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ABSTRACT 

A diagnostic axisymmetric model in isentropic coordinates is developed to study the effect of differ­

ential heating on the dynamics and energetics of the steady-state tropical cyclone. From the thermal 

forcing specified by various heating distriQutions, slowly varying solutions for the mass and momentum 

fields are obtained by an iterative technique. 

The theory of available potential energy for open systems is utilized to study the energy budget for 

the hurricane. In the slowly varying state, the gain of available potential energy by diabatic heating 

and lateral boundary processes balances the conversion of potential to kinetic energy which, in turn, 

offsets frictional dissipation. For a domain of radius 500 km, the boundary flux of available potential 

energy is about 40 percent of the generation by diabatic heating. For a domain of radius 1000 km, 

however, the boundary flux is about 15 percent of the generation. 

The conversion of available potential to kinetic energy closely follows the generation of available 

energy as the slowly varying state is reached. This close correlation suggests that changes in the avail­

able energy generation result in nearly simultaneous changes in kinetic energy conversion rather than a 

change in the store of available potential energy. 

Horizontal and vertical mixing are studied through the use of constant exchange coefficients. As the 

internal mixing is decreased, the maximum surface wind increases and moves closer to the center. 

Several horizontal and two vertical distributions of latent heating are investigated. The maximum 

surface wind is dependent primarily on heating within 100 km. The transverse (radial) circulation is 

closely related to the heat release beyond 100 km. In experiments in which the vertical variation of 

heating is pseudoadiabatic, the temperature and outflow structures are unrealistic. A vertical distribu­

tion which releases a higher proportion of heat in the upper troposphere yields resul"ts that are more 

representative of the hurricane. 

The effects of differential cooling by infrared emission are investigate'd• In one experiment, cool­

ing is computed from 300 to 1000 km from the storm center, a region assumed to be cloud-free. The vertical 

variation of the cooling profile is determined from several cooling profiles computed using Sasamori's 

(1968) model for various clear air tropical atmospheres. Cooling in the environment causes a 1.5 m/sec 

increase in maximum wind and a 6 percent increase in the generation of available potential energy. The 

total heat loss by infrared radiation for a domain of radius 1000 km is about one half the total heat 

addition. 

Key Words: Hurricane, cyclone, model, steady-state, energetics, dynamics 

xvi 



A DIAGNOST IG MODEL OF THE TROPICAL 
CYCLONE IN ISENTROPIC COORDINATES 

Richard Allen Anthes 

1,. INTRODUCTION 

Since the early synoptic studies by Redfield (1831) 

and Reid (1841), much effort has been directed toward under-

standing the formation and maintenance of tropical cyclones. 

By the 1920s, the release of latent heat had been identified 

as the tropical cyclone's prime energy source (Cline, 1926), 

Subsequently, much effort was directed toward estimating the 

magnitude of the heating and understanding the mechanism of 

its release for the large scale. The magnitude is readily 

estimated from observed precipitation rates. However, the 

process of large scale warming of the environment by latent 

heat release in convection is quite complex, and involves 

interactions between cumulus and cyclone scales of motion 

(Charney and Eliassen's, 1964, "conditional instability of 

the second kind''). 

Within the last decade, numerical modeling has become 

a powerful tool for investigating the life cycle of tropical 

cyclones, The first numerical models (e.~., Kasahara, 1961; 

Kuo, 1965; Syono, 1962; Rosenthal, 1964) were unsuccessful, 

primarily because the latent heating was appropriate to the 

cloud scale rather than the hurricane scale. The circulations 



in these experiments developed extremely rapidly and eventu­

ally became unstable through the growth of small scale dis­

turbances. With a more realistic parameterization of latent 

heat release, the models of Yamasaki (1968 a,b), Ooyama (1969) 

and Rosenthal (1969) have been successful in duplicating many 

observed features of tropical storms. The practical limita­

tions of computer size and speed, however, have restricted 

these models to two dimensions and have forced parameteriza­

tion of other important physical processes such as vertical 

and horizontal mixing and sea-air interactions. 

In the parameterization of the heat imparted to the 

environment by the cumulus convection attempted by Kuo (1965), 

Rosenthal (1969), and others, large scale heating is a func­

tion of the cloud-environment temperature difference and the 

net moisture convergence in a column. These models release 

a much larger proportion of heat in the upper troposphere 

than the heat released by earlier models based on a pseudo­

adiabatic process. 

The importance of latent heat release within the warm 

core for the production of kinetic energy was recognized by 

Palmen (1948) and reemphasized by Yanai (1964). In simplest 

terms, the release of latent heat maintains the baroclinicity 

that drives the transverse radial circulation. The horizont­

al kinetic energy is produced in both the inward and outward 

flowing branches by accelerations toward lower pressure. 
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This production of kinetic energy, in turn, offsets surface 

and internal frictional dissipation. 

The conversion of potential to kinetic energy through 

cross-isobar flow has been examined in several diagnostic 

studies, e.g., Palm'n and Jordan (1955), Palm'n and Riehl 

(1957), Riehl and Malkus (1961), Miller (1958), and Hawkins 

and Rubsam (1968). Recently, employing the concept of 

available potential energy, Anthes and Johnson (1968) esti­

mated the generation of available potential energy by 

diabatic heating in Hurricane Hilda, 1964 and concluded 

that the generation within a 1000 km region was sufficient 

to balance the conversion to kinetic energy. Thus, on this 

scale, it was possible to consider that the hurricane was 

a self-sustaining system. 

The importance of differential heating and cooling is 

emphasized in the theory of available potential energy. 

Anthes and Johnson's (1968) results showed that the gen­

eration was sensitive to horizontal and vertical variations 

in latent heating and that infrared cooling in the hurricane 

environment could account for 17 percent of the total 

generation. 

The sensitivity of the generation to different horizont­

al and vertical distributions of heating suggests investigat­

ing the effect of differential heating on the dynamics as well 

as the energetics of tropical storms. In particular, the 
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relation between generation of available energy and conver­

sion to kinetic energy within the storm system should be 

studied to clarify the role of thermal versus mechanical 

forcing. This relationship has important implications in 

storm modification experiments in which the heating, genera­

tion, and possibly the conversion is altered in some manner. 

Although interactions between temperature and momentum 

structure and large scale heating certainly exist, the 

hurricane may be considered a direct consequence of thermal 

forcing. It makes sense, therefore, to study the direct 

response of the hurricane to differential heating by speci­

fying steady heating distributions. The steady-state mass 

an·d momentum fields that develop in response to the steady 

forcing functions are useful in interpreting transient stages 

in results of hurricane forecast models as well as in testing 

of various heating parameterizations. Indeed, it is import­

ant to determine whether realistic steady-state solutions 

exist at all. 

In previous steady-state models, Krishnamurti (1961, 

1962) and Barrientos (1964) have calculated the transverse 

circulations required to maintain specified (observed) 

tangential circulations. Although these models have yielded 

interesting results for synoptic cases, difficulties arise 

from the a·ssumption of constant tangential winds (Anthes, 

1970). Therefore, in the present study, the tangential 

4 
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circulations are investigated as functions of heating, rather 

than vice-versa. 

The dynamics and energetics of the hurricane's response 

to thermal forcing are studied through a two dimensional 

model in isentropic coordinates. An iterative technique is 

utilized to obtain steady-state solutions of mass and momen­

tum for different vertical and horizontal latent heating 

distributions, for infrared radiative cooling, and sensible 

heat addition at the earth's interface. The effects of 

vertical and horizontal mixing are also considered. 

It is well to note that the comparative performances 

of numerical models under different physical processes or 

under varying parameters may yield more insight into import­

ant atmospheric processes than the values computed in any one 

experiment. For example, variations between solutions under 

different heating functionsshould indicate, at least quali­

tatively, how the atmosphere might react to similar changes. 

This argument stems from the supposition that by varying only 

one parameter at a time the errors introduced by other approx­

imations will tend to cancel, in spite of the complicated 

non-linear interactions. 
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2. AVAILABLE POTENTIAL ENERGY OF LIMITED REGIONS 

The concept of separating that part of the energy 

which might be converted to kinetic energy from the total 

internal and potential energy of a thermodynamic system was 

introduced by Margules (1903), who called the former 

''available kinetic energy.'' In an explanation of the 

maintenance of the general circulation, Lorenz (1955) 

applied Margules' concept to the entire atmosphere and 

defined available potential energy as the difference between 

the sum of internal and potential energies of the atmosphere 

and the sum of these energies that would exist after an 

adiabatic mass redistribution to a statically stable 

horizontal density stratification. In their review, Dutton 

and Johnson (1967) reemphasized the importance of heating 

at high pressure and cooling at low pressure in the generation 

of available potential energy. 

The theory of avilable potential energy has historically 

been applied to the entire atmospheric syatem. In diagnostic 

studies, however, the concept of available potential energy 

over limited atmospheric regions has been utilized to 

estimate contributions to the global available potential 

energy budget by processes within the region, (see Smith 

and Horn 1969). To define the available potential energy 

of a storm and its time rate of change, Johnson (1969) 
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has developed the theory for an open system. In this manner 

the generation of available potential energy within synoptic 

features such as extratropical cyclones has been studied 

by Bullock and Johnson (1969) and Gall and Johnson (1969). 

One appealing aspect of applying the theory of available 

potential energy to a tropical cyclone is the condition that, 

as a first approximation, the hurricane may be considered 

an isolated baroclinic disturbance superimposed on the nearly 

flat and horizontal barotropic tropics. Thus one might 

reasonably expect the available potential energy generated 

on the tropical cyclone scale to be converted to kinetic 

energy within the same scale. This may not be true in the 

middle latitudes where the flux of energy across the 

boundaries of systems will be large. 

2.1 Available Potential Energy Equations for the Model 

Following Johnson (1969), the total internal and 

potential energy, E, of any region in hydrostatic balance is 

c .. 
E = PJ? g(l+)() s s pl+"X J.e J.,. 

0 oo 
(1) 

and that of the reference state, E r' is 

c 

s~ l+X 
Er = Po"g(l+)l) P r .:l& J~r 

• 
(2) 

~0 
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The available potential energy, A, of the region equal to 

E - Er is then 

c 
A = P~g (1+1<) ) ( 

a- 0 

Dividing the vertical integration into three parts, (3) 

becomes 

A = 

(3) 

In (4), 9 0 i~ the coldest potential temperature in the 

region, and Qt is the· isent-ropic surface above which the 

atmosphere is assumed to be barotropic. The third integral 

vanishes by the barotropic assumption, Following Lorenz' 

convention that the pressure on isentropes which intersect 

the ground equals the surface pressure, the available poten-

tial energy for the model is 

A = 
c 

#g(l+Y.) 
0 • 

In (5) we have used the conditions that for hydrostatic 

atmospheres Pr (9) equals p (9) and Psr equals Ps• 

In this model in which heating vanishes on the upper 

(5) 

boundary, the time rate of change of A (after Johnson, 1969) 

8 
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is 
d A 
dt = G + C + B 

' 
(6) 

where 

e-t, 
.'ll i J ~ ~ - X 1 cl. gJ..-, G = - ( Pfp) Q ~Q (7) 

.... . 
1 I ld.t. ~ i' c:\gdcs-, c = g ('V·'i'/') ~ Q (8) 

fl>o 

!.. J .fElt bP B = g ~· 'b Q C'i'- '~-'.- )\V J e J..- • ( 9) .,.. ~ . 
The generation, G, by diabatic heating is positive for 

heating at high pressure and cooling at low pressure. The 

conversion, C, is the production of kinetic energy by cross-

isobar flow. The last term, B, represents the change of A 

by mass flux across the lateral boundary. In closed systems 

such as the entire atmosphere, B vanishes. On the axisymmet-

ric assumption for the model, B becomes simplified to 

.-...71R set 
B = -g- v C'f'-'P,.) 

e r 
0 

(10) 

For the hurricane, the surface pressure at the outer 

boundary will be greater than the mean surface pressure, 

so that r~'fr From the low level inflow, the covariance 

of ( ~~ vr ) and ( 'f' -'f'r) will be positive. In the outflow 

region ( 'f- '/'r) tends to vanish; thus the integral B usually 

provides a positive contribution to d A/dt. 
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2.2 Budget Equations for Volume 

In this section the time dependent budget equations 

are developed for a stationary cylindrical volume. If 

f is any specific quantity, such as water vapor per unit 

mass, the total amount of the property in the volume is 

F = • (11) 

With the aid of Leibnitz' rule and the hydrostatic assumpt-

ion, the time rate of change of F is 

~,r ~~l 6? ~ k !!.h 
_J!£_ 1_ J J ~ ~ r~9f r "<:> 9 f J.t 
dt = -g ~ t + o>-. 

" 0 9 
o C'>P dr,. 

"'<>? ~J ~r "bG f cH ~ r"b 9 f dt de drcl>-
+ '61"'" + 'ae. , 

where the subscript B identifies the arbitrary moving 

boundaries. The addition of the continuity equation and 

the relation 

yields 

2!. 
dt 

o? [a f 
= r o 9 ""'bt 

(12) 

(13) 

~ 
fdt ~k df 

+ o9 dt • = 
ot 

(14) 

From the substitution of (14) into (12), the time rate of 

change of F is 

10 



dF 
cl.t = 

1 
-g 

dr d.)... 

Equation (15) is greatly simplified for the stationary 

(15) 

axisymmetric volume of this study in which all tangential 

derivatives 

dF 
dt = 

!li.) dt 

equals zero. 
~f' 

) r <>B f 

de> dr 

Thus 
dB dBa 

(dt - dt ) 

• 

The upper and lower boundary conditions are 

With these conditions 

dF 
dt = 

and, upon 

g 

~~. e~ o? 
J J ( _ ~ ~ fv r + r~ ~ 
o Oo 

df) dt dr , 

integration, the final budget equation becomes 

4l fie :l-111 ( .at df 
Ev )R dB - g- j r~B dt dB dr 

r I> 9: 
0 

(16) 

( 17) 

(18) 

The first term is the change of F caused by transport of f 

across the lateral boundary while the second term is the 

change due to sources, or sinks, e.g., evaporation or 

condensation within the volume of a water vapor budget. 
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The generalized budget and available potential engery equa­

tions provide integrated parameters for the hurricane volume, 

which are studied as the mass and momentum fields seek 

steady-state conditions for the applied thermal forcing. 

3. THE DIAGNOSTIC MODEL 

One of the appealing aspects of numerical modeling in 

isentropic coordinates is the absence of a ''vertical velocity'' 

in the equations of motion for isentropic flows. Such a 

model should have less truncation error than models in 

pressure or height coordinates that must include vertical 

advection terms. Even under diabatic conditions it is 

probable that the vertical truncation is less in isentropic 

coordinates, because the adiabatic part of the vertical 

motion should be free of error. 

Besides the reduction in vertical truncation error, 

there are several other possible advantages of modeling in 

isentropic corrdinates: 

(1) The theory of available potential energy is exact 

in isentropic coordinates (Dutton and Johnson, 1967). 

(2) Johnson and Dutton (1970) stress that mean energy and 

momentum transport processes of the general circula­

tion are explicity coupled with thermal forcing. 

(3) Horizontal and vertical resolution is higher in the 

energetically active baroclinic zones. 

12 
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Difficulties in using isentropic coordinates arise 

chiefly near the ground, where super-adiabatic lapse rates 

are found and isentropic surfaces intersect the ground. The 

first problem generally arises over small areas and may be 

solved by utilizing height coordinates in the boundary layer 

and isentropic coordinates above. The second has been rea­

sonably well resolved by an interpolation scheme in some 

preliminary, adiabatic experiments by Eliassen and Raustein 

(1968). 

To the author's knowledge, there has been no previous 

work with numerical modeling in isentropic coordinates 

which includes diabatic processes. In this particular 

series of experiments in which the heating function is 

specified and the steady-state response determined, isen­

tropic coordinates are especially attractive because the 

form of the thermodynamic equation is greatly simplified. 

In a broader sense, the experience gained by studying thermal 

forcing in this model should be useful in future work with 

more advanced numerical models. 

3.1 Steady State or Slowly Varying Concept 

The term steady state, when applied to the tropical 

cyclone, usually refers to the storm's mature stage in which 

certain significant parameters, such as central pressure 

and maximum wind, remain relatively unchanged over a period 

13 



of time. Axisymmetric assumption is usually best satisfied 

during this mature stage. 

In the iteration technique used in this model, mass 

and momentum are ''forecast'' using a constant, specified 

heating function until a slowly varying state is reached. 

True steady-s~ate conditions are never determined because 

of the large amount of time required to reach such a state. 

In typical experiments, changes from initial conditions 

in response to the constant heating function are very larg~ 

during the first few iterations as the mass and momentum 

Later, fields attempt to adjust to the new forcing function. 

however, rates of change are less. When this ''slowly 

varying'' state is reached (usually after about 1200 itera-

tions) differences in the results caused by experimental 

variation of physical processes or parameters are apparent. 

Later some objective measures are presented to determine when 

this state is attained. Again, it is the differences between 

experiments, rather than the absolute values of any one 

experiment, that are significant. 

14 



3.2 Description of Model 

3.2.1. Basic Equations 

The tangential and radial equations of motion and 

the continuity equation in isentropic coordinates are 

drv,. 
-vr "'0 r 

+ 0 z 

J, 

where the horizontal and vertical mixing terms in (19) 

(19) 

(20) 

(21) 

and (20) are expressed in height coordinates rather than 

,~he more complex transformed expressions for computational 

convenience. This approximation is justified from the 

relatively large uncertainty in the form of KH and Kzo 

The "vertical velocity" term in isentropic coordinates, 

dB/dt 1 is computed from 
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dB _!_ 
dt =C 

p 

(22) 

• 
where Q is the parameterized heating rate. 

The second term in (22) results from approximating 

the horizontal diffusion by KT~ 2 B in pressure coordinates 

and transforming to isentropic coordinates. Again the 

uncertainties in KT outweigh the error in the approximation. 

For the surface, drag friction replaces the vertical 

mixing term in the equations of motion, 

'b rv, 'G>rv .. 

rl 

c., \\V\ v .. v 2] 2 _ .. _ 
ot = -v,. "C:>r + -fv Az + KH Cv v,. - r ) , (2 3) 

r 

ovr ';:)vr 2 c, g bp>< Colvlvr y,__ 
ot = -v,. {)"""; + fv>- + r - PT~ Az 

2 

+ KHCv2vr-
YL_ 

r ) (24) 

The local change of surface potential temperature computed 

from the thermodynamic equation is 

·v - r (2 5) 

The remaining equations constituting the complete set are the 

hydrostatic equation, 
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and the definition of potential temperature, 

3.2.2 Finite Difference Equations 

The geometry of the model (fig. 1) consists of 12 

equally spaced isentropic surfaces (Gi = 370°K - it;. G, 

<:IG = 5° K, i = 1, 12) and the sea level surface. The 

(2 6) 

(27) 

approximate mean tropical pressures of the even isentropic 

surfaces are given for reference (Jordan, 1958). The 

variables, v>- , vr , p , ~, Q , and d>l/dt, are all defined 

on the sea level surface. On- the isentropic surfaces the 
J ,· 

variables are staggered for ~pmputational convenience with 
~p 

W , 'f ; and 'bG defined on odd surfaces. The horizontal grid 

is also staggered with V defined at r = (j-l)t;. r and the 

thermodynamic variables ( ~, p , Q , d>l/dt) defined at 

rj+~ = (j-~)t;.r for j = 1, 2 •••• J. The horizontal domain 

extends to the radius R
3

, which is either 500 or 1000 km. 

In (19) through (25) all space derivatives are estimated 

by centered differences. The finite difference form of the 

RHS of (24) is given for reference with the i index suppressed 

for simplicity, 
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v -v 
rj+l rj-1 

fv,_ . + 
J 

v,_ .2 
~ 
r. 

J 

){ )'\ 

~ Pi+ll:l-pi+li, 

r~ (r j+ll:;-r j+l:;) 

(2 8) 

For the calculation of the vertical mixing term, the finite 

difference approximation is 

'()v 
'- K r 
o.z~ 

-o-;-
i o.S (i!.. 1 - z. ) 

l.- l. 
(2 9) 

where i refers to the level. The unwieldy expressions for 

the second derivative terms are greatly simplified for a 

constant grid interval. The general form is retained 

however, in anticipation of the use of a variable grid in 

some experiments. 

The pressure is obtained from ''forecast'' values of 

t>p 
o-g by integrating downward from a fixed value of p(365°K): 

i = 2 ' 4' •••• 12. (30) 

At the sea surface ~equals ~s (r). From an integration of 

the hydrostatic equation upward from sea level, f on even 

surfaces is 
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'f' i-1 = '( i+l + (B. -B. 1 ) 
1.-l 1.+ 

i = 12, 10, ••• ,2 (31) 

where '/' 12 equals cPT'l. 

3.2.3 Boundary Conditions 

The boundary conditions for the top isentropic surface 
~\)I 

are p equal to 135 rob, dB/dt equal zero and~----; equal zero. 

At the lateral boundary the pressure and temperature grad-

ients, the horizontal divergence, and the relative vorticity 

are all assumed to vanish, which enables the calculation of 

the variables at RJ by 

PJ = PJ-1 (rv r) J = (rv ) 
r J-1 

'l'J = t J-1 ( rv). ) J = (rv"-)J-l ( 32) 

(B s)J = (Bs) J-1 

3.2.4 Computational Procedure 

The iteration technique to determine the steady-state 

solutions utilizes a simulated backward difference scheme 

(Matsuno, 1966), which has the desirable property of damping 

high frequency waves. One cycle of the scheme is summarized 

with the superscript referring to the iteration step number: 

(l) 

(2) 

n Given values of v~ n n n 
' vr ' 't' ' p ' 

. * * "Forecast" tentatJ.ve values v).. , vr 
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(3) 

(4) 

(5) 

at step n+l (designated by * ) using appropriate 

tendency equations (19) through (25) and values of 

variables at step n. 

Calculate p* and 'f' * fi:.om (30) and 

• i' * - . * tentative estimates ~G and Gs • 

(31) using 

~ 
Forecast final estimates of ;.n+l, vrn+l, oG n+l , 

and G~+l from same equations in step 2 by using * 

values of variables where they appear in tendency 

equations. 

Calculate 
n+l n+l 

p and 'f from (30) and (31). 

(6) Calculate dG/dtn+l from (22) 

(7) Calculate variables at lateral boundary from (32). 

This completes one iteration step. 

To determine when the quasi-steady state has been 

reached, the following norms on any iterated variable, f, 

are defined by 

\ 
n f~ -2 a I Max f . -

all j J 
(33) L.o 

L~ - (~ 
.., 

- f~-20)1 >z :i (f~ 
j=l J (34) 

After each 20th iteration cycle, L~ and L
2 

are computed 

with f equal to the radial and tangential winds. These 

norms are computed for separate radial rings, 0-200, 200-400, 

400-600 ••••• km, and for each level to determine which parts 
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of the domain reach a slowly varying state first. 

3.2.5 Computational Stability 

The computational stability analysis of the complete 

set of equations is very complicated. Separate analyses 

were made for various combinations of the linearized predict-

ion equations. The most stringent stability requirement 

from these results yields an estimate for the requirement 

for the complete set of non-linear equations. 

The most severe restriction on the size of the time 

increment, c. t, is governed by the speed of the external 

gravity wave. By considering the continuity equation and 

the radial equation of motion, the criterion for linear 
.<It~/ 

computational stability is L;; >J PIS :!: I , where S and p are 

mean density and pressure, respectively, and l Plf is the 

approximate speed of the external gravity wave (about 330 

m/sec). The analysis for this condition is presented in 

appendix B. 

3.2.6 Mass Budget 

Because tfie model predicts mass changes directly from 

the continuity equation, it is essential that the finite 

difference equations preserve mass exactly so that there are 

no fictitious sources in the system. The mass budget 

equation obtained by letting f equal 1 in (18) is 
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dM 21TR t" cP 
dt = g (()9 v r)R d9 • llo 

By the centered finite difference scheme 
;y- rv ~ z Ll ( .. r-· o 9) 'Qp 

6r /:; r . = RJ (vr o9 )J 
j=l j J 

and only flow across the horizontal boundary at RJ can 

contribute to a net mass change in the region. 

3.2.7 Kinetic Energy Budget 

(3 5) 

(36) 

The kinetic energy budget for the volume obtained by 

equating f to the specific kinetic energy, k, in (18) is 

~ 
dt = 

R Got 

2 7T"j J '(" d k E..:e 
- g dt "09 

o e. 
d9 dr • 

(37) 

The time rate of change of the specific kinetic energy 

obtained by multiplying the tangential and radial equations 

of motion by v~ and vr' respectively, and adding becomes 

dk 
dt = - 2 v. 2 c.-. v - ~7) + v Cv v v r >- >-

+Qg,_ I\YI 2 v"). 2) AZ (vr + surface only (38) 

civ. ~ I. Kz~Z 0 Kz z 
+ v oz + v),. 0 z 9 levels only. r 
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3.2.8 Initial Conditions 

In all experiments the initial conditions (or first 

guess) consist of a vortex in gradient balance with a surface 

maximum of 37m/sec at 80 km (fig. 2), a weak warm core 

with a temperature excess of 1°C in the center, and a central 

pressure of 970 mb, Through the thermal wind relation, there 

is a slight decrease of wind speed with height. The en-

vironmental pressure is 1011 mb. 

In the first two experiments, the radial winds initially 

were assumed to be zero; however, these conditions produced 

large pressure tendencies initially and generated large amp-

litude gravitational oscillations, In later experiments, 

the radial winds were calculated to balance the vertical 

divergence term in the continuity equation so that the 

initial pressure tendency was zero. ThftSe latter initial 

conditions r~stilted in a more gradual change of the mass 

field. 

3,3 The Experimental Parameters_ 

In the experiments presented in this paper , the con-

stant parameters are the Coriolis parameter, the drag co-

efficient, and the depth of the boundary layer. The Coriolis 

-5 -1 0 parameter is s.o x 10 sec and corresponds to 20 N. The 

drag coefficient, approximated by 0.003, was selected from 

24 



empirical studies (Miller, 1962) and should be a reasonable 

value for the high velocities found in hurricanes. The 

depth of the boundary layer is assumed to be 1.0 km. 

Very little is known about the variation of the vertical 
I 

mixing coefficient, Kz. However, it seems qualitatively 

reasonable to assume that the vertical mixing should decrease 

as the static stability increases. This effect is included 

in a crude fashion by decreasing Kz linearly with height 

from a value prescribed for the 315° K isentropic surface 

(about 700mb) to one half this value at the 365° surface. 

The value of Kz referred to in the experiments is the maxi-

mum value. 

4. EXPERIMENTAL RESULTS 

In this section results from the more significant ex-

periments are presented. After two preliminary adiabatic 

experiments to verify some of the simple aspects of the model, 

the role of internal (vertical and horizontal) mixing for a 

fixed heating function is investigated. Then for constant 

mixing coefficients, the response of the mass and momentum 

structures to various horizontal and vertical distributions 

of latent heating and infrared cooling is studied in the main 

set of experiments. Later, the computational aspects of the 

model, such as domain size, resolution, and variable grid 
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spacing, are considered, and finally fine horizontal resolu­

tion is utilized to study the effects of reduced horizontal 

mixing. 

In all experiments, the latent heating function was 

computed by arbitrarily assuming a radial profile or rainfall 

rates and distributing the equivalent amount of heat verti­

cally. In figure 3 the rainfall rates which determine the 

horizontal heating distributions in the various experiments 

are presented. The maximum rainfall rate of 50 em/day at 30 

km (corresponding roughly to the eyewall) is quite moderate 

for a mature hurricane. For example, Riehl and Malkus (1961) 

estimated a rainfall rate of 90 em/day in hurricane Daisy 

(1958). 

The variation of the vertical distribution is one of 

the interesting aspects of the problem in view of our lack 

of knowledge concerning the effective heat release for the 

hurricane scale. For the vertical profile of latent heating, 

~ of (22) is prescribed as a function of mass, thus.~ may 

vary as the isentropes move through the fluid. The two 

vertical profiles of latent heat release studied in the 

experiments are shown in figure 4. The basis for the form 

of these profiles is discussed in section 4.3.2. All experi­

ments, except Experiment 10, utilize the distribution that 

releases the higher proportion of heat in the upper troposphere. 
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The importance of sensible heating at the sea-air inter­

face to hurricane development and maintenance has been es-

tablished from both empirical (Malkus and Riehl, 1960) and 

numerical (Ooyama, 1969) results. As air flows inward toward 

lower pressure in the boundary layer, the sensible heating 

increases its equivalent potential temperature, The higher 

equivalent potential temperature enhances the convection and 

increases the heating and generation of available potential 

energy. In this model, the sensible heating, ~S' is modeled 

by assuming the total sensible heating is 0.11 x 10 14 watts 

(Malkus and Riehl, 1960) and distributing the heat radially, 

as shown in figure s. Therefore, there is no feed-back be-

tween sensible and latent heating and the model is insensi-

tive to this effect. In computing d~s/dt, (25) is approxi-

mated by 

~s 
(3 9) 

4.1 Preliminary Adiabatic Experiments 

In the first experiment, with no friction or heating, 

the initial gradient balance should be preserved except for 

small changes from round-off error. After 10 iterations 

an apparently random pattern of radial velocities with 

magnitude 10-3 em/sec develops from the round-off error. 

After 200 iterations, when the computation 
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is terminated, the radial velocity pattern is still random 

with maximum amplitudes of 10-2 em/sec and the tangential 

velocities and pressures are unchanged to the precision of 

the output (0.01 em/sec and 0.1 mb). 

In Experiment 2 the heating and internal mixing are 

zero, and the effect of drag friction alone is examined 

(CD = 0.003). In this experiment with no heating the model 

is a true forecast model. A possible physical analogue is 

a tropical cyclone that moves over land with the consequence 

that its source of latent heat and sensible heat is rapidly 

diminished. The vortex is expected to decay as kinetic 

energy is dissipated in the boundary layer and adiabatic 

cooling by frictionally induced vertical motion destroys the 

warm core. 

Figure 6 illustrates radial profiles of the surface 

tangential wind at various stages of the iteration. An eros-

ion of the tangential wind maximum occurs with a reduction 

' from 37 to/ 18 m/sec in 1000 steps (8.3 hours). The evolution 

of the radial winds is shown in figure 7. The maximum inflow 

quickly reaches about 12 m/sec and the radius of maximum in-

flow moves outward with time. In the upper levels, the out-

flow is characterized by stable inertial-gravity waves with 

amplitude 1 m/sec, which move outward from the center at 

about 35 m/sec. These waves are not as prominent in later 

experiments that include heating, probably because of the 
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steadying influence of the constant forcing function, 

The thermal structure after 1000 steps is shown in 

figure B. The initial warm core has been replaced by a cold 

core structure with a temperature decrease of 10°C in the 

vortex center. Strong adiabatic cooling in the inn er region 

associated with the frictionally induced vertical motion is 

accompanied by slight adiabatic warming away from the center, 

For drag friction and no heating, the results that the 

tangential wind decreases from 37 to 18 m/sec in 8 hours, 

the frictionally induced vertical motion destroys the warm 

core, and the average kinetic energy dissipation rate is 6 

watts m-2 are consistent with those expected for a dissipat­

ing hurricane over land. 

4,2 The Role of Internal Mixing 

The proper formulation of internal mixing (both hori­

zontal and vertical) is an important, but unfortunately 

poorly understood aspect of numerical modeling. Because of 

the difficulty in making direct measurements, the dissipation 

of kinetic energy by internal mixing is usually estimated as 

a residual in empirical energy budgets, e.g., Riehl and 

Malkus (1961), Hawkins and Rubsam (1968). These studies 

indicate that the kinetic energy dissipation by internal 

mixing is about the same magnitude as the dissipation at the 

surface. 
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The horizontal diffusion of momentum in the hurricane 

has been modeled using constant mixing coefficients, but 

the values used by different investigators (table 1) vary 

over several orders of magnitude. A further complication is 

that the truncation errors of the finite difference schemes 

produce large, non-linear damping. 

The vertical mixing process is even more complex than 

horizontal mixing, because the vertical eddies (cumulus 

clouds) have the same vertical scale as the hurricane. Gray 

(1967) has found that the momentum transport by cumulus 

convection is an important process in the steady-state dynam-

ics of hurricanes. Constant vertical mixing coefficients 

seem particularily inadequate to describe this process correct-

ly. Indeed, Gray finds a large variation of the vertical 

mixing coefficients with height ranging from 10 6 to 10 9 

2 -1 em sec • 

Because of these uncertainties, the effects of horizontal 

and vertical mixing are investigated in Experiments 3 through 

6. The steady heating for these experiments, shown in figure 

9, is defined by the rainfall profile A figure 3 and the 

solid vertical profile in figure 4. The results from these 

first experiments provide values of the mixing coefficients 

for use in later experiments in which the heating distribut-

ion was varied. 
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Table 1. 
2 -1 

Exchange Coefficients (em sec ) in Hurricanes 

Investigator KH Kz Remarks 

Estoque and 
10 9 Partagas (1968) 10 8 - Forecast model* 

Gray (1967) 10 6-lo 9 Empirical study 

Kasahara (1961) 1.6xl08 Forecast model* 

Krishnamurti 
2.7xl0 9 7 (1961) 1.2xl0 Diagnostic study 

Kuo (1965) 108 10 5 -106 Forecast model 

Ooyama (1969) 10 7 0 -10 5 Forecast model* 

Riehl and 
108 10 6 Malkus (1961) Empirical study 

Rosenthal (1969) 10 8 0 -10 5 Forecast model* 

-Yamasaki (1968a,b) 10
7 

10 5 Forecast model* 

* Denotes additional non-linear damping due to truncation 
error in finite difference scheme. 

4.2.1 Evolution to Slowly Varying State: Experiment 3 

In Experiment 3 the effects of a very large amount of 

horizontal mixing (KH = 25 

( - 6 cal mixing K - 0.5 x 10 
z 

cm2sec-1 ) are investigated. For 

this first heating experiment, some details of the evolution 

to the quasi-steady state are presented. In later experiments, 

only the final state is emphasized. 
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Momentum and Temperature Profiles. In figures 10 and 

11, the radial profiles of the wind components at several 

levels at 0, 200, 400, and 800 steps illustrate the evolution 

of the slowly varying state. The initial changes in the 

velocity profiles are very large. Although a completely 

steady state is not attained by the end of the iteration at 

800steps, the changes are sufficiently small to justify mean­

ingful comparisons between these preliminary experiments. 

There are three interesting features in the evolution 

of the tangential wind profile: First is the relatively 

rapid transition of the upper level cyclonic winds to anti-

cyclonic beyond 300 km (fig. lla). Second is the gradual 

outward diffusion of the mid9le level cyclonic wind maximum 

(fig. lOW • Third is the maintenance of the sharp wind maxi­

mum at the surface, although the maximum is reduced from 

37 to 26 m/sec. 

The evolution of the radial winds (fig. llb) shows an 

increase in both the upper level outflow and lower level 

inflow with a tendency toward sharper extrema. The radial 

motion in the middle levels remains relatively weak. 

In figure 12 the isentropic cross section shows con­

siderable warming in the upper levels where the heating is 

a maximum. The initial temperature difference of 1°C be­

tween the center and 500 km increases to about 10°C at 300 mb. 

37 



0 
c. 
E 

ISENTROPIC CROSS SECTION 

---N -O -----N • BOO -
iOO I 0~365' 1 3 

0~355 

195 -=- ----_ ..... -o:i4z 
--

----- -------- -- -------- 0~335 

290 

385 ~ .......... ------
----

48 ol-- 0=325 
~ 

--------
5 --e s7 

0. 

67 ol-- &=315 
~ 

765 

86 0 -

95 5 -

~ SURFACJ; P. 
-

0 ' ' iOO 200 300 400 500 105 0 

R (Km) 

Figure 12. Isentropic cross section for initial and slowly varying state 
in Experiment 3 

v~ N= 8oo Vr N =800 
40r---r--;--r---r-.~ 

3 

30 

20 

KH = 25 
K~ = 0.5 

40 

30 

KH 
K• 

0~360 

0~340 

0 ~310 

•• 
•25 
•0.5 

-------
-10 -iO 

z~o 

-ro·L---L--~--L--~-~ -2oL---L--~-~~~~--J 

0 - - - - - 0 - - - - -R ( Km) R ( Km) 
a b 

~igure 13, Tangential and radial-wind profiles in Experiment J 

38 



In the lower troposphere there is little change, although 

there is a tendency for slight cooling around 700mb. 

The evolution of the mass and momentum fields is ex­

plained by examining the important physical processes in 

various regions of the storm. Figure 13 illustrates tan-

gential and radial winds after 800 iterations. Profiles for 

the middle layers show that the large amount of horizontal 

mixing diffuses the tangential wind maximum outward. At the 

surface, ~owever, the sharp maximum is maintained as the 

advection of angular momentum by the strong inflow counters 

the opposite effect of the l~teral diffusion. In the upper 

levels, the outflow advects air with low angular momentum 

outward so that the initial cyclonic circulation becomes anti-

cyclonico Inside 200 km, the upward transport of momentum by 

the heating maintains a reasonable vertical shear. In the 

middle levels beyond 200 km, however, radial and vertical 

advection of momentum is small. Because the vertical mixing 

is negligible in this experiment, only horizontal mixing 

disturbs the gradient balance in this region. This process 

is relatively slow and large vertical shear develops beyond 

200 km (fig. 13a). This weak vertical coupling in tropical 

systems outside of convective areas has been discussed by 

Charney (1963). 
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The large amount of horizontal mixing produces the 

diffuse warm core shown in the isentropic cross section 

(fig. 12). Although the magnitude of the temperature 

anomoly is reasonable, the horizontal temperature gradient 

is nearly constant out to 300 km. Observations of hurri-

cane structure show a more concentrated warm core. 

Energy Budget. Figure 14b shows the evolution of the 

different components of the rates of change of available 

potential and kinetic energy. Initially the dissipation by 

horizontal mixing is dominant, causing a large negative 

kinetic energy tendency. After 400 steps the internal 

mixing remains relatively constant. Throughout the entire 

experiment the dissipation from surface drag is smaller than 

that from internal mixing. 

One of the most interesting features of the energy 

budget evolution is the relationship between changes in the 

generation and boundary flux of available potential energy 

and its conversion to kinetic energy. Although energetic 

consistency requires only that these changes be eqUal in the 

steady-state, there is an extremely close correlation between 

the two at all stages of all the experiments. This suggests 

that the available energy generated by the steady forcing is 

almost immediately converted to kinetic energy. 
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Initially t~e kinetic energy conversion closeiy follows 

the generation. After 300 steps, however, the mass outflow 

is removing heat at 500 km which would otherwise reduce the 

radial temperature gradient. This process is reflected in an 

increase in the boundary term, B, of the available energy 

change equation. The sum of the generation and boundary terms 

continue to almost exactly balance the conversion .to kinetic 

energy, so that changes in the store of available potential 

energy are small. 

Although the boundary term in the available energy budget 

is large, the boundary flux of kinetic energy is rather small 

compared to the conversion and dissipation processes within 

the volume. The contribution is relatively constant and is 

negative, indicating that the storm is exporting kinetic 

energy to the environment. 

The contribution by the various energy transformation 

processes within 100 km radial rings is presented in figure 

15. Most of the generation occurs inside 200 km while its 

conversion to kinetic energy occurs primarily between 100 

and 300 km. The l.rge contribution to the available energy 

budget by the boundary processes is interesting and supports 

earlier studies which show that the hurricane cannot be 

considered a closed system on this scale. 
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The most important dissipative process in Experiment 3 

is lateral mixing, which is expected in view of the large 

value of KH. Dissipation from surface friction is nearly 

independent of radius. Vertical mixing dissipation is an 

order of magnitude smaller than the horizontal and surface 

dissipation, indicating that it is negligible for Kz equal to 

6 . 2 -1 0.5 x 10 em sec • 

The total energy budget for Experiment 3 is shown in 

table 2. These results may be compared with estimates from 

observational studies of hurricanes summarized in table 3. 

The large kinetic energy conversion rate in Experiment 3, 

in spite of the weak maximum wind, is relBted to the large 

horizontal mixing which tends to diffuse the momentum lat-

erally and produce a large vortex. 
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12 
Table 2. Energy Transformation Rates (10 watts) 

Experiment 3 4 5 6 7 8 10 11 12 

Rainfall profile 
type A A A A B c B ~B B 

Vertical profile 
p=pseudo-adiabatic 
c=cloud-environment c c c c c c p c c 

KH (108 2 .:.1 
em sec ) 25. 10. 10. 5. 5. 5. 5. 5. 5. 

Kz (106 2 -1 em sec ) 0.5 1. 5. 5. 5. 5. 5. 5. 5. 

Generation A 24.1 21.2 15.5 17.3 10.7 4.8 2.9 13.7 13.8 

Boundary A 18.2 17 .o 13.3 14.6 4.2 0.1 1.1 5.0 2.4 

Conversion to K 42.0 39.2 30.3 32.9 16.5 6.2 5.3 18.8 18.6 

Boundary K -5 .o -4.3 -2.2 -2.2 o.o o.o o.o o.o -0.1 

Drag dissipation -18. -22. -15. -14. -9.2 -7. -5 • -11. -9.4 

Lateral mixing -26. -16. -12. -6 .s -5.7 -5 • -3. -5.8 -5.9 

Vertical mixing -2.5 -6 .o -18. -15. -11. -5. -5. -10. -13. 

. - ---- --- -- ----

- .. ; 

13 16 

B B 

c c 

5. 2.5 

5. 5. 

14.6 9.9 

2.5 3.5 

19.0 15.1 

-0.1 -0.2 

-9.8 -12. 

-6 .o -4o2 

-13. -13. 



Table 3. Empirical Energy Budgets 

Region of Heating Gen Conv Adv Sfc Int 
Investigation Storm (km) 1014 watts A K K Disp. Disp. 

1012 watts 

------
Anthes + 
Johnson ( 19 68) 0-10 00 3.2 10.3 

Hal-lk ins + 
Rubs am (1968) 0-150 2.2 2.3 3.9 -4.2 -2.0 

Hughes (19 52) 0-444 5.4 

Miller (19 62) 0-111 3.6 8.0 2.4 -5.1 -5.3 

Palm en + 
Jordan (1955) 0-666 5.4 15.0 

Palmen + 
Riehl (1957) 0-666 5 • 0 15.0 o.o -13. o.o 

Riehl + 
Malkus (1961) 

8/25 0-150 2. 1 2.8 0.3 -1.6 -1.0 

8/2 7 0-150 4.0 6.8 3. 5 -3.2 -6.6 

Truncation Error. The difference between observed rates 

of change in the total kinetic energy of the volume and the 

instantaneous tendencies computed from (38) is an estimate of 

the truncation error in the model. The tendencies as a funct-

ion of iteration step and the observed changes evaluated over 

100 steps, shown in figure 14a, show generally good agreement 

with little systematic deviation. Maximum differences are 

about 10 percent, indicating that truncation error is small. 
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Although the results from Experiment 3 were not particu-

larly realistic because of the large amount of horizontal 

mixing, the transient features of the evolution to the slowly 

varying state have indicated some of the general characteris-

tics of the model. A horizontal mixing coefficient of 25 x 

0 8 2 -1 1 em sec produces an unrealistically diffuse storm with 

a very large radius of maximum wind, In addition, the gen-

eration, the conversion of available potential energy to 

kinetic energy, and the dissipation by lateral mixing are 

too large compared with empirical results, 

4.2.2 Slowly Varying States of Mixing:Experiments 4 through 6 

Because the large, diffuse vortex in Experiment 3 in-

dicates that the horizontal mixing is overestimated and the 

vertical mixing is underestimated, the horizOntal and verti-

cal mixing coe£ficients are varied in Experiments 4 through 

6, The horizontal mixing coefficient is decreased from 25 x 

10 8 to 5 x 108 cm2sec-1 , and the vertical mixing coefficient 

is increased from 0,5 x 106 to 5,0 x 10 6 2 -1 em sec • All 

other parameters are held constant. 

Momentum and Temperature Profiles. The radial profiles 

of the tangential and radial winds after 800 iterations and 

the isentropic cross sections for Experiments 4, 5, and 6 are 

shown in figures 16 through 21. It is evident from these 
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figures that the results become more realistic as K8 decreases 

and K increases. The tangential wind maximum increases from z 

28 to 38 m/sec, and the warm core becomes more concentrated 

as K8 is reduced (fig. 17, 19, and 21). Differences in the 

radial wind profiles are less (fig. 16b, 18b, and 20b) 

because the effects of decreasing KH are partially counter-

acted by increasing Kz. 

As Kz is increased, vertical mixing reduces the vertical 

shear of the tangential -;.;rind, and the radial tilt of the 

maximum wind axis becomes less. It is difficult, however, 

to determine how much positive vertical shear in the lower 

300 mb is reasonable. In a series of separate boundary layer 

experiments (app. A) the surface wind beyond the radius of 

maximum wind is subgradient by as much as 50 percent because 

of surface friction. This results in a substantial positive 

wind shear in the lower levels. Thus part of the large shear 

may be caused by insufficient vertical resolution of the 

boundary layer. 

Although non-linear computational insta"t>ility occurs 

in the boundary layer experiments (app. A) for KH equal to 

10 x 10 8 cm2sec-1 , only a faint suggestion of oscillations 

in the radial wind profile appears in the complete model 

· t th gh K · d d t 5 x 10 8 cm2sec-1 exper1men s, even ou H 1s re uce o 

(figure 20b). This probably results from the additional 

damping effect of vertical mixing and the interaction between 
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Figure 17. Isentropic cross section for Experiment 4 
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the velocity and mass fields in the complete model. 

Energy Budget. The energy budgets for Experiments 4, S, 

and 6 by 100 km rings are shown in figures 22 through 24 and 

the total energy budgets are summarized in table 2. Decreases 

in KH and increases in K are accompanied by corresponding z . 

decreases and increases in horizontal and vertical mixing 

dissipation respectively. Drag dissipation remains relative-

ly constant because the increased maximum winds occur over a 

smaller area. The generation of available energy and conver-

sion to kinetic energy decrease toward more realistic values 

(table 3) as the storm becomes more concentrated. 

4.2.3 Summary 

The results from Experiments 3 through 6 establish 

ranges of the horizontal and vertical mixing coefficients 

which give fairly reasonable results. Values of KH greater 

8 2 -1 than or equal to 10 x 10 em sec are too high, resulting 

in a large, diffuse storm. Values of Kz less than or equal 

to 1 
6 2 -1 

x 10 em sec do not yield sufficient vertical mixing 

to produce reasonable vertical shears of the tangential winds. 

The most realistic results are obtained for KH equal to 

8 2 -1 6 5 x 10 em sec and Kz equal to 5 x 10 2 -1 em sec • Both 

values are possibly on the high side, but in view of the 

threat of non-linear instability if smaller values are used, 

we prefer to begin the study of variable heating functions 

with these values. 
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4.3 The Role of Variable Distributions of Heating 

From the premise of the thermal forcing of the hurricane, 

difference between size and intensity of individual storms must 

be related to space and time variations of the heating distri­

butions. However, the question of just how sensitive or re­

sponsive is the storm circulation to these variations remains 

unanswered. 

From the continuity equation one expects that the radial 

circulation is highly dependent on the horizontal and verti­

cal heating distributions. The response of the tangential 

circulation is more complex. However, the supposition that 

the time response of the total circulation to changes in 

thermal forcing is relatively rapid underlies the justifica-

tion for hurricane modification experiments. In this section 

the results of the model attained from various combinations 

of horizontal and vertical heating distributions provide some 

insight into this relation between the hurricane circulation 

and thermal forcing. 
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4.3.1. Radial Variaeion of Latent Heating 

The heating function in Experiment 6 (discussed in 

sec. 4.2.2.) produces a rather large storm of only moderate 

intensity. The total heat release, generation of available 

energy, and conversion to kinetic energy are larger than 

empirical results by a factor of two or three. These results 

suggest that the heating function overestimateS. the latent 

heat release at large distances from the center. 

In Experiments 7 and 8 the latent heat release beyond 

100 km is progressively decreased with the result that the 

relative heating becomes more concentrated near the center 

(rainfall types B and C in table 4 and fig. 3). In Experi-

ment 9, the primary heating maximum at 30 km is reduced 

slightly and a secondary heating maximum is introduced at 

200 km to simulate the effect of rainbands (rainfall type 

D in table 4 and fig. 3). In all four experiments the 

vertical heating distribution is specified by the solid 

curve in figure 4. 
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Table 4. 

Experiment 

6 

7 

8 

9 

Summary of Experiments Investigating Radial Variation 
of Heating 

Total Heating 
Rainfall Type rate 1014 watts 

. ~ 21.3 . 

B 11.0 

c s.s 

D 11.0 

Concentrated Heating Near the Center: Experiment 7. 

In all experiments with 20 km resolution and a time step of 

30 seconds, the large-seal~ .changes, especially in the inner 

300 km region, were small enough after 1600 iterations (13.3 

hours) to justify meaningful comparisons of the slowly varying 

state. Before the discussion of the steady-state solutions, 

quantitative results illustrating the convergence to a steady-

state are presented for one experiment. The variation of L2 

(34) on the tangential and radial winds is shown only for 

Experiment ?•because the behavior of the norma in the other 

experiments is quite similar. 

In figure 25 the convergence of the tangential winds is 

most rapid in the lower levels near the center. Inside 200 

km, the tangential wind has reached a slowly varying state 

after 800 iterations. In the upper levels, however, at large 
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distances from the center, convergence is much slower. In 

fact, L
2 

(v~ ) at 360°K does not be begin to decrease until 

the inner region reaches a quasi-steady-state (about 600 

iterations). The physical explanation is that the inner reg-

ion adjusts rather quickly to the heating function. In the 

outer region, the heating is either small or zero, thus the 

winds are influenced only by advection and mixing. In the 

upper levels, internal mixing is negligible, so that only 

horizontal advection is important. Because the radial ad-

vection is outward at this level the tangential winds in the 

outer regions are primarily determined by the steady-state 

angular momentum distribution near the center. The slow 

convergence in this region reflects the time required for the 

angular momentum near the center to be advected to the edge 

of the domain. 

The convergence of the L
2 

norm on the radial winds for 

the surface and 360°K is shown in figu~e 26. The oscilla-

tions superimposed on the downward trend are evidence of the 

inertial gravity waves mentioned in Experiment 2. The fre-

quency of these waves is apparently low enough to avoid most 

of the damping in Matsuno finite difference scheme. 
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Momentum and Temperature Structure• In EXperimc3nt 

7 (rainfall type B, fig. 3) the total heating rate is re-

14 
duced from 21,3 to 11.0 x 10 watts, a rate closer to empiri-

cal results (table 2), The more concentrated heating function 

in this experiment generates a smaller warm core with nearly 

as intense a pressure gradient near the center as the one 

in Experiment 6, The tangential and radial wind profiles are 

shown in figure 28 and may be compared with those from Experi-

ment 6 in figure 27. The effect of reducing the heating be-

yond 150 km on the tangential wind is to slightly decrease 

the maximum wind from 34 to 33 m/sec at 60 km. However, the 

winds beyond 150 km decrease significantly. The 3 percent 

decrease in the maximum wind speed, in spite of a SO percent 

reduction in total heating is somewhat paradoxical and em-

phasizes the importance of differential heating in establish-

ing the temperature and pressure gradients and the angular 

momentum distribution. 

The changes in the radial winds are greater than those 

in the tangential winds (fig. 27b, 28b). The inflow is 

reduced beyond 200 krn; e.g., from 11 to 8 m/sec at 250 km. 

The maximum outflow decreases from 19 to 14 m/sec and the 

radius of maximum outflow moves inward from 360 to 180 km. 
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Because the results from Experiment 7 are quite realis­

tic, they are presented in some detail. The tangential wind 

cross section, figure 29, shows a region of maximum cyclonic 

winds near the center with little vertical wind shear below 

300 mb. In the lower levels beyond the radius of maximum 

wind, positive vertical shear exists because of surface 

friction. A small region of anticyclonic winds occurs in the 

upper levels beyond 400 km. 

The radial wind cross section, figure 30, shows inflow 

from the surface to about 600 mp, although significant 

( lvrl ~.5 m/sec) inflow is limited to the region below 800 

mb. The maximum inflow of 15 m/sec is somewhat stronger 

than empirical observations (e;g., Miller, 1962), but weaker 

than the inflow found in the separate boundary layer experi­

ments (app. A). Significant outflow occurs above 300mb. 

Generation and Conversion of Available Potential 

Energy• The vertical cross sections of the generation and 

its conversion to kinetic energy for &xperiment 7 are shown 

in figures 31 and 32. Most of the generation occurs in the 

middle and upper troposphere inside 150 km, a result which 

agrees well with the empirical estimate of Anthes and Johnson 

(1968). Conversion of available to kinetic energy, on the 

other hand, occurs mainly below 800 mb inside 300 km where 

the inflow and acceleration toward lower pressure are large. 
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A small region of negative conversion occurs in the upper 

troposphere near the center as air flows outward against 

the pressure gradient force. 

Energy Budget• The energy budget by radial rings 

for Experiment 7 is shown in figure 33. Compared to Experi-

ment 6 (fig. 34) all components of the time rate of change 

of the energy budget are reduced, especially beyond 200 km 

where the heating is significantly less. In the total energy 

budget (see table 1), the generation of available potential 

energy and its conversion to kinetic energy are reduced to 

12 10.7 and 16.5 x 10 watts, respectively -values which com-

pare favorably with the empirical results in table 3. The 

12 
kinetic energy sinks are 9.2 x 10 watts for surface drag, 

12 
11.0 x 10 watts for vertical mixing, 

and 5.7 
12 

x 10 watts for horizontal 

mixing. Comparison of these dissipation rates with empirical 

results is difficult. While the dissipation by drag friction 

is readily computed from hurricane wind data, dissipation by 

internal mixing is usually computed as a residual in a kinetic 

energy budget. Also, the empirical results in table 3 were 

determined for only a small portion of the storm ( r ~ 150 km). 
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In view of the above uncertainties, the dissipation 

rates in Experiment 7 appear reasonable. Inside 200 km, the 

ratio of internal to surface friction is about 1.2, which 

approximately agrees with empirical ~esults. Beyond 200 km 

this ratio increases because of the large dissipation from 

vertical mixing. The vertical mixing may be overestimated in 

this region for two reasons: First, the assumption that Kz 

is constant horizontally is very crude. The vertical turbu-

lance, including cumulus convection, probably decreases with 

increasing radius; therefore K in the model should decrease 
z 

also. Second, the large vertical mixing dissipation is relat-

ed to the fact that the mid~le level winds in the outer region 

have not yet completely adjusted to the upper and lower level 

winds, a consequence of the weak vertical coupling mentioned 

earlier. Thus the vertical shear resulting from the initial 

conditions is still large. The fact that the ratio of verti-

cal mixing to surface dissipation decreases with increasing 

iteration step provides support for this second reason. 

In summary, the effect of reducing the heating beyond 

200 km in Experiment 7 is to significantly reduce the 

tangential and radial wind components at larger radii. For 

a reduction of the total heating by SO percent, only aJ per-

cent decreaae in maximum wind is produced. The generation 

and conversion of available energy and dissipation of kinetic 
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energy compare favorably with empirical evidence, even 

though the total heating 

results, 

is somewhat higher than empirical 

Very Concentrated Heating Near Center: Experiment B, 

The thermal forcing by the extremely concentrated heating 

function, Type C in figure 3, is studied in EXperiment B. 

Inside 100 km the horizontal distribution is essentially uu-

changed from that in Experiments 6 and 7, The heating rate 

beyond 100 km is greatly reduced and the total heating de­

creases to S.S x 10 12 watts, an amount comparable to obser­

vational evidence (table 3), 

BecAuse of the concentrated heating distribution, a 

variable grid was utilized in Experiment B. For r ~ 160 km 

the resolution is 10 km. For r ;.160 km the resolution 

varieS smoothly from 10 km at 160 km to 2S km at the maximum 

radius of SOD km, The use of a variable grid is justified in 

a later experiment. 

Momentum and Temperature Structures • Within 100 km 

the tangential and radial wind profiles for Experiment B, 

shown in figure 3S, are quite similar to the profiles for 

Experiment 7 (fig. 2B), The slight shift inward of the 

maximum wind from 60 km (Experiment 7) to SO km (Experiment 

B) is probably a consequence of the increased resolution 

rather than the heating reduction beyond 100 km, 
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Although changes inside 100 km are small, large differ-

ences are present at greater distances. Maximum outflow is 

reduced from 14 m/sec at 180 km (Experiment 7) to 10 m/sec 

at 100 km (Experiment 8), At 300 km the outflow is reduced 

from 11 m/sec to 3 m/sec. 

The decreased outflow produces a different tangential 

wind distri~ution at larger radii. Whereas the stronger out-

flow in Experiment 6 and 7 produces anticyclonic winds at 500 

km by an outward advection of low angular momentum from the 

center, there is little radial advection at this distance in 

EXperiment 8. Thus internal mixing dominates and the tangen-

tial winds slowly decay. 

Energy Budget• The energy budget, shown in figure 

36, reflects the decrease in storm intensity compared with 

Experiments 6 and 7. The generation of available energy 

occurs entirely within 100 km. The boundary term in the 

available energy budget decreases from 4.2 x 10 12 watts to 

12 0,1 x 10 watts. The total energy budget (table 2) shows 

significantly smaller values for all processes, except 

horizontal mixing. The dissipation by horizontal mixing is 

nearly constant because the curvature of the wind profile 

inside 100 km is relatively unchanged. 

Experiments 6, 7, and 8 indicate that the reduction of 

heating at large distances has little effect on the inner 
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region of the storm and suggests that the maximum winds are 

determined primarily by heating in the inner region. As the 

heating is reduced at larger distances, the storm decreases 

in horizontal extent and the tangential and radial winds 

beyond 100 km are reduced. The size and intensity of the 

anticyclone aloft is closely related to the amount of heating 

at large distances from the center. This relationship suggests 

that the intensity of the thermal anticyclone associated with 

storms in nature should be closely correlated with the dia­

meter of the active convective area. 

Primary Heating Near Center With Secondary Maximum 

at 200 km: Experiment 9 - In the final experiment studying 

the horizontal variation of heating, a secondary heating 

maximum is introduced at 200 km. See rainfall type D in 

figure 3. The heating rate in the inner region is reduced 

slightly from that in Experiment 7 so that the total heat 

release remains fixed. The introduction of a secondary 

heating maximum is an attempt to investigate the possible role 

of hurricane rainbands in which substantial precipitation 

occurs at some distance from the center (Gentry, 1964). Al­

though rainbands are generally asymmetric and spiral in toward 

the center, the mean effect in an axisymmetric model appears 

as a ring of erihanced convection. 

70 



The results from Experiment 9 show rather small changes 

from those in Experiment 7. The profiles of the tangential 

and radial winds at the surface and 340°K for Experiments 7 

and 9 are compared in figure 37. The weak secondary heating 

maximum reduces the maximum tangential wind· from 33 to 31 

m/sec at 60 km and produces a slight increase in middle 

levels at 200 km~ The latter increase is caused by the in­

creased vertical transport of low-level momentum. 

The radial wind profile showa a slightly weaker cir­

culation inside 200 km. Maximum inflow is reduced from 14 

to 13 m/sec at 80 km, and the single outflow maximum at 

180 km in Experiment 7 is replaced by two weaker maxima at 

100 and 2 00 km in Experiment 9. 

Experiment 9 may have some relevance to hurricane modi-

fication experiments (Project STORMFURY , 1969). One aspect 

of STORMFURY involves seeding supercooled water in rainbands 

with silver iodide crystals. The additional heat of fusion 

would then increase the heating at this distance and possibly 

reduce the amount of air reaching the center by deviating the 

inflo~upward. This chain of events would then result in a 

decrease of the maximum winds near the center. 

The changes in circulation in &periment 9 that result 

from an increase in heating at 200 km and a slight decrease 

.inside 200 km are small, but confirm the hypothesis of the 
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rainband experiments in Project STORMFURY. However, the 

results are inconclusive. From one point of view it may be 

argued that the reduction in maximum winds is small in compari­

son to the changes in the heating distribution. On the other 

hand, if the hurricane vortex is unstable, a small change 

might produce interactions which causa greater differences 

with time. The steady-state model, of course, is not 

capable of studying such feed-back. 

4.3.2 Vertical Variation of Latent Heating: Experiment 10 

The vertical distribution of latent heating is an import-

ant aspect of the tropical cyclone problem. In extratropical 

regions, which are normally conditionally stable, most of the 

large scale condensation heating results from stable moist 

adiabatic ascent. In the conditionally unstable tropics; 

however, large scale lifting results in small scale convect­

ion. The vertical distribution of the envi~onillental heating 

by the convection is a complicated process and involves en­

trainment, horizontal and vertical mixing, and large scale 

vertical motion. The effective heating of the large scale may 

then be quite different from the cloud scale distribution. 

Early attempts at hurricane modeling (e.g., Kasahara, 

1961; Rosenthal, 1964) related the heating to the variation 

of saturation specific humidity, qs , along an appropriate 
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moist adiabat. This pseudo-adiabatic type of heating result-

ed in unrealistic circulations, and showed that the hurricane 

could not be considered a huge cloud- Kuo (1965) attempted 

to relate the large scale to the cloud scale heating by making 

the heat release at any level proportional to the cloud-en-

vironment temperature difference. Parameterization similar 

to ·this type of ho,at ing (hereafter called ··•cloud -environment" 

type) has given quite realistic results in prognostic hurri-

cane models (Yamasaki, l968;;.,b; Rosenthal, 1969). 

The relative variation of the heating profiles between 

the pseudo~adiabatic and cloud-environment types are con­

trasted in figure 38. The variation of W along several 

moist adiabats is shown for a surface pressure of 1010mb, 

a relative h:.>tnidity of 85 percent, and various su:ceace 

temperatures. The dashed profile is the difference between 

the temperature of the moist adia~at defined by an equivalent 

potential temperature of 362.6°K and the mean hurricane 

season environmental temperature (jordan, 1958). 

A much h'igher proportion of heat is released in the 

upper levels in the cloud-environment type than in the 

pseudo-adiabatic type. The ratio of 300 to 600 mb heating 

in the former is about 1.7 while in the latter the ratio 

varies from 1.0 to 0.5. From a linear analysis, Rosenthal 
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and Koss (1968) showed that this ratio was an important 

parameter in the growth of tropical cyclones. They found 

reasonable growth rates and ~hermal structures for a ratio 

of l.l5. Yamasaki (l968a) found reasonable results for a 

ratio of about 1.1. These valuas are easily exceeded in the 

could-environment type heating. In the pseudo-adiabatic type, 

however, the ratio is highly dependent on 96 , approaching 

the critical value only for very warm, moist air. 

In Experiment 10 the vertical distribution of hea~ing 

is proportional to along the moist adiabat defined by a 

surface temperature of 28°C shown in figure 38. The same 

distribution is also contrasted with the vertical heating 

distribution of the eaclier experiments in figure 4. The 

horizontal heating distribution and all other parameters 

were identical to those in Experiment 7. The vertical cross 

section of heating is shown in figure 39. 

Figure 40 shows the radial profiles of tangential and 

radial winds in Experiment 10. The low-level tangential 

wind profiles are similar to those in Experiment 7 (fig. 28). 

The reduce~ vertical transport of momentu~ in the upper levels, 

however, yields weaker winds. The radial wind profiles show 

a deep, weak outflow-layer in Experiment 10 in contrast to 

the shallow, strong outflow layer of Experiment 7. This 

difference is related to the change in thermal structure 
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shown in figure 41. In Experiment 10 the level of maximum 

temperature departure drops from 300 mb to 500 mb, the 

pressure gradient decreases more rapidly with height, and 

th<o out flow begins at lower 1 eve ls. Near 200mb the atmos-

phere is nearly undisturbed,. and the radial and tangential 

circulations at this level are less than those in Experiment 

7. 

Both the temperature structure and the radial winds in 

the upper levels are unrealistic in the pseudo-adiabatic 

type of heating of EXperiment 10. Observations show that 

the maximum temperature departure occurs in the upper rather 

than middle troposphere (Hawkins and Rubsam, 1963; Malkus and 

Riehl, 1961). They also support a thin, strong outflow layer 

rath•ar than a deep, sluggish layer (Miller, 1958, 1961+). 

These results confirm that the cloud-scale heating is not 

appropriate to the hurricane scale in the mature, slowly 

varying state. 

4.3.3 Variation of Total Heating: Experiment ll 

The results from the previous experiments empha-

size the importance of variable heating distributions. In 

all the experiments the heating maximum was defined by a 

rainfall rate of about 50 em/day at 30 km, a moderate rate 

for a mature hurricane. In Experiment 11 the h·aating function is 
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one half that of Experiment 7, while the horizontal and vert­

ical heating variation and all other parameters are identi6al, 

Figures 42 and 43 show the momentum and temperature pro­

files of the slowly varying state. As expected, the tangen­

tial and radial circulations are considera~ly less than those 

in Experiment 7, and the thermal structure shol>s a weaker warm 

core. The maximum tangential wind is reduced from 33 to 25 

m/sec; maximum inflow is reduced from 15 to 9 m/sec, while 

the outflow is decreased from 14 to 7 m/sec. The maximum 

temperature departure is reduced from +10°C to + 4°C. 

The energy budget for Experiment 11, surnm.~rized in table 

2, shows a reduction by a factor of two or three, The kinetic 

energy is still decreasing after 1600 iterations, indicating 

that true steady-state circulations, especially at large 

distances from the center, will. be weaker than those presented 

in figure 42. Thus the thermal forcing given by the rainfall 

rates of Experiment 11 produces a circulation that is typical 

of a moderate to weak tropical storm. 

4.3.4 The Role of Infrared Cooling: Experiment 13 

Becuase of the immense importance of latent and sensible 

heat as energy sources into the tropical cyclone system, 

little attention has been directed toward infrared cooling 

as a sink of energy. In numerical experimen~s to date, 
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only Ooyama (1969) included the effect of radiativa cooling. 

Ooyama experimented with a uniform cooling rate and found 

little change from the non-cooling cases, He notes, how-

ever, that differential cooling may affect the development of 

tropical cyclones. 

In the Hurricane Hilda study, Anthes and Johnson (1968) 

estimated that infrared cooling in th~ outer region of the 

storm could generate 15 to 20 percent of the total genera-

tion of available potential energy on the hurricane scale 

(1000 km). The total cooling nearly equalled the total 

latent heating on this scale. It is important, therefore, 

to ascertain whether radiative cooling represents a passive 

energy loss or contributes actively toward maintaining the 

baroclinicity in the hurricane, 

If the 15 to 20 percent generation by infrared emission 

is respresentative, the effect of the cooling on the dynamics 

should be investigated, in view of the strong correlation 

between generation of available energy and conversion to 

kinetic energy in these experiments. Appendix C presents 

radiative cooling rates in the clear tropical atmosphere, 

which are computed using Sasamori's (1968) radiation 

model. Sasahlori's model is quite suitable for use in numeri-

cal models of the tropical cyclone because of its relative 

simplicity and computational economy in terms of speed and 

storage. 
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Experiments 12 and 13 contrast the efEects of radiative 

cooling on the slowly varying state of the tropical cyclone. 

The horizontal domain is extended to 1000 km for these 

experiments. Experiment 12 represents the non-cooling 

control experiment and is identical to Experiment 7 ex~ept 

for the larger domain. The effects of this change are 

minor and are discussed separately in a later section. 

Experiment 13 is identical to Experiment 12 ex~ept that 

u~iform horizontal cooling occurs from 300 km (assumed to 

be the edge of the cloud cover) to 1000 km. The vertical 

distri~ution is given by the mean cooling profile shown in 

appendix C, figure C4. 

Mooentum and Temperature Structures. Figures !1-l~, 45, 

and 46 show the tangential and radial wind profiles and the 

thermal structure for the cooling and non-cooling experiments. 

The cooling results in an increase of 1.5 m/sec in maximum 

tangential wind and an increase of 1 m/sec in maximum inflow. 

Aa expected, the temperatures beyond 300 km are cooler in 

EXperiment 13. A somewhat surprising result, however, is 

the cooling in the core of the storm, which is nearly as 

great as that in the outer regions. This cooling is appar-

ently due to horizontal advection and mixing. 
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Energy Budget. The difference in temperature structu~es 

(fig. 46) indicates that the radiative sink of energy is 

considerable. The total cooling of 3.4 x 1014 watts is about 

14 
a third of the total heating of 11.0 x 10 watts, and con-

firms that the radiative heat loss is the same order of 

magnitude as the latent heat gain on the scale of 1000 km. 

The generation of available potential energy by the 

12 
cooling is 0.2 x 10 watts, or about 1.5 percent of the 

total generation. This is considerably less than the 17 

percent estimated by Anthes and Johnson (1968). The differ-

ence is related to differences in temperature structures 

between Hurricane Hilda and EXperiment 13. Figures 47 and 

48 show the efficiency factor cross sections for Hilda and 

for Experiment 13. The greater large scale baroclinicity 

beyond 500 km in the Hilda environment results in a large 

magnitude for the negative efficiency factors. Thus cooling 

at 1000 km in the Hilda enviornment generates more available 

potential energy than in Experiment 13. Another factor is 

the infrared emmision in the region of positive efficiency 

factors. In Hilda, cooling was computed from 500 to 1000 

km, a region of mostly negative efficiency factors. In 

Experiment 13, cooling occurs from 300 to 1000 km. Because 

the 300-500 km region consists of positive efficiency factors, 

the infrared generation of available energy is negative in 

this region. 
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The energy budget by 100 km rings for ~periments 12 

and 13 is shown in figure 49 and the total budget is 

summarized in table 2. Although the percentage of generation 

by radiation is less thMn 2 percent, the total generation is 

about 6 percent higher in Experiment 13. Thus the slightly 

increased baroclinicity in the cooling experiment results 

in an increase in the generation by the latent heating. 

Although tha increase in maximum wind speed in the 

infrared experiment is only 1.5 m/sec, the total cooling 

represents a significant energy sink. The infrared genera-

tion of available energy is considerably less than an earlier 

diagnostic estimate. Even though the cooling haS a small 

effect on the dynamics of a mature storm in near steady­

state, the possibility remains that it may play a more 

significant role in the earlier stages of tropical storm 

development. Because the formative stages frequently span 

several days, the cumulative effect of differential cooling 

between clear and cloudy regions may be large. The gradual 

increase in baroclinicity could enhance the convective heat­

ing by accelerating the slow meridional circulation. 
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4.4 Experiments-of a Computational Nature 

The experiments so far have emphasized primarily the 

role of physical processes such as variable mixing and heat-

ing in the determination of steady circulations. In numerical 

models, however, it is also important to ascertain the effect 

of the computational or artificial aspects of the model on 

the solutions. Ideally, the computational or artificial 

aspects of domain size, boundary conditions, and resolution 

should be small in comparison to physical effects. The 

experiments in this section compare solutions with domains 

of 500 and 1000 km, with constant horizontal resolutions of 

10 and 20 km, and with a variable horizontal grid. 

4.4.1 Domain Size: Experiment 12 

The effect of the arbitrary horizontal boundary condit­

ions may be investigated by increasing the size of the 

horizontal domain. Experiments 7 and 12 are identical, 

except that the horizontal domain of 500 km is extended to 

1000 km in the latter. Figure 50 shows the tangential wind 

profiles for both experiments. Differences for r less than 

200 km are less than 30 em/sec at all levels. Between 300 

and 500 km, however, the maximum difference is 1 m/sec. 

~he low level tangential winds show greater anticyclonic 

shear in EXperiment 12, a result of the boundary condition of 
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zero relative vorticity being shifted from 500 km in Experi­

ment 7 to 1000 km in Experiment 12. 

A small difference is also present in the low level 

radial wind profile (not shown). The boundary condition of 

zero divergence at 500 km in Experiment 7 is replaced oy 

wea~ positive divergence in Experiment 12, and the inflow is 

less by 0.4 m/sec at this distance. The small differences 

between these twa experiments, especially near the radius 

of maximum winds, justify using the 500 km domain for the 

non-cooling experiments. 

4.4.2 Variable Grid: Experiment 14 

In numerical models of atmospheric convective phenomena 

such as cuoulus clouds, squall lines, or hurricanes, a 

greater resolution for a portion of the domain is desiraole. 

For the hurricane a finer mesh is needed near the eyewall 

where horizontal gradients are large than in the environment 

of the storm where gradients are weak. 

Recently Anthes (1969) utilized the transformation 

r = x2 + ex in Ogura's (1963) axisymmetric cumulus cldud 

model to obtain a continuously varying grid with highest 

resolution near the center. Although these results appeared 

reasonably good, later results (Reeves, 1969 and Anthes, 

1969, unpublished manuscripts) showed that differences in 

92 



grid sizes near the origin could lead to large errors in 

estimating . .l~VT-terms such as v'~ • Hence the transformation for 

this model is modified by retaining a constant grid from the 

origin to R
0 

and introducing the transformation r = R 
0 

ex for r 7 R • This transformation, with proper choice of 
0 

R, c, and increment, Ax, increases computing efficiency 
0 

with no significant reduction in accuracy. 

In comparison of the results from a variable and a fixed 

grid, the size of domain is 1000 km and the horizontal res-

olution for r ~ 300 km is 20 km in both experiments. For 

the variable grid, EXperiment 14, the parameters of the 

transformation are R 
0 

equal to 300 km, c equal to 395.1 

and Ax eq'~al to 43.6 ~ m • The resolution varies from 20 km 

at 300 km to 73,3 km at 1000 km. The number of grid points 

is reduced from 51 to 31 and a 40 percent saving in the 

computational time is achieved. Initial conditions for the 

grid points beyond 300 km are interpolated from the profiles 

of the fixed grid. 

Figure 51 shows the radial wind profiles after 400 

' 
iterations. Differences are extremely small; for example, 

the maximum inflow in the variable grid EXperiment 14 is 

18.18 m/sec compared to 18.19 m/sec in the fixed grid 

Experiment 13, The maximum tangential wind difference is 

0,02 m/sec. Exact comparisons beyond 300 km are difficult 

because the grid points in the two experiments do not 
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coincide. However, the results agree very .well and suggest 

that a further reduction in grid points may be possible with-

out generating unacceptable errors. The excellent agreement 

between Experiments 13 and 14 justifieS use of the variable 

grid as a reasonable and economically useful substitute for 

the constant grid. 

4.4.3 High (lOkm) Resolution: Experiment 15 

In the final experiment of a computational nature, 

EXperiment 7 is repeated utilizing the variable grid. For 

k 
R

0 
equal to 150 km, c eq,~al to 484.1 m 2 , and Ax equal to 

~ 19.85 m , the resolution varies from 10 km within 150 km of 

the center to 25 km at the outer boundary of 500 km. The 

number of grid points increases from 26 in Experiment 7 to 

36 in Experiment 15. Because the time step must be halved to 

satisfy the linear computational stability requirement, an 

increase in computation time of 138 percent is required. 

Figure 52 shows the tangential wind profiles after 

400 and 800 iterations, respectively. The profiles for 

Experiment 15 are somewhat smoother near the radius of 

maximum '"ind than for Experiment 7. The maximum tangential 

wind is reduced from 39.28 m/sec in Experiment 7 to 38.65 

m/sec in Experiment 15, while the maximum inflow decreases 

from 18.28 m/sec to 17.63 m/sec. These differences, which 
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are about 2 percent, appear insignificant in view of the 

138 percent increase in computational time. 

The relatively small differences indicate that the 

heating function is adequately resolved by the 20 km resolu-

tion and support the results of all the 20 km experiments. 

If the radial variation of the heating function profile were 

altered by increasing the resolution, one would expect greater 

differences between the two experiillents. 

4.5 High Resolution Experiment with Reduced 
Horizontal Mixing: Experiment 16 

After the preliminary s~ries of experiments, a value for 

8 2 -1 
KH of 5 x 10 em sec was used in subsequent experiments. 

This value is consideredsomewhat large, but in separate 

experiments with 20 km resolution (app. A) non-linear 

instability develops for smaller values. However, finer 

grids more accurately resolve the shorter wavelengths, thus 

non-linear instability depends on grid size as well as 

internal mixing. To investigate the effect of decrea3ing 

the horizontal mixing coefficient from 5 x 10 8 to 2.5 x 10 8 

2 -1 em sec , the variable grid of Experiment 15 with 10 km 

resolution near the center and the heating function of Elcper-

iment 7 is utilized. 
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4.5.1 Momentum and Temperature Structures 

Figure 53 shows the slowly varying tangential and 

radial wind profiles for Experiment 16 which should be com­

pared to those for EXperiment 7 (fig. 28), The maximum 

tangenti~l wind increases from 33 to 41 m/sec in E.xperiment 

16 and the radius of maximum wind shifts inward from 60 to 

40 km. Maximum inflow increases from 15 to 17 m/sec. The 

irregularity in the radial wind profile at 70 km indicates 

that the resolution in this region is insufficient to ade-

quately resolve the extremum~ In the boundary layer experi-

ments (ap~ A), this type of oscillation developed before the 

onset of non-linear instability. In Experiment 16, however, 

the interactions with the mass and momentum distributions 

prevent this oscillation from amplifying. The temperature 

structure shows a more concentrated warm core in EXperiment 

16 (fig. 54) than in. Experiment 7 (fig. 43), with a maximum 

temperature increase of 3°C~ 

The circulation in Experiment 16 is the strongest of 

all the experiments and compares realistically with empirical 

results. Figures 55 and 56 show cross sections of the tan-

gential and radial wind. The tangential circulation is 

stronger and more concentrated near the center than in 

Experiment 7 (fig. 29). The weak upper level anticyclone 

at 500 km in Experiment 7 is not present because the cyclonic 
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circulation in the upper levels near the center is stronger 

in E~periment 16, so that the radius at which the relative 

circulation becomes anticyclonic is greater. This result, 

and the strong dependency of the upper level outflow on the 

horizontal heating distribution found earlier, suggests that 

relatively weak storms with large diameters should be accom­

panied by stronger upper level anticyclones than smaller, 

more intense storms. 

4.5.2 Energy Budget 

The efficiency factor cross section for Experiment 40 

(fig. 57) shows positive efficiency factors in the middl~ and 

upper troposphere extending from the center to 300 km. Nega­

tive efficiency factors occur in the lower levels near the 

center and in the upper levels beyond 300 km. In figure 58, 

almost all the generation occurs inside 200 km and above 600 

mb. 

The energy budget shown in figure 59 and the total budget 

summarized in table 2 are quite similar to the results from 

Experiment 7 (fig. 33), As expected, the total frictional 

dissipation is reduced because the horizontal mixing is 

less in Experiment 16. Thus the steady-state condition im­

plies that the total generation and conversion of available 

energy will also be less, even though the maximum winds are 

higher. 
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4.6 Comparison of Numerical and Empirical 
Pressure and Wind Relationship 

Empirical evidence (Col~n, 1963) indicates a close 

relationship between central pressure and maximum '•ind 

speed. Figure 60 shows the model results from five experi-

ments superimposed on Col6n•s data. Central pressure in the 

model is defined as the pressure at the first prediction 

point for pressure, which is either 5 or 10 km. All points 

from the model experiments lie within a region that bounds 

the empirical data. 

The relationship between central pressure and radius 

of maximum wind is another aspect of the model to be 

compared with Col~n•s (1963) data (fig. 61). Col6n discusses 

two types of storms. The ''Daisy type,'' represented by dots 

in figure 61, is small and shows little relationship between 

central pressure and radius of maximum wind. The "Helene 

type" storm, represented by x's in figure 61, is larger and 

shows an increasing radius of maximum wind with increasing 

central pressure. From figure 61, we see that storms pro-

duced by this model appear to fit the "Hel,ne type." 
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The degree of gradient balance throughout the storm 

system has received attention from investigators, e.g., 

Hawkins and Rubsam (1968). Their results show that the inner 

region is fairly close to gradient balance. In these experi-

ments, except for th·a winds near the surface which are sub­

gradient by 20 to 40 percent and in the outflow layer where 

radial advection ~ important, gradient balance is closely 

approximated. Models with low vertical resolution may have 

outflow layers closer to gradient balance, because horizontal 

advection in a deeper outflow layer will be muah weaker. 
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5. CONCLUSIONS AND SUGGESTIONS FOR FUTURE RESEARCH 

A diagnostic model in isentropic coordinates has been 

developed to study the energetics and dynamics of the 

steady-state, mature tropical cyclone. Realistic, slowly 

varying solutions for the mass and momentum fields are ob­

tained by an iterative technique for the thermal.forcing 

specified by several heating distributions. The principle 

conclusions are: 

(1) The magnitude and distance of the maximum wind from 

the center is determined primarily by the heating inside 

100 km. Large variations in heating beyond 100 km have 

little effect on the maximum wind but produce considerable 

changes in the outflow intensity. Because angular momentum 

tends to be conserved in the outflow layer, the size and 

"intensity of the U?per level anticyclone is also closely 

related to the heating at large distances from the center. 

(2) In experiments in which the vertical vB~iatioc of 

heating is proportional to the condensation of water vapor 

along a moistadiabat, the temperature structure shows an 

unrealistically low ••rm core and a deep, weak outflow layer. 

A vertical distribution that releases a higher proportion of 

heat in the upper troposphere gives more realistic resuLts. 

(3) Radiational cooling in clear air is calculated for 

several moisture distributions in the tropics using Sasamori's 
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Infrared cooling beyond 300 km causes a 1.5 

m/sec increase in maximum wind speed and a 6 percent increase 

in generation of available pot£ntial energy. In this model, 

the total heat loss by radiation on a 3cale of 1000 km is 

about one half to a third of the total heat gain. 

(4) In experiments with a constant horizontal eddy 

coefficient and a vertical mixing coefficient that decreases 

linearly with height, values of KH greater than 5 x 10 8 

2 -1 em sec result in unreasonably diffuse storms and values 

of K z less than 1 
6 ? -1 x 10 em-sec produce sto<:ms with too 

much vertical shear~ 

for KR equal to 2.5 

5 x 10 6 cm2 sec -l 

Most reasonable results are obtained 

8 2 -1 and 5 x 10 em sec and K equal to 
z 

(5) In the slowly varying states, the generation and 

boundary flux of available potential energy, conversion to 

kinetic energy, and dissipation of kinetic energy by surface 

and internal friction are balanced. Paradoxically, therefore, 

experiments with the most internal friction contain the 

most kinetic energy. The relationship between low-level in-

flow, high-level outflow, and the warm core structure produce 

a positive boundary contribution to the available potential 

energy budget. On a scale of 500 km, this boundary term is 

nearly as large as the generation term in some experiments. 

On a scale of 1000 km, however, the generation is an order 

of magnitude greater. 
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(6) In th·e com;outational experim•3nts, it is established 

that a 500 km domain and 20 km resolution are satisfactory 

for the latent heating functions studied. A variable grid 

iS utilized in some experiments to economically gain higher 

resolution near the center. For a 40 percent gain in compu-

tational time, differences in maximum wind are less than 

0.1 percent using the variable grid. 

(7) In a separate series of experiments (app. A), the 

steady-state vertical velocities at the top of the boundary 

layer are computed for a constant pressure gradient. 

R~sults are highly dependent on th~ amount of explicit mix­

ing and on the finite dif~erence scheme used. The upstream 

differencing technique with nb expiicit diffusion produceS 

results similar to those from centered differencing using 

a constant horizontal mixing coefficient of 10 x 10 8 cm 2 sec-l 

(8) The iterative technique for obtaining steady-state 

solutions is a powerful numerical technique that has rela­

tively few restrictions. Although the steady-state mass a~d 

momentum field8 are determined from prescribed heating 

functions, the method could easily be applied with different 

dependent and independent variables. For example, the 

momentum and heating distributions could be obtained for a 

time invariant mass (temperature) distribution. 
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(9) Isentropic coordinates may be effectively used in 

numerical models and are particularly effective in studying 

adiabatic and diabatic effects. 

Although the results presented have shown that the size 

and intensity of the tropical cyclone is directly linked to 

thermal forcing, the question of what determines the heating 

profiles has not been investigated. Large-scale synoptic 

features such as sea and environment temperatures, and hori­

zontal and vertical shears are all important in determing 

the distribution of convection which leads to the development 

and maintenance of the tropical storm. Theoretical investi­

gation of these properties will require more sophisticated 

numerical models to describe the de~icate balance of for 

in the early stages of hurricane development. 

Future research should be directed toward developing 

three dimensional models to study the role of asymmetries 

in the the hurricane. A better understanding of such physical 

processes as cloud-scale and large-scale latent heating, 

momentum transport by cumulus clouds, and sea•air interact­

ions are necessary for more realistic hurricane models. 
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APPENDIX A - Numerical Experiments to Estimate 
Bouadary Layer Vertical Motion 

Al. INTRODUCTION 

Because of frictional convergence in the boundary layer 

and the condition that the mixing ratio decreases rapidly 

with height, the major water vapor convergence in the tropical 

cyclone occurs in the lower troposphere. It is important, 

therefore to accurately estimate the frictionally induced 

vertical motion at the top of the planetary boundary layer. 

Approximate expressions relating this vertical motion to the 

mean steady-state tangential wind have been given by several 

investigators, e.g., Syono (1950, 1951), Charney and Eliassen 

(1964), and Ogura (1964). In this appendix a numerical tech-

nique is used :o evaluate the vertical velocity under a steady-

state pressure gradient force. Using the Ma~suno (1966) 

simulated backward difference method, the effect of lateral 

mixing on the steady-state solution is studied by comparing 

results from constant and variable, non-linear eddy coeffic-

ients with horizontal resolutions of 20, 10, and 5 km. 

Finally, the steady-state vertical velocities obtained by 

this method are compared with those calculated from the 

approximate forumlation (Ogura, 1961•) 

g_ 'o r 'Y./ 5~ 
wt = - r 0 r • 
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Besides yielding useful information on the vertical 

motion which may be used as boundary conditions in diagnostic 

models such as Barrientos (1964) or Anthes (1970), these 

results from a relatively si~ple model are useful in inter-

prating results f~om the more complex diagnostic hurricane 

model. 

A2. BASIC EQUATIONS 

On the assumption of axisymmetry and the neglect of 

vertical advection, the equations of motion for the tangential 

and radial winds are 

' L~ rv .. 
= - v r ~., r - f rv r 

= - v r 

' (_·v 
~ .. :.r + fv ,, + 

2 

r 

c ~ e \ '.)' 1 \j-
D ::> >- 1 

\ \K ~30,$" /r \ 
l'-H r-

L1 p + ~2 h 

(A-2) 

cn~c;\wivr .!. 
\\ K t"3dVr/rj 
()_ H ~ 

L';P + r 0 r 

(A-3) 

The last two terms in (A-2) and A-3 repr~sent the surface 

drag and the horizontal mixing. The symbol notation is con-

sistent with the prior notation. Equations (A-2) and (A-3) 

are solved using the Matsuno iterative technique described 

earlier for the steady-state values of ~ and v for a 
.r 

constant pressure gcadient force. The tangential and radial 

winds are forecast for the center of the boundary layet of 

constant depth, 1:. P. The "vertical motion" at t.he top··of .the 
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boundary layer obtained from the finite difference form of the 

continuity equation, is 

(rVrL~~ (rVr)i 
rj+lz (rj+l -rj) (A-4) 

where j and j+lz refer to the horizontal grid, The boundary 

conditions are zero divergence and relative vorticity at 500 

km and W equal to zero at theearth's surface, The initial 
0 

conditions (first guess) are a tangential wind in gradi-ent 

balance and zero radial velocity. The gradient wind corres-

pending to the constant pressure gradient force is shoom in 

figure Al, 

A3. CENTERED DIFFERENCING AND CONSTANT MIXING COEFFICIENT 

The first series of experiments assumes various constant 

horizontal mixing coefficients and uses centered differences 

for the advective terms in (A-2) and (A-3). Figure Al shows 

the steady-state radial profiles of v,.. , v r and kl t for a 

horizontal resolution of 20 km, and values of KH ranging from 

10 to 100 x 10
8 cm

2 -1 
sec These values are higher than those 

summarized in table 2 (page 36). However, for the 20 km 

resolution and centered differencing, smaller values of KH 

resulted in oscillations which preceeded the development of 

non-linear instability (Phillips, 1939), 
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Several features in the tangential wind profile (fig. 

Ala) are noteworthy. For all values of KH' the tangential 

wind beyond the radius of maximum wind is sub-gradient by 

about 50 percent, due primarily to surface friction. The 

effect of.the lat~ral mixing is im?ortant only in the vicini-

ty of the maximum wind. Beyond 100 km the results are rela-

tively insensitive to variations in KH. The radius of the 

maximum wind shifts inward by 20 km for the smaller values 

It is interesting to note that the radial and tangential 

components are the same order of magnitude; in fact, the in-

flow angle (angle of departure from gradient balance) is 

greater than 50° in the inner region of the storm. Rosenthal 

(1969) also found inflow angles greater than 45° in his 

hurricane model. While this magnitude is larger than mag-

nitudas found in empirical studies, Rosenthal notes that most 

observations are from above the boundary layer. 

The effect of varying the lateral mixing on the radial 

winds is also significant. The maximum infloT,; varies from 1+9 

m/sec for KH equal to 10 
8 

x 10 to 28 m/sec for KH equal to 

100 X 10 8 2 -1 
em sec The initiation of non-linear instability 

is indicated by the oscillations in the vr profile for KH 

equal to 10 x 10 8 2 -1 em sec Q These are space oscillations 

and are analogous to standing waves, because the truncation 
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inherent in the Matsuno technique damps the time oscilla-

t ions . 

Because Wis calculated from the differences of v, the 
t r 

oscillations are most pronounced in the vertical velocity 

profile shown in figure Ale. For very large mixing coeffic-

ients, the upward motion occurs in a broad maximum extending 

inward to 10 km. As KH decreases, however, a distinct maxi~ 

mum of rising motion occurs at about 50 km. The maximum 

upward velocity is approximately 150 em/sec for KH equal to 

2 -1 em sec • At 10 km sinking motion is observed for 

8 2 -1 KH equal to 10 x 10 em sec , The mean subsidence beyond 

150 km is about 2 em/sec. 

In the centered differencing experiments with 20 km 

resolution, a constant mixing coefficient equal to or ex-

ceeding 25 x 108 2 -1 
em sec was required to maintain smooth 

profiles for the intense pressure gradient. This value is 

large com?ared to earlier estimates (table 2, page 36). 

Results from the succeeding experiments show that this 

difficulty is resolved by either increasing the horizontal 

resolution, using non-linear mixing coefficients, or using 

upstream differencing. 

Figure A2 shows the radial profile of v.,_ , vr' and .:Ut 

for various values of constant K8 and a horizontal resolution 

of 10 km. The higher resolution is adequate to describe the 
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sharp extrema in the profiles for the smaller values of K
8

• 

The differences between the 10 and 20 km resolution experi-

ments are most pronounced in the radial and vertical velocity 

profiles. 

from 49 to 39 m/sec at 60 km and the oscillations are greatly 

reduced, 

The vertical motion profile in the higher resolution 

experiment is also more satisfactory. The radius of ma~'<imum 

upward motion shifts inward from 50 to 35 km for K
8 

equal to 

10 x 10 8 cm2 sec-1 and the oscillations are less pronounced. 

The subsidence maximum of about 25 em/sec near the center is 

better resolved. 

To investigate the effect of increasing the resolution 

still further, one experiment was completed with a horizontal 
. . 8 

resolution of 5 km and K
8 

equal to 10 x 10 2 -1 em sec The 

~t profile for this experiment is indicated in figure 

A2c by the symbol x. Differences between the L0t values 

from the 5 and the 10 km resolution experiments are small 

and do not justify the four-fold increase in computational 

time. 

A4. UPSTREAM DIFFERENCING 

The forward-time, one-sided (upstream) space differenc-

ing scheme is frequently used in numerical models because of 
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its speed, simpldcity, and stability. However, the trunca-

tion error of this scheme causes artifical damping, particu-

larly of the short wave-lengths (Molenkamp, 1968). 

Figure A3 shows the results from three experiments using 

upstream differencing. In contrast to the experiments with 

centered differencing, there is no evidence of oscillations 

or non-linear instability. An estimate of the damping is 

made by comparing two experiments, one with no explicit 

damping (KH equal to zero) and one with explicit as well as 

artificial damping (KH equal to 10 x 10 8 cm 2 sec-1 ). The 

maximum tangential and radial winds differ by only 1 and 1.5 

m/sec, respectively. The shapes of the vertical motion maxi-

ma are somewhat different, but the magnitudes are quite 

similar. In both the 20 km and 10 km resolution experiments, 

the tangential and radial wind ?rofiles from the upstream 

differencing experiments are most similar to those from the 

centered differencing experiments with KH equal to 10 x 108 

2 -1 em sac (compare figs. ll, A2 and A3). 

Although the profiles for both the one-sided and 

centered differencing experiments for KH equal 10 x 10 8 

2 -1 d em sec an L:.r equal to 10 km are similar, there is an 

important difference. In the experiments with explicit 

diffusion, a distinct region of sinking motion occurs near 

the center. This subsidence is not observed in the upstream 
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differencing experiments. The implicit diffusion of 

upstream differencing depends on truncation in the advection 

terms, Inside the radius of maximum wind the radial advec­

tion is small, so there is little implicit mixing even 

though gradients are large. If the horizontal mixing pro­

cess is important in the eye formation, it is necessary to 

include explicit mixing in this region. 

Kuo (1959) attributed subsidence inside the eye of the 

hurricane to the effect of horizontal eddies. These eddies 

cause a net mass transport into the convection in the eye­

wall and subsidence results from mass continuity requirements. 

The reasons for the subsidence in these experiments, however, 

must be somewhat different, because vertical advection has 

been neglected. Apparently, for a range of values of KH, 

tangential momentum is mixed into the "eye" causing an excess 

of centripetal over pressure gradient force and an outward 

flow, In the experiments with upstream differencing and no 

explicit mixing, the advection is small inside the radius of 

maximum tangential wind. Very little mixing occurs and no 

subsidence is observed. For very large mixing, the tangen­

tial wind maximum is reduced and the mixing of radial momen­

tum is sufficient to allow inflow all the way to the center, 
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AS. CENTERED DI FFER!>NCING AND NON -LINEAR HORIZONTAL MIXING 

Because the mixing in upstream differencing depends on 

the truncation error, it is important to use a conservative 

finite difference schema and include a known amount of ex-

plicit mixing. Non-linear mixing coefficients have been 

successfully used in numerical models to dam? the extremely 

short waves without unduly damping meteorologically signifi-

cant wFc;res. In this section steady-state solutions are com~ 

puted using centered differencing and non-linear mixing 

coefficients. 

The non-linear lateral diffusion for sub-grid scale 

mixing is modelled after Smagorinsky et al., (1965). For 

cylindrical coordinates (Rosenthal, 1969, personal communi-

cation) and the assumption of symmetry, the mixing coefficient 

is 

jDI (A-5) 

where the magnitude of deformation is 

(i\-6) 

The non-dimensional parameter, k
0

, is of order unity and is 

analogous to the Karman constant. 
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Figures A4 and AS sho•,;r the v,l , vr' and L-<-\ profiles 

for several values of k
0 

ranging from 0,33 to 1.0 and for 

resolutions of 20 and 10 km. The profiles for k
0 

equal to 

0,33 display large oscillations in the radial and vertical 

motion profiles and are unsatisfactory. The profiles for k 
0 

equal to 0,64 show smaller amplitude oscillations, whil~ the 

profiles for k equal to 1.0 are smooth. Significantly, the 
0 

mean shapes and am?litudes of the profiles are not drastically 

changed for all values of k
0

• In contrast, the extrema in 

the, profiles for the constant coefficient.experiments are 

greatly reduced as KH is increased, 

The vertical motion profiles for the non-linear mixing 

experiment with k
0 

equal to 1,0 and for the constant coeffic-

8 2 -1 ient experiment with K8 equal to 10 x 10 em sec are quite 

similar. In both experiments subsidence occurs inside 20 km, 

upward motion of about 150 em/sec occurs at 35 km, and ~ub-

sidance of 1-2 em/sec occurs beyond 115 km. 

A6. COMPARISON OF ITERAT I\TE WITH APPROXH1ATE 
VERTICAL VELOCITIES 

Equation (Al) has been used in studies of tropical 

cyclones to estimate the vertical motion at the top of the 

boundary layer, e.g., Ogura (1~64) and Anthes and Johnson 

(1968). Ho«ever, when the absolute vorticity, .5,, , which 

appears in the denominator tends to zero, the approximation 
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is invalid. Figure A6 coupares the approximate vertical 

velocities using the gradient wind to evaluate ~" and J;_.' in 

(A-1) and those computed iterative! y from the non-li:-J.ear 

viscosity experiment with k equal to 0.64. 
0 

Although th·a 

approximate formula yields rising motion of a reasonable 

magnitude, the radiuR of maximum updraft is considerably 

larger than that in the iterative solution. Mora significant 

are the large oscillations beyond 200 km in the approximate 

profile. These oscillations are noise which result from the 

~" <';' sensitivity oE (A-1) to minor variations in .J,, when -o·. is 

small. Therefore this approximation should be used with 

caution. 

A7. SUl1l1ARY 

In this appendix an iterative technique was used to 

estimate the steady-state vertical motion at the top of the 

boundary layer under a constant pressure gradient force. The 

follooring conclusions are sumnarized: 

(1) For centered space differencing, constant mixing 

coefficients of 25 and 10 x 10 8 cm 2sec-l are required to 

control short wave oscillations that lead to non-linear 

instability for horizontal resolutions of 20 and 10 km, re-

spectively. 

(2) A significant difference between the 20 and 10 km 

resolution experiments was observed, but there was relatively 



little difference between the 10 and 5 km resolution experi-

men ts. 

(3) In the constant mixing coefficient experiments 

subsidence occurs inside the radius of maximum wind for KH 

equal to 10 x 108 2 -1 
em sec For higher values of KH the 

subsidence is not observed. 

(4) In experiments with upstream space differencing, 

truncation error provides artificial damping that completely 

controls short wave oscillations and non-linear instability, 

even with no explicit mixing. 

(5) Subsidence occurs near the center in experiments with 

explicit mixing but not in those without explicit miKing. 

(6) Several experiments with a non-linear mixing coeffic-

ient gave satisfactory results by effectively eliminating the 

non-linear instability without over-damping the meteorolog-

ically significant extrema. 

(7) Vertical motion profiles com2uted with the iterative 

technique show little resemblance to the profiles computed 

from Ogura's (1964) approximate expression. In the region 

where the iterative technique yields a smooth profile with 

weak subsidence of about 2 em/sec, the approximate expression 

yielis a rapidly oscillating profile of vertical motion with 

an amplitude of about 1 m/sec. 
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APPENDIX B - STABILITY ANALYSIS OF FINITE DIFFERENCE 
SCHEME FOR ISENTROPIC MODEL 

Because the computational stability theory for the 

complex set of non-linear equations has not been developed, 

it is tiecessary to derive separate conditions on various 

combinations of linearized terms in the model equations. 

Experience indicates that if one or more of the linear sta~il-

ity requirements is violated, the complete set of non-linear 

equations will usually be unstable. Therefore, the time 

step, At, is chosen to satisfy the most stringent linear 

stability requirement. The analysis for this requirement is 

presented in this appendix, and is determined from the combi-

nation of the continuity equation and the radial equation of 

motiOn. The simplified form of these equations are 

a h ')p 

~G = !. d r~r ~g 
at - r ~ r (B -1) 

""b v r !. )lp 

"Yt = -s h r (B -2) 

where P is the surface pressure. An integration over the 

depth of the model and the neglect of the 1/r term in (B-1) 

yields 

1 
- g (B -3) 

(B -4) 
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where AP is defined to be the mean surface pressure, P, 

minus the pressure of the uppermost isentropic surface, P • 
0Pt t 

In the model, ~ t is zero. 

step 

n+l 
vr 

Now denote values of radial velocity and pressure at 

n by vn and Pn, respectively. The first guesses of 
r 

n+l * and P (designated by ) by the Matsuno technique are 

v"' n At n n = vr· j.v • ..-C pj+l p. 1) rj J J-
(B -5) 

p~ * .<~t. - n " = pj urAP (V v ) 
J rj+l rj-1 

(B -6) 

and the final estimates are 

n+l n At * * vr· = v - g ~Ar (Pj+l p. 1) r . J-J J 
(B -7) 

* n+l n ~ * pj = p ;t.c.r .&>P (V v ) 
j rj+l r. 1 J-

(B-8) 

From the substitution of (B-5) and (B-6) into (B-7) and 

(B -8) I one 

n+l n 
v = v 
rj rj 

obtains 

At [ n 
-Jd.Ar P j+l 

n At AP 
;l. Ar 

12 8 

n J n " 
(v r. 

2 
+ v,. -a..v,..) 

J'l' j-a. ~ 

(B-9) 



.Ot 
n+l 

P. 
J 

n = p 
j 

<>t -"'P 
;;I.Ar 

n --
V - $- .(.Ar 
r. 1 

n n "1 (P +P. 
2

-2P.) • 
j+2 J- J J-

(B -10) 

On the assumption of the harmonic solution 
ikr 

e , where 

k is the wave number, the radial velocity and pressure 

dependence between adjacent gridpoints are 

n vn eik(j A r) n Pn ikj t:> r (B -11) v = pj+l = e 
rj+l r 

n vn ik(j-l)A r n Pn ik(j-1)0 r 
v = e pj = e 
rj r 

n vn ik(j-2)A r n n ik(j-2)Ar 
v = e p. 1 = p e 

r j -1 r J-

n n 
In (B -11) v and p are the amplitudes. Upon substitution 

r 

of the four identities, 

VI " vn v - v = 2 i sin kA r 
rj+l r j -1 r 

(B -12) 

n " 
pj+l - p. 1 .. J- = p 2isink.b r (B-13) 

n n v + v " rj+2 r j -2 d-V r. = v" (2 cosk2<>r-2) 
J r 

(B -14) 

and 

VI n .... 
p" (2 cosk2c,r-2) p. 2 + p. 2 2P. = J+ J- J 

(B-15) 
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(B-9) and (B-10) become 

n+l ~ ~ n .<It 6p n J n v = v - f :J.a r p 2isin k .4 r - ar V (cosk2.or-l) 
' r r r 

(B-16) 

n+l n o4t 06 D [v: ~ 
Pn(cosk2 ~ r-1~. p = p ~.c. r 2isink.or - f~ r 

(.B -17) 

For notational simplicity, define 

't\ '::. ~ 
.<~r (cosk2i:>.r-l) (B-18) 

d.. -
At 
.6r sink<>r (B -19) 

and 

il.t ..:.p ~ w - §.;1.61" • ( B -2 0) 

With these definitions and some rearrangement, (B-16) 

and (B -17) become 

n+l 
v 

r 
= (1 +W) vn 

r 

n 
p 
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The amplification matrix, M, of this set of equations is 

-i 0(. 

(1+<.>) -r 
M = 

_jor. ~p (l+W) ( B -2 3) 

The criterion for linear computational stability is that both 

eigenvalues of M be less than or equal to 1. The eigan-

values, )-., , and )...2., '>re found by solving 

det 

where 

a:: Cl+"") 

b = -io( -y--

c = -i o<-­
Llp 

The eigenvalues are 

>-= ;, L 2a !.~ 4bc ] • 

(B -24) 

(B -2 5) 

(B -2 6) 

Upon the substitution for a, b, and c, the eigenvalues 

become 

>-- = 1 +W :t i"'J A'Pis , (B -2 7) 

where the magnitude of the eigenvalues are 

/)-.1 =(o+w)2 +<><.2 /:>.; J ~ (B -2 8) 
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From the trigonometric identities 

'\S' = -A.!. 
.::. r (cosk2t:,.r -1) 

'( = ~ 
c. r (-2 sin 2 k<:> r) ( B -2 9) 

and the definition 

(U)2 
W =- t>r 

~ . 2 
gsJ.nk<:.r = 

(B -3 0) 

the magnitude of the eigenvalues is 

I >-I = • (B -3 1) 

No~< l>.l ~ I provided 

(B -3 2) 

and (B -33) 

- ( .a.t) 
Because w~- 6r 2 sin 2 

11: ~t, the condition of (B-32) is 

satisfied. The second condition, (B-33), is satisfied 

provided that 

(B -34) 

or 

(B -3 5) 

The ineqaality (B-35) must be satisfied to insure computa-

tional stability. This is the most stringent -condition 

obtained from the linear analysis of the equations of the 

132 



isentropic model. The relationship of this condition to 

the speed of the external gravity wave is obtained through 

the hydrostatic equation 

~ H, (B -3 6) 

where H is the mean depth of the model atmosphere. 
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APPENDIX C - Infrared Radiative Cooling for a 
Tropical Atmosphere 

Cl. INTRODUCTION 

Because of the small magnitude of the diabatic cooling 

by the divergence of infrared radiation and the uncertanties 

in the heating and mixing parameterization in the isentropic 

model, the estimation of an infrared cooling profile with 

high resolution is not required. However, profiles of infra-

red cooling from several temperature and moisture distribut-

ions are presented to illustrate ranges of cooling for various 

tropical conditions and to justify the use of a mean cooling 

rate. The basic temperature and moisture distribution is 

Jordan's mean hurricane season sounding (1958), which will 

be considered representative of the nearly cloud-free region 

surrounding the storm. 

C2. COMPUTATIONAL PROCEDURE 

In Sasamori's (1968) model the absorptivities for water 
' 

vapor (H
2
0), carbon dioxide (C0

2
), and ozone (0

3
) that are 

complicated functions of path length and temperature, are 

approximated by empirical formulas. However, in these experi-

ments where only the troposphere is considered, the effect of 

ozone is neglected. Sasamori's (1968) model is now summa-

rized to study profiles of cooling in the tropical atmosphere. 
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The net flux of radiation through a unit area is a 

function of the amount of absorbing gas above and below the 

layer, as well as the vertical t·amperature profile, The 

mean absorptivity, R, is .., 
R (u, T) = S ~- Tcu~ ~~>l 

0 

d\l (C -1) 

where Bvis Planck's radiation function, and T is temperature, 

.The effective path length, u, is approximately 

-1 l'i'._ L 
u ::;;: g q p dp 

f 0 
I 

with q the mixing ratio and p equal to 1000mb, 
0 

(C -2) 

At any level, z, the downward and upward fluxes are 

and 

F t (-E-) = cr T 
4 

0 

(C-3) 

(C -4) 

wit'lll" equal to Stefan's constant (8,13 x 10-ll cal cm-2 K-4 

min-1 ), T
0 

the surface temperature, and T' the variable of 

integration corresponding to temperature, 

The radiative temperature change calculated from the net 

vertical flux divergence is 

~ (Ft-F{,) 
'"b..,. • 
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Sasamori transforms R(u,T) to a normalized absorptivity given 

by 

A(u,T) 

With this transformation, 
T(t) 

F ,(, (~) = 't<S" J A t u CT • ) -
0 

Jo<> dB~ 
dT 

0 
d~ 

the downward 

u(T (..,)), T~ 

• :(c -6) 

and upward fluxes 

T'3 dT' 
(C -7) 

·rnl 
Ftc .... ) =crT·~ ++cr~ AS" u LTC..,.)] 

0 Q (. 

-u(T'), T-;1_ T• 3 dT' , 
) (C -8) 

are 

Sasamori notes that the mean absorptivity is nearly constant 

with temperature in the range +30 to -50°C, but decreaBes 

with decreasing temperature at extremely low temperatures. 

For this reason, the integrals in (C-7) and (C-8) are 

separated into two parts, For example, (C-7) is written 

T;~, 

F .l- (..,.) = '\-&-~ At u (T •) -u l T (..,.)] ' T •3 T'3 dT' (C -9) 
~. 

+'l-6" f·x L u(T c .... l )1 -u L T (..,.)1 ' TJ 
T'3 dT/ , 

0 

where z
1 

is the height of the level above which the path 

length changes very little, Disregarding the direct depen-

dency of A(U,T') on T' in the first integral and taking 

u(Tzl) - uCTz) constant with T' (by definition of z 1 ) in 

the second integral, (C-9) becomes 
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F + (..,.) (C-10) 

• 

A
0 

(u) is the average absorption for the temperature range 

+30 to -50°C and i (U,T) is the mean absorptivity which varies 

with temperature, A (U) and icu,T), approximated by empiri­
o 

cal formulas, are 

A (u,T) 

0,846( 6U + 3,59 X 10-5 ) 0 ' 24
::,0b9 

0,240 log (AU + 0,01) + 0,622 
lo 

• 

C3, EXPERIMENTAL RESULTS 

.ou. < 0.0\ , .... 

0,01 gm<.o.u 

(C -11) 

(C -12) 

Height coordinates with 21 levels are utilized to 

provide high resolution ( t;. z "' 1 km) for investigating tha 

effects of different moisture distributions, In experiment" 

with a resolution of 2 km the mean cooling profiles are 

virtually unchanged, Thus, the vertical resolution needed to 

describe the essential features of cooling in a clear atmos-

phere is considerably less than 1 km, The vertical integrals 

are evaluated by the trapezoidal rule and z 1 is assumed to 

be 20 km, 

Figure Cl shows the upward, downward, and net fluxes from 

138 



Jordan's mean hurricane sounding and the corresponding 

cooling rates caused by water vapor and carbon dioxide. The 

cooling effect from co 2 is neglible compared to that from 

H20. A nearly constant cooling rate of 2°C per day occurs 

from the surface to 10 km. From 10 km to the tropopause 

the cooling rate decreases, reaching a minimum of 0.1° per 

day near 16 km. Large cooling rates occur above the tropo-

pause. 

The next series of experiments is designed to investigate 

the dependency of the infrared cooling rates on the moisture 

distribution. The first two comparisons show the effect of 

nearly saturated layer, one close to the surface and the other 

high in the troposphere. Figure C2 shows the cooling profile 

that results from a 95 percent relative humidity in the layer 

from the surface to 3 km and another profile which results 

from a 95 percent relative humidity in the layer between 10 

and 14 km. For the other layers the temperat11re and moisture 

dis·tribut ions are those of the mean hurricane sounding. 

• 
Cooling is slightly increased above and decreased below the 

moist layers. Figure C3 shows the cooling rates that result 

from the mean hurricane season temperature sounding and two 

relative humidity profiles of 70 and 10 percent. Differences 

are again small with slightly lower cooling rates occurring 

in the drier air. 
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The relatively small dependency of the cooling rate 

on the moisture distr[butions justifies using the mean 

cooling rate in the hurricane model. Because the temperature 

in the hurricane environment is slowly varying, it is per­

missible to use the same cooling rate for several hours in 

numerical models of hurricanes. By such an approximation, 

the added sto~age and computational time are negligible. In 

this hurricane radiation experiment, the representative mean 

cooling profile (fig. c4) is nearly constant at 2°C per day 

below 400mb and decreases to 0°C per day from 400 to 135 mb. 

It should be noted that the effect of clouds on infrared 

cooling is large, hence this rate is valid only in the cl~ud­

free region of the hurricane environment. 
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