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’ ABSTRACT

A gradient-transfer model for the atmospheric tramsport, diffusion,
deposition, and first-order chemical transformation of gaseous and particu-
late pollutants emitted from an elevated continuous point source is formulated
and analytically solved using Green's functions. This analytical plume model
treats gravitational settling and dry deposition in a physically realistic
and straightforward manner. For practical application of the model, the eddy
diffusivity coefficients in the analytical solutions are expressed in terms of
the widely~used Gaussian plume dispersion parameters. The latter can be speci-
fied as functions of the downwind distance and the atmospheric stability class
within the framework of the standard turbulence-typing schemes.

The analytical plume algorithms for the primary (reactant) and the
secondary (product) pollutants are presented for various stability and mixing
conditions. In the limit when deposition and settling velocities and the
chemical transformation rate are zero, these equations reduce to the well-
"known Gaussian plume diffusion algorithms presently used in EPA dispersion
models for assessment of air quality. Thus the analytical .model for estimating
depesition and chemical transformation described here retains the ease of appli-
cation associated with Gaussian plume models, and is subject to the same basic
assumptions and limitations as the latter.

. A new mathematical approach, based on mass budgets of the species, is
outlined to derive simple expressions for ground-level concentrations of the
primary and secondary pollutants resulting from distributed area-source emissions.
These expressions, which involve only the point-source algorithms for the well-
mixed region, permit one to use the same program subroutines for both 901nt

and area sources. Thus the area-source concentration equations developed in

this report are simple, efficient, and accurate.

The new point-source algorithms are applied to study the atmospheric transport
and transformation of SO, to SO,, and deposition of these species. Calculated
variations of the ground=level concentrations are presented and discussed. The
results of a sensitivity analysis of the concentration algorithm for the secon-
dary pollutant are given. The specification of gravitational settling and depo-
sition velocities in the model is discussed.

The work described in this report was undertaken to develop concentration
algorithms for .the Pollution Episodic Model (PEM). This report was submitted
by NOAA's Atmospheric Turbulence and Diffusion Division in partial ‘fulfillment
of Interagency Agreement No. AD-13-F-1-707-0 with the U. S. Environmental
Protection Agency. This work, covering the period September 1981 to March 1983,
was completed as of March 31, 1983



SECTION 1
INTRODUCTION

Pollutant gases and sﬁspended pa;ticles released into the atmosphere are
branéported by the Wind; diffused and diluted by turbulence, and removed by
several natural processes. Aq import;nt removal mech;nism is dry deposition of
pollutants on the earth's surface by gravitational settling, eddy impaction,
chemical absorption, and other effects. Anotﬁer significant réﬁoval mechanism
is chemical transformation in the atmosphere. Deplefion of airborne pollutant
material by these natural processes affects pollutant concentrations apd
residence times in the atmospﬁere. Moreover; tﬁe product of a chemical
reaction may be the pollutant of primary.conce;n, rather than the reactant
itself. éurface deéosition of acidic andltoxic pollutants may adversely impact
on local ecology,.human health, bioiogical life, structures, and ancient
monuments . Furthermore, large concentratioms of particulate products resulting

from chemical reactions may lead to significant deterioratiom of atmospheric
o

visibility. It is important, therefore, to obtain reliable estimates of 'the

effects of dry deposition and chemical transformation.

This report presents an analytical plume model for diffﬁsion,'dry
deposition, and first-order chemical transformation of gaseocus or particulate
pollutants released from an elevated continuous point source, based on gradient-

transfer or K-theory. The method solves the atmospheric advection-diffusion



equation subject to a deposition boundary condition. The hodel includes
similar and complementary sets of equations for the primary (réactant)
and the secondary (product) pollutants. These equations are analytically

solved using Green's functions.

In order to facilitate practical application of the model to air pollution
problems, the K-coefficients are expressed in this report in terms of the
widely-used Gaussian plume dispersion paraﬁeters which can be easily obtained
from standard turbulence-typing Qchemes. The parameterized diffusion~deposi—
tion-transformation.algorithms for various atmospheric stability and mixing
conditions are simplified, and presented as analytical éxtensions of the well-
known Gaussian plume-diffusion algorithms presently used in EPA models for air -

quality assessment.

For practical application of the model to urban air pollution problems,
a new mathgmatiéhl approach, based on mass balance considerations, is developed
to derive simple expressionslfor ground-level concentrations of the reactant
and the product pollutants resulting fnom distributed area-source emissions.
These novel expressions for area sources invelve only the point-source algorithms
of the well-mixed region, thus allowing-one to use the same progrém subroutines’
for both point and area sources., In the limit when deposition rates approach
zero, the concentrations calculated by these expressions agree with the corres-
pqnding values given by the area-source algorithms without Aeposition; currently

used in urban air pollution models.

This report gives a brief review of the literature on gradient-transfer

models with chemical transformation. Details of the mathematical formulations



) and analytical solutions of the present m;del with deposition, sedimentation,
and chemical transformétion are given, and the paf;meterized copcentration
algqritﬁms for the primary and the secondary pollutants are 1isted. Calﬁulated
variations of the ground-level ceoncentrations and results of a semsitivity

" analysis are presented and discussed. Some guidance is provided for the

specification of the settling and deposition velocities in the model.



SECTION 2
LITERATURE SURVEY

Applied air pollution models used in industiry and regulation are generally
based on the Gaussian plume formulation. These models have been extensively
modified over the years to include pollutant removal mechapisms such as dry
and wet deposition, and chemical decay. Rao (1981) gave a brief review of the
existing methodologies of Gaussian diffusion-deposition models, including a
comprehensive literature survey of gradiemt-transfer (K-theéry) models., For
the latter case, Rao (1981) also gave the mathematical fogmulations.(for a non-
reactive pollutant), analytical solutions, parameterized concentration algoéithms
for various atmospheric stabilityband-mixing conditions, and expressiogs for net
deposition and suspension rates of the pollutant.

In this section, we briefly review the literature on K-theory or Gaussian
models er chemically reactive pollutants. Only a first-order chemical trans-

. formation is considered, and expressions for both the primary (reactant) and

secondary (product) pollutants are given in the references cited.

Heines and Peters (1973) studied the diffusion and transformation of
pollutants from a continuous point or infinite line source. The effect of
a temperature inversion aloft was also included through multiple eddy reflec-

tions. The eddy diffusion coefficients were assumed to be power functions of

"the downwind distance. The expression for concentration of the secondary



_pollutant was derived from a simple component mass balance. The concentrations
of the reactant and product were presenﬁéd in terms of dimensionless plots.

Deposition and sedimentation were not considered for either species.

Rao (1975) adabted the analytical solution of Monin (1959) to study the

dispersion, deposition, and chemical tramsformation of the SO, plume from a

2
power plant stack represented by an elevated continuous point source. The

eddy diffusivities were expressed in terms.of ihe Gaussian dispersion para~
meters. A constant first-order transfofmation rate of SO2 to SOZ was aésumedt
Concentrations of both species were calculated, and compared with observations

at several.downwinﬂ receptors. Izrael, Mikhailova, and Pressmaﬁ (1979) ﬁéed
Monin's (1959) instantaneous source solution to estimate the long-range transport

of sulfur dioxide and sulfates, assuming coustant eddy diffusivitdies and non-

equal deposition velocities for the two species.

Ermak (1978) described a multiple ﬁointhource dispersién ﬁodel which
considered a chain of up to three.first-order chemical transformations., The
source-depletion approach (e.g., Van der Hoven, 1968) was used to include ground
deposition. The gradient-transfer plume model of Ermak (1977) was used to
incorporate the effects of gravitational -settling of particles. For the latter
casé, however, the chemical-transformtioﬁ option could not be used, and the
effects of an inversién layer were assumed to.be negligible.

Lee (1930) gave apalytical solutions of a gradient-transfer model similar
to that described in this report, in terms of constant eddy diffusivity coeffi-
cients. These solutions apfly only to gases or very small particles emitted

from an elevated continuous point source, since the gravitational settling



effects were not considered. A first-orﬁer chemical transformation was con~

sidered, and direct emission of the secondary pollutant was assumed to be zero.
Lee used this model, which included wet deposition processes, to Stﬁdy the
atmospheric transport and transformation of 802 to SO:, assuming Ky =~Kz =35 mz/s.

Details of the analytical solutions were not available.



SECTION 3
THE GRADIENT-TRANSFER DEPOSITION MODEL

This section g;ves the mathematical formulations and analytical solutions -
of the gradient-transfer (X-theory) model for the most general case that ;ncludes
-transport, diffusion, deppsition, sedimentation, and first-order chémical
transformation of pollutants. We consider éwo chemically~-coupled gaseous or
particulate poliutant species; the primary (species-1 or reactant) pollutant.
is assumed to transform into the secondary {species-2 or reaction product)

pollutant at a known constant rate. For generality, the two species are

_assumed to have known non-equal deposition and settling velocities.:

. First, we derive amalytical éolutions for concentrations of the two
pollutant species emitted from an elevated continuous point source. Then
we express the K-coefficients imn these solutions in terms of the widely used
Gaussian plume dispersion parameters. The resulting expressions are para&e-
ierized, simpiified, and presented as extegsions of the-Gaussi&n plume algoriﬁhms
-currently used in EPA air quality models for various atmospheric stability and.
mixing conditiﬁns. Further simplifications of the new algorithms are indicated
for gaseous or fine suspended particulate pollutants with negligible settling,
and for ground-level sources and/or receptors. Limiting expressions-of the

algorithms are derived for large particles, when gravitational settling is



the dominant deposition mechanism. Finally, we utilize these new point source -
concentration algorithms to derive expressions for the concentrations of the

two species due to emissions from area sources, using an innovative approach

based on mass balance considerations.

No assumptions are made here regarding the nature of thé pollutant
species. The formulations and the solutions are, therefore, general enough
to be applicable to any two gaseous or particulate pollutan;s that are
coupled through a first-order chemical transformation. Either of the two
species may be a gas, or particulate matter with a known aveéage size.
" Molecular weights of the two species ére assumed to be known. Direct emission
of the secondary pcllutant is permitted from both point and area sourcés. A
direct emission of secondary pollutant, if present, may contribute to its
concentration significaﬁtly more than the chemical transformatiom.

In thé absence of a chemical coupling, expressions for concentrations of
- two chemically-independent ﬁollutants, each subject to deposition and/or
sedimentation, can be obtdined as degeﬁgrate cases of the concentration
algorithms for the general case. The notation used in this section is similar
to that of Rao (198l), which is consistent with the notation presen£1y used

~in the user's guides for EPA's atmospheric dispersion models.
MATHEMATICAL FORMULATIONS
We consider the steady state form of the three-dimensional atmospheric

advection-diffusion eqﬁation for the primary pollutant (denoted by subscript 1)

with deposition, sedimentation, and first-order chemical transformation:



ar fae 2 2 2 2 _
U 8c,/ex = K 9°C,/9y" + K, 87C,/92" + W, ac,/dz - C /T, (1a)

‘Here, %, v, 2z zre the horizontal downwind, horizontal crosswind, and vertical -
coordinates, respectively; U is the coastant average wind speed, and Wl is the
gravitztional settling velocity (taken as positive in the downward or negative

z-direction) of the primary pollutaﬁt particles, C, is the primary pollutant

1
conceuntration at (x, y, z), Ky and Kz are constant eddy diffusivities in the
crosswind and vertical directions, respectively, and T. = 1/kt is the time scale
associated with the chemical transformation which proceeds at a given rate kt'

" The last term of the equation, - Clltc, represents the chemical sink, or loss

of the primary pollutant due to transformation.

For a continuous point source, with an emission rate or strength Q1 of

pollutant species-1, located at x

1]

0, y=0, 2z =H, the initial and boundary -

conditions are given by

c,(0, y, 2) = Q /U * 8(y) * 8(z-H) (1b)’
Cl(x, to, 2) = 0 ) (iC)
[K,"2Cy /02 + W Cplyng = 1VgyCilpmp (1d)
C,(x, y, =} =0 _ - T (1e)

In the initial condition (1b), which is the limiting form of the mass continuity

equation at the source, 6 is the Dirac delta function. Boundary condition (Ld)



stafes that, at ground-level, the sum of the turbulent transfer of pollutant
down its concentration gradient and the downward settling flux due to the
particles’ weight is equal to the net flux of pollutant to the surface resulting
" from an exchange between the atmosphere and the surface; le is tﬁe deposition
velocity which characterizes this exchange of the primary pollutant. When
deposition occurs, from Eq. (1d) the turbulent flux at the surface (z=0)} is

given by

-w'ci = Kz . acl/az =V

ar ") G
which is in agreement with the standard micrometeorological notation. This
obviously rquires that le > Wl 20, If0< le < Wl, then.the direction of
the turbulent flux at the surface is reversed, implying re-entrainment of tﬁe
particies from the surféee into the atmosphere. Thus, the deposition boundary
conditién (1d), originally suggested by Monin (1959) and discussed by Calder
(1961), édequately describes the_exchange_between the atmosphere and the sur-
face. Eq. (1d) is analogous to the so-called 'radiation' boundary condition.

. used in the theory of heat -conduction (see, e.g., Carslaw and Jaeger, 1959,

p. 18) to describe the temperature distriﬁution in a body from the boundary

of which heat radiates freely into the surrounding medium, when the latter is

at zero degrees temperature.

The corresponding formulations for-the secondary pollutant (designated

by ‘subscript 2) can be written as follows:

_ 2 2 2 2
u 802/3x = KY ;) cz/ay + K, d C2/32 + W, acz/az +y cl/rC (2a)

10



¢,(0, ¥, 2) = QU - 6(y) - 6(z=H) . @)

Cz(x, de, z) =0 ' : (2¢)

(2d5

[K,-9C,/8z + Wy+C)l g = ¥4y Cal g

Gy (x5 v, ) = 0 - @

In Eq. (2a), W2 is the gravitational settling velocity of the secondary
pollutant, and y is the ratio'of its ﬁolecular weigﬁt to that of the primary
pollutant; the term yCl/tc represgnts the chemical source for the'secdndary
pollutant. Eq. (2b)-describes the direct emission of species-2 from the point
source, located at x=0, y=0, z=H, with an emission rate or streﬁgth-Qz. Eq. (2d)

is the deposition boundary condition, and V., is the deposition velocity for the

d2
secondary pollutant. For generality, we assume here de ¥ le and W2 ¥ Wl.

ANALYTTGAL SOLUTIONS

The solution of Egs. (1) and (2) can be expressed as-

C,(x, v, 2) =Q;/U - p(x,y) * q,(x,2) .3

C,(x, ¥, 2) =Q;/U - plx,y) - q,(x,2) (4)

where p, ;> and q, are probability densities of the concentration distributions.

It should be noted that the concentration of the secondary pollutant, CZ’ is

"1l



" expressed in terms of the emission rate of the p;imafy pollutant, Ql’ in Eq. (4).
This is due to the likélihood that, for many practical applications of the
medel, the direct émission rate Q2 of the-secondary“pollutant may be zero;

02 would then be zero if Q2 were-used instead of Q1 in Eq. (4), thus incorrectly
ignoring the non"zefo contribution to 02 by the chemical source. The proba-
bility density p(x,y) of the concentration distribution in the horizontal
crosswind direction is unaffected By deposition, sedimentation, gnd chemical

transformation. Therefore, it is identical for both species.

Substituting Eq. (3)-in Eq. (1) and using the separation of variables
technique, two independent systems of equations and boundary conditions in

p and q, can be obtained as follows:

Uap/3x=xya2p/ayz, 0.<x<m,-on'<y.<co
p(0,y) = &(y) _ ' (5)
p(x,i») =0
and
- 2 2 3
U 3q1/3x =K, 9 ql/az + W, aql{az qlltc, 0 <x ,lz <

q,(0,2) = 6(z-H) = y;(2)
(K, +8a,/02 + W, q;],.0 = [V43°91],29 ‘ (6)

qi(x)m) = 0

12



The analytical solution of (5).can be written as

; . g, (x,¥)
p(x,y) = ——
: y )
2y
g, (x,¥) = EXP[' ZIR‘EI ‘ o (7)
Y

L. = 24« K x/U

y

where Ly is a le%gth scale characteristic of tﬁe horizontal crosswind diffusion,
and gl(x,y) is a nondimeng@gnal function. This i; one of the fundamental
solutions of the diffusion or heat conduction equation‘(e.g., see Carslaw and
Jaeger, 1963, p.107); p(x,y) represent; the probability that a particle released-
from a source of unif strength located at x=0, f?o will be at a crosswind loca-

tion y after travelling a distance x downwind with a speed of U.

Equation (6). cannot be solved in its present form because of the sedimenta-
tion term, Wl aqllaz, and the chemical sink term, -q1/tc, in the differential

equation. In order to remove these terms, we apply the following transformation:

gy (x,2) = il(x,Z) - exp( -Bi’ - % ), (8a)
[
where
: W, (z-H) w? x {172
B, (x,2) = T *fwo | - (8b)
z ’ z :

is a nondimensional parameter representing the effect of sedimentation of the

primary pollutant particles on the primary pollutant concentration, and al(x,é)

13



is the transformed new variable. Substituting Eq. '(8) in Eq. (6) and simplifying,

we ‘obtain the following:

U 83,/3x = K_ 3°q, /22" , 0<x,z<w : (9a)

) W, (z-H) N )

ql(O,z) = exp *Ei;——— « 6(z-H) = ¢1(z) (9b)

[8q,/3z],_, = h;-[q;] _o (9¢)

4y (x,%) =0 : _ (9D
where

by = VK, Vi1 = Vg —Wy/2 ' (9e),

The homogeneous boundary condition (9¢) expresses the relationship between
the variable 51 and its normal gradient at the surface. This type of equation
is usually referred to as a boundary condition of the third kind; (A more

general form of this boundary.condition is aal/az -.h = f,. The Dirichlet

191 7 '3
‘boundary condition of type 51 = f1 and the Neumann boundary conditidn of type

aal/az = f2, are boundary conditions of the first and second kind, respectively.

Here, £., £,, and f3 are functions of x given at the boundary, z = 0, of the region

1* 72°,

in which the solution is sought). Equations {(%a, ¢, d) constitute a homogeneous

boundary-value problem of the thixd kind. The solution of this problem, also
known as its Green's function G(x,z,§), can be obtained by Laplace transform

methods (Carslaw and Jaeger, 1963, p. 115}, and written as follows:

2 2
_ 1. -(z-£)°U J =(ztE)7U
6,(x,2,8) = I [“-‘"P{ K, x ] + exp { iX_x }
- - 2 -
- (z+E+n) €U .
- 2h, J; exp {—-——-—”-——m“(zx - he N ] dn } (103)



where : L = 2 JEE;X/U _ ) © (10b)

4
is a length scale characteristic of the vertical diffusion. Egquation (10)
describes the stationary diffusion in a semi-infinite region from a unit source
located at x=0, z=f. The subscript 1 of the Green's function G corresponds to

the subscript of h appearing in Egs. (9¢) and (10a).

The solution of Eq. (9) can be now written in terms of its Green's function

(see, e.g., Tychonov and Samarskii, 1964), as follows:

al(x’z) = f lI‘l(g) * Gl(x:zygj'dg’ ' : (11)
o
where, from Eq. (9b),
o R | -
wl(g) = ql(O,g) = exp T Ak * a(g-H) (12)
) 2 _

Substituting (10) and (12) in (11), and noting that

f £(8) - 8(&-a) af = f(a),
o ) A _ .

where £(£) is any arbitrary function of §, term-by-term.integration of 1)

gives

) 2 2
- _ L -(z-0)%y [z )
ql(x,z) = Lz exp { ész } + exp Asz

z+H+2h1sz/U
e — (13)

- Lh. - exp {hl(z+H) +.hf K_x/U } . erfe l
: 2J1<zx/u

z 1
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In order to simplify the equations, and considerably reduce the difficulty

in typing them, we define the following nondimensional parameters::

+

Lo o @m?y
4K x o2 - 4K x
Z A
+
g, = T — +n KU 8

T2 Jsz/U
EZ
@) =L, h; e”] erfc

Noting that

22
exp {hl(z+H) + hisz/U} = exp(gf-s)'= egl - e s

Eq. (13) can be now written as

- _ 1 -r
ql(x}z) - L [e

+ e % . (- @)l - : (15)
2 )

From Egs. (8) and (15), the solution of Eq. (6) can be written as
ql(x}z) = gél / I‘z ;] (163)

where

8y, (x,2) = expﬁrﬁf S ox/ut) - [ e T+ eis C - a) ] (16b)

is a nondimensional functioﬂ. The. prime indicates modificatioﬁ of function
gz(x,z) of the primary pollutant (dénoted by the second subscript 1) for the
effects of deposition, sedimentation, and chemical transformation. 1In the-
absence of these effects, i.e., when a, = Bl = 0 and kt =0 or 1 = &, Eq. (16b)

reduces to

16



r

gél(x,z) =ef+ed = gz(x,Z), ‘ : “(17)

as in the familiar Gaussian plume model. The notation used here is an extension
of Rao's (1981) notation for one poliutant, and is consistent with the notation
presently used in the user's guides for EPA air quality models.

We now turn our attention to the solution of Eq. (2). Substituting
Eqs. (3) and (4) in Eq.'(z) and using the sepafation of variables technique,
two independent systems of equations and boundary conditioms im p and.q2

can be obtained. The p-equations and their solution are the same as those

given in Edé. (5) and (7). The q2-equations can be written as follows:

U aq,/ox = K azqz/az? + W, 8q,/3z + Y qy/T_, 0<x,z<%

| 9,(0,2) = Q,/Q, - 8(z-H) = 'sz(zj _‘ - ‘ '. (15)
[Kz'aq?/az * ¥yra,l - [VdZI.qZ]z=0
qz(.x.,°°) =0

In order to eliminate the sedimentation term,_W2 qulaz, from the differen-

tial equation, we use the following transformation:

4y (%,2) = 3,(x,2) * exp(-$}) (192)

17.



where

Wz(z-H) W
Bz(x!z) = ZKZ + 41{ U

(19b)

is a nondimensional parameter representing the effect of sedimentation of the
secondary pollutant particles on the secondary pollutant concentration, and
az(k,z) is the transformed new variable. Substituting Eqs. (8) and (19) in

Eq. (18), we obtain the following transformed equatioms:

- - - q ' -
. U Bq2/8x = Kz 32q2/822 + y tl * exp { -{Bi; ﬁg + x/Utc)] ,
c

0<x, z<® ’ (20a)

- W, (z-H) - .
4,(0,2) = Q,/Q, - exp { .o } - 8(2-H) = B,(2) (200)
[8q,/92},_5 = h,la,], ¢ (20c)
g, (x,) = 0 ' . (20d)

where

h2 = le/Kz , V12 = de - W2/2 . (20e)

Equation (20a) is a nonhomogeneous partial differential equation for the
secondary pollutant, coupled to Eq. (9) for the primary pollutant through

the chemical source term,

f(x,z) = (Y/Tc)'al(x,z)-exp | -(B%- Bi + x/UTc) '(21) 

18



Unlike Qz, this chemical source is not a constant; in addition to X anq z,

it depends on H, U, K , Wi, W,, v, and T_. As shown by Budak et al. (1964),

Varr
the analitical solution of Eq. (20) may .be directly obtained as follows:

-1
a,(x,2) = [ By(8) ¢ 6,(x,2,6) at
o ] ) X "
. - .
+ f dx' f £(x',8) - 6,(x-x',2,E) dE ‘ (22)
0 (>

Here @2 and f are the functions defined in Eqs. (20b).and (21), respectively.
The first term in Eq. (22) gives the contrib;tion of the inmitial condition,
and the second term gives the contribution of the inhomogeneity in Eq. (20a).
GZ(#,z,g) is the G;een's function'of'the homogepeous differential equaiion,

subject to the boundary conditionm (20c) of the third kind; the Green's function

is given’by

4K x
z

2. g2
Gz(x:’z',g) = i— exp [ M } + exp {%Ey_ ]
[ 2 ’
- 2h2 "e f exp [ i&iﬁm)_u - h2. n ] dn (23)
o . ) .

Gz(x-x’,z,g), needed to solve Eq. (22), is the associated source function,

obtained by replacing x in the Green's function Gz(x,z,g) of Eq. (23) with x-x',

19



Though sfraightforward in principle, the solﬁtion given by Eq. (22) is difficult
to derive in practice. This is because the contribution of the inhomogeneity,
given bf the second part of Eq. (22}, involves evaluation of several integrals
whose integrands are comﬁiicated functions of £. Some of these integ;ations are
mathematically intractable, thus rendering this direct application of the
Green's function solution to the inhompgenoqs differential equation fruitless.
In order to remové the inhomogeneity from the-differential equation (20a),

we introduce the following transformation:

-

az(xyz) 53(X,2) -y El(x,z) (24)

where

El(x,z) = al(x,z? + exp [ -(B?- 5% + x/Utc) l ' ;(25?

and aB(Q,z) is a new (unknown) variable. Substituting (24) in Eq. (20a)
and separating the variables, we obﬁain two independent homogeneous differential

equatioﬁs in El and §3. The initial and boundary conditions to solve the
differential eéuatiou for 31 are obtained by substituting Eq. (25) in Egs.
(9b,c,d). .The initial and b&ﬁﬁdary conditions for thg 53-equation Fan be
obtained by‘substituting Eq. (24) in Egs. (20b,c,d), and usiﬁg the initial
and boundary conditions for 31 to simplify the resulting expressions. The

final expressions for the two sets of equations thus obtained can be written

as follows:

20



U 83,/0x = K_ azl‘:il/azz - 3/, 0<x, z<o © (26a)
- Wz(z—H) _
ql (0 ,Z) = ] exp - ZKZ * 6(2“}1) _= wl (Z) . (26b)
3,06, =0 . _ (264)
where
hy = Vi3/K, Vig = Vyp - (97,072 (_26‘3)
and
U 93./9x = K_ 8%q./92% 0<x,z<o ) (27a)
- 3 z 13 ? ?
_ - ' Wz(z-H) -
' q3(0,z) = (Q,/Q; + ¥) * exp T * 6(z-H) = d,(2) (27b)
[2a3/9z - b, a3] . == b0y (x> (27¢)
g5 (x,@) = 0 ' - (27d)
whére
(W.-W.) : .
- .Y oh . 127 ] .=

is the inhomogeneity in the boundary condition (27c). -Thus, the transfor-
mation (24), which is used tec remove the inhomogeneity in the differential

equation (20a}, transforms the homogenéous Boundary condition, Eq. (20c¢), into
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a nonhomogeneous boundary condition of the.third kind. Nevertheless, it will
be shown later -that, unlike the nonhomogeneous differential equation set (20),
- we can solve Eq. (27) with relative ease, if El(x,o) in Eq. (28) is given from

the solution of Eq. (26).

The solution of Eq. (26) can be now expressed as

4, (x,2) = exp(-x/Ur) - ]o T, (6) - 6,(x,2,6)d¢, (29)

where ﬁl(g) is obtained from the initial condition (26b), and the Green's

function G3 is given by

{;(z- )%u ] ¢ exp ‘ -(z+§‘).2U ’

- L
G3(x,2,8) = ¢ ®XP | K x GK X
: z z z
@ 2
- . ~(z+&+n)°U .
2h3.£ - exp { 4sz hsn ] dn _ (30)

After term-by-term integration, the final form of the solﬁtion, Eq. (29),

can be written as

= 1 -r, =5 .
q,(x,2) = exp(-x/Ut ) - g [e "+ e ™ (1-a5)] (31).
vhere
2
&3
@, = L, h, e ~ erfc gs
+ H
g, = —=—— + h, JK x/0 32
3 2/K_x/0 37z (32)

and r and s are defined in (14).
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' Now we can proceed to solve Eq. (27). First, we set z=0 in Eq. (31)
and substitute the resulting equation for al(x,o) in Eq. (28). After
simplification, the final expression for the inhomogeneity, ¢3(x), in the

boundary condition (27c) is given by

2 . T
h.X x H+ 2h.X x/U
- h3 exp { -éﬁEH +h, H- X ] + erfc { 3z }
c (33)

3 Ut 2 fK—zx 70

Following Budak et al. (1964), the analytical solution of Eq. (27) can be

now written as
93(2) = a5 * Ay ' (342) -

where

3y, (x,2) = j NI NCER IR S © (e

K% (%0 (x") ' 2
q =h, - | 2| - 3 S
d3p(x,2) = h, [nU] j; _ [ exp ,lle(}z{-x')

x~x'

- hzoo exp{'fz(;m - 112[] ] dﬂ} dx'. - (34¢c)

Here G2 is the Green's function given in Eq. (23), and @3 and-¢3 are the
functions defined in Eqs; (27b) and (33), respectively. a3A gives the
contribution of the initial condition (27b), and 533 gives the contribution

" of the inhomogeneity in the boundary condition (27c), to the solution a3(x,z).
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' The evaluation of aBA is straightforward. The final expression can be

written as

1

Gal02) = QU0+ y) - [e7F + &= - - @y)] (352) |
where
§2
2
o, = L h2 e erfc §2 _ (35b)

_ ztH : -
£, = ———= + h, JKx/U

ZJﬁzx/U
To solve for aSB’ first we integrate with respect to n.iﬁ Eg. (34c), substitute
for ¢3(x') from Eq. (33), and considerably rearrange and simplify the resulting
equation. The final expression for 533 can be written as

: V,, - V,,)
 my ey Y21 m Vap) |
q3B(x’ z) = Y Kz Flcxsz) . (36a)
where ’
V,, =V,. - W =V - W./2
21 dl 1 11 1 (36b)
Vog = Vgp =¥y = Vi - Wy/2
and Fl(x,z) is a function given by
F.(x,z) = l.fx____l____ . exp [ -z2y - HZU . .x' ] .
- — ! T
1+ mJ ST e AKz(x x') 4sz Utc
2
———— g(, ]
[1 - Jnhzx /U hy e " erfe Ea
. 2 .
-
[1 - JnK?(x-x')/U h2 e erfc £5 ] dx! _(36C)
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Here, - H + 2h3 sz'/U
. \g =
4

2 Jizx'/U

(36d)

et
z + 2h2 Kz (x-x')/U

2 JKZ(x-x' y/U

£ =

- are nondimensional functions. The integration with respect to x' in Eq. (36c)
cannot be done analytically. Therefore, Fl(x,z) needs to be numerically

evaluated.

The expression for as(x,z), from Eqs. (3&4a), (35a2), and (36a), can be now
written as

G3062) = (G0 + V) - %; [eF +e® -]

(Vpy = V

-y X
Z

) _ o ,
227 1 (x,2) . 6D

This is the analytical solution of‘Eq. (27). From Eqs. (24), (31), and (37),
we obtain

az(x)z) = (QZ/Q]. + Y) ‘ g-:_z [ E-r + e-s * (1 - az) ]

exp(-x/UTC) . %;' [ e f+e . (1- 03)]

|
wd

(Voq = Vop) ’
-y ‘*———ﬁ;*““ . Fl(x,Z) : (38)
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This is the analytical solution of Eq. (20). Finally, from Egs. (lé) and (38),

the analytical solution of Eq. (18) can be written as
9,(x,2) = gy, / L, o . (39a)

where

2
_Bz
e

85, (x,2) = Qe - { T ey

Y exp(-x/UtC) . { e f+e .1 - as) }

- ¥ (g = Vp) (B, /K )+ F (x,2) (39b)

is a nondimensional function. The prime'indicatés the modification of function .
gz(x,z) of the secondary pollutant (denoted by the secoﬁd subscript 2) for
the effgcts of deposition, sedimentation, an@ chemical transformation.

The physical meaning of. the various terms in Eq. (39b) is as follows: The
first term has conﬁributions\from Q2/Q1 and ¥; the QZ/QI pa;t of this term accounts
for the direct emigsion-of the secondary pollutant, and the y part of this
term assumes that all the primary pollutant is transformed into the secondary
- pollutant. The second term corrects this spurious assumption by shbtrécting
the equivalent of the ﬁrimary pollutant still available for transformation at
any given location (x,z). The third (last) term accounts for the effect of
differences in the removal -rates of the two pollutant species by depésition
and sedimentation; Fl(x,z) in this term essentiaily Fepresents a weighting
function such that 0 < F1 < 1, as will be shown later. It can be easily seen
the contribution of this term is zero when V21 = V22 2 0, i.e., when the

deposition and sedimentation velocities of the two pollutants are equal.
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In the absence of a chemical couplihg between the two species, all the

terms with y will be identically zero, and Eq. (3%b) reduces to

2
_5 - _
Bp(0) = /e ce C [ w7 -ay ] (39¢)

which is the concentration algorithm for a chemically-independent,’ non-
reactive pollutant produced only by direct emission from a source of strength

QZ' For this case alone, we can rewrite Egqs. (4) and (39c) as

C(x,y,2) = Q)/U - p(x,y) - q, (x,2)

2
géz(x,z) = e 2 [ e T + 8 ? (1 - 02) ] : (402)

where p and qz'are given by Egs. (7) and (39a), respectively. This expression
for géz'is similar in form to that of gél given in Eq. (16b) for the primary
pollutant.

For Wl = W2 = 0 and Q2 = 0, Egq. (39h) reduces to

géz(x,z) =y {e-r +e 3 (1 - dl)} { 1l - exp(-x/Ut;)}

+e " (¢, - o

17 %)~ O

a1 - -de)(L'z/Kz) . Fl(x,Z)' (40b)

This equation agrees with the corresponding expression given by Lee (1980),
except that the latter paper incorrectly shows ZH/KZ instead of Lz/Kz in

the last term.



|

For ¥gy = Vgp = Vg and Wy = W) = v, Eq. (39b) reduces to

. R (. . _
Eéz(xyz) = e B -{ e f 4" (1 - a) ] . .

{Qz/q1 £y {1 - exp(-x/UT) ]J (40¢)

This agrees with the expression given by Rao (1975), who assumed equal non-zero
deposition and sedimentation velocities for the two species.for simplicity.

For V; = 0 and W = 0, Eq..(40c) reduces to
852(x,2) = (e'r + e‘s) [ QZ/QI + ¥ {1 - exp(-x/Utc)} ] (404)

which agrees with the expression given by Heines and Peters (1973), who °
considered only chemical transformation and derived this result based on a
simple component mass’ balance. Thus, we éan obtain all the known solutions
for.simpler problems from the analyticai solution (39b) of the general problém

considered here.

PARAMETERIZATION OF CONCENTRATIONS

In order to facilitate the practical application of the analytical
solutions, the eddy diffusivities Ky and Kz are expressed here in terms of
cy and O,» the standard deviations of the crosswind and vertical Gaussian

concentration distributions, respectively, as follows:

[+
[\

=U_vy _U T2
K. =3 K, =3 (41)

Thus, for Fickian diffusion, Ky and KZ can be expressed by the relations



.2 2
= . = . . 42
Ky \ cy u/2x Kz Gz U/2x,‘ . (42)

ip order to utilize the vast amount of empirical data on the Gaussian plume
parameters OY anq Gz available in the literature for a variety of meteorological
and terrain conditions. An excellent review and summary of these data caﬁ be
found in Gifford (1976). Equation (425, in combination with the Gaussian
assumption (see, e.g., Gifford, 1968), forms the basis for the practical

plume diffusion formulas that are found inlthe applications literature.

In order to parameterize the expressions for concentrations under
various stability conditions and to considerably reduce the difficulty in
typing the equations, we adopt the following nondimensionalization scheme:
All velocities are nondimensionalized by U, the constant mean wind speed.
' _The horizontal downwind distance x and all vertical height quantities are
nondiménsionalizea by JE'UZ; the transformation time scale Ic‘is nondimen-
sionalized by Jf UZ/U. The horizontal\crosiwind distapnce y is nondimen-

sionalized by JE-O&. Thus, we define

~ ~

Yar = Va/Y o Vg = VapfU

‘:’1 = W, /U o ﬁz = W,/U

‘}1-1 - ‘;dl ) ;’1/2 _’ 612 - ‘A’dz '“‘:’2/2

613 = ‘;11 (‘:’1 - ‘;2)/?

~ .- ~ ~ ~ - : {(43)
215 Va1 "M 0 Vo TV T W2 ‘

% = x/Jf'Uz , 2= 2z/2 g,

;1 = H/J2 o, , i = L/‘JZ_ o,

to=t W20, ., §=yNZ a,



where the capped quantities denote the nondimensionalized variables, and

L is the mixing height.

From Eés.'(B),‘(T), (8), (14), (16), (42), and (43), we can now rewrite

the expression for the primary pollutant concentration as follows:

Q - g

A A A 1 1 21
Cl(x,y,z) =5 T I ) {&4a)

Y z -

) -~ — Az - ’

g8,(X,¥) = exp(~§7) - (44D)
gr (%,2) = ex (-ﬁz - %/t [ e;r + e-é « (1 - o)) (44c)
2145 PPy c 1 ¢

LY = J2n o L =42 o, | . (f»éd)
where
r= (3 -m2 , § = (E'+'H)2
Bi = 2W1(§ - H) % + W? ﬁz : ) (44e)
-~ . £2
- @ = AJE“VII X e”1 erfe 51

§1= Z+H+ 2V, X%

Equation 644) clearly shows that concentration C1 depends on the ratios

WI/U and VdI/U, not on W, and le per se. Thus, the effect on C1 of large

1

values of Wl and V at high wind speeds is .the same as that of small values

dl

of Wl and V.,  at low wind speeds, pfovided WIIU and le/U remain constant.

dl

The effect of deposition can be seen as a multiplication of the contributien
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of the image-source or reflection term, e—S; by a factor -1 £ (1 - al) <1
In the absence of chemical decay (%C = @), Eq. (44) agrees with the expression

for concentration givén by Rao (1981). In the trivial case of negligible
deposition anq chemical decay (W1= 0, Vd1=

to the well-known Gaussian plume model with gél = 8,, where gz(x,z) is defined

0, fc = ®), this equation reduces
in Eq. (17).

For a ground-level-receptor (2=0), the concentration algorithm for the

primary pollutant reduces to

~

1 ~ _:_ - 2 - 2 - [l ) . - .
- 85, (%,0) = exp(-B] ~ H” - /T ) - (2 - o) (45a)
) . 2 _ A R A A2 h2
where Bl = =2 Wl xH+ Wl X
2 .
~ £l
a, = 4w Viy ¥ e 7 erfc gl {45b)
§1 =H+2V, X

Further simplifications of this equation are possiﬂle by setting H = 0 for

~ -~

ground-level sources, and W = 0 and Vll = le for gases and small particles

with negligible settling. -
From Egs. (4), (7), (19b), (32), (35b), (39), (42), and (43), the

parameterized expression for the secondary pollutant concentration can be

written as follows:
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Q g g . o
C,(%,9,8) =5 -+ = - = (462)
y 4
2

e sy = a P2 -r -s
85,(X,2) = e (Q/Q; + ¥ [ e + e -+ (1 - 02)

-y exp(-ﬁ/éc) l e T+ &% . Q1 - 03) }

-y 4T (V) = Vo) & - Fl(i,i) ] | (46b)

where gl(ﬁ,§), Ly’ L, r, and s are defined in Eq. (44), and the remaining

quantities are as follows:

- s _ o2 22
ﬁz = 2 W2 (z -H) z + W2 X
2
~ gz
o, 4JE'V12 ¥ e " erfe 52
§2=z+_]{+2V12x (46¢)
2
~ . §3 -
oy = QJE-V13 e ¥ erfc §3

£, =2+ H+ 2V, %

From Eqs. (36c), (36d), (42), and (43), the nondimensional function Fl(ﬁ,i)

in Eq. (46b) can be parameterized as
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B 2 -
N 3
- [1 -2V, £ Jn(1-t) e > erfe §5 ] dt - (464)
where 24 =H/Jt + 2 Vig % Jt

(46e)

1-t

M

§5 z/J1-t + 2 v,

and t = X'/% is the normalized integration variable.

Equation (46b) calculates géz as thg.sum of con£r{butions from the three
major terms on the right-hand side of this equation. The physical signifi-
cénce of these terms has been already explained in the discussion following
Eq. (39b). Im the absence of a-direct emission of the secondary pollutant
(i.e., Q2 = 0}, a delicate balénce e#ists between these three terms, as shown
in the next section. The third term, which arises due to the differences in
_the deposition rates of the two‘pollutant species, becomes important at large
x and, therefore, cannot be ignored. The weighting function in this term
Fl(ﬁ,ﬁ), given by qu (46d), should be evaluated by numerical integration

to a sufficienﬁly high degree of accuracy.

For a ground-level receptor (2Z=0), the concentration algorithm for the

secondary pollutant reduces to:
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2 Ty

Cos oy ol 2 | N H
8y, (%,0) =e S (Qy/Q YY) e s (2 - 0y)
y exp(-H2 - &/3 ) - (2 - )
P c 3
Y T (Vg - Vpp) & ¢ F(R,0) ]
2 — iy TA - - A2
where ﬁz = - 2 WZ X H+ W§ X
2
~ 52
a, = I Vg ¥ e " erfe gz
. 2
o N g3
a; = AJE'VIB % e~ erfc §3-
§2 =H+2V,%, g3 =H + g v13 X
i ‘ 1 S22
a0 =l [ e (E-E )
o Jt(l-t) ¢
2
- gh )
[ 1 - JE-(§4‘ H/Jt) e  erfc 54 ]
2
gS
[1 -'Jﬁ-ﬁs e erfe 55] dt-
where ga = H/Jt + 2 V13 3t

(47a)"

(47b)

(47c)

(47d)



Eurther'simprificaiioqs of Eq. (47) are possible by setting H = 0 for ground-

~ ~ EN A

level sources, and Wl =W,=0,V and V1

= Vd when both species

2 13-~ Varr 2

are'gases or small particles with négligible settling.

2

WELL-MIXED REGION

- Under unstable or neutral atmospheric conditions, when the plume travels
sufficiently far away from the source, the pollutant is generally well-mixed
by atmospheric turbuleﬁce, resultiné in a uniform vertical concentration
profile between the ground and the stable layer aloft at a bheight L. This
concentration, which is independent of source height as well as the receptor
height, can be calculated as the average concentration in a mixed layer of

depth L. Following Turner (1970), we assume that the plume is well-mixed

" for x 22 X where X is the downwind distance at which oz(xm)=0.47 L.

The primary pollutant concentration in the well-mixed region can be

calculated as follows:

Q, & g
C,&,9,8) = « o+ o (48a)
Yy
g,(3,9) = exp (-§°) - (48b)
o g' ’ +-] . -
g), (%) =f e dz = l—j gy, (%,3) | d2 (480)
° z =0 Vi Jo. H=0 :



Substituting for gél(ﬁ,i) from Eq.'(éé) and carrying out the integration in -

Eq. (48c), we obtain the following:

For_le # Wl or V21 #0,

2
L) = a8 - 2/t [, .
841X T SXPLTH t) [ (Vq1/Vpy) e 7 erfe &
2
- (W1/2V21) e ~ erfc Bl ] : (484)
where gl =2V, ¥ and Bl =W, .

This algorithm applies to gases or small particles. This equation is indeter-

minate whgn le = Wl o# V21

setting Wl = le in the expression for gél in Eq. (44) and then integrating

‘as indicated in Eq. (48c). Alternately, one can take the limit of Eq. (48d)

= 0. For this cése,'gal(i) can be determined by -

~ A~

as Wl-——9 le. Thus, we obtain the limiting expression for ng(ﬁ) for

large particles as follows:

For le = Wl or V21 =0,
€2
¥ ~ -— 2 A A 2 1
c gy (R) = exp(-€] - &/T) | A+ 28] e erfcf 2 £ /4 (48e)
where gl = 2 V11 X = le X = Wi X.

Equations (48d) and (48e) agree with the corresponding expressions given by

" Rao (1981) when %c = o,
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The secondary pollutant concentration in the well-mixed region c¢an be

calculated as follows:

Q 8 g .
n oo 1 1 42 .
CZ(X:Y:Z) = U * E - 'i"_' (493)
o, o ' . )
g, . (®) = Egg dz = L g (%,2) |. az (49b)
42 o Lz H=0 Judo | 22> H=0

Substituting for.géz(ﬁ,ﬁ) from Eq. (46) and carrying out the integration in

Eq. (49b), we obtain the following:

For V21 F0 énd V22 # 0,

. 'Bg C . £ . Bg
8&2(3) = e . (Q2/Q1 +_Y) { ( V12/V22 ) e © erfc §2 - (W2/2V22) e © erfc FZ
&/3 (o« 2 ~a TR
-ye - C{ (V,./V..} e 3 erfc £, - (W, /2 V,.) e 2'erfc B
- ) 137 21 3 2 21 2
-y 4T (Vo = V) X - Fol®) ] - (50a)
where EZ =2V, x, B, = W, X
E,=2V &, V=V - (W -W)/2 (sop)
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Substituting for Fl(ﬁ,ﬁ) from Eq. (46d) and integrating, we obtain

1 2
' g
Fz(i) = %ﬁ 5 %ﬁ exp(-it/ic) [ 1-4n 54 e & erfc 54.] .

2 ' 2

- ~ gs ~ oA 26 ’
[ (VIZ/VZZ) e erfC'gs_- (W2/2V22) e  erfc £6 ] dat, (50c)
where EA = €3 Jt £5 = §2 J1-t , §6 =B, Ji-t (504)

Equation (50) is applicable when the two pollutant species are either gases

or small particles. In the large-particle limit of W —> Vd for one or
both of the species, three other forms of this algorithm can ‘be derived as

follows:

For V21 #0and V,_, =0,

22

g2 2

- £
gy, (%) = e 2 [(QZ/Q1+Y) l(l +2 Ei) el erfc, - 28,/ ]

2 2
(G B et Gy e |
-ye c { (VIB/Vzl) e ~ erfc §3 (W2/2V21) e © erfc §2

_ ‘A A. - . ) 01 ..
y 4 V21-x Fz(x) ] (51a)
where §2 =2V, % = 42 X = W, X = B,

372V, %
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» 1 2
- 3
Fz(f{) = —;—ﬁfo % exp (_ﬁt/?c)_. [ 1~ Jn 54‘e 4 erfc E,!‘ ] .

2
2, &5 -
[Q+28)e” erfct, - 2 §5/JE'] dt, (51b)

with E,= € , E5 =, VI E -

Equatioﬁ‘(SI) is applicable when species-1 is a gaseous or small-particle

pollutant, and Species-Zlconsists of large particles.

For V21 = 0 and V22 # 0,

2 . 2 2
o & N S S on £
giz(x) =e (QZ/Q1 +v) [ (V12/V22)'e erfe gz - (W2/2V22) e ~ erfc ES
IR 2 - .
-x/1 £
-Ye c{(1+2£§)e3erfc§3-2§3/ﬁ]'
t Y 4Jﬁ'§22 2R3 | (52)
where £2=2\A?12‘§, §3=2€71'3§=€025E=Bz,

and Fz(ﬁ) is given by Eq. (50c).  This algorithm applies when species-1
consists of large particles, and species-2 is a gaseous or small-particie

pollutant.
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For V = 0 and V2

21 =0,

2

A\)

giz(i) = [ Qz/Q1 +y (1 - efx/tc ) ] .

’gé { 2 g;
e . (1 +2 52) e © erfc £2 - 2 EZ/JR° ] (53)

where gz = Wz'i = B,.

This algorithm applies when both species consist only of_large particles.,

The physical situations represented by Egs. (52) and (53) are unlikely to
occur in reality, since any primary pollutant consisting only of large particles
would not generally reside in the atmosphere long enough to produce significant
concentrations of the secondary pollutant by chemical transformation (i.e.,
Xmax/U << tc). These algorithms. ‘are included here primarily for completenegs
of the solutions. Since the well-mixed region concentration algorithms are

independent of %; they apply to all heights 0 < 2 <'L.
PLUME TRAPPING

For X <-x < 2 X where X is the dbwnwind distance at which the glume
upper-boundary (correspondiné to an isopleth representing one-tenth of the plume
centerline concentration) extends to the height of the inversion lid, the mixing
depth L should be included in the concentration algorithms. This is usually
done through calculation of multiple eddy reflections (Turner, 1970) from both
the grouﬁd and the st;ble‘layer aloft, when the plume is.trapped between these
two surfaces. For the general case which includes deposition, sedimentation,
and chemical transformation, the concentration of the species at any height z

in the plume trapping region can be expressed as
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' .Q-g 8! - o
o n 1, 81 83 (542)

Cz(x,y,z) =T °f "I . (54b)

One can write the equations for gél(ﬁ,ﬁ) and géz(ﬁ,ﬁ), following Rao
(1981). These expressions lock similar to those given for gél(ﬁ,ﬁ) and
géz(ﬁ,ﬁ), respectively, except that the effective plume height H will be

~ A

replaced here by H. = H + 2NL and the equations are summed over N from - ® to o,

1
In general, a maximum of N =+ 10 eddy reflections are adequate to obtain

convergence of the sum within a small tolerance.

A simpler alternate procedure suggested by Turner (1970) may be adopted
if one is interested only in ground-leve; concentrations: We may calculate
the ground-level ceﬁterline concentrations -of each species at X and 2xm
using the appropriéte algorithms given earlier in this section, and then
linearly interpolate between ﬁhese values on a log-log plot of concentration
versus downwind distance to obtain the ground-level centerline concentration

at any x in the plume-trapping region.

41



TABLE 1

SUMMARY OF POINT SOURCE CONCENTRATION EQUATIONS:

Applicable Algorithms and Equation Numbers

Primary
Pollutant

Secondary
Pollutant

Near-source region
{0 <% < x)
= "m

(a) Elevated receptor
(z > 0)

(b) Ground-level receptor
(z =0) :

Plume trapping region
(xm-< x < 2xm)

(a) Elevated receptor
(z > 0)

(b) Ground-level receptor
(z = 0}

Well-mixed region
A= 2 2xm).

any 2 2 0

'
O & &y
U

1 I L
v Z
Eq. (44)
Eq. (45).
Q 8 83
©“*% "I "L
Yy A
Eq. (54a)
Interpolation'
Q8 8y
Cl_ﬁ_.L_.__
v
Eq. (48)
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SURFACE. DEPOSITION FLUXES

The surface deposition fluxes of the primary and the seconaary pollutants

at ground-level recéptors are calculated directly from Eqs. (1d) and (2d) as

Dl(ﬁ’i}) = le * Cl(ﬁ,ﬁ’o) . . (553)
D,(&,§) = Vg, + C,(%,§,0) (55b)

D gives the amount of pollutant deposited per umnit fime per umnit surface area,
and is usually calcﬁlated as kg/kmz-hr, while seasonal estimates are expressed
as kg/kmz-month. The esﬁimation of- the monthly or yearly surface deposition
fluxes at a given downwind d;stance.x from tﬁe source in a given wind-directional
sector requires the knowledge of the fraction of the time that a mean wind of a
given magnitude blows in that direction in a month or a year, reépectively. To
obtain D in kg/kmzlﬁr when V, is givgﬁ in cm/s gnd C in g/m3, the right-hand
side of Eq. (55) should be multiplied by 36000. To obtain D in pg/mz-hr when
Vd is given in cm/s and C in pg/mB, the corresponding multiplication factor is
36. For D cglculations, the ground-level receptor is generally defined as any
receptor which is not higher than 1 meter above the local ground-}evel

elevation,

AREA SOURCES

Urban air pellution results from (a) elevated large point sources such

as tall stacks of electric power plants and industries, (b) isolated line
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sources such as.highways, and (c) distributed area sources such aé industrial
parks, clustered Highways, and busy interchanges, parking lots, and airports.
Numeroug small lpw-level point -sources distributed over a broad area, such as
smoke frbm chimneys of dwellings in an urbaﬂ residential area, can be treated

as an area source, Therefore, an urban diffusion model should be able to

account for point, line, and area sources.

The line and area source proh}ems are generally treated by integrating
the point-source diffusion algorithms over a crosswind line or over an area.
Differences between urban air pollution models occur only in the details of
how pﬁe area source summation is carried out and in how various meteorolo-
gical paremeters are included. The simple ATDL Area-Source Model described
by Gifford (1970), Gifford and Hanna (1970), and Hanna (1971) is widely used
in many of the current practiqal urban air poilution models,. such as the
Texas Episodic Model (TACB, 1979). We briefly describe below the derivation
of the Gifford-Hanna algorithm for estimating the ground-level concentrations

due to urban area sources.

Consider two equal grid squares with side Ax, one of them containing
the ground-level area source emissions (Q), assumed to be located at the
centef of the sqﬁare;-the secgnd square, also known as thg "calculation
grid square," contains a ground-level receptor (R) at its center. The wind
(M blqws along the line from Q to R, as shown in Figure 1(a). The distances
from the receptor R to the‘dowﬁwind and upwind edges of the emission grid
square are denoted by x. and x respectively. Since the two grid squares

1 2

are equal in size,_x1 and X, are identical to the distances measured from Q

to the upwind and downwind edges, respectively, of the calculation grid square,
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Fig. 1. Schematic diagram for area-source algorithms showing (a) a grigd

square with emissions and a grid square with receptor, and the
distances; (b) a cross-section of the calculation grid square,
and the incoming and outgoing normalized fluxes of pollutant.



~as shown in Figure 1(a). "

Neglecting deposition, sedimentation, and chemical transformation, the
surface (2=0) concentration.due to a ground-level (H=0) point source of

strength Q (units : M T—l) is given, from Eq. (44), by

- g g .
Clx,y,0) =3 - o1 - 2 . (56a)
y Tz -
where ’ g,(x,0) = 2 . T (56b)

The surface concentration due to a crosswind infinite lipe source can be

obtained by integrating Eq. (56a) with respeét to y:

[+ : ot
- g
B0 = | coy,0 ey =222 & (57)

-0 : z 2

where Q now has units of M L-1 T-1 and represents the emission rate of the line

source.

The surface concentrationm at the receptor R due to an area source Q

can be obtained by integrating Eq. (57) with respéct to Xx:

N

Sk '-\/—QFZQE S
\ = x,0) dx = 0 5 (58)
xl . xl 2z
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Assuming o, is given by a power law of the form,

Uz(x) = a xb : ) (59)

where a and b are constants depending only on the atmospheric stability, we
obtain

_ 12 q [ .1-b i-b
A= N7 Ta(i-®) ("2 ! ) (60)

2

Here Q has units of M L~ T-l, representing the emission rate of the area

source, and 0 £ %y < X,

area source Q located upwind of a single receptor R. If thé latter were located

This equation gives the concentration of a single

at the center of the emission grid square itself, then X, = o, X, = Ax/Z; and

.Eq. {60) becomes ' - -
. ' 1hb .
2 o - roaxT ‘ .
¢ = Vi maeylz (61)

If N receptors are- located downwind of a single area source Qo’ then
the concentration at the receptor Ri in the i th grid square (for i = 0, 1,

- - -, N) is given by

' Q
_ - f2 o 1-b 1-b
Cai T Na Ga(i-p) (XZi B T ) - (62)

where X135 and Xps are the distances measured from Q0 to the upwind and downwind
edges, respectively, of the calculation grid square with the i th receptor.

Figure 2 illustrates this for N = 4.

If N area sources are located upwind of a single receptor Rn‘ then the

contribution to the concentration at the recepter by the source Qi in the i th
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Fig. 2. Schematic diagram showing a single grid square with emissions

and four downwind calculation grid squares with receptors, and
the distances used in area-source algorithms. These distances
are measured downwind from the source Qo'



grid square (for i = 0, 1, ---, N} is given bf
Q. : ) .
R A | 1-b _ 1-b
i “Nn Ta(l-b) ( *21 7 *ui ) (63)

where Xy and X, are the distances measured from Ro to the downwind and upwind

edges, respectively, of the i th emission grid square. This is'illustrated in
Figure 3 for N.= 4. As noted earlier, the distances X4 and Xps in Eq. (63)
are identical to those used in Eq. (62), since all grid squares are equal in

size. The total surface concentration at the‘receptor Ro can be obtained by

summing up the individual contributions of all N area sources:
N .
N P S 1-b. _ _1-b
G = VN7 Gaw P Y (XZi *11 ) (64)
: i=0 . .
This algorithm for urban area sources was given by Gifford and Hanna (1970) in
a slightly different form by using

(= (2i- 1) /2, %, = (21 + 1) Ax/2 .

%1 2i

| (65)
i < %o

A more general form of this algorithm was first derived by Gifford (1970),
assuming that the mean wind and vertical eddy diffusivity are functions of

height .given by power laws.

It should be noted that the Gifford - Hanna algorithm, Eq. (64), ignores
horizontal diffusion. Gifford (1959) postulated that air pollutant concentration
at a receptor due to the distributed area sources depends only on sources located-

in a-rather narrow upwind sector. The angular width of this sector, derived from
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khown values of the horizontal diffusion length scale L*, is lesg than the‘
usual 22.5° resolution'of observed wind directions. Consequently, lhorizontal
diffusion can be ignored. This assumption is-referred to as‘the "narrow plume
hypothesi;." -The'croséwind variations in the source—strepgfh patterns can be

_similarly ignored, since the urban source-inventory box areas are quite large,
usually 5 x 5 km or more, and do iot vary much in strength from box to box;

. therefore, the contribution of the source box ngtaining the receptor is generally
the dominant one, and the contributions of more remote upwind area‘sources to
this receptor comcentration are comparatively small. For this reason, it is
generally adequate to co;sider only four area sources immediately upwin& of
each receptor grid square, i.e., N =‘A in Eq. (64). For the same'reason,

a and b are assumed te be independeﬁt of thé upwind distance x.
Gifford and Hanna (1973) noted that, for the usual case of receptors
within a city, the area sdurge component of the urban air pollution is |

“strongly dominated by the source-strength pattern'énd by tranéport by the

mean wind. Atmospheric diffusion conditions in cities tend to be of the

near-neutral type, without the strong diurnal variations found elsewhere.

For thesé reasons, they suggested a 'simple ;pproximation of the area source

formula, Eq. (61), as _
C, =k Q/U ' - . (66)°

where k is'given by

1-b .
_ 2 X
k_,/-ﬁ. YSEDR (67)

and x is the distance from a receptor to the upwind ‘edge of the area

source: The parameter k is a weak function of city size and should be
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approkimately constant. Using a. large quantity of air pgllution daéa, aﬁerage
annual emissioﬁs, and concentrations of particles for 44 U.S. cities and 802
data for 20 cities, Gifford and Hanna (1973) found k‘= 225 for partiéles, and
50 fo£ SOé, with standard deviations of roughly hglf their magnitude. They

noted that Fq. (66) works better for longer averaging periods.

None of the eguations given above fqr area sources consider. deposition,
sedimenfation, and chemical transformation/decay of gaseou; or particulate
pellutants. However, removal énd transformation processes can be important for
ocbtaining reasonable estimates of the pollutant deposition fluxés in urban
residential areas. The area source concentration ;lgoritﬂms for the
general case that includes deposition, sedimentation, and chemical trans-
formation can be obtained by integrating the point-source concentration

algorithms for pollutant species-l and 2 emitted at ground level, following

a procedure similar to that shown in Eqs. (56) to (60), as follows:

Xz [
Cpy = J’ f ¢, (x,y,0) dy dx
 x, -
o, (2 - . |
=T j- ql(x,O) dx - . . (68a)
Xl -
Xz‘ <
c =f fc(xy,ﬂ) dy dx
A2 I
1
Q 2\2 -
= ﬁl j- q,(x,0) dx (68b)
X = ;

*
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In the abo#e, we utilized Egs. (3j and (4),'and integrated with respect to y.
Though straightforward in principle, the x-integrations required in Eq. (68)
are very difficult to carry-out in practice, especially for pollutant species-2.
This is due to the obvious fact that the integrand functiomns r;presented by
the probability densities ql(x,O) and qz(x,o) are complicated functions of x,
unlike the case in the derivation of ;he Gifford-Hanna algorithm. -Even if
one is successful in.evaluating fhese diffiéult igtegrals analytically, one
finds it nearly impossible to physically interpret the terms of the resulting
éompliéated expressions. Following this experience, we started explorihg for
an alternativé to this direct approach for deriving the area source concentra-
tion algorithms in the general case that(includes depdsition, sedimentation,
and chemical transformation. These efforts were successful, culminating in the
derivation of aﬁ elegant alternate approach, which can be_physically explained
in terms of mass balance considerations, as outlined gelow.

We rewrite the differential equations and the deposition boundary conditions

of Egs. (6) and (18) as follows:

U 9q,/3x = 3(K, 3q,/3z + W, a,)/9z - q,/1, | (69a)
[Kz 8q,/3z + W, ql]z=0 = Vg, q,(x,0) (69b)
13} 8q2/8x = B(Kz 8q2/8g + Wz qz)laz + Y-qI/tc - ~(70a)
[X, 29022 + ¥, 4, ], = Vg 300,00 (70b)
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Integrating Eqs. (69a) and (70a) with respect to z from 0 to ®, and substituting

Eqs. (69b) -and (70b), we obtain

o - ®
3 - . 1
U 3x J; 9 dz = le ql(X,O) - ?c J; 9, dz (71a)

o . oo
9_ - - ¥ :
U 9% '[) q2 d_Z - de Q2(X:0) .+ 'EC \[3 qz dz (71b)

For ground-level sources (H = 0),.

=}
J- qa, dz
o

-]
gél(x z) . : :

[+ -] - o . .
géZ(x z) . : .
J;- q, dz J; ———i—l—— dz g42(x) . . (72b)

Substituting Eq. (72) in Eq. (71), and integrating the latter with respect to x

- from xl‘to Xy and rearranging, we obtain

: x;2 . . X, -
Vil J; ql(X,O)'dx =0 [ gal(xl) - gil(xz) ]. - f: _J; gél(x) dx - (73a)
1 ) .

X
2
- ! - ! L
Va2 L 4y (%,0), dx = U [ 8,2(%1) 7 840(%y) ] i
. . |
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# 0.

where le’f 0 and de

Noting from Eq: (68) that

x
2 )

i' .qi(x,O) dx = U cAi/QI s i = l1or2, (74)
1

we can now write the area source concentration algorithms for pollutant

species-1 and 2 as follows:

X
Q - f2

Cpy = E [ 851 (%) - 84,(x,) - ﬁ%— f .g;’l(x) dx ] - (75a)
C Xl
x
.Y R 2

Cyp = T, [ 8i2(x)) - gip(x) + ﬁ 1[ 84, ) ax ] (752)

Here gal(x) and gaz(x) are the nondimensional algorithm; derived for the point-
.source concentrations (see Table 1) in the well-mixed region. Thus the

alternate approach, outlined above, is unique in that it allows one to use

the same algorithms (and the same program subroutines) to computé the concentrations

due to both point and area sources.

Rao (1981) showed that, for H = 0,

Cgl(x) = L) f (76a)
where
t =g [ ety oy | - (16b)
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?s the suspension ratio, rep;esepting the‘proportion (fraction)‘of the pollutant
- released at a rate Q by a source located at (0,0,H) that still remains air-
borne' at downwind disténce X. Therefore, Ql_- gi(x)'in Eq. (73) represents

the fiﬁx of pollutant pﬁssing through an imaginary vertical plane at downwind
distance x. Referring to Fiéure 1(b), we can now physically interpret the

area source concentration algorithms, Eq. (75), as follows: For each calcu-
lation grid square box formed by the ground éufface and twé imaginary vertical

plaﬁes at x = Xy and x = Xys the pollutant mass balance is given by

Incoming flux - outgoing flux * flux gain/loss due to chemical

transformation = surface deposition flux
where

Incoming flux = Q1 . gai(xl), i=1o0r 2
OQutgoing flux = Q1 -‘gai(xz),
Flux loss due to chemical transformation (species-1)

b4
Q, 2
= T g4y (x) dx,
[ X

1

Flux gain due to-chemical transformation (species-2)

o, (72 ' .
= 84, (%) dx,
' c “x

1

Surface deposition flux = Vdi . CAi'

The only-unknowns in -the above are the surface concentrations, CAi’ which can be
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calculated as shown in Eq. (75). Thus-the area source concentration algorithms
in the alternate approach, derived mathematically from the governing differential
equations and the deposition boundary conditions, can be explained in terms of

physically realistic mass budgets of the pollutant species.

Note that the functions gLi aré-pafameterized and_gi%en in terms of
X = x/JEUz instead of x. Furﬁher, we did not spg;ify.any particular form of
variation for Oz(k) in the derivation of the area source Algorithms using the
alternate approach. Therefore these algorithm; should be valid for any specified
.type of variation (e.g., power law, exponential, polynomial, etc.) of Uz(x).
For a power law of fofm o,=a xb, used by Giffordrand Hanna (1970), the
algorithms given by Eq. (75) are valid when the value of b is not signifi-
cantly different from 0.5. Thig latter value follows from the relations
given in-Eq. (42), which allowed us to express the exact analytical solutions
in terms of the empirical Gaussign dispérsion parame#ers. For urban area
sources, however, Gifford and Hanna (1970) used values of b ranging from
0.91 to b.?l, depending on the atmo;pﬁeric stability class. These values
are based on extensive observational data summarized by Sﬁith (1968) and
Slade (1968). Thus when b is significantly different from 0.5, Eq. (75)

should be modified for use with a power law variation of c, as follows:

%y
Ql - 1
€1 7 TV [ 341(x1) - 841(x2) - ﬁ{‘-[- gﬁl(x)‘dx ] . (77a)
41 Ut |
)
Q, : f . g
—_— 1 - L] . J_ 1
Chp = FEEDI [ 840 (%) - 8;,0x,) +‘ T J, 847 (%) dx] (77b)
. 1
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For Vdi-—"> 0 and IC-——> @, the concentrations calculated by these algorithms
agree with corresponding values given by the Gifford-Hanna algorithm, Eq. (60).
The latter can be easily extended for two chemically-coupled pollutants as

follows:

' = (M2, -x/UT ' |
CAl *\Nr Ta C X e c dx (78a)
X - L

_ fz 1 . 22 1-b _ _1-b )
CA2 - E Ua(l—b) [ Ql + Y} (XZ xl ) Y CA] (78b)

For Vdi———9 0 and any finite value of t;, the concentrations evaluated by

Egs. (77) and (78) show remarkable agreement, even though these two sets of
equations are derived u§ing different épproaches. This good agreement may .
be congide?ed as verifi;ation of the area source algoritﬁms, Eq. (77), based

on the mass balance apprdéach.

Equations (77).can be easily extended, as shown before, to the case of
N recepéors downwind of a single area source (see Fig. 2);‘the concentrations
at the receptor Ri in the i th grid square can be obtained by using the
appropriate dowﬁwind,distances Xy and Xps in Eq. (77). 1f N area sources

are located upwind of a single receptor Ro, as shown in Fig. 3, them the total

‘surface concentrations at the receptor can be obtained by summing up the

individual contributjons of all N area sources, as follows:
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Caz = 2(1-0)V,, :z Q4 By (%q3) = g (xy0) + Ur_J, 8, (x) dx (

=0 - . 1i
In Eq. (79), it should be noted that for i = 0,
_. ] —-— ! — ’

specify the initial conditions. Further, we note that for i > O,
[ . = 4 1 = '

where j=1i-1,

In Eq. (79), therefore, one needs to compute the functions gal(x) and gaz(x)

only at x = x,,., i= 0, 1, --- , N, since their values at x = xli-afe known.

2i’?
The subroutines that compute gal and giz are common to both point and area
sources. Thus the area source algorithms, Eq. (79), are simple, accurate, and

" computationally efficient.
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SECTION 4

RESULTS AND DISCUSSION

In this section, we couside; the well-known problem of the atmospheric
transp?rt and transformation of 802 (species-1 or primary pollutant) to
soz (species-2 or secondary pollutant). -The diffusion-deposition algorithms
developed in the—previoﬁs section for wvarious stability and mixing conditions
for an elevated rural continuous point source were tested using the following
nominal vaiues for the model parameters:

U=5m/s , =30 m , KST = 5 (P-G stability class E)

le =1 em/s , Wl =0, Q1 =1 g/s .
Vd2_= 0.1 cm/s , Wz =0, Q2 =0 _
k£ = 1% per hour (r. = 36x10° s) , ¥y=1.5

Some of the important results, calculated up to a_downwind distance of 20 km
from the sourée, are presented and discussgd in this section. Any variatioms
of these nominal values of the model parameters are clearly shown in the
figures and.noted in the text. The parameters Oy and g, used in the calcu-
lations are the P-G values, which appear as graphs in Turner (1970) and in
Gifford (1976, Figure 2). These values, which are widely used for continuous
point sources-in rural areas, are most applicable to a surface r;ughness of
0.03 m (Pasquill, 1976).

‘The diffusion over cities is enhanced, compared to that over rural areas,

due to increased mechanical and thermal turbulence resulting from the larger
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“surface roughness and heat capacity of the citiés. This is reflected in the
urban dispersion parameter curves ﬁased on interpolation fokmulag given by
Briggs (see Gifford, 1976, Figure 7). Some urban air pollution models, such
as the Texas Episodic Model (TACB, 1979), simulaté the increased surface
layer turbulence over urban areas by decreasing the P-G atmospheric stability
cla;s.indéx by one, for all classes except Class A. In any case, the algo-

rithms given in the previous section can be applied to sources in urban as

well as rural areas by using the appropriate dispersion parameters. -

SENSITIVITY ANALYSES

The algorithm for the ground-level concentration of the secoﬁdary

pollutant given in Eq. (47a) can be writtén as
géz(ﬁ,q) = Term 1 + Term 2 + Term 5 .

" The physical interpretation of tﬁese terms was discﬁssed in the previous
section. TFigure 4.;hows the delicate balance that exists between the
tlhiree terms; Term 2 and Term 3 together nearly balance Term 1. A non-zero
concentration for the secondary pollutant fesulps from‘the small positive
imbalance of the three terms. Figure 4 shows that Term 3, which accounts

for the differences in the deposition rates of the two pollutant species,

becomes increasingly important as x increases,

Because of this tenuous balance between the three terms in 352(2,0),
the weighting function Fl(i,O) in Term 3 must be evaluated by numerical
integration te a very high degree of accuracy. An examination of Fl(ﬁ,o)

in Eq. (47c) shows that the integrand function has singularities at the"
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end-points t = d and t = 1 of the integration domain in t. A computer-
library sﬁbroutine némed'DOIAJF, developed by the Numerical Algorithm;
Group (NAG), was utilized in this study for-the.numerical integration.
This routiﬁe, which is capable of handling the singularities, has_been
. selected because of its'accuracy and applicability. It estimates the
value of a definite integral of an exte?ﬁally.defined function over a
finite range to a specified absolute or relative accuracy, using Gauss-

Kronrod rules in an'adaptive strategy with extrapolétign.

The behavior of Fl(ﬁ,o) for four different effective plume heights is

explored next. Noting that

1,

1
nf Je(1-t)
: )

we can easily.see from Eq. (464) tﬂat the valué of the weighting function
Fl(ﬁ,ﬁ) is always between 0 and 1. Figure 5 shows that the value of Fl(i,ﬂ)
is close to 1 for ground-level non-buoyant sources (H=0), but decreases
rapidly as H increases, especially for small valueé of x. For all nom~zero
H values, Fl(i,o) increases with x és shown_in Fig. 5. This clearly illus~

trates that Term 3 becomes important as x incréases.

The behafior of Fl(ﬁ,i) for four different receptor heights is sh9wn
in Fig. 6. The weighti;g function decreases rapidly as z increa;es. At
large x, the calculated vidlues of Fl are of the same order of magnitude for
all =z values: Figure 7 shows the variation of Fl(ﬁ,O) for three different

~

values of the deposition parameter Vll of the primary pollutant. Though F1
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increases with x initially for all V.. values, as shown in previous plots,

11

F1 reaches a maximum at a certain value of x, and then starts decreasing as

¥ increases. This is illustrated by an order of magnitude increase in the

~

deposition parameter V.. in Fig. 7.. A similar behavior is shown in Fig. 8

11

for the secondary pollutant. This plot suggests that the effects of the
deposition‘parameter_in the evaluation of Fl(ﬁ,O) may be ignored if
- 4

vl.'gleo',i=1or2.
1 =

GROUND-LEVEL CONCENTRATIONS (GLC)

The variation of ground-level (z=0) plume-centerline (y=0) relative
concentrations, UCl(x,O,D)/Ql, ?f the primary pollutant are shown in Fig. 9

2

for V.. =0, 2 x 10-3, and 2 x 10 %; WI = 0 in all three cases. The

dl
: Vd1:= 0 value corresponds to the zero-deposition case in which the new
concentration algorithms reduce to the well-known Gaussian plume algorithms
but with a first-order chemical decay of pollutant. This case is included here

for comparison. "As V., increases, the peak GLC's and the downwind distances

di
where they occur decrease. For Gd] =2 x_1o'2, representing moderately
strong deposition, the concenfration at x = 20 km is aboﬁt an order of magni-
tude smaller than the corresponding‘value for Gdl =2x 10-3.

Figure 10 shows the GLC variation for the sé&ondary pollutant. Since
the direct emission of species-2 is zéro, the concentrations shown are
entirely due to the chéﬁical transformation. For kt = 1% per hour, the

peak concentration of species-2 is about three orders of magnitude smaller

than the corresponding value of species-1l, and the downwind-~distances of
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these peak values are larger 'than those of species-1. It should be noted

that C2 depends on the deposition parameters of both species as well as on

the chemical transformation rate. .

Figure 11 shows a comparison of calculated ground-level centerline concen~

trations of the’secondary pollutant, when the latter is composed of {(a) particu-

42 > .1 cm/sr(V12 =5x 10f3), or (b) gaseous species with

late matter with V,, = W
=0 (V,, =107%). The wind speed U is identical in both

de ='l cm/s, W2
"cases. The péak GLC for case (a) exceeds the corresponding value for the
non-deposition case (Vd2 = WZ = ) and occurs closer to. the source. This is
a result of gravitational settling of particles which tends to move the plume
toward the ground as it travels downwind. The effect of deposition in this
case can be seen as an increase of GLC near the source, and a compensating
decrease fafther—downwind. The GLC variation in case (b) for the gaseous

pollutant is similar to that shown in the previous figure. These results

are consistent with those given by Rao (1981). -

CHEMICAL TRANSFORMATION RATE

The effect of va#ying the chemical transformation rate by two orders of
magnitude on the secondary.pollutant concentration is shown in Fig. 12.
Since Qz = 0 here, chemical transformation accounts fer the entire concen~
tration of species-2. For all kt valugs shown, the peak GLC's_occuf at the

same downwind location, since the meteorology and the deposition parameters

are kept constant. An order of magnitude increase in kt increases the -
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concentration by about the same magnitude. The GLC of the secondary.polluy-
tant increases sharply with x until its pedk'value-is attained, and then it
gradually decreases primarily due to a decrease in the reactant concentration.

At small x, the rate of increase in the GLC is directly proportional to kt'

The corresponding plot for the primary pollutant concentrations calcu-
lated over the same range of kt values is shown in Figure 13; The resﬁlts
shows that C1 is not significantly altered by even a valﬁe oﬁ kt = 10% per
hogr, which corresponds to T, = 36 x 105 s. The pollutant-transport tiﬁe'

- scale, given by x/U, is 4 1;.103 s at x = 20 km; this is much smaller than
L and so exp(-x/UtC) ~ 1. Even for a value of kt = iOO% per hour, C;
decreases by only about 1.1% at x = 20 km.

E?FECTS OF ATMOSPHERIC STABILITY

Figure 14 shows the primary éollutant concentrﬁtions calculated %or -
P-G stability classes A £o F (KST = 1 to 6). The peak GLC's decrease slightly
with increasing stability, and their downwind locations mo§e farther away froﬁ
the source. The effects of deposition on the GLC generally increase. markedly
as the stability iﬁcreases. However, under convective conditions, atmos-
pheric turbulence enhances the mixing of the plume and, in the well-mixed
" region, distributes the pollutant uniformly through the entire mixing depth.
Therefore, as the stability decreases,-the.GLC's decrease as shown. For XST = 1,
the interpolatioﬁ for concentration in the plume-trapping region (1 < x £ 2 km)

can be clearly seen in the figure.
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The corresponding variations of the sécondary pollutané concentrations
are shown iﬁ Fig. 15. It can be seen that the peak GLC's of species-2
iﬁcrease-with increasing -stability. Their values are generally about three
ofdgrs of magnitude smaller than the c;rresponding valueg for species-1.

The downwind distances of the peak GLC's of the secondary pollutant are

generally larger than those for the primary-pollutant.

The concentration curves shown in ¥igs. 14 and 15 do not appear smooth
for x £ 0.5 km because of the finite steps in x used in the calculations. Smoother
curves can be obtained by decreasing the step size Ax and increasing the number

- of steps in this region.
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SECTION 5
SUMMARY AND CONCLUSIONS

A gradient-transfer (K-theory) model that accounts for the atmospheric
diffusion and deposition of two gaseous or particulate pollutapt species,_
which are coupled through a first-order chemical transformatioﬂ, has been
formulated. This mode;, which includes Q deposition boundary conditipn for
each species, treats the pollutant removal mechanisms in a physically realistic
and straightforward manner. The exact analytical éolutions-for concentrations
of the two pollutants released from an elevated continuous point source have
been derived. For practical application of the model to a variety-of atmospheric
stability condiéions, the eddy-diffusivity coefficients iﬁ the analytical
solutions have been expressed in terms of the widely-used Gaussian plume-disper-
sion parameters, which are functions of downwind distance and stability class.
This approximation allﬁws one to utilize the vast amount of empiricalhdata on
these parameters, for a variety of diffusion conditions, within the framework

of the standard turbulence-typing schemes.

In order to facilitate comparison, the new diffusion-deposition-transforma-
tion algorithms for vafious stability and mixing conditions have been parame-
terized and presented as analyticai extensions of the well-known Gaussian plume
dispersion algorithms presently used in EPA air quality models. In the limit
when the deposition and settling velocities and the chemical téansformation rate

are zero, the new algorithms reduce to the standard Gaussian plume equations.
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Thus the model outlined here retains the ease 6f application--and is subject

to the same basic assumptions and limitations--associated with Gaussian plume-

type models. :

The formulations and the solutions are general enough to permit either
{or both) of the two pollutant species to be a gas or particulate matter (of
a known size), Difect emission of the secondary (reaction product) pollutant
from the source is pe#mitted. Simplifications of the new algorithms for
‘ground-level sources and/or receptors, and very sloﬁ'chemical réactions,
are indicated. Limiting expréssions of the algorithms for large particles

are derived.

An innovative mathematical approach has been outline& to derive elegant
expressions for ground-level concentrations of the two species.due to emissions
from area sources. These simple expressions, derived from the governing |
equations and the depositidn boundary conditions,-involve‘only-the point source
algorithms for the well-mixed region. This permits ome to use the-same program

subroutines to compute the concentrations due to both point and area sources. -

The new area source concentration algorithms'are physically explained in
termsrof the mass budgets for the‘p;llutant species in each calculatién grid
square. For practical application to urban air pollution models, these algo-
rithms are extended to multiple area sources and receptors. For power-lgw
variation of Gz(x), simﬁle modifications of‘the algorithms are suggested to
establigh agreement wiéh the Gifférd—Hanna area-source algorithms in the limit

when the deposition loss of species is negligible, ‘Thus the area-source



algorithms, derived here through a new mathematical approach are physically

realistic, simple, efficient, and accurate.

A sensitivity analysis of the concentration élgorithm for the secondary
pbllutant is given to iilustrate the delicate balance of its terms and the
behavior of the'numerically-evaluated weighting fungtion in one of the
terms. For an elevated point source in a ru?al area, the variations of
the ground-level concentrations of the two species are calculated by varying
the assigned nominal values of each of the model parameters. The results
‘are presented and discussed with reference éo the Gaussian plume concentra-

tiomns.

The point and area source concentration algorithms developed in this
report may have wide applicability in practical rural and urban air pollu-
tion and particulate models, such as the Pollution Episodic Model (Rao

.and Stevens; 1982), for use in research and regulation.
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APPENDIX
SETTLING AND DEPOSITION VELOCITIES

For a monodisperse particulate cloud, the individual particles have a con-
stant gravitational settling velocity. This terminal velocity is given by

Stokes' equation (Fuchs, 1964):

where d is the diameter of the particle, g is accele;ation due to gravity, p is
the particle density, and p is the dynamic viscosity of air. However, for

d > 100 pm,. the terminal fall velocity is sufficiently great tha£ turbulence

in the wake of the particle camnot be néglected, and the drag force on the
particle is greater than the viscous drag force given by thé Stokes' iaw,_

Fd = 3nde.. For a particle with d = 400 pm, the actual value of W is about
one-third the value given by.Eq. (A-1). Furthermore, Stokes' expression for
the drag force describes the effects of collisions bet;een air molecules

and a particle, assuming air to be a continuum. This assumption is ot valid
for very small particles, since the mean free path between moleculaf collisions
is comparable to the particle‘size; under these conditions "slippage' occurs,
and the particles underge Brownian motion and diffusion, which give a terminal
velocity greater than th;t predicted by Eq. (A-1). A discussion of the slip
correction factor for the Stokes' eduation can be found in Fuchs (1964) and

Cadle (1975).

84



.The.values for the terminal gravitatiooal settling velocities for different '
particulate materials are given in a tabular form by Laiple (1961) based on |
N :
particle diameter and Re&nolds number. These values, which account for
the ﬂevistions from Stokes' equation discussed above, are given for spherical

particles with a specific gravity of 2.0 in air at 25°C and 1 atm. pressure.

This table has been reprinted in Sheehy et al (1969) and Stern (1976).

The dry deposition pollutant*removai mechanisms at the earth's surface
include gravitational settiing, turbulent and Brownian oiffusion, chiemical
absorption, inertial 1mpact10n, thermal, and electrlcal effects. Some of the
depos1ted particles may be re~ emltted into the atmosphere by mechanical resus-
pension.’ Following the concept introduced by Chamberlain (1953), particle
removal rates- from a polluted atmosphere to the surface are usually described
by dry deposition velocities which vary with particle size, surface properties
(including surface roughness z, and mo1sture), and meteorolog1cal conditions,
The latter include wind speed and dlrectlon, friction velocity u,, and thermal
stratification of the atmosphere. Deposition velocities for a wide variety
of substances and surface and etmospheric conditions may be obtained directly
from the literature (e.g., McMahon and Penison, 1979; Sehmel, 1980). Sehmel and
. Hodgson (1974) giﬁe plots relating deposition oelocity Vd to d, Z,s Uy and the

Monin-Obukhov stabiliiy length, on the basis of wind tunnel studies.

Considerable care needs to be exercised in choosing a representative
deposition velocity,.since it is a function of many factors and can vary by.
two orders of magnitude for particles. Generally, Vd should be definedl
relative to the height above the surface at which the concentration measurement

is made. The particle deposition velocity is approximately a linear functionm
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0f wind speed and friction velocity, and its minimum value ‘occurs in’ the particle

‘diameter range 0.1 - 1 pm. -

In the trivial case of W = Vd = 0, settling and deposition effects are negligible
For very samll particles (d < 0.1 uﬁ), gravitational settling can be neglected,
and dry deposition occurs primarily due to the nongravitational effects mentioned
above. In this case, W =.0 and Vd > 0. For small to medium-sized particles.
(d = 0.1~50 pm), 0 < W < Vé; deposition is enhanced here beyond that due to
gravitational settling, primarily because of increased turbulent transfer
rééulting from. surface roughness. For larger particles (d > 50 ym), iF is
gene;glly assumed that Vd = W > 0, re-entrainment of the deposited particles
. from the surface into the atmosphere is implied as, for example, in a dust
storm: The first four sets of model parameters given above are widely use@

in atmospheric dispersion and deposition of particulate material. The deposition

of gases is a special case of the particulte problem with W = 0.
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