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TREATMENT OF UNITS AND DIMENSIONS IN THIS PUBLICATION 

The functions discussed fall into two groups, namely (a) those for 
which the units in different systems are of different sizes, such as 23, 
g, H, I ,  M, N, q, WB, K ,  and p ;  and (b) those comprising abstract 
ratios, which remain the same regardless of the choice of units, in- 
cluding d, j ,  m, Npcuy, T, u, K / ~ , ? T ~ ,  T/V, and +. Equations and 
verbal statements of relation are so written that their validity does 
not depend on the system chosen. Numerical values have the same 
generality insofar as they are expressed in terms of group “b” func- 
tions. When numerical values are stated for group “a” functions, 
this is done in terms of the unrationalized c. g. s. electromagnetic 
system, the one prevailing in geomagnetism. 

The symbols T”, uw, and p, encountered throughout the develop- 
ment serve to adapt the equations to more than one system of units, 
and in addition the p, maintains dimensional coherence for the reader 
who does not choose to regard that parameter as a pure numeric. 
To somewhat shorten the expressions involving these factors, one 
can make use of their values in the system of his own preference, as 
stipulated on page 33. 

To denote the magnetic condition of any given small volume of a 
substance, one states how great the induction would be if the sub- 
stance extended throughout space in that same condition. This is 
termed the intrinsic induction, or (when divided by T”) the intensity 
of magnetization. The actual induction at the site may be different, 
because of the presence of nearby or remote boundaries, inhomo- 
geneities, and macroscopic currents. The quantity, actual minus 
intrinsic induction, when divided by p,, is called magnetizing field, 
alias magnetic intensity or field strength. Clearly, the field strength 
is chargeable to postulated pole distributions and to actual current 
circuits, and may be expressed in terms of them as though they were 
set up in vacuo. 

The intensity of magnetization is treated as being dimensionally 
akin to induction; this much-used convention lends itself to the dis- 
cussion of elongated magnets, which tend to be conservative in B 
when exposed to a changing medium. Susceptibility is taken as 
having the dimensions and magnitude of IlH. Some readers may 
find it helpful to substitute for this term and its symbol K the com- 
posite expression “specific susceptibility times p,/?r”’ where specific 
susceptibility is defined as (u- 1). 

1 



REVERSIBLE SUSCEPTIBILITY AND THE INDUCTION 
FACTOR USED IN GEOMAGNETISM 

1 .  Background.-The measurement of tho intensity of tho earth's 
magnetic field has afforded for over a century one of the most prccise 
examples of geophysical measurement. This early achievement of 
C .  F. Gauss and his contemporaries was significant not only in geo- 
physics but also in the emerging rcalm of elcctrical technology, whero 
it helped to nieet for a long pcriod the pressing need for  a calibration 
technique in a variety of measurements. 

Among the refinements contributing to this high precision was tho 
recognition of the temporary change in the strength of the magnets 
used, due to their varying relation to the geomagnetic field during 
t,he mcnsurements and to temperature changes (Lamont 1849). 
This devclopmcnt took place so early that the tcrminolog and 

day insights into the behavior of magnetic matcrinls. One objective 
of the present publication is to translate these modern insights into 8 
heightened underst anding of specific environmental effects on the 
mugnets used in geophysical work. Another is to set, forth in sys- 
tematic form for study and reference some empirical relations not 
previously so assemblcd, ranging from well-known geometric properties 
of the hypcrbolic demagnetization ciirvc to little-known intcrrelntions 
governing vnrious aspects of the magnetizing process. No new cxpcri- 
mental data nro rcportcd, but some of the interrelations may appear 
in n new light. I n  any event, there is a need among geophysicists 
for such a connected account, to servo as a point of departure in a 
variety of instrumental problems. 

A summnr of some of tho chief results of this study (exclusive of 
the uppendixywas presented orally a t  the 1951 annual meeting of tho 
American Geophysical Union in Washington, D. c. 

I t  is suggested that t?ie render become familiar with the notation 
list on page 32 and refer to it occnsionnlly during his study of this 
publicution. Where reference is made to other authors, tho bibli- 
ography on page 49 will identify thc sourw. 

2. Magnetization and demagnetization curves.-For a virgin 
ferromagnetic specimen, the curve of mugnctization will be somewhat 
as shown in figure 1. The character of the initial part, of tho curve has 
been intensively :;tudied; liaylcigh (1887) found that i t  lias a definite 
slope a t  tho origin, and that l t  can be rcprcsentcd by the formula 

I=aH+ bH2 (1) 

conceptual treatment becamo congealed without benefit of i atter- 

where I is thc intensity of magnetization (niagnetic moment per unit 
voliimc), 12 is the effective intensity of the magnetizing fcld, and a 
and b are constants. Elidwell (1911) reviews this topic and gives 
values of a and b for different materials, ns do Weiss and FoEx (1929). 

According to a relation ltnowri as Frohlich's (sometimes as Lamorit's) 
law, a portion of the curve lying up beyond tho inflection point is 
approximated by thc equation 

I€/ I = 9' + H / I f 8  (2) 

2 



DEMAGNETIZATION CURVES 3 

where 1’, is the saturation 1500- 
value of I ,  and 9’ is a cow , 
stant. This law makes a 
chord from the origin to a 
point on the curve liave a 
slope that varies in propor- 
tion to ( I / # -  I )  as the point 
m o v e s .  T h o u g h  sup- 
planted (Golthnle 1926) by 1000 
an exponential function 
making a better fit in the 
saturation region, Froh- 
lich’s law is cited liere z 
because Wntson (1923) 
found that asimilarlaw ap- 
plies to the dcmsgnetizn- 
tion curve-that is, the 500 
curve that is traced when 
N is cnuscd to fall 1)nck 
slowly from a In r‘ge posi tivo 
value through zero to n 
reversed value ITc just suf- 
ficient to reduce I to zero. 
This is a portion of tho 

IJc is cnllcd the coercivity. 100 200 300 
For this rclation Wutsori H 

since tho aforcmcntioncd 
chord must now spring froin the intercept €I=-EIc. In  order to ob- 
tain the best fit for ncgn live vnlucs of 13 (the range in which permanent 
rnngncts are ~vorked), we discnrci ns Watson suggests t,lic rcstriction 
of using the true saturation vnlue arid replace f‘, with I,, which is 
taken tis tho lrvel of t ho  liorizontnl nsymptote of the mathematical 
function. In some ctises this \ d u e  mny be considernLly sniallcr 
thnn the r e d  saturation value, ns Scott (1932) obscrvcs. The equation 
may be written 

I 

/ I  

/ 

rniLjor hysterrsis loop, and 0 

Figure 1.-Features of tho noma1 m.p.ncilzaUon 
curve, generalized. replaced II wi tli ( I - l t  Re) 

IIII I,- TI+ 9 I+ l;r, I / I , -  Ir, = 0 .  (3) 

Like equation (2), this ropresents a rectnngular or cquilatcral hyper- 
bola (see left part of fig. 2). 

This equation has no theoretical basis, and indced cannot be exact 
in the neighborhood of the H axis, sirice in thnt vicinity the osperi- 
mental curve l ins  an inflection point where the second derivative must 
vaiiish; the hyperbola cnnnot meet this condition. Neverthelcss, the 
work of many invcstigntors has shown the hyperbolic law to fi t  the 
true curve so nearly that its gross characteristics are significant in - 

%i p g- Fq$J interpreting the latter. 
Tlie vcrticul asymptote of equation (3) is the line wbA ,J LI & , 



4 SUSCEPTIBILITY AND INDUCTION FACTOR 

Now, we have called H the effective magnetizing field, but a more 
specific statement is desirable. A given material is studied by insert- 
in a specimen into a magnetic circuit, impressing a succession of 

the magnetization. For consistent results, the circuit must be ar- 
ran ed to minimize leakage so that conditions will be essentially 

apportioned to different segments of the circuit according to their 
relative reluctances. If the reluctance of the path external to the 
specimen is known from prior cxpcriments (it should preferably be 
small), then the portion of the impressed magnetomotance actually 
effective on the specimen may be computed, likewise the corresponding 
field intensity, which we denote by H. 

To make the effective field zero, we may adjust the impressed 
magnetomotance until its ratio to tho total flux just  equals the reluc- 
tance of the external path. If this state of the circuit is attained by 
continuously reducing II from a large positive value, we get for the 
specimen the value of I known as residual magnetization, and herein 
denoted by IR; it  is evaluated by setting W = O  in equation (3)) whence 

va 5 ues of magnetizing field on the circuit, and observing the changes in 

uni B orm throughout the specimen. Thc overall magnotizing field is 

Now, comparing (5) with (4) we see that the abscissa of tho vortical 
asymptote, with its minus sign dropped, bears to the coercivity Hc 
the ratio IJIR. That is, the two coordinate axes must cut the curve 
and the asymptotes a t  distances from the origin that arc in proportion. 
In  fact, lines drawn through any point P parallel to tho asymptotes of a 
hyperbola will cut the curve and the asymptotes at distances from P 
that are in proportion. If wc let p=I,/I, we may express uquatioii 
(5 )  in the form 

Note that the third and fourth terms of cquatioii (3) reduco by ( 5 )  to 
HcI/IR, whence we readily obtain 

essentially the form of equation (3) iven by Scott (1932). This form 
has two advantages over (3)) name f y, it involves I only once, and i t  
dispenses with g, using instead tho moro general index p ,  which is 
unaffected by a transformatioii such as applyin a constant factor to 
all the ordinates or abscissae. For another use F ul form wo solvo this 
for H, obtaining 

(In the notation used here, Wat,son’s a becomes g/#, while Scott’s 
A becomes l f p . )  



~~~~~ 

-re 2.-Damngmetbtion and enerm-prodoct c ~ e a  for Alnlm IIL tl d e  
In flgs. 2-5 the demagnetization cur ia  were drawn by means of a conveneconstruetion due tc Watson and outlined by Sanford Clem. 

unted in oerst8ds. I scale In units of 4r muss. WI Scale in ergS/Cm'. 



6 SUSCEPTIBILITY AND INDUCTION FACTOR 

It is also of interest to differentiate in equation (7), obtaining 

Since the demapetization curve car1 be traced in one direction onl , 
physical action, but is merely the slope of the curve a t  the specified 
point. We may take note of two special values of --) to which-we 
assign the symbols I ,  (for I=O) and I R  (for H=O). We find that 

the derivative given by equation (8) does not describe any reversib T e 

- dI  
d l l  

IC= l / g  

I R =  Id ( 1 - p )  

=Idm -PI (9) 

(10) 

where J?d= .?R/fIc* 

The demagnetization curve (insofar as it  obeys the hyperbolic law) 
is symmetrical about a diagonal axis (slope -1) which goes through 
the intersection of the asymptotes (fig. 2). This axis is tho normal 
to the curve at its vertex or point of greatest curvature. Now, 
practical curves must often be plotted with different scales for the two 
variables in order to bring out the pcrtinent rclations. The validity 
of the properties thus far discussed is independent of such scale change, 
but the coordinates of the vertex will depend upon the relation of the 
scales. If we make one unit of ordinnte correspond in scale with k 
unit of abscissa, the vcrtex will havo the coordinntes 

Is= I,(I-g"/k') 
H,=gHkH I.-€€,. 

The general aspect of the ciirve depends chiefly on the vulue of 
kIR/FIc. By choosing k so that this expression has a vdue between 
(l-p) and l/(l--p)--that is, by Iiinlting 1/k greater than In but 
less than Ic--we may cause the vertex to fall in the second quadrant 
as in figure 2;  and if we set k=IJc/IR the axis of symmetry wdl go 
through the origin. 

The line from the intersection of the asymptotes throu h the origin 

through the point whose projections on the axes are the intercepts of 
the curve. 

H,I+ IRH=O. ( 1  1) 
In figure 2 it  is the line labelled "Optimum N". It is obvious that as 
the demagnetization curve is being traced, 111, falls continuously 

will not in general be the axis of symmetry, but i t  wi f 1 always go 

This line is the locus of the equation 



DEMAGNETIZATION CURVES 7 
while -H/H,  rises continuously. Since each of these ratios covers 
the range between zero and +1, there will be a single point at which 
they are equal. This point is evidently where the lino given by 
equation (1 1) crosses the curve, affording a simple means of locating 
it graphically, as Sanford (1927) explains. It is also the point at 
which the slope of the curve (eq. 8) is given by I R / f - c = = I d .  And i t  
can servo as a third anchor point for establishing the parameters of 
an experimental curve-that is, we may stipulate that  the hyperbolic 
approximation shall be so drawn as to intersect the r e d  curve a t  this 
point as well as a t  the two intercepts. There is, furthermore, a direct 
practical interest in this point, as will now appear. 

If a ring were magnetized tangentially without lenkage, its condition 
upon rcmovnl of the magnetizing field would bo that represcntcd by 
the point H=O, I = I R ;  but such a magnet would have no external 
field. I n  n practical magnet there must be an air gap and this places 
the normnl operating point somewhere to the left of the I axis. I n  a 
subsequent section we shall discuss this quantitatively in relation to 
specific magnet shapes. It has been shown (Evcrshed 1920; Watson 
1923) that  the energy allocated by a magnet to its externrtl field is 
measured by the product of the values of -H and I at, which tho 
material of the magnet is worked, and that under stated conditions 
this energy product shows the efficiency with which tlie material of 
tho magnet is utilized to maintain the desired field. 

The curve showing the relation of tho energy product to I is tho 
locus of the equation 

w1icr.u W E  is the valuc of - IH (sec cq. 7a). Ortlinarily Wa is plotted 
as abscissa and I as ordinate, to facilitate comparison with values on 
tho I f H  curve. Equation (12) then represents a nonrcctangular 
hyperbola having a horizontal asymptote coincident with that of tho 
demagnetizing curve, and fin inclined one represented by the equation 

p w E - - H c  I -  H,  I, (1 - p )  = 0.  k&?- 
The encrgy-product curve for Alnico I11 is shown on the right-hand 
side of figure 2, with portions of its asymptotes and transverso axis. 

Watson showed that the maximuin value of WE for a given material 
is reached when the coordinates of the operating point on the demag- 
netizing curve are in proportion to the latter's intercepts-that is, at 
tho point discussed above, whero the curve is crossed by the line of 
equation (11). By sncrificing this advantage i t  is possible to obtain 
higher values of I ,  if desired. (The operating point of a real magnet 
would not remain on the curve at all, but the maximum value of WB is 
nonetheless a useful criterion.) 

For this optimum condition we first replace -H/He in (7a) with 
I / IR by (11). Then, using the subscript to dcnoto tho optimum 
condition, 

I d  I R - I d  
IR I R - p I d  
i p = @ - I R / I d )  I E / I d  

-=- 



8 SUSCEPTIBILITY A N D  INDUCTION FACTOR 

Now let 

Then 
d = 

If we let H d  denote the magnitude of H (i. e.  the value of - H )  for the 
optimum condition, me may likewise write 

whence 

These relations, due to Underhill (1944) and Demond (1945), 
afford a means of determining p from actual experimental curves, or 
from published data. One might draw a distinction between d as fixed 
by the point on the curve whose coordinates are in proportion to the 
intercepts and d as defined for maximum WE. A difference of this 
nature would Berm as a rather sensitive test of the conformity of the 
experimental curve to a rectangular hyperbola; ite presence would 
signify that the slope at the first-mentioned point was uneq.ual to 
IR/He: In such a case, there would likewise be discrepant versions of 
p ,  evaluated by equation (13). 

Note the inherent restriction upon p and d ,  the former being con- 
fined to values between zero and +1, tho latter to values between 
+0.5 and +l .  It may also be of interest to note thnt the distance 
from the intersection of the asymptotes alon the axis of symmetry 
to the focus of the curve, if measured in ternis o f the H scale, is given by 

and that DR when multiplied by 2% gives the latus rectum or when 
divided by 2% gives the distance from the intersection of the asymp- 
totes to the vertex, the eccentricity being 2” for any rcctangular 
hyperbola. 

3 .  Fullness or convexity of the curve.-h order to bring 
curves for different mntcrials to a common Imsis for comparison, 
Sanford (1927) introduced thc use of II/fIc as the abscissa and I l l n  
as the ordinate. Assuming both of thcsc functions to be plotted to 
the snmc scale, this device retluccs any given curve to the form that 
would have becn obtnincd by setting /c=IIc/In; i t  makes the charted 
intercepts equal and causcs the axis of symmetry to go through the 
origin. Sanford further reports that by this means a widc variety 
of magnet stcels are found to conform fairly well to n single “master” 
curve for which l / p  was close to 1.38 (or p close to 0.725). NOW, 
Watson in introducin the hyperbolic law made clear his intcntion 
to provide for curves t gh a t  differed in convexity-that is, when plotted 
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gauss 
466 
4530 
1600 
7150 

by Sanford’s niethod they would diirer as to how nearly the vertex 
and the intersection of the asymptotes approached one another. 
This entails a variation in p .  

r Within the applicable limits, d is a single-valued function of p and 
vice versa. By equation (14), d2 has the value 0.430 when p=0.725. 
Scott confirmed the uniformity of Ia€.Ia/IRHC for a number of magnet 
steels, giving a diagram that yields the value 0.422 for this ratio, this 
being a direct evaluation of d2. Later in the same paper he concluded 
that the demagnetization curves that he obtained were well approxi- 
mated by a master equation, which is equivalent to Sanford’s but with 
p taken as 2-”. However, the corresponding value of d2 is 0.421 (not 
0.423 as stated by Scott). The index dZ is called the “fullness factor” 
or the “curve factor” by Oliver (1938) and other writers. Fowle 
(1933) and Oliver gave 0.42 as a value that is typical of most magnot 
steels. Desmorid (1945) quotes the same value for older materials 
but finds 0.58 a better value for some of the newer alloys. 

In  any event, the deveIopment of the newer materials has disclosed 
a wider variation in p and d than could be discerned from the older 
cprbon steels, as may be seen from table 1. Most of t.he values of p 

TABLE I.-Illccstrative examples of data discussed in the text.. ’ 

157 
7.38 
7.07 
1.38 

Table 2) 

16 _ _  
-- 
g n u s  

_ _  
_ -  
780 

- -  

.0004 

.008 

.OG 

. l6  

L 

GOOO 
7360 
7300 
5300 

10500 
9600 
9500 
9700 

10800 
IO000 
7460 
8600 

13000 
5000 
9560 
5300 

11400 

_- 

If‘ 

oersteds 
800 
I650 
900 
785 
550 
5GO 
440 
440 
250 
240 
220 

65 
60 
43 
52.1 
48 
16.7 
10 
7.53 
4.6 
1.00 
1 .O 
.5 
.G 
.05 
.05 
.04 
.014 

1.15 
.96 
.70 

1.04 
.a99 
3 1 4  
.2!)1 
.0842 
.OG9S 
.Os40 
.0883 
.0701 
. O l G l  
.0251 
.0090 
.0109 
.0012 

11600 
- -  
is00 

19000 

21000 

17000 

_ _  

17800 
_ -  

.24 

.21 

.24 

.24 

.6 

.5 
2.4 
2.5 

3.36 

_ _ _ _ -  

5.0 

_ _ _ _ _  

22 
23 
25 
27 
28 
20 
30 
31 
32 

1 
33 

2 
34 
13 
5 

lo  
38 
40 
41 
48 
45 
50 
51 

GOOO .000105 
136001 .0000402 
7300 .0000689 
25001 .0000704 

7.1 
7.0 
8.7 
8.4 

8.3 
7.7 
8.0 
7.8 

- -  

- -  
- -  
_ -  
8.9 _ _  
- -  
_ _  
7.68 
7.5 
8.60 
8.GO 
7.88 
8.25 
8.76 

- - 

P 
- 
.74 
.38 
.52 
.50 
.40 
.G7 
.73 
.70 
.a2 
.69 
.G6 
.65 
.70 
.70 

(.42 
.73 

(.53 
(.32 
( 5 4  

(.5G 
(.63 
(.44 
(.42 - 

13000 
12000 
2400 

.00097 

.000524 

.00314 

21600 
20000 
12500 

18060 :E/ 12 :::I 

20 
32 
68 

21200 167501 14 17 

10700 716 
21500 I 198!3 
16500 239 
6000)318:3 -- 

f 
=KON~ 

.063 

.os9 

.424 

.221 

.27G 

.230 

.182 

.260 

.I80 

.146 

.202 

.175 

.319 
-207 

,002 
.138 
.119 
.163 
.020 
.019 
.017 
.214 
.075 
.092 
.OlP 
224 

_ _ _  

- - _  
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TABLE 2.-Key to  materials, to accompany fable I and figures 7 and 8. - 
No. 

1 

2 
3 

4 
5 
5s 
6 

6s 
7 

7a 
8 

8a 
9 

9a 
10 

1 Oa 
11 

1 la 
12 

13 

13a 
13b 
13C 
13d 
13e 
13f 

- 

:5 
14a 
14h 
14c 
14d 
14e 
14f 
1% 
14h 
l4i 
14j 
14k 
15 

16 

17 

NAME AND REMABE8 

Steel, v-121 (1% 
carbon). 

Same- - - - - - - - - - - - - ,  

Common cast eteel, 
V-122 (0.56%car- 
bon). 

Same- - - - - - - - - - - - - .  
Cast iron, V-118--- 

(0.43% si).. 
Same- - - _ _  - - -- - - - -. 
Silicon steel, SJ2OC 

(1.93% Si). 
Same- - -  _ _ _ -  _ _  
Silicon steel, SJ5OC 

(4.45% Si/. 
Same - - - - _ - - - - - - - - . 
Dynamo steel V-120 

(0.004% Si). 
Same- - - - - - - - - - - - -. 
Swedish charcoal iron 

(0.006% Si). 
Same- - - - - - - - - -- - - . 
Dynamo steel, V-117 

(0.028% Si). 
Same- - - - - - - - - -  - 
Electrolytic wrought 

iron. 
Electrolytic iron, 

plate A,  25" C. 
Same, 97' c 
Same, 205' C------. 
Same, 295' C - - - - - - .  
Same, 400' C _-----. 
Same, 505' C - - - - - - .  
Same, 595' C ------ 
Same, 655' C - - - - - - .  
Elcctrolytic i ron,  

plnte R, - 190" C. 
Same, -120' C - - - - .  
Same, -61' C-----. 
Same, $23' C 
Same, 97' C _..---_- 
Same, 195' C------ 
Same, 297' C 
Same, 392' C------ 
Same, 496' C - - - - - -  
Same. 550' C - -_- - -  
Same; 605' C------. 
Same, 655' C _ _ _ _ _ _ .  
Silmanal (9% Mn, 

Silver alloy (8.8% 
Mn, 4.3% AI). 

77 l'lati nurn-cobalt 
(23% Co). 

5% AI). 

NOT= - 
1, 7 

7 
1, 7 

7 
7 

217 
7 

2,7 
7 

21 7 
7 

2, 7 
7 

2, 7 
7 

2, 7 
7 

2, 7 
? 

8 

8 
8 
8 
8 
E 
8 
8 
8 

8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
5 

4 

1, 5, 6 

- 
No. 

18 

19 

20 

21 

22 

23 

24 

25 

- 

26 

27 

28 

29 

30 

31 

32 

33 
34 
35 

36 

37 

38 

39 
40 

41 

42 

43 
44 

NAUE AND B L W A R g d  

V e c t o l i t e  (corn- 
pressed oxides). 

New KS (18% Nil 
27% Co). 

Mishima (13% AI, 
29 % Ni). 

Alnico 111 (=Mi- 
shima). 

12.5% Co). 
Alnico I1 (6% Cu, 

Alnico I (20% Nil 
5% CO). 

Ocrstet 500 (14% 
AI, 2.5% Xi) .  

Magnetoflex (Cu 
with 24% Nil 35 % 
C O )  . 

Magnetoflex ( c u  
with 20% Nil 20yo 
Fe.) 

Rcmnlloy (12% Co, 
17% Mo). 

Cobalt steel (36% 
C0,4% W, 5%Cr). 

Original KS (36% 

(-!I\ 
co, ?% w, 3.5% 

ChiGne ma net stccl 
(3% z r ,  0.4% 
hln). 

Tungsten magnet 
stecl (5% W, 1% 
m. 

Mnkganeso atcel  

Carbon stcel (1 yo C) 
Cobalt (99% Co)--- 
Permendur (49y0 

Permendur (50% 

Pcrminva r  (45% 

M a g n e t i c  i r o n  

Field iron (0.5% Si) 
Transformer iron 

Perminvar (70% Ni, 

Mo-i'erminvar (45 % 
Ni, 25% co, 7.5% 
Mo) . 

Permalloy (45% Xi) 
Mo-Permalloy (79 yo 

Ni, 4 %  No). 

(0.8% Mn). 

co, 2% V). 

C O ) .  

Ni, 2570eC0). 

(9!).94% Fe). 

(4% Si). 

7% C O ) .  
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TABLE 2.-Key to materials-Continued 

11 

No. 

45 

46 

47 

- NAME AND REYARKS 

M a g n e t i c  i r o n  
(!)!1.98 yo Fc) . 

C r - 1’ c r m n 1 1 o y 
(?8.5% Ni, 3.8% 
Lr) .  

Munielal (74% Ni, 
5% Cll). 

N O T E S  

1. Quench-hnrdcnrd. 
2. Apod by u n n w l l n ~  or baking. 
3. Ilnkctl i n  IIz ntriiosplicrc. 
4. I h t n  rrorn I’oltrr (1031). 

KAME AND RBYAnK8 

Permalloy (78.5% 
Ni). 

Sendk t  (9.5% Si, 
5.5% AI) 

I-Iipernik (50% Ni)-. 
1040 Alloy (71 yo Xi ,  

15% Cu, 3% Mo). 

NOT= 

lJ 2# 

6 

3, 6 
3, 6 

there reported are bnsed on pullislied di~ta on d2. Those in paron- 
theses, howcvcr, are cstirnatcs formctl by regarding I ,  as equivalent 
to I’8, nnd arc likely to be smaller than the rcnl values of p .  

Table 1 also shows vulucs of fit and 4 ~ 1 ,  that liuve bccn reported 
for specimens of t . 1 ~  various mntcrinls. ‘l’licse pwamctcrs, howover, 
tire decidedly variable for a givcn coniposit.ion, dcpcntling on h a t  
trcntmcnt nntl o t l i c~  fact.oi,s. ~ ~ u ~ ~ , l i f ! ~ I ~ i t ~ i . , ~ ,  i,liu vu1uc.s of I nctuully 
cncountcrctl in i\ingiictomc?tcr Iiiugiwt.s n1.c much srnnllcr than might 
Le supposctl hoin tlicsc valucs of 4 ~ 1 ~ .  Tllc ~CIISOIIS  for this will lntcr 
bccomc clear. 

4. Comparing BIN and IIR curues.-Esperimcntnlly, an nltor- 
nativo procedure is to measure and plot the induction !I, tlint is, 
T ~ I + ~ J $ ,  rntdiw than I itsrlf. (I-Tcrc ?yu is the ratio of intrinsic intluc- 
tion to mngnatizrLtion, cqunl to 4~ i n  uni*ntionnlizcd, and 1 in mtion- 
alizcd, unit systcnis---scc p. 33.) ‘Tlic clcmtLgnetixat.ion curvc of the 
plotted quantity (or mow convcnicnt,ly of it.s Iract.ion (B)=I+p,fI/n’) 
may bc rcgrudctl ns an obliquc liypcrl~oln. forinctl by vortically shear- 
ing the rectangular liypcrholti tlitit woultl inake i,hc best fit of tho 
tlctual I / f I  o.urve. Tlie two curvcs, obliquc n.nd rcct,nnwlar, liavc tho 
sninc vcrtical n.syniptote; t.lioy int ciscct (t is  (lo tlicir Lttcml nsymp- 
totes) on tlic vcrticd coordinnto axis. ‘l’lint straight linc which if 
subjcctcd to 1.110 snnic slicaring process woiiltl coincidc wit.11 tho H 
n.xis is callcd thc shcnring line; i t  is tlic locus of thc equntion 

Tor+ &TI= 0. (15) 

l h c  shcarad curvc riscs nl)ovo t,hc otlicr ouc for posit.ivc, tirid fnl ls  
bclow it. for ncgativc, vnliics of If. 

Following Bates (1948) we shnll t1cnot.c 11s .I$, t.lia vnluc, of --Nro- 
quirctt to Intllic (n’I+p*,fI) \~nnisli---thnt is, thc tlistancc from tho 
origin to t,lic! fl intercept, of tlic slicnI*cd curvc. This point is the pro- 
‘ect,ion on the I-I axis of (L point on thc oyiginnl curvc, tlefinoti by tho 
intt,c.r’s intc.rst!c:t,ion wit,Ii t,lic slicwing ]inn. rr i l c?  portion of tlic slien.rnc~ 

,. 
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curve to the right of this point is' an  expanded version (now reaching 
entirely across the second quadrant) of a smaller segment of the basic 
curve. Experimentally, is determined by negatively adjusting 
t,he mn.gnetomotance to the point of zero flux, and HC by continuing 
to the point where removal of t.hc specimen would have no effect, on 
the flux in tbe circuit. 

If we combine equations (7) and (15) so as to eliminato I ,  we may 
then replace --H with ,Elc,  obtaining 

where 

Regardless of the magnitude of IR/Hcl 4 a < l .  Hcnce we may use a 
series expansion of t.he radical in (16), obtaining 

-----(1+a+2a2+5aa+ BHC - . . 
HC a" + +--- (2n)! 

n!(n+ l)! 

Thc disparit hetween BHc and $Ic amounts to 30 percent of He for the 
platinum-co z alt alloy listed in table 1, and about 3 percent for Alnico 
11, but  is quite negligible for most of the older materials. From 
the last equation nnd the definition of J I C  it is obvious thnt 

( ~ O / ? T ' I R +  l/FIc)-' s 5 IRru /po .  (17) 
Thc upper limit was givcn by Hosclitz (1944), independently of the 
hypcrbolic law. However, no such limit applies to E l c .  

The foregoing comparison is t.he first step toward specifying one of 
tho curves in terms of the othcr. To completc the process we must 
t&e into account the relation between p (as dclined in terms of the I 
curve) and p ,  (the corresponding parameter of the 11 curve). how, 
thc data which define p ,  and (In are ordinarily cstablislied by a pro- 
cedure equivalent to that out lined in section 2, disregarding the 
obliquity of the Z? curve. That  is, the sheared curve is simulated by 
a rectangular hyperbola which i t  intersects in three points, namcly, 
the two intercepts and ti point whose ordinate and abscissa are in the 
same ratio as the respective intercepts. Thc brolrcn curve in figure 3 
is this rectangular version of the sheared curve, the full line being the 
original rectangular curve coiwsponding to equation (7). 

The equation of the broken curve is 

T l ~ c  problem is, given I&, IR and B H c ,  to find a rclution bctween p ,  
and p mcli that, the expression (Z?) - I- "7 - vanishes for the point 

Q clefincd by 
c TD 

(8) = 
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800 600 400 200 0 -m 
Flgure 3.-H. and 811. cornparad for Vectollte. I1 m l o  

groduntcd in ocrsteds, ( D )  w l c  in units 01 4r gnus. 

Using this.condition a.nd cquat.ions (7) and (18) we have 

and replacing 12 with -&?dB (since point 9 is whcre IId for tho broken 
curve must fall) and rcplacing pu with an expression in dB, we obtain 
an cxprcssion that rcduces to 

(1 9) 

. 1 +A- J(1 + A ) * - ~ D X  

where 

T h e  relation between dB nnd p B  is, of coursc, exactly lilx that bctwcen 
d and p (see cq. 13). 

IIosclitz (1044) shows that d B  cannot cliccctl (1 +nHc,+./dR)- ' .  
In consulting t8nbulrrt8ed data in thc litcmturc it may be dilficult to 
ascertain whcthcr a quotetl ~iiaximum energy product is derived 
80 as to yield d or do. Some writeis attach greater significance to 

267687-64-3 
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the latter, but  the above limitation means that when H,  is large 
dB2 cannot range far from its lower limit of 0.25, whereas d2 is (geo- 
metrically) free to maintain a normal value irrespective of Hc. The 
shearing line of equation (15) being invariant, any increase of €Io 
mill distend the basic curve so that the intersection point defining 
nH, shifts to the left; a t  the same time, the portion of the curve 
intercepted between that point and the I axis is a diminished fraction 
of the whole, and its counterpart in the sheared version is conse- 
quently reduced in fullness as compared with the bnsic curve. The 
ultimate limit of JIc corresponds with the point on the shearing 
line having the ordinate In, for which the basic curve woiild cross the 
shearing line horizontally. We see that the I /H  curve can preserve 
a normal fullncss under conditions so extreme as to cause the B/I2 
curve to degenerate into virtually a straight line. 

5. The demagnetizing factor.-Thus far wo havo been mainly 
concerned with the description and properties of the fundamental 
hyperbolic dernagnctization curve, which is based on the behavior 
of a specimen under study in a closed magnetic circuit. One must 
remember that a permanent magnet is not lilcely to be used in any 
such circuit. Ordinarily we may expect the operating point to be 
confined to a small range of vnlues of 12. AS we have noted, when 
a magnet is removed Eroni the test circuit H does not become zero 
for the magnet; rather, it assumes n negative value with a mean 
magnitude which, following Dubois, wc shall dcnote by NI,, where 
In IS the mean magnetization left in the magnet (the remnnent 
magnetization) ancl N is an index to the self-demagnetizing propensity 
of the magnet. Obviously I,, must bc less than In. Now, consider 
N to'be variable, n s  it would be for a magnet consisting of two semi- 
circular segments hinged together on one side, or for n sct of different 
bar magnets of uniform diameter but  successively greater lengths. 
Disrcgclrding tionuniformity of I and €I witliin thc magnet, N and 
I, will be so related as to conforin with cquatioii (7a), with I ,  replacing 
I and NI,, replacing --He That is, 

whcnco we can find the vnluc of N corresponding to any stated point 
on the deniagnetixation curve, or vice versa. Since N is ordinarily 
a constant for a given magnet, tlicre is but  one point on the delnag- 
netization curve that can describe the condition of the magnet in the 
absdnce of an applied field. T o  work a t  a diifercnt part of the curve 
we must alter N in some way. 

The demagnetizing factor N depends chiefly upon tho proportions 
of the magnet, and secondarily upon the sliapc of the demclgnetizn- 
tion curve (the latter effect arising from the nonuniformity of E1 
in diffcrent parts of the magnct). The value can bo determined from 
theory for ellipsoids, since in this cnse I is uniform throu hout the 
body. N is gencrnlly given for the longitudinal position. flbviously 
a lar er value would apply to a transverse position of the specimen 

shown that the demagnetizing factor is modified slightly by the 
presence of a inedium surrounding the magnet. We are not here 

in re P ation to the applied field. (In the appendix, pp. 34-48, i t  is 
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concerned with this effect, which in ordinary circumstances is quite 
small.) 

It is convenient to introduce the parametcr pDrwN, which has a 
value not dependent upon tho system of units employed. (Here 
nw is unity in unrat,ionalized, and 4 n  in rationalized, systems.) This 
paramcter is of the order of 4 for globular bodies, but generally less 
than 1 for bar ma nets; i t  is vcry small for long thin wires or for ring 

and Warmutli (1932)  relates N for cylindrical rods to their lengtli- 
diamcter ratio m, whcre m is greater than 10 and the susceptibility 
is largo. 

magncts with sma f: 1 air gaps. An cmpirical formula due to Neumann 

Thcir formula, in our notation, becomes 

pvrwNrn2=25.26 log m-5.78. (22 )  

This rclation is discusscd further by Bozorth and Chapin (1942) .  
Thompson and Moss (1910) suggested that the cross-sectional area 

might assist in comparing N for round rods with the values for other 
shapes. They found that for rectangular bars, N is slightly less than 
for cylindrical rods of the same lcngth and cross-sectional area. This 
reduction may be supposed to be function of the rndius of gyration 
of the bar about its longitudinal axis. Thc lnttcr quantity squared 
is givcn by *rz for a solid cylindcr, by f (rI2+r2*) for a liollow cylinder 
and by for a rectangular bar, whnre s1 and s2 are the hnlf- 
width and half-thickness. For bnrs of tlic stimc cross-scctional arcn 
these threc quantitics stand in the rclntion 

From a study of the data prcscntcd by Thompson arid Moss, N seems 
to vary invcrscly with the cube root of tlic radius of gyration. Al- 
though this rcsult is bnsctl 011 i i i en~ur~inc i i t~  of solid bars, we shall 
assume (in the abscrice of a better rule) that to the modcratc accuracy 
requircd here it liolds lilrcwisc for tlic tubular mngiicts of round and 
octagonal sliapc uscd in mngiictonictcrs. On this bnsis, p , ? ~ ~ i V  has 
been calculatcd for tho “loiigJJ magnets of scveral of tlic rnagnetomctcis 
used by tlie U. S. Const and Geodetic Survey. The vnlucs so detcr- 
minctl range from 0.12  to 0.25. It will bc riotcd that tlie cube-root 
rulo given here allows a wide range of forms of cross section with but 
little change of N .  Scott (1932)  reports N to be approsimately inde- 
pcndcnt of shape when the ratio of length to cross-sectional area is 
held constant. 

Tablc 1 includes n column for finding AT,, that is, tlic value of N tlint 
would have to be uscd for cacli inatcrial in order to rcalize tlie maxi- 
mum energy product of that  material. From equation (1 1) it is sucn 
tdi a t 

N,j = Ilc/ In  (2 3) 
= 1 / I d  

‘The tabular vnlucs secni to suggest 36% cobnlt stccl as a inaterial 
wcll suited for inagiicts of the proportions custoinarily used in this 
application, a t  least so far as this criterion is concernccl. 
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One effect of the nonuniformity of N may be notcd briefly. The 
material a t  the extreme ends of, say, a cylindrical magnet may drop 
to a point low on the demagnetization curve, but the central portion 
of the magnet might well remain up close to the I axis, all intermediate 
points on the curve being likewise represented a t  different places in 
the specimen. The mean values of I and H will depend on just how 
the actual operating points for different parts of the magnet are 
distributed along the curve. I n  any case, i t  is clear that when mean 
I is plotted against mean H, the point obtained will fall inside the 
curve rather than upon it ;  and if N is varicd, the mean operating 
point will describe a curvc that is lcss convex than the basic one 
determined for the same specimen in a closed mngnetic circuit. 

6. Minor loops, the reversible susceptibility, and magnet ic  
stabilization.-If a t  any point in tho demagnetization curvo the 
downward progress is arrested and the applied ficld is caused to re- 
trace some of the values it has just becn taken through, I does not 
increase as rapidly as i t  was decreasing but rathcr follows a flattened 
curve more nearly resembling the initial part of the magnetization 
curve, the part governed by Rayleigh’s law (eq. 1). Upon resumption 
of the former progress of the applied field, this flattcned curve is 
approximately repeated upside down until the major loop is regained, 
whence the rapid fall resumes. Thcse interim changes constitute a 
minor hysteresis loop (Ewiiig 1892). The important role played by 
these minor loops in the behavior of permanent magnets is now well 
recognized. 

For sufficient1 small changes, thc curvature of these minor loops 

for upward and downward changes. We shall here be concerned 
with the slopc of such a line-more formally, the limiting slope of thc 
line joining the tips of a minor loop as the loop is made indefinitely 
small. This slope is known ns the reversible susceptibility (Gnns 
1908, 1910; Fowlo 1933) and designated by tho, symbol K , .  (Tho  
symbol xt which Gans sometimes used will here be rcscrvcd for tho 
reversible mass susceptibility, givcn by K , / P  whcre p is the density of 
the material.) Thc corrcsponding slope for a minor loop on a I3 
vs. TI diagram is thc reversible permeability, p,, n quantity q u a l  to 
~ , + ? T ~ K ,  as can readily bc vcrified. 

Now, a magnet with an external field is vulnerable to fortuitous 
fields which i t  may cncounter, and for this reason the operating point 
has no security in its perch on the demagnetization curve. I n  fact, 
i t  cannot long remain in this condition. An external demagnetizing 
field will soon be encountered (if not applicd intentionally) and this 
will cause a further downward shift along the demagnetization curve. 
Upon removal of this field, I does not recover its former value but 
inHtead follows a minor loop to a new operating point, again determined 
by N but no longer 1 ing on the main curve. If N may be taken as 

straight line joining the previous operating point with the origin. 
This line has a slope equal to - 1/N, or (pu- *‘IN) for the B/lI  curve, 
and is called the air-gap line. (The assumption that N is independent 
of I for a given dimension ratio is not accurately vaIid for the smallest 
values of N ,  as noted by Sliuddcmagen (1910). This means that 
those air-gap lines that lie close to the vertical axis will be curved 

Figure 4 is from Sanford (1927). 

may be disregar dy cd and we may take tlicm as straight lines, coincident 

independent of I un B er tliesc conditions, the new point will lie on a 
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rlightly near their uppcr extremities.) Johnoon (1939) ivea a figure 
showing for round rods the air-gap lines corresponding wit % 16 different 
values of rn, without indicating how N wns calculated. 

At its new operating point the magnet is stabilized with respect to 
m y  fluctuations of applied field smaller than the minor loop which 
brought i t  away from the dcmagnetizstion curve. By applying a 
grcatcr stabilizing field i t  can be protected from larger fluctuations, 
a t  a furthcr sacrifice of I .  The operating point must be brought down 
to a point on the air-gap linc where there is room between i t  and tho 
main curve for the largcst anticipated minor loop; any subsequent 
minor fluctuation of tlie field simply causcs a circulation about a minor 
loop to the right or to the left of the mean opcrating point. I n  tho 
words of Watson, “It is clcar that the normal working point must lie 
on a reversible cycle, and that the length ovcr which the cycle is truly 
reversible must cxcccd the variations which may be met with in 
practice.” 

We now sce wliy the 
rnngnets of mngnctorn- 
eters are limited to 
rather low values of 
magnetization inten- 
sity. The demugnct- 
izing factor is too large 
to permit I to remain 
closu to In, and tho sta- 
bilization so essential for 
consistcnt results dc- 
prcsses I still further. 
For the magnctometcrs 
used in Const and Gco- 
tlctic Survey work, val- 
ues of I are found to bo 
about onc-fourth of the 
published vducs of 1, 
for similar materials. 

Lct us now scc what 
sort of dcmagnc4zation 
curve would be obt,aiiicd 
if we studied n specimen 
in the opcn by varying 
the ambient ficld, in- 

closed circuit. Under 
tlicsc conditions (assuming for simplicity an cllipsoidal specimen 
in a vacuum) wo might plot I agaiiist I-I, tlic csteriinlly applicd 
field, obtaining a curve such ns the hcavy linc of figure 5. To 
relutc such a curvc to tlie fundarnentd major loop, wo note 
that H must always cqual IIa-NI. Then to each point on 
thc soIid curve of figurc? 5 there corrcsponds a point on the 
fundamental curve (light line), displaced laterally through the dis- 
tnrice NI.  In other words, the curve having 1-1, REI tho abscissa 
is a sheared version of the fiindamental one. The vertical coordinate 
axis for the regular I /H curve becomes a sloping line (shown dotted) 

Hc HP HI H3 stcad of placing i t  in a Figuro (.--Minor or recoll loop (after Sanford). 
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in relation to the I /H ,  curve. This linc is thc reflection in the I axis 
of the air-gap line already discussed; the latter is hence sometimes 
called the shcaring line. Note that for a given material there are 
many Ha curves, corresponding to diff ercnt values of N ,  whereas the 
curve of I versus H is independent of N .  

Altcrnativcly, one might 
begin with the vertically 
sheared curve of figure 3;  
then the new shearing 
would be suficicnt to bring 
the air-gap line into coinci- 
dence with the vertical 
axis, but the direction of 
displacement would be 
parallel to the line s'I 
= p J I ,  rather than hori- 
zontal. The Ha intercept 
of t h  final curve would 
then fall somewhat to the 
right of the point defining 
&, but the analysis is 
quite cumbersome and 
need not bc pursued here. 

Not only the major loop 
but minor loops as well 
may be thus sheared, to 
indicatc how a particular 

-600 -400 -200 0 200 400 magnet is aflected by fluc- 
H. tuations in the ambient 

F I ~ O ~  6.-MnJor and minor 100ps o h r e d  (0 ahow effectnor field. The sheared minor 
loop is the basis of the 
concept of false reversible 

susceptibility K',. The effectivo change of H (or AIfl is less than the 
change in the applied field AH, by the amount of the change in the 
term NI.  That is, 

ambient Beld If.. Data for Alnico I11 wlth 7r-u.N taken ns 0.50. 
H. scale gnduated in oerstcds, Iscalc in unlts Of 4r gnus. 

AH,=NAI +AH. (24) 

Evidently we may generalize equation (24) to write 

1/K',=N+ I/K, (25) 

or by eliminating AI instead of AH, 

A&?,,=(NKr+ 1)AH. (26) 

Note that if N o r  K, is sufficient1 small, K', may be taken as equal 
to K, (e 25)  or K ' ~  equal to K ~ .  &us, in the measurement of weak 
euscepthities by the method of Johnson and Steinor (1937) or that 
of Hoylman and Durbin (1944), no significant error is introduced by 
taking the response as proportional to susceptibility, although d 
either method were extended to much higher susceptibilities one 
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yields would need to recognize that the procedure described actually 
K’O rather than K ~ .  The disparity is likely to bo considerab e for 
permanent-magne t ma terials. 

As another incidental application of the above relations, we note 
that because of the practical necessity of stabilization, Evershed’s 
energy-product curve based on the major loop (e . 12) is not strictly 
pertinent for actual magnets. What is really nee 3 ed is a curve of the 

uantity (WE-IAH) plotted against I ,  where AH is the effective 
!magnetizing field to be stabilized against. If we are to consider 
AH,, as the corresponding applied field, which would presumably be a 
specified maximum, we see from (26) that the modified energy-product 
curve would intersect the regular one a t  the origin and would fall to 
the left of i t  b increasing amounts as I builds u and N decreases. 

Id. The disparity would be less than that obtained by assuming AH 
e ual to AH,,; in tho latter case the curve would simply be sheared 

Evershed curve is IAH. In  figure 2 ,  the lighter curve is the modified 
energy-product curve, taking AH,, constant a t  100 oersteds. A some- 
what different approach to this problem is given by Sanford (1944), 
who also points out that tho effects of leakage require cmpirical modi- 
fications in designing niagncts for most efl’ective utilization of the steel. 
Tho foregoing remarks about tho modiiicatioii of the cnergy-product 
curve apply with equal force whether the curve is based on H ,  or on 
BHe. It has been stated by Edwards and Hoselitz (1944) and by the 
authors of several subsequent papers that tho curve based on BHo 
must be used to obtain an authentic maximum energy product. 

7. The induction factor.-We now take up the practices in 
geomagnetism which wero mentioned a t  tho outset. When a xnag- 
netometer is used to determino by Gauss’s method the horizontal 
intensity of the earth’s field, one allows for the small change in tho 
moment of tho magnet due to that field by the use of an indox vari- 
ously known as the InductionsfCihigkeit &amont 1867) , the induction 
factor (Hazard 1911)) and the induictive Kupazifut (Vensko 1913). 
Here we use the second of these thrco nanics. The induction factor 
of any magnet is historically defined as tho temporary change in 
magnetic moment which it undergoes due to unit change in the am- 
bient field. No symbol has met with full acceptance for tho induction 
factor. Perhaps the one most froqucntly seon sinco tho time of Welsh 
is the Greek letter p. In  this publication T is adopted in order to 
avoid confusion with permeability, which we denote b p as is general 

increment of field tho coefficient pozw, in order that values of tho ratio 
of induction factor to magnet volumo may be the same regardless of 
the units chosen. 

In comparison with the field in the neighborhood of a magnet, the 
geomagnetic ficld is weak, and may be treated as a small increment 
superimposed on the demagnetizing field corrosponding to tho air-gap 
line. Then we have 

p ,zwT = AM/AHa 

Tho value of Iy for maximum cncrgy product wou P d be a little below 

le 4 tward so as to cross the I axis a t  the level a t  which the abcissa of the 

in the literature of physics. Furthermoro, wo dial 9 attach to the 

= VAI/AHa 
= VK’r )  
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where N', is the same as in equation (25) and V is the volume of the 
magnet. Combining this result with equation (25), we have theuseful 
relation 

V/pmrwT=N+ l / N r  (27) 

=Ar + 1 lxr P 

whereby there is demonstrated a simple connection between induction 
factor and reversible susceptibility, permitting ready conversion from 
one to the other index, provided the values of Vand N are known. 
Also, differentiating in equation (27) we find 

There are recorded in the literature almost as many methods of 
determining the induction factw as there are investigators who have 
studied the subject. Larnont's ori inal method, however, remains 

Electromqpetic methods have been devised by Weber (1855) (see 
also Kohlrausch 1892), by Schmidt and Venske (Venske 1913), and 
by Nelson (1038). Wcber used a ballistic galvanometer, while the 
others named impressed upon the magnet being tested a known field 
from a coil. Regardless of the method used, certain precautions are 
essential if consistent results are to be obtained. The magnet must be 
stabzlized as explained in section 6, to such an extent that the applied 
field will not carry the operating point bnck to  the major loop. Sta- 
bilization must be repeated for each new level of mRgnetization if 
the magnet is being tested a t  several points. The applied field should 
be within the limits for which the assumption of linearity of the minor 
loop is justified; this point has been discussed by Venske, and earlier 
by Chree (1899). Again, one should make sure tho applied field is 
known with an accuracy commerlsurate with that dusircd in the 
induction factor. Another point discussed by Mnscnrt (1899) is the 
usually neglected effect, in the measurement of horizon tal intensity, 
of the component of tho earth's field transverse to the axis of the 
magnet. The transverse induction factor is customarily much smaller 
than the ordinary one, on account of the larger value of N involved; 
by the 8ame token the former is less sensitivc than the latter to change 
of K ~ ,  hence not so eflectively reduced by the use of the newer magnet 
alloys. The two factors appcar in the torque equations with contrary 
.signs, hence they mi h t  be equalized anti their effects canceled (in 

nl?%tA has been perennial unccrtninty whether the change of moment 
is the same in magnitude for positivc nnd for negative increments of 
applied field. Lamont found a greater effect when tho field was such 
RS to decrease the moment, but his result is of doubtful relevance, 
since the importance of first, thoroughly stabilizing the moment was 
not then appreciated. Of the subsequent investigations of induction 
factors, those of Kohlrausch (1884) and Wild (1886) are pertinent on 
this matter: both concludo that with sufficient care in the measure- 
ments the difference is eliminated. Chree (1899) leaves the question 

the one most widely used: it is deswi E ed by Hazard ( I  91 1 )  and others. 

theory) by suitably c fl oosing the composition and proportions of the 
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open, likewise Hazard, though the latter considers the difference to 
be negligible in practice. I t  now seems clear that a persistent differ- 
ence of this kind would imply an irreversible change of moment, 
entailing indefinite weakening of any practical magnet by renson of 
unavoidable minute fluctuations in the ambient field. The practical 
stability of the best modern magnets proves that it is possible to realize 
full reversibility of small changes-in other words, that (as Wild's 
tests indicate) tbere is a true rcversiblc susceptibility, independent of 
the direction of the applied field, though in measuring it tho minor 
loops must not be allowed to reach a slzo that would take them too 
near the main demagnetizing curve. 

8. Effect of varying 
I.-A related question is 
whether and inwhat way K ,  

fcrcnces in tho intensity of 
magnetization. The op- 
erating point may be situ- 
ated anywhere within the 
major loop. If it is near 
the descending branch and 
if a negative increment is 
applied to E . ,  the point 
must shift along a minor 
loop so as to come nearer 
to tho curvc, or at  loast not, 
recede from it: othcrwise 
the major loop could not 
havo been establishod as it 
was in the first place. 
Consequently, the slope of 
the major loop at  any place in its course constitutes an upper limit 
on K~ for operating points in that vicinity. But t,he slope of the major 
loop is vanishingly small a t  the tips, in tho saturation region. Hence, 
K~ must be a function of I. 

A relation between tlieso two quantities was noted'ion ago by 
Rayleigh (Raylei4i 1887 : Ewing 1592). Williams (19137 reports 
that K~ increases s&$itly witah decrease of I ,  the maximum difference 
observed being about 8 percent. We find that the relation has been 
reduced to law through the investigations of Gam (1911) and Brown 
(1938). The relation is in the form of a sot of parametric equations 
which may be written 

and I' are affected by tlif- 10 WMt 3lLT 0 

O 

o 

Plgure B.--Gans relation and data by Nelaon. 

where K ~ ,  is the value of K~ obtained after traversing the major loop 
down tcl n slightly negative value of I ,  then following a minor loop 
to tho H axis. I t  is nominally the same as a in equation (1)-that is, 
the initial susceptibility. 

The series forms of equations (28), valid for q2<r2, give us 

(29) 
I / I :  = - qa/45 +21=/945- . . . 

K,/Ko= 1 - q2/5+27'/63- . . . 
267887-64-4 
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Figure 7.-Test of relrtlonehip between 

2 3 

xo and r ’~.  Bceles graduetod 
JBB table 2, page 10. 

In c. g. 9. units. For key to matorlals 

It will be noted that as 7 increases without limit, I/I‘# approaches 
u n i t  and K J ~  vanishes, whereas the converse is true for q vanishing. 

Three typical values of I/I’, arc indicated along the upper edge of the 
graph, assuming ?rwp,N=0.15 and assuming I stabilized at 80 percent 
of the value on the main curve. 

to main loop.-The Gans equations, by fixing 
the ratio K , / K ~ ,  indicate that K,  is a function of I for specimens exhibiting 
any ohe hysteresis curve. This follows from the fact that K~ is by its 
nature not variable with I. However, Gans is silent as to the actual 
values of xr and ~ g ,  aside from their ratio. We fire thus led to inquire 
whet.her there is an law by which such values might be deduced 

(1911) have noted that, 4 bore a loose i-elat,ion to niaximum sus- 
ceptibility (the slope of OR in figure 1) which in turn seemed to 
depend on the ratio In/Hc. More recently, Underhill (1944) ave 

main curve a t  I f = O ,  given by fR in equation (10). However, this 
last cannot be a precise or general law. Any rule which allows no 

In K gure 6, the full line shows the relation between 1/1’8 and K , / K ~ .  

9. Relation of 

from some aspect o 9 the hysteresis curve. Gumlich and Rogowski 

a rule prescribin that K, is closely approximated by the slops o B the 



lLELATION TO MAIN 1~001’ 23 

I d H ,  
Flguro &--Test of relationship between snd i d .  Bcalos graduated ln c. 8. I). U d b .  

variation of K~ with l i s  incompatible with tho inherent limitation that 
is set forth above and embodied in the Gans relation. In this case, 
the rule must fail in respect of all values of I *cater than IR, since 
tho slope of the major loop would then be less $an IR.  

Tho possibilit remains that Such a 

conflict with the Gam relation. It will be convenient to test the 
matter by plotting log a ninst log I ,  for a variety of matorials, 
as dorivod from published f ata (fig. 7) .  The line shows whore tho 
points would fall if K~ were actually equal to fR. Though most of tho 
points fall under the line, tho 45’ slope does soom to be maintained, 
suggesting a linear relation between IB  and K ~ .  hiany of tho oints 
involve a doubtful evaluation of p ,  RS already moiitionod. 8oting 
that f R = ( l - p ) l d ,  it would seem that the factor (1-p), seeing that 
it fails to make tho line fit the data, might be discarded in the interest 
pf simplicity. In figure 8, then, we plot lop K~ directly against log 
Id=log ( l R / H c ) .  Thc scattor of tho points is not noticeably aggra- 

rather than K, IS e ual to I R .  relation would i e a refinement of Underbill’s ru 9 e-and would not 
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vated by this simplification. Now, let 

f = KoNa 

The si ificance off lies in the fact that its value appears to undergo 

nearly seven orders of magnitude. Values of f for some of tho 
materials covered by figure 8 are given in table 1. Lirics are drawn 
in figure 8 to correspond with equation (30), assigning to f the three 
arbitrary values .04, .lo, and .25. 

It is of some interest to evaluate TI, the prcdicted induction factor 
for optimum N ,  in the light of equation (30). If we assume the typical 
values p=0.725 and I=0.6 I d ,  we find that I=0.28 I , ,  which may 
be approximated as I=0.28 I'#, and from figure 6, ~,=0 .86  K ~ .  Undcr 
these assumptions we deduce 

little i r any systematic change under changes of K~ covering a span of 

- KO ; 
-l . l6+f 

and for tho same conditions, by equation (27a), 

dT - vKOz 
d N = p o r W ( 1 .  16 +Az' 

It has been urged by C. E. Webb (Desmond 1945, discussion) 
that pr must be closely relnted to BR/Hc. Equation (30) ma bo 
regarded as a modification of this concept. Webb himself conirms F 
that pr is affected by shifts of tho working point; we have alrendy 
seen that for this reason K~ is preferable to K,  and a similar distinction 
applies to permeability. Tho choice of rather than offers the 
advantage of placin tho lower limit at zero instead of unity; siniilarly 

(Rates 1948; Stoner 1950)-not the smaller which we have seen 
cannot exceed IR?T'/pp. If BR/?H, were chosen p.9 one variable, it  too 
would have unity as its lower limit; whether a linear relation between 
this variable and gr would fit the data better than equation (30) 
could only bo decided by means of more extensive dat,a near the 
lower end of the curve. For large values the data would form the 
same pattern in either case. 

First, the various forrornagnetic 
materials form a long unbroken sequence extending from very large 
to very small vslues of JR/Hc; the difference between permanent- 
ma net matmerials anti such alloys as mumetd appears in this respect 

hysteresis loop for any ferromagnetic substance may resemble that 
for any othcr with suitable changes of scale. Porhaps the extension 

we choose H, base 2 on the I / H  curve, called II$c by some writers 

Figure 8 leads to two observations. 

to i e onc of dogrec only. That is, the magnetization curve and 
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of experimental techniques t.0 more and more intense fields may 
further enlar e the list of ferromagnelics; such materials, if they have 
values of IRISc much lower than those shown on figure 8, ma 
be now masqueratlin as parama netics, on account of the di f x  culty 
of polarizing them. f’he values of~,,/p,,?r” for paramagnetics generally 
fall in the range bctwen lo-’ and lo-’. The second point about 
figure 8 is the considerable variability of f, that is, the scatter 
of the points. Attempts to reduce the scatter by means of other 
variables such as K~~~ and the Steinmctz hysteretic coefficient have 
proven unavailing with the meager data at  hand. 

A further indication of the variability off may be found in a paper 
b Hornfcck and Edgar (1940) which deals largely with Alnico I. 
d l u e s  givcn there are: H,==430 oersteds, 4?rIR=7400 gauss, and 
4rIR/p= 10,000 gauss, agreeing fairly well with other sources (cf. 
item 23 of table 1). The paper cited also contains a graph (their 
fi , 9) showin the relation of reversible permeability to the slope 

represents initial permeability, and we thus deduce that tio=0.51 p o r w ,  
about twico the value derived from Legg; and the corresponding 
valuo of j i s  0.37. Thus, is not necessarily the same even for different 
specimens of the same a d oy. 

o B the air-gap fme. When the latter is zero the ordinate of the curvc 

Flgore O.-Hornleck-Edgar curvo compared with GaM curve. I scalo graduated in 
unlts of 4r gnus. 

In  figure 9 of the present publication, the cited curve has been 
rcdrawn to show K , / K ~  as a function of I. When so drawn, the relation 
shows, for values of I a little less than IR,. a pronounced knee that is 
obscurcd in the original curvc by tho rapid change in 1/N as N ap- 
proaches zero. form of the curve here presented might be com- 
purcd directly Gans relation if I’, were known; alternatively, 
we may assume a valuc of I’8 tlint will lcad to agreement a t  some 
special vnlue of I and tliw mako comparisons for othor valucs of I. 
By taking I’,=1300, we obtain agrecnient a t  I=580; the dotted 
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curve of figure 9 is a replica of figure 6 under this msumption. The 
abrupt decrease of K,  as I approaches I R  in the solid curve might be 
avoided by a slight modification of the parent curve. It has no 
counte art in the Gans curve. 

Tebble and Corner (1950). They develop some limitations on tho 
fmding of Gans (1911) cited by other workers (Weiss and Foex 1929, 
Legg 1939), that Kr is a single-valued function of I/I'*. 

10. Effect of I upon ".-Consider next how variations in I affect 
the induction factor. Kohlrausch (1892) indicated that T is slightly 
greater for magnet ized  than for magnetized bars. There is some 
direct experimental evidence on this point. Venske determined under 
varying conditions the induction factors of six magnets of the kind 
used in ma etometers, finding a very small increase with magnetic 

successively higher values. Again, Nelson (1938) made similar 
measurements upon two magnets, his results indicating substantially 
constant T. However, it is not clear in either case whether the ex- 
periments included the step of stabilizing the moment prior to each 
test. Particularly vulnerable in this respect are likely to be those 
measurements made in tho saturation region (by Venske). With the 
exception of those few values, none of the measurements extended to 
the higher values of I/IR (that is, values close to or exceeding unity), 
being confined to bar magnets with the operating point alwa s on 

is relatively insensitive to shifts of the operating point. (Equation 
27 demonstrates that T is less sensitive to I than is K,) .  As an addi- 
tional aid in examining these results, Nelson's data have been re- 
plotked on figure 6 using e uation (27) to derive K,  from T, and esti- 

estimated as 20,000 gauss. 
11. Temperature effects.-In discussing the behavior of ferro- 

magnetics in weak fields where equation (1) holds, Weiss and FoEx 
state "The values of a and 13 vary markedly with thermal treatment 
. . . and in a very complicated fashion with the temperature, pass 
through an acute maximum near the Curie point and become zero at 

. that point. As the temperature changes progressively from - 188O C. 
to the Curie point,- they satisfy the relation bc=an; the values of 
c and n depend upon the substance and ita past thermal treatment." 
It follows that tho temperature should always bo determined and 
reported ns an essential element in an determination of T, K,, or any 

we turn to the work of Terry (1910) who investigated two samplea of 
doubly purified electrolytic iron over a wide temperature range, 
determining the values of He, B R ,  I f ,  and K .  He found H, to fall 
and K to rise with rising temperature, whereas B R  seemed but little 
affected in the ordinary range. 

It is di5cult to extrapolate Terry's values of K down to K~ with 
satisfactory precision. Hence K~ can be deduced well only for thc 
unannealed specimens and not even for them at the hi hest temper- 

been added to figures 7 and 8. Their general trend is similar .to 
that of the lines of constant f '(equation 30), with enough disparity 

The 'p atest investigation of reversible susceptibility is that of 

moment, fo r owed by a decrease when the bars were magnetized to 

or near the air-gap line. Within this limitation it appears t E a t  T 

mating Np,rw=0.15 and \ 7=4 cm8. For magnet 31LT, 4?rI', is 

other quantity dependent upon K ~ .  P or further information on this, 

atures. However, such data as could be obtained in t a is way have 
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to make it doubtful thatf is entirely independent of t, though neither 
do the data lend appreciable support to any suggestion that tempera- 
ture difl'erences could directly account for the scattering of the other 
points (in viow of the wide temperature range in Terry's data). 

I t  is, of course, well known that magnetic moment is subject to 
change with temperature. The fractional decrease of moment per 
dogreo increase in temperaturo is known in geomagnetism as the 
temperature coefficient of a magnet, denoted here by p. This index 
cannot be independent of the temperature effect mentioned above, 
and we shall examine a possible relation between them. 

Consider the region within the major loop to be traversed by a 
family of curves such that each curve has a slope a t  every point 
corresponding to K, a t  that point. If in tho pertinent arm Kr ma be 
taken to be tl single-valued function of I, these curves w i l l  be repEcas 
of ono mother, dispersed laterally across tho diagram. Consider 
how this system of curves may be affected by temperature, assuming 
a simple kind iof :behavior consistent with the chan os usucllly found 
a t  ordinary temperatures. We postulate two e d acts-a uniform 
vertical expansion or contraction (coefficient a) and a lateral cha 
such that the slopo of the curves (the resultant of both effects) w03: 
be governed by the coefficient @. If the operating point is on the 
vertical axis it will be affected only by a, otherwise by both a and /3 
(supposing that the point is carried by the motion of the particular 
curve on which it lies to a now position on the air-gap line). 

A0 a first-order approximation, we may suppose the minor loop on 
which the operating point lies to be ropresented by a line whose 
e uation is found by using the prescribed slope and I intercept, as 
fo % ow0: 

where I ( R ) b  is the I-intercept of the line for referonce temperature 
t b  and ~~b is the value of Kr a t  that temperature. 

We may set t=tb, I= P, and I$= -NP in this equation, obtaining 

I (R,b= I'I( 1 + N K ~ )  
whence 

1- Ih[ 1 +NK>] [ 1 + a(t - t 4 ) ]  =HK,'i[ 1 + fi  (t  - 1') 1 
In order to place the operating point on the air-gap line we now replace 
N with -NI.  The resulting equation (with suitable approximations) 
leads to the relation 

(3 1) (1 -r/lb)/(t-tb)=@(l f 1 / N K r b ) - ' - a  

= @ N K ' $ -  ff 
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But the left-hand member of (31) is the expression defining p. This 
equation is, of course, not rigorously valid in view of tho assumptions 
mentioned, but it may be an instructive guide in the absence of more 
definite information. In  particular, it  brings out the manner in which 
N a n d  IC, probabl affect p. 

are, the value of IC? must vary with 1'' accordin to something like 

moment. However, p is surely not, as has been suggested, inversely 
proportional to 1"; for if it were, a bar would be magnetized in zero 
field merely by a change in its temperature. 

It appears that 0 is pnsrally positive, while a seems to be less 
definite in sign. Supposing that a as well as /3 is positive, an appro- 
priate choice of N would make p vanish. As a matter of fact, Ash- 
worth (1898) found results indicating that suitable heat treatment 
and choice of N would have this effect. 

The relation between K~ and IR/Hc seems to be a rather loose one. 
Hence i t  will not be surprising if in some particular temperature 
range K,, rises fastor than IR/Hc, signifying that the above-mentioned 
family of curves representing reversible changes is compressed by 
rising temperature or expanded by falling temperature at a more 
rapid rate than the major hysteresis loop. 

Now, the main loop does not affect the operating point unless they 
impinge on ono another; if by reason of n, falling temperature they do 
come together, any further temperature drop would be expected to 
shift the operating point irreversibly to a different curve of the afore- 
mentioned family. By the same token, i t  would uppear that when a 
magnet is magnetically stabilized a t  a given temperature, its margin 
of safety against further irrevorsiblo change is impaired at lower 
temperatures. When Fleming and Dewar (1896) subjected nowly 
magnetized bars to the temperaturo of liquid air, the initial effect 
was an irreversiblo drop in moment. Thoir conclusion was that these 
very low temperatures might be used to stabilize a ma net. 

12. Effects of aging and heat treatrnent.-&e procoss of 
moving the operating point away from tho major loop along the air- 
gap line is one kind of stabilization. Whether accomplished mag- 
netically or by means of temperature changes, it  does not entail any 
permanent change in the geometry of the curves. There is, however, 
another kind of aging which definitely alters the shape of the major 
loop and the slope of the minor loops. This is a slow spontaneous 
drift, which may be hastened by annealing. This kind of aging is 
regarded by Sanford (1944) as the delayed and muted manifestation 
of certain structural changes that were largely suppressed by the 
quenching process during the makin of the specimen. Examination 
of the pairs of points connected by 2 otted lines in fig. 8 confirms tho 
usual experienco that fIc/IR is increased by quenching and reduced by 
annealing. Venslce 
(1914) found that for bar magnets 'T is raised by annealing, and con- 
sidered that natural a ing should have a similar effect. Whetherf is 
systematically affecte lf is not clear. 

The effect of this sort of aging on I is usually (but not invariably) 
n, decrease. Like the temperature effects already discussed (though 
differing from them in being irreversible), the gradual change of I may 

Whether a an B 0 are independent of Ih is not clear. Even if they 

the Gans relation, so that p must decline a litt B e with increase in 

(Most of the change is in He rather than IR.) 
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be re arded as a composite result of two coefficients-one building up 
z, 8nx the other affecting the I intercept of a minor loop having the 
operating point a t  its lower end. The second one is usually either 
negative or numerically too small to overcome tha first one. If i t  is 
positive, we should expect a spontaneous increase in moment for 
sufficiently small valucs of NK,, by the same reasonin followed in 

showing spontaneous increase in moment will also have a negative 
value of p; for the constituent coefficients for the spontaneous changes 
are not necessarily in the same relation as those for the thermal 
fluctuations. Indeed, one instance may be cited (Howe 1943) in which 
there was a spontaneous increase of moment coupled with a tempera- 
ture coefficient of the ordinar sense. Howe’s finding that the spon- 

idea that agin and annealing are fundamentally the same process. 

safeguarded a ainst vibration, jars, and wide changes of temperature 

accident does occur, tlie outlook for continued usefulness of the magnet 
is good. Even with complete demagnetizntion, it may be expected 
that remagnetization and magnetic stabilization will impart the same 
degree of stabilit that had been attained before tho accident. That 

on the shape of tho curve or on the basic parameters which determine 
the usefulness of the magnet, though it might well change the dis- 
tribution factors, requiring rcstandardization as for a new magnet. 

13. Curvature of minor loops.-Evidently the primary branch 
of a minor loop having the operating point a t  the origin is identical 
with the initial part of tho normal inagnetization curve. There appears 
to have been no evaluation of the curvature of minor loops when the 
operating point is away from the origin. However, the closo relation 
between b and a under thermal change suggests that a similar con- 
nection would govern the curvature of minor loops in relation to K,. 

14. Application.--It appears from the preceding sections that an 
.estimate of the induction factor cnn be foiined with a Itnowledgo of the 
eight values He! IR, p , f ,  I’8l N ,  I ,  and V.  (It is possible to determine 
the first three if any three points on tho demagnetization curve are 
given.) Knowing these eight values, we cnn find K~ by means of equa- 
tion 30, than K~ with equation 28, nnd finally T with equation 27. 

Conversely, it  would be of considerable interest if determinations of 
the induction factor wero generally accompanied by statements not 
only of temperature but also of the volume and mass of the stripped 
magnet and its demagnetizing factor (or the basis for computing it), 
permitting the derivation of the reversible susceptibility referred to 
unit volume or mass ( K ~  or x,). Such a criterion, pnrticularly if further 
generalized by reduction to K~ or xo, has tho cogent advantage that 
i t  is directly comparable and significant, either for difFerent magnets 
of various sizes and compositions, or for the same magnet a t  different 

connection with equation (31). But it does not follow t i at  a magnet 

taneous change was faster at 6 igh temperatures is consistent with the 

It is generaly f understood that magnetometer magnets should be 

or applied fie P d. It is reassuring to note, however, that when an 

is, the blow or ot t or occurrence would probably have no serious effect 

workin points. 
- 

15. !?he induction coefficient.-Ono final point remains. It has 
been understood from tho first that the induction factor depended 
upon the size of tho magnot. Wo havo aoon how this drawback is to 
be countcrcd by converting to K ,  or xr (a step not proposed in the prior 
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literature, so far as the writer is aware). Bu t  we should not attach 
undue significance to the so-called induction coescient,’ a quantity 
e ual to Tlhl which occurs in the computation of the induction factor 

In  these methods the initial moment serves as an implicit datum per- 
mitting the measurement of induction coeficient without calibration; 
this result is then multiplied by the moment of tho ma let to get the 
induction factor. Some methods by-pass the intermezary function, 
Welsh, for eltmple, added a separate deflection to find MIH,; his 
equation gives the induction factor directly (Whipple 1877). Alter- 
natively, one might use Larnont’s initial equations (Hazard 191 1) but 
calibrate the set-up with a magnet having known moment- this 
procedure would permit tho measurement of an unmagnetized bar, 
for which the induction coefficient becomes infinite. In  the Schmidt- 
Venske method, too, the induction coefficient is not involved since the 
absolute change of moment is the measured quantity. 

The induction coefficient is seen to afford a read mado index for 

to the effect of the earth’s field, in geomagnetic measurements. 
Unlike the induction factor, i t  is roughly comparable for magnets of 
different sizes. However, we see from its inverse relation to I that i t  
is an unreliable guide, giving no true characteristic of the material used 
in tho magnet; it is not constant even for a particular magnet, us has 
been pointed out by Lamont (1867), by Hazard, by McComb (1929) 
and by Nelson. That is, the induction coefficient is grossly affected 
by chan e in I/IB, whereas T is virtually independent of such change 
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SUMMARY OF RECURRING NOTATION 

QIONIFICANCE 

Reflecting the  ambient or extraneous field. 
Magnetic induction, or flux density. 

Pertaining t o  the B I H  curve, as distinguished 

Coercive; pertainin t o  tho point where the 

=R/x*.  

from t h e  I I H  curve. 

curve crosses the  % axis. 

=Bd/Bp 
Pertaining t o  or derived from that point of the  

demagnetizing curve whose coordinates are 
in proportion t o  the intercepts of the curve, 
or tha t  point corresponding t o  the maximum 
of W E .  

External; applying t o  the  external space 
about a magnet, or the  gap in  which the pro- 
perties of the medium are active and mani- 
fested. 

Magnetizing force or magnetic intensity. 
Magnetic polarization; intensity of magnetiza- 

tion 
= iB.-p.H)la*.  
Maximum (saturation) value of I ,  correspond- 

ine t o  the horizontal asvrmtote of the major - -  
hyuteresis loop. 

Fictitious saturation value of I ,  corresponding 
t o  the  asymptote of the  hyperbolic approxi- 
mation to  the demagnetizing curve. 

Internal; applying t o  the  material of the speci- 
men magnet. 

Ma netic momcnt of a magnet 
= ) I ~ v ;  for a n  ellipsoid M = V Z .  
Ratio (in a magnet having axial and polar 

symmetry) of the dimension along the axis 
of revolution t o  t h a t  along an equatorial 
diameter. 

= -Ff"lI". 
Deina netizing factor of a magnet 

Pertaining to tha t  point of a curve at which a 
given specimen remains when all external 
rriagnetizing form is rcmovcd; uscd in do- 
noting remanent magnctization. 

= I R I I .  
= I  - (&I- 1 ) Z  
= 1 - (dB-1- 1)a. 
Temperature coefficient of a magnet 

Residual; pertaining to  the I-intercept of a 
major hysteresis loop-that point at which 
the self-demagnetizing field has just become 
,sufficient t o  annul the  applied magnetizing 
field. 

Pertaining t o  the  I-intorcept of the  straight 
line approximating a minor loop. 

Reversible characteristic of material of a 
specimen magnet. 

1 d I  
I dt 

=--.-. 
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SUMMARY OF RECURRING NOTATION-Continued 

VXILIARY 
BYMROL 

* 

0 

Ir 

C 

SICNWICANCZ 

Saturation Value or a value analogous thereto 

See text. 
Temperature. 
Specific pormeability; ratio of permeability of 

n Apccified substance to  pv.  
VoIunie of a specimen magnet. 
Encr y product 

see text: 
See text. 
See text. 
Magnetic susceptibility, Z / Z i  

(see Z. and Z‘,). 

=-hI  

=<(I&- PV 1) 
n- 

False susceptibility. 
Magnetic permeability, B/H 
=‘11p.. 
= U / H  for a vacuum, sometimes called the 

permeability of space; its value is 1 in the 
c..g. 8. electromagnetic system and r m X  10-7 
in the M. IC. S. systoms. 

Ratio of intrinsic induction to niagnetization 
unity for rationalizod systems, 4% for un. 
rationalized ones. 

4r/rq; unity for unrationalized systems, 4r fo 
rationalized ones. 

Denfiity, i. e., mass er unit volume. 
Induction factor= $ U ’ . / P ~ T ~ ;  a measure of thc 

temporary change in magnetic momeni 
which n magnet undergoes duo t o  unit changc 
in the ambient field. 

Mass susceptibility 

See text. 
Pertaining t o  Z=O, or the initial par t  of e 

magnetizing curve (at the origin). 
Pertaining t o  referenco temperature, as dis- 

tinguished from actual temperature. 
Signifying tha t  a din- or paramagnetic ambieiil 

medium is taken into account. 

- - Kp. 
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APPENDIX. EFFECTS OF THE AMBIENT MEDIUM , 

16. Limiting conditions.-This study is concerned with the 
effects of an isotropic ambient medium on the magnetic moment and 
field of a permanent magnet, and with the bearing which this topic 
may have on the question of what we are measuring when we malm 
observations with the theodolite magnetometer by means of oscilla- 
tions and deflections. The medium is considered to have no external 
boundary close enou h to influence the results. 

paper published in 1933. The development given here is consistent 
in result with that by Page, but differs therefrom in two respects, 
namely (a) it has a somewhat broader scope, covering for instance the 
case of a ma net not ideally hard, and (b) by exploiting the concept 

magnetic theory, to mitigate the mathematicnl complexity of the 
aspect here under consideration. 

To permit exact results, wc shall confine OUT attention chiefly to 
axially symmetrical, ellipsoidal magnets (prolate or oblate) which will 
be assumed to be ma netized parallel to their axes of revolution. The 

otherwise stipulated. 
The ellipsoid has a certain magnetization which is the result of its 

past history and which maintains a demagnetizing field in the magnet, 
precisely like an inverse applied field; the operating point lies in the 
second quadrant, somewhat within the major hysteresis loop (because 
of stabilization) , being specified by the ordinate I )  and the abscissa 
Hfb. (It must be borne in mind that 121 has a negative value, since 
the direction of the field is contrary to that of the original magnetizing 
field which caused the specimen to acquire the magnetization i t  
possesses.) We use the symbol Nb to denote the ratio -E,b/I,b. 
This is, of course, the demagnetizing factor of Dubois, here given the 
nffix C because it is found to depend upon u, as will be shown. 

17. Basic relations and definition of T.-The three quantities 
H B,  and I at a surface point maintain definite proportions SS, 

Some ospects of t % is topic have been considered by L. Page in a 

of a replica a eld i t  takes greater advantage of older developments in 

term “ellipsoid” wil ff be used only in this restricted sense, unless 

fohows: 

For the exterior (fig. 10, right side), 

and for the interior (fig. 10, left side), 

84 
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These magnitude ratios apply to the whole quantity, and equally to 
the normal components thereof, because our initial stipulation making 
I) uniform and parallel to an axis of the ellipsoid implies that B )  and 
H , b  are likewise uniform and parallel to said axis, as is well known. 
Of course, B,b and I: must everywhere conform in direction with 
H,b, since uB is assumed uniform. The six basic scalar quantities 
involved in these equations are the magnitudes of vectors, each of 
which is labeled in figure 10 with the corresponding symbol having 
an arrow over it. The scalars are all positive save R i b ,  for which a 
reversed arrow is used in the figure. . 

Flgore IO.-Resolutlon of externnl and internal flelds at the surface of a magnetized ellipsoid. 

(Sco note benrath tablo 1, I). 9, reaardfna conversion of numerical values. Tho arbitrary values shown 
hrrc bnvo ratios bascd on 0.833 for Z'nnd 1.GG7 for ti,, cboscn for cas0 of illustrntion. Tho ollipsoid is oblato, 
with m=O.G58.) 

Now, i t  has been shown by Maxwell that the tangential component 
of H does not change in passing through the surface, nor does the 
normal component of B. That is, 

mhers fr.and le  are the angles which the field (B  or H indifferently) 
makes with the normal to the surface. Thcsc four components are 
designated in figure 10 by means of the broken lines. Note that the 
lines of force pass through the surface of the magnet without crossing 
the normal. 

Tn respect to the conditions within the ellipsoid we sliall deal only 
with the reversible kind of permeability and susceptibility (p. 16). 
The more common sort (representing the whole value of B2 or of 
Jtb divided by tlmt of H t b )  would be of scant utility here; instead of 
serving as an index to the property of the material, i t  would merely 
n,fford a distorted measure of Nb, as a moment's reflection will verify. 
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We have noted on page 14 that N is primarily a shape index. The 
basis of this effect was discerned by Maxwell (1873). 

Page has shown that H f b  is dependent on the external medium, 
but in a real magnet this makes l i b  so dependcnt to a minute extent. 
In  the examination of this relation, we take “magnetic moment” as 
meaning the magnetization integrated over the volume of the magnet; 
then the moment too must be influenced by the medium, as we shall 
see. 

We can use equations (32) to (35) to replace Bib and B,b in equation 
(37) with expressions more useful for this study. In  this way we 
obtain 

where 

rib COS { f  u,+T 

% T= 
1 ?yo 

NbC(O- 
C o m b i ~ n g  equations (36)  and (38), we have 

.T=-. tan 
tan Tr 

(3 9) 

The development thus far presented has not established whether T or 
Nc or both of these uantities would be affected by ue, though equa- 

18. Configuration of the field unaltered.-The field at an 
point is ascribed to the combined cffcct of the momcnt, of every sma 1 
element of the magnet and of every small element of the ma netizod 

due partly to a volume distribution of poles, with density oqual to 
the divergence of I ,  nnd partly to a surface distribution of poles with 
pole stren th equal to the normal component of I .  It has been well 

constant, or (b) I is uniform, throughout that remion. The region 
occupied b the medium satisfies condition (a), so &ut we may deter- 

can find the surface-pole distribution which it develops at  thc boundary 
surrounding the ma net. We may think of the space occupied by 

developing surface poles a t  the boundary. 
On the other hand, condition (b) is met in the magnet, by reason of 

its shape. Consequently, the field due directly t o  the magnet is also 
representable as the effect, of its surface-pole distribution alone. 

Equation (39) shows that tlic normal component of I outside tlic 
ellipsoid, adjacent to a particular surface point, bears a definite ratio 
to that ins ide-a  ratio that is independent of the location of the chosen 
surface point. 

tion (40) requires at 1 east one of them to be so affected. 

9 
medium. With respect to cadi of these, the field can be ana 7 yaed as 

establishe fi that the first part must, vanish in any region if (a) K is 

mine the B eld arising from the magnetization of the medium if we 

the magnet as a voi % into which the flux enierges from the medium, 
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This means that the surface-pole distribution in the medium is a 
replica to a smaller magnitude of that in tho magnet. Consequently, 
tho field a t  any point will consist of a primary constituent due immedi- 
ately to the magnet nnd a secondary part (due to thc medium) that is 
directed the same ns thc primary part for a diamagnetic medium, or 
exactly opposite thereto for a paramagnetic one. The two parts will 
preserve a magnitude ratio that is constant in space but depends on 
tho permeability of the medium. (The pole-strength ratio is the 
negative of the normal-magnetization ratio given by eq. 39, since the 
flux enters the medium whcre i t  leaves the magnet and vice versa.) 

In other words, the configuration (that is, the geoinctric pattern) 
of the field remains unchanged when the medium changes-only the 
numerical magnitudes are affcctcd. From t.his it may be shown that 
the induction a t  any point preserves a constant ratio to that a t  any 
other point, and specdically that 

19. Significance of T and some of its properties.-The con- 
scrvation of tho patterns under change of ub means also that l' and 
lr in equntion (41 )  arc not afTccted by change of u., and hence tohat T 
is likewise indepondent of u,. Then its magnitude RS determined for 
one medium musL bc valid for all media. In  short, T i s  8 purely geo- 
metric parameter, depcndent solely on thc dimension ratio of tho 
ellipsoid. Page uses in sixnilar fashion a gcomctric parameter r 
which turns oiit to bo (l+T)-'=l-Np,/?r". It can be shown that 
for a ring m a p e t  with a very short air gap, T as defined by equation 
(40) is essentially the ratio of thc length of path in thc gap to that 
in the magnet. Its independence of U, is slso readily shown. 

Equation (4 1) has an interesting significance in geomagnetic theory. 
The tangent of the magnetic dip on a body of the sort we are studying 
bears a uniform ratio to the tangent of tho latitude, the latter being 
defined as tha angle at  which the normad erected n t  any surface point 
would pierce the equatorial planc. This constnnt ratio is 1/T; it is 
2 for a sphere,. as is well known. 

Now, equat,ion (10) may also be written 

(4 3) 
?Fa w= 

Po ($+l)' 

and for a vacuum we may simply change Nc to N and ZL, to 1 ,  tho I' 
requiring no chnngc. This leads to the relation 

Note that, Nb reduces for small T to T ~ T / U , ~ ~ ,  and for large T to 
#/pO. The latter result accords with the well-known statement that 
for a thin magnetic shell N is 4n, tho inaxinium possible vnluc. Nottt 
also that hQ is not affected by u,, since the latter quantity docs not 
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appear in equation (43). This equation further shows in a simple 
wa just how IP is affected by us. 

&pin, equation (43) 'elds an expression for N in vacuo which may 

that connect Twith m, the dimension ratio. Thcsc equations arc given 
be substituted in formu 3" as for N given by Dubois, yielding equations 

\ 

U M M  

Flgore ll.-Lop T.8. hnetlon oflog m forelllpsolds. The function h governed 
by t h o  following equatious: 

arc cos m) 1 1 m 
1-+1/1' 1-ma (I-=# For m<l  (oblsto elllpsold): -- - 

For m>l (prolate elllpsold): --- 1 1  - '" ( C@=i)-l]. l+l/T ma-1 [dii2-q lore 
The broken llne shows log m-VJ for comparlson. 

bcnenth figure 11, which shows log T ploLted against log m. As an 
approximation it appears that TmC is nearly constant, since the bro!ren 
line in figure 11 representing log ni-5 is nwrly purullcl to the niost 
useful part of the curve. Figure 12 shows T d  plotted against lo 
m; this bell-shaped curve may be used as a rather accurate cmpirica 
means of finding T when m is known. A coniputd vulue of 711-5 is 
merely multipliod by a value of [l int scaled from the curve. To illus- 
trate: If m=lfi, tbcn log m=1.176, m-J=0.0172, and (from fig. 12) 
TnJ=0.63. Multiplying the last two together we find T=O.Oll. 

20. Magnetization and magnetic moment.--It is demonstrable 
that the moment will vnry with ud for my except n ring mncnet. We 
shall develop this relation for nn ellipsoid, but first we recar1 that any 
change that affects Hib must CBUSO the operating point to move along 
a gentlo slope (strictly i t  describes a minor loop) rcpresentcd by tho 
equation 

7 

Itb= I(m + K~HI' (4 5)  

where I(R) is the I intercept of the line taken to represent the minor 
loop. By this treatment Itme is a constant that docs not depend on 
the medium. In  a sense I(R, is analogous to I R ,  since it npprosiniutes 
the magnetization that would prevail if the stabilized magnet were 
either subjected to just enough magnetizing force to annul its self- 
demagnetizing field, or immersed in a medium of great perrneability 
with no applied field. 
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In cquntion (45) we can replace - H , b  with Nblib (sco last paragraph 
of smtion 10) nrid then usc cquntion (43) to reniovc the Nb, obtaining 
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21. Effect of the medium on the field.-Wo now take up the 
following question: Under the conventional postulatcs RS to the field 
of an isolated pole, how does the field of nn ellipsoid change in a 
clianging medium, if its moment he governed by equation (46)? 

In vacuo, the field of a magnet wit,h axial and polar symmetry is 
described as to magnitude for any cxternal point S by the equation 

where M is the moment of the magnet, r is the distance of S from the 
center of the magnet, is the angle between the axis and the direction 
of 8, and 6 is a correction that depends on the shape of the magnet. 
This is a correction to tho field, not to the moment. It provides for 
the departure of the field pattern from that of a dipole; in general, it 
is a function of T ,  T and 0, but in any case it vanishes for T=3 (a 
sphere) and is negli 'bly small for sufficiently large values of r. We. 

and do not enter into 8 .  
shall consider that t f e effects of the medium are expressed separately 

We write from basic definitions 

and, applying equation (42), 

Let 

and 

1 t TuJu, '= l+Tu, ' 

Then, using equations (43) and (44) to removc Nb and N, 

BS Iib 
Be 114%' 
- -=- 

and from equations (46) and (47)) 

M'/M= II'/Ii= $i/$=Y+/T. (4 9) 
The last member is establishcd by using equations (27) nncl (43) Lo 
express Tb in terms of ue, u.,, and Y, then dividing this rcsult by thc 
corresponding exprcssiop for vacuum. Tiic ititwduction of M ,  arid 
M comes from definitions (p. 36). 
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Now, our objuctive is to depict H,b in a way that will spotlight the 

effeeb of the nioclium. Again involting definitions, we write 

H:/Hs= B,b P v/Baua~ e 

Heb= HeM’/Mua+i (5 0) 

= Hb/We, ( 5 0 4  

and either of these forms may be combined with equation (48) to 
eliminate 13,; then 

These equations serve nicdy to bring out the rffccts of the medium 
an ellipsoidal magnets. The eifects am reflected in $ (or 3.]) and Mb. 
So far as 3. and 3.1 are concerned, the effects of the medium are ex- 
plicit in the defining equations, since T has been found independent 
of Urn. Equation (52) has to represent the whole effect of the 
medium, while equation (51) shows two distinct effects. That is, the 
changa of the magnetization of tho magnet is roflected in Mb (a func- 
tion of W and honco of u,,), whereas the influonce of t,he polarization 
of tho niediiini is covered separately by $,us. The necessity for $, 
is easily overlooked. It mny be regarded as a correction for the 
nbsenco of the medium from tho spnce occupied b the magnot. 

ucy+ corrcsponds in significance with Page’s y, and examination of his 
result confirms that they aro the same. ITe also derives the value 
for a sphere ( T = $ )  which in the presont notation is ue$~=(2u,,+1!/3. 

At constant ur and uc, J. is by definition a sin le-valued function 

l/ud. In other 
words, irrespcctive of u,, for a inagnet,ic slicll tho effect of $ is to 
remove tho uB from equation (52), whereas for a long thin rod it has 
no effect. In  ordcr to inalro $u, fall midway between 1 and u,, 
we must have T=l/u,; and the correspondin condition for $1~.  is 
that T must bo I .  An ellipsoid satisfying the Ei atter condition would 
have the propor.tions of a doorknob, with m=0.55, approximately. 

Note further that, €rom the definition of $, 

Of course, $ reduccs to $1 for the perfectly l ard magnet. Our 

of T; the smaller m is, the lnrgcr T, and the more c F osely # approaches 
On the other hand, + approaches 1 for small T.  

and (1 -SI) is represen ted by the same expression with u, taken as 1, 
These forms are instructive in the usual situation where T<1. To 
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take a typical case, let m=15, T=0.01, u,=1+(4XlO-'), and zr,=15; 
then 

1-#1=4x lo-'. 
To sum up, the field strcngth of such a magnet is modified by the 

medium in three distinct ways. As compared with thc field in vacuo, 
the modifications due to air, exprcssed as parts in 1,000,000,000, are 
as follows: 

400 parts decrcaso (direct effect for constant moment), deter- 

4 parts incrcase (correctiou for absence of medium from space 

48 parts incrcase (correction for changc of moment arising from 

limiting cases of thin wire and magnetic shell, to the presencc of ud 
with suitable exponent, and that for the first of these limits the u, 
appears in the fashion prescribed in tho simple, elementary treatment. 

22. Torque on a magnet.-At this point our inquiry turns to tho 
pondcromotive effect attaching to the concepts of magnutization and 
field stren th. The torque dovcloped upon a long, thin magnet placed 

proportional to Ha and to 10, the integrated magnetization of the 
magnet. Now this relation, in conscquence of the convention we 
havo chosen for the character of I and M ,  does not involvc pr; and 
ua is lilrewise absent, conformably to the conclusion stated in the 
preceding paragraph. That is, tho equation 

mined by u,; 

occupied by magnet), determined by $1; 

reduction of dema netizing field), determined by $/#I. 
Finally, we see that t i e presence of $ is equivalent, for the two 

transverse P y in a uniform, horizontal geomagnetic ficld I& IS of course 

Torque =Il&P (54 ) 

is accepted as a fundamental one, with a -7alidity that is unimpaired 
by the presence of a mcdium so long as the transverse dimensions of 
the magnet aro suflicicntly sma1L2 

As another result of thc abovc-mentioned convention, the factor 
pe+' must appear in the dcnominator of thc exprcssion for the torquo 
between two thin magnets in vacuo. To allow for the prcsencc of a 
medium in this expression wc must furthcrmorc insert ue appropriately. 
It too goes in the dcnominator (again assuming long, thin magnets) 
since only thus is the expression capable of bcin 1 educed to the form of 
equation (54) by the replacement of one of the %)s with its equivalent 
in terms of the field set up by the magnet. Then we have 

M,bM,,,C 
xwueL(D1'3 

Torque= (5 5 )  

where it.is siipposcd8that the magnets arc placed one abovo the other, 
both directed horizontally but in azimuths differin by 90°, and that 
no field is present other than the ficlds,set up by t E Q magnets. Here 

a Note added In p m t  The elernontnry treatrnont bolng found npplicnblo for larro m to tho mmputatlon 
of the fleld of n mamet '18 slmllarly ado tcd for th bomputntlon of torques. A mor0 rigorous basts for tbls 
extension Is avallable & tho study dtcxfon pngo 4 k  
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f and m distinguish the two magnets, which may be regarded as “fixed” 
and Umovable” respectively, and r is tho (great) dlstaneu between 
them. 

The effect of the magnetization of a thin wiro may bo regarded as 
the integrated effect of a p e a t  number of pole pairs that form a line 
sequence along thc axis of the wire. Since the aggre ate of any number 
of separate effects all having the same form is sti fi of that form, we 
see that equation (55) applies to a pair of schematic magnets consisting 
of singlo pole pairs as well as to long, thin wires; consequently i t  is 
consistent with the classical expression of Coulomb’s law for point 
poles in a medium. In our notation this law is written 

Equation (55) is not very informative, owin to tho simplifying 
conditions laid upon it. Our next objectivc wil F be a relation of the 
same sort but somcwhat broader in scope-one that will apply to 
ellipsoids with nonvanishing transverse diameter, situated at modcrato 
separation. The torque on each magnct (regarded as "passive") is 
necessarily governed by tho field i t  experienccs from tho other or 
“active” magnet, in accordanca with cquation (51). Thus, the torque 
dcvcloped at  magnet Mmb depends upon the field of magnet M,’ and 
hence upon (1 + 6,) (1 + 3 cos? The samo statement holds 
with the m’s changed to j ’ s  and tho J’s to m’s, by symmetry. The 
torques on thc two magncts represent different aspects of a mutual 
interaction. There is a distinction betwecn tbcm, in that the view- 

oint chosen determines wliicli valuc of e is opcrative; it must clearly 
ge the value pertaining to the “active” mthcr than to tho “passive” 
magnet. This distinction vanislios wlicn 0 is 90’ for hotdh magnets as 
in the situation postulated in cquation (55) and here as well. Then 
the torque has strictly thc samo rnagnitudc from both viewpoints, and 
the expression for this rnagnitudc must incorporate valucs of (1 + 
for both magncts in pi*ecisely the samo way. At the same time, the 
whole expression must reduce to thc stylo of equation (55 )  if the two 
values of 6 vanish and those of $, become unity. 11 will bo found that 
tho only form satisfying all requiremcnts is 

If the passive magnet be translated to a posilon in the same horizontal 
plana with the active oiic, on tho lntter’s axis (Lamont’s first position), 
the effect of the radical coiltailling 0 is to injcct tho factor 2 in the 
numerator of equation (56). In  the convcrsc nrrangement (Lamont’s 
second position), e uation (66) holds without this factor. 

Using equation (51) with 0=90°, let us replaco (1 + 6)rnb/1,5~ for one 
of the magnets of equation ( 5 G )  wkli an expression in I - , , b .  Let tho 
line of separation of t’lio magiiots bo Ioiigthencd without clinnge of 
direction, by translating that magnet to a remote position. The H,,b 
that was just now introduced still suffices to donoto the effective 
fiold of that magnet at tho position of the undisturbed o m ,  but the 

A similarly broa 9 encd rclation is needed to supplant equation (54). 
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remainin value of 6 now becomes negligible by reason of tho increased 

to denote a horizontal geomagnetic field, so that tho equation then 
expresses the torque developed by Ha upon the remaining magnet. 
The resultin form may readily be modified to encompass varied 

r. Now !f et us eliminato tho remote magnet and replace IQ with Ha 

azimuths of t % e magnet. The complete expression is 

] Ha sin @ 
Torque=[ Mb - TlbpeawHa COS 6 

#It 
(57) 

where the magnet lies in azimuth t$ relative to the field, and the 
subscript t identifies parameters taken transversely to thc long axis 
of the magnet (see p. 20). The effect of longitudinal induction, 
inherent in Mb is made explicit in equation (57a) by replacing the 
ZLO with Mbl pius a term in IZ,TS, where Mbl is the value of n/lb at 
zero extrancous field. These e uations reduce to the primitive form 

Two general comments are now appropriate.. Equation. (571, with 
set at 90°, shdws how tlio customary expression connecting torque, 

moment, and transverse ficld must be yualificd to allow for the pros- 
ence of a.pe.rmeablc medium, by inserting for without the #l the 
cquation is incomplete and may not bo used as a mcans of dcfining 
mdgnetization.a 

And we see now that the assumption of point poles in the classical 
foundation development of magnetostatic theory amounts to a re- 
striction to line magnets, having the cffect of suppressing the shape 
factor. The mcll-known disparity betwecii the behavior of current 
loops and that of magnets now seems less paradoxical. For we see 
that (a) a magnet approximating a magnctic shell would behavo llke 
a current loop, maintaining a steady H field under a changing medium, 
whereas (b) a needle-shaped magnet maintains a steady R field. For 
intermediate forms, the varying cffect of #must be taken into account; 
thus, neither of these generalizations is accurate for thick bar magnets 
or for ring magnets with a considerable air gap, though (b) is apt to 
suit the usual dimensions far more closely than (aj. 

23. Application of results.-The foregoing results are obviously 
of interest in relation to the Gaussian method of moasuring the 
geomagnetic field. We consider deflections fist; in this step, 8 
suspended magnet is deflected by a stationary one (the deflector), 
and the amount of the deflection is a measure of the ratio of the field 
of the deflector to the earth's field at the point which marks tho 
center of the suspended magnet. For man purposes i t  is immaterial 

of equation (54) when T=O an 1 +=go". 

whether we regard tho field quantities dea P t with as B or H, since in 
*Noto nddcd in prwf Tho qunntlty Mb/+l oppcnrlnp; In severs1 Importnnt oquatlons mn bo nssl~ncd a 

apecislstatusns thodrluolmap72dfc momml that Is tho qunntlty which descrlbestho6tron~t~o~thomapnot 
inaniven envlmnment wlth res1 ect to nll It~externh manlfestatlons. Thus tho "moment" clellncd through 
tor UB Is tho virtual doment dlo/J.~--o composlto of tho volumo intonel oimnmotlzntlon ovor tho mamot 
I t s &  (Mb) combined wlth tb;t for the 8urroundlnp:medlum insofar as thomcdlumderlvcs I t s  m8p;nctlzatlon 
by Inductlon from tbo msmet. A pnpor by D6rlnR (Ann. Pliys 6 89-88,1D10) rovidos tho hnsls for thla 
polnt of vlew Incidentally Dtlrinp; thoroby adducas ncw gro&ds for u hold& tho dennitlon of mag- 
netlrstlon a8 b v l n g  the dlnicnslons of Ii (tho om adopt& In thla publlcntyon). 
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any particular case the two must coincide in direction and their 
magnitude ratio can be determined from the properties of &e medium. 
The question does, however, possess some interest if we imagine the 
procedure conducted successively in two different media. 

In deflections, we deal with the ratio of two quantities that are of 
the same species; thus, for Lamont’s first position the basic equation 
may be written 

P- HobuocI. 
B a  

where t: is the angle of deflection. In the last form we replace the 
numerator with an expression in M by means of equation (52); the 
result is 

(58) 
CM n w l d  sin €=- 
$Bo 
CMb 
(LIB. 

5=- (59) 

where C represents the two factors involving 6 and e in equation (51) 
and need not concern us here. In  this relation the transverse induc- 
tion factor plays no part, because whatever transverse moment is 
developed in the deflector has a field at the deflected magnet that 
coincides with the latter’s axis, as a consequence of Lamont’s arrange- 
ment. Equation (58) shows that if the magnet has a known moment 
in vacuo, the deflection it produces in another medium will depend 
on rW$Ba. This would mean that if it  were an ellipsoid in the shape 
of a long, thin needle, we would be measuring rWBa,’but if it were a 
“shell” type (flattened) oblate ellipsoid we would be measuring 
nwpaa-assuming M to be known in either case. 

By equation (57) we confirm the conclusion by Page (1935) to the 
effect that in deflections a value of g1 for the suspended magnet would 
enter into the couple developed by the field of the deflector acting 
upon the suspended magnet. But the saxno effect must likewise be 
manifested in the opposing couple due to tho action of the earth’s 
field upon the suspended magnet, and the $1 for the suspended ma 
would clearly be eliminated in the equilibrium equation. Fli 
simplest way to look a t  this physically is to recognize that the sus- 
pended ma et mere1 indicates the direction of the resultant fidd 

entirely, Thus, in deflections it is only the deflector or whch we 
need be concerned with such effects. 

9 (earth’s fie Y d plus de ir ector field) and ite own field ma be ignored 
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I n  oscillations, the torque is governed by equation (57): As a 
variation, one might substitute M/# for Mb/+l; and with M known, 
one would measure Ha with oscillations of a needle-type ellipsoid, or 
B,/p, with oscillations of n, shell-type ellipsoid. However, in actual 
practice we have no independent knowledge of hl, but rather conduct 
both oscillations and deflections under the same ambient conditions, 
the oscillating magnet of the first step being used as the deflector of 
the second. The pertinent relations are expressed by equations (57) 
and (59), both of which involve Mb/ql, but the latter expression drops 
out when the equations for oscillations and deflections are combined. 
Under this routine, then, tlie composite result is a measurement of 
(HaBa,nw)J-that is, of II~(~,,,,~)l=n,(,~/u,ll,>t. This function is 
not affected by the dimension ratio. In  view of the relation of 
oscillations to equation (57) and cleflcctions to equation (59) it  seems 
quite proper to look upon oscillations as measuring field strength and 
deflections as measuring flux density. 

Since &P is affected by longitudinal induction stemming from tho 
ambient field, i t  has slightly different values in deflections and in 
oscillations. The dSerencc is taken care of by the usunl routine, 
using the longitudinal induction factor, and this routine is valid 
irrespective of the presence of a medium, as may be seen from the 
following relation: 

Mb AMb 
M’l 

-- Mbl-l+--- 

In  this equation I”/Mbl may be changed by menns of equation (49) 
to T/M1; 2nd with the flat, si ns (b) thereby eliminntcd, the right-hand 

of ue. Here, as in equations (57a) and (60), the subscript 1 attached 
to M or to Mb signifies the value at zero extrnncous field. 

The increment of torque due to the transverse induction eflect is 
lilrewise dependent on @ and hence different in oscillations and 
deflections. The correction for this inequality depends on u,, but it 
can be shown that for elongated magnets this subsidiary effect of the 
mcdium is substantially sinaller than the latter’s ot>hcr effects through 
self-polarization and through change of the moment of the magnet. 

24. Limitations on application.-We have not examined here 
the effects of the correction 6 in equations (48), (Sl) ,  and (52). This 
correction takes care of the departure of the field from that of a 
dipole. There is, of course, no effect of 6 in the oscillations, since 
there we are concerned not with the detailed configuration but only 
with the overall effect as reflected in Mb/+]. But in deflections wo 
must take 6 into account. I ts  evaluation is awkward even for an 
ellipsoid. Thc relation of N and m cited in section 19 is closely 
associated with this problem, €or the external and internal fields of an 
ellipsoid are both based on the solution of the same integral but 
with different lower limits, as discussed by Chrystal (p, 232) and by 
Abraham and Becker. A substitution is made (SCQ Gray p. 54, or 
Abraham and Bocker p. 144) such that the integral assumes a form 

member represents AllA41, t % us showing that A4’/Mbl is independent 
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that can be integrated-specifically the one which Dwight lists as 
formuh 152-1 on page 29. But the lower limit makes the result 
cumbersome for the external field. 

For ellipsoids that have all three axes of different len ths, it  might 

of Page’s 1933 development. For shapes other than the ellipsoid, 
no general calculation is feasible (except as they reduce to limiting 
cases of the ellipsoid). In  practice, the magnet is taken as equivalent 
to one or more schematic magnets consistin of pole pairs with various 

is used in most of the older literaturo of geomagnetism an$ suflices for 
most purposes. The value of 6 on this model is a rapidly converging 
series of which the first tcrm (for e=o as in Lnmont’s first position) is 
2Za/13, t being one-hnlf the distance between the poles (see McComb, 
1952, p. 14, equations 37-38). 

Schmidt has gone into the question by means of spherical harmonic 
analysis, by which the field of a specific magnet may be represented to 
any desired accuracy, as explained by Bartcls (Chapman and Bartels, 
chapter 2). 

Wlrile T has been discusscd only for ellipsoids of revolution, it might 
be instructive to re ard equation (40) as defining T for other sho es, 

For ellipsoids of revolution, the effect of u, on Nb is not carried over to 
2’; and for other shapes it seems possible that T would bo a t  loast less 
sensitive to ud than is hn. 

The conclusion of section 18 to the effect that the geonietric pattern 
of tho ficld is unaltercd by a changr, in the mcdium does not apply 
to the tubular shapes used in geoningnetic measurements, for the 
postulation of a zero convergcncc of I no longer holds, and the field 
of tho magnet canpot be attributed exclusively to a surface-pole 
distribution. It might bo conjectured that the change in pattern 
would bcnr a relation to tho disparity botwcen the demagnetizing 
factor for the shape in question and that for an ellipsoid with the same 
dimcnsiqn ratio. I1 would appear that the change in pattern would 
become insignificant for a shape approximating an ellipsoid and $so 
for a long thin rod or n ring magnet with very short air gap, for which 
the effect of the medium is swamped by thc relatively high reluctaricu 
of the internal path; and both of theso cases reprcscnt low values of tho 
said disparity. 

Alternativcly, the effect of the medium arising through nonuniform 
magnetization of the magnet might be regarded ns making 6 a function 
of u,; since 6 is not pnrticularly sensitive to m, its response to uI would 
be expectcd to be uite small, though we cannot bo sure that it is so 

25. Summary of results.--We hnve shown in this appendix how 
the demagnctizing factor of an cllipsoid of revolution is influenced by 
the surrounding medium, and how its magnetic moment and field are 
affectcd by the medium. Such a magnet in n variable mcdium gives 
rise to a field that is virtually constant in N or constant in B, in the 
special cases in which thp magnct approximates a magnetic shell or 
a long, thin wire, rcspectively. For a prolate ellipsoid, if wo correct 
for the effect of thc medium on tho moment we ma say with even 

be possible to deduce relations by following a procedure a 5 ong the lines 

separations. AS one step beyond the simp P c dipole, a sin le pole pair 

with the understan f ing that Nc refers to average values of 1,‘ and f l , b .  

small as to have no s, caring on the results obtained in this appendix. 

better approximation that the magnct’s B Gcld is in B cpendeiit of the 
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medium. What this statement neglecb is a minute deet of the 
polarization of the medium; this correction appears not only in the 
field of the magnet, but also in the torque developed on the magnet 
through its reaction against an extraneous transverse field. Hence, 
the conventional rule that the torque equals the integrated magnet- 
ization of the magnet times the transverse field strength is rigorously 
valid only in vacuo. 

Finally, we have seen that we may look upon deflections aa measur- 
ing T’B and oscillations as measumg H; strictly speaking, the com- 
posite result is (T’BH)~. This latter result, developed specifically 
with regard to the ellipsoids stipulated a t  the outset, extends by 
intuitive reasoning to magnets of any shape whatever. Though one 
may be unable to formulate an explicit statement of the influence of 
the medium on the magnet’s field, yet the effect, viewed as a simulated 
change of moment, must b the argument advanced on page 46 be 
the same in oscillations an 8 deflections, hence must drop out of the 
final result. 

NOTE ADDED IN PROOF: It has been learned that this study parallele in some 
respecta an investigation by H. Diesselhomt (Ann. Phys., 3 11-30, 1048) in which 
the effecta of a medium are developed by means of Maxwell stresses. Upon 
comparison of the two studies, with due allowance for rationalization and other 
differences in notation, there are readily obtained several equivalence relatione, 
of which the following are examples (Diesselhomt symbols used on the left side, 
those of the present study on the right) : 

{ x/a}  = 1 +‘. Tu, (7 0) 

Aside from the benefits of simplicity and brevity stemming froin ita restricted 
objectives, this appendix differs from Diwselhorst’s analysis in several particulars, 
e. g., in using the ratio by which the magnctization of the magnet is affected by 
the presence of the medium (eq. 49). Only by replacing each Mc/+,  in our 
equation (66) with the, corresponding Mf$ can we submerge this effect, thereby 
ohan ‘ng the equation to one with the same significance aa Dies~elhomt’e equa- 
tion 821. 
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