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ABSTRACT

A diagnostic axisymmetric model in isentropic coordinates is developed to study the effect of differ-
ential heating on the dynamics and energetics of the steady-state tropical eyclone, Prom the thermal
foreing specified by various heating distributions, slowly varying solutions for the mass and womentum
Eields are obtained by an iterative technique.

The theory of available potential energy for open systems is utilized to study the energy budget for
the hurricane. In the slowly varying state, the gain of available potential energy by diabatic heating
and lateral boundary processes balances the conversion of potential to kinetic energy which, in turn,
offsets Erictional dissipation. For a domain of radius 500 km, the boundary Elux of available peotential
energy is about &0 percent of the generation by diabatic heating. For z domain of radius 1000 km,
however, the boundary £lux is about 15 percent of the generation.

The eonveraion of awvailable potential to kinetle energy closely follows the generation of available
energy a8 the slowly varying state is reached. This close correlation suggests that changes in the avail-
able energy generation result in nearly simultaneous changes in kinetic energy conversion rather than a
change in the store of availlable potential energy.

Horlzontal and vertical mixing are studied through the use of constant exchange coefficients, As the
internal mixing is decreased, the maximum surface wind increases and moves closer to the center.

Several horizontal and two vertical distributions of latent heating are investigated. The maximuam
surface wind is dependent primarily on heating within 100 km. The transverse (radial) circulation is
closely related to the heat relecase beyond 100 km., In experiments in which the vertieal variation of
heating is pseudoadiabatic, the temperature and outflow structures are unrealistics. A vertical distribu-~
tion which releases a higher proportion of heat in the upper troposphere yields resul'ts that are more
representative of the hurricane.

The effects of differentiszl cooling by infrared emission are investigated. In one experiment, cool-
ing is computed from 300 to 1000 km from the storm center, a region assumed to be cloud-fres, The vertical
variation of the cooling profile 1s determined from several cooling profiles computed using Sasamori’s
(1968) model for various clear air tropical atmospheres. Cooling in the environment causes a 1.5 m/asec
increase in maximum wind and a 6 percent increase in the generation of available potential energy., The
total heat loss by infrared radiation for a domain of radius 1000 km is about one half the total heat

addition.

Key Words: Hurricane, cyclone, model, steady-state, energetics, dynamics

xvl




A DIAGNOSTIC MODEL OF THE TROPICAL
CYCLONE IN ISENTROPIC COORDINATES

Richard Allen Anthes

l., INTRODUCTION

Since the early synoptic studies by Redfield (1831)
and Reid (1841), much effort has been directed toward under-
standing the formation and maintenance of tropical cyclones.
By the 1920s, the release of latent heat had been identified
as the tropical cyclone's prime energy source (Cline, 1926).
Subsequently, much effort was directed toward estimating the
magnitude of the heating and understanding the mechanism of
its release for the large scale. The magnitude is readily
estimated from observed preclpitation rates. However, the
process of large scale warming of the environment by latent
heat release in convection 1s quite complex, and involves
interactions between cumulus and cyclone scales of motion
(Charney and Eliassen's, 1964, "conditional instability of
the second kind").

Within the last decade, numerical modeling has become
a powerful tool for investigating thexlife eyele of tropical
cyclones, The first numerical models (e.g., Kasahara, 19613
Kuo, 1965; Syono, 1962; Rosenthal, 1964) were unsuccessful,
primarily because the latent heating was appropriate to the

cloud scale rather than the hurricane scale, The circulations




in these experiments developed extremely rapidly and eventu-
ally became unstable through the growth of small scale dis-
turbances., With a2 more realistic parameterization of latent
heat release, the models of Yamasaki (1968 a,b), Ooyama (1969)
and Rosenthal (1969) have been successful in duplicating many
observed features of tropical storms. The practical limita-
tions of computer size and speed, however, have restriéted
these models to two dimensions and have forced parameteriza-
tion of other important physical processes such as vertical
and horizontal mixing anﬁ sea~air interactions,

In tﬁe parameterization of the heat imparted to the
environment by the cumulus convection attempted by Kuo (1965),
Rosenthal (1969), and others, large scale heating is a func-
tion of the cloud-environment temperature difference and the
net moilsture convergence in a column, These models release
a much larger proportion of heat in the upper troposphere
than the heat released by earlier models based on a pseudo-
adiabatic process.

The importance of latent heat release within the warm
core for the production of kinetic energy was recognized by
Palmén (1948) and reemphasized by Yanai (1964), 1In simplest
terms, the release of latent heat maintains the baroclinicity
that drives the transverse radial circulation. The horizont-~
al kinetic energy is produced in both the inward and outward

flowing branches by accelerations toward lower pressure,




This production of kinetilic energy, in turn, offsets surface
and internal frictional dissipation.

The conversion of potential to kinetic energy through
cross—isobar flow has been examined in several dlagnostic
studies, eeges Palmén and Jordan (1955), Palmén and Riehl
(1957), Riehl and Malkus (1961), Miller (1958), and Hawkins
and Rubsam (1968). Recently, employing the concept of
available potential energy, Anthes and Johnson (1968) esti-
mated the generatlon of available potential energy by
diabatic heating in Hurricane Hilda, 1964 and concluded
that the generation within a 1000 km region was sufficient
to balance the conversion to kinetic energy. Thus, on this
scale, it was possible to consider that the hurricane was
a self-sustaining system.

The importance of differential heating and cooling is
emphasized in the theory of available potential energye.
Anthes and Johnson's (1968) results showed that the gen-
eration was sensitive to horizontal and vertical wvariations
in latent heating and that infrared cooling in the hurricane
environment could account f£for 17 percent of the total
generation.

The sensitivity of the generatlon to different horizont-
al and vertical distributions of heating suggests investigat-
ing the effect of differential heating on the dynamics as well

as the energetics of tropical storms. In particular, the




relation between generation of avallable energy and conver-
sion to kinetic energy within the storm system should be
studied to clarify the role of thermal versus mechanical
forcings This relationship has important implications in
storm modification experiments in which the heating, genera-
tion, and possibly the conversion is altered in some manner,

Although interactions between temperature and momentum
structure and large scale heating certainly exist, the
harricane may be considered a direct consequence of thermal
forcinge It makes sense, therefore, to study the direect
response of the hurricane to differential heating by speci-
fying steady heating distributionss The steady-~state mass
and momentum fields that develop iIin response to the steady
forcing functlions are useful in interpreting transient stages
in results of hurricane forecast models as well as in testing
of various heating parameterizations., Indeed, it is import=-
ant to determine whether realistic steady-state solutions
exist at all,

In previols steady-state models, Krishnamurti (1961,
1962) and Barrientos (1964) have calculated the transverse
circulations required to maintain specified (observed)
tangential circulations. Although these models have yielded
interesting results for synoptic cases, difficulties arise
from the assumption of constant tangential winds (Anthes,

1970), Therefore, in the present study, the tangential




circulations are investigated as functions of heating, rather
than vice-versa.

The dynamics and energetics of the hurricane's responsé
to thermal forecing are studied through a two dimensional
model in isentropic coordinates. An iterative technique 1is
utilized to obtain steady-state solutions of mass and momen-
tum for different wvertical and horizontal latent heating
distributions, for infrared radiative cooling, and sensible
heat addition at the earth's interfaces The effects of
vertical and horizontal nixing are also considereds

It is well to note that the comparative performances
of numerical models under different physical processes or
under varying paraumeters may yleld more insight into import-
ant atmospheric processes than the wvalues computed in any one
experiment, For example, variations between sclutions under
~different heating functionsthould indicate, at least quali-
tatively, how the atmospheres might react to similar changes.,

This argument stems from the supposition that by varying only

one parameter at a time the errors introduced by other approx-

imations will tend to cancel, in spite of the complicated

non=linear interactions.




2., AVAILABLE POTENTIAL ENERGY OF LIMITED REGIONS

The concept of separating that part of the energy
which might be converted to kinetic energy from the total
internal and potential energy of a thermodynamic system was
introduced by Margules (1903), who called the former
“"avallable kinetic energy."” In an explanation of the
maintenance of the general circulation, Lorenz (1955)
applied Margules' concept to the entire atmosphere and
defined avallable potential energy as the difference between
the sum of internal and potential energlies of the atmosphere
and the sum of these energies that would exist after an
adiabatic mass redistribution to a statically stable
horizontal density stratification. In their review, Dutton
and Johnson (1967) reemphasized the importance of heating
at high pressure and cooling at low pressure in the generation
of available potential energy.

The theory of avilable potential energy has historically
been applied to the entire atmospheric system. In diagnostic
studies, however, the concept of available potential energy
over limited atmospheric regions has been utilized to
estimate contributions to the global available potential
energy budget by processes within the region, (see Smith
and Horn 1969). To define the available potential energy

of a storm and its time rate of change, Johnson (1969)




has developed the theory for an open system, In this manner

the generation of avallable potential energy within synoptic

features such as extratropical cyclones has been studied

by Bullock and Johnson (1969) and Gall and Johnson (1969),
Cne appealing aspect of applying the theory of available

potential energy to a tropical cyclone is the condition that,

as a first approximation, the hurricane may be considered

an isolated baroclinic disturbance superimposed on the nearly

flat and horizontal barotropic tropies. Thus one might

reasonably expect the available potential energy generated

on the tropical cyclone scale to be converted to kinetic

energy within the same scale. This may not be true in the

middle latitudes where the flux of energy across the

boundaries of systems will be large.

2.1 Available Potential Energy Equations for the Model
Following Johnson (196%), the total internal and

potential energy, E, of any region in hydrostatic balance 1is
C o0
D
E = Py g(L+X) SS Pl dodo (1)
¢ o

and that of the reference state, Er’ is
G ]
E, = F;*%'g_(iﬁ—) S Pr1+x do do (2)
)




”

- The available potential ehergy, A, of the region equal to

E ~ Er is then

N _
A = P"g(l-ﬂ() S ( (Plﬂ(— Pv1+3<) de da (3)
€ 0

Dividing the wvertical integration into three parts, (3)

becomes
3
A= P g(l#x) {. j 1+k- 1+X)Jﬁ&f + j I(P1+K '¥xHMr
& s,

)
+55(P 1+“)de&6"]

In (4), B, is the coldest potential temperature in the
region, and Qt is the isentropic surface above which the
atmosphere is assumed to be barotropiec. The third integral
vanishes by the barotropic assumption. Following Lorenz’
convention that the pressure dp isentropes which intersect
the ground equals the su;face pressure, the available poten-

tial energy for the model is

Co _ 8¢ 9
A= PRETW é&psl**-%l*“)dr +SS(91"')‘— ﬁ")deao—]
! & ¢ o, (5)

In (5) we have used the conditions that for hydrostatic
atmospheres p, (8) equals § (8) and Ps, equals Pg.
In this model in which heating vanishes on the upper

boundary, the time rate of change of A (after Johnson, 1969)




is

a A
dt =G + C+ 3B, (6)
where
o¢
. 1 — %] .28
o= -eJ) -] 65 aaue 7>
& 9,
L ot 33
cC= -g WAUSIEY d o de | (8)
s 5
1 - J
s= g ) 36 ¢-%ovdeds. (9>
s 6

The generation, G, by diabatic heating is positive for
heating at high pressure and cooling at low pressure, The
conversion, C, Ls the production of kinetic energy by cross-
isobar f£low. The last term, B, represents the change of A

by mass flux across the lateral boundary. In closed systems
such as the entire atmosphere, B vanishes., On the axisymmet-

ric assumption for the model, B becomes simplified to

amr  (Of DF.
s = | v_ (Y-%) Y6 de. (10)
[>)

Q

For the hurricane, the surface pressure at the outer
boundary will be greater than the mean surface pressure,
so that Y>‘fr « From the low level inflow, the covariance

of ( %ﬁ} v_. ) and (Y’—?r) will be positive. In the outflow

in

region (VY- ?&) tends to vanishj; thus the integral B usually

provides a positive contribution to d A/dt.




2.2 Budget Equations for Volunme
In this section the time dependent budget equations
are developed for a statiomnary cylindrical volume. If
f is any specific quantity, such as water vapor per unit

mass, the total amount of the property in the volume is

aw R St

F = _S) S S TSBQ—F c\ecﬁrab\ . (11)

& O
With the aid of Leibnitz' rule and the hydrostatic assumpt-

ion, the time rate of change of F is

'Wpsgk dla
dF 1 } rbgf Br'bg £ &t
dt = -g >t +  _XN
° o @ (12)
e 2P dra s dop
2r D6 £ 4t Br'bg £ dt | de drdn
+ B\" + }é s

where the subscript B identifies the arbltrary moving
boundaries. The addition of the continuity equation and

the relation

2P 4f 2P | 2f Qf wva  OF dge »f
r o t =r ®6| ot +v.or + r o> + dt o8 (13)
vields S y é_
oF 2P oP 48
}r.g?_ 539 £ Va D r %6 fvr 2r Mo fat _é_c_l_
26T = T - "% ¢ - 36 v dt .
>t
(14)

From the substitution of (1l4) into (12), the time rate of

change of F is

10




TEfye o 33 Irg
dF. 1 S 0 £(v-dt ©) 0r®6 £ (Vr-dt )
dt = -g % b s \~ A - dr
o
28 dé  d0as
¥r 30 f (dt - dt )  OFf as
- 26 + rd0 dt /de dr dx.

Equation (15) is greatly simplified for the stationary
axisymmetric volume of this study in which all tangential

derivatives vanish and drB/dt equals zero. Thus

R 3 i ar 40 geg
dF -2 J Yr 36 vy 2r D6 £ (dt_- dt )
t = g - D»r - 26
0 8, (16) E
b df .

+ r 08 t de dr .

The upper and lower boundary conditions are

a® zat = dae, (r , 8g,t)/dt and d6./dt = dey/dt = 0. |
With these conditions i
R ©¢ P c :
dF - AT S 2P df
dt = g -~ r + a6 dat de dr , (17>

e ¢
o
and, upon integration, the final budget equation becomes

o R &
AF 2 J“ag_ 2T S‘agdf
it = g (28 £v ) 46 - g r?0 dt 48 dr . (18)
6, r 08

o
The first term is the change of F caused by transport of £
across the lateral boundary while the second term is the
change due to sources, or sinks, e.g., evaporation or

condensation within the volume of a water vapor budget.

11




The generalized budget and avallable potential engery equa-
tions provide integrated parameters for the hurricane volume,
which are studied as the mass and momentum filields seek

steady-state conditions for the applied thermal forcing.

3. THE DIAGNOSTIC MODEL

One of the appealing aspects of numerical modeling in
isentropic coordinates is the absence of a "vertical velocity"
in the equations of motion for isentropic flows. Such a
model should have less truncation error than models in
pressure or height coordinates that must include vertical
advection terms. Even under diabatic conditions it is
probable that the vertical truncation is less in isentropic
coordinates, because the adiabatic part of the vertical
motion should be free of error.

Besides the reduction in vertical trumncation error,
there are several other possible advantages of modeling in
isentropic corrdinates:

(1) The theory of available potential energy is exact
in isentropiec coordinates (Dutton and Johnson, 1967).

(2) Johnson and Dutton (1970) stress that mean energy and
momentum transport processes of the general circula-
tion are expliecity coupled witﬁ thermal forcing.

(3) Horizontal and vertical resolution is higher in the

energetically active baroclinic zones.
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Difficulties in using isentropic coordinates arise
chiefly near the ground, where super-~adiabatic lapse rates
are found and isentropic surfaces intersect the ground. The
first problem generally arises over small areas and may be
solved by utilizing height coordinates in the boundary layer
and isentroplc coordinates above. The second has been rea-~
sonably well resclved by an interpolation scheme in some
preliminary, adiabatic experiments by Eliassen and Raustein
(1968),

To the author's knowledge, there has been no previous
work with numerical modeling in isentropic coordinates
which includes diabatic processes, In this particular
series of experiments in which the heating function is
specified and the steady-state response determined, isen-
tropic coordinates are especially attractive because the
form of the thermodynamic equation is greatly simplified.

In a broader sense, the experience gained by studying thermal
forcing in this model should be useful in future work with

more advanced numerical models.

3.1 Steady State or Slowly Varying Concept
The term steady state, when applied to thé tropical
cyclone, usually refers te the storm's mature stage in which
certain significant parameters, such as central pressure

and maximum wind, remain relatively unchanged over a period

13




of time. Axisymmetric assumption is usually best satisfied
during this mature stage.

In the iLteration technique used in this model, mass
and momentum are "forecast" using a4 constant, specified
heating function until a slowly varying state is reached.,
True steady-sfate conditions are never determined because
of the large amount of time required to reach such a stafe.
In typical experiments, changes from initial conditions |
in response to the constant heating function are very large
during the first few iterations as the mass and momentum
fields attempt to adjust to the new foreing function. Later,
however, rates of change are less. When this '"slowly
varying'" state is reached (usually after about 1200 itera-
tions) differences in the results caused by experimental
variation of physical processes or parameters are apparent,
Later some objective measures are presented to determine when
this state is attained. Again, it is the differences between
experiments, rather than the absolute values of any one

experiment, that are significant.
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3.2 Description of Model
34241 Basie Eguations
The tangential and radial equations of motion and

the continuity equation in isentropic coordinates are

PIA 2zv, 48 Jva v
2t = -vpor + r| -fv, - dt 8 + Ky (V2v, - r2 )
W
D kzdz
+3z (19)
bJ
dvr dvy w2 M  dewr vr ?
Pt = ~vp Or + £y, + ar - %r - dt o6 + Ky GVZVr - £l ) '
Vr i
Bkz 2 , (20) j
+ Dz i
2P ad yde 2e
P EY 12r V. %6 dt_o8
Dt = -r r - 280 . (21)

where the horizontal and vertical mixing terms in (19)
and (20) are expressed in height coordinates rather than
}¢he more complex transformed expressions for computational
convenience, This approximation is justified from the
relatively large uncertainty in the form of Ky and K.

The "vertical velocity" term in isentropic coordinates,

de/dt, 1s computed from
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(22)
where 6 is the parameterized heating rate.

The second term in (22) results from approximating
the horizontal diffusion by KT§729 in pressure coordinates
and transforming to isentropic coordinates. Again the
uncertainties in Kq outweigh the error in the approximation.
For the surface, drag friction replaces the vertical

mixing term in the equations of motion,

ALV, drvs Co l\\/‘ vy w 2
| -fv - Y1, @3

Dt = -v. Tor Az + KH (vzm_— r
C
b, a? O MR GolVv
2t = -v. Or + £y, *+ T - P_g" dpr - bz
2
9 Ve
+KH(V Vr—r ) - (24)

The local change of surface potential temperature computed

from the thermodynamic equation is

A6 bgs dgs
dt = ~r O r + dt  + KTvzgs . (25)

The remaining equations constituting the complete set are the

hydrostatic equation,

16




P

OT L
6

}9 = CP y (26)

and the definition of potential temperature,

X
8 =T (P,/P) . (275

3.2.2 Finite Difference Equations
The geometry of the model (fig. 1) consists ;f 12
equally spaced isentroplc surfaces (Qi = 370°K - iaAg@,
A6 = 5°K, i =1, 12) and the sea level surface. The
approximate mean tropical pressures of the even isentropic
surfaces are given for reference (Jordan, 1958). The

variables, v, , v_. , D , N b , and d8/dt, are all defined

on the sea level surface. On the isentropic surfaces the

varliables are staggered for,deputational convenience with
3P
W , ¥, and 9 defined on odd surfaces. The horizontal grid

is also staggered with WV defined at r = (j-1)& r and the
thermodynamic variables (¥ , p , é , d8/dt) defined at
rj+% = (j-%)&r for j =1, 2 ....J., The horizontal domain

extends to the radius R which is either 500 or 1000 km.

J’
In (12) through (25) all space derivatives are estimated
by centered differences. The finite difference form of the

RHS of (24) is given for reference with the i index suppressed

for simpliecity,
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H
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)y - r-i .
J

2 vt
_%p Va-i + I‘-]

(28)

- r. (r.,  -r
J j+1 j-1

For the calculation of the vertical mixing term, the finite

difference approximation 1is

v V. D 74

}K Bvr K, ( ri-1 - rl) K ( ri - Vri+1)
}Z.z ® z _2‘3' i-1 zt:;— z . mOZE N By T Zgg
1 -
0.5 (zi—l Zi) (29)

where i1 refers to the level. The unwieldy expressions for
the second derivative terms are greatly simplified for a
constant grid interval. The~genera1 form is retained
however, in antilcipation of the use of a variable grid in

some experiments.

The pressure 1Ls obtained from "forecast” values of

op

20 by integrating downward from a fixed value of p(365°K) ¢

op
“Pivl = Pici-(ey ;- 8,,07%0, L i=2, 84, ....120 (30D

At the sea surface © equals 8; (r). From an integration of
the hydrostatic equation upward from sea level, ¥ on even

surfaces is
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il
P )i H i = 12: 10, -0002 (31)

Yi—l = Lri"'l + (gi—1_9i+1) CP( o

where *12 equals Can. .

3.2.3 Boundary Conditions }
The boundary conditions for the top isentropic surface
are p equal to 135 mb, d0/dt equal zero and.sz-equal Zero.
At the lateral boundary the pressure and temperature grad-
ients, the horizontal divergence, and the relative vorticity
are all assumed to vanish, which enables the caleculation of

the variables at Ry by

Py =Py (rvdy = Govpdy

*J = ¥ (rv, ) (rv, ) (32)
J-1 ) AT T-1

(GS)J = (QS)J_l .

3.2.4 Computational Procedure

The iteration technique to determine the steady-state
solutions utilizes a simulated backward difference scheme
(Matsuno, 1966), which has the desirable property of damping
high frequency waves. One cycle of the scheme is summarized *

with the superscript referring to the iteration step number:

(1) Given wvalues of vf s v? R wn ’ pn, d@/dtn, Gg
Pk *

* n—
(2) "Forecast'" tentative wvalues Voo s V. , 06 , QS

20




(3)

4)

(5)
(6)
(7>

at step

n+l (designated by * ) using appropriate

tendency equations (19) through (25) and values of

variables at step mn.

Caleulate p* and ¥ * from (30) and (31) using

BP*
=~ *
tentative estimates 76 and O, .
op _
Forecast final estimates of 3_n+1 » Vantl ?6 n+l
n+l ; 3 .
and QS from same equations in step 2 by using

values of wvariables where they appear in tendency

equations.

+1
Calculate pn+1 and \fn from (30) and (31).

Calculate d8/dat™" from (22)

Calculate variables at lateral boundary from (32).

This completes one iteration step.

To determine when the quasi-steady state has been

reached,

are def

L

ined by

-
—
—

<D

0

Ly

the following norms on any iterated variable, £,

Max \ gt - gn~20 ‘ . (33)
all j J J
» X 2] %
¥ Z ™ - en20
j=1 ] J (34)

After each 20th iteration cycle, L, and L, are computed

with £

2

equal to the radial and tangential winds. These

norms are computed for separate radial rings, 0-200, 200-400,

400-~600

....-km,

and for each level to determine which parts
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of the domain reach a slowly varying state first.

3.2.5 Computational Stability

The computational stability analysis of the complete
set of equations 1s very complicated. Separate analyses
were made for various combinations of the linearized predict~-
ion equations., The most stringent stability requirement
Erom these results yields an estimate for the requirement
for the complete set of non-linear equations.

Thelmost'severe restriction on the size of the time
increment, At, is governed by the speed of the external
gravity wave. By considering the continuity equation and
the radial equation of motion, the criterion for linear
computational stability is f%.fg7§ < s where § and p are
mean density and pressure, respectively, and $E§T- is the
approximate speed of the external gravity wave {(about 330

n/sec). The analysis for this condition is presented in

appendix B.

3.2.6 Mass Budget

Because thHe model predicts mass changes directly from
the continuity equation, it is essential that the finite
difference equations preserve mass exactly so that there are
no fictitious sources in the system. The mass budget

equation obtained by letting £ equal 1 in (18) is
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& -
dm 27TR 5 op
(

dt = g A 20 vr)R e (35)

By the centered finite difference scheme
by 2P

s adixhe e
521 ar jArj = R (v, 208 )5 , (36)

and only flow across the horizontal boundary at RJ can

contribute to a net mass change in the region.

3.2.7 Kinetic Energy Budget é
The kinetic energy budget for the volume obtained by i

equating £ to the specific kinetic energy, k, in (18) is

oy R .Sz
_dk  27R % 2 (" (% ax 2e
dt = ¢ (k26 r)R e -~ g dt 28 de dr .
e, S (37)

The time rate of change of the specific kinetic energy
obtained by multiplying the tangential and radial equations

of motion by v, and v resbectively, and adding becomes

r?
%"11:_ = - v]}_\g + KH [vr (vzvr - 1:7) + v)\(vzv% - ::_*2- )]
: Eé-l“/i (;rz + v¥2) surface only (38)
a Kz%?. ‘sz gib
+ Vr E-%4 +V, Dz 8 levels only.
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3.2.8 1Initial Conditions

In all experiments the initial conditions (or £irst
guess) consist of a vortex in gradient balance with a surface
maximum of 37 m/sec at 80 km (fig. 2), a weak warm core
with a temperature excess of 1OC in the center, and a central
pressure of 970 mb. Through the thermal wind relation, there
is a slight decrease of wind speed with height. The en-
vironmental pressure is 1011 mb.

In the first two experiments, the radial winds initially
were assumed to be zero; however, these conditions produced
large pressure tendencies initially and generated large amp-
litude gravitational oscillaticns. In later experiments,
the radial winds were calculated to balance the vertical
divergence term in the continuity equation so that the
initial pressure tendency was zero. These latter initial
conditions resulted in a more gradual change of the mass

field.

3.3 The Experimental Parameters _

In the experiments presented in this paper , the con-
stant parameters are the Coriolis parameter, the drag co-
efficient, and the depth of the boundary layer. The Coriolis

-5 ~1

parameter is 53,0 x 10 sec and corresponds to 20°N. The

drag coefficient, approximated by 0.003, was selected from
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empirical studies (Miller, 1962) and should be a reasonable
value for the high velocities found in hurricanes. The
depth of the boundary layer is assumed to be 1.0 km.

Very little is known‘about the variation of the vertical
mixing coefficient, Kz' However, it seems qualitatively
reasonable to assume that the vertical mixing should decrease
as the static stability increases., This effect is included
in a crude fashion by deecreasing K, linearly with height
from a value prescribed for the 315° K isentropic surface
(about 700 mb) to one half this value at the 365° surface.
The wvalue of K, referred to in the experiments is the maxi-

mum value.

h. EXPERIMENTAL RESULTS

In this section results from the more significant ex-
periments are presented; After two preliminary adiabatic
experiments to verify some of the simple aspects of the model,
the role of internal (vertical and horizontal) mixing for a
fixed heating function is investigated. Then for constant
mixing coefficients, the response of the mass and momentum
structures to wvarious horizontal and vertical distributions
of latent heating and infrared cooling is studied in the main
set of experiments. DLater, the computational aspects of the

model, such as domain size, resolution, and variable grid
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sPacihg, are considered, and finally fine horizontal resolu-
tion is utilized to study the effects of reduced horizontal
nixing.

In all experiments, the latent heating function was
computed by arbitrarily assuming a radial profile or rainfall
rates and distributing the equivalent amount of heat verti-
callye, In figure 3 the rainfall rates which determine the
horizontal heating distributions in the wvarious experiments
are presented, The maximum rainfall rate of 50 cm/day at 30
km (corresponding roughly to the eyewall) is quite moderate
for a mature hurricane. For example, Riehl and Malkus (1961)
estimated a rainfall rate of 90 em/day in hurricane Daisy
(1958),

The variation of the vertical distribution is one éf
the interesting aspects of the problem in wview of our lack
of knowledge concerning the effective heat release for the
hurricane scale, For the wvertical profile of latent heating,
@ of (22) is prescribed as a function of mass, thus,%% may
vary as the isentropes move through the f£luid. The two
vertical profiles of latent heat release studied in the .
experiments are shown in figure 4. The basis for the form
of these profiles 1s discussed in sectilon 4.3.2. All experi-
ments, except Experiment 10, utilize the distribution that

releases the higher proportion of heat in the upper troposphere,
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The importance of sensible heating at the sea-air inter-

face to hurricane development and maintenance has been es-
tablished from both empirical (Malkus and Riehl, 1960) and
numerical (Ooyama, 1969) resultse. As alr flows inward toward
lower pressure in the boundary layer, the sensible heating
increases its equivalent potentilal temperature., The higher
equivalent potential temperature enhances the convection and
increases the heating and generatioﬁ of available poténtial
energye. In this model, the sensible heating, GS, is modeled

014 watts

by assuming the total sensible heating is 0,11 x 1
(Malkus and Riehl, 1960) and distributing the heat radially,
as shown in figure 5. Therefore, there is no feed-back be-

tween sensible and latent heating and the model is insensi-

tive to this effect., In computing d8g5/dt, (25) is approxi-

mated by
d6g 84 .
df ~ = CpTg (s~ Cp : (39)

4 o1 Preliminary Adiabafic Experiments
In the first experiment, with no friction or heating,
the initial gradient balance should be preserved -except for
small changes from_round-off error., After 10 iterations
an apparently random pattern of radial velocities with
magnitude 1073 cm/sec developS from the round-off error,

After 200 iterations, when the computation
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is terminated, the radial wvelocity pattern is still random
with maximum amplitudes of 102 cm/sec and the tangential
velocities and pressures are unchanged to the precision of
the output (0,01 cm/sec and 0.1 mb). )

In Experiment 2 the heating and internal mixing are
zero, and the effect of drag friction aleone is examined
(CD = 0,003)., In this experiment with no heating the model
is a true forecast model., A possible physical analogue is
a tropical cyclone that moves over land with the consequence
that its source of latent heat and sensible heat is rapidly
diminished., The vortex is expected to decay as kinetic
energy is dissipated in the boundary layer and adiabatic
cooling by frictionélly induced wvertical motion destroys the
Wari core.

Figure 6 illustrates radial profiles of the surface
tangential wind at various stages of the iteratiom., An eros-
ion of the tangential wind maximum occurs with a reduction
from 37 toflS m/sec in 1000 steps (8.3 hours). The evolution
of the radial winds is shown in figure 7. The maximum inflow
quickly reaches about 12 m/sec and the radius of maximum in-
flow moves outward with time. In the upper levels, the out-
flow 1s characterized by stable inertial-gravity waves with
amplitude 1 m/sec, which move outward from the center at
about 35 m/sec. These waves are not as prominent in later

experiments that include heating, probably because of the
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steadying influence of the constant forcing function.

' The thermal structure after 1000 steps 1Ls shown in
figﬁre 8., The initial warm core has been replaced by a cold
core structure with a temperature decrease of 10°C in the
vortex center, Strong adiabatic cooling in the inn er region
‘assoclated with the frictionally induced vertical motion is
accompanied by slight adlabatic warming away from the center.,

For drag friction and no heating, the results that the
tangential wind decreases from 37 to 18 m/sec in 8 hours,
the frictionally induced Verticél motion destroys the warm
core, and the average kinetlc energy dissipation rate is 6

2

watts m™“ are consistent with those expected for a dissipat-

ing hurricane over land.

4,2 The Role of Internal Mixing
The proper formulation of internal mixing (both hori-

zontal and vertical) is an important, but unfortunately
poorly understood aspect of numerical modeling. Because of
the difficulty in making direct measurements, the dissipation
of kinetic energy by internal mixing is usually estimated as
a residual in empirical energy budgets, e.g., Riehl and
Malkus (1961), Hawkins and Rubsam (1968). These studies
indicate that the kinetic energy dissipation by internal
mixing is about the same magnitude as the dissipation at the

surface,
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The horizontal diffusion of momentum in the hurricane
has been modeled using constant mixing coefficients, but |
the values used by different investigators (table 1) vary
over several orders of magnitude. A further complication is
that the trumcation errors of the finite difference schemes
produce large, non-linear damping.

The vertical ﬁixing process 1s even more complex than
horizontal mixing, because the vertical eddies (cumulus
clouds) have the same vertical scale as the hurricane. Gray
(1967) has found that the momentum transport by cumulus
convection is an important process in the steady-state dynam-
ics of hurricanes. Constant vertical mixing coefficients
seem particularily inadequate to describe this process correct-
ly. 1Indeed, Gray finds a large variation of the vertical

mixing coefficients with height ranging from 10% to 10° |

en? sec”l.

Because of these uncertainties, the effects of horizontal
and vertical mixing are investigated in BExperiments 3 through
6. The steady heating for these experiments, shown in figure
9, is defined by the rainfall profile A figure 3 and the
solid vertical profile in figure 4, The results from these
first experiments provide wvalues of the mixing coefficients

for use in later experiments in which the heating distribut-

ion was wvaried,
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Table 1.

Exchange Coefficients (cmzsec

—

)

in Hurricanes

Investigator Kq Kz Remarks
Estoque and

Partagas (1968) 108 - 10° - Forecast model¥*
Gray (1967) - 106-10°  Empirical study
Kasahara (1961) 1.6x10° - Forecast model¥
Krishnamurtid

(1961) 2.7%x10° 1.2x10’ Diagnostic study
Kuo (1965) 108 10°-106 Forecast model
Ooyama (1969) 107 0 -10° Forecast model¥
Riehl and

Malkus (1961) 108 10%  Empirical study
Rosenthal (1969) 108 0 -10° Forecast model¥®
“Yamasaki (1968a,b) 107 10° Forecast model¥*

* Denotes additional non-linear damping due to truncation
error in finite difference scheme.

4.,2.,1 Evolution to Slowly Varying State: Experiment 3

In Experiment 3 the effects of a very large amount of

2

horizontal mixing (K, = 25 x 108 om secul) and little verti-

i}

cal mixing (Kz = 0.5 x 10% cm?sec™) are investigated. For

this first heating experiment, some details of the evolution
to the quasil-steady state are presented. In later experiments,

only the final state 1s emphasized.
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Momentum and Temperature Profiles. In figures 10 and

11, the radial profiles of the wind components at several
levels at 0, 200, 400, and 800 steps i1llustrate the evoclution
of the slowly varying state. The initial changes in the
velocity profiles are very large. Although a completely
steady state is not attained by the end of the iteration at
800steps, the changes are sufficiently small to justify mean-
ingful comparisons between these preliminary experiments.

There are three interesting features in the evolution
of the tangential wind profile: First is the relatively
rapid transition of the upper level cyclonic winds to anti-
cyclonie beyond 300 km (fig. 1lla). Second is the gradual
outward diffusion of the middle level c¢yclonic wind maximum
(fig. 10b) . Third is the maintenance of the sharp wind maxi-
mum at the surface, although the maximum is reduced from
37 to 26 m/sec,

The evolution of the radial winds (fig. 1l1b) shows an
increase in both the upper level outflow and lower level
inflow with a tendency toward sharper extrema. The radial
motion in the middle levels remains relatively weak.

In figure 12 the isentropic cross section shows con-
siderable warming in the upper levels where the heating is
a maximum. The initial temperature difference of 1°C be-

tween the center and 500 km increases to about 10°C at 300 mb.
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In the lower troposphere there 1s 1little change, although
there is a tendency for slight cooling around 700 wmb.

The evolution of the mass and momentum fields is ex-
plained by examining the important physical processes in
various regions of the storm. Figure 13 illustrates tan-
gential and radial winds after 800 iteratioms. Profiles for
the middle layers show that the large amount of horizontal
mixing diffuses the fangential wind maximum outward. At the
surface, however, the sharp maximum is maintained as the
advection of angular momentum by the strong inflow counters
the opposite effect of the lateral diffusion. 1In the upper
levels, the outflow advects air with low angular momentum
outward so that the initial cyclonic circulation becomes anti-
cyclonice Inside 200 km, the upward transpeort of momentum by
the heating maintains a reasonable vertical shear. In the
middle levels beyond 200 km, however, radial and vertical
advection of momentum is small. Because the vertical mixing
is negligible in this experiment, only horizontal mixing
disturbs the gradient balance in thils region. This process
is relatively slow and large vertical shear develops beyond
200 km {(fig. 1l3a). This weak vertical coupling in tropical
systems outside of convective areas has been discussed by

Charney (1963).
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The large amount of horizontal mixing produces the
diffuse warm core shown in the isentropic cross secticn
(fig. 12). Although the magnitude of the temperature
anomoly is reasonable, the horizontal temperature gradient
is nearly constant out to 300 km, Observations of hurri-
cane structure show a more concentrated warm core.

Energy Budget. Figure 1li4b shows the evolution of the

different components of the rates of change of available
potential and kinetic energy. Initially the dissipation by
horizontal mixing is dominant, causing a large negative
kinetic energy tendency. After 400 steps the internal
mixing remains relatively constant. Throughout the entire
experiment the dissipation Erom surface drag is smaller than
that from internal mixing,

One of the most interesting features of the energy
budget evolution is the relationship between changes in the
generation and boundary flux of available potential energy
and its conversion to kinetic energy. Although energetic
consistency requires only that these changes be equal in the
steady—state; there 1s an extremely close correlation between
the two at all stages of all the experiments. This suggests
that the available enesrgy generated by the steady forcing is

almost immediately converted -to kinetic energy.
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Initially the kinetic energy conversion closely follows
the generation. After 300 steps, however, the mass outflow
is removing heat at 500 km which would otherwise reduce the
radial temperature gradient. This process is reflected in an
increase in the boundary term, B, of the availilable energy
change equation. The sum of the generation and boundary terms
continue to almost exactly balance the conversion to kinetic N
energy, so that changes in the store of available potentiai
energy are small,

Although the boundary term in the available energy budget
is large, the boundary f£flux of kinetic energy is rather small
compared to the conversion and dissipation processes within
the volume. The contribution is relatively constant and is
negative, indicating that the storm is exporting kinetlic
energy to the environment.

The contribution by the various energy transformation
processes within 100 km radial rings 1is presented in figure
15, Most of the generation occurs inside 200 km while its
conversion to kinetiec energy occurs primarily between 100
and 300 km, The large contribution to the available energy
budget by the boundary processes 1is interesting and supports
earlier studies which show that the hurricane cannot be

considered a closed system on this scale.
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The most ilmportant dissipative process in Experiment 3
is lateral mixing, which is expected in view of the large
value of Ky. Dissipation from surface friction is nearly
independent of radius. Vertical mixing dissipation is an
order of magnitude smaller than the horizontal and surface
digssipation, indicating that it is negligible for KZ equal to
0.5 x 10% cm?secl.

The total energy budget for Experiment 3 is shown in
table 2. These results may be compared with estimates from
observational studies of hurricanes summarized in table 3.
The large kinetle energy conversion rate in Experiment 3,
in spite of the weak maximum wind, is related to the large

horizontal mixing which tends to diffuse the momentum lat-

erally and produce a large vortex.,
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12
Energy Transformation Rates (10

Table 2. watts)
Experiment 3 i} 5 | 6 7 8 10 11 12 13 16
Rainfall profile
type A A A A B G B %8B B B B
Vertical profile
p=pseudo-adiabatic
c=cloud-environment c C c C C C P G C C C
Ky (10% cn®sec™) 25, | 100 |10. | 5| Sel 5. 5¢] 5. | 5. | 5. | 2.5
k, (105 cm®sec™) 0.5 1o | 5¢ | 50| 56|50 5. 50 5. | s 5.
Generation A 24,1 21,2 (15.5(17.3] 10,47 4€8 2.9 13,7 |13.8| 12.6 9.9
Boundary A 18,2 17.0|1343|24,6| 442 0,1} 1.1 5.0 2.4 2,5 3.5
Conversion to K 42,0 39,2 [304,3|32,9| 1645 642] 543] 1848 [1846 | 19,0 | 15,1
Boundary K -5.0 U o3| =242 |=2,2] 0,0/ 0,0 0,0 0.0 | =041 | -0,1 | =0,2
Drag dissipation ~18. “22,4 |=154|=Lb,s} =942| =70} =5, | -11s |~-9.4 | -9,8 | -12,
Lateral mixing =26, =16, [=124|=6e8| =5:7| 55| =36 | =548 [=5,9 | =60 | =4,2
Vertical mixing -2 45 ~660 [=184 =154 =114 =5, =54 | =104 =13, | =13, | =13,




Table 3. Bmpirical Energy Budgets

‘ Region of Heating Gen GConv Adv Stc Int
Investigation Storm (km) 1014 yatts A K K Disp, Disp.
1012 watts

Anthes +
Johnson {1968) 0-1000 3.2 10.3 - - - -
Haﬁkins +
Rubsam (1968) 0-150 2.2 - 2.3 3.9 4.2 ~-2,0
Hughes (19532) O-444 5.4 - - - - -
Miller (1962) 0-111 3.6 - 8.0 2.4 ~5,1 -5.,3
Palmén +
Jordan (1955) 0-666 5.4 - 15,0 - - -
Palmén + '
Riehl (1957) 0-6586 5,0 - 15.0 0.0 -13. 0.0
Riehl +
Malkus (1961)
8/25 0~150 2.1 - 2.8 0.3 -1.6 -1.,0
8/27 0-1590 4,0 - 6.8 3.5 -3.2 -~6.6

Truncation Error, The difference between observed rates

of change in the total kinetic energy of the volume and the '
instantaneous tendencies computed EFrom (38) is an estimate qf
the truncation error in the model. The tendencies as a funct-
ion of iteration step and the observed changes evaluated over
100 steps, shown in figure 1ll4a, show generally good agreement

with little systematic deviation. Maximum differences are

about 10 percent, indicating that truncation error is small.
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Although the results from Experiment 3 were not particu-
larly realistic because of the large amount of horizontal
mixing, the transient features of the evolution to the slowly
varying state have indicated some of the general characteris -
tics of the model. A horizontal mixing coefficient of 25 x

L produces an unrealistically diffuse storm with

8 -
10 cmzsec
a very large radius of maximum wind. 1In addition, the gen-
eration, the conversion of available potential energy to

kinetic energy, and the dissipation by lateral mixing are

too large compared with empirical results.

4.2.2 B8lowly Varying States of MixingsExperiments &4 through 6
Because the large, diffuse vortex in BExperiment 3 in-
dicates that the horizontal mixing 3is overestimated and thes
vertical mixing 1s underestimated, the horizOntal and wvertci-
cal mixing coefficients are varied in Experiments 4 through
6. The horizontal mixing coefficient 1s decreased from 25 x

8 to 5 x 108 cmzsec“l, and the vertical mixing coefficient

is increased from 0.5 x 106 to 5.0 x 106 cmzsec-l. All

10

other parameters &re held constant.

Momentum and Temperature Profiles, The radial profiles

of the tangential and radial winds after 800 iterations and
the isentropie¢ cross sections for Experiments 4, 5, and 6 are

shown in figures 16 through 21. It is evident from these
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figures that the results become more realistic as KH decreases
and K, increases., The tangential wind maximum increases from
28 to 38 m/sec, and the warm core becomes more concentrated
as Ky is reduced (fig. 17, 19; and 21). Differences in the
radial wind profiles are less (fig. 16b, 18b, and 20b)
because the efifects of decreasing KH are partially counter-
acted by increasing K, e

As K, is increased, vertical mixing reduces the vertical
shear of the tangential wind, and the radial tilt of the
maximum wind axis becomes less. It is difficult, however,
to determine how much positive wvertical shear in the lower
300 mb is reasonable. In a series of separate boundary layer
experiments (app. A) the surface wind beyond the radius of
maximum wind is subgradient by as much as 50 percent because
of surface friction., This results in a substantial positive
wind shear in the lower levels. Thus part of the large shear
may be caused by insufficient wvertical resolution of the
boundary layer.

Although non-linear computational instability ocecurs
in the boundary layer experiments (app. A) for Ky equal to
10 x 108 cmzsec-l, only a faint suggestion of oscillations

in the radial wind profile appears in the complete model

2 1

experiments, even though Ky is reduced to 5 x 108 cm®sec”
(figure 20b). This probably results from the additional

damping effect of vertical mixing and the interaction between
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the velocity and mass f£ields in the complete model,

Energy Budget., The energy budgets for Experiments 4, 5,

and 6 by 100 km rings are shown in figures 22 through 24 and
the total energy budgets are summarized in table 2, Decreases
in Ky and increases in K, are accompaniled by corresponding
decreases and increases in horizontal and vertical mixing
dissipation respectively. Drag dissipation remains relative-
ly constant because the increased maximum winds occur over a
smaller area. The generation of avallable energy and conver-
sion to kinetic energy decrease toward more realistic values

(table 3) as the storm becomes more concentrated.

4.2.3 Summary

The results from Experiments 3 through 6 establish
ranges of the horizontal and wvertical mixing coefficients
which give fairly reasonable results., Values of Ky greater

i are too high, resulting

than or equal to 10 x 108 cmzsec_
in a large, diffuse storm. Values of K  less than or equal

to 1 =x 106 cmzsec_l do not yield sufficilient vertical mixing

to produce reasonable vertical shears of the tangential winds,
The most realistic results are obtained for KH equal to

land K, equal to 5 x 10° cn?sec™ . Both

5 x 108 cmzsec-
values are possibly on the high side, but in view of the
threat of non-linear instability if smaller values are used,

we prefer to begin the study of variable heating functions

with these values.
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4.3 The Role of Variable Distributions of Heating

From the premise of the thermal forcing of the hurricane,
difference between size and intensity of individual storms must
be related to space and time variations of the heating distri-
butions. However, the question of just how sensitive or re-
sponsive is the storm circulation to these variations remains
unanswered.

From the continuity equation one expects that the radial
circulation is highly dependent on the horizontal and verti-
cal heating distributions. The response of the tangential
circulation is more complex. However, the supposition that
the time response of the total circulation to changes in
thermal forcing is relatively rapid underlies the justifica-
tion for hurricane modification experiments. In this section
the results of the model attained from various combinations
of horizontal and vertical heating distributions provide some
insight into this relation betwsen the hurricane circulation

and thermal forcing.
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4.3.1. Radial Variation of Latent Heating

The heating function in Experiment 6 (discussed in
sec. 4.,2,2,) produces a rather large storm of only moderate
intensity. The total heat release, generation of available
energy, and conversion to kinetic energy &re larger than
empirical results by a factor of twe or three. These results
suggest that the heating function overestimateS the latent
heat release at large distances from the center.

In Experiments 7 and 8 the latent heat release beyond
100 km is progressively decreased with the result that the
relative ﬁeating becomes more concentrated near the center
(rainfall types B and C in table 4 and fig. 3). In Experi-
ment 9, the primary heating maximum at 30 km is reduced
slightly and a secondary heating maximum is introduced at
200 km to simulate the effect of rainbands (rainfall type
D in table 4 and fig. 3). In all four experiments the

vertical heating distribution is specified by the solid

curve in figure 4,
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Table 4. Summary of Experiments Investigating Radial Variation
of Heating

Total Heating

Experiment Rainfall Type rate 1014 watts
6 | A 21.3.
7 B | | 11.0
8 C 3.5
9 D 11.0

Concentrated Heating Near the Center: Experiment 7.
In all experimentsiwith Zd km resoluﬁion and a time step of
30 szconds, the 1arge—scalélch;nges, especially in the inner
300 km region, were small enough after 1600 iterations (13.3
hours) to justify meaningful comparisons of the slowly varying
state. Before the discussion of the steady-state sclutions,
quantitative results illustrating the convergence to a steady-
state are presented for one experiment. The variation of L2
(34) on the tangential and radial winds is shown only for
Experiment 7:+because the bzhavior of the norms in the other
experiments 1s quite similar.

In figure 25 the convergence of the tangential winds is
most rapid in the lower levels near the center. Inside 200
km, the tangential wind has reached a slowly wvarying state

after 800 iterations. 1In the upper levels, howaver, at large
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distances from the center, convergence is much slower. In.
fact, L2 (v, ) at 360°K does not be begin to decrease until
the inner region reaches a quasi-steady-state (about 600
iterations). The physical explanation is that the inner reg-
ion adjusts rathzr quickly to the hzating function. 1In thé
outer region, the heating 1is either small or zero, thus the
winds are influenced only by advection and mixing. In the
upper levels, internal mixing is negligible, so that only
horizontal advection is important. Because the radial ad-
vection is outward at this level the tangential winds in the
outer regions are primarily determined by the steady-state
angular momentum distribution near the center. The slow
convergence in this region reflects the time required for the
angular momentum nhear the center to be advected to the edge
of the domain.

The convergence of the L2 norm on the radial winds for
the surface and 360°K is shown in figure 26. The oscilla-
tions superimposed on the downward trend are evidence of the
inertial gravity waves mentioned in Experiment 2., The fre-
qaency of these waves is apparently low enough to avoild most

of the damping in Matsuno finite difference scheme.
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Momentum and Temperature Structures In Experiment

7 (rainfall type B, fig. 3) the total heating rate is re-
duced from 21.3 to 11.0 x 1014 watts, a rate closer to empiri-
cal results (table 2), The more concentrated heating function
in this experimant generates a smaller warm core with nearly
as intense a pressure gradlent near the center as the one
in Bxperiment 6, The tangential and radial wind profiles are
shown in figure 28 and may be compared with those from Zxperi-
ment 6 in figure 27, The effect of reducing the heating be-
yond 150 km on the tangential wind is to slightly decrease
the maximum wind from 34 to 33 m/sec at 60 km, However, the
winds beyond 150 km decrease significantly. The 3 percent
decrease in the maximum wind speed, in spite of a 50 percent
reduction in total heating is somewhat paradoxical and em-
phasizes the importance of differential heating in establish-
ing the temperature and pressure gradients and the angular
momentum distribution.

The changes in the radial winds are greater than those
in the tangential winds (fig. 27b, 28b)., The inflow is
reduced beyond 200 kmj; e.g., from 11 to 8 m/sec at 250 km.
The maximum outflow decreases from 19 to 14 m/sec and the

radius of maximum outflow moves inward from 360 to 180 km.,.
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Because the results from Experiment 7 are quite realis-
tic, they are presented in some detail. The tangential wiund
cross section, figure 29, shows a reglon of maximum cyclonic
winds near the center with little vertilical wind shear bzlow
300 mb., In the lower levels beyond the radius of maximum
wind, positive vertical shear exists because of surface
friction. A small region of anticyclonic winds occurs in the
upper levels beyond 400 km,

The radial wind cross section, figure 30, shows inflow
from the surface to about 600 np, although significant
( lv.1 25 m/sec) inflow is limited to the region below 800
mb, The maximum inflow of 15 m/sec 1s somewhat stronger
than empirical observations (esg., Miller, 1962), but weaker
than the inflow found in the separate boundary layer experi-

ments (app. A). Significant outflow occurs above 300 mb.

Generation and Conversion of Available Potential

Energy* 'The vertical cross sections of the generation and
its conversion to kinetic energy for Experiment 7 are shown
in figures 31 and 32. Most of the generation occﬁrs in the
middle and upper troposphere insidé 150 km, a result which
agrees well with the empirical estimate of Anthes and Jchnson
(1968)., Conversion of available to kinetic energy, on the
other hand, occurs mainly below 800 mb inside 300 km where

the inflow and acceleration toward lower pressure are large.
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A swmall region of negative conversion occurs in the upper
troposphere near the center as air flows outward against
the pressure gradient force.

Energy Budgete The energy budget by radial rings

for Experiment 7 is shown in figure 33., Compared to EBExperi-
ment 6 (fig. 34) all components of the time rate of change
of the energy budget are reduced, especially beyond 200 km
where the heating is significantly less. In the total ensargy
budget (see table 1), the generation of available potential
energy and its conversion to kinetic energy are reduced to
12.7 and 16.5 x 1012 watts, respectively - values which com=-
pare favorably with the empirical results in table 3. The
kinetic energy sinks are 9,2 x 1012 watts for surface‘drag,
11.0 x 1012 watts for vertical mixing,

and 5.7 x 1012 watts for horizontal
mixing. Comparison of these dissipation rates with empirical
results is difficult, While the dissipation by drag friction
is readily computed from hurricane wind data, dissipation by
internal mixing is usually computed as a residual in a kinetic

energy budget. Also, the empirical results in table 3 were

determined For only a small porblon of the storm ( r € 150 km).
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In view of the above uncertainties, the dissipation
rates In Experiment 7 appear reasonable. Inside 200 km, the
ratio of internal to surface friction is about 1.2, which
approximately agrees with empirical results. Beyond 200 km
this ratio increases because of the large dissipation from
vertical mixing. The vertical mixing may be overestimated in
this region for two reasons: First, the assumption that K,
is constant horizontally is very crude. The vertical turbu-
lance, including cumulus convection, probably decreases wilth
increasing radius; therefore KZ in the model should decrease
also, Second, the large vertical mixing dissipation is relat-
ed to the faect that the middle level winds in the outer region
have not yet completely adjusted to the upper and lower level
winds, a consequence of the weak vertical coupling mentioned
earlier, Thus the vertical shear resulting from the initial
conditions is still large. The fact that the ratio of verti-
cal mixing to surface dissipation decreases with increasing
iteration step provides support for this second reason.

In summary, the effect of reducing the heating beyond
200 km in Experiment 7 is to significantly reduce the
tangential and radial wind components at larger rédii. For
a reduction of the total heating by 50 percent, only a3 per-
cent decrease in maximum wind Is produced. The generation

and conversilon of available energy and dissipation of kinetic
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energy compare favorably with empirical evidence, even
though the total heating is somewhat higher than empirical
results.

Very Concentrated Heating Near Center: Experiment 8.
The thermal forcing by the extremely concentrated heating
function, Type C in figure 3, is studied in Experiment 8.
Inside 100 km the horizontal distribution is essentially un-
changed from that in Experiments 6 and 7., The heating rate
beyond 190 km is greatly reduced and the total heating de-

creases to 5.5 x 1012

watts, an amount comparable to obser-~
vational evidence (tadble 3).

Becgiuse of the concentrated heating distribution, a
variable grid was utilized in Experiment 8. For # £160 km
the resolution is 10 km. For r >160 km the resolution
varies swmoothly from 10 km at 160 km to 25 km at the maximum
radius of 500 km. The use of a wariable grid is jﬁstified in

a later experiment.

Momentum and Temperature Structurese Within 100 km

the tangential and radial wind profiles for Experiment 8,
shown in figure 35, are quite similar to the profiles for
Experiment 7 (fig. 28). The slight shift inward of the
maximum wind from 69 km (gxperiment 7) to 50 km (Experiment
8) is probably a consequence of the increased resolution

rather than the heating reduction beyond 100 km.
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Although changes inside 100 km are small, large differ-
ences are presSent at greater distances. Maximum outflow 1is
reduced from 14 m/sec at 180 km (Experiment 7) to 10 m/sec
at 100 km (gxperiment 8). At 300 km the outflow is reduced
from 11 m/sec to 3 m/sec.

The decreased outflow produces a different tangential
wind distribution at larger radii. Whereas the stronger out-
flow in Experiment 6 and 7 produce® anticyclonic winds at 500
km by an outward advection of low angular momentum from the
center, there is 1little radial adveétion at this distance in
Experiment 8. Thus internal mixing dominates and the tangen-

tial winds slowly decay.

Energy Budgetes The energy budget, shown in figure

36, reflects the decrease in storm intensity compared with
Experiments 6 and 7. The generatlion of available energy
occurs entirely within 100 km, The boundary term in the

avallable energy budget decreases from 4.2 x 1012 watts to

0.1 x 1012 watts. The total energy budget (table 2) shows
significantly smaller values for all processes, except
horizontal mixing. The dissip#tion by horizontal mixing is
nearly constant because the curvature of the wind profile
inside 100 km is relatively unchanged.

Experiments 6, 7, and 8 indicate that the reduction of

heating at large distances has little effect on the inner
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region of the storm and suggests that the maximum winds are
determined primarily by heating in the inner region. As the
heating 1s reduced at larger distances, the storm decreases

in horizontal exten£ and the tangential and radial winds

beyond 100 km are reduced. The size and intensity of the
anticyclone aloft is closely related to the amount of heating
at large distances from the center. This relationship suggests
that the intensity of the thermal anticyclone associated with
storms in nature should be closely correlated with the dia-
meter of the active conveective area.

Primary Heating Near Center With Secondary Maximum
at 200 km: Experiment 9 - In the final experiment studying
the horizontal wvariation of heating, a secondary heating
maximum i1s introduced at 200 km. See rainfall type D in
figﬁre 3. The heating rate in the inner region is reduced
slightly from that in Experiment 7 so that the total heat
release remains fixed. The introduction of a secondary
heating maximum is an attempt to investigate the possible role
of hurricane rainbands in which substantial precipitation
occurs at some distance from the center (Gentry, 1964). Al-
though rainbands are generally asymmetric and spiral in toward
the center, the mean effect in an axisymumetric model appears

as a ring of enhanced convection,
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The results from Experiment 9 show rather small changes
from those in Experiment 7. The profiles of the fangential
and radial winds at the surface and 340°K for Experiments 7
and 9 are compared in figure 37. The weak secondary heating
maximum reduces the maximum tangential wind from 33 to 31
m/sec at 60 km and produces a slight increase in middle
levels at 200 km, The latter increass is caused by the in-
creased vertical transport of 1ow-1e;e1 momentum.

The radial wind profile shows a slightly weaker cir-
culation inside 200 km, Maximum inflow is reduced from 14
to 13 m/sec at 80 km, and the single outflow maximuwm at
-180 km in Experiment 7 is‘replaced by two weaker maxima at
100 and 200 km in Experiment 9. |

Experiment 9 may have some relevance to hurricane modi-
fication experiments (Project STORMFURY , 1969). One aspect
of STORMFURY involves seeding supercooled water in rainbands
with silver iodide crystals. The additional heat of fusion
would then increase the heating at this distance and possibly
reduce the amount of air reaching the center by deviating the
inflow upward, This chain of events would then result iﬁ a
decrease of the maximum winds near the center.

The changes in circulation in Experiment 9 that result
from an increase iIn heating -at 200 km and a slight decrease

~inside 200 km are small, but confirm the hypothesis of the
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rainband experiments in Project STORMFURY,., However, the
results are inconclusive. From one point of view it may be
argued that the reduction in maximum winds is small in compari-
son to the changes in the heating distribution. On the other
hand, 1f the hurricane vortex is unstable, & small change

might produce interactions which cause greater differences

with time, The steady-state model, of course, is not

capable of studying such feed-back.

4,3.2 Vertical Variation of Latent Heating: Experiment 10
The vertical distribution of latent heating iLs an import-
ant aspect of ths troplcal cyclone problem. In extratropical
reglions, which are normally conditionally stable, most of the
large scale condensation heating results from stable moist
adiabatic ascent. In the conditionally unstable tropiecs;
however, large scale lifting results in small scale convect-
ion. The vertical distribution of the environmental hesating
by the convection Ls a complicated process and involves en-
tréinment, horizontal and vertical mixing, and large scale
vertical motion, The effective heating of the large scale may
then be quite different from the cloud scale distribution.
Early attempts at hurricane modeling (e.g., Kasahara,
1961; Rosenthal, 1964) related the heating to the variation

of saturation specific humidity, q, , along an appropriate

72




moist adiabat. This pseudo-adiabatic type of heating resualt-

ed in unrealistie circulations, and showed that the hurricane

could not be considered a huge cloud. Kuo (1965) attempted

to relate the large scale to the cloud scale heating by making

the heat release at any level proportional to the cloud-en-
vironment temperature difference. Parameterization similar ?
to this type of heating (hereafter called "cloud-enviroanment™

type) has given quite realistic results in prognostic hurri-

cane models {(Yamasaki, 1968a,b; Rosenthal, 1969).

The relative variation of the heating profiles between
the pseudo=-adiabatic and cloud-environment types are con-
trasted in figure 38, The wvariation of?gg along several
mofist adiabats 1is shown for a surface pressure of 1010 mb,

a ralative humidity of 85 percent, and various surface
‘temperatures, The dashed profile is the diEfference between

fhe temperature of the moist adiabat defined by an equivalent
potential temperéture of 362,.6°K and the mean hurricane/
season environmental temperature.tjordan, 1958).

A mueh higher proportion of heat 1is released in the
upper levels in the cloud-environment type than in the
pseudo-adiabatic type. The ratio of 300 to 600 mb heating
in the former 1is about 1.7 while in the latter the ratio

varies from 1.0 to 0,5. From a linear analysis, Rosanthal
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and Koss (1968) showed that this ratio was an important
parameier in the growth of tropical cyclones. They found 5

reasonable growth rates and thermal structures for a ratio

of 1.,25. Yamasaki (1968a) found reasonable results for a
ratio of avout 1l.1l. These valuzs are easily exceeded in the
could -environment type heating. In the pseudo-adiabatic type,
however, the ratio is highly dependent on 8, , approaching
the critical value only for very warm, moist air.

In Experiment 10 the vertical distribution of heating

~

is proportional to %%% along the moist adiabat defined by a
surface temperature of 28°C shown in figure 38, The sanme
distribution is also contrasted with the vertical heating
distribution of the earlier experiments in figure 4, The
horizontal heating distribution and all other parameters
were identical to those in Experiment 7. The vertical cross
section of heating 1is shown in figure 39,

Figure 40 shows the radial profiles of tangential and
radial winds in Experiment 10. The low-level tangential
wind profiles are similar to those in Experiment 7 (fig. 28).
The reduced vertical transport of momentun in the upper levels,
however, yieldé weaker winds. The radial wind profiles show
a deep, weak ouiflow layer in Experiment 10 in contrast to
the shallow, strong outflow layar of Experiment 7. This

difference is related to the change in thermal structure
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showin in figure 41. 1In Experiment 10 the level of maximum
temperature departure drops f£rom 300 mb to 500 mb, the
pressure gradient decvreases more rapidly with height, and
the outflow begins at lower 1eve1§. Near 200 mb the atmos -
phere is nearly undisturbed,. and the radial and tangential
circulations at this level are less than those in Experiment
7

Both the temperature structure and the radial winds in
the upper levels are unrealistic in the psaudo-adiabatic
type of heating of Experiment 10, Observations show that
the maximum temperature departure occurs in the upper rather
than middle troposphere (Hawkins and Rubsam, 196%; Malkus and
Riehl, 1961). They also support a thin, strong outflow laver
rather than a deep, sluggish layer (Miller, 1958, 196%4).
These results confirm that the cloud-scale heatiﬁg is not
approprlate to the hurricane scale in the mature, slowly

varying state.

4.3.3 Variation of Total Heating: Experiment 11

The results from the previous experiments empha -
size the importance of variable heating distributions. 1In
all the experiments the heating maximum was defined by a
rainfall rate of about 50 cm/day at 30 km, a moderate rate

for a mature hurricane. In Experiment 11 the heating functionis
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one half that of Experiment 7, while the horizontal and vert-
ical heating variation and all other paramsters are identiéal.

Figures 42 and 43 show the momentum and temperature pro-
files of the slowly varying state. As expected, the tangen-
tial and radial circulations are considerably less than those
in Experiment 7, and the thermal structure shows a weaker warm
core. The maximum tangential wind is reduced Erom 33 to 25
n/sec; maximum inflow is reduced from 15 to 9 m/sec, while
the outflow is decreased from 14 to 7 m/sec. The maximum
temperature departure is reduced Erom +10°C to + 1°g,

The energy budget for Experiment 11, summarized in table
2, shows a reduction by a factor of two or three, The kinetic
energy is still decreasing after 1600 iterations, indicating
that true steady-state circulations, especially at large
distances from the center, will be weaker than those presented
in figure 42. Thus the thermal forcing given by the rainfall
rates of xperiment 11 produce8 a circulation that is typical

of a modzrate to wesak tropical storm.

4.3.4 The Role of Infrared Cooling: Experiment 13

Becuase of the immense importance of latent and sensible
heat as energy sources into the tropical cycleone system,
littles attention has been directed toward infrared cooling

as a sink of energy. In numerical experiments to date,
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only Ooyama (1969) included the effect of radiative cooling.
Ooyama experimented with a uniform cooling rate and found
little change from the non-cooling cases, He notes, how-
ever, that differential cooling may affect the development of
tropical cyclones.

In the Hurricane Hilda study, Anthes and Johnson (1968)
estimated that infrared cobling in the outer regionm of the
storm could generate 15 to 20 percent of the total genera-
tion of available potential energy on the hurricane scale
(1000 km). The total cooling nearly egualled the total
latent heating on this scale, It is important, therefore,
to ascertain whether radiative cooling represents a passive
energy loss or contributes actively toward maintaining the
baroeclinicity in the hurricane.,

If the 15 to 20 percent generation by infrared emission
is respresentative, the effect of the cooling on the dynamics
should be investigated, in view of the strong correlation
between generation of available energy and conversion to
kinetic energy in these experiments. Appendix C presents
radiative cooling rates in the clear tropical atmosphere,
which are computed using Sasamori's (1968) radiation
-model, Sasamori's model is quite suitable for use in numeri-
cal models of the tropical cyclone because of its relative

simplicity and computational economy in terms of speed and
storage.
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Experiments 12 and 13 contrast the effects of fadiative
cooling on the slowly varying state of the tropical cyclone.
The horizontal domain is extended to 1000 km for these
experiments., Experiment 12 represents the non-cooling
control experiment and is identical to Experiment 7 except
for the larger deomain. The effects of this change are
minor and are discussed separately in a later section.

Experiment 13 1is identical to Experiment 12 except that
uniform horizontal cooling ocecurs from 300 km {(assumed to'
be the edge of thz cloud cover) to 1000 km. The vertical
distrid>ution is given by the mean cooling profile shown in
appendix C, figure Ci4,

Momentum and Temperature Structures. Figures 44, 45,

and 46 show the tangential and radial wind profiles and the
thermal structure for the cooling and non-cooling experiments.
The cooling results in an increase of 1.5 m/sec in wmaximumnm
tangential wind and an increase of 1 m/sec in maximum inflqwf
As expected, the temperatures beyond 300 km are cooler in
Experiment 13: A somewhat surprising result, however, is

the cooling in the core of the storm, which 1is nearly as

great as that in the outer regioms. This cooling is appar-

ently due to horizontal advection and mixing.
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Energy Budget. The difference in temperalture structures

(fig. 46) indicates that the radiative sink of energy is
considerable., The total cooling of 3.4 x 1014 watts is about
a thivd of the total heating of 11.0 x 1014 watts, and con-~
Eirms that the radiative heat loss is the same order of
magnitude as the latent heat gain on the scale of 1000 km,

The generation of available potentiazl energy by the
cooling is 0.2 x 1012 watts, or about 1.5 percent of the
total generation. This is considerably less than the 17
percent zstimated by Anthes and Johnson (1968). The differ-
ence is related to differéncés in temperature structures
between Hurricane Hilda and gxperiment 13. Figures 47 and
48 show the efficiency factor cross sections for Hilda and
for Experiment 13. The greater large scale barcclinicity
beyond 500 km in the Hilda znvironment results in a large
magnitude for the negative efficiency factors. Thus cooling
at 1000 km in the Hilda enviornment generates more available
potential energy than in Experiment 13. Another factor is
the infrared emmision in the region of positive efficiency
factors. In Hilda, cooling was computed from 500 to 1000
km, a region of mostly negative efficiency factors. In

Experiment 13, cooling occurs from 300 to 1000 km. Because

the 300-500 km region consists of positive efficiency factors,

the infrared generation of available energy is negative in

this region.
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The energy budget by 100 km rings for HEperiments 12
and 13 is shown in figure 49 and the fotal budget is
summarized in table 2. Although the percentage of generation
by rédiation is iess than 2 percent, the total generation is
about 6 percent higher in Experiment 13. Thus -the slightly
increased baroclinicity in the cooling experiment results
in an increase in the generation by the latent heating.

Although thes increase in maximum wind speed in the
infrared experiment 1s only 1.5 m/sec, the total cooling
represents a significant energy sink., The infrared genera-
tion of available energy 1is considerably less than an earlier
diagnostic estimate. Even though the cooling has a small
effect on the dynamics of a mature storm in near steady-
state, the possibility remains that it may play a more
significant role in the earlier stages of tropical storm
development. Because the formative stages frequently span
several days, the cumulative effect of differential cooling
between clear and cloudy regions may be large. The gradual
increase 1in baroclinicity could enhance the convective heat-

ing by accelerating the slow meridional circulation.
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h.&t Experiments-of a Computational Nature

The experiments so far have emphasized primarily the
role of phyéical processes such as wvariable mixing and heat-
ing in the determination of steady circulations. In numerical
models, however, it is also importamnt to ascertain the effect
of the computational or artificial aspects of the model on
the solutions. Ideally, the computational or artificial
aspects of domain size, boundary conditions, and resolution
should be small in comparison to physical effects. The
experiments Iin this section compare solutions with domains
of 500 and 1000 km, with constant horizontal resoclutions of

10 and 20 km, and with a wvariable horizontal grid.

4.4.1 Domain Size: Experiment 12

The effect of the arbitrary horizontal boundary condit-
ions may be investigated by increasing the size 6% the
horizontal domain. Experiments 7 and 12 are identical,
except that the horizontal domain of 500 km is extended to
1000 km in the latter. Figure 50 shows the tangential wind
profiles for both experiments. Differences for r less than
200 km are less than 30 cm/sec at all levels. Between 300
and 500 km, however, the maximum difference is 1 m/sec,

The low level tangential winds show greater anticyclonic

shear in Experiment 12, a result of the boundary condition of
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zero relative vorticity being shifted from 500 km in Experi-
ment 7 to 1000 km in Experiment 12,

A small difference 1is also present in the low level
radial wind profile (not shown). The boundary condition of
zero divergence at 500 km in BExperiment 7 1s replaced by
weax positive divergence in Bxperiment 12, and the inflow is
less by 0.4 m/sec at this distance. The small differences
between these two experiments, especlally near the radius
of maximum winds, justify using the 500 km domain for the

non-cooling experiments.

4.4.2 Variable Grid: Experiment 14

In numerical models of atmospheric convective phenomena
such as cunulus clouds, sguall lines, or hurricanes, a
greater resolution for a portion of the domain is desirable.
For the hurricane a Einer mesh is needed near the eyewall
where horizontal gradisnts are large than in the environment
of the storm where gradients are weak.

Recently Anthes (1969) utilized the transformation
r = x? + cx ia Ogura's (1963) axisymmetriec cumulus ecloud
model to obtain a continuously varying grid with highest
regsolution near the center. Although these results appeared

reasonably good, later results (Reeves, 1969 and Anthes,

1969, unpublished manuscripts) showed that differences in
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grid sizes near the origin could lead to large errors in
. . . Vy .
estimating terms such aséggﬁr. Hence the transformation for
this model is modified by retaining a constant grid from the
2

origin to R0 and introducing the transformation r = R0 + oxT O+

cx for r 7 R . This transformation, with proper choice of
o

Ro’ ¢, and increment, A x, increases computing efficiency
with no significant reduction in accuracy.

In compatrison of the results from a variable and a fixed
grid, the size of domain is 1000 km and the horizontal res-
olution for r % 300 kim is 20 km in both experiments. For
the variable grid, gxperiment 14, the parameters of the
transformation are Ro equal to 300 km, ¢ equal to 395.1 m%,
and A x equal to 43.6 m%. The rescolution varies f£rom 20 knm
at 300 km to 73.3 km at 1000 km. The number of grid points
is reduced from 51 to 31 and a 40 percent saving in the
computational time is achieved, Initial conditions for the
grid points beyond 300 km are interpolated from the profiles
of the fixed grid.

Figure 51 shows the radial wind profiles after 400
iterations. Differences are extreme1§ small; for example,
the maximum inflow in the wvariable grid gxperiment 14 is
18.18 m/sec compared to 18,19 m/sec in the fixed grid
Experiment 13. The maximum tangential wind difference 1is
0.02 m/sec. Exact comparisons beyond 300 km are difficult

because the grid points in the two experiments do not
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coincide. However, the results agree very well and suggest
that a Ffurther reduction in grid points may be possible with-
out generating unacceptable errors. The excellent agreement
betwsen gxperiments 13 and 14 justifie3 use of the variable
grid as a reasonable and economically useful substitute for

the constant grid.

4.4.3 High (10km) Resolution: Experiment 15

In the final experiment of a computational nature,
Experiment 7 is repeated utilizing the variable grid. For
RO equal to 150 kwm, ¢ equal to 484.1 m%, and Ax equal to
19,85 m%, the resolution varies from 10 km within 150 km of
the center to 25 km at the outer boundary of 500 km. The
nunber of grid points increases from 26 in Experiment 7 to
36 in Axperiment 15. Because the time step must be halved to
satisfy the linear computational stability requirement, an
increase in computation time of 138 percent is required.

Figure 52 shows the taugential wind profiles after
400 and 3800 iterations, respectively. The profiles for
Experiment 15 are somewhat smoother near the radius of
maximum wind than for Experiment 7. The maximum tangential
wind is reduced from 39,28 m/sec in EBxperiment 7 to 38.65
m/sec in gxperiment 15, while the maximum inflow decreases

from 18,28 m/sec to 17,63 m/sec. These differences, which

94




50

40

%1 1 ] ) 7
x TANGENTIAL WIND 5
* High and Low resolution A
5 4
x
30 % 7
x 2=0
" »
/
’bx
201 o -
-]
% ° .,
g 10+ oxxxoxoxpx°"oxo o 2 °® °°° B@ ° s ° —]
E x ‘;I %o °
E |, =360
< x
>
O_ e
o GONSTANT RESOLUTION
Ar =20 Km
-0l = VARIABLE RESOLUTION =
ar =10 Km
r =200 Km
-20 [ | I |
0 100 200 300 4Q0 500
R (Km)
Figure 52, Tangential wind profiles in Experiments 7 and 15
7 | TTie 50 T T T T
vy N=2400 Vr N=2400
-0 K,=2.5 x 10° Ky® 2.5 = 10°
40 —
30 -
2
£ 20/ -
- &= 360
=

200
R

I I -20 1 1 ]

300 400 500 0 100 200 300

{Km) a R {(Km)

Figure 53. Tangential and radial wind profiles in Experiment 16

95

500




are about 2 percent, appear insignificant in view of the
138 percent increase in computational time.

The relatively small differences indicate that the
heating function is adequately resolved by the 20 km resolu-
tion and support the results of all the 20 km experiments.

If the radial variation of the heating function profile were
altered by increasing the resolution, one would expect greater

differences between the two experiments.

4.5 High Resolution Experiment with Reduced
Horizontal Mixing: Experiment 16

After the preliminary seéries of experiments, a value for
KH of 5 x 108 cmzsec_ was used in subsequent experiments.
This wvalue 1is considered somewhat large, but in separate
experiments with 20 km resolution (app. A) non-linear
instability develop8 for smallar values. However, finer
grids more accurately resolve the shorter wavelengths, thus
non-linear instability depends on grid size as well as
internal mixing. To investigate the effect of decreasing

the horizontal mixing coefficient from 5 x 108 1o 2.5 x 108

cmzsecql, the variable grid of Experiment 15 with 10 km
resolution near the center and the heating funection of Exper~-

iment 7 is utilized.
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4.5.1 Momentum and Temperature Structures

Figure 53 shows the slowly wvarying tangential and
radial wind profiles for Experiment 16 which should be com=~
pared to those for Experiment 7 (fig. 28), The maximum
tangential wind increases from 33 to 41 m/sec in E.xperiment
148 and the radius of maximum wind shifts inward Erom 60 to
40 km. Mavimuw inflow increases from 15 to 17 m/sec. The
irregularity Ln the radial wind profile at 70 km indicates
that the resolution in this region is insufficient to ads-
quately resolve the extremum. In the boundary layer experi-
ments (app, A), this type of oscillation developed before the
onset of non-linear instability. In Experiment 16, however,
the interactions with the mass and momentum distributiomns
prevent this oscillation from amplifying. The temperature
structure shows a more concentrated warm core in Experiment
16 (fig. 54) than in. Experiment 7 (fig. 43), with a maximun
temperature increase of 3°C.

The circulation in Experiment 16 1is the strongest of
all the experimants and compares realistically with empirical
results, Figures 55 and 56 show cross sections of the tan-
gential and radial wind. The tangential circulation is
stronger and more concentrated near the center than in
Experiment 7 (fig. 29). The weak upper level anticyclone

at 500 km in Experiment 7 is not present because the cyeclonic
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circulation in the upper levels near the center 1s stronger
in Experiment 16, so that the radius a:t which the relative
circulation becomes anticyclonic is greater. This result,
and the strong dependency of the upper level ocutflow on ths
horizontal heating distribution found earlier, suggests that
relatively weak storms with large diameters should be accom-
paniéd by stronger upper level anticyelones than smaller,

more intense storms.,

4.5.2 Energy Budget

The efificlency factor cross section for Experiment 40
(fig. 57) shows positive efficiency factors in the middle and
upper troposphere extending from the center to 300 km. Nega-
tive efficiency factors occur in the lower levels near the
center and in the upper levels beyond 300 km. In figure 58,
almost all the generation occurs inside 200 km and above 600
mb.

The energy budget shown in figure 59 and the total budget
summarized in table 2 are quite similar to the results from
Experiment 7 (fig. 33), As expected, the total frictional
dissipation is reduced because the horizontal mixing is
less in Experiment 1l6. Thus the steady-state condition im-
plies that the total generation and conversion of available
energy will also bz less, even though the maximum winds are

higher -
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4,6 GComparison of Numerical and Empirical
Pressure and Wind Relatlonship

Empirical evidence (Colén, 1963) indicates a close
relationship betwsen central pressure and maximum wind
speed, Figure 60 shows the model results from five experi-
ments superimposed on Coldn's data. Central pressure in the
model is defined as the pressure at the first prediction
point for pressure, which is either 5 or 10 km. All points
from the model experiments lie within a region that bounds
the empirical data.

The relationship betwezen central pressure and radius
of maximum wind is another aspect of the model to be
compared with Colon's (1963) data (fig. 61). Coldn discusses
two types of storms. The '"Dalsy type," represented by dots
in figure 61, is smali and shows little relationship between
central pressure and radius of maximum wind. The "Helene
type” storm, representad by x's in figure 61, is larger and
shows an inecreasing radius of maximum wind with increasing
central pressure. From figure 61, we see that storms pro=-

duced by this model appear to £it the "Helane type."”
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The degree of gradient balance throughout the storm
system has received attention from investigators, e.g.,
Hawkins and Rubsam (1968). Their results show that the inner
region is fairly close to gradient balance. In these experi-
ments, except for the winds near the surface which &re sub-
gradient by 20 to 40 percent and in the outflow layer where
radial advection 3is important, gradient balance is closely
approximated, Models with low vertical resolution may have
outflow layers closer to gradient balance, because horizontal

advection in a deeper outflow layer will be much wzaker,
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5. CONCLUSIONS AND SUGGESTIONS FOR FUTURE RESEARG

A diaguostic model in 1lsentropic coordinates has been
developed to study the energetics and dynamilcs of tha
steady-state, mature tropical cyclone. Realistic, slowly
varying solutions for the mass and momentum fields are ob-
tained by an iterative technique for the thermal.foréiﬁg
speciflied by several heating distributions. Tﬁe principle
conclusions are:

(1) The magnitude and distance of the maximum wind from
the center is determined primarily by the heating inside
100 km. Large variations in heating beyond 100 km have
little effect on the maximum wind but produce considerable
changes in the outflow intensity., Becausz angular momentunm
tends to be conserved in the outflow layer, the size and
"intensity of the upper level anticyelone is also closely
related to the heating at large distances from the center,

{(2) In experiments Ln which the vertical vaviation of
heating is proportiénal to the condensation of water vapor
along a moistadiabat, the temperature structure shows an
unrealistically low warm core and a deep, wesak outflow layer.
A vertical distribution that releases a higher proportion of
heat in the upper troposphere gives more realistic results.

(3) Radiational cooling in clear air 1s calculated for

several moisture distributions in the troplcs using Sasamori's
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{1968) model., Infrared cooling beyond 300 km causes a 1.5
m/sec increase in maxiwmum wind speed and a 6 percent increase
in generation of available potential energy. In this model,
the total heat loss by radiation on a scale.of 1000 km is
about one.halﬁ to a third of the total hsat gain.

(4) 1In experiments with a constant horizontal eddy
coeffficient and a vertical mixing coefficient that decreases
linearly with height, valuas of K.H greater than 5 x 108

1

2 - . .
cmTsec result in unreasonably diffuse storms and wvalues

6 ) -
of Kz less than 1 x 10 em“sec 1 produce storms with too

much vertical shear. Most reasonable results are obtained

equal to 2.5 and 5 x 10% cu?sec™?

5 x 106 cmzsec_l.

for K and KZ egual to

H

(5) In the slowly varying states, the generation and
boundary f£lux of available potential energy, couversion to
kinetic energy, and dissipation of kinetic energy by surface
and internal friction are balanced. Paradoxically, tharefore,
experiments with thz most internal friction contain the
most kinetic energy. The relationship between low-level in-
flow, high-level outElow, and the warm core structure produce
a positive boundary contribution to the avallable potential
energy budget. On a scale of 500 km, this boundary term is
nearly as large as the generation term in some experiments.

On a scale of 1000 km, however, the generation " is an order

of magnitude greater.
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(6) In thz computational experiments, it 1is established
that a 500 km domain and 20 km resolution are satisfactory
for the latent heating functions studied. A variable grid

is utilized in some experimznts to econcmically gain higher
resolution near the center, For a 40 percent galn in compu-
tational time, differences 1in maximum wind are less than
0.1 percent using the variable grid.

(7) 1In a-separate series of experiments (app. A), the
steady~-state vertical wvelocities at the top of the boundary
layer gre computed for a constant pressure gradient.
Results are highly dependent on the aﬁount of explicit mix-
ing and on the finite difference scheme_u$ed. The upstream
differencing technique with no explicit diffusion produces
results similar to those from centered differencing using
a constant horizontal mixing coefficient of 10 x 108 cm2 sec—l.

(8) The iterative technique for obtaining steady-state
solutions is a powerful numerical technique that has rela-
tively few restrictions. Although the steady-state mass and
momentum fields are determined fZrom prescribed heating
‘functions, the method could zasily be applied with different
dependent and independent wariables, For example, the
momentum and heating distribuations could be obtainmed for a

time invariant wmass (temperature) distribution.
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(9) Isentropic coordinates may be effectively used in
numerical models and are particularly effective in studyiag
adiabatic and diabatiec effects.

Although the results presented have shown that the size
and intensity of the tropical cyclone is directly linked to
thermal foreing, the question of what determines the heating
profiles has not been investigated., Large-scale synoptic
features such as sea and esnvironment temperatures, and hori-
zontal and vertical shears are all important in determing
the distribution of convection which leads to the development
and maintenance of the tropical storm. Theoretical investi-
gation of these properties will require more sophisticated
nunsrical models to describes the delicate balance of for
in the early stages of hurricane development.

Future research should be directed toward developing
three dimensional‘models to study the role of asymmetries
in the the hurricane. A better understanding of such physical
processes as cloud-scale and large-scale latent heating,
momentum transport by cumulus clouds, and seawair interact-

ions are necessary for more realistic hurricane models,
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APPENDIX A - Numerical Experiments to Estimate
Boundary Layer Vertical Motion

Al, INTRODUCTION

Because of friectional convergence in the boundary lavyer
and the condition that the mixing ratioc decreases rapidly
with height, the major water wvapor convergence 1n the tropical
cyclone occurs in the lower troposphere. It is impor%ant,
therefore to accurately estimate the frictlionally induced
vertlcal motion at the top of the planetary boundary layer.
Approximate expressions relating this vertical motion to the
mean steady-state tangential wind have been given by several
investigators, e.g., Sydno (1950, 1951), Charney and Eliassen
(1964), and Ogura (1964). 1In this appendix a numerical tech-
nique is used o evaluate the vertical velocity uader a steady-
state pressure gradient force. Using the Matsuno (19566)
simulated backward difference method, the effect of lateral
mixing on the steady-state solution is studied by comparing
results from constant and variable, non-linear eddy coeffic-
ients with horizontal resolutions of 20, 10, and 5 km.
Finally, the steady-state vertical velocifies obtained by
this method are compared with those calculated from the

approximate formulation (Ogura, 1964)

g 51"7:/5&
w, = -t r . (aA-1)
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Besides yielding useful information on the vertical
motion which may be used as boundary conditions in diagnostic
models such as Barrientos (l964) or Anthes (1970), these
results from a relatively simple model are useful in inter-
preting results from thez more complex diagnostic hurricane

model.

A2, BASIGC EQUATIONS
On the assumption of axisymmetry and the neglect of
vertical advection, the equations of moticon for the tangential

and radial winds are .

3
) 5 . - ~ 3dv. /r
Drva ®ry, o3& VI 1 O\KHV N -l}

Yyt = -y wr - Ffrv_ + r - AP + YZ or
. r f
(A-2)
. Vr/r
2 C qc\y \‘ 3%———~r |
\Lv-.- :_Vr Y. )_,G_l Dﬁg\“’\vr 1 ol Ky T %50
Tt o= - v Er o+ v, + T -~ - AP + T o

(a-3)
The last two terms in (A-2) and A-3 représent the surface
drag and the horizontal mixing. The symbol notation is con-
sistent with the prior notation. Equations (A-2) and (3;3)
are solved using the Matsuno iterative fechniqug;descfibedA
earlier for the steady-state values of v, and v _ for a
constant pressure gradient force. The tangential and raéial
winds are forecast Ffor the center of tha boundary layer'of

constant depth, &P, The "vertical motion" at the top'bf.fhe
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boundary layer obtained from the finite difference formm of the

continuity equation, is

(Udt —Ldo ) (rVr)i+l - (r¥r)j

L P J+%= - Ty (rj+1 —rj) s (A-4)

-where j and j+*% refer to the horizontal grid. The boundary
conditions are zero divergence and relative vorticity at 500
km and QJO equal to zero at theearth's surface. The initial
conditions (first guess) are a tangential wind in gradient
balance and zero radial velocity. The gradient wind corres-
ponding to the constant pressure gradient force is shown in

figure Al,

A3. CENTERED DIFFERENCING AND CONSTANT MIXING COEFFICIENT

The first seriss of experimeants assumes various constant
horizontal mixing coefficients and uses centered differences
for the advective terms in (A-2) and (A-3). Figure Al shows
the steady-state radial profiles of N s Vo and (! for a
horizontal resolution of 20 km, and wvalues of Ky ranging from
10 to 100 x 108 cm2 secul. These values are higher than those
summarized in table 2 (page 36), However, for the 20 km
resclution and centered differencing, smaller wvalues of KH

resulted in oscillations which preceeded the development of

non-linear instability (Phillips, 1939).
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Several features in the tangential wind profile (fig.
Ala) are noteworthy. For all values of KH, the tangential
wind beyond the radius of maximuwm wind is sub-gradient by
about 50 percent, due primarily to surface frictioﬁ. The
effect of. . the lateral mixing is important only in the vicini-
ty of the maximum wind. Beyond 100 km the results are rela-
tively insensitive to wvariations in KH. The radius of the
maximum wind shifts inward by 20 km for the smaller valu=s
of KH‘

It is interesting to note that the vadial and tangeantial
components are the same order of magnitude; in fact, the in-
Flow angle (angls of departure from gradient balance) 1is
greater than 50° in the inner region of the storm. Rosenthal
(1969) also found inflow angles greater than 45° in his
hurricane model. While this magnitude is larger than mag-
nitudes found in empirical studies, Rosenthal notes that most
observations are from above the boundary layer.

The effect of wvarying the lateral mixing on the radial
winds is also significant, The maximum inflow varies from 49
m/sec for KH equal to 10 x 108 to 28 m/sec for Ky equal to
100 x 108 cmzsecnl. The initiation of non-linear instability
is indicated by the oscillations in the v, profile for Ky
equal to 10 x 108 cmzsec-la These are space osclillations

and are analogous to standing waves, bacause the truncation
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inherent in the Matsuno technique damps the time oscilla-
tious,

Because aiis calculated from the differences of v > thsa
oscillations are most pronounced in the vertical velocity
profile shown in figure Alc., For wvery large mixing coeffic-
ients, the upward wmotion occuvrs in a broad maximum extending
inward to 10 km. As Kﬁ decreases, however, a distinet maxi-
mum of rising motion occurs at about 50 km. The maximum
upward velocity is approximately 159 cm/sec for KH equal to
10 x 108 en?sec™l. At 10 km sinking motion is observed for
KH equal to 10 x 108 cmzsec"l, The mean subsidence beyond
150 km is about 2 cm/sec.

In the centered differencing experiments with 20 kam
resoclution, a constant mixing coefficlient equal to or ex-
ceeding 25 x 108 cmzsec_ was redquired to maintain smooth
profiles for the intense pressure gradient. This value is
large compared to earlier estimates (table 2, page 36),
Results from the succeeding experiments show that this
difficulty is resolved by either increasing the horizontal
reselution, using non-linear mixing coefficients, or using

upstream differencing.

Figure A2 shows the radial profile of w

. » Vn, and 7>

t
for various wvalues of constant KH and a horizontal resolution

of 10 km, The higher resolution is adequate to describe the
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sharp extrema in the profiles for the smaller wvalues of KH'
The dififerences between the 10 and 20 km resolution experi-
ments are most pronounced in the radial and vertical velocity
profiles. For Ky equal to 10 x 108 cmzsec_l, v, is reduced
from 49 to 39 m/sec at 60 km and the oscillations are greatly
reduced.

The vertical motion profile in the higher resolution
experiment is also more satisfactory. The radius of maximum
upward motion shifts inward from 50 to 35 km for Ky edqual to
10 x 10° cw? sec-1 and the oscillations are less pronounced,
The subsidence maximum of about 25 cm/sec near the center is
better resolved,

To investigate the effect of increasing the resolution
still further, one experiment was completed with a horizontal
resolution of 5 km and X, equal to 10 £ 108 em’sec™t.,  The

ﬁjt profile for this experiment is indicated in figure
A2¢ by ths symbol x. Differences between the ujt values
from the 5 and the 10 km resolution sxperiments are small

and do not justify the four-fold increase 1in computational

time .
A, TUPSTREAM DIFFERENCING

The forward-time, one-sided (upstream) space differenc-

ing scheme is frequently used in numerical models because of
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its speed, simplicity, and stability. However, the trunca-
tion error of this scheme causes artifical damping, particu-~
larly of the short wave-lengths (Molankamp, 1968).

Figure A3 shows the results from three experiments using
upstream differencing. In contrast to the experiments with
centered differencing, there is no evidence of oscillations
or non-linear instability. An estimate of the damping is
made by comparing two experiments, one with no explicit
damping (Kg equal to zero) and one with explicit as well as

8 cm? sec_l). The

artificial damping (Ky equal to 10 x 10
maximum tangential and radial winds differ by only 1 and 1.5
n/sec, respectively. The shapes of the vertical motion maxi-
ma are somewhat different, but the magnitudes are quite
similar. In both the 20 km and 10 km resolution experiments,
the tangential and radial wind profiles from the upstream
differencing experiments are most similar to those from the
centered differencing experiliments with Ky equal to 10 x 108
cmzsec"i (compare figem. Al, A2 and A3).

Although the profiles for both the one-sided and
centered differencing experiments for Ky equal 10 x 108

cmzsec_l

and &1 egual to 10 km are similar, there is an
important difference. In the experiments with explicit
diffusion, a distinct region of sinking motion occurs near

the center. This subsidence is not observed in the upstream
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Figure A-4. Steady-state tangential
and radial winds and vertical motion
for various mon-linear mixing co-
efficients and centered differencing
(a r=20 km)

Figure A-3. Steady-state tangential and
radial winds and vertical motiog fgr -1
various mixing coefficients (10 cm“sec =~ )
and upstream differencing.
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differencing experiments, The implicit diffusion of
upstream differencing depends on truncation in the advection
terms, Inside the radius of maximum wind the radial advec-
tion is small, so there is little implicit mixing even
though gradients are large. If the horizontal mixing pro-
cess Ls important in the eye formation, it 1s necessary to
include explicit mixing in this region,.

Kuo (1959) attributed subsidence inside the eye of the
hurricane to the effect of horizontal eddies, These eddies
‘cause a_net mass transport into the convection in the eye-
wall and subsidence results from mass continuity requirements.
The reasons for the subsidence in these experiments, however,
must be somewhat different, because vertical advection has
been neglected. Apparently, for a range of values of Ky,
tangential momentum iLs mixed into the "eye'" causing an excess
of centripetal over pressure gradient force and an outward
flows, In the experiments with upstream differencing and no
explicit mixing, the advection is small inside the radius of
maximum tangential wind., Very little mixing occurs and no
subsidence is observed., For very large mixing, the tangen-
tial wind maximum is reduced and the mixing of radial momen-

tum is sufficient to allow inflow all the way to the center,
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AS, CENTERED DIFFERENCING AND NON-LINEAR HORIZONTAL MIXING

Because the mixing in upstream differencing depends on
the truncation error, it is important to use a conservative
finite difference scheme and include a known amount of ex-
plicit mixing., MNon-linear mixing coefficients have been
successfully usad in numerical modeals to dam)p the extremely
short waves without unduly damping weteorologically signifi-
cant waves. In this section steady-state solutlons are cou-
puted using centered differencing and non-linear mixing
coefficients.

The non-linear lateral diffusion £for sub-grid scale
mixing is modelled after Smagorinsky et al., (1965). For
cylindrical coordinates (Rosenthal, 1969, personal coummuni-
cation) and the aassumption of symmetry, the mixing coefficient

-

s

K. =k2 1?2 D , (A=-5)

where the magnitude of deformation is

3V /ry 2 D Vy/r %
iD}| = r{(_ﬁ“{—) * (_)Tir—)g' (A-6)

The non~dimensional parameter, k is of order unity and is

0’

analogous to the Karman constant.
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Figures A4 and A5 show the v, , v_, and LOt profiles
for several values of k, ranging from 0.33 to 1.0 and for
resolutions of 20 and 10 km., The profiles for ko equal to
0.33 display large oscillations in the radial and vertical
motion profilass and are uasatisfactory. The profiles for ko
equal to 0.64 show smallar amplitude oscillations, while the

h)

profiles for L equal to 1.0 are smooth. Significantly, the
mean shapes and amplitudes ©of the profiles are not drastically
changed for all wvalues of ko. In contrast, the extrema in
the, profiles for the constant coszfficient experiments are
greatly reduced as Ky is increased.

The vertical motion profiles for the non-linear mixing
experiment with k, equal to 1.0 and for the constant coeffic-

. . . 2 - .
ient experiment with K,k equal to 10 x 108 cm sec 1 are quite

H

similar, In both experiments subsidence occurs inside 20 km,
!

upward motion of about 150 cm/sec occurs at 35 km, and sub -

sidance of 1-2 cm/sec occurs beyond 115 km.

A6, COMPARISON OF 1ITERATIVE WITH APPROXIMATE
VERTICAL VELOGILITIES

Equation (A1) has been used in studies of tropical
cyclones to estimate the vertical motion at the top of the
boundary layer, e.g., Ogura (1264) and Anthes and Johnson
(1968). However, when the absolute vorticity, 5@-, which

appears in the denominator tends to zero, the approximation
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ig invalid., Figure A6 compares thz approximate vertical
velocities using the gradient wind to evaluate i;and ﬁjin
(A-1) and those computed iteratively from the non-linear
viscosity experiment with ko equal to 0.64. Although the
approximate formula yields rising motion of a reasonable
magnitude, the radius of maximum updratt is considerably
larger than that in the iterative solution. Morae sigaificant
are the largs oscillations beyond 200 km in the approximate
profile. These oscillations are noise which result from the
sensitivity of (A-1) to minor variations in 3 when 2. is

small. Therefore this approximation should be used with

caution.

A7, SUMMARY
In this appendix an iterative technique was used to
astimate the steady-state vertical motion at the top of the
boundary layer under a constant pressurz gradient force, The
following conclusions are sumnarized:
(1) For centered space differencing, constant mixing

coefficlents of 25 and 10 x 108 ;:m:zsec"1

are requirved to
control short wave oscillations that lead to non-linear
instability for horizontal resolutions of 20 and 10 km, re-
spectively,

(2) A significant difference batween the 20 and 10 km

resoluation experiments was observed, but there was relatively
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little difference between the 10 and 5 km resolution experi-
ments.

(3) In the constant mixing coefficient experiments
subsidence cccurs inside the radius of maximum wind for K

equal to 10 x 108 cmzsecql. For higher wvalues of KH the

H

subsidence 1is not observed.

(4) 1In experiments with upstream space differencing,
truncation error provides artificial dawmping that completely
controls short wave oscillations and non-linear instability,
even with no explicit mixing.

(5) Subsidence occcurs near the center in experiments with
explicit mixing but not in those without explicit mixing.

(6) Several experiments with a non-linear mixing coeffic-
ient gave satisfactory results by zffectively eliminating the
non-~linear instability without over-damping the meteorclog-
ically significant extrema.

(7) Vertical motion profiles computed with the iterative
technique show little resemblance to the profiles computed
from Ogura's (1964) approximate gxpression. In the region
where the iterative technique yields a smooth profile with
weak subsidence of about 2 cm/sec, the approximate expression
vields a rapidly oscillating profile of vertical motion with

an amplitude of about 1 m/sec.
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APPENDIX B -~ STABILITY ANALYSIS OF FINITE DIFPFERENGCE
SCHEME FOR ISENTROPIC MODEL

Because the computational stability theory for the
complex set of non-linear equations has not been developed,
it is necessary to derive separate conditions on wvarious
combinations of linearized terms in the model equatiouns.
Experience indicates that if one or more of the linear stabil-
ity reguirements is violated, the complete set of non-linear
equations will usually be unstable. Therefore, the time
step, A t, is chosen to satisfy the most stringent linear
stability requirement. The analysis for this requirement is
presented in this appendix, and is determined from the couwbi-
nation of the continuity equation and the radial equation of

motion., The simplified form of these equations are

) 22 2P
36 = 1 drV¥rwe

Dt - r o 1T , (B-1)
DVx L 32

2 t = -~ ¢ dr s (B-2)

where P is the surface pressure. An integration over the
depth of the model and the neglect of the 1/r term in (B-1)

vields

1
Pt = - E' T , (B-3)

22 —
Wt = - AP dr » (B-4)
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where AP is defined to be the mean surface pressure, P,

minus the pressu{% of the uppermost isentropic surface, Pt'
Vil
In the model,  t is zero.
Now denote wvalues of radial veloclity and pressure at
step n by vz and Pn, respectively. The first guesses of
+1 . :
v2+1 and p" (designated by * ) by the Matsuno technique are
¥ _ ..n at n n
vrj = vr:i 3&5‘.( PJ._1_1 - Pj_l) s (B-5)
* % PLY S 11 n
P, =P, - Tae AF \' -V B-6
y ; v Vpir = Teay) (B-6)
and the final estimates are
I'l.+1 n At_ * *
v =V -e r (P, - P, ) B-7)
3 ry ~§ %8 j*l j-1 ’ ¢
*
n+l n At *
. =P, - 2ar &P (V -V ) (B-8)
J j T+l Tj-1
From the substitution of (B-5) and (B~6) into (B-7) and
{(R~8), one obtains
SRR . Pn Pn v ( ) s —avy
= v —-paa . - . - & Ve, —aV,
T rs gaar j+1 j-1 AT vro2+ s rﬁ
(B-9)
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n+1l n ot 4p n " At n n "
P =P - aar |V -V -§aar (P,  +P. ,-2P.)}.
k Fivl o Tyl j*z o J=s
(B-10)

. . . Lk
On the assumption of the harmonic solution et r, where

k is the wave number, the radial velocity and pressure

dependence between adjacent gridpoints are

n oyt ik oa n _ B ikjar _
Vrj+1 V. e (jar) Pjsi P e (B-11)
ik(j-1)a ik(j-1)a
S0 - elk(J Var " - pt . | r
rj r J
n i i - ik (j~- A
v - elk(J 2)ar P? _ Pn o (j-2)b ¢
Ty r i-1

n
in (B-11) Vr and Pn are the amplitudes. Upon substitution

of the four identities,

n n n

V. - v =V 2 i sin kar (B-12)
j*1 Fj-1 r
n n
P P
] — L2
j+i 1 - p" 2isinkar , (B-13)
"
v + vr- - " n
Tj+2 j-2 &Vrj = V™ (2 cosk2ar-2) (B-1L4)
r b
and
" n L %Y
+ - = 2 - -
Pj+2 P.a 2Pj P (2 cosk2ar-2) , (B-15)
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(B-9) and (B-10) become

n+1 n __At n L. Mn
A = v_ - gaar P 2isin kar - ar V (cosk2ar-1)} ,
r r r
(B-16)
+ n ALTED Lt
p" L P - ZaAr [V 2isinkar -¢ar P*(cosk2 a r-1)
(B-17)
For notational simplicity, define
X = At
= ar (cosk2ar-1) R (B-18)
ot
o E "ar sinker s (B-19)
and
- &t ap
L = g sy ¥ . (B-20)
With these definitions and some rearrangement, (B-16)
and (B~17) become
{ o
n+l n = n
- = (1 +w) Vr - f P s (B-21)
PPel = L1 AP VD o4 (1 s Pt (B-22)
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The amplification matrix, M, of this set of equations is

_lcx
(1+w) g
M =
%X Aap (1+vw) | . (B-23)

The criterion for linear computational stabllity is that both
eigenvalues of M be less than or equal to L. The eigan-

values, A, , and XL, are f£ound by solving

a =M b

det
c a-pA{= 0 2 (B—ZLI-)
where
a = (1+w)
b Z =ik . (B-25)
=~

cz _-

1 AD

The eigenvalues are
rN= L K'Za tdubc } . (B-26)

Upon the substitution for a, b, and ¢, the eigenvalues

become

N= o1l 2w ix.];;'p‘/s- , (B-27)

where the magnitude of the eigenvalues are

BN =E(1+w)2 e _A?p_j % . (B-28)
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From the trigonometric identities

¥ = _at
ar (cosk2aAar =-1)

¥ ° £t

ar (-2 sin 2kar) , (B=-29)

and the definition

- 2
_(9312 Ap 2 — 8P K {(B-30)
w="\ar g sin"kar = - 5

the magnitude of the-eigenvalues is
[ 2 = [1 rwrw? |, (B-31)

Now Ix{ ¢ | provided

“w 20 (B-32)

and ol ey (B-33)

_-(_A_ll_)z 2
Because W="\ar sin” K &t, the condition of (B-32) is

satisfied. The second condition, {(B~-33), is satisfied

provided that
At AP
Ary2 AP
( Ar) g s (B-34)

or

B (=2
Ar‘IAP/j’— CO (B-35)

The inequality (B-35) must be satisfied to insure computa-
tional stability. This is the most stringent condition

obtained from the linear analysis of the equations of the
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isentropic model. The relationship of this condition to
the speed of the external gravity wave is obtained through

the hydrostatic equation

——

—ee:aH’

£ (B-386)

where H is the mean depth of the model atmosphere.
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APPENDIX C ~ Infrared Radiative Cooling for a
Tropleal Atmosphere

Cl. INTRODUCTION

Because of the small magnitude of the diabatic cooling
by the divergence of infrared radiation and the uncertanties
in the heating and mixing parameterization in the isentropic
model, the estimation of an infrared cooling profile with
high resolution is not required. However, profiles of infra;
red cooling from several temperature and moisture distribut- :
ions are presented to illustrate ranges of cooling for wvarious é
tropical conditions and to justify the use of a mean cooling
rate. The basic temperature and moilsture distribution is
Jordan's mean hurricane season sounding (1958), which will
be considered representative of the nearly cloud-free region

surrounding the storm.

C2. COMPUTATIONAL PROCEDURE
In Sasamori's (1968) model the absorptivities for water
vapor (H20), carbon dioxide (002), and ozone (03) that are
complicated Efunctions of path length and temperature, are
approximated by empirical formulas., However, in these experi-~
ments where only the troposphere is considered, the effect of
ozone is neglected. Sasamori's (1968) model is now suumma-

rized to study profiles of cooling in the troplcal atmosphere,
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The net flux of radiation through a unit area is a
function of the amount of absorbing gas above and below the
layer, as well as the vertical tamperature profile. The
mean absorptivity, R, 1s

oo
dBp
R, = J\1- 7w} ot ad (c-1)
]

where Byis Planck's radiation function, and T is temperature.

The effective path length, uw, is approximately

(%
o -1
U g J;Iq

"dl"d

o 94p (c-2)

with q the mixing ratio and P, equal to 1000 mb.

At any level, z, the downward and upward fluxes are

T2}
- ‘ ¢ ¢ {
F{ (&) = j- R{u(T ) - u[T(—z- ﬁ , T}dT
T (C-3)
and
" T(2)
Ft (=) =6T, +j R{ uLT(-z-)] - u(t!), T’} ar’
T (C-4)
<y ' =11 -2 -4
with¢ equal to Stefan's constant (8.13 x 10 cal cm K
min-l), T, the surface temperature, and T' the variable of

integration corresponding to temperature.
The radiative temperature change calculated from the net

vertical flux divergence 1is

2T __ 1 2 (FA-FL)
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Sasamori transforms R(u,T) to a normalized absorptivity given

by o
dBa
) R (u,T) Sh - 7Twl & 4v
A(u,T) = 4T = °° dB)
ar av . (G =6

With this transformation, the downward and upward fluxes are
TR)

F{ &) = H—G’g EEu(T‘) - u(T(=)), T'} T3 gre ’
‘ © (c-7)

T2)
o
F A=) =6'T0 +"r°’“5 Ezu LT(—&)] -u(T*), TT} T'3 ar: .

[ (Cc-8)
Sasamori notes that the mean absorptivity is nearly constant
with temperature in the range +30 to ~50°C, but decreases
with decreasing temperature at extremely low temperatures.
For this reason, the integrals in (C-7) and ¢(C-8) are

separated into two parts. For example, (C-7) is written
‘ o
- 3
F i =) =+€SrAiu(T')—u‘_T(-a-)] s T'} T*™ art (c-9)
2
%, ,
++€S-}IZuETGalil ﬂl[TGﬂj] ’ T:S t13 ar’,
o

where z, is the height of the level above which the path
length changes very little. Disregarding the direct depen-
dency of A(U,T*) on T' in the first integral and taking
u(Tzl) - u(Tz) constant with T' (by definition of zl) in

the second integral, (C-9) becomes
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Fid =) = 4—6‘5 goi_u(T') - u(_T(—&)}ST'S aT? (G-10)
T,

+ (-l::g {u[T('”'n)] - u[T(—z-)] ) T(-z-l)} .

A, () 1is the average absorption for the temperature range
+30 to -50°C and A (%,T) is the mean absorptivity which wvaries
with temperature., Ko (W) and £(u,T), approximated by empiri-

cal formulas, are

~5.0.243

_ 0.846(au + 3.59 x 107°) ~.069  4U<O0.01qm

A (u) =
° 0.240 log ~ (au + 0.01) + 0.622  0.01 gmecau
b Q

(C-11)

. - [o.353 1 0,44 [oodussleg W — 0706
A (u,T) = 8.34 T[ I l:cu dio ]

. (C-12)

C3, EXPERIMENTATL RESULTS
Height coordinates with 21 levels are utilized to

provide high resolution (A z = 1 km) for investigating the
effects of different moisture distributions, In experiments
#ith a resolution of 2 km the mean cooling profiles 4&re
virtually unchanged. Thus, the vertical resolution needed to
describe the essential features of cocoling in a clear atmos-
phare is considerably less than 1 k¥m. The vertical integrals

are evaluated by the trapezoidél rule and Z4 is assumed to
be 20 km,

Figure Cl shows the upward, downward, and net fluxes from
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Jordan's mean hurricane sounding and the corresponding
cooling rates caused by water vapor and carbon dioxide. The

cooling effect from CO, is neglible compared to that Efrom

2
H20. A nearly constant cooling rate of 2°¢ per day occurs
from the surface to 10 km. From 10 km to the tropopause

the cooling rate decreases, reaching a minimum of 0.1° per

day near 16 km. Large cooliung rateé occur above the tropo-
pause.

The next series of experiments is dzssigned to investigate
the dependency of the iInfrared cooling rates on the moisture
distribution. The first two comparisons show the effect of
nearly saturated layer, one close to the surface and the other
high in the troposphere. Figure C2 shows the cooling profile
that results f£roam a 95 percent relative humidity in the layer
from the surface to 3 km and another profile which results
from a 95 percent relative humidity in the layer between 10
and 14 km. For the other layers the temperature and moisture
distributions @&are those of the mean hurricane sounding.
Cooling 1is élightly increased above and decreased below the
moist layers. Figure C3 shows the cooling rates that result
from the mean hurricane season temperature sounding and two
relative humidity profiles of 70 and 10 percent. Differences
are again small with slightly lower cooling rates occurring

in the drier air,
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The relatively small dependency of the cooling rate
on the wmoisture distributions justifies using the mean
cooling rate in the hurricane model, Because the temperature
in the hurricane environmant is slowly varying, it is per-
missible to use the same cooling rate for several hours im
numeriéal_models of hurricanes, By such an approximation,
the added storage and computational time are negligible. 1In
this hurricane radiation experiment, the representative mean
cooling profile (fig. Cl}) is nearly constant at 2°C per day
below 400 mb and decreases to 0°C per day from 400 to 135 mb.
It should be noted that the effect of clouds on iunfrared
cooling is large, hence this rate is wvalid only in the éléud—

free reglion 0of the hurricane environment,
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