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Preface to Seventh Edition, 1952 Reprint 

This publication is for use when geographic positions of triangu- 
lation stations are computed by the use of logarithms. A different 
method, for use with calculating machines and natural functions, has 
recently been devised, and the auxiliary tables and explanation have 
been published in printed form as Special Publication No. 241. A 
table of natural sines -and cosines is needed also for the machine 
method. I t  has been found that an experienced operator using the 
machine method can usually make somewhat better speed than with 
the logarithmic method and with less strain because of the mechanical 
nature of the operation. Another advantage of the machine method 
is that a better check is obtained over the two lines used in computing 
a position if the lines are long, such as those used in the sample on 
page 11 of the present publication. Although lines longer than 20 or 
25 miles are seldom used in modern triangulation, there are still a 
few long lines needed in some areas, such as Alaska. 
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FORMGLAS AND TABLES FOR THE COMPUTATION OF GEODETIC 
POSITIONS. 

INTROUUCTORP REMARKS 

The supp?y having been exhausted of Special Pu'iJlic..liior, ho. S, "Formulae and 
Tables for the Computation of Geodetic Positions " (sis!.Ei ediiicin), t,he present edition is 
made necessary. As st.at.ed in the sist,h edilicm, %e tza?sles iiUw include llie extension 
from latititde 1 8 ~  to the E:quat.or, which \vas published 2s .Ap:;ecllis No. 4, U. S .  G a s t  
and Geoclet.ic Survey Report, for 1901. 'l'lie present, ta!des, tlierefo~-e, extend from the 
Equator to latitude 7 2 O .  

Wlien the fifth edition was published a new preface -$vas written and the historical 
notes a!id the development. or" formulas as giwr, i:i the fourth edition were omitted. 
When the sixth edit,ion was published it was thoright desirable to  rep!ace this material 
in the pu.hlicahioii. It was t,hcrefore iiiseried as an appendis and this is retaiced in the 
present edition. 

One question t-hat called for decision before printing a new edition of these tables 
RLIS wheiher our present. knowledge d the size and shape ni the earth judfied any 
change in the reference spheroid. R:hen  the change was mude in iSSu froin the Bessel 
spheroid t o  the C'larke spheroid of 1566, as expleised in !J iekl 'S ,  t.hr niajur axis was 
increased by about I part. in t3,ooo and t:he miner axis by about I part in 13,ooo, the 
newly adopted spheroid being larger and flatt.er. In !lis Supplementary Investigation in 
19ug d the Figure of t.he Eart,h and Isostasy (U. S. Coast aiid Geodetic Survey publicat,ion, 
iy I O ,  1'. 39 j ,  Hayford detzrniines an ellipsoip corresponding t u  the rollowing corrections to 
the seiniases of the Clarke ellipsoid : 

Correction to Clarke's (18G6) semimajor asis= -- 144. meters 
Correction to Clarke's (1866) semiminor axis = + S7 meters 

This is Hayford's soluticn A (depth of compensatioii zemj and represents the attempt 
to approxiniate, as nearly as can be accon~plished l q  che very limited nurriber t f  parani- 
eters available, i.he necessari!y irregular surface ui the geoid over the area of the United 
States. 

These corrections do nut. give what. is corninonly h G W n  as the fiayford ellipsoid, 
which is Hayford's solution G and which re1msenL.s an attempt. t.0 eliminate the effect 
of loca! tqmgrapliic coiidit.ions by means of t.he corrections for t.opography and isostatic 
conipensat.ion and thus to determine, even from an area relatively as sinall as that of 
the tinitetl Stnates in coinparison with the land surface of the globe, an ellipsoid approxi- 
mating the geoid as a whole. That this at.tempt is general1.v considered as having been 
successful is shown by t,he fact, that in 192) the General Assemh!v ol the Section of 
Geodesy of t.he Inkniations! Geodetic and Geophv.ica1 Union. meet.ing at, Madrid, 
adopted Hayiord's solution G as the hasis of an int.ernational ellipsoid of reference. 
The numerical definition of the International Ellilxoid, lor reasons of mat.hematica1 
c0wis:ency among t.he possible pairs of defining parameters, does not agree esactly with 
Hayford's figures for solution C. as given in the publication mentioned above, whkh 
should be consulted to  ascertain I-IayIard's original figures. 
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The fundamental defining parameters of the Ititernat ional Ellipsoid of Reference are : 
Seiuirnajor axis= Q= 6,378,355 meters, 

a - b  I Flat-tening (ellipticity) = -= -- 
a 29i 

From these are derived: 
Semiminor axis= b= 6,356,911.946 meters, 

Square of eccentricity -= Z = 
a^--- ba 

- - 0.006722670. 
U2 

Haj<ord's solution A represents an ellipsoid wich a smaller major axis and flat.t.ening 
than those of Clarke's ellipsoid of rSG6, and its adopt;ion would thus represent. a return 
part way t.0 the old Bessel ellipsoid. The Clarke ellipsoid is, however, much nearer to 
solution A than is the Bessel ellipsoid. 

Expediency weighs 1:rmrily against m y  cha.nge from tdic Clarke ellipsoid now in 
official use for the who!e of Kort!i .America on account 11i t.)x imnense amount, of labor 
in transiorniing t.he very large naniber oi ge:>gxl)li:.c posiiicms already determined on 
the Clar!:e ellipsoid arid the coniiision tliab -.voulcl arise from the simultaneous use of 
two sets of ~eogrnphic coordinates ox tw:o different ellipsoids. For all geographic pur- 
poses the Clarke cllip.:oirl answers every rcquirernent., especially since, except at the 
southern boundary of Mexico, i!iere :;eenir; to lw no opportuzi t.y for t.he use of a different 
ellipsoid to give risc to any c i d i s i c u i  clue to diScrent geographic coordinates being used 
in two countries for t,he s a n e  points. 

The geogrnpiier is mahiy  cmccrned to have dcfinite values for the geographic 
coorilinntcs c d  a point. ~ . Y K J  reusoiia1;:)- awlirate va1i.x~ of the distance helwccn tT.vo given 
poi1:t.s mid of bhe azimuth ~f :.IN: !inr jcining th.eni. It' the coordinates' are develnperl 
by trinr?gnla.t.ion from some c!iie origi!:! a.; is ;.fie CCI.;~ for Xiorth America? any ellipsoid 
wou!d give imique and tlt:!inice x/aliics. For the dist.:ir,ce and azi1nut.h i t  is desirable 
that the el~~psokl  uscd be ii111. tot-, differen1 frmn t.he i c l d  el!ipsoid of closest fit.. 

For !.tic imi piises ui sciciiiilic :;ttcdesy, h ~ - ~ ~ ~ ~ v e r ,  it. would be desirable to  have all 
counlries use'the ~ a i ~ l e  ellipsoid of dereiice. It. was I'ur !.his reason that the use of t4he 
IiiternsI.ic.iiiu1 E i I i p > i c l  w : t h  reccxwrwi&d lor scientilic piirtwse's. The inot.ives dtit.er- 
riiiiiii:g tlie :>&>!)[ ion id  i.hr Iii[c~r1~11iim3! 'ElIiixjoid cii Rt.icre:lc.r. arc: further set. fur1.h iii 

the fdlu\\;iIIg W;.!:)l% (. i f  j.11~2 cSf:~*ili.?\'L! ~ . X l l i ~ l i l ~ ~ . ~ W  uf tile %'ct i 0 l l  Of ~;r?J(ies)' o f  [he Il1t.W- 

iiat.ii.m;il G~-(idt: it. miti (.;~[.li~!l~~.s~:~:.~i I,! i i i l  in. 
'l'hcrc is 110 iirtcritii.;i whut;:vi.r of f!m biz U;AJII i1:ttiuns th;rt Ilavr Il!cir tri;uigulations either long 

coniph:Led or weli ;tilvii1icti! :t r a ' v  cliiixioi:l u!mii. \vhich I!: . ]:lust recitlculate their triangulation. If 
they are ii: P. p&tion kr do sc, sill !i:iic!! i!ic l):-:t.:r. l i i i t  i i l ~ v  usly they can not be comprlled to do this 
and m y  ruling t l  this  so;^ \\.odd X I ~ I ~ I I  Jii;gatory. 

17ie %nteniatini::.l E'lli~w,icl sllimld 1)~' iiscd in prcfc-rcnce to any other: 
( T) IC rcginas rwcntly opcneil to podr.t.ic work, for triangulutions very recently undertaken or 

scarccly hcgiiii, fhc calculation of \vliic!i cnirlil he e:sily recnmmcnced, and for triangulations to he 
iindert:iken in the fttirrrc. 

( 2 )  In rcgiohs n!rc:.itl;- covcrd iiv geodctic opcr.?tim!s, when for any reawn tlie work is to be rcviwd. 
(3) U'henevcr for purposes of higher geodesy the dcflcctions of the wrlical are to be calculated with 

reference to a definite cllipsoid. 
I t  is thus to he hoped that the trimpilaticn of thc vast t.erritories still to be won over to geodesy 

will a11 be c~lctilzted mi thc sxne ei!ipmid :nid that si)nie coi~nt.ricn xi11 makc over their trianguiation 
on the same systcni. Even rhough the 110:~ii~cncity ciu: not he cornplete, at least a long step will have 
been taken tovjard that mriGcntior, of q-stt:ms so miir!i c1csire.d hy Krodcsists, a fact which will make 
it easier to discus anrl to solve a 1arF number of irnportiirit prohlcn!s. 

Nme.--P;r a brief explon:~tbm ui the Lah!es fw l lre Iiiternxtiwnl Rl!ii,snid set: i x x c  ma. 

The dimensions ( i f  t-he adopt.ed spheroid, the Clark<: sp!~croid ol 1866 as expressed 
in meters, will be round on page '9. 
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Recent progress in the invention and improvement of calculating machines brings 
up a question as to the possibility of arranging these tables for machine computing 
instead of preserving the previous form for logarithmic work. Where the number of 
factors in a product is more than two, the only mechanical device in use at  present that 
compares in speed with the use of logarithms is the slide rule. The best forms of this 
instrunlent in present use are limited to numbers of four or five figures, while the work 
for which these tables are designed generally calls for seven figures. sd i t  again appears 
that modem progress has not yet reached a point where a change is required. 

SOLUTION OF TRIANGLES. 

The triangle on the spheroid is solved by the application of the Legendre theorem. 
That is, one-third of the spherical escess is subtracted from each angle of the spheroidal 
triangle, the resulting angles being the angles of a plane triangle whose sides are approxi- 
mately equal in length to the sides of the triangle on the spheroid. 

The angle a t  each vertex of the spheroidal triangle is the angle between the two 
vertical planes at  that vertex passed respectively through the sea-level projection of 
each of the other two vertices. ’Reduction is thus made for elevation above the geoid 
and not above the spheroid, for object sighted upon. Horizontal angles and directions 
are not, reduced for local deflection of the vertical, €or horizontal refraction, or for differ- 
ence of direction between vertical section and geodetic (shortest) line. Nor are bases 
reduced for difference of elevation between geoid and spheroid. These refinements of 
computation, amounting generally to less than the uncertainties of errors of observa- 
tion, remain to be applied at some future time as a second approximation to the first-order 
triangulation in the United States. 

For two points, A, and B, on the spheroid; the plane which contaiqs the normal 
at A, and passes through B, intersect-s the spheroid in a plane curve, which may be called 
the vert.ica1 section from A, to B,. The vertical section from B, to A, is determined by 
the plane which contains the normal at B, and passes through A,. These two vertical 
sections do not coincide, except in part.icular cases, so it  is not strictly accurate to say 
that a triangle is formed on the spheroid by the vertical sections joining three points. 
There are eight triangles actually formed, the sides and angles of any one differing 
extremely little from the corresponding sides and angles of any other, for  triangles that 
actually enter into geodetic work-that is, for triangles whose vertices are intervisible. 
This ambiguit.y is entirely independent of that arising from extending the lines com- 
pletely around the earth. The latter ambiguity does not occur in practical application 
to intervisible p0int.s. The fact that horizontal directions are not reduced to the direc- 
tion of geodetic lines is the source of the above difficulty, but the effect on the result!: .g 
lengths is small, being well within the uncertainty due to errors of observation. The 
error in length due bo this cause can not accumulate, since the lengths of the controlling 
bases do not require a corresponding correction. The effect on the azimuth is small 
and also well within the uncertainties arising from errors of observation. 

SPHERICAL EXCESS.. 

The sphericii.! excess is computed by the formula: 

-_ In this formula e is the spherical excess; a,, b, and C, are two sides and the included angle, 
respectively, of the corresponding triangle; 2 is the square of the eccentricity, and a the 
major semiaxis of the spheroid of reference; and C$ is. the mean latitude of the three 
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vertices of the triangle. That part of the above expression which depends only on the 
latitude and the dimensions of the spheroid may be designated by a single letter, m, as 
shown. In Table I, page 16, the logarithms of m are given with the latitude as an 
argument. 

second for an equilateral triangle with 2oo-kilometer sides, or for a nonequilateral triangle 
of the same area. For an equilateral triangle of Ioo-kilometer sides, or an equivalent 
nonequilateral triangle, the excess as given by this formula is too small by less than 
one one-thousandth of a second. 

In cases where a more accurate value of the spherical excess is required the formulas 
given on page 5 I of Special Publication No. .+ (" The Transcontinental Triangulation ") 
may be used. These formulas give a slightly unequal dist,ribution of the spherical excess 
among the three angles of the triangle. 

The above formula gives the spherical excess too sniall by one one-hundredth of a . 

NUMBER OF DECIMAL PLACES IN ANGLES AND LENGTHS. 

According to present practice in the Coast, and Geodetic Survey, directions, angles, 
and azimuths are computed to $he hundredth of the sesagesimal second for first-order 
triangulation and to the tenth for second and third order triangulation. This gives from 
one to two uncertain figures in the corresponding values-t,he uncertainties due to errors of 
observation-and appears to be as much as can reasonably be required of t-he comput.ation 
at the present time. 

The logarithms of the lengths, expressed in meters, are given t,o seven decimal places 
for the first-order lines and to six places for second and third order lines. The lengths 
being computed from the angles, it is lxst tn use seven decimal places in the lengths with 
hundredths of seconds in the angles and six places with tenths of seconds. In reason- 
ably well-shaped triangles this secures against the introduction oi accumulated error in 
the last decimal place of the logarithm of the lengths due to those small accumulations 
in the last decimal place of the angles which arise from rounding off to the last place 
used. In other words, no uncertainty is introduced into the last figure of the lengths 
by the computing except, the unavoidable accuniulation due to rounding off. 

An iincertnaintsy of a unit in the fifth decimal place of the logarithm is equivalent 
to an uncm-tainty of I part in 43,otm, while one in the sixth place corresponds to I part, 
in 434,000. The base lines are scarcely more accurate than t.he latter ratio; so i t  follows 
at once that eveq for the most accurate first-order triangulation the logarithms of the 
lengths are surely uncertain in the sixth and sevent.h places, and in some cases the fifth 
place may be uncertain by as much as a unit. 
use of seven decimals in the logarithms for the first-order lines from two to three of the 
last figures are uncertain, and with the use of six decimals for second and third order 
lines the last two figures are uncertain.. 

In passing from the logarithm to the corresponding number the uncertainty in the 
logarithm is, in general, reproduced by the same amount in the corresponding figtre 
of the number. For example, an uncertainty of one in the sixth decimal of the Ioga- 
rithm gives rise to an uncertainty of one in the sixth figure of the number. The counting 
is from the left to the right in the number, beginning with the first significant figure. 
This correspondence for figures in the same place in the logarithm and in the number 
is exact for numbers whose first figures are 434. . . . For all numbers from 100 . . . 
to 434 . . . the uncertainty in the derived numbers is less than the uncertainty in the 
corresponding figure of the l~garit~hm, being .only about one-fourth as much for the 
former numbers. From 434 . . . to 999 . . . the uncertainty in the derived numbers 
is greater than the uncei-tainty in the corresponding figure of the logarithm, being about, 

. 

Therefore it may be said that in the , 
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two and one-half times as great in the latter numbers. On the whole, then, the numbers 
should be written out, to as many significant figures as there are decimal places in the 
logarithms from which t,hey are derived, and the uncertaiiibies will be about the same 
for corresponding figures If t.1ii.s rule were foliowed out, i t  could always be said that 
there were two uncertain figures in the given lengths. The length of the lines varies 
between such wide limits, however, that t.he.application of such a rule would give a 
nonuniform appearance to the results, so the practice in the Coast and Geodetic Survey 
is to give the 1engt:hs to two decimal places (centimeters) for the first-order lines and to 
one decimal place for the second and t,hird order lines. 

COMPUTATION OF DIFFERENCES OF LATITUDE, LONGITUDE, AND AZIMUTH. 

The problem is, given the 1at.itude and longitude of a point A ,  and the azimuth 
and distance from L41 to B,, to  dekmine  t.he 1at.itude and longitude of B, and the azimuth 
from B, to A, .  The distance he.re used is t.he side of a triangle, computed as explained 
above, and the azimuth is the angle t,he vert.ica1 section makes with the meridian, 
measured clock.urise from the south up to 360". The meridian referred to  is not the 
direct,ly observed m&dian, but is one carried t.0 the point in question through the 
triangulation and is, in general, based on rriaii~directly observed astronomic azimuths. 
It is customary in the Coast and Geodeiic Survey to  speak of this azimuth as the geodetic 
azimuth, meaning the azimuth of the vertical section as carried through t,he triangulation 
and having no reference to the azimut,h of the geodetic (shortest) line. The formulas 
used in the solution of the above problem are as follows: 

(1) -At$ = F cos a . B f  sa sin2 a . L'+ ( C S ~ ) ~  I>- 11. sa sina CY . E -  J,; 2 L E+ 
3/2 sa cos2 a. k E+ ,!< sa cos2 a seta 9 A f 2  k sina I"; 

S Sin & = s i n 7  sec tpf sin a: 

log Ah = log s + C' 

(2) I\' 

OX J,. . - L ' , ~ ~  i -  Iog rii: a + 101; .4 + log sec 9'; 

OI - A<Y= dxsiii :; (+'.+ +j sec ;.C ( A @ )  + (AX)S E.'. 

In (I>  the following abbreviai.ions are made : 
11=s cos a. R ;  

k = s Z  sina a .  C. 
- s + = s c o s a .  B + s 2 s i n ' a . C - h s ' s i n a a . E ;  

The symbols in the above expressirnia are as follows: 4 and X are t.he given 1at.it.ude 
and longitude, respectively, of t,he poiat. A ,  : 4' and A' represent the required latitude 
and longitude, respectively, of the point, B,; s is the distance from A ,  to  B,; a is the 
azimuth of t.he vert.ics1 section from A , to B,, and a' is the azimuth of t.he vertical section 
from R, to A ,  ; N f  is the length of the radius or curvai:ure in-t.he prime vertical at the 
pcht R,. The differences of latitude, 1ongit:ude. aiid azimuth are represented, respec- 
tively, by A4, AX, and An, and- 

+ f  = 9+ +; 
x'= xs AX; 
af = a+ Ja+ 1soo; 

A', B, C,  D ,  E ,  and I-. are factors depending on. t.he dimelisions of the reference spheroid and 
the latitude. T i e  forms of these fa.ct.ors are shown on pages 95-97, and their logarithms 
are given wit.ii the latitude as an argument in Table V. 
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Equation ( I )  gives the difference of 1at.itude in t.he form of a power series of the 
distance. Although terms of the sist-h order appear in this espression, it, can not be 
said 1.0 be correct up to  t.errns of the fourt,h order. This formula is limit,ed in application 
both by 1atit.ude and by !engt.h of line. Latit,udes near 50’ are escluded, since the tangent 
of the latitude enters into some of t.he coefficients. For a required degree of accuracy 
in A$-for esample, that the t,hird deciiiial place of the seconds shall be correct, according 
to  usage in the Coast and Geodetic Survey-t.he length of line to which ( I )  is applicable 
is limit.ed accordingly. In Appendix No. 7, Coast atid Geodetic Survey Report for 1596, 
page 303. it is stated that ( I )  and (1j should not be applied t,o lines of greater length 
than 75 kilonieters if the results are required t.0 be correct to O”.UOI. When tvhis stat.e- 
ment was made the terms of t h e  fourth order were not included in ( I ) ,  and the statement 
seems to have allowed considerable margin for safety. 

In  passing to  the 
second form, which is more convenient for computing, correct4ions are given for the 
second term in the reduction from the logarithm of bhe sine to the logarithm of the arc. 

The form of this correction for Ah is sin3 ~”(Jhj*, in which ill is the modulus of the 

‘common system (.rf l~garit~hxns, and 4 X  is expressed in seconds; the form for s is -~?.4‘~ 

sina I ” ,  in which s is in meters and A ‘  is the factor given in ( 2 ) .  This factor is written 
with the prime accent to  emphasize t,he fact that in the use of ( 2 )  it, is to  be taken from 
the tables for the latitude +’ and not 4. In Table I1 the esact correction t,o the loga- 
rithm ol 31 is placed in the middle, while just opposite on the right is t.he corresponding 
logarithm of JX t.0 foxr decimal places, and opposite on the !eft is the corresponding 
logarithm of s to four places. The correctici, fw Icg AX is always positive and bhat for 
log s is always negative. In  tabulating the corrwt,ion for log .r an average value (S.~bgo)~ 
was taken ior log 2’. The correct,ioti can not, be in error on this account as much as 
one in the seventh place For m y  lat,ibude f r o m  oo to  72’, so long :IS the line does not 
exceed I oo kilometers in 1engt.h. In  forming ieiiglh eyual.ions in t.riangu1at.ion adjust- 
ment the correction fur r e d i d o n  from arc t.c) sine is taken from ’I’ahle I1 for log s and is, 
of course, always negative in this case. 

Formulas (1) and (1 )  do not give results correct t,o o”.ooI in A$ and AA for lines 
approaching IOO kiloiiietcrs in length or greater. Newrt.heless the error is not more 
t.h:m two or three in the third decimal of the seconds for lines up t.o about 120 kilomet.ers, 
and in general the errors due 1.0 the limitations of t.he forinulas are not greater for these 
lengths than the uncertainly arising €rani t.he use of only seven dec.imal places in the 
compu tat,ions. 

There can be no quest.ion of 
t,he accuracy of the second deciinal place of the secnnds in 30. derived by t.he use of this 
formula, for any length of line for which ( I )  and (2) give results approsimat.ely correct 
to O”.OOI. In passing to  t,he second form of (:s) accounts is taken of the second term 
in Lhe espansion of t.an f ;3a and 6an ; 5 - J X ,  and an approsimate value of the ratio of 4a 
to  AX is taken to  derivc the form o f  the factor F. 

Since 
the printing of the last edition of this publicat.ion, new forms u-it.h the same numbers 
(36 and 37) as the old forms have been prepared for t.he comput.atinn of geographic 
positions of t,he first and third orders. Although t.liere has been no change in the for- 
mulas used for the computation, the different terms of the fnrinulas have been rearranged 
on the form in more convenient shape, and in the case of the first-order form provision 

Equation (2) gives AX by the solution of a spherical triangle. 

A I  
h 

A2 
6 

Formula (,3) is the application of Dalby’s theorem. 

The formulas ( I ) ,  (z), and ( 3 )  are all arranged to give the rc-su1t.s in seconds. 

b See note on P. 1% 
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has been made for t,he additional berms required on long lines. Examples are given on 
pages I I and I 2 of the computation OF first and third order posi:.ions, respectively. These 
examples are photographic reproductions of transcribed computat.ions. The differences of 
latitude, lungittide, and azirnut,h are computed for $he two sides of a triangle, the base 
points of which are already known iu latitude, longitude, distance, and mutual azimuths. 
The solution is also shown of the t,riangle upon which the first-order example is based. 
The practice is to write the name of the new point first in the form for the computation of 
triangles, the known base points following in clockwise order. The t.wo position com- 
putations from the two known extremities of the base to the as yet unknown position 
of the vert.es of the triangle are made on the left and right hand halves of the page, 
respectively. The angle opposite the second name in the triangle coni- 
put.ation is always entered on the left half of the page and is’added to get the resulting 
azimuth from t.hat point to the vertex. The third angle is placed on the right half of 
the page and always subtracted to get the resulting azimuth from the other base point. 
This rule of always writing the names and angles of the triangle in clockwise order and 
ent,ering tnhe angles and adding and subtracting in a specified way on the position com- 
putation fornis is mechanical, but is conducive to accuracy and speed in comput,ing. 
The lat,itude and longitude of the vertex of tlie triangle bot,h appear on each half of the 
page, and an immediate check is furnished, while the two azimutrhs from the vertex 
back to the base points are checked if the azimuth on the right half of the page is equal 
to the sum of the azimuth on the left half of the page and t.he first angle of t,he triangle. 

No printed form is used for computing spherical excess, as it is a simple matker to 
add the logarit,hm from Table I to the three logarithms in the  triangle computation, a 
preliminary computation of the triangle being sufficiently accurate for this purpose. 

To apply these tables to the computation of posit,ions sout,h of the Equat,or it, is 
only necessary to bear in mind in using tlie formulas that all south latitudes are negative. 
Wherever A+, as computed in these formulas, is negative, it indicates a riumerical increase 
in the latitude. In using the formulas for dcu it should be noted that, for the Southern 
Hemisphere the term sin >d(r$ + 4’) is always negative. and therefore da! and Ah always 
have the same sign in the Southern Hemisphere, whereas they have opposite signs in 
tahe Northern Hemisphere. 

To apply these tables lo the coniputativn d pusitiuns in east longitude it is only 
necessary to consider that all east longi t.udes are negat.ive. 

(See p. 11 . )  

EXAMPLES OF COMPUTATION ’ 

Coiirputotio ir of triarrglrs 

Stations 

2-3. 
I Wheeler Peak.. ..... 
2 Mount Nebo. ........ 
3 Tushar.. ........... 
1-3 
1-2 

Observed angle Correction sphmid SPheTjCD1 PIane angle excess angle 

0 / / I  / I  II / I  / I  

....................................................................... 
43 40 37.07 i-0.27 37.34 24.59 12-75 
& 04 05.65 - 0 . 1 5  05.50 24.59 40.91 
88 16 30.95 -0 .06  30.02 24.58 06.34 

- 

........................................................................ 

........................................................................ 

IO 
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For subordillate triangulation when the sides do not esceed, say, 25 kilomet.ers, or 
about 15 miles, the term involving E ir, and Lhe factor sec !id+, as well as the t.erm 
involving I' in Ja, tilay be omit.ted. 'Che number of decimal places used in computing 
t.he small terms of Ab; may he reduced for t,his class of t,riangulntion, as is shown in the 
examp!e. 

INVERSE POSITION CO?vIPUTATlON 

It somet,imes becomes neccsshry in the adjustment: of t.riangulat,ion to compute t.he 
azirnutshs arid length ol a line joki:i:g two stmatiom which are fised in posit,ion, bu t  which 
have not been directly cunnect.eb by the observstions. In order to compute this line 
an inverse or back coriiput.ation must  be made. 'This comput.at,ion can be made on Form 
26 or Form 27, but, it8 can be made more easily and simply on Form 662. 

The 
forniulas for the cornput.ation are given at. t.he top of the lorn). The table for the cor- 
rect.ion of arc t.o sine is given on t,he back ol t:hc form. Do not confuse 
this table wiib t.he table given ,011 p. rg, which is an entirely different bahle.) Tri- 
allgulation sta.f.ioiis Spencer and I'eterson are fised in position (latitude and J~ngii~udej 
and it is desired to determine 1 he azimi~tli~ back-azimuth, and lenglh of t.he line Spencer 
t.0 Petersnn. The form is sell-esplnnato~- and needs no de!-aile.cl esp1anat.ir.m. It. 

An esanipk i!f an inverse position cornpul;at,ion on FI:Jrm 663 is given on page 14. 

(See also p. 15. 

should he not.etl, 1:clv;evcr. t.hat. the qaadrant. in which the angle 

( ") ( ?) upon the algebraic signs of t.he cpia:itit.ies sin a+ -T and cos a+ 7 3 In the example 

quadrant.. Log s1 is obtained in two ways, first, by subtracting log sin (a+ 4;) from log 

s1 sin (a+ $)] and second by subtracting log cos ( a +  $) from log J s1 COS a+ Jajl. 
I 

The values of CY and log s defermined by this inverse coniputation may be checked 
in the following manner. S t a r h g  with the azimuth, Peterson to Spencer, 9 O  50' 19!'6S, 
the logarithm of the length, Petersun t,o Spencer, 4.7740507, and the fised latitude and 
longitude of Peterson, 44' 30' jS!'zy3 and 1z3O 5s' 05!'53 j ,  t.he l a t h d e  and longit,ude 
of Spencer are computed on Forin 26. The values thus obtained should check t,he fised 
values of the latitude and longitude of Spencer within one in the last place of decimals 

' 3 



a. # 
A+ (-+'-*) + 31 37.578 

+ 15 48.789 * 
+-(=*+?) 44 14 49.501 
A+ k C 8 . )  + 1897.578' 

;@to* 

e 

d( t (o l )  

3.2781997 
- 15 

3.2781982 

9.9999997 
1.4894742 

4.7675723 (om-itite in den to Y 

189 40.69 
I 

arc t o  sin. 
189 45 01.70 

+ 5 17.98 
180 

9 50 19.68 

LA (=A'-A) 
LA 
P 

\A  ea) 

123 05 41.248 
122 58 05.537 

- 7 35.711 

- 3 47.656 

-455.711 

2.6596896 
1 

2.6536895, 

9.8551177 
1.4905302 

.... 

4.7740491 

4.7740507 

4- i6 

59k6.15 

Nm~.-For log 8up to 4.63 and for a* or A I  (or both) up to IC', omit all tarm below the heavy h ayuot than %&kd 
In hmvy typs or &DM undemorrd, if usiog I c g a r i t h  to 6 decimal placed. 



Tab28 o/ w i n  corrccfiorir jar invsrue p d l i m  mmpulcrtimu 

lob: 8, 

4. 177 
4.327 
4 415 
4 47s 
4.126 

4.566 
4 599 
4.6'9 
4. I54 
4.677 

4.697 
4 716 
4.714 
4.750 
4 765 

4.779 
4.792 
1. 804 
4.82i 
4.857 

4.876 
4. sua 
4.915 
4.936 
4. 955 

4.972 
4.988 
6.003 
5.017 
6.035 

5.051 
5.062 
6.076 
5.080 
5.103 

6.114 
5.128 
6.139 
6.111 
5. 183 

6.172 
6.183 
5.193 
5.205 
6.214 

Arcaln 
c o r e i o n  
in unit. of 

seventh 
deciyd ol 
logSr1thma 

1 

3 
4 
5 

8 
7 
8 
0 

10 

11 
12 
13 
14 
15 

18 
17 
18 
20 
23 

15 
27 
30 
33 
36 

39 
42 
45 
48 
53 

58 
59 
63 
67 
71 

75 
80 
81 
89 
94 

Qa 
103 
108 
114 
110 

a 

log w 
or 

lcg AA 

2.686 
2.830 
2. 924 
2.987 
3.035 

3.075 
3.10s 
3.137 
3.163 
8 186 

3.206 
3.225 
3. ?43 
3.259 
3.2i4 

3.248 
3.301 
3.313 
3.336 
3.366 

3.355 
3.401 
3.421 
3.415 
3.161 

3.497 
3.512 
3.526 
3.544 

3.560 
3.571 
3.585 
3.599 
3.611 

3.623 
3.637 
3.648 
3.600 
8.672 

3.091 
3.692 
3. m2 
8.714 
3.123 

a 431 

log 8, 

6.223 
5.334 
5.143 
5.253 
5. "0 

6. ?G9 
5.279 
6.267 
5.294 
6.303 

6.311 
5.318 
5.326 
5.334 
5.341 

5 349 
,5350 
5.383 
5.369 
6.378 

5.353 
5.300 
5.396 

6.409 

6.415 
5.432 
6.418 
5.434 
6. 440 

5.418 
5.451 
6.157 
5.402 
5.468 

.5.473 
6.379 
5.484 
5.489 
5.495 

5. 500 .. 5. 505 
6.510 
6.516 
6.520 

5.4n3 

Arcsln 
correction 
in uiiils of 

seventh 
decimal uf 
logarithms 

1%' 
130 
136 
142 
147 

153 
100 
16B 
172 
170 

186 
192 
199 
206 
213 

221 
238 
230 
243 
351 

259 
287 
275 
281 
292 

300 
309 
318 
327 
336 

345 
354 
a64 
373 
383 

392 
tu2 
412 
422 
433 

443 
453 
404 
474 
486 

log 
or 

log AX 

3.732 

a 751 
3.762 
3.769 

3.78s 

.I 312 

3. 6 0  
3.627 
3.835 
3.643 
3.850 

8: 858 
3.865 
3.873 
3. 878 
3.855 

3. s92 
3.899 
3.005 s. 912 
3.918 

3.934 

3.935 
3.913 
3.949 

3.980 
3.9G6 
3 .9 i l  
8.971 

3.932 
3. oss 
3.993 
3.99s 
4.004 

4.009 
4.014 
4 019 
4.024 
4*9 

a. 743 

a. 778 

a. 7 w  
3. sca 

3. a31 

a. 0.55 

log 8: 

5.525 
5.530 
5.634 
5.589 
5. 5r3 

5.518 
6.553 
6.557 
5. E61 
1. 5G6 

5.570 
5.575 
5.579 
5.583 
6.587 

6. 591 
6.555 
6.6C0 
5.604 
5.8OS 

6.612 
5.616 
5.620 
6.624 
6.628 

6.632 
6.036 
5.640 
5.644 
6.648 

5.853 
6. 656 
5. CEO 
5.663 
5.067 

5.671 
6.674 
6.678 

A m a h  
cormation 
in units d 

acvcnth 
decimd of 
logwithma 

407 
505 
519 
530 
541 

553 
165 
677 
585 
600 

813 
625 
637 
850 
863 
674 
OS7 
702 
716 
729 

743 
767 
771 
785 
800 

814 

845 
861 
877 

893 
909 
925 
941 
957 

973 
969 

1901 

sag 

lo","* 

h 

4 oar 
4.039 
4 0 4 3  
4.048 
4.052 

4.057 
4.063 
4. Otis 
4.070 
4.075 

4.079 
4. os1 
4. os3 
4 092 

4 100 
4. 101 
4.109 
4.113 
1117 

1121 
4.125 
A 129 
4.133 
4137  

4.141 
4.145 
4.149 
4.153 
4.157 

4 161' 
4.165 
4.169 
4.172 
4. 176 

4. 183 
4 187 

4. om 

4. iao 
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[ in  is n factor used in ccmputing spherical CSUL'SS. (SCC formula on p. 6.) ]  

log 111 log 'IN lop m 

[The above table is computer1 far the Clarke splicmid of iSb6 :IS c s p s s c d  in meters] 



II.-Cowectionr to log Ah for difference ix arc ami sine * 

. 

. 

Log s 
(minus 

correctid 

3.3756 
3.5261 
3.6142 
3.6766 

3.725' 

3.7647 
3.7982 
3.8272 

3.8527 
3.8756 

3.9152 
3.9457 
3.9777 
4.0032 
4.0261 

4.0468 

4.0657 

4.og92 

4.1476 

4.083' 

4.1142 

4.1766 
4.2022 
4.2251 
4.2458 

4.2647 
4.2822 

4.2982 

4.3272 
4.3527 

4.3756 
4.3963 
4.4152 
4.4326 
4.4497 

4.4637 
4.4777 

j :::: 

I- 

- 

mce 
miu 
01 
ghtl 
leci- 
mal 
#lace - 
I 

2 

3 
4 
5 
6 

7 
8 

9 
IO 

I2 

14 
16 
I8 
20 

22 

24 
26 
'Y 

30 

35 
40 
45 
50 

55 
60 

65 
70 
80 

90 

I00 

I IO 

I20  

130 

140 

I 50 
I 60 
1;o 

I80 
IQO 

- 

Log AA 
(plus 

mection 

I. 8846 
0.0351 
2.1232 
2.1856 
2.2341 

2.2737 

2.3362 
2.3617 
2.3846 

Z.z$2z$2 

2.4577 
2.4867 
2.5122 

2.5351 

2'5558 
2.5747 
2.5921 
2. 6082 
2.6232 

2.6566 
2 .  6856 
2.7112 

2.3072 

2.7341 
2.7548 

2.7737 

2.8072 

2.  Y362 
2.8617 

2.8846 

2.9053 

2.9416 

2.9577 

2.9727 
2.9867 

2.9998 

2.7911 

2.9242 

3.0122 
3.0240 

I 

- 
Log s 

(rnnus 
orrection 

-. 

4.5261 

4.5468 
4.5657 
4.5531 
4.5992 

4.6142 
4.6282 

4.6413 
4.6538 
4.6655 

4.6766 

4.6973 
4.7070 
4.7162 

4.7251 

4.6872 

4.7336 
4.7418 
4.7497 
4.7573 

4.7647 
4.77'8 
4.7757 
4.7854 

4.7982 

4.8272 

4.8403 
4.8527 

4.8645 
4.8756 

4.8963 

4.7919 

4.8131 

4.8862 

4.9060 

4.9152 
4.924': 
4.9326 
4.94d 
4.4487 
__- 

Log AA 
(plus 

urection: 

3.0351 
3,0558 
3.0747 
3.921 
3.1082 

3.1232 

3 '  1372 
3.1503 
3.1628 

3.1745 

3.1856 
3.1962 

3.2063 
3.2160 
3.2252 

3.2341 
3.2*6 
3.2508 
3.2587 
3.2663 

3.2737 
3.2808 

3.2577 
3.2944 
3.3009 

3.3072 

3.3362 
3.3493 
3.3617 

3.3846 
3.395= 
3 ' 4053 
3.4150 

3.4241 
3.433' 
3.4416 
3 ' 4498 
3.4577 

3.3221 

3.3 73 5 

Log s 
(minns 

urrectirm 

4.9563 
4.9637 
1.9708 
4.9777 
4.9844 

4,9908 
4.997' 
5.003' 

5.0092 
5.0150 

5.0206 

5.0261 

5.0315 
5.0367 
5.0418 

5.0468 

5.0517 

5.0565 
5.0611 

5.457 

5.0702 

5.0746 
5.0789 
5.083': 
5 . 0 8 7 2  

5.ogI3 
5 .'09 53 
5.0992 
5.1030 
5. Io68 

5.1142 

5.1282 

5.1349 
j. 1.113 

5.  14;6 

5.1538 
5,1597 
j. 1655 
5.1711 

5.1213 

- 

Log 4 A  
( p i e  

mct1on 

- 
1.4653 
3.1727 
3 ' 4798 
3.4867 
3.4934 

3.4998 
3.5061 
3.5122 

3.5182 
3.5240 

3.5296 
3.5351 
3.5405 
3.5457 
3.5508 

3.5558 
3.5607 
3'5655 
3 .  ,5701 
3.5747 

3.5792 
3 ' 5836 
3.5879 

3.5962 

3.6003 
3.6043 

3.5921 

3.6082 
3.6120 

3.6158 

3.6232 

3 ' 6303 
3.63 72 
3 ' 6439 
3.6503 

3.6566 
3.6628 
3.6687 

3 ' 6745 
3.6801 

Logs 
(minus 

mwtion: 

5.1766 
5.1820 
5.1S72 
5.1923 
5 -  191.3 

5.2022 

5.2070 
5.2117 
5.2162 
5.2207 

5 . 2 2 5 1  

5.2294 
5.2336 
5.1377 
5.2415 

5.2355 

5.2497 
5.2535 
5.2573 
5.2610 

5.2647 
5.2683 
5.2718 

5.2753 
5.27'J7 

5.2821 

5.2854 
5 .  2886 

5 .  "919 
5.2950 

5.2983 

5.3043 
5.3102 
5.3160 

5.3'17 

5.3272 
5.3325 
.i. 3377 
5.3429 
5.347') 

3.6856 
3.6910 
3.6962 

3.7013 
3 : 7063 
3.7112 
3.7160 
3.720; 

3.7252 
3.i297 

3.1341 
3.7384 
3.7426 
3.7467 
3.7508 

3.7548 
3.7587 
3.7625 
3.7663 
3.1700 

3.7.737 
3.7773 
3.7808 
3.7843 
3.7877 

3.7911 
3.7944 
3.7976 
3.8009 
3.8040 

3.8072 
3.8133, 
3.8192 

3.8307 

3.5415 
33467 
3.8519 
3.8569 

3.8250 

3.8362 

-. 

ZUSW! 0 - 5 2 - 4  I7 



111.-Log sec (A+) 

l0nw-L log (!:)+log N'+' log c. or 

log p l O g  -.--- I ' log (y)-log.4'+'lOgc arc 1'' I 

- 
& 
- 

I 

I 

2 

3 
4 
5 
6 
7 
8 
9 
IO 

I1 

I2 

'3 
14 
15 

16 
I7 
I8 
'9 
20 

-- 

'((3 

0.0000000 

0 

0 

I 

I 

2 

2 

3 
4 
5 
6 
7 
8 

0. 000Ooog 

0.OOOOOIO 

I2 

I3 
1.5 

17 

I8 

0.0000020 

22 

24 
26 

"9 

31 
33 
36 
39 
41 

44 
47 
50 
53 
56 

63 
60 

66 
70 
73 

- 
M 
- 

I 

41 
qa 

43 
44 
45 

46 

47 
48 
49 
50 

51 

52 

53 
54 
55 

56 
57 
58 
59 
60 

- 
A# 
- 
I 

61 
62 
63 
64 
65 

67 ' 
68 
69 
70 

71 

72 

73 
74 
75 

76 
77 
78 
79 
80 

66 

- 
The following note refers to the table on page 17 : 

Formula (J) page 96 may be written in its more exact form 
log AX-log s+log A'+log sin a+log sa, +'+c,-~ 

in which 

cX=log A b l o g  sin A&=:AAS 

- 
as - 
I 

81 
82 
83 
84 
85 

87 
88 
89 

86 

90 

91 
92 
93 
94 
95 

96 
97 
98 
99 
I00 

.I.WSCC 
K (as) 

0.0000301 

309 
316 
324 
332 

340 
348 
356 
364 
372 

380 
389 
397 
406 
415 

423 
43" 
441 

450 
459 

c.-log ($-logsin (;)-&,)' hf I 
The remaining symbols in equation (A) have already been deliued. In (B) the extreme right-uvnd side reprcsmts an infinite 

Hies  of which only the first term is given; AX i d  i, are to be expressed in radians; M is the modulus of the common logarithms- 
o.adap . . . The central columu of the table gives C. and c, expressed in units d the eighth place of decimals. On the right and 

c is the commm value d ex and c.. 'fie factor log -%, appears because in (B) AX wus in radians. while in equation (C) it is in 
-ds. 

arc I 

In strictness N' or A' vary with the latitude. but a mean vdiie log A=S.yaw has been taken 
Evidently 100 AX-log s - S S w  lor a common valued c. as ma; be verified I& the tnble. 



For the convenience af the computer the following coflveision table is inserted: 

IV.-Conversion table: 

Toam 

I =  3.280 833 
2- 6.561 667 

4-13-123 333 
5'16.404 166 
6=19.685 000 

8 1 6 . 2 4 6  666 

3' 9.842 500 

7'12.965 833 

,9=29.527 500 

vat: 

. Pettometan 

To corn 

pilomarrs to statute 
mil= 

1=0.621 3699 
2=1.242 7399 
3=i.864 log8 
4=2.485 4798 
5=3.1& 8497 
6=3.728 2196 
7'4.349 5896 
8'4.970 9595 
9'5.592 3295 

P e r k ,  

stptute milea to 
kilamet5a 

I= 1.609 347 

4' 6.437 389 

I= 3.2i8 694 
3= 4.828 04 

5= 8.046 736 
6= 9.656 083 
7=11.265 430 

9'14.484 125 
8=12.874 778 

V.-Table of logarithms of factors A', B ,  C, D, E,  F, based upon the Chrke sp.heroid of 1866 m expressd in 
w t e r s ,  between htitu&s oo and 72' 

CONSTANTS FOR THE REFERENCE SPHEROID 

E uatorialsemi-&=a 6 378 206.4 . 
P&r semi-axis= b 

Ela- I 

Nc?'rrt.-In the logarithms given above and in the following tables, a minus sign over the characteristic 
indicates that IO is to be subtracted.from the characteristic as printed. and a double minus Sign indicates 
that 20 is to be subtracted from the characteristic as printed. 



LATITUDB Ow. 

log A' log B log c log D log e log F ut. 
~~ 

e .  

0 0 0 0  
I 
2 

3 
4 

05 
6 
7 
8 
9 

IO 
'I 
I2 

I3 
I4 
'5 
16 
17 
I8 
'9 

2 0  
21 
22 

23 
24 
25 
26 
27 
28 
29 

30 
31 
32 
33 
34 
35 
36 
37 
38 
39 

40 
41 
42 
43 
44 
45 
46 
47 
48 
49 

50 
SI 
52 
53 
54 
55 
56 
57 
58 
59 

60 

g. 509 7266 
66 
66 
66 
66 
66 
66 
66 
66 
66 

8.509 7266 
65 
65 
65 
65 
65 
65 
65 
65 
65 

8.509 7265 
65 
65 
65 
65 
65 
65 
65 
65 
65 

8509 7965 
64 
64 
61 
64 
64 
64 
54 
64 
64 

8.509 7264 
64 
64 
64 
63 
63 
63 
6.3 
63 
63 

8- 509 7263 
63 
62 
62 
62 
62 
62 
62 
61 
61 

8.509 7261 

8. 512 6761 
61 
61 
61 
61 
61 
61 
61 
61 
61 

8.512 6761 
61 
61 

, 61 
61 
61 
61 
60 
60 
60 

8. 512 6760 
60 
60 
60 
59 
59 
59 
59 
59 
58 

8 . 5 ~ ~  6758 
58 
58 
57 
5 7 
57 

:g 
56 
56 

8.512 6756 
55 
5.5 
55 
54 
54 
54 
53 
53 
53 

8. 5x2 6752 
52 
51 
5' 
5' 
50 
50 
49 
49 
49 

8.512 6748 

-m 
5.8707 
8. I717 
3177 
4727 
5696 
648 
7'58 
7740 
8249 

8.8707 
9121 
9199 

8.9846 
9.0168 
0468 
074s 
I011 

1259 
14g4 

9. '7'7 
I929 
2131 
2324 
2509 
2686 
,2857 
3020 
3178 
3331 

9.3478 
3620 
3758 

9- 3892 
9.4022 
AI48 
4270 
4389 
4505 
4618 

9.4728 
4835 

9.4939 
9- 5042 
5'41 
5239 
5335 
5428 
5s9 
5609 

9.5697 
5783 
5866 

9- 5950 
9.6031 
6111 
6189 
6266 

6416 
6341 

9.6489 

-m 
G. 156 
457 
633 
758 

- 855 
934 

o. 001. 
059 

0.156 
'97 
23 5 
270 
302 
332 

I1 0  

360 
386 
41 I 
43 5 

0.457 
478 
498 
5'8 
536 
554 
571 
587 
603 
618 

0.633 

674 
687 
700 
7'2 
724 
736 
747 

0.758 
769 
779 
789 
799 
809 

837 
846 

0.85j 
863 
872 
880 
888 
896 
904 
9x2 
919 
927 

0.934 

2: 

3 

s. 6125 
5 
5 
5 
5 
5 
5 
5 
5 
5 

5.6125 
5 
5 
5 
5 
5 
5 
5 
5 
5 

5.6125 
5 
.i 
5 
5 
5 
5 
5 
5 
5 

5.6126 
6 
6 
6 
6 
6 
6 
6 
6 
6 

5.6126 
' 6  
' 6  

6 
7 
7 
7 
7 
7 
7 

5.612) 
1 
7 
7 
8 
8 
8 
8 
8 
8 

5.6128 

20 



LATITUDE Io. 

-- 
u t .  

. I  

1 0 0  
I 
2 
3 
4 

0.5 
6 
7 
8 
9 

IO 
I1 
I2 

'3 
14 
'5 
16 
17 
18 
'9 

2 0  
21 
22 

23 
24 
25 
26 
27 
28 
29 

30 
31 
32 
33 
34 
35 
36 
37 
38 
39 

40 
41 
42 
43 
44 
45 
46 
47 
4 
49 

50 
5' 
52 
53 
54 
55 
26 
57 
58 
59 

60 

.- ~~ ~ 

log A' log B log c log D log E log F 

- 
8. 509 7261 

61 
61 
61 

' 61 
60 

. 60 
60 
60 
60 

8.509 7260 
59 
59 
59 
59 

8.509 ,7258 
57 
57 

, 57 
57 

. 57 
56 
56 

' 56 
56 

8.509 7256 
5.5 
55 
55 
55 
54 
54 
54 
54 
53 

8.509 7253 
53 
53 
52 
5" 
52 
52 
5' 
5 1  
51  

8.509 725' 
50 
50 
50 
49 

' 49 
49 
49 
48 
48 

8.509 7248 

8.512 6748 
4s 

' 47 
47 
46 
46 
45 
45 
44 
44 

8.511 6743 
43 
42 
42 
41 
41 

;; 
39 

8.510 6738 
37 

.p 

36 
36 
35 
35 
34 
33 
33 
32 

8.512 6731 
31 
30 
29 
29 
28 

2 
26 

' 2 5  

8.512 6724 
23 
23 
22 
2' 

2 0  
2 0  

I9 
I8 
17 

8.512 6716 
16 
15 
I4 
13 
12 
I1 
IO 
IO 
09 

8.512 6708 

8.6489 
560 
63 1 

7 69 
836 

9.7032 
' 096 

9.7158 

701 

9.699:: 

220 
' 281 
341 
,400 
458 
516 
572, 
628 
684 

9..7738 
792 
846 
898 

9- 7950 
9 

053 
103 
152 

9.8250 

202 

298 
346 
393 
439 
485 
53' 
576 
620 
664 

9.8708 
75' 
794 
836 
878 
920 

9.8961 
9.9002 

042 
082 

9.9122 
161 

239 
277 
315 
353 
390 
427 
464 

9.9500 

200 

3.6128 
29 
29 
29 
29 
29 
29 
29 

. 30 
30 

5.6130 
30 
30 
30 
3' 
31 
31 
31 
31 
31 

5. 6132 
32 

. 32 
3" 
39 
3' 
33 
33 
33 
33 

5.6133 
34 
34 
34 
34 
34 
35 
35 
35 
35 

5.6136 
36 
36 
36 
36 
37 
37 
37 
37 
38 

5.6138 
38 
38 
39 
39 
39 
39 
40 
40 
40 

5.6140 

z 534 

6.658 

6 755 

6.834 

21 



' Lat. 

2 

3 
4 

05 
6 
7 
8 
9 

IO 
I1 
I2 

I3 
I4 
15 
16 
'7 
18 
19 

20 
21 
22 
23 
24 
25 
26 
27 
2s 

29 

30 
31 
32 
33 
34 
35 
36 
3 i  
3s 
39 

40 
41 
42 
43 
44 
45 
46 
47 
45 
49 

SO 
SI 
52  
5.3 
S 4  

ii: 
57 
58 
59 

60 

log A' log B log c lag D log E log F 

47 
47 
47 
46 
46 
46 
45 
45 

8.509 7245 
44 
44 
44 
43 
43 
43 
42 
42 
42 

8.509 7241 
4r 
41 
40 
40 

40 
39 
39 
38 
38 

8. 5- 7238 
37 
37 
37 
36 
36 

. 35 
35 
35 
34 

8.509 7234 
33 
33 
33 
32 
32 
3' 
31 
31 
30 

8. 509 7230 
29 
29 
28 
28 
28 

27 
26 
26 

2'1 

8.509 7225 

8. 51 

3.512 6705 
07 
06 
05 
04 
03 

6700 
6699 

8.512 6698 
97 
97 
96 
95 
94 
93 
91 
90 
89 

6688 

02 
01 

2 
85 
84 
83 
82 
81 
80 
79 

8. 512 6678 

75 
74 
75 
72 
7 1  
7 0  
68 

76 

67 

8.512 6666 
65 
64 
62 
61 
60 
59 

5 5  

8.512 6654 
52 

5' 
50 
49 
47 
46 
45 
43 
42 

8.512 6641 

58 
56 

5.95002 
5363 
5721 
6076 
6428 

7'23 

8146 

3.98482. 
8815 
9145 
9173 

a. 00122 

0443 
0762 
1078 
1392 

6777 

$2 

5 99799 

0. 01703 
2013 
2320 
262 j 
2928 
3229 
3528 
3825 
4119 
4412 

0.04703 
4992 
5279 
5564 
5847 
6129 
6@3 
6686 
6962 
7237 

a 07509 
7780 
8050 
8317 
8583 
8845 
9111 
9372 

0.09890 

0.10146 
0401 

0907 
1158 
1407 

1902 
2 147 
2390 

0.12633 

9631 

0655 

I655 

- 
1.2347 

383 
419 
454 
489 
524 
559 
593 
627 
66 I 

I. 2694 
727 
760 
793 
826 
858 
890 
922 
953 

I. 2984 

1.3015 
046 
077 
= 07 
138 
168 
I97 
227 
256 
285 

1.3314 
343 
372 
400 
428 
456 
484 
512 
539 
567 

1.3594 
621 
648 
674 
701 

727 
7 53 
779 g 

I. 3856 
882 
907 
932 
957 

I. 3982 
I.4007 

03 I 
055 
080 

1- 4104 

g. 6140 
41 
41 
41 
41 

42 
42 
42 
43 
43 

5.6143 
43 
44 
44 
44 
45 
45 
45 
45 
46 

5.6146 
46 
47 
47 
47 
48 
48 
48 
49 
49 

j. 6149 
5 0  
5 0  
50 
5' 
5' 
SI 
52 
'5 2 
52 

5- 6153 
53 
53 
54 
54 
54 
55 
5.5 
56 
56 

5.6156 
57 
57 
57 
58 
58 

. 59 
59 
59 
60 

5.6160 

E. 834 

6. g c ~  

6.959 

7; OIO 



LATITUDE 3'. 

Lat. 

. I  

3 -  
I 
2 

3 
4 

05 
6 
7 
8 
9 

1 0  
I1 
I2 

I3 
I4 
1.5 
16 
7 7  
18 
19 

2 0  
21 
22 

23 
24 
25  
26 
27 
28 
29 

30 
31 
32 
33 
34 
35 
36 
37 
38 
39 

40 
41 
42 
43 
44 
45 
46 
47 
413 
49 

50 
51  
52 
53 
54 
55 
56 
57 
58 
59 

60 

log c log ? log E logF . log B 
log *' diE. I"---o.o~ 

8.509 7225 
25 
24 

. 24 
. 24 

23 
23 
22 
22 
2 1  

8.509 7221 
2 0  
2 0  - .. 
I9 
I9 
I8 
I 8  
17 
I7 

' 16 

8.509 7216 
15 
15 
I4 
I4 
'3 
I3 
I2 
I2 
I1 

8.509 7211 
IO 
IO 
og 
og 
08 
08 
07 
07 
06 

8.509 7 2 4  
05 
04 
04 
03 
03 
02 
02 
01 
01 

8. 509 72- 
7x99 
99 
98 
98 

96 
96 
95 

. 95 

97 

8 5 0 9  7194 

g.512 664i 
39 
38 
37 
35 
34 
33 
31 
30 
28 

8.512 6627 
26 
24 
23 
21 

2 0  
I8 
17 
1.5 
14 

8.512 6612 

0s) 
08 
06 

05 
03 

6600 
6599 

8.512 6597 
96 
94 
92 
91 

I1 

02 

3 
86 
84 
83 

8.512 6581 
80 
78 
76 
75 
73 
71 

66 

8.512 6564 

61 

2 

63 

:: 
56 
54 
52 
50 
49 

8.512 6547 

6.12633 

3113 
3352 

2874 

3 $9 
3825 
4059 
4293 
4525 
4756 

0.4985 
5214 

g; 
5892 

6338 

6999 

6116 

6560 
6780 

0. 17217 

7434 
7650 
7665 
43079 
8292 
8504 
8715 
892 5 
9'33 

0.19341 
9548 
9754 
'9959 
20163 
0366 
0568 
0769 
co69 
I 168 

0.21367 
1564 
1761 
I956 
2151 

2315 
25.38 
273= 
29?2 
3113 

0. 23302 
3491 
3680 
3867 
4053 
4239 
4424 
4608 
4792 
4974 

o. 25156 

1.4104 
28 
52 
75 

.I* 4199 
I. 4222 

46 
69 

I. 4292 
1- 4315 

1.4338 

I-  4383 
60 

1.4405 
28 

50 
72 

1.4494 
I. 4516 

38 

1.4560 
I. 4581 
I. 4603 

24 
45 
66 

I. 4687 
1- 4708 

29 
SO 

1.4770 
1.4791 
I. 4811 

32 
52 

72 

32 
52 

1.4971 
1.409' 
I. 501' 

30 
49 
68 

I. 5088 
I. 5107 

26 
45 

1,5163 
I. 5182 
I. 5201 

19 
38 
56 

I. 4892 
I. 4912 

75 
1- 5293 

29 

1. 5347 

I. 5311 

5.6160 
61 
61 
61 
62 
62 
62 
63 
63 
64 

64 
65 
65 

2 

2 
66 
61 

68 

68 
69 
69 
70 
70 
71 
7= 
72 
72 
72 

5- 6173 
73 
74 
74 
75 
75 
76 
76 
77 
77 

5.6178 
78 
79 
79 
80 
80 
81 
81 
81 
82 

5.6182 
83 
84 
84 
85 
85 

87 
87 

86 
86 

5.6188 

7.010 

79055 

7- ?96 

7.233 

23 



LATITUDE 4'. 

log A' log B 11% c Ion D 
diff. 1"=-0.0~ 

8. 509 7194 
93 
93 
92 
92 
91 
9' 
90 
89 
89 

85 
84 

82 

83 84 

8.509 ; I s =  
81 
80 
80 
79 

8. SOY 7175 
i 4  
74 
73 
i2 
72 

7 1  
70  
i o  
69 

8.509 7168 
67 
6i 
66 
66 

65 
64 
63 
63 
62 

8.509 7161 
60 
60 
S9 
SS 

g. 512 6547 
45 
43 
42 
40 

38 
36 
34 
32 
31 

8.512 6529 
27 
25 
23 

'9 
17 
16 
14 

21 

1:: 

8. 51 6510 
os 
Ob 
04 

6500 
0 2  

6498 
96 
94 
92 

8. 5x2 64qo 
8S 
SG 
84 
82 

a0 
7.5 
76 
74 
7' 

8 .512 6470 
6s 
6; 
63 
61 

59 
57 
55 
53 
51 

8. 512 6448 
46 
44 
42 
40 

3 y 
3 5 
33 
31 
29 

8.512 6427 

- 
1. 5347 

65 
1.5383 

I8 

36 
54 
7 1  

I- 5439 
I. 5506 

1.5523 
40 
58 
75 

1. 5592 
I. 56~9 

25 
42 
59 
i6 

I. 5692 
1. 5709 

25 
42 
58 
71 

1.5791 
I. 5807 

23 
39 

I. 5401 

1.5555 
71 

I .  5587 
I. 5902 

I8 

34 

81 
2; 

1.5996 

I. 6011 
27 
42 

i3 
I. 6088 
I. 610s 

IS 
33 
48 

I. 6163 
77 

I. 6192 
I. 6207 

:7 . .. 1 

21 

36 
51 
65 
80 

I. 6294 

I. 6308 

5.6188 
88 
89 
89 
90 
90 
91 
91 
92 
92 

5.6193 
33 
94 
95 
95 
96 
96 
97 
97 
98 

5.6199 
5.6199 
5.6200 

00 
01 

01 
02 

03 
03 
04 

5.6204 
05 
05 
06 
07 
07 
08 
08 
og 

5.6210 

IO 

11 
12 
12 

r3 
13 
14 
15 
IS 
16 

5.6216 
17 
18 
IS 
'9 
2 0  
20 
21 
22 
22 

5.6223 

- 
7. I33 

7.168 

7. 200 

7.229 



LATITUDE 5". 

rat.  

* I  

j .  00 
I 
2 

3 
4 

05 
6 
7 
8 
9 

IO 
I1 
I2 

'3 
14 
IS 
16 
17 
I8 
I9 

2 0  
21 
22 

23 
24 
2 5  
26 
27 
28 
29 

30 
31 
32 
33 
34 
35 
36 
37 
38 
39 

40 
41 
42 
43 
44 
45 
46 
47 
48 
49 

5 0  
5 1  
22 
s3 
54 
55 
56 
57 
58 
59 

60 

~~ ~ ~- 

IogA' logB log c log E loo F 
diff. if'= -0.04 difi. ?':+o.,, . --__ 

35 
35 
34 
33 
32 
3' 

8.509 713' 
30 
29 
28 
27 

27 
26 
25 
24 
23 

8.509 7122 

a i  

19 
I8 
'7 
16 
16 
I5 

2 1  

2 0  

8.509 7114 
I3 
I2 
11 
IO 

09 
09 
08 
07 
06 

8. 509 7105 

s. 5x2 6427 
24 
22 
2 0  
I8 

I5 
'3 

' 08 
06 

8. 512 ,6404 
6402 
6339 
97 
95 
92 
90 
88 

I1 

:; 
8.512 6381 

78 
76 
73 
7= 
69 
66 
64 
61 
59 

8. 512 6356 
54 
52 
49 
47 
44 
42 
39 
37 
34 

8.512 6332 
29 
27 
24 

I9 
16 
14 

09 

8.512 6306 
03 

6301 
6298 

93 
' 90 

88 

82 

21 

I1 

96 

85 

8.512 6280 

6.34% 
$30 
5175 
5320 
5464 
5607 
,5750 
5892 
6034 
6176 

0.36317 
6457 
6597 
6737 
,6876 

7015 
7154 
7292 
7429 
7566 

0.37703 
7839 
7975 
8111 
8246 
8380 

8648 
8781 

8514 

8914 

0.39047 
9'79 
93x1 
9442 
9573 
9704 
9834 

0.39964 
a4=94 

0223 

0. 4035' 
0480 
0608 
0735 
0863 

0990 
1116 
I242 
1368 
I493 

0.41619 
I743 
1868 
'992 
2115 

2239 
2362 
2484 
2607 
2729 

0.428 j0  

i. G308 
23 
37 
51 
65 

' 79 
1.6393 
I. 6407 

35 

1.6449 
63 
77 

I. 6491 
T. 6.504 

I8 
32 
45 
59 
72 

I. 6586 
1.6599 
I. 6612 

26 
39 

21 

2; 
78 

I. 6692 
I. 6705 

I. 6718 
31 
44 

$ 
82 

I. 6808 

33 

I. 6846 
9 
71 
83 

I. 6896 
I. 6908 

33 
45 
58 

I. 6970 
82 

I. 7006 
19 
31 
43 
55 
67 
79 

1.7090 

1.6795 

2 0  

21 

1.6994 

3.6223 
24 
24 
25 
26 
26 
27 
28 
28 
29 

5.6230 
30 
31 
3 2 
32 
33 
34 
34 
35 
3 6 

5.6236 
37 
38 
38 
39 
40 
41 
41 
42 
43 

5.6243 
' 4 4  

45 
46 
46 
47 
48 
48 
49 
5 0  

5.6251 
51 
52 
53 
54 
54 
55 
56 
57 
57 

5.6258 
59 
60 
60 
61 
62 
63 
63 
64 
65 

5.6266 



LATITUDE 6O. 

ut. 

. ,  
6 0 0  

I 
2 

3 
4 

0 5  
6 
7 
8 
9 

IO 
I1 
I2 
I3 
14 
15 
16 
17 
I8 
19 

a 0  
21 
a2 

23 
24 

2 5  
26 
27 
28 
29 

30 
P 
32 
33 
34 
35 
36 
37 
38 
39 

40 
41 
42 
43 
44 
45 
46 
47 
48 
49 

50 
5' 
52 
53 
54 
55 

57 

59 

60 

56 

58 

A' lop B log D log E log F log 
di5. a"-+o.ip ditT.?- -0.02 diff. I"- -0.05 - 

8.509 710.5 
04 

2 
0' 

01 

7100 
7099 
98 
97 

8.509 7096 
9.5 
94 
93 
92 

91 
91 
90 

85 
89 

8.509 7087 
86 
85 
84 
8.3 
82 
81 
so 
79 
78 

8.509 7077 
76 
75 
74 
73 
72 
71 
70 
70 
69 

8. 509 7068 
67 
66 
65 
64 
63 
62 
61 
60 
59 

8.509 7058 
57 
56 
55 
53 
52 
51 
50 
49 
48 

8.509 7047 

8.512 62So 
77 
74 
72 
69 
66 
64 
61 
58 
55  

8.512 6253 
5 0  
47 
44 
42 

8.512 62?5 

I9 
16 
I4 

08 
OS 

6202 
6199 

8.512 6196 
94 
91 
88 
85 
82 
79 
76 
73 
70 

8. 512 6167 
64 
61 
58 
55 
52 
49 
46 
43 
40 

8. 512 6137 
3.4 
31 
28 
25  

'9 
16 
'3 
IO 

8.512 6107 

22 

I1 

22 

E. 42850 
2972 
3093 
3213 
3334 
3454 
3573 
3693 
3812 
393' 

0.44049 
4167 
4285 
4402 
45'9 
4636 
4753 
4869 
498s 
510' 

a 45216 
53.3 1 
5446 
5560 
5674 
5788 
5902 
6015 
6128 
6241 

0.463 53 
6465 
6577 
6689 
6800 
6911 
7022 

7132 
7242 
7352 

0.47462 
7571 
7681 
7 780 

8006 
8114 
8222 

8330 
843 7 

0.48544 
8651 
8757 
8864 
8970 
9075 
9181 
9286 
9391 

0.49600 

7598 

9496 

- 
J.7090 

14 
26 

.io 
61 
73 

I. 7196 

I. 7208 
I9 
3' 
42 
54 
65 
76 
85 

I. 7299 

I. 7102 

38 

85 

I. 7310 

1. 7322 
33 
44 
55 
66 

78 
1. 7389 
I. 7400 

I1 
22 

1.7433 
44 
51 
65 
76 
87 

1- 7498 
1.7508 

'9 
30 

1.7541 
51 
62 
73 
83 

1.7594 
I. 7604 

1.5 
2 5  
36 

I. 7646 
56 
67 
77 
87 

1. 7 v  
I. 7708 

IS 
28 
38 

1.7749 

5.6266 
67 
67 
68 
69 
70  
70 
71 
72 
73 

5.6274 
74 
75 
76 
77 
78 
78 
79 
80 
81 

5.628~ 
83 
83 
84 
85 
86 
87 
88 
88 
89 

5.6290 
91 

, 02 
93 
93 
94 
95 
96 
.97 

' 98 

5.6299 
5.6299 
5.6300 

01 
02 

03 
cq 
05 
06 
06 

5.6307 
08 
og 
IO 
XI 

12 

'3 
13 
14 
15 

.i. 6316 

26 



Lat. 

0 ,  

7 0 0  
I 
2 

3 
4 

05 
6 
7 
8 
9 

IO 
I1 
I2 

'3 
14 
15 
16 
17 
I8 
'9 

20 
21 
22 

23 
24 

25  
26 
27 
28 
29 

30 
3' 
32 
33 
34 
35 
36 
37 
3 8 
39 

40 
41 
42 
43 
44 
45 
46 
47 
48 
49 

50 
51 
52 
53 
54 
55 
56 
57 
58 
59 

60 

LATITUDE 7'. 

log A' log B log D 109 E lor F 
log' diff. 1"-+0.16 diff. I"- -0.01 diff. I"- -0.06 

g. 509 7047 
46 
45 
44 
43 
42 
41 
40 
39 
38 

8.509 7037 
36 
3 5 
34 
33 
32 
30 
29 
28 
27 

8.509 7026 
2 5  
24 
23 
22 

21 
20 

'9 
17 
16 

8.509 7015 
14 
I3 
I2 
I1 

IO 
w 
07 
06 
05 

8.509 7004 
03 
02 
0 1  

7- 
6998 
97 
96 
95 
94 

8.509 6993 
91 
90 

3 
2 
84 
83 

8- 509 6981 

82 

8.512 

8. 512 6107 
03 

6roo 

94 
91 
88 

82 

6097 

85 

78 

8.512 6075 
72 

62 
59 
56 
53 
50 
46 

w3 
40 
3 7 
33 
30 
27 
23 
20 

'7 
14 

8.512 6010 
07 
04 

6000 
5997 
94 
90 
87 
83 
SO 

8.5'2 5977 
73 
70 
66 
63 
60 
56 
53 
49 
46 

8.5'2 5942 
39 
35 
32 
28 
25  

I8 
I4 

2 

21 

I1 

8.512 5907 

5.49600 
795 

0.499 I3 
0. 50016 

119 

325 
428 
530 

0.50632 

0.50037 

140 
240 
341 
41 I 
541 

0. 51641 
741 
840 

0. 51939 
0.52038 

I37 
236 
334 
432 
530 

0.52628 
725 
82 2 

0.52919 
0.53016 

,113 
209 
306 
402 
497 

0.53593 
688 
784 
873 

0.53973 
0. 54068 

162 
257 
35' 
444 

809 

222  

g: 
0. 51039 

0.54538 
63 I 
725 
818 

0. 5491 1 
0.55003 

280 
37" 

0. 55464 

2: 

- 
1.7749 

79 
89 

1.7799 
1- 7809 

I9 
29 
39 

ig 

1.7849 

78 

I. 7898 
1.7908 

'7 
27 
37 

1.7946 
56 
66 
75 
85 

1.7994 
I. 8004 

__ 13 
23 
32 

I. 8042 
51  
61 
70 
79 
89 

1.8098 

59 
68 

88 

I. 8107 
17 
26 

1.8135 
44 

:; 
72 

81 
90 

I. 8208 
17 

I. 8226 
35 
44 
53 
62 
7 1  
80 

I. 8298 

I. 8315 

I. 8199 

89 

I. 8307 

J. 6316 
17 
18 
19 
20 

21 
22 

'3 
23 
24 

5.6325 
26 
27 
28 
29 
30 
31 
32 
33 
34 

5.633 5 
36 
37 
37 
38 
39 
40 
A I 
42 
43 

5.6344 
45 
46 

3 
49 
50 
51 
5" 
53 

5 6354 
55 
56 
57 
58 
59 
60 
61 
62 
63 

5 6364 
65 
66 
67 
68 

69 
70 
7' 
72 
73 

5.6374 



LATITUDE 8' - .- 
&It. 

. I  

8 w 
I 
2 
3 
4 

OS 
6 
7 
8 
9 

IO 
I1 
I2 

1.3 
1.1 

1.5 
16 
17 
IS 
I9 

2 0  
2 1  
22 

23 
24 
25 
26 
27 
28 
29 

30 
3' 
32 
33 
34 
3s 
36 

:i 
39 

40 
41 
42 
43 
41 
45 
46 
47 
48 
49 

50 
5' 
52 
53 
54 
55 
56 
57 
58 
59 

60 

I& A' 1% B log c lw D log E lw F 
diff. I " - - O . O ~  diff. I"--O.OO diff. ~"-+o.rq diff. ~"=+o.ol 

8. 

b.517 5907 
04 

5900 

93 
90 

' 86 
82 
79 
75 

8.512 5872 
68 
64 
61 
57 
54 
50 
46 
43 
39 

. ssg7 

9 5835 
32 
28 
24 

"7 
13 
og 
06 

5802 

8.512 5798 
94 
91 
87 
83 
79 
75 
72 
68 
64 

56 

2 0  

8.512 5760 

53 
49 
45 
41 
37 
33 
29 
26 

8. 512 5722 
18 
14 

06. 

5702 
5698 

94 
' 90 
. 86 

8 . 5 i 2  5682 

IO 

1.8315 
21 
33 
42 
50 
59 
68 
77 
85 

I. 8394 

I. 8403 

28 
37 
45 
54 
62 
71 
79 

I. 8488 
I. 8496 
I. 8505 

13 

I2 
2 0  

21 

I; 
46 
55 
63 

I. 8571 
80 
8s 

I. 85y6 
I. 8604 

-13 

29 
37 
45 

I .  8653 
61 
69 
77 
85 

1.8693 

21 

I. 8701 
og 
17 
25  

1.8733 
41 
49 
57 
65 
73 
81 
89 

I. 8796 
I. 8804 

I. 8812 

5.6374 
75 
76 
77 
78 
79 
80 
81 
82 
83 

5.6384 
85 
86 

te 
90 
91 
92 
93 
94 

5- 639s 
96 
97 
98 
99 

5.6400 
5.6401 

o.? 
04 

5.6406 
07 
08 

. o g  

0 2  

10 

11 
12 

'3 
14 
15 

5.6416 
18 
19 

~ 2 0  
21 

22 

23 
24 
" 5  
26 

5.6428 
29 
30 
31 
32 
33 
34 

' 35 
37 
38 

5.6439 



Lot. 

0 ,  

9 -  
I 
2 

3 
'4 

05 
6 
7 
8 
9 

IO 
I1 
I2 

'3 
I4 
1.5 
16 
'7 
18 
'9 

2 0  
2 1  
22 

23 
24 
25  
26 
27 
28 
29 

30 
31 
32 
33 
34 
35 
36 
37 
38 
39 

40 
41 
42 
43 
44 
45 
46 
47 
48 
40 

50 
5' 
52 
53 
54 
55 
56 
57 
58 
59 

60 

LATITUDE 9O. 

log A' log B log c log D log E log F 
liff. I"- -0.01 dS. I"- -0.c.7 diff. I"- +o.n diiT. I"- +O.OJ 

- 
8.509 6906 

05 
03 

6901 
a99 
98 
97 
95 
94 

02 

8. 509 6593 
9': 

;; 
87 
86 
84 
83 
82 
so 

8.599 6% 
78 
76 

' 75 
74 
72 
7 1  
69 
68 
67 

8. 509 6865 
64 
62 
61 
60 
58 
57 
55 
54 
53 

8. 509 6851 
50 
48 
47 
45 
44 

' 43 
41 
40 
38 

8 .509  6837 
35 
34 
33 
31 
30 

, 28 
27 
2 5  
14 

8. 509 6822 

g.512 5682 
7s 
74 
70 
66 
62 
58 
54 
50 

' 46 

8. 512 5642 
3s 
34 
30 
26 

18 
14 

06 

8. j r z  5602 
,5595 
' 93 
89 
85 
81 
77 
73 
69 

. 64 

8. 512'3560 
56 
52 

, 48 
43 

, 39 
' 35 

31 
27 

8. 512 5518 
14 

' 0 5  
5 50' 
5497' 

02 
88 
84 
80 

8.512 5475 
71  
67 
62 
58 
54 
49 
45 
40 

22 

IO 

22 

IO 

36 

8.512 5432 

5.60652 
733 
815 
896 

0.60977 
0.61058 

I39 

301 
381 

0.61461 
542 

' 622 
70" 

861 
0.61941 
0.62020 

099 
178 

0.62257 
336 
41 5 
493 
572 
650 
728 

' 806 
884 

0.62962 

0.63039 

. 2 2 0  

781 

1'7 
I94 
271 
349 
426 
502 

579 
656 
732 

0.63808 
88s 

0.63~61 
0.64037 

I 88 
2 64 
339 
415 
490 

0.64565 
640 
715 
789 
864 

0.64938 
a 65013 

087 
161 
23 5 

0.65309 

I I2 

i. 8812 

27 
35 
43 
5' 
58 
66 
74 
81 

I. 8889 
I. 8807 
I. 8904 

I9 
27 
34 
42 
50 
57 

I. 8964 
72 
79 
87 

1.8994 
I. 9002 

og 
'7 
24 
3' 

I. 9039 
46 
53 
61 
68 
75  
82 
90 

I. 9@97 

I. 9111 
I9 
a6 
33 
40 
47 
54 
61 
69 
76 

I. 9183 
90 

I. 9197 

2 0  

I2 

I. 9104 

I. 9204 
I1 

18 
25 
32 
39 
46 

1- 9253 

3.6439 
40 
41 
42 
44 
45 
46 
47 
48 
49 

5.6450 
52 
53 
54 
55 
56 
57 
59 
60 
61 

5.6462 
63 
65 
66 
67 
68 
69 
70 
72 
73 

5.6474 

78 
:a 
79 
80 
81 
83 
84 
85 

5.6486 
87 
89 
90 
9' 
92 
94 
93 
96 
97 

5.6498 
5.6500 

0' 
0 2  

03 
05 
06 
07 
08 
IO 

5.6511 

7.476 

7- 490 

7- so5 



LATITUDB TOO. 

Lat . 

. I  

IO 00 
I 
2 

3 
4 
05 
6 
7 
8 

, 9  

1 0  
I1 
I 2  

13 
14 
'5 
16 
I7 
I8 
19 

2 0  
2 1  
22 

23 
2 4  

25 
26 
27 
28 
29 

so 
3' 
32 
33 
31 
35 
36 
37 
38 
39 

40 
41 
42 
43 
44 
45 
46 
47 
48 
49 

50 
5' 
52 
53 
54 

5 5  
56 
57 
.i 8 
59 

60 

log A' log B log c log D l w  
diff. I"==-o.oJ diff. i"--o.dl diff. I"- + o m  diff.'?'z+o.o2 

g. 5og 6822 

'9 
I8 
I7 

1.5 
I4 
I2 
I1 

' 21 

og 

8. 509 6808 
06 
05 
03 

6800 
6799 
97 
96 
94 

8.509 6793 

0 2  

9' 
90 
88 
87 
55 
84 
82 
81 
79 

a509 6777 
76 
i4 
73 
71 

' 7 0  
68 
67 
65 
64 

8 . 5 ~  6762 
60 
59 
57 
Sb 

54 
53 
51 
50 
48 

8.509 6746 
45 
4 5 
42 
40 

38 
3i 
35 
34 
32 

8.509 6730 

- 
8.51' 5432 

27 
23 
I9 
14 

05 
5401 
5396 
92 

8.5'2 5388 
83 
79 
74 
70 
65 
61 
56 
52 
47 

IO 

8.512 5343 
38 
33 
29 
24 

15 

06 
5302 

8.512 5297 
92 
88 
83 
i9 
74 
69 
65 
60 
S 5 

8. 512 5251 
46 
41 
37 
32 
27 
23 
I 8  
1.1 
a3 

2 0  

I1 

8.512 5204 

89 
85 
80 
75 
70 
66 
61 

8. 512 5156 

5 I90 
94 

I 

6.65309 
383 
456 
s30 
603 
677 
7 50 
823 
896 

0.65968 

0.66041 
114 
186 
2 59 
33' 
403 
475 
547 
619 
691 

0.66762 
834 
905 

0.66976 
0.67047 

I18 
18Y 
260 
331 
401 

0.6;472 
512 
613 
683 
753 
823 
803 

0. 67962 
0. 68032 

0.68171 
240 
310 
379 
448 
5'; 
$6 
654 
73.; 
79' 

0.65860 
928 

0.65996 
0.' 69064 

1.32 

2 68 

404 
471 

102 

200 

336 

0.69539 

7.9253 
60 
67 
74 
80 
87 

1.9294 
I. 9301 

08 
15 

I. 9322 
28 
35 
42 
49 
56 
62 
69 
76 

1.9389 
1.9396 

82 

1.9403 
og 
16 

23 
29 

42 
40 

I. 0456 
62 
69 
75 
82 
58 

1.94995 
1.9501 

08 
'4 

I. (152' 
27 
34 
40 
47 
53 
60 
06 
;2 
79 

1.9585 
9' 

I. Oj95 
1.9604 

15 
23 
29 

43 

I. 9648 

36 

10 

36 

5.6511 

13 
15 
16 

17 
18 

i2 

2 0  
21 
22 

5.6521 
25 
26 
27 
29 
30 
31 
33 
34 
35 

5.6536 
38 
39 
40 
42 

43 
44 
46 

2 
5.6549 

5' 
52 
53 
55 
56 
57 
59 
60 
61 

5 6563 
64 
65 
67 

69 
7' 
12 
13 
75 

5.6576 
58 
79 
80 
83 

b8 

83 
84 
86 

ts 
5.6590 

7.578 

7.532 

5 5 4 4  

7- 556 



LATITUDE 11'. 

bat. 

. I  

11 '00 
I 
2 

3 
4 

0.5 
6 
7 
8 
9 

IO 
I1 
I2 

13 
I4 
15 
16 
17 
I8 
I9 

20 
21 
22 

23 
'4 

2 5  
26 
27 
28 
29 

30 
3' 
3' 
33 
34 
35 
36 

39 

40 
41 
42 
43 
44 
4s 
46 
47 
48 
49 

50 
5' 
52  
5.3 
54 
55 

:i 

56 

59 

60 

;: 

loa A' log B log c log D log E log p' 
liff. I"- -0.03 diff. I' - -0.08 ditT. 1"- +o. IO . d g .  1'"- +o.oa 

- 
8.509 6730 

29 
27 
26 
24 
22 
21 

19 
I8 
16 

8.5Og 6714 
'3 

og 
08 

-06 
05 
03 

6700 

8.500 6698 
96 
95 
93 
91 

90 
' 88 

86 

I1 

01 

85 
83 

8. 5 q  6681 
80 
78 
'16 
75 
73 
71 
7 0  
68 
66 

8. 5oq 6665 

61 
59 

63 

58 
56 
54 
53 
5' 
40 

8. s09 6647 
46 
44 
43 
41 
39 
3 7 
35 
34 
32 

8.509 6630 

8.51" 5156 
5' 
46 
41 
37 
32 
27 

17 

22 

I2 

8.5'" 5108 
5'0.3 
509s 

93 
88 

83 
78 
73 
68 
63 

8.512 jo58 
53 
49 
44 
39 

' 34 
29 
'4 
19 
14 

8. 512 5009 
04 

4999 
94 
89 
83 
78 
73 
68 
63 

8.512 4958 
53 
48 
43 
38 
33 
28 

' i  
22 

12 

8. 512 4907 

489; 
4902 

92 
86 
81 
76 
71 
66 
60 

8.512 4855 

a 69539 
606 
673 
740 
807 
874 

0.69941 
0.70008 

074 
141 

0. 70208 
2i4 
340 
406 
473 
539 
604 
670 
736 
802 

0.70.367 
933 

0. i1063 
128 

I94 
259 

0.70098 

;2 
453 

0.71518 
. 582 
647 
7 x 1  
775 
840 
904 

0. 71968 
0.72031 

09 5 

a 72159 
223 
286 
3 50 
413 
477 
540 
603 
666 
729 

0.72792 
855 
918 

0.72980 
0.13043 

I 06 
168 
230 
2 9.3 
355 

0.73417 

i. 9648 5- 6590 
54 9' 
61 93 
67 94 
73 95 
79 97 
86 98 
92 5.6.599 

I. 9698 5.6601 
1.9794 02 

I. 9710 S* 6604 
16 05 
23 06 

' 29 Os 
35 og 
41 11 
47 12 

53 '3 
15 59 

65 16 

1.9771 5.6618 
. 77 '9 

2 0  
22 

83 
89 

1.9795 23 

07 26 
I3 27 
19 29 
25 30 

1.9831 5.6631 
37 33. 
43 35 
49 36 
55 37 
61 39 

I. 9801 '5 

67 40 
73 42 
79 4.1 
85 45 

I. 9Spo 5.6646 
I. 9896 47 
I. 9902 49 

08 5 0  
14 52 

20 53 

43 55, 

1.9949 5.6661 
54 62 
60 64 
66 
72 

77 68 
2 

83 69 
89 71 
94 72 

1.9900 74 

2. ow6 5.6675 



LATITUDE 12'. 

Lat. 

0 ,  

I2 00 
I 
2 

3 
4 

05 
6 
7 
8 
9 

IO 
I1 
I2 
13 
14 
15 
16 
17 
I8 
19 

2 0  
21 
22 

23 
24 
25 
26 
27 
28 
29 

30 
3' 
32 
33 
34 
35 
36 
37 
38 
39 

40 
41 
42 
43 
44 

45 
46 
47 
48 
49 

5 0  
5' 
52 
53 
54 
55 
56 
57 
58 
59 

60 

logE . logF log A' log B lOK c difI. log 1"=+o.og D diff. r"=+o.w' 
difI. I"=-0.03 dll. I"--0.09 

- 
8. 509 6630 

29 
27 
25  
23 
21 
2 0  

' I8 
16 
14 

8. 502, 6613 

og 
07 
06 
04 

' 02 
6600 
6599 
97 

8 509 6595 

I1 

93 
91 
90 
88 

86 
84 
82 
81 
79 

8 . w  6577 
75 

. 73 
72 
70 
68 
56 
64 
62 
61 

8.509 6559 
57 
55 
53 
5' 
50 
48 
46 
44 
42 

8.509 6540 
39 
37 
35 
33 
31 
29 
27 
25 
14 

8.509 6522 

- 
8.512 4855 

50 
45 
39 

' 34 
29 
24 
18 
13 
08 

8.512 a03 
4707 

92 
8: 
81 

76 
71 
65 
60 
5s 

8.512 4749 
44 
39 
3.3 
2S 

23 
17 

06 
4701 

8.  SI^ 4696 

79 
74 
68 
63 
57 
52 
46 

I2 

; 

8.512 4641 
3s 
30 
24 
'9 
13 
08 

4602 
4597 
9' 

S.512 4586 
80 
75  
69 
63 
58 
52 
47 
41 
35 

8.512 4530 

'1. o006 

17 
2 3 

34 
40 
45 
51  
57 

2.0062 
67 
73 
79 
84 

90 
2.0096 

07 

2.0118 

23 
29 
34 
40 
45 
50 
56 
61 
67 

XI 

28 

2.0101 

I2 

2.0172 

77 

3 
94 

2 . 0 2 0 5  

15 

2.0226 
32 
37 
42 
47 
53 
58 
63 
69 
74 

2 .0279  

84 
90 

2.0295 
2.0300 

05 

16 

26 

2.0199 

IO 

21 

IO 

21 

2. 0331 

3.6675 
77 
78 
80 
81 

83 
84 
86 
87 
89 

5.6690 
92 
93 
95 
96 
98 

5.6699 
5.6701 

04 
02 

5.6705 
07 
08 
IO 
11 

13 
14 
16 
17 
19 

5.6720 

24 
" 5  
27 

28 
30 
31 
33 
34 

22 

5- 6736 
37 
39 
41 
42 

44 
45 
47 
48 
5 0  

5.6751 
53 
55 
56 
58 
59 
6r 
62 
64 
66 

5.6767 

7- 591 

7.601 

7.611 

7.621 

32 



LATITUDE 13'. 

Lat . 

. r  

i3 00 

3 
4 

0.5 
6 
7 
8 
9 

I 
2 

IO 
I1 
12 

13 
I4 
1 5  
I6 
I7 
18 
I9 

20 
21 
22 

23 
24 

25 
26 
27 
28 
29 

30 
31 
3 2  
33 
34 
35 
36 
37 
38 
39 

40 
41 
42 
43 
'4;1 

4.5 
46 
47 
48 
49 

50 
51 
52 
53 
54 
55  

57 

59 
60 

56 

58 

log A' 1009 B log c log D 100 E log P iff. I"=-o.o~ diff. I"--0.10 diff. r"-+o.p3 diff. r"-+o.oS diff. r"=+o.o3 

s. 512 4530 
24 

:", 
07 

4 j O 2  

4496 
90 
8; 
io  

8.512 I+i.j 
6 i  
62 
56 
5 0  
45 
39 
33 
27 
22 

8.512 4416 
10 

4404 
4309 
93 
87 
81 
76 
70 
64 

8.512 4353 
5' 
46 
41 
35 
29 
23 
I7 

4305 

8. 512 4290 
91 
85 
8' 
76 
70 
64 
58 
52 
46 

I1 

8.512 4240 

I: 
22 
16 
IO 

4204 
4193 :: 

8. 512 4180 

?. 0331 
36 
42 
47 
52 

57 
62 
6i 
73 
78 

2. 0383 
88 
93 

2. 0398 
2. 0403 

08 
13 
IS 
23 
28 

2.0433 
38 
44 
49 
54 

2: 
69 
74 
78 

2.0483 
88 
93 

2.0498 

08 
I3 
18 
23 
28 

2.0533 

42 
47 
52 

51 
G2 

67 
72 

76 

2.0581 

2. 0503 

38 

86 
91 

2.0506 
2.0601 

OS 

I5 

L =4 

IO 

2 0  

2.0629 

J. 
5- 

z. 6767 
69 
70 
12 
74 
75 
7 7  
78 
80 
82 

5. ala3 
85 
86 
88 
90 
91 
93 
94 
96 
98 

'99 
io I 
03 
04 
06 

07 
og 
11 
12 
14 

j. 6816 
77 
19 
2 0  
22 

24 
2 5  
27 
29 
30 

5.68 j 2  

34 
35 
31 
39 
40 
42 
44 
45 
47 

5.6849 
50 
52 
54 
55 
57 
59 
60 
62 
64 

5- 6865 

7.621 

7.631 

7- 640 

7.649 

205668 0-5- 33 



LATiTUDE 14O. 

h . F  '1 log B lor c loa D log E I 1 dfi.?'JLo.o3 diff. I"=-O.IO . diff. 1"-+0.57 diff. I"=+o.& diff. I"=+o.o~  

0 ,  

I4 00 
I 
2 
3 
4 

05 
6 
7 
8 
9 

IO 
I1 
I2 

I3 
I4 
15 
16 
77 
I8 
I9 

2 0  
2 1  
22 

33 
24 
2.5 
26 
27 
28 
29 

30 
31 
32 
33 
34 
35 
36 
37 
38 
39 

40 
41 
42 
43 
44 
45 
46 
47 
4s 
49 

50 
51  
52 
5.3 
54 
55 
56 
57 
58 
59 

60 

g. 509 6405 s. 512 41So 
03 74 

6401 68 
' 6399 62 

97 56 
95 5 0  

' 93 44 
38 

87 26 
:; 32 

8. 509 d385 8. 512 4120 
I4 
08 

83 
' ,  81 

79 4101 
77 4095 
75 89 
73 8.3 

60 71 
67 65 

8.509 6365 8.512 4059 
63 52 
61 46 

56 34 

71 77 

' 58 40 

54 28 
S2 . 50 I5 
48 09 
46 4003 

8.509 6344 8.5'2 3997 

40 84 
38 78 
36 72 

34 6j  
32 59 
29 53 
27 47 
2 5  40 

8.509 6323 8.512 3934 
21 28 
I9 ' 22 
I7 15 
I5 09 
I3 3903 
I1 3896 
08 90 
06 84 
04 I I  

8. 512 3871 

2 1  

42 90 

I .  

8. 509 6302 
6.300 65 
6298 5s 
96 52 
94 45 
92 ' 39 

33 
26 
20 

53 1.3 

8. 509 6281 8.512 3807 

0.80337 
391 
445 
498 
552 

. 605 
659 

765 
819 

712 

0.80872 
925 

0.8~78 
0.81031 

084 
I37 
190 
243 
29 5 
348 

0.81401 
453 
506 
558 
61 I 

663 
715 
767 
820 
872 

0.81024 
0.81976 
0.82028 

0.20 
131 
183 
235 
287 
3.38 
390 

a 82441 
493 
544 
506 
647 
698 
749 
800 
s52 
903 

0. 82954 
0. 8jW5 

055 
I 06 
'57 
208 

309 

410 

2 58 

, 360 

0.83461 

5.0629 
34 
3 ,  
43 
48 

53 

62 

72 

2.0676 
81 
86 
90 

2.0700 
04 
09 
I4 
I8 

58 

67 

2.0695 

2.0723 
28 
32 

41 
36 

46 
51 
55 
60 
64 

z. 0769 
73 
78 
83 
87 
92 

2.0796 
2.0801 

OS 

2.0814 
I9 
23 
2s 

32 
37 
41 
46 
50 
54 

IO 

I 

2.0859 
63 
68 
72 
77 
81 

90 
94 

85 

2.0899 

2.0903 

- T. 6865 7.649 
67 
69 
71 
12 

14 
76 
77 
79 
81 

5.6852 
84 
86 
88 
89 
91 
93 
04 
96 
98 . 

5.6900 7.658 
01 

03 
OS 
06 
08 
IO 
12 
?3 
' 5  

5.6917 
19 
20 
22 
24 
26 
27 
29 
31 
33 

5.6934 7.657 
36 
38 
40 
41 
43 
45 
47 
48 
50 

5- 6952 
.54 
55 
57 
59 
61 
63 
64 
66 
68 

5.6970 7.675 



Lot. 

. I  

'5 00 
I 
2 

3 
4 
05 
6 
7 

9 
8. 

IO 
I' 
I2 

'3 
'4 

15 
36 
17 
18 
I9 

20 
2' 
22 

23 
24 
2 5  
26 
27 
28 
29 

30 
3' 
32 
33 
3 4 

:a 
37 

39 

40 
41 
42 
43 
44 
45 
46 
47 
48 
49 

5 0  
51 
52 
53 
54 
.55 
56 
57 
58 
59 

60 

38 

log F log A' log B log c log D lop E 
liff. I " - - o . ~  diff. I"--0.11 diff. I " = + O . ~ Z  diff. 1"-+0.07 diff. 1"-+0.03 

- 
'8.509 6281 

' 79 
77 
74 
72 

70 
68 
66 
64 
62 

8. SO9 6259 
57 
55 
53 
51 

49 
46 
44 
42 
40 

8.509 6238 
35 
33 
3' 
29 

27 
24 
22 
20 

' 16 

8. 509 6216 
14 

O9 
07 
0.5 

6200 
6198 

I1 

02 

96 

8.509 6194 

89 
87 
85 

78 
76 
73 

8. p g  6171 
69 
67 
64 
62 
60 
58 
55 
53 
5' 

8.509 6149 

91 

82 
80 

8.512 ,3807 
3Sor 
3794 
88 
81 

. iS 
68 
62 
56 
.49 

8.5'2 3743 
36 
30 
23 

, '7 

3704 
3697 
91 
84 

8.512 3677 
71 
64 
58 
51 

45 
38 
3' 
25 
18 

8.512 3612 

IO 

3605 
3598 

85 

. 65 

92 

79 
72 

I 59 
52 

8.512 3545 
34 
32 
2 5  
I9 

3505 
3498 
9= 
85 

8.5'2 3478 
71 
65 
58 
5' 
44 
38 
31 
24 

' 17 

8.512 3411 

I1 

5.83461 
. 511 

561 
612 
662 

712 
762 
813 
863 

0.83963 

9'3 

0.84012 
062 

162 

261 
3x1 
.#I 
410 

0.84460 
509 
558 
606 

706 
755 
804 
854 
903 

0.84951 
0.85001 

049 
098 = 47 
196 
245 
293 
342 
390 

0.85439 
487 
536 
584 
633 

'I2 

. 212 

657 

6Y1 
7'9 
777 
89 5 
874 

0.85922 
0.85970 
0.86018 

066 
'I3 
161 
200 
257 
304 
352 

0.86400 

5.0903 
07 

16 

25 
29 
34 

42 

2.0947 
' 5' 

8 5  5 

I2 

21 

3.8 

2 
68 
72 
77 
8' 

, 85 

2.0990 
94 

2.0998 

07 

15 
'9 
23 
28 

2.1032 
36 
40 
44 
49 
53 , 

57 
61 , 

2. I002 

' I  

' 65 
69 

2. 1074 
78 
82 
86 
90 
94 

2.1099 
2. 1103 

07  
I1 

2. '115 

'9 
23 
27 ' 
31 
.35 
39 
44 
48 
52 

2.1156 

:. 6970 
72 
73 
75 
77 
79 
80 
82 
84 

. 86 

5.6988 
89 
9': 
93 
9.5 

97 

5. 7- 
02 
04 

.5.6999 

5.7006 
08 
09 

'3 
'5 
'7 
19 
2 0 ,  

11 

22 

5. 7024 
26 
28 
30 
31 
33 
35 
37 
39 
41 

5.7042 
'44 
46 
45 
SO 

52 
54 
55 
57 
59 

5.7061 
63 

' 65 
67 
69 
70 
i z  
74 
76 
78 

5.7080 

35 



I,AllTUDB 16'. 

Lot. 

a ,  

16 00 
I 
2 

3 
4 

05 
6 
7 
8 
9 

IO 
TI 
I2 

I3 
I4 
'5 
16 
I7 
18 
I9 

20 
21 
22 

23 
24 
25 
26 
27 
28 
29 

30 
31 
32 
33 
34 
35 
36 
37 
38 
39 

40 
41 
42 
43 
44 
45 
46 
47 
48 
49 

50 
51 
52 
5.3 
54 

:a 
57 
58 
59 

60 
-- 

log A' log B ]OK D log E 
dfi. I " - - R ~  difi. I"--o.I~ Cfi?'~-Fo.~, diff. ~"-+o.ob di8. ~"=+o.o.r log' 

- 
8.509 6149 

46 
44 
4 
40 
37 
35 
33 
30 
28 

a 509 6126 
24 

E9 
17 

I4 

08 
' 05 

6101 

21 

I2 
IO 

8 5 0 9  6103 

6098 
96 
94 
91 
89 
87 
84 
82 

8.509 6080 
77 
75 
73 
70 
68 
66 
63 
61 
59 

8. gog 6056 
54 
52 
49 
47 
4s 
42 
40 
37 
35 

8.509 6033 
30 
28 
26 
23 
21 
18 
16 
14 
11 

8 5 0 9  6 9  

8.512 3411 
. 3404 

3397 
90 
83 
76 
70 
63 
56 

as2 334 

49 

35 
28 

15 
08 

3301 
3294 

22 

2 
8.512 3273 

66 
59 
s1 
4s 
39 
32 
2.5 
I8 
I1 

8.512 3204 
3'97 
90 
83 
76 
69 
62 
55 
48 
41 

8. j I 2  3133 
26 
I9 

3'05 
3098 
91 
84 
77 
70 

8.512 3063 
56 
48 

I 2  

41 
34 
27 

I3 
3006 
2998 

20 

8.512 2991 

5.86400 
447 
49s 
542 
590 
63 7 
684 
732 
779 
826 

0.86873 
921 

0.86968 
0. 87015 

062 
109 
156 

249 
196 

0.87343 
389 
436 
483 
529 
576 
622 
669 
7'5 
761 

0. S7808 
854 
900 
947 

0. 87993 
0.88039 

085 
13' 
I77 
223 

0.88269 
315 
360 
406 
452 
498 
543 
589 
634 
680 

0. 88726 
7iI 
816 
862 
907 
952 

0.88998 
0- W 4 3  

088 
'33 

0.89178. 

202 

5.1156 
60 
64 
68 
72 

76 
80 
84 
88 
92 

2.1196 

04 
08 

16 

24 
28 
32 

2. 1236 
40 
44 
47 
51 

55 
59 
63 
67 

\ 

2. I200 

I2 

20 

71 

2. I275 
79 
83 
87 
90 
94 

2.1298 
2. 1302 

06 
IO 

2. I314 

21 
I7 

25 
29 
33 
37 
40 
44 
48 

56 
59 
63 
67 
71 
74 
78 
82 
86 

2. '390 

2. 1352 

5.@0 
82 
84 
85 
81 
89 
9' 
93 
95 
97 

5.7099 
5.7101 

03 
ol 
06 
08 
IO 
12 

14 
16 

5.7118 
20 
22 
24 
25 

27 
29 
3' 
33 
35 

5.7137 
39 
41 
43 
45 
47 
49 
51  
52 
54 

5.7156 
58 

64 

60 
62 

66 
68 
70 
72 
74 

5.7176 
78 

82 
84 

80 

86 
88 
90 
92 
94 

5.7196 

36 



Lnt. 

47 
48 
49 

. I  

17 00 
I 
2 

3 
4 

05 
6 
7 
8. 
9 

IO 
IT 
I2 

73 
14 
1.5 
16 
17 
18 

'9 

2 0  
21 
22 

23 
24 
25 
26 
27 
28 
29 

30 
3' 
32 
33 
34 
35 
36 . 
37 
38 
39 

40 
4' 
42 
13 
44 

4.5 
46 

, 92 
j 89 

LATITUDE 17'. 

k F  log B log c logD J l o g e  
diff. ?':-o.w dX. 1"- -0.11 dX. I"-= +0.73 diff. I"- +o.o6 difI. I"= +o.o~ 

g. 509 6009 
06 
04 

6002 
5999 

94 
92 
90 

9i 

87 

8.5w 5985 
82 
BO 

78 
75 
73 
70 
68 
65 
63 

8.509 5961 
58 
56 
53 
51 

48 
46 
44 
41 
39 

8.509 5936 
34 
31 
29 
26 

24 

19 
16 

. 11 

21 

8.509 5912 
09 
07 
04 

5902 

97 
94 

5899 

5 0  
5' 
52 
53 
54 
S; 
56 

59 

60 

$ 

8- 539 5887 
84 
82 
79 
77 
74 
72 
69 
67 
64 

a 509 5862 

8.512 2991 
84 
77 
70 
62 

55 
48 
41 
34 
26 

8. 51.1 2919 
I2 

2905 
2897 
90 
83 

61 
54. 

8. 512 2846 
39 
32 
24 
17 

2802 

2795 
88 
80 

8. 512 2773 
66 

5 '  
44 

29 
21 

1.4 
2707 

8.512 269Q 
92 
84 
7i 
60 

62 
5s 
45 
40 
3: 

8.512 262.5 
17 

2602 
259.5 

8: 
80 
72 
65 
57 

8.512 2550 

;: 

IO 

58 

36 

IO 

5.89178 
223 
2 68 
313 
358 
403 
448 
493 
538 
533 

0. &I627 
672 
717 
761 
806 

850 
895 
939 

0.89984 
o. 90028 

0.90072 
117 
161 
20.5 
249 

;;; 
382 
426 
470 

o. 90514 
5 53 
602 
646 
689 
733 
777 
82 1 
864 
908 

0. QOQ52 
0.9c-795 
0.91039 

0 8 2  
126 

169 

2 56 
299 
342 

0.91386 
429 
472 
51s  
558 
601 
644 
687 
730 
773 

0.91816 

212 

5. I390 
93 

2- I397 
2.1401 

04 
08 

16 
I9 
23 

I2 

2. I427 
30 
34 
38 
42 
45 
49 
53 
56 
60 

2. 1464 
67 
71 
75 
78 
82 
85 
89 
93 

2.1496 

2.1500 
04 
Oi 

14 
18 

2.5 
29 
32 

2. 1536 
39 
43 
47 
SO 

54 
s7 
61 
64 
68 

I1 

22 

2. 1571 
7 5  
78 
82 
85 
89 
92 
96 

2. '599 
2.1603 

2.1606 

- 
3.7196 

97 
99 

5.7201 

03 
05 
07 
og 

13 

5.72I5 
17 
19 

23 
25 
27 
29 
31 
33 

5.7235 
37 
39 
41 
43 
45 
47 
49 
51  
53 

5.7255 
57 
59 
61 
64 
66 
68 
70 
72 
74 

5.7276 
78 
so 
82 
84 
86 
58 
90 
92 
94 

TI 

2' 

5.7296 
5- 7298 
5.5300 

02 
04 
06 
d 

13 
'5 

5.7317 

11 

3 7 



-- 
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O f  
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9 
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I1 
12 
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17 
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29 

23 
24 
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e6 
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:B 
37 
38 
39 

40 
41 ! :; 
44 
45 

. 46 
47 
48 
49 I 
50 

52 
53 

' 54 

I 
I :a 

57 
58 
59 

60 

8.509 5662 
59 
57 
54 
52 
49 
46 
44 
41 
39 

8'509 5536 
34 
31 
29 

' 26 
24 
21 
19 
16 
13 

8-5 I a 2474 0.92243 
66 286 
59 328 
5 '  371 
43 413 
36 456 
28 498 

1.1606 

I3 
I 7  

24 
27 
3' 
34 
38 

2.1641 
44 
48 
51 
55  

10 

20 

58 
62 

3 
72 

F-7317 7-738 
19 

23 
25 
27 
29 
3' 
33 
35 

5'7337 
39 
41 
44 
46 
48 
5 0  
52 

21 

:: 
8-509 581 I 8.5'2 2397 0.92667 2-1675 5.732 7'744 

08 90 7og 79 
06 82 751 n2 62 .- 

74 793 85 64 
8-509 ~ S O I  67 836 89 67 
8-509 5798 59 878 92 69 

920 95 71 
0'92962 2.1699 73 
0'93ooq 2.1702 75 

046 06 77 

8'509 5785 8.512 2320 0.930S8 2.1709 5'7379 

8.512 2305 171 16 83 
8.512 2297 213 19 

03 

96 5' 

90 36 
93 44 

88 28 

13 129 I2 81 

3 
2 

22 
78 
75 90 255 

72 
70 
67 
65 
62 

82 296 
74 338 
66 380 
58 42 1 
51 463 

8.509 5759 8.512 2243 
57 35 
54 27 
52 '9 
49 I2 

46 8.512 2204 
14 8.512 2196 
41 ss 
39 80 
36 72 

8.509 5733 
3' 
28 
25 
23' 

18 
15 

20 

I2 
IO 

8.509 5707 

8-512 2165 
57 
49 
4' 
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log A log B log c 1% D log E log F 
dit?. I" = -0'07 diff. I" = - o m  diff. I" = focd diff. I" = +so0 diff. 1'' = foo6 diff. IO' = .-I'D Lat. 
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APPENDIX.-HISTORICAL DATA AND DEVELOPMENT OF FORMULAS. 
b 

[Reprinted with minor c h a m  from Appendix No. 9. U. S. Coast and Geodetic Sunrey Report for 1E94.1 

DIMENSIONS OF SPHEROID 

The linear dinlensinns of Bessel’s spheroid were originally expressed in toises. Their metric equiv- 
The dimensions of Clarke’s spllcroid (of 1S66) are stated 

(See Appendis to Comparisons of the Standards of Length, etc., 
The 

alents as generally adopted are given below. 
hy him in feet, toises. and meters. 
hy Cnpt. A. R. Clarke, under the direction of Col. Sir H. James, etc., London, 1866, p. 287.) 
dimensions in meters .are: 

Equarorial semiaxis=a 
Polar semiaxis=b 

b/a= 

According to Clarke 
f.l.%h) 

6 375 206.4 
6 356 553. 5 

“293.9s 
G r 9 8  

Strictly speaking, the latter dimensions, to lie espresscd. as they must br, in terms of the prototype 
meter, shnuld be slightly changed, for the reason that Clarke‘s results depend primarily on the yard 
and the rclation of the ynrd and meter as found hy him, I yard=o.g14,~o1So’n (or I foot=o.304i9727 m ) , b  

should now be changed to conform to the morc correct reiation.c viz: I fwt=o.30&061 m, or I meter= 
3.2SOsJ33 feet: the difference, however, is unimportant, sirice either spheroid might have been adopted, 
and it would be inexpedient to recompute the tables of factors. 

Arc measures in a country. if of suficient estent. may he utilized for dcducing or choosing a special 
spheroid adapted to its surface, as was. for instancc, the case with the Clarke spheroid. which is supposed 
to conform better to the coinpact area of the United Statcs than tlie one previously in iise. 

FORMULAS AND FACTORS FOR THE COMPUTATION OF GEODETIC LATITUDES, LONGITUDES, 

AND AZIMUTHS 

When the gee-aphical coordinates of latitude and longitudc of a point on thc earth’s surface and 
the distance and azimuth to mother point are known, the problem of computing the latitude and longi- 
tude of tlie second point and the revcrse azimuth may be treated in  two different ways. 

We may either solve the spheroidal triangle formcd by the two points and the pole sawhole ,  arriving 
at trigonrmietrical functions of the required colatitude, azimuth. and dificrence of longitude, or we may 
develop cxpressions for the differences of the required and thc given quantities. 

The formcr or direct method has the inconvenience of requiring the use of I O  places of decimals in 
the computation. in order to give the positions with a degree nf exactness corresponding to that of the 
known distance between the two points, whiie the second leads to very convenient expressions, on account 
of the smallness of the differential arcs in ordinary.triangulation. 

The value for the reciprocal d the flattening of the earth, as derived in 1917 Irom gravity results at :ig stations i n  the 
United States and 155 stations in other parts 01 the world. is 297.4. [Sce U. S. Coast and Geodetic Survey Special Publication 
No. 40. pp. 113 to 134.1 The flattening of the rrcently adopted International Ellipsaid is 297. [See P. 1.1 

b This is equivalent to I rnetcr=39.37~32 inches. whereas thc value adoptcd (Novcmher. 1591) by the United States Office 
of Standard Weights and Measures is I meter=39.3700 inclin. which agrecs with the legal valiie adopted in the United States. 

* See Appendix No. 16, U. S. Coast and Geodetic SIWW Report lor &m. ”On the relation of the yard to the meter.” by 0. H. 
Tittmann. 



When, however, the arc between the twc points reaches several degrees in length, the direct method 
must bc rcsortcd to. This solution has been very completely and elegantly effected by  Bessel, and 
is given in Astronomische Nachrichten. No. 56, 1826. 

Adopting the second method, we follow in the main Puissant (,Trait& de G6odesie)d in the devel- 
opment of the differace of latitude of two points on the spheroid in tcrnis of the Icngth and azimuth 
d the line joining the two points, and the latitude of the given point. It will be desirable first to recall 
the expressions of several lines of an ellipsc in terms involving the latitude +, which is the angle the 
normal to any point on the ellipse makcs with the major axis. 

Designating the major or equatori.il semirrsis by a end the minor or polar semiaxis by b then the 
ellipticity z or the ratio of their differencc to the former is 

.n - b 
e=-. 

a 
The eccentricity B is expressed by 

0 2  - b3 $=-. 
a* 

The normal trl terminating at the major axis equals 

The nornial i i m  produced to the minor asis is 

Thc abscissa cd or $10 equals N cps +. 
The tangent tit ending at the niinor axis equals N cot +. 
The ordinate rrd equals 

This is the radius of a parallel on the spheroid. 

a ( I  -c2) sin + 
(I-$ sin' +)'*- 

The reduced or parametric latitude. being $, we have 

tan $=?tan +. 
The radius vector p=u (I-$ sin? $}'i. 
"lie radius of curvature 7p, fp' ,  f'p'' . . . at any point of the ellipse I, f ,  f )  . . . is 

b2 The terminal pointsf. p ,  p', b / / ,  q forni an evolute; at the Equator where sin +=o, R=- and the 
a2 center of curvature is in the focus; a t  the pole, where sin +=I, I\'=-- b 

~ ~ 

Trait6 dc Gdodkie. par L. Puissmt. troisicme dditiun. Tome I. Chap. XV. p. 347 arid fol., Paris, 1842. ' 

* See 0. S. Adams. Laitude developrnentsconnected with geodesy and cartography. U. S. Coast and Geodetic Survey Special 
Publication No. 67, Washington. 1911. 



The radius of curvature R and the normal N are principal quantities used in geodesy. It will be 
observed that radii of curvature for different latitudes do not intersect unless produced. and that when 
they lie also in different meridional planes on the spheroid they will not intersect at all. 

A and B in fig. a are two points on a spheroid of revolution, having the latitudes +, $’, and joined 
by the geodetic line .4B=s, making the angles with the meridian P.4B=rYo0-a, and PBA=a’-irSoo. 
The azimuths a, a’ are reckoned from swth around by west in consequence of the latitudes being reck- 
oned, by settled custom, from the Equator toward the poles, otherwise the meridional coordinate of a 
point would be more properly measured from the pole and the azimuth of a line reckoned from the north. 
The angle A P B  between the two meridional planes passing through A and B is the difference of their 
longitudes A,  A’, which being reckoned positive to the westward we have X‘-A=AA. Furthermore, An,  
Bib’, A i ,  BY‘ indicate the normals N. A”. and the radii of curvature in the meridian R ,  R’, at the points 
A and B. 

This being premised and the latitude 4 of the point A being given, as well as the length s of the 
geodetic line AB and its azimuth 01, we propose to find the latitude +’ of the point R ,  the angle AA, and 
the reverse azimuth a‘, by solving the geodetic trkangle ABP.  Writing Y, T’, for the co-latitudes, f 
for 180°-a, and u for the arc A B  referred to radius=~, we have in a spherical triangle for y’ the following 
equation: 

cos y’=cos y cos u$-sin y sin u cos 5 .  

P 

n’ 
n 

Fhc. 1. 

Observing now that u is always a small arc, rarely exceeding IO, and generally less than so’, we can 
develop the increment of 7 with reference to that of u in a rapidly converging series, and will have, by 
Taylor’s theorem, 

ri’], rz], etc., denoting the values of these derivatives for Y’=Y and u=o. 

By differentiating (I)  with y’ and I variable. we obtain the following results: 
du’ 
du -sin y’-==-cos y sin u+sin y cos u cos 5 

-sin y ’ y  d 2 ~ ’  - cos y’ (d,’,.)‘=-cos y cos u-sin y sin u cos 

-sin 7’6-3 

du 
a i  ’3 du %+sin du2 7’ ( 3 3 = c o s  y sin u-sin y cos .+ cos E. 

When these derivatives are evaluated for y’=y and u=o, we get 

[Z] =-cos[ 

[:$]=sin2 E cot y 

E$]=sin2 cos (1+3 cot3 7). 
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Introducing these values in ( 0 )  we obtain 

y / - y = - u  cos :+-I-u1sinZE cot y+-I-ua sin25 cos E (1+3 cotZ,tl)+ . . - - - 6 
and substituting qi, c$/ and a in this expression, we have for the difference of latitude 

~-qi!=u cos a+‘uz sin? a tan 9- 6 n3 sin2 a cos a (1+3 tan2 Q!+ . . . . (b> 

I t  will be readily Seen that the first term expresses approximately the distance on the meridian PB 
from B to  f ,  p.i being perpendicular to P.4 at  A;  the second term, the distance, very nearly, from p 
to the parallel passing through A ;  while the third term is’a further approximation, and so on. 

Referring now our case to an imaginary sphere of radius equal to N, with its.center a t  the point 
where the  normal A P I  intersects the polar diameter of the spheroid, we have 

S 
“=E’ 

,-$ cos a r P sin? a tan + I P sinz’ acos a +-qi f-.. 6 N3 (I+3 tan’?)+ ‘ . a 

uhstituting which, we get 

. (4 A’ z N a  

This difference of,latitude is. however, referred to a sphere whose radius is N and requires still to 
be transformcd by referring it to one whose radius is R,;the radius of curvature in  the meridian for the 
middle latitude. Since we do not a t  first know the middle latitude, it is more convenient to refer to 
the radius of curvature R of the starting point, the ktitude of which is known, and then find the small 
correction due to thc ratio of R to R,. 

Multiplying then equation (c) hy .- and dividing, moreover, by  arc I”, in order to express qi--J 
N 
R 

in seconds of arc, we get 

I s? I s3 
- 6 Q = n - i r a 7  COS a+ ; E - N i i  sin2 a tan +--6R A,? arc sina a cos a (1+3 tana +)+ . . (d )  

The computation of this series is facilitated by  tables giving the logarithms of the following fact- 
to the argument of +, viz: 

tan qi 
2 R N arc 1’). 

B = I  C= R arc I.” 

Moreover, substituting in the third term the value of the first term, designated by  h. we can write it 
I s2 sin2 
-h . -  6 N a  (I+3 tan3 6) 

E=----- I+3 tan2 Q ,  
and tabulate another factor 

6 N2 
when our formula for computation becomes 

--6+=rcosa.B+s?sin’a.C--6.s?sin2cr.E+ . . . 
In order, finally, to obtain the true Ag referred to R ,  we must increase 6+ by R - - R n r 6 # -  

Now 
Rm 

3 e3 (sin2 @-sin? +m) 

(I-e- sin2+)?? (1-2 sinaqim)?4 h>-R,=a( I - ~ 2 )  . . ii,i2 ____ +j32 (I-c2 =a ( I - C ? )  -& 
by developing and neglecting tenns involving higher powers of e?; but 

sin‘ +-sixi2 qim=sin (+-qim) sin (qi++m)=a+ sin I” sin 6 cos qi 
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we get for the desired corrective term' 

and we finally have for t\e true difference of latitude 
-A+=s cos a . B+s? sin? a. C+(&+j'. D--k . s2 sin2 a. E, (1) 

which fmnula, although of asornewhat complicated dcrivation, is very simple and convenient in practical 
computation with the nit1 of the tabulated log factors B,  C ,  D, E. The term 0 (S,$j2 D is here interposed 
between the second .ad tl..ird terms of the series proper, hcause the latter is frequently not required, 
being inscnsible whcn the ciistancr s is less than about IO statute miles or logs (sin meters) less than 4.23. 
The term ( 6 ~ : ) ~  D should be iiscd whenever log 11 exceeds z .3 i .  and L' may be substituted for ( 6 1 $ ) ~  in all 
cases where log s docs not esceed 4.0;. 

The term depending on the fourth diffcrential coefficicnt, neglected in equation (a), never exceeds 
O".OO~ for U=I* or S=IOO ki!ometers, and may therefore be safely neglected in practice. Ir 

For sccond-order tria:gr.!ation and wlien the sidcs do not exceed about 12 statute miles, or say 20 

kilometers. the formula ( I! may be advantageously reduced to the following: 
-49=scosa  . B+s2sin2 a . C+A' . D. (2) 

In order next to deduce the angle .-I ZP (fig. a )  between the meridional planes passing through A 
and B and intersecting in die  pohr axis, 0:' the difference Ah of the longitudes X and A' of the points 
.-I and' B. counted from east to west, we avail ourselves of the latitude ,$' of B, which has become known 
by the previous calculation, and have sim$y, using the same notation as before, 

sin -I' : sin t=sin u : sin Ah. 

Refemng u to a sphere the radius of which is the normal BIZ'=", we have u = L  and assuming " 
for the present the small arcs u and I A  pmpt iona l  to their sines, we obtain 

I In his The T h m y  and Practice ol Surveying Prol. J. B. Johnson dcvclops this corrective term in a direct manna as con- 

trasted with the approximate and laborious method givw in the text. and points out that the: power in the denominator d D 

should bereplaced by unity. This lids been dune in the tables, although the defect is not more than os01 of the value of this term. 
which is itself very small.-C. A. S. 

e This term was devised by the writer 01 this article in rS46, while arranging the formulas lor use in the Coast Survey and put- 
ting them iuto the form above given. in which they have been employed ever since.-J. E. H. 

This additional trrni was. however. developed by M. H. Doolittle. 01 the cornpuling division. who found that it could be 
given as a function 01 the factors <I, C. and E ol the tables. thus reqiiring no special tabulation. It is as follows: 

The additional tcrm oi Taylor's theormi 

N 
Substitutiug *"-+ for y. i R 0 O - a  for 1. ?- lor a. and niiiltiplyiiig by F~~;T-, in the sanie manner as fur the other tenus N 

Denoting the second term I* sins a C in formula (8:) hy I\: 

- L s s  K ~ l + s a  cos2 a . K f;+-I-s: cos? a serlqi . AI K arcs I". 

In the line from Ibepah to Ogdcn. in Utah. :.io kilometers long, the adtlitional tcrm amountcd to o".o3S. In Puissant's time 
no srich long lines had to be provir!ed for as havc since hcrii obrcrved in triangulatiun-: c. g.. in Calilornin. Nevada. Utah, and 
Colorado, where several sides reach to nearly 2' in Iriigth. or s!ightly surpass this limit. with a maxinium sight ol z l l 0 .  The 
formulas npplinhle for the mnpiitation of thr largest triangles that it is imsihle to me:%sure. given in Clarke's Geodesy (Oxford. 
i s h j .  and in Aplicndix Xa 9. Coast and Geodetic Survry Reporl lor IES;. pages .162-&. and employed in the British Ordnance 
Survey alsn in thc extension of 1.a Caillc'T arc in Soiitli Alrica. niay be rmliloyed for a clicck ciunpiitation. hut they rlemnnd the 
use 01 not less than gplace logarithms. 

fo r  distances greater than any that can he dirwtly ohscrvcil. see development ol forrniiliis in series by JJr. F. R. Helmut 
"Theorieen der Haheren Geodiisie. Leipzig. iI,SO." Vol. I. pages ?++. 

DECEMBER. 1894. 
It includes terms 01 the fifth order. 



arc I" being used in the denominator in order to obtain AA expressed in seconds of arc.,. The table gives 

the logarithm of the factor A =&,; which must .be taken out for 6'. We have 

In order to correct for the assuinption that the small ary s and Ah are propartional to their sines 
This table is given before 

In using i t  take aut  the differences for the arguments log s and 

We obtain finally the reverse azimuth a' by considering that in the spherical triangle APB (fig. 2) 

we use a table giving the differences of the logarithms of the arcs and sines. 
the tabulation of the fact- A to F. 
log Ah the first with a negative, the second with a positive sign, and add their algebraic aim to log AA. 

we have the following relation 

cos +++d I sin + (+'++) 
cot f (E+I")=taii L (Ah) ---=tan- 

2 2 f (7'--0 -4) 

. .  but [=180'--a, therefore 

cot 5 (r8o0-u+E')= - tanI (€'-a) 

and 

Assuming the tangents of !- 3ru and !- A X  pmpnrtirmal frr thcir arcs. and writing &,=! (6-4 +'I frw flle 

middle latitude. we have 
sin 6, -Au=AX------- and a'=n+ 1 8 0 ~ + A c r .  

cos +(A$) 

When the difference of longitude is very large it h e m e s  necessary to correct for the e m  in the asstimption 

that tan: ( A a )  : tan Ry an'obvious transformati~n we find the correction tn he 

(Ah)s sin 6, cos2 9, sin* I", for which we write (Ah)a F where log F is to be taken fmm the table (see 
last column of table of factors). This term is only d' .o~ when log AX=3.36 and need never he used f o r  

second-order triangulation. A convenient tahlc for finding the recipmcal of cos; (A&) isgiven on page 18. 

(Ah)=Aa  : Ah. 
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DEVELOPMENT OF FORMULA FOR SPHERICAL EXCESS 
1. 

. 

In developing .the formula for the spherical excess:.in the ellipsoidal triangle used in geodetic sur- 
veying, let us first assume that the triangle under consideration is a spherical one situated on a sphere 
whose radius is the mean radius of curvature for the figgre on the ellipsoid of revolution. Next, imagine 
a triangle similar to this spherical one on a sphere of unit radius. Now it is obvious that the spherical 
excess pf this similar triangle on the,sphere'of unit radius is exactly equal to that of the original spherical 
triangle. 

Let fig. 3 represent the unit sphere,with the triangle ARC similar to the &ginaI spherical triangle.' 
Since the sides & arcs of great circles, it  is permissible to take one of them, as AC, in the plane of the 
paper for representation in the figure. Let us suppose A B  and CB, two arm of great circles, to be pro- 
duced to cut the great circle AC at D and E, respectively. 

Now. if we express the three spherical angles A ,  B, and C in circular measure., and call K the area 
of the surface of the entire hemisphere shown in the figure, then we have 
Area of surface of lune ACDB equals A / r X K ,  
Area of surface of lune CBEA equals C / r X K ,  
Total area of surfaces BDE and ABC equals B/rX  K .  
Now, call S the area of the surface of the spherical triangle A BC, and we have 

K+zS=K ( .4/r+B/r+C/s)  

a K / r  ( A  + B  +C) - K=zS .  

FIG. 4. 

Hut K = z a ,  since the radius of the sphere under consideration is unity. 

or 

Therefore 
2 ( A + B + ~ ) - ? H = z S  

.4 +B+C-H,=.S. [I1 

This proves that the spherical excess in radians of triangle.ABC is equal to the area of the triangle. 
Or, coming back to the original spherical triangle on'the earth, and remembering that its spherical 
excess is the same as that of this similar triangle on the unit sphere, we have proved that the spherical 
excess of any spherical triangle, expressed in radians, is equal to the area of a similar triangle on a sphere 
of unit radius. 

Now let us call S' the area of the geodetic triangle on the earth, and p the mean radius of curvature 
of the ellipsoidal surface of this triangle. Designate the spherical excess in radians by e. . "hen, since 
S,E=p2/r2. we have from(1) 

=S=S'Ip'.' 

If a and b are the lengths of the sides opposite the angles A and B ,  respectively, in the geodetic triangle . 
whose area is S', then, since the triangles uscd in triangulation are so small that in computing their amas 
they may be 'sated as plane triangles, we have' 



The next step is to derive the formula for p.  If we represent by R the radius of curvature in the 
direction of the meridian and by N the radius of curvature in the direction prependicular to the meridian, 
we have 

k t  us derive expressions for R and N froill which we can then easily obtain an expression for  p .  

First, let us consider N. Suppose fig. 4 to represent the ellipse in the plane of the meridian of 
the point H where the radius of curvature of the surface is to be determined. Draw Hill perpendicular 
to the minor axis NS. Draw K J 
perpendicular to NS. Then angle HKJ=+, the latitude of the place. Hhi=s. H K ,  called the 
great normal, is equal to the radius of curvature N in the place perpendicular to the meridian. 

iV=HK=xJcos 4. 

p'=RN. (31 

Suppose Ilk' to be a normal to the ellipse at  H cutting NS at  IC. 

143 
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The equation of the ellipse is x2/a2+f/b*=r and e?=---- az -.  

Now the slope of the curve at H is dy/d.r=-cot +. 
But 

The equation of the ellipse may be written 

f k ( a * - x Z )  ( 1 4 )  or y=(Ja*-$) (d,-P). 

Therefore 
-cot +=--. -%:7/1--ea 

&=a 
Sauaring and clearing of fractions, . -  - 

xl [(I-e')+cot* +]=a2 cot2 4 
or 

or 
x2 (1 -e* sinZ +)=a* cosz 4 

Then substitute Is] in [4] and we have 

I61 N=- a 
( I  -&' sin2 +I!$ ' 

Next let us consider I<. Deriving an expression for this amounts to deriving the radius of curva- 
In the ordinary calculus ture of the ellipse at the point H, whose abscissa is s and whose latitude is 4. 

expression 

we have 

and differentiating 

Substituting the value of x from [5] 

Then, neglecting the negative sign, 
[1+(du/d~)*]?4- (I+Cot'-@L ' R=-- d3y/d.r* ( ~ - e *  sin2 +)44 . __ - _. __ __ 

.:.. a sina + (1-8) -.  
I 
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Then, substituting [O] and [7]  in [3], we have 

M 

Substituting [Y] in 121, we have 

where e is expressed in radians. 'fl~en if e be cxprcssed in seconds, we have 

. I  

Now let 
m = L ~ - e 2  sin2 

zaz(I-e2) sin I" 

and we have 

which is the formula given on page 6. 
e=ab sin C X m  

INTERNATIONAL ELLIPSOIU 

Very 11111 tables to a large number of decimals have becn computed for the International Mlipsoid 
of Reference. They are given in a publication entitled '\Trrblcs de 1'Ellipsui'de de Rbfhrence international 
. . . calculbcs .sous la direction du C.Cn6ral C.. Perrier . . . par E. Hasse . . . Paris au 
.Secrb.tariat de la Section [de Gi-odesic] ;8, me d'Anjnu (Sp'r, r g ~ X . ' '  

The quantities tabulated are (in the notatinn nf this articlcr ' 

log N=log L--- (I -8 sinZ +)A 

The arc length of one minute of longitude for each minute of latitude is tabulated and also .the lengths 
of mericlinnal arcs in increments of one minute reckoned from the Equator. 

"Iic logarithms of the quantities A'. B, C.  D, nz, and F of this publicatian rimy be found for the Inter- 
national Ellipsoid by the formula5 

log :I'=calog S-log sin I" 

=COlOg :v+5.31M25133 
1% B=ml% P+.5..31+PjI33 

= z . ~ ~ I I o ~ - I o + ~ o ~  sin z++colog Vz (&=4j0 tod=90°) 
(The constant logarithms corrrsplnd to the parameters of the International Ellips+d.) 



Log F is independent of the ellipsoid used and may be taken from this publication. 

Ellipsoid. 
There is n6simple relation bctween log E and any of the quantities in the tables for the International 

For a rigomus calculation E must be computed from the formula. 

(1+3 tanz 6) (1-8 sinz 6). 
6aa E= 

In this calculation use m y  be d e  of log $ 2 ~  1% l'* in calculating (1-2 sinz 6). In allcases, how- 

ever, where only four decimals are used in log E its value for the International Ellipsoid may be taken 
from the tables in this publication as if there were no difference between the ellipsoids. 

A differential formula may be used to give an idea of the magnitude of the error committed by 
using the same E for both ellipsoids and is sufficiently exact for all present practical purposes. 

log E (International)=log E (Clarke, 1866)-0.oooo247,+0.0200 sinZ 6. 
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