 
800: 8 Indla \5L (6). 

SPHEROIDS ACTUALLY IN USE FOR GEOGRAPHIC PURPOSES. 

to fit local 

Spheroidv used ~ O T  geographic purposes. 

Author and dah. 

* 20 9’22 931.80 fMt 1s tho O f f l C i d  \,due. 
(1) tr. 4. C. and 0. S. Special Publicetion Na 8 (6th od.), Formulae and Table3 for tho Computntlon of 
(2) U. 9. C. and d. S. &oclal Publicatlon No. 19 Prlmnry Trlmgulation on tho 104th hfuridlan, otc., p. 8n. 
(3) Nourcllos tnblcs do logarlthmes B c l n  o t  k quatm d6clmnlcs. Seyloo Gbgmphlquc do I ’ h B e ,  

(4 Report Intomtional Goodotic Association, 16th Coufcrona, (London m d  Cambrfdgc, l m ) ,  vd.  11, 

Qeodetlc Positions p 6 

1888 mar ond (no paging) undor “NombresfJsuels et lours Logarithmes. 

P 
Auxlllary Tabla to Facilitato Calculations ot tho Survcy of India 4th cd. lwyL p 8 
U. S. C. andQ. S. Special PubllcatimNo. 49, Lambart Project lm~bloswi ihCo; l~c l~~Ihblos ,p .b  

Dio Fmcbnisse dor Trionpllllrningan des k. u &. &ographisch& Instltutos,vd. 1,Vfenna. 1901,p. 1s. 
Tafeien bnoodlgd bl] hot hydrographisch dpncmen. 
Albmcht’ Formeln Md HlllStRfeln far goom Nwhen OI‘t2sbestimruungen. 

Depnrtmont \.an Marho. The Home, 1913, 

Report International Qoodetlc Assoclatlon, 16th Conlon?nco (London and Cambridge, l W ) , v d  II, 
9. 27 

A spheroid with a flattening equal to that of tho Bessel Spheroid 
but with its major axis greater than the major axis of the Bessd 
Spheroid by 1 part in 10,000 hns been extens.irely used by the Central 
Bureau of tho International Geodetic Assoclation for eodetic calcu- 
lations relating to Europe.6 This choice was made % ecause many 

6 Encyclopedln Brlttanlca, 11th od., undor Eartb, flgum of, p. 813. 



4 U. S. COAST AND QEODETIC SURVEY. 

tables to facilitate computation have been based on the Bessel 
Spheroid, and these can be adapted to tho increased major axis with 
comparative ease, while a change in the flattening would require a 
recomputation of the wholo set of tables. 

EFFECT OF A CHANGE IN THE DIMENSIONS OF THE SPHEROID ON 
THE COMPUTATION OF A TRIANGULATION. 

In  computi n triangulation the following quantities me used 
which involve Y t e dimensions of the spheroid adopted: (1) The cor- 

. rection to the azimuths for the elevation of the object sighted, (2) 
correction to the azimuth to reduce from the azimuth of Q vertical 
section to that of a geodetic line, (3) the spherical (or spheroidal) 
excess of the triangles, and (4) the reduction of horizontal angles 
from the geoid to  th6 a heroid of referonce. 

(I) The correction 8,) to an azimuth for the elevation of the 
object sighted is dways small arid is given by the formula, 

the United 

purposes. 
(2) The correction (XJ of an azimuth to reduce it from the azimuth 

of a vertical section to that of a geodetic line is given by the formula 

The notation is the same as before, and s denotes the distance from 
observer to object sighted expressed in tho samo units as a. For a 
line 294 km. long, which is the longest side of a triangle found in the 
United States Transcontinental Triangulation, tho maximum value 
of this correction is about 0".25 a t  the Equator and less in higher 
latitudes. This correction is always so small that it is neglected 
entirely in computations of the Coast and Geodetic Surve , and, of 

both reach their maximum numerical amounts in a direction inclined 
45" to the meridian but they are of opposite sign, so that in practice 
there is considerabie compensation oven of the small changes due 
to a change of spheroid. 

course, chan es in the correction due to changes in the sp i! eroid are 
negligible a B ortiori. It may be noted that the corrections xt and x 
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(3) The spheroidal8 oxcess of a triangle is affected only slightly by 
a change in the s heroid. Clarke cornputos the effect on the excess 

ellipsoid 1,000 feet. Although the signs of the variations of the semi- 
axes were so taken as to act in the same way on the excess, the total 
effect was about l/SSOO part, or since the excess was 49", tlie effect 
was about 0".007. Spheroidal exccsses of this magnitude are rare 
even in precise triangulation in mountain country, although there - 
is one case in the transcontinontal triangulation where the excess is 
120". For this triangulation a chan e of 1,000 feet in the semiaxes 

more, 1,000 feet is an excessive estimate of the probable correction 
to the Clarke Spheroid used in the Unitod States, so that as a rac- 

practically unaffected by a change in the spheroid. 
(4) In  measurin horizontal anglos the graduated circlo of the 

theodolite is levels with referonce to the actual plumb line of the 
point of observation. The trianglos to be computed, however, lie on 
the spheroid of reference and to measure thelr an les directly the 

spheroid of referonce. The directions of the normal to the spheroid 
and of the plumb line do not, in general, coincide; the difference in 
diroction is the deflection of the vortical. Since it is not practicable 
to level the theodolite with reference to the normal to the spheroid, 
a correction to the horizontal angles actually measured should in 
strictness be applied in ordor to reduce them to the spheroid. This 
correction is zero for observations on points the zenith distance of 
which is 90'. 

The correction'(x,) to a direction for tho noncoincidence of the 
normal to the spheroid of reference with the actual plumb line is 
given by the formula 

x,=cot { (( sin C U + ~  cos a) +7 tan 4. 
In  this e uation t is tho zenith distance of the object si hted, cu is 

of the oint of observation, and E and T ]  are the deflections of the 
verticafin the meridian and the prime vertical, rospectively, or more 
specifically, 

of a large triang e e in Ireland of varying each of the semiaxcs of the 

would make a chango of 1/10000 of t l? e excess or 0".012. Furthor- 

tical conclusion wo may say that the spheroidal excesses wo up d be 

graduated circlo should be leveled with reference to t K; e normal to the 

its azimut x reckoned from the south through the most, + is t a e latitude 

=Astronomic lntitudo minus geodetic latitude, 
7 = (Astronomic longitude minus geodetic longitude) cos 4, 

in which west longitudo is positive. 
The sign of tho correction x, as givon is sucn tnat when appliod to 

the astronomic azimuth it gives tho geodetic azimuth. Whcn the cor- 
rection to an angle is computed as the difference of the corrections 
to the two directions of its sides, the term 

tions of latitude and longitude (or azimuth) fit every trisngulntion 
sttition. As this ideal is not prcictictible on account of tlie expense, 

tan + disa pears. 
To make this correction it would be necessary to ?!l five observa- 

8 In pmttm thxhoroldal exms Is cornputad as 1 f It were a spherical N[oRss; t h l S  rocas is amply accu- 
sa work with largo triangles. In any CBSB for the purpm In h d ,  whioh Is t o  ostlmate 

berid, tbe 
rat0 oxcopt lor p 
tho change in excess duo t o  8 ch 
curvpturo of tho s hare used b o b s  average of the mean awatures at the Wrtioee of the&l&b, 

e in spherold it Is &dent to calculate the excam a9 

1 Geodesy, p. A. 
82968'-24---2 
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this correction has never been applied on an extensive scale. It is 
eas to see that for observations on a station a degree or two above 

the correction for a direction may amount to several tenths of a 
second, and under exceptional clrcumstances the correction may 
exceed a second. Since 5 and “1 depend on the spheroid of reference 
used, the com utation of the tnangulation would in theory be 

correction z,, because of lack of data, is not applied a t  a$ the actual 
routine of the com utation is unaffocted. 

should be included, espocially in mountainous regions where 5 and 
7 are likely to be large, and r to differ considernbl from 90°, condi- 

tion by E. F. Church,-of the Coast and Geoi t ic  Survey, for triangu- 
lation of the Salt Lake base not (with estimated deflections a t  points 
between astronomic stations) failed to  bring out any evident cumula- 
tive error due to the neglect of this correction. On the othor hand 
the discrepancy in length between two base lines in Switzorland 
(Aarberg m the northwest and Bellinzona in the southeast) was 86 
units in the seventh decimal of the lo arithm before the angles of 
the Bellinzona base net were corrected P or the deflections of the ver- 
tical and only one unit aft& the angles were corrected.s 

It seems probable also that one reason why Laplace’s relation 
between deflection? in the prime vertical as determined by longitudes 
and by azimuths IS, in general, less closely satisfied than would be 
expected from our estimates of the errors of tho triangulation is 
precise1 the neglect to reduce the horizontal angles to the spher0id.O 

. reasonable and probable lirmts) has almost no effect on the triangu- 
lation as ordinarily computed. The question is, however, less simple 
if we suppose the spheroid to which the triangulation is fitted to 
be extremely erroneous, or the triangulation very extensive. Then 
the question becomes one of the distortion necessary to make two 
surfaces of different curvatures fit to ether a t  all points, and thia 

roblem can not be solved until its con f itiom are more fully specsed. 
?See p. 11.) For chang? of. the order of ‘magnitude we have 
been considering the question is not important, as has ‘ u t  been 
shown. Hayford’s determination of the spheroid used t E, e Clarke 
Spheroid of 1866 as a basis. Corrections were determined to this 
spheroid from observations covering the entire United States, but it 
waa assumed that no second approximation was necesstu in order 
to correct the eodetic ositions for changes in the triangdation due 

in the dimensions of t%e spheroid for any part of the United States 
covered by Hayford’s discussion ma be found by consultin the 
observation equations which are utlished by tho United ftates 
Coast and Geodetic Survey in the figure of The Earth and Isostasy 
from Measurements in the United States, and Su plementary Inves- 
tigation in 1909 of the Figure of the Earth and Y sostasy. 

or g elow the horizon and with 5 or 7 of the order of magnitude of 10” 

affected by a c Yl ange in spheroid, but since in general ractice the 

It seems desirab P e, however, that in refined work the correction 5 

tions both tending to make z, large. An un ublis z ed trial computa- 

We t t us see that a change in the spheroid of reference (within 

to new values B or the s i erica1 excesses, etc. The effect of a change 

e Forrero:Ra port sur les triangulations, 12th Confmce  International Qoodetlc Assoclotion (hold at 

9 H u n k :  Thdlkrthb Axos and Trlangulatlon (Survey olhdla Profawimnl Pa rs No. is), p. 77 For 
ossiblo obsorvstional CBUSOS of error SBB PrLmar T dation on tho 104th I!&- and on &O 88u, 

k m l l o l  in Colorado, Utah, and Novada (U. 8. C?cat% Oeodottc 8 w o y  Special Publication NO. le), 
p. 76. 

Stuttgart Id xxm. 
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The effect of change in the semimajor axis a on the deflection in the 
meridian or in the prime vertical at a point is obtained froin the 
coefficient of the quantity called & in the latitude or longitude obser- 
vation equations of that point. This coefficient multiplied by 1/100 
of the assumed change in a (in meters) will give the change in the de- 
flection ospressed in seconds of arc. The shape of the spheroid in this 
discussion IS specified by the squaro of the eccentricity, e’, rather than 
by flattening, f, and the observation equations are in terms of correc- 
tions to 10,000 ea. But since f = 4 ea nearly, we have the following sim- 
le rule: To find the &ect of a change of unity in the reciprocal of the 

Eattening, multiply the coefficient of (10,000 ea) by 0.23; the result 
is the change in the deflection in meridian or prime vertical expressed 
in seconds of arc. 

Let us considor the effect of a change from the Clarke S heroid of 
1866 on the geographic positions of points in the United 8 tat@. If 
it were desired to make such a change it would probably be made 
for the sake of international uniformity in the spheroid used, and the 
spheroid adopted would doubtless be one intended for a close ap roxi- 
mation to the mean figure of the earth as a whole rather &an a 
spheroid especially designed to fit a particular region; that is, as far 
as we can now judge, its semimajor axis would not be more than 
about 200 m. greater than that of the Clarke Spheroid, and the 
reciprocal of the flattening not more than three units greater. There- 
fore, if we double the coefficient of (&) and take three-fourths of 
the coefficient of (10,000 sa)>, we shall get estimates of the probable 
effect of a change to the supposed nuw spheroid. These coefficients 
are as a rule less than unity, but a t  Calais, Me., the coefficients are, 
respectively, 1.34 and 1.68 and at Sand Key, Fla.,’O they are, re- 
spectively, 0.89 and 3.06. Suppose the changes in a andf to reinforce 
each other, we get in the two cases 2 x 1.34 +0.75 x 1.68 = 3“.94 and 
2 x 0.89 +0.75 x 3.06 = 4“.08, respectively. That is, in the United 
States a change of spheroid is not likely to affect the deflections by 
much more than 4”. In  chan ing spheroids thore is to be considered 

at the origin of the computation (Meade’s Ranch for theunited States). 
It is probable that in changing spheroids these quantities would be left 
disposable, so that the mean residual could be diminished. This 
quantity 4” is just about the mean residual deflection without re ard 
to sign, ao that only in ver rare cases in the United States woul c f  the 
outstanding deflection be d oubled. 

When we extend our calculations to points outside of the United 
States, the effects are roughl proportional to the distance from 
Meade’s Ranch as may be smn%y examining the formulas for the co- 
efficients of (&) and (10,000 e’) given on page 76 and following of 
Hayford’s The F’ re of the Earth and Isostasy and on page 42 and 
following of Ha$%d’s Supplementary Investigation in 1909 of the 
Figure of the Earth wid Isostasy. If, therefore, the North American 

also the change of the assumed 9 atitude, longitude, and initial azimuth 

10 Cnlais Is stntlon No. 173 r h o  vortlcal) on p. 19 of Hayford’s Flpm of the Earth and Isaptnsy Imm 
Me&wrements In tho U n l t e d k k %  Bund hey I s  station NO. Snz (mrridlan) on p. 12 Of U8yfOrd’S Supple- 
montary Inves tlons In 1WR of the Flgure of the Earth and Illostasy. Both w o r b  aro publlahed by the u. s. COest a n t 8 e d e t l c  s w e y  
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Standard Datum were extended to Arctic Canada or to Mexico, the 
extreme chan e in the deflections due to changin over to  the new 

&eade's Ranch and a radius os 24' of great circle, which is about the 
distance to Calais, Me., will include Canada near1 to the Arctic Circle 

fore be safe if we double our previous estimate and take 8" as the 
maximm change of the deflection in North America due to the 
change from tho Clarke Spheroid of 1866 to any spheroid likely to  be 
ado ted hereafter. 

dographen are not, as a rule, interested primarily in deflections. 
They are more apt to be concerned in the length and direction of a 
line from one oint to another. If these oints are fixed by the 
triangulation, t E e distance between them wf; be nearly independent 
of the spheroid which the triangulation is assumed to cover, unless 
the distance between the. points is great, say, 45' or more, and even 
in such a case, the relative change in the distance is less than the 
relative change in the dimensions of the spheroid. (See examples, 

The labor of changing from one spheroid to another is considerable. 
All the geographio positions and azimuths must be reca!culated. 
About 20,000 eographic positions de endent on triangulation have 

about 13,000 more have been computed and are awaiting ublication. 
The United States Geolo ical Survey and the United S!ates Army 

on the North Amexpin Datum. All these woul be invali ated by 
a change of spheroid, and the existence of two different sets of co- 
ordinates for the same omt, one set on the old spheroid. and one on 

confusion. Furthermore, it would be necessary to redraw the 
graticules (network of mefidians and parallels) on published maps 
or to renumber them, gimng to the meridians and parallels, as at 
resent drawn, a number no lon.gar a round number of degrees or 

flegrees and minutes, but one endmg in some odd number of seconds. 
Thls has been done before on some of the old Coast and Geodetic 
Survey charts, but it is an unpleasing and unsatisfactory expedient. 

E horoid woul % not be greatly increased; for a circ i: e with its center a t  

and Mexico and pass not far from southeast Alas i a. We shall there- 

p. 10.) 

been publishe cf by the United States cp o u t  and Geodetic Survey, and 

Engineers have also.publis % ed a great number of eographic. ositions 

the new, would inevita E ly lead to inconvenience, inconslstency, and 

5 g 

EFFECT OF CHANGE OF SPHEROID ON TRIANGULATION COVERING 
A LARGE M A .  

Although the changes to be made in the computation of a triangle 
due to a change in the s heroid used are ve small for any one 

the s heroid) , almost always less t h w  0."01 as has just been s own, 
et t ese effects mi h t  be cumulative to an amount which, accordin to 

Helmert (Hohere eodlsie, vol. 1, p. 562-4) might well be apprecia le 
in a region the size of Europe. Ths fact is illustrated by the examples 
on pa es 10-13. The area of the quadrilateral in Example 1 is soine- 

s heroid alone, although not large in comparison with the perimeter 

desirability of removing or diminishing it. It does not ippear, 
however, that the change would invalidate the argument just even, 

a triangle (except occasion alf y for the reduction o Ts horizontal an les to 

8 B 
what P ess than that of Europe but tho closing error due to change of 

o F the quadrilateral, 19 nevertheless large enough to suggest the 

R 
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which deals with the order of magnitude of certain corrections 
rather than with their exact values. 

robloms of 

of whether it is necessary to correct for cumulativo errors just nion- 
tioned will de end on the accuracy sought. The exam les are 

noted that the closin errors of the polygons in the examples increase 

according to their linear dimensions. 

If, however, it is a question of scientific accuracy in 
the figure of the earth or of deflections of the vertical, t K e question 

meant to provi B e tho basis for a summary judgment. It sgould be 

approximately accor % ing to the areus of the polygons rather than 

Borach and Krager: Die Europjiiiische Llin enpadmeseung in 62 grad Breite. 
I1 Heft. Publications of Prussian Geodetic fnstitute, 1896. 

Helmert: HUhere Geodlieiel Vol. I, Chap. XII. also, Lotabweichungcn, Heft I, 
Formeln und Tafeln sowie elnige numerische drgebnisse fIlr Norddeutachlend. 
Publication of Pruasian Geodetic Institute, 1886. 

Hunter: The Earth'a Axes and Triangulation: Survey of India, Professional 
Pa or No. 16, Dehra Dun, 1918. 

&tiger: Beitr e aur Berohnung von Lotabweichun sayateme: Publication of 
the Prussian h?fetio Institute and the Internationel &odetic hroobfion, 1888. 
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SUMMARY OF CONCLUSIONS. 

1.  The spheroids proposed during tho past century as best repre- 
senting the earth's mean figure have varied widely, but all indications 
aro that Hayford's Spheroid of 1909 with correction for topogra hy 
and isostatic compensation may bo takon as representing our tes t  
present knowled e and i t  seem probable that future determinations 

2. There are various spheroids in use for eographic purposes and 
the demand for a change in the spheroid use f for geographic purposes 
would naturally be for the purpose of securinf: internqtional uni- 
formity, with a spheroid re resenting the earths mean figure, i. e., 

3. It is desirable in the interosts of scientific accurac to apply the 

sively than has been done in the past especially in mountainous 
regions, whero it is likely to be large. 

4. For North America the chau e to an international spheroid 
from the present North American Etandard Datum would probably 
involve changes in the deflections of the vertical of not more than 8 ' 
in ver extreme cases. 

5. $or ordinary geogra hic purposes relative directions and 

6. The labor of makin the change of spheroid would be reat and 

change in spheroid and datum wo& invalidate u lished geographic 
positions, and the efcistenco of old and new sets of $ atawould cause con- 
Biderable inconvemence and confusion for those makin use of them. 

desirable to allow for the effect of change of spheroid on the triangu- 
lation, if the area covered by a connected scheme of trittngult-ttion 
were as large as North America. 

will give nearly t 5 e same results. 

something like Hayford's Sp 7l eroid, as a basis. 

correction to reduce horizontal angles to the spheroi i more exten- 

distances between points in K orth America would be little affected. 

the advantage for purey 5 googra hic purposes r t i c  td y nil; a 

7. In  the scientific problem of tho figure of the eart 5 i t  would be 

EXAMPLES OF THE EFFECT OF CHANGE OF SPHEROID. 

The spheroids used in tbese examples am tbe Clarke Spheroid of 
1866 expressed in metem, wluch is used in the United States, Canada, 
and kexico, the Bessel S heroid, which is widel used in Europe, 
and the Hayford Spheroii (1) of 1909, which is {elieved to be the 
best approximation so far obtained to the figure of the earth as a 
whole.ll The elements of these spheroids are given in the table on 
page 1. 

EXAMPLE 1. 

Suppose two points A and B (fig. 1) both in latitude 30' (near or 
below the southern border of the United States) and 40° apart in 
Ion itude. From these points lines are run northward to oints G 
a n f  D on the forty-ninth parallel wbich either coincides wit{, or lies 
north of, the northern boundary of the United States exclusive of 
Alaska, except for the bit of territory near the Lake of the Woods. 

bjr the Parls OOoloSca of lQll on AAtroIIomical Constents,and It Is do!iIrable to odniorm to thlsdeclsion 
In tho lnterasts both of s l m  liclty and of untformlty. The doAnltlon of tho Hs ord 8 horold 09 hero 
adoptad hoe also been offlcklly adopted In Flnlnnd. Be0 Y. VIUsnlIt, Tnfeln d?r geodhche .Bereoh- 
nungen neoh den Erddhomlonen \*on Hnpiord, VorBBontlIchuhgen dea flnnlsohen geod8t@cllon 
IMktll&B, NO. 1. 
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What is the effect on the distance CD of a change from the Clarke 
to the Bessel Spheroid ? 

As thus stated the problem is not defined with sufficient precision 
for solution. Four possible interpretations will be considered. 
Beforo considering these, let us state the distances in question for 
the Clarke Spheroid. The len th of the arc of meridian AC or BD 
measured alon the thirtieth parallel is 3,859,529 m., and the distance 

First interpretatzon.-d might inquire mere1 what are the dis- 
on the Bessel 

Spheroid. The arcof themeridian between 30Oand 49'is 2,109,286 m., 
or 189 m. less than on the Clarke Spheroid. Those calculations 
were made with 7-place lo arithms and the final digit given may be 

3,858,994 m., or 535 m. shorter than on tho Clarke Spheroiz and the 
arc of 40' on the forty-ninth parallol is 2,926,515 m., or 450 m. 
shorter than the corresponding arc on the Clarke S heroid. A length 
of 31 m. along the meridian represents a secon B of latitude while 
27 and 20 m. represent one second 
of longitude on the thirtieth and 
forty-ninth parallels, respectively. 
The differences in distances corre- 
e y d  to deflections in latitude of 
6 and in longitude of 2OJ'and22''. 

Second inlevretation.-The re- 
sults of the first interpretation are 
mere1 consequences of the size 
and J a p e  of tbe twos heroids in A 
question and have no%earing on 

roid! We can get a closer agreement with actual conditions if we 
suppose the distance AB = 3,859,529 m. to have been obtained from 
the  Clarke S heroid, and then laid off on the thirtieth arallel of 

longitude, not of exactly 40' but of 40' 00' 20".0. Similarly we 
su ose the meridian distances AC= B D  = 2,109,475 m., when laid 
offfrom latitude 30' northward, puts the end points C' and D', not 
in latitude 49' even, but in latitude 49' 00' 06".1. (The distances 
CC' and DD' are greatly exaggerated in tho figure.) Ttie distance 
C'D' along the parallel of 49' 00' 06".l is 2,926,822 m., or 143 m. 
less than the distance between corresponding points on the Clarke 
S heroid. This is seen to be less than the discrepancy of 450 m. by 
t i e  first interpretation. 

Third interpretation.-We can a proach still nearer to the way a 
chain of triangulation would actu a i  -y be laid down on a spheroid by 
supposing AB to be connected by a geodesic line, or line by which the 
distance is shortest, corres ondmg to a portion of a great circle in 
a sphere (APB in fig. 1). Qhe points A and B would corres ond to 
vertices of a triangle, and the direction of the line like ACor B 8 would 
be iven simply 5y the angle, P A C  or PBD,- P being a oint on the 
geo % esic line. The distance APB on the Clarke Spharoicfis 3,839,223 
m. and the angle PAC = P B D  = 79' 41' 03".38. Let us apply 

between the parallels of 30' an % 49' is 2,109,475 m., the distance AB 

CD along the f ortg-ninth arallel is 2,926,965 m. . 

tances between the same meridians and paralels r 
a unit or more in error. 4 he arc of 40' on the thirtieth arallel is 

Perrl/d 30' 
A O .  1. what ha pens when triangulation 

is a plie B to one or the other sphe- 

the Bessel Sp oroid. On the latter it corresponds to a di E erence of 
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these distances and directions to the Bessel Spheroid. A line of 
length 3,839,223 m. both of whose ends are on the parallelof 30' 
would on the Bessel S horoid subtend a difference of longitude of 

with the meridian, or 5".43 less thnn on the Clarke Spheroid. Now 
in an actual triangulation tho direction of the line ACor BD would 
be determined simply by the a le like PAC or PBD without refer- 

Spheroid to the Bessel, we should take the angle 7 9 O  41' 03".38 as 
given by the Clarke S heriod and lay i t  off from AP and BP. We 

es C''AC=D''AD=5 .43. The distances AC" and 

2,109,475 m. We come out on practically the same parallel as in the 
second interpretation, namely, 49' 00' OG".11, the angle of 5".43 
being too small to affect the meridian distance ap reciabl but the 
effect of this little angle is to displace the points 8" and %rf' to the 
left and right of C' and D' by 54.7 m.; so that the distance C"D" 
is 109 m. greater thnn C'D'. If we bear in mind that C'D' as 
computed by tho second interpretation for the Bessel Spheroid was 

143 m. too small as compared with 
(70 on the Clarke Spheroid, we see 
that our revised inter retation has 
made the distance C"$'on the Bes- 
sel Spheroid more nearly the same 
(that is, within 34 m.) as the corre- 

distance on the Clarke ronY pheroi . It is more consistent, 
B however, to continue measuring dis- 

tances along geodesic lines instead 
The distance 

CQD dong a geodesic line on ;:e %fe ,!?%$::$ is 2,892,512 m., 
while the corresponding distance C"Q"Dft Jong a geodesic line on 
the Beseel S heroid is 2,892,467 m. The differonce of 45 m. between 
these two &stances gives an idea of the closing errors that would 
result from trnnsferring a set of triangles enclosing an area nearly 
equal to that of the Umted States from one spheroid to another. 

Fou~th interpretulion.-We can estimate the closing error due to 
a change of spheroid in still another way closely analagous to the 
third inter retation. Suppose the points A,  B ,  C, and D fixed as 

these points we can determine the sides and a Es of the quadrilateral 

length AB thus determined and transfer i t  to the Bessel Splierojd 
keepin A, and B,, the points corres onding to A and B, in latitude 

ABD and BAC and take the lengths A$, = A b  and B '0, = B j .  (So 
far this is the procedure in the third mterprbtation.) Lay off the 
angles A,CIX equal to ACD and make C,X = OD. The correspond- 
ing procedure on the Clarke Spheroid gave us the closed quadrilateral, 
the point X coinciding with D.  On the Bossel Spheroid this is not 
the case. As was found in the third intorpretation, the oint D is in 
latitude 49' 00'06''.11 and is 40' 00' 25".55 east of c. &he point X 
however is in latitude 49' 00' 03".92 and is 40' 00' 26".88 east of 6'; 

40' 00' 20".17 and wou P d mako a t  both ends angles of 79' 40' 67".95 

ence to the meridian. Po trans ? er our triangulation from the Clarke 

thus get lines AC" an B BD" m a k y ,  with the meridian of the Bessel 

Spheroid D" are T1 ta en equal to .AC or BD on the Clarke Spheroid, thnt is 

A 
AX 0, 

PI 
Fro. 2. 

before on t ie  P Clarke Spheroid. From the geo aphic coordinates of 

ABDC, the sides being assumed to be geodesic Y ines. Let us take the 

30'. ?See fig. 2.) Lay off the ang P es A,&D and B A,C, e ual to 
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so X lies about 73 m. S. 22' E. of D and the quadrilateral ABDC 
transferred from the Clarke Spheroid to the Bessel thus fails to close 
by 73 m. 

Suppose the distance from the parallel of 30' on the Clarke 
Spheroid of 1866 to the pole: be laid off along the meridian of a 
Bessel S heroid beginning at  latitude 30°, where will the end of the 
line f d %  On the Clarke S heroid the distance is 6,681,954 m., 
while on the Bessel Spheroizit is 6,681,069 m., so that the Clarke 
distance laid off on the Bessel Spheroid .would overrun the pole by 
885 m. or 28".5. If meridian lines determined from 
the length on the Clarke S heroid were laid off on the corresponding 
meridians of the Bessel E? pheroid. 

EXAbfPLE 2. 

(See fig. 3.) 

instend of meeting at thehole, as 
on the Clarke Spheroid, the ends of 
the meridian lines would lie on a 
circle of radius 885 m. For two 
meridians 40' apart, as in Example 
1, the two points corres onding to 

apart. If we allow for the differ- 
ence in direction of 5".43, which 
a ears in the third inter retntion 
$Example 1, the oints 1' and B' 
in Figure 3 would %e shifted to the 
left and right, respectively, perpen- 
dicular to the meridiun each by 
some 145 m., thus taking the posi- 
tions A" and B" in figure 3, and 
the discrepancy of 605 m. would be 
reduced to  about 330 m. 

It should be noted that the dif- 
ference in direction of 5".43 arises 
from the different angles on the two 
spheroids between the meridian 
and the geodesic line between the 
two Doints in the snme latitude 

the Clarke pole would 1 e 605 m. 

>IC. 3. 
(here'30'). Tho an le in uestion 

start at  the e uator the difference in direct,ion does not occur and 
is 90' for all spheroi % X  s A t  t e equator, and where the two meridians 

the second an a third interpretations give identical results. 
EXAMPLE 3. 

This example is intended to simulate approximately the conditions 
found when a circuit of triangles was closed by a chain of triangles 
extending from Texas to southern California .Iz The triangulation 
completed u to the time when the Texas-California arc was under- 
taken forme ii three sides of a quadrilateral. The geographic posi- 
tions in the triangulation forming these three sides were arbitrarily 
held fixed in the adjustment of the Texas-California arc and the 
directions in that arc were so adjusted as to close the quadrilateral. 
- -~~ 

11 W. Bowie: The ~Ca l i i om ia  Arc of Primary Triangulation. U. 6. C. and C. s. Spec. Pub. 
No. 11; 1912. 

82968O-244 
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All the errors accumulated in the three older sides of the quadri- 
lateral were thus thrown into the new line. The discrepancies in 
latitude, longitude, and azimuth that had to be taken care of in this 
way were, re~pectively,'~ 39 m., 14 m., and 7."5. It is therefore of 
interest to estimate how much of these discrepancies might reasou- 
ably be attributed to ossible errors in the spheroid used; this was, 
of course, the Clarke d) pheroid of 1866. 

The eographic coordinates of the corners of the uadrilateral P assume % to be equivalent to the actual figure were as fol ows: 
North Wo3t 

latitude. longitude. 

X 

A 33' 00' 980 00' 
B 39 00 98 00 c 39 00 123 00 
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ADC. The point X would lie near A’ but could not be assumed 
to coincide with it. The difference in p’osition between X and A’ 
gives immediately the amounts by which the uadrilaterd fails to  
close in latitude and longitude when transferre8 from one spheroid 
to another and a simple corn utation gives the correction in azimuth 
needed to effect closure. &ese failures to close are due solely to 
the chan e in spheroid. 

Hayford Spheroid. 
The fo 5 lowing are the sides and angles of the quadrilateral on the 

The sides are assumed to be geodesic lines. 
Sides. Angles. 

A B= 665,773.0 m. A= 83’ 09‘ 31.76” 
B C=2,158,881.5 B= 97 56 33.99 
C D= 876,002.9 C= 49 57 03.53 
D A=1,676,289.6 D=130 45 32.15 

When this quadrilateral is transferred t o  the C1arke.S heroiti of 
1866 in the manner just described the points A’,  B’, C‘. E’, and X 
(see fig. 4) are in the following positions: 

North lstitudc. Wrst longitude. 
A‘ 33’ 00’ 00.00“ 9 8 O  00’ 00.00” 
B‘ 39 00 01.08 98 00 00.00 
C’ 39 00 00.80 123 00 02.12 
D’ 33 00 00.01 116 00 01.39 ’ 

X 33 00 00.13 97 69 69.94 
The point X therefore fails to coincide with the oint A’ by 0”.13 

meridian and less than 2 m. perpendicular to it. The quantities are 
small as compared with the discre ancies of 39 m. and 14 m. devel- 

erroneous choice of spheroid is not the principal cause of these dis- 
cre ancies. 

Inother way of stating the failure to close is to sa that the dis- 
tance A’X is 4.3 m., which is 1 part in 1,250,000 of t K e total perim- 
eter of the quadrilateral. The difference in azimuth between U ’ X  
and D’A’ is less than 1” as compared with the 7“.5 developed in the 
adjustment. Here again it ap ears unlikely that the choice of spho- 

in latitude and 0”.06 in longitude, that is, by a g out 4 m. in the 

oped in the adjustment. I t  woud P then appear probable that an 

roid is mainly responsible for t R e discrepancy. 
EXAMPLE 4. 

This exam& is of the same general character 8s EsamDle 3. A 
quadrilateralAis taken to  represznt 
northern part of the United States. 
are : 

North latitude. 
A 49’ 00’ 

c 39 00 
D 49 00 

n 39 00 

a circuit. of triangulatihn in the 
The coordinates of the vertices 
West longitude. 

123’ 00’ 
123 00 
105 00 
103 30 

If this quadrilateral is computed from the Hayford Spheroid and 
then transferred with angles and lengths of sides unchanged to the 
Clarke Spheroid, just as rn Example 3, the distance between X and 
A’ is 2.9 m., or 1 part in 1,800,000 of the perimeter of 5,209 km. 
The difference in azimuth is O‘I.22. These discrepancies are small 
in comparison with the discrepancies usually disclosed in the adjust- 
ment of a circuit of triangulation as big as the one in question here. 
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FORMULAS FOR THE COMPUTATION OF GEODETIC POSITIONS OVER 
LONG LINES, DIRECT PROBLEM. 

Given a point A in geographic latitude 4, and a geodesic line AB 
of length s issuing from A in azimutha,: to find the latitude of R, 

the back azimuth (a2) 
of tho lineBA at B, and 
the differences in longi- 
tude ( A 0  between B a@ 
A .  The length s 1s 
supposed to be several 
hundred kilometers and 
therefore such that the 
a proximations used in 
d a s t  and Geodetic Sur- 
vey Special Publication 
No. 8 (Formulae and 
Tables for the Compu- 
tation of Geodetic Posi- 
tions) are no longer 
valid. 

The solution of this 
problem in substan- 
tially its present form 
was given by Bessel." 
Among more recent 

P' works in which the 
roblem is treated may E e mentioned those of 

Clarke and Helmert.16 
The necessa formulas 

by Albrechtlo to  ether 
with tables whict are 
an enlargement of those 
given by Bessel. These 
tables are, of course, 
convenient, but do not * 

shorten the work as 
much as might be ex- 
pected, since the inter- 
polations are rather 
troublosome and the 
computation necessary 
to replace the tables 
rather simple. In this 
statement of formulas 
we shall follow essen- 

resentation of Helmert, who makes no use of special 

P 

no. 50. 

are given wit T out proof 

FIO. W. 

tially the 
tables. T l e system of notation is similar to that of Helmert, the 

14 F W Bossel: Webor die Bomhnungen der pcgu hlschen +pen und BreIten Bus gcodktischen 
Vormkuh n. Astronomischo Nachrichtfm No. 86 (1825L5f VOl 4 

A R Earkc: Geodesy Oxford 1869 Chn . VI. F. A. H&ert Die mnthemntlschon und physika- 
&chon Thoorien der h(lho&n aeodl(sie hi &, 1880, Vol. I Chn . d. 
I Thoodor Albrecht: Form& und dfilisPatoin fur geo ab~scEo  Ortsbcstimmungon soconn nnd lator 

odltlons Leipzl from 1879 on. In tho fourth odltion tho convention ~9 toazlbuth IS stntctl, n 
point o&looh& in earllor odltions, and a typogtnphlcnl confusion ~ R ~ H W Q  sphnlcal and spheroidal is 
corrected. 
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A comparison of the changes bein 

notations of B 3clmert, Albrecht, an this work is ivcn on page 35. 
On the spheroid, the two oints A and B and t e pole P (see fig. 

sa ) ,  are the vertices of a s f k i d a l  triangle, the sides of which are 
eodesic lines, a meridian f eing n special case of the geodesic line. 

f t  is convenient to use also an auxiliary spherical  triangle P'A'B' 
(see fi 5b), in which P' corresponds to the pole and the sides P A '  
and #B' are taken e ual to the complements of the pnrametric 
(reduced) latitudes of 1 and B, res ectivel . By a property of the 
geodesic line the angles P'A'B' a n i  P ' B ' J  are then equal, respec- 
tivel t o  the corres onding an les PAB and PBA, but the an le 
AP#( = spheroidal flifference o f longitude= AZ) is not equal to  t a e 
angle A'P'B' ( =spherical difference of longitude = Ah). However, 
the difference betwoen A1 and Ah is small, since the ellipticity of the 
earth is small. I n  order to  compute this difference and also the 
relation between the side A'B' of the spherical trinngle and the side 
A B = s  of the spheroidal triangle it is necessar to  determine the 
position of the point C' in the figure and the c f  istance C'A'. The 
point C' is that point at which the reat circle A'B' is perpendicular 
to a meridian. A convenient name f or the point C' is the vertex of the 
great circle A'B'. The corresponding oint on the spheroid, or C, 
where the geodesic line AB is perpen 8 icular to the meridian may 
also be termed the vertex.  
for definiteness the one on the nort E ern hemis here regnrdess 7 take of 
the hemisphere in which A' and B' may be. 8, again, in F iwre  
5a, we draw the meridian that is er endicular to the geodesiche 
AB, extended if necessary, and ca H R  t e foot of the per endiculnr C, 
the oint C corresponds to C' in the other triangle and y a property 
of t E e geodesic the reduced latitude of the vertex C on the spheroid 
will be e unl to  the latitude of C' on the sphere. 

With t?us preliminary me proceed t o  a statement of the formulas. 
I n  this statement those numerical coefficients or their lo arithms 
that are printed in italics appl only to the Clarke Spheroi c f  of 1866 
and must be modified if anot s, er spheroid is used; the numerical 

' coefficients or logarithms printed in roman type ap ly to all spher- 
oids. The unit of length 1s the meter. Square brac R ets signify that 
the number inclosed is the common loganthm of the coefficient in 
question. 

fl 
rinting. mainly for ease in 

There bein two such points we ma 

B 

FIRST STEP-COMPUTATION OF TEE PARAMETRIC (REDUCED) LATITUDE OF A. 

Let b1 denote this reduced latitude. Compute 

(1) tan &=a tan &= [9.9986262- IO] tan I&, 

where b and a are the semiminor and semimajor axes of the s heroid. 
The computation for a change from one kind of latitude to tEe other 
ma dso be made (and with greater accuracy, even where tables 
witi a smnU number of decimals are used) by the following formulas,l' 

b 

na ns 
2 3 

= +1 - [2.64@412] sin 2+1 + [9.47323 - IO] sin 4+1 

8, = +l - n sin 2& + - sin 4+1 - - sin 6& 

- [6.527 - IO] sin G&, 
17 Soo 0. S. Adnms: Latltudo Developments Connected with Ooodesy and Cartography, Coast and 

Oeodotlc Special Publlcatlou No. 67, p. 15, niid alyo p. 95 for the tables. 
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the numerical coefficients whose a-b. The quantity n denotes xb, 
logarithms me given for the Clarke Spheroid of 1866 are expressed 
in seconds of arc. 
SECOND STEP-TO FIND TEE LATITUDE OF c' (-,so) AND TEE DISTANCE eAy-e,). 

This is merely the solution of a spherical ri5ht triangle of which 
the h otenuse A'P' = 90' -8, and one angle C A'P' = al are known. 
The & o owing arrangement of formulas is convenient in that it pro- 
vides checks for the computation and also enables the quantities 
sought to be determined utlthout ambiguity as to quadrant when the 
triangle is taken in the general sense and its sides are not restricted 
to being less than 180'. The conventions are that the azimuth is 
reckoned from the south through the west and that west longitudes 
are positive. 

(2) 
sin Po cos el = sin &, 
sin 8, sin e,= cos p, cos a,, 
cos 8 0  =cos p, sin a,. 

If the azimuth is in the second uadrant, O1 comes out negative, 
a case illustrated in Figure 6b. & e formulas are, of course, per- 

ridian of the vertex C'. Den& 

1 COB 8, COS x, = COS e, COS bo, 
cos 8, sin h, =sin 8,. 

Formulas (2) and (3) are perfectly general and will give 8, +I the 
proper quadrant if attention is paid to the s1 s of the other tngono- 

- 180' and +180° rather than between 0 and 360'. This is not 
essential however. 8, is positive when the arc PA' (from G' to A') 
is in the same direction as the arc A'B' (from A' to B'). The 
vertex C' may be taken as always in the northern hemisphere, even. 
though A' or B' or both ma be in the southern hemisphere, so that  

quadrant the formulas make cos Bp negative, so that Bo can not be 
a latitude in the ordinary sense; 1. e., numerically less than 90°, 
since cos Po would then bo positive. 8, in this case is the supplement 
of the latitude of Cf, that is Bo is measured from the e uator through 
the pole to Cf, or Bo= D'P'C' in Figures 60 and 6d. %his method of 
reckoning has its analogy in the practice of generalizing the formulas 
for corn uti u meridian transits of stars by using dcclinations greater 

the point D' move continuous1 around the equntor through 360° 

metric functions. It is convenient to take v r ues of e, and A, between 

sin Bo is always positive. 2 owever, when CY, is in the third or fourth 

than 90 9 9  for ower transits. This method of representing Bo makes 

when the azimuth (a,) changes s rom 0 to 360'. 

STEP-TO FllJD TEE ANGULAR DISTANCE A@-A'B' 
SPONDlNO TO TRB LINEAR DISTANCE AB-8 ON 

ON THE SPHERE 
' THE SPHEROID. 

CORBE- 

This relation involves elliptic integrals of the second kind. The 
modulus depends on the latitude of the vertex C' and is so small 
that the elliptic integral may be readily calculated by the first few 
toms of a rapidly convergent series. 
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e? 
1 - e2' Let 6 denote, as usual, the quantity - where e is the eccentricity 

of the spheroid used, let k, denote the modulus of the elliptic integral, 
and E,m auxiliary quantity. Then 

tan E= sin bo= [8.9167261 -IO] sin 8, (4) 

k,= tanZ 3 E (5)  

sp" 1 - k, An=-- .  
b l + t k , a  

180 X 60 X 60 
A t 

Au is the first approximation to AO; p" denotes 

log P'' = 5.3144251,3 (7) 

(8)  P" log =8.6112013,5-I0, 
b being in meters. 

log +M= 6.73469, (10) 

for unit% of seventh decimal. M=modulus of common logarithms. 

2 ~ ,  = 28, + p" k, sin 2e1, 

2a = 2a, + Aa. 

(11) 

(12) 

The quantities u1 and u are defined by equations (11) and (12). 

(13) Ae= Au + A  cos 2u sin Au + B cos 4u sin 2Aa 

(14) 

(15) 

I log A = log (- p") +log kl, 

= 5.3144251,3 n+log k,. 
IogB-log (8 p"k,+-- - - )=5 .11031+2 log k,. 

The terms of the series (13) are evidently expressed in secondsof 
arc. 
POURTH STEFSOLUTION OF THE TRIANGLE A'B'I" FOR TEE LATITUDE. BACK AZI- 

MUTH, AND DIFFERENCE OF LONGITUDE OF E'. 

Since AO=A'B' has been found and the angle B'A'P' and the 
side A'P' are known, the remainin parts can be found, giving B 
the parametric latitude of B' a n f  Al=A'P'B' the difference of 
longitude. One convenient way of solving the triangle is to solve 
the right triangle B'C'P'. This triangle gives, after putt&g e,= 
C'B' = C'A' + A'B' = 6, + AO, 

(16) 
sin &=sin 8, cos el,  
cos 8, cos ai= -sin 8, sin d 2 ,  
cos & sin a) = - cos 8,. 
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If we denote by A, the angle C'P'B', we have 

1 COS 6,  COY x, = COS 6, COS e2, 
cos 8, sin h, =sin 8,. 

These equations give 8?, A?, and a?. 
For the difference of longitude Ax  we have 

AA=A'P'B'= C'P'B'- C'P'A'=X,-X,, (18) 

h, coming from (3). 

putution of the riglit triangles. 

We may also attack the oblique triangle direct1 
formulas for the oblique triangle may be used as a c 

Such check formulas are, for example, 

(19) 
sin Ah =sin AB sin al sec 8, 

= - sin A8 sin a? sec PI. 
tan 3 Ah = sin 3 (8, - 0,) sec & (8, +PI)  cot 4 (CY? +a,) 

= cos 3 (& - 6 , )  cosec 3 (Is, + B,> cot 4 (az - q). 
FIFTH STEP-COMPUTATION OF THE GEODETIC LATITUDE OF B.  

The parametric latitude of B is equal to the latitude of B', that is, 
The geodetic latitude of B, or &, is then found by the formula 

(21) 
a tan &=b tan 8, 

to 8,. 

= [0.0014748] tan 8,, 

4, = 6, + n sin 2/3, -t - sin 48, + 5 sin 6& - - - - 

or by tho series 

(214 

n2 n9 
2 

= 8, + [6.6.448412] sin 28, + [9.47328 - 101 sin 4 8  + [6.627 - IO] sin GB, - - - - . 
The logarithms in brackets give the terms in seconds of arc. 
SIXTH STEP-COMPUTATION OF THE SPHEROIDAL DIFFERENCE IN LONGITUDE. 

Although the latitudes on the auxiliary sphere we equal to the 
parametric latitudes on the spheroid, the relation between tho differ- 
ences in longitudes is loss simple. Lot Al represent the difference of 
longitude between A and B on the spheroid; then 

Al=Ah-cos Po {A'AO+B' cos 26 sin A8 _ _  - . }  (22) 

has the same meaning as before and 

or 
28 = e, + e2, 

e=e, +.$ Ae. 

Tho tomi [6.3360] k, is exprossod in units of tho seventh decimal 

(25) 
place. 

= 2. E 429n + log k, I log B'=lo (-a P'' ez k,) 
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Tho symbol f denotes the ellipticit or flattening of the spheroid. 

be printed in itdics to show that it is for the Clarke Spheroid only, 
but any probable chango in tho flattenin affects i t  so little that i t  

AI completes the solution. 

The coeficicrit of k, in formula (24) 9 or log A' should, in strictness, 

may bo considerod as practically invaria EB le. Tho computation of 

What is the latitude o 5 B, tho back azimuth of the eodesic line 

NUMERICAL EXAMPLE, DIRECT PROBLEM. 

From n point A in geodetic latitude 55' N. there runs a geodesic 
line AB, 4,000 km. lon , with an initial azimuth (S via W) of 50". 

there, and tho difference of longitude between A and ? Assume 
tho Clarke Spheroid of 1866. 

%r 

91 = 5 5 O 7  
aI = 50°, 
6 = 4,000,000 m. 

The trigonometric part of these calculations was made with Short- 
Tho hundredths of n second are, redds logarithms to  sevcn 

therefore, uncertain. The unctions nro dl logarithmic. 
Whenever the quantity dropped in rounding off an interpolated 

logarithm to seven decimal laces is about half a unit of tho seventh 
deciinal place, or when two h e r e n t  determinations of the same loga- 
rithm give results differing by a unit of tho seventh decimal place, 
the two alternative final figures are written in succession with a 
hyphen between. Thus, 9.43G 4126-7 might mean eithar that tho 
logarithm lay &out half way between 9.436 4126 and 9.43G 4127, 
or else that theso two uantities represent two diflorent determina- 

. PCY 

tions of tho samo logaiit R In. 

FlRST STEP. 

tan +I 0. 154 7732 
constant 9. 998 6252 

tan 0. 163 2984 
81 64' 64' 3W71 

This is in exact agreement (dthou h the hundredth of a second 
can not be depended on) with tho tal, 5 e on page 9G of Special Publi- 
cntion No. 67. 

SECOND STEP. 

9. 884 2540 9. 567 6473 
9. 759 6798 sin el * 9. 614 4636 
9.808 0675) cos 81 * 9. 959 6945 

9. 912 8783 

sin a1 
cos @I 
COB a1 
ccs sin al =COB Bo 9. 643 8338 B i n  = tiin Bo COB 

cos @I cos al =sin @O sin el { 

tan Or 

sin Bo 

el 
9. 654 7690 
24' 18' 16Y86 

9. 953 1837-8 
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The values of 8, from its sine and cosine agree within a fow hun- 
Tho dcfinitivo vduo of 8, miiy bo taken froiii dredths of a second. 

sin 8 tun /3 -2 and is found to bo Bo= 63' 52' 17!'30. 
O-COSB, 

COS 
cos XI  * 
sin XI * 
cos PI sin XI =sin 01 

t an  XI 
X I  

cos xI =COB el COS ,eo 

9. 959 6945 
9. 643 8338 

9. 603 5283 
9.843 9485 
9.854 8839 
9. 614 4636 

0.010 9353 
45O 43' 16Y55 

-- - 

cos 81 9. 759 5798-7 

The agreement of cos 8, with tho ralue previously used is a partial 

2e1 =480 36' 34" 

check. 
THIRD STEP. 

8. 916 7261 log kl' 4.2731 
9. 953 1837 log 4 M 6. 7347 sin BO 

tnn E 8.869 9098 1.0078 
E 4' 14' 1W546 

log 6 
____ 

2' 07' 09?'773 4 Mk12 

8. 568 2847 

10( = cor. t o  log of first term 
in units of seventh dccininl) 

+ E  

tan 4 E 
log kl ( =tnnz 3 E )  7. 136 5636 log p" 5. 314 4251 

log s 6. 602 0600 
eosa 4 E 
correction - 10 l + t k l  
colog b 3. 196 7762-10 

9. 999 40!X-10}1,g( 1 -kla) 

log Au (Au 

Au 
in sees.) 5. 112 6659 

129, c118Y18 =36' 00' lS?18 

6.3144 log ( - P I ' )  5. 314 425111 A 
7. 1366 log X . 1  7. 136 5694 } 
9. 8752 cos% 8.9G7 7116 

sin AU 9. 769 2714 
2. 3262 ~ - ~ . ~  

1. 187 977511 
p" kl sin 201 211Y9 =3' 31!'9 Second term of (13) = -15. 410 
201 48' 36' 33K7 

20-1 
AU 

48 40 05. 6 
36 00 18.2 

2u 
4-J 

co; 4u 
sin 2Au 

84 40 23.8 
169 20 47. 6 

5.1103 
4. 2731) =log 
9. 992418 
9. 9782 

9. 354Otc 

Third terln.of (13) = -W226 

Au 36' 00' 18K18 
Second 1.crni -15. 41G 
Third term -0. 226 

36 00 02. 5'4 A0 

81 24 18 16. 86 

8, 60 18 19. 40 

_- 
- 

2O=O1+-01 81 36 36. 2ti 
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FOURTH STEP. 

COS e, 9.694 9388 COS el 19.694 9358 
coy Po 0. 643 8338 sin BO 19. 953 1837 

sin el 9. 938 8589} 
cos 82 cos xz 
cos x2* 9. 386 6299 -sin Bo siii e, 9. 892 042671 
siii h2* 9. 986 7191 COS aa* 9. 939 9028ri 
cos p2 sin A1 =sin O2 9. 938 8589 sin ua* 9. 691 6940n 

9.643 8338n 
tan A1 0.600 0893 
A2 75' 54' 08185 tan al 9. 751 7912 

cos 81 9. 952 1397-8 CPS 81 9. 952 1398 
AI 45' 43' 16Y55 sin 8 2  =sin BO cos 02 9. 648 1195 
A2 - A1 A x  30 10 52.30 

=COS 02 COS Bo 9. 338 7696 COS @a cos a a  = 

cos 82 sin a1 = -cos 80 

f f l  209" 27' 06!'90 

The values of 8, from sin 6, and cos 8, agree as well as could bo 
sin 6, expected. The definitive value froiii tan /3 is -cos & 

8, = 26" 24' 27?26 
Verification !Tom oblique triangle. 

sin a1 9.884 2540 sin al 9. 691 6940 
8ec Pa 0.047 8602 sec 81 0. 240 4202 
sin A0 9. 769 2261 sin A0 9. 769 2261 

sin AA 9. 701 3403 sin AX 9. 701 3403 
Ah=30° 10' 52!'33 

t (82+81) 40' 39' 28Y98 3 (aa+ai) 129' 43' 33Y4.5 
3 (&-@i)  -14 15 01. 72 t (ff2 -ad 79 43 33.45 
sin 3 ( p ~ - j 3 ~ )  9. 391 2199n COS (82-81) 9. 986 4263 
cot 3 (a2+al) 9. 919 5914n cot 3 (CQ-CYI) 9. 258 3087 
Hec t (BZ+PI)  0. 119 9806 cosec 4 (@~+81) 0. 186 0568 

tan 3 AX 9. 430 7919 tan & Ak 9.430 7918 
3 AX=16' 05' 26Y15 
AX=30 10 52.30 

Thcso three values of AX agree satisfactorily, and tlie find result 
may bo taken as 

A.X=30° 10' 62?31 
FIFTH STEP. 

t a n &  9.695 9797 
log alb 0. 001 4748 

tan +2 9.697 4545 
+2 26' 29' 06?58 

A computation by the series (214 results as follows: 

P 2  26" 24' 27!26 
second term 4 39.017 
third term .286 
fourth term . 000 

26 29 O G .  563, 4 2  

which agrees satisfactorily with the previous result. 
*Sea footnoto, p. 22. 
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SIXTH STEP. 

A0 in sccs. 129,602654 

log t M (1-4I) 6. 3360 logf 7.530 2093 
log kc 7. 1366 correction - 2969}'OR 

6. 112 6135 
3.4726 COSBO 9. 643 8338 

correction in seventh decimal 2969 
2.286 3597 

log A0 (in SeC6.) 

second term of (22) 1936357=3' 13!'357 

cos Bo 9. 6438 AA . 30' 10' 52631 
log ki 
COS 20 8. 9728 
sin A0 9. 7092 A1 30° 07' 38/94 

third term of (22) WO12 

FORMULAS FOR THE COMPUTATION OF GEODETIC POSITIONS OVER 
LONG LINES, INVERSE PROBLEM. 

Given the latitudes nnd longitudes of two points A and B on ti s he- 
rind to determine the length of tho gcodesic line joining thoni an$ its 
azimuth a t  A and B. 

The suine figures, Nos. 5a and 5b, showing the s heroidal triangle 
and tho a u d i a r y  spherical triangle, may bo use z as in the direct 

Tho reason for this is thnt 
of tho e R ptic intc ra1, on which dcpcnds tho length 

of tho line AB and dso the diterence between tho spherical and 
spheroidal differences of longitude, involves a knowledge of the 
lntitude of the vertex C' (fi . 5b). I n  tho present instance we know 
rnorely tho sides PIA' mf P'B', since theso are tho parmetric 
colatitudes of the points A and B, but this is not enough to deter- 
mine tho osition of C'. If we knew tho angle A'P'H', that is, the 
s herical %Terence of longitude, we could s o h  the trinnglo A'P'B' 
t t us determining tho anglo P'A'B' and P'A'C'. With an& P'A'C' 
and P'A' known, wo could S O ~ T O  tho right trianglo P'A'8' and thus 
locate tho vertes C' by its latitude 8,. Tho spherical difference of 
longitude (AX) is known to be approximately equnl to the spheroidal 
(AI), the differenco betwoen the two being only a few minutes of arc 
a t  most: As a first approximation we use A1 for AX, or wo can get a 
better approximation, as hereafter cxplaincd, without a knowledgo of 
Bo. With this approximate knowledge of AX wo got tt value of 8, and 
uso it to obtain a better value of AX, which in turn gives a bottor 
valuo of Bo, nnd so on until two successive n proximations to AX 

is used so fnr ns i t  applies. 

7. 1366 , ,second term - 3 13. 357 
constant 2.5429)log B tliird tcrin - 0.012 

8. 0653 

The solution of the inverso problem is, however, indirect, 
successive a prosimations. 

i agree within tho limits of error np ropriate to t 7 ie number of fi ures 
used. In the following formulas t 'E io notation of tho direct pro lem 

cpl by t Y io snmo forniulas ns  in the dircct problem, cquutions (1) or 

FIRST STEP -DETERMINATION OF THIE PARAMETRIC (REDUCED) LATITUDES. 

The nrumetric latitude 8, is derived from tho goodetic latitude 

In a similar manner 8, is derived ( la)  page 17, or by special tables. 
from 'p2. 
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SECOND STEP--APPROXIMATE VALUE OF THE SPHERICAL DIFFERENCE IN LONGI- 
TUDE. 

An npprosinmto vnluo of AX may 1,c foiind by the formula 

AA = A1 + p“ f COS p, COS 8, sir1 A/. (26) 

For tlic Clttrke Sphcroid of 1866 this hecoines nunierically 

AX = A1 -+ [6.8.$&3] cos p, (‘os p, sin A1. (2T) 

A iiiorc avwrtito forniuln that will often obviato tlic necessity of a 
sccond npproximntion is due to Jordan.I8 It re& 

IIcre N is tlic rntlius of curvature of l,ho prime vortical section, ZI 
tho rntlius of curvature for a meridian section, A+ = 4, - 9, expresscd 
in sccontls of arc, A1 is to bo similnrly expressed, and m nnd ‘n nro 
ciuantitics given in tho tablc on pago 34. The formula expresses AX 
likwiso in seconds of arc. 

If tlic tables in U. S. Coast and Geodetic Survey Special Pub1ici~- 
tion No. S arc to be mod, tho formula may bc written 

N,  R, A‘, B,  m and n aro to bo taken out for the middle latitude 
+= 3 The qunrititics A’ and B in this instannee are entirc- 
ly different from the A’ and B of formulas (24) nnd (15) and hnvo 
hero tho rncanings nssigncd in Special Publicittion No. 8. This 
formula gives the vduo of AX withm 0.”001 for vtducs of A+ tind A1 
less than 10’. For larger \ d u e s  of A+ and A1 t ho  crror incremes and 
a sccond npproximntion may bc nceded. 

++J. 

THIRD STEP-DETERMINATION OF po. e,, AND 0,.  

Tllis niay bo dono in more than ono way. With an npprosimnto 

(30) 

valuc of AX we find: 

(4 sin2 ?A0 = sin2 3 (p, - p,) +cos p, cos pa sinZ +AX. 

cos 8, cos 0, sui A 1  
sin A0 COY po= ? 

and 

or 

.. . . . __ - . . . .-__ - 
18 W. Jordnn: Ncuu Aufliisung dor co&itlschm Hauptaufgah und llirer Umkuhrung, Zuitsclirlh fur 

Vermiwungswcuen, V ~ I .  12 (IW), p. 85. 
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For the quadrants in which the quantities are to  be taken see Figure 
6: page I O ,  and the accompanying remarks. Evidently a2, ez, A,, and 
Bo are related to 0, nnd a, in the saino way that e,, A,, and 8, are related 
to  8, and a .  

( b )  An alternative process gives incidentally the azimuths corre- 
sponding to the approximate value of Ah used. Gauss’s equations 
upplied to the triangle PA4B give equations (33), the azimuths being 
reckoned from the south around through the west. 

(33) 

f 

sin f (a,+a,)  sin 4 AO= -sin (&-&) cos 4 AA, 
cos 4 (a2 + a  ) sin 4 A0 = - cos 3 (8, + 8,) sin 4 Ah, 
sin 3 (a, - a,) cos 3 A0 = + cps +, (8, - 8,) cos 3 AA, 
cos a (a2--,) cos 4 AO= +sin f (& +&) sin 4 AA. 

The right-hand sides of tho equations being known, the values 0. 
4 AO, 3 (a2 + a,) ,  and 3 (a2 - a,) are easily found, and thence a2 and a,  
This form o€ computation has thc advantqe  of giving the azimuths 
at  once if the valuc of AA used is sufficiently ap rosimate. Further- 

more uccurute numerical results tlitaii will equutions (30) to (32). 
We havc further 

more, equations (33) will give with the USG of t f le same set of tables 

(34) I sin Bo cos e, = sin B,, 
sin 0, sin e, = cos 0, cps C Y , ,  

cos P o  = cos 8, sin a,,  

sin Bo cps e2= sin B,, 
sin 8, sin e,= -cos B, cos a2, 
cos B o  - - COS 8, sir! a,. 

or 

FOURTH STEP-VERIFICATION OF THE VALUE OF AA. 

The ap roximate values of 8, and 8, enable the value of AA t o  be 
calculate c r  more accurately. The formulas are (4), (5), and (22), 
which are here repeated and renumbered for convenience. 

(35) 

(36) 

(37) 

} (38) 

If the valuo of AA thus found differs from the AA previously uscd by 
inore t h m  the preassigned limit of error or by more than the probable 
uncertainty due to omitted figures, the computation should be re- 
peated till the desired agreement is attained. 

tan E = JSsin Po = [8.9167261- 101 sin Bo. 

A A = A ~ + c o s  &,{A’AO+B’ cos 28 sin AO), 

k, = tan’ 4 E. 

where 
log A’=log$-+M (1-3  f )  k,, 

= 7.530,209S - 10 -16.33601 k,, 
log B’ =log ( - +p” e3 k,) , 

= .??.6@?9n + log k,. 
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FIFTH STEP-COMPUTATION OF THE DISTANCE 8 .  

When definitive \~rtlucs of e, A0 nnd k, hnvu hccn found, the vt~lue 
o f  s is found by formulas (30) and (40) which arc based on formulns 
(7) to (16), 

(40) I 6 log 
log b = 6.8032 
l o g ( ' ~ ~ ~ ~ ) = 2  log sec +E'+< icffi;L, 

= 1.488 79S6,6, b being in meters. 
P 

= 2 10;~ec +E+ [6.7347] k: 

Tho lo arithm of the coefficient of k: gives tho term oxpressed in 
units o P the seventh placo of decimals. 

NUMERICAL EXAMPLE, INVERSE PROBLEM. 

Given two points A and B whose latitudes are 25' and f i 5 O  andwhose 
longitudes aro 60' and 110', respoctively, on tho Clnrko Spheroid of 
18G6; find tho length of the geodesic line joining them and its azi- 
m u t h  a t  A and B. 

FIRST STEP. 
I'oiiit A Point B 

& I  25'00' OW000 65' 00' OOYOOO 
h d ' n  to pnrarnetric lat. - 4 27. 992 Red'n to parametric Int. - 4 28. 577 

24 55 32. 008 82 6 4 5 3 1 . 4 2 3  

A 4  =+a -+I 

AI 

+=3(42++1) 

log B Spec. Pub. 8 
log A' 1 arg. $I 
106 BlA' 

log A1 
log (1 -mA+2-?~Alz)  
log AX 
Ah 

log JBIA' 

SECOND STEP. 

40' 00' 00" log m (p. 34 this pub.) 6. 1251 -20 
144, 000" logA@ 10. 3167 

180, 000'' ?nA& 0. 0002766 

log n (p. 34 t h i s  pub.) 

50' 00' 00" log ntA@ 6. 4418-10 

45O 00' 00" 

8. 510 4677 
8. 508 9904 log AP 10. 5105 - 10 
0. 001 4773 log nAZa 61 0339 -10 
0. 000 7386 nAP 0.000 1081 
5. 255 2,251 1 -mA@-nAIJ 0. 999 6153 
. 9. 999 8329 
5.255 8440 

180,237U 0 
50' 03' 57UO 
25 01 58. 5 

5. 5234 -20 

Since tho points A nnd B nrc so fw apart, it is not probable thnt 
tho value found for Ah can bo accepted ns find. 
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THIRD STEP. 

First alternative: Formdas (SO),  (31),  u71d (32).  

cos 8, 9. 957 5384 j(P,-@,) 19' 59' 59ITO8 
cos 8, 9.627 1589 log sin 3 (P,  - 8,) 9.534 0500 
sin2 + AX 9. 253 9659 log sina +(@,-&) 9. 068 1000 

8. 837 6632 nat. sina+(&-&) 0. 116 97687 
nst. cos 0, cos j3* sina $AX.. - - -. - - - - - - - - - - - - - - - - 0.068 81 181 

nnt. sina +A8 0. 185 75871 
log sina @e 9.269 0193 

d A8 25' 31' 59!'08 
A0 51 03 58.16 

-- 

log sin $Ae 9.634 5096,5 

cos P, 9.957 5384 sin 0, 9.624 7361 
cos B, 9.627 3589 sin@, 9.966 3578 
sin Ax 9.884 6722 
cosec A6 0. io9 0918 COS e, 9.G58 3783 

cos B o  9,578 4613 
- 4 - - 6 2 O  54' 37'15 

P O  67' 44' 16!'29 sin 8, 9.957 0116 
sin Po 9.966 3578 

cos (O,+A8) 9.990 6538 
-- 

e, + Ae = - 11 O 50' 39!'00 

These formulas do not determine the si ns  of &, O,, and $,+At?, 

account, even if for no other reuson, the alternative formulas (33) 
and (34) are preferable. 

Verijicafion. A6 = (8, + AO) - 0, -- 51'03' 58?15. The n reemeiit with 

without ambiguity. Specid criteria wou P d bc needed. On this 

tho viilue of A8 previous1 fouiid is better than cou 9 d always be 
ob tnincd with seven-place P ogaritlims. 

Secoiid alternulive: Forinulas (33) and (S4). 

9. 972 98G0}(3) sin t(&+&) 
'34 0500?& -COS i(8J+81) 9.850 0491n 

(2)(9. 626 4830 
-sill f(&-a,) 
cos b ax 9. !I57 1593 sin 4 Ax 
coy t (199-81) 9. 848 9194}(4) 

(!) =sin 6 ( a 2 f a l ) s h  3 A0 9. 491 2093n 

COY t ( a 2  +ad* 
(2) =cos) ( a 2 f a l ) s i n  4 A0 9. 476 5321~ 

(3) =sill 8 (a3-a l )cos  f .M 9. 930 1453 

9.520 0338 
(4) =cos 4 (aa-al)cos 4 A0 9. 475 4024 

6111 t (aa+ai)* 9. 856 699671 S I I ~  4 (a*-@,)* 9. 974 7767-8 
9.842 0224-5n cos 6 (q-al)* 

-- -- 
0. 014 6772 

9. 634 5097 

tan 4 (al-al) 

cos 4 AB 
225O 58' 04c74 4(a2-a,) 

0.454 7429 
70' 39' 3(9!'50 
9. 955 3686 

* Iu tho computation these lines can not bo fllled out at onw. Belng cmpt t t c  pcrmlt (?) to Iw sub- 
trncldfrom (1 to obtain ton (OZ+OI) or (4) from (3) toobtiiiri tun + (ol-oi~\r.lt~ouLdlstrao,lnfiIheeye 
byinterveuinghgures. When\ (a~+~,)liasbeenfound fromitstnagcut,sin h (od--~)andcos ( 0 r f ~ t 0 m  
bo insertod In tho V n w t  spas's untl each suhtmclrd from tho numlwr on fhe line nbovo or$dow. 1. e., 
( I )  nod (2 thus 0l)tninln sln & Aein two vuys, the r~sult,: of w111d1 sl~ould nmm. T1i~ procedure I s  siml- 
Inr with S k  1 (us-ad d c o s  ( U U - U I )  Thlsla R convenient form for 111uuy of the formulas of sphcrlccrl 
trigonometry and frequent iisohn<bwnmacitt of i t  iu this corupntaiion. 
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Per- Thc values of +A0 from sin +A0 and cos 3AO agree within the 
missihlo range of error. They also agree satisfactorily with the va ues 
found by tho first tiltcrnative method. Tho value adopted may be 
takenfrom log tnn+AO=lo~sin+AO-lngcos~ AO=9.679 1411, when 

AO=2jo 31' 59!'09, AO-51 03' 58!'18= 183, 838?18=AO'' 

a2 = 296" 81' 4490 
ai= 155 18 25.18 

COS al 9. 958 3532n -cos a1 9. 651 4827n 
(3)(9. 627 1589 

s1n al 9. 620 9229}(2) -sin ai 

(1) =sin Bo sin e, 9. 915 8916n (3)=sin Po sin 8, 9. 278 6416n 
sin O,* 9.949 5338-9n sin ea* 9. 312 2838n 
COS e,* 9. 658 3784 COS e2* 9. 990 6538 
sin 81 =sin Bo cos 01 sin p2 =sin Bo cos O2 9. 957 0116 

9. 951 3@24)(4) 
cps 81 ( 4 9 .  957 5384 cos I92 

9. 624 7301 -- 
tan 0, 

sin Bo 
(2) =cos Po 

el 
0.291 1555n tan 02 
-62" 54' m i 3  el 
9. 966 3578-7 sin Bo 
9. 578 4613 (4) =cos 

9. 321 6300n 

9. 966 3578 
9. 578 4613 

- 11" 60' 38Y94 

I n  those computations wo may for definiteness take 8, as always 
positivc. Tho quadrant of el or e2 is then dctermined without 
ambiguity. The values of sin Bo and cos Bo are consistent within the 
range of error of seven-figure computation. The vnlue of 8, itself 
is not needed in subsequent work, except perhaps for the purpose 
of drawing a figure. 

FOURTH STEP. 

2 el 
A8 

2 0  
Check 
el 
ea 
2 e  

log fi 
sin 8, 

tan B 
E 
$ E  

-125°49'14K2G 1ogf-M (1-4.f) 6. 3360 
51 03 68. 16 log kl 7. 1628 

- 74 45 16. 10 3.4988 

- 62 54 37. 13 place in log d A')  - 11 50 38.94 

- 74 45 10. 07 tit (1-4f )kl  - 3154}logA' 

4M (1-4f)kl 3154 (unitsofseventh 

10 f 7. 530 2093 

cos Pa 9.578 4613 
log AO" 5. 264 4357 

2.372 7909 
First term =235!934 

= 3' 55K934 

& 916 7261 log (- p"el) 
9.966 3578 log kl 

c m  28 .._ -~ 
8.883 0839 sin A0 

2 11 03.868 
4" 22' 07C736 COS 

ian 4 E 
log (kl  =tan2 4 B)  7. 102 8432 Second term 

8. 581 4216 

Ai 
First term 
Second term 

Ah 
f Ah 

9. 4200 
9. sea9 
9.5785 

8. 59517~ 

50" 00' OO".OO 

-0. 039 

+3 55. 934 - 0. 039 

50 03 55. R9+ 
25 01 57. 95 
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This value of A 1  agrecs npproximately with tho valuo found by 
Jordan's approsirnation, but not within the rango of crror of seven- 
figure computation, so formulw (33) to (3s)  arc to bc rccomputcd 
m t h  this new d u e  of Ah. 

9.534 0500n 
('){9.957 1598 

--sin 3(b2 -&) 
cos *Ax 
COB # ( @ a  -bd 9.972 9860](3) 

(!) =sin +(az+al) sin $A0 9.491 209Sn 

cos t(a2+a1)* 9.842 0209n 
(2) =cos j (as  +a l )  sin &A@ 9.476 529Gn 

sin i (aa +all* 9.856 7010-1?~ 

t a n  4(az +ad 0.014 6802 
$(a2 +ad 225'58'05?45 
sill 9.G34 5087 

t a n  l ( a 2 - 4  0.451 74-56 
1 (ffz -4 7O039'4WO0 
cos $A0 9.955 3687 

The values of 4AO from its sine and cosine ngrcc within ldie pctrmis- 

log tun &A0 = log sin +e - log cos +A0 = 9.679 1400 

sible range of wror. The value adopted may be tdicrl from 

+A0=25' 31' 58!'89, A0=5lo 03' 57!'78= l83,837!'7S=AO'' 

a,=29G0 37' 45!'45 
a ,=155 18 25.45 

9.651 4875n 
9. 627 1589 

cos a, 19. 958 3534-~IL -COS a2 
cos Pl (')19.957 5384 cos*P, 
sin a1 9. 620 9216)(2) -sin a? 9.951 3012}(4) 

( r )  =sin Po sin el 9. 915 8918-9n 

cos o,* 9.658 3782 
sin /Il =sin Po cos 0, 9. 624 7361 

sin e,* 9.949 6339 
(3) =sin 0, sin O2 

COS e3* 9. 990 6536 
sinpy=sinpocosO, 9. 957 0116 

9. 278 '6464n 
sin e2* 9.312 2883-4 

tan 0. 291 1557-8n 
- 62' 54' 37"s 

9. 9GG 3579-80 81 
P o  

(2) =cos /Io 9.578 4600 

tan O2 9.321 6348 
- 11 O 50' 39?40 

9.936 3581-0 01 
SI11 8, 
(4) =cos po 9. 578 4G01 

The vnlucs of Po, e, and O2 difTcr so l i t tk from those previously 
found tw to lead one to expect, that  the v d u o  found for AX will differ 
ina qmcitlbly from tho one from which thc computation set out, 
and that ths approximation may therefore be considered final or 
nearly so. 

- - - - __  - - . . -- 

* Sw note on p. 29. 
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24 
Ae 

20 
Check 

$ E  
tan +E 
log(k, = tan23E) 

125' 49' 141'36 
51 03 57. 78 

74 45 16. 58 
___-_-- 

62 54 37. I 8  
11 50 39.40 

74 45 lG.58 

8.916 7261 
9.966 3580 

8.883 0841 
4O 22' 07!'744 
2 11 03.872 

8.581 4218 
7.162 8436 

1 0 i  +M(l-$f) 6. 3360" 
log IC, 7. 1628 

3.4988 
$ M (1 - $f)k, = 31.54 (units of 

scventh place in log of A') .  

log h"0" 5.264 4348 

2.372 7887 
First term = 235!'933 

=3 '  55'1933 

log ( - +p' 'e2)  2.5429n 
7.1628 
9.4199 

sin A0 . 9.8909 
cos p, 9.5785 

1% k, 
COS 20 

8.5950n 
Second term - 0!'039 
A1 50° 00' 001'000 
First term 3 55.933 
Second term - .039 

~~ 

Ah 50 03 55.89 
25 01 57.95 

This value of Ah is identical with tho one from which tho compu- 
tation set out. A divergeiico of one or two hundredths of n second 
might well liavo been tolerated on account of t h o  uiicertaiiity of Gnal 
figures. 

. .  

+The Ilgtlres in this roliimn nre unctinngcd from lho ~)rovions compiitntion. This mny commonly be 
lakrri for pnotcd iinlovs ttir Jlrsl npproxlmntioIi Is very rough or siwli ~iniisual ncctrrncy Is soiight that I t  
can IIV obtuiiied only 1)y using lognrithms of rlgtit or mor0 plums. 
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FIFTH STEP. 

2" 11' 03.872 log .ill 
0.000 3157 log t. 3E 

sec *E 
6.7347 
4.3257 

1.0604 
sed 3 E 0.000 6314 +Mk, l  11,5 in seventh place 

1.488 7986, 5 log k, 7.16 284 log b l p  
log AO" 5.264 4347,7 COS 20 9.41 988 

sin A0 9.89 091 
log first term 6. 753 8659,7 sec2 +E 0.00 063 
First term 5,673, 694.81~. log b 6.80 322 

11,5* 3 M kl" ' 

40 
2A0 

COS 4e 

log k,a 
sin 2A0 

Third term 

3.27 748 
Second term 1894.4 m. 

149" 31' 
102 08 

5.900n 
9. 93571. 
9.990 
4. 326 

0.151 
4-1.4 m. 

First term 5,673,694. 8 in. 
Second term + 1,894. 4 
Third term f l . 4  

S -- 5,675,590.6 m. 

Recapitultttin problem and results we find: 
Given point 1 in geodetic lstitudo 25" N., longitude 60" W., nnd 

point B in latitude 65' N., longitude 110' W., by this computittion. 
Length of geodesic line AB = 5,675,591 m. 
Azimuth at A of geodesic line AB= 155' 18' 25f45. 
Azimuth a t  B of geodesic line BA = 296 37 45.45. 
The final figures are unccrtain by o m  or moro units. 

-- 
*Eight-plam logarlthrns havo beon used in this part Of tho rom mlcrtion to avoid accumulation of errors 

in the seventh plaa, but the accuracy of the procedhlg work hardly warrants this. 
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LOGARITHMS O F  JORDAN'S AUXILIARY QUANTITIES, ttz AND n. FOR 
COMPUTING LA (Clarke Spheroid of 1866). 

3 XI05 

4 w27 
4 : O W  

iOl2() 

sina 2 4 6 sin2 1" 
4s 71 = 

n 00 
2:s 01) 1 23 30 

j "2 :m 

e ,  

000 
0 30 
100  
1 30 

2 0 0  
2 30 
3M) 
3 30 

4 00 
4 30 
5 0 0  
5 30 

G O O  
6 30 
7 0 0  
7 30 

8 0 0  
8 30 
900 
9 30 

10 110 
10 30 
11 M) 
11 30 

12 00 
12 30 
13 00 
13 30 

14 00 
14 30 
15 00 
15 30 

16 00 
10 30 
17 IWI 
17 30 

5.wfi 
5.nso 
5 . 2 D I O  
5.3344 

5.310C 
5.B'LRI 
5.33!U 

5.3005 
5.3705 
5.3W2 
6.3805 

5.30x4 
6 4070 
5:4152 
5.4231 

5.3501 

- -- 
log ?It - 
5. X214 
5. KY15 
5.X217 
5.6220 

5.82" 
6. X Z 1  
5. X238 
5. 6247 

6.8257 
5.8268 
5, SPXl 
5.9'293 

5. &{W 
5. si20 
5. K443 
5. K1W2 

5. S3Sl 
5. MW2 
5. n.124 
5. M P  

5. n.17~ 
5 .  N4!l7 
5. 8:i'L:' 
6.8551 

5.679 
5. 8lil)i 
5. Milt 
5.8666 

5.8734 
8. h76i 
5.8801 

5. WE 
5. w7i 
5. HWC 
5. n w  

5.8701 

42 00 
42 30 
43 00 
43 30 

44 00 
44 30 
45 00 

40 00 
40 30 
47 W 
47 30 

! 48 nc 
48 30 I 40 00 

I 40 30 

45 30 

5.51Wh 
5.5?(a 
5.5212 
5.5222 

5.3228 
5.5212 
5,5234 
5.5232 

i!g j/ :i 33w 

4.9470 33 3C 

60 110 
60 30 
61 or) 
01 30 

02 00 
02 30 u 00 
63 30 

- - 
OK m - 
5.89x3 
5.9021 
5.0050 
5, om 
5.0138 
5. Ill78 
5.9219 
G.%W 

5. Y301 
5.0343 
5.0:3%.5 
5.9127 

5. W70 
5.0513 
5, o m  
5.0500 

5.8G12 
5. WibG 
6.0730 

5.9RlR 
5. Db%l 
t. 89(w 
5. (PJ50 

5. m4 
6. (XWR 
o.oox2 
0.01% 

0.0170 
6,0214 

6.0301 

6.0345 

8. DE32 
0. u175 

5.9774 

0 . w ~ ~  

6. 
/i G2OO 

52 3C 
5.4093 53 lx 
5.4747 53 3c 

6. I3jS.q 
G. 0730 

6. w13 0.0771 

0.1016 
A. lrL5G 
6. IfM 
ti. 1135 

6.1174 
6.1212 
G. 1251 
G. 1283 

6.1320 
8.1363 
F. 14M 
6.1437 

0.1473 
8.150% 
6.1544 
6.157H 

6.1013 
A. 1648 

6.1715 
6. irm 

6.1748 
6.1781 
6.1R13 
6.1845 

i.4704 81 00 
i.4S.M 51 30 
i.4s90 55 00 
i4W2 55 30 

5.4972 5G 00 

hW2 57 00 
5.5073 57 30 

2 5 l rn  B 30 

5.5101 r 5  00 
i:J1:'2: /I 56 30 

59 M 
5.5109 50 30 

- - 
log m 

0.1877 
6. IWR 
Fr.1035 
0.19G9 

8. lorn 

n. 2114 
6.2142 
8.21tiB 
6. "LOG 

0.2m 
ti. 2249 
6.2274 
6. Y.00 

6.2724 
0.346 
0. z'c( 
6.2300 

0.2410 
6.2442 
6. ?4(M 
0.248q 

n. m 7  
6. WLH 
0. w0 
6.2569 

0. XIGZ 
0.m 
ti. 209i 
0.271? 

- - 
OK n 

- 

i. 4793 
). 4747 
i. 4603 
i. 4W7 

i 4577 
i. 4614 
5.4418 
j. 4370 

5.4307 
5.4231 
5.4152 
5.1070 

6.3984 
5.3705 
5.3WJ 
5.3705 

5.3605 
5.3.Wl 
6.3383 
5.3281 

5.3164 
5.3IuP 
5. ZJl9 
5.2769 

5. 2055 
5. 25lG 
5.2372 
5.2223 

5.2069 
5. leoB 
5. 1744 
5.1572 

5.1395 
5.1211 
6.1020 
5. os23 - 



EFFECT OF VARIATIONS IN FIGURE OF EARTH. 35 

! PI 
I Pa 

COMPARISON OF THE NOTATION OF THIS PUBLICATION, WITH 
THOSE OF HELMERT, AND ALBRECHT (see p. 26). 

[Tho notation of Jordan's formula for AX, equation ('29 or (TJ, I$ not indudod in tho comparison. The 
s r b o i s  NI R, ,B,  A', m, and 1) thero h a w  SpMlis~ meanmfi; which iLro explnmod in connortion with 
t ose q u n t  o m  1 

Symbol usrd. 
_. I 

Brief ex-plnnatlon of quantity. 1 Hclmert. I Albrecht. 

................ ................ Flrst point on sphoroid.. ................. ..I.. .................. .I 
Second point on sphoroid.. ....................................... 
Polo of spheroid.. ................................................ 
Vcrtcx of p;codmic Hnc on mhoroid.. .............................. 

Arc from vcrtos to  first point on sphcre.. ......................... 
Arc froin vcrtcx to socond point on sphoro. ....................... 
Arc from Arst tn w o n d  point on s liero.. ........................ 
Arc from vertox to point midway k)otwoenllrst andsocond points 

Vcrtrx of&cnt circio on sphorc. .............. .............. 
First flolnt on sp,hcrc.. .................. 
Socon point on <plicm .................. 
1'010 of s hcrr ........................... 
OeogrupEic Intitlido of first fo~:!. ....... 
ncduccd lntilude of Erst po nt ................................. 
Ocogrsphic lntltudo of mond point.. ............................ .I 
Roduccd intitudo ofsocond po nt  ................................ 
Reduccd lntltudc of vcrtcx on spliorold .......................... i 
Dlffercncc oflonKitiido on spheroid 1.. ............................ 
Dlfferenco of longitudc onsphcrc 1.. 
Lon itudo of first point reckoned from mcridinn of vcrtcx (on 

spRorop., 
Longltudo of scvond point reckoned from mcridinn 01 vertcx (on 

snhcrc) 1 . .  .................................................... 
....................................................... 

; 01 I 

81 . $9 I 
A b h - 8 1  jAt-h-01 

Foi\c.ard~n?lmuth nt first pnlnt I .  ................................. 
Back nzimuth at second point I . .  ................................. 
DlsUmcc bctween points along geodeslc ilnos on spheroid.. ....... 

Do. 

Flrst cwfncicnt in scrios for A0 (this publication) or A 9  (He1mort)a 
Sacond cocfflcirnt Ln nbovo sorics.. ............................... 

A 
B 
P 
C 
C' 
A' 
B' 
P' 

* I  
81 

01 
81 
Bo 
AI 
AX 

Xi  

X I  
a1 
a1 
8 

81 

2-P  

A ' A !  ................ 
8 0 :  ................ 

......... -._: .......... ' d-tan' I E 

First coemcicnt in sorics for dlflcronce of longitude.. .............. 
Second cocmclont In above .series.. 
Modulus of common iogarltluns 4 . .  ............................... 
Radlan oxpressod in scconds of nrc.. .............................. 

............................... 

1 X I  ' ................ 

A' A' ! a, 

8' 
Af 
1 

_ _  
Af 

i P" , P" 

I Xr ! ................ 
a1.9 I A 1 01.1 I  A' 

Somimalor ails of sphoroid.. ..................................... 
Sernimlnoraxisofs hcrold ....................................... 
Eilipticlty of moddinn of splioroid.. .............................. 
Eccontricitv of m n r f b n  of sphcrold. 

Auxlllary qunntlty.. 

............................. 

............................................. 
Do ........................................................... 

W'-M 
pO0-Mi.U 

pO'--M+ 4 U 
U 

0 

8 
b 

P 
a 
n 1 \ k Z - J /  

hfodulus of clliptic intogrnls.. ...................................... I I kI ' e  I 
................... E ,- Aulrilinry used in computing modulus.. .......I 15: ! E , 

0 


