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Il:TRODUCT101f 

The place of estimates of ~ortality and replacement in a management 
program, and their position in the investigation of the pilchard resource 
of the Pacific coast, are pointed out by Sette (19hJ) . Derivation of 
such statistics for fish populations has been investigated by ~aranov 
(1918), Thompson and Bell (1934)J and Ricker (1940), whose theories under­
lie the computations described ~erein. The last named student has de­
veloped concepts not included in the -;rork of the earlier authors and 
gives mathematical formulations in n form more readily adaptable to the 
data available for the pilchard population than do the others . This 
·report describes the application of Ricker*s formulations to the pilchard 
data, and also develops new equations where necessary. To avoid adding 
to the symbols in the already con.fused set employzd in fisheries statis­
tics, those used by Ricker are adapted for this report . 

This analysis was conceived and carried out. under the inspiration 
and guidance of Oscar SJ.ton Sette, in charge, South Pacific Investigations 
of the United States Fish and W'ildlifo Service ~ For critical reading 
of the manuscript and suggestions for improvemGnt, the author is grateful 
to Drs. V1. E. Ricker, IJ. 3 . Schaefor, J. L. Ha.rt , and Frances N. Clark. 

BASIC ASSlHJPTIONS 

In treating fisheries statistics by thcl method used her ein it is 
necessary to make certain simplifying assumptions . These have b een set 
forth by Ricker (p. 44) and may be condensed as follows : 

· 1 . Tho amount of effort expcmded tmrard catching fish is· distrib­
uted uniformly ovor the geo~raphicnl ranga of the species during 
the fishin~ season. 

2. Ther e is no competition bet;~a-on units of fishing gear for fish 
to be caught during one and the sai11c instant. 

Of the tvro types of fisheries postulat~d by Ricker, his llType II11 
most nearly conforms to that of tho pilchard fish~ry. It differs from 
his ltType J'.11 . in that natural mortality and rocruitm~nt take place during 
the fishing season. The listed assumptions nre given by Ricker as ap­
plying to his "Type I" f;i.shery, but ar.; later implied to be inherent in 
"Type II" also (Ricker, 1940, p. 59) . 

They do not hold strictly true for the pilchard fishsry, especially 
with regard to the uniform distribution of fishing effort . This does not 
preclude the use of tho involved formulations, however , if it is kept. in 
mind that they apply only to the extent to which the basic assumptions 
hold true . 
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KNO' ~ii QU11.NTI'I' 133 nll.) 1UI..in' I ONSHIPS 

Use of the s -.ri.)S of formulations gi vcm in this r eport is based 
on the assumpt ion that the fishery has been ~tabilizf::d at two differ ent 
l evels of f:!Xpl oitation during its deve:lopment . Although the pilchard 
fis h..:ry has never r eached complet e st'lbility, there were two p1...:r iods dur­
ing its history 'iVithin which thor o was ·'little shift in the total catch, 
and apparently litt~c trend in the total fishin~ effort expended . The 
firs t period occurred when the expa~sion of the industry was t~mporarily 
halted by the economic depression of the uarly thirties and the s econd 
included t he r ecent years of thG fishGry, durjng which t ho total catch, 
after having r eached a maximum in the 1936-37 se&son, has fluctuat ed 
ar ound nn annual take of about half a million tons per year . 

Uniform r ecruitment, as well as uniform ~loitation, a.re r equisites 
of a stabilized fishery. During t he early year s of the pilchard fishery, 
most of the r ecruitment •ms furnis ht..d by unus ually successful age groups 
or broods, \'rhich occurred at interval s of Lbout f our years . Four "super­
abundant gr oups 11 have boen r _connized by Clark (1936) during tho 1.5 sea­
sons , 1919-20 to 1932-33. To aver age out th~se fluctuations in r ecruit-

, ment, the firs t p~riod used in the study was chosen to include the passage 
through the fis hery of two of thu succ~ssful broods (dus ignat ed groups 
ncn and 11 D" by Clark, 1936) and included the .fishing s1..asons 192.5-26 
~hrough 1932-33, thus representing a time s ome;rho.t prior to the depres­
s i on. During the more r~cent p~riod (1937-38 through 1941-42) the dom­
inanco of unusually successful groups has largely dis~ppoarcd, (Clark, 
1939 p. 21) indicating more uniform r.Jcruitmcnt. 

For oi'.i.Ch of th.3 two i.... vcls of ~xploitation under consideration , it 
is nec~ssary to have information on: (1) Ag~ composition of the stock a­
vailabl0 to the commercial fish~ry, (2) total c~tch per season, and (3) 
r Llat ive amounts of effort (product of gear and ti~e) expended per soason. 
For t h1= more r ecent of the two periods, age co1:iposi tion was detorrnintild 
from scales. During the; earlier period· scak readings were not taken 
and it was necessary to deduce ~eu composition from length composition 
by a muthod involving growth rate and other characturistics of year classes . 
The total catch r ecords wero obtain c~d from the wei~h-in reports of the 
industry :ind convertod to numbers by means of length dis tribu.tions in 
samples of the catch in conjunction vrith previously dot.ermined length-
11·eight relationships . Relative amounts of effort wnrc calculatf..d ~Y.i 
dividing the total catch by tha computed catch-por -unit-of-effort .-7 

• 
Numerical values obtained for the thrue items of information are 

eivcm in tho a.ccompnnying Table- 1. Tho d~-ta on ap.;c composition ar'-- from 
samples taken in th~ commercial .fishery throughout ~ach fishing season, 
GXclus ive of thu surnm~r fishGry carriod on in th- Pacific Northwest . 

!/ This computation ·is in process of revision (1943). 
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Sampl es for the ei ght seasons of the ..... .:i.rly p~riod 11°.;.r e combined to dis ­
count the e ff'oct of' fluctuating rocrui tm,.mt. For the l atter pt...riodJ when 
r ecruitment was Il}Or e uniformJ age r C'adtngs for t he last s eason (1941-42) 
onl y vrer e usod._g/ 

Tabl e 1.-- Numerical val uos det~rmined for age cot:tpo~ition, r el ative 
fishury ;f fort, and catch. 

: J 

Hundreds of fish in sa.mplrs of age (to l~st :Rel a - a Catch, 
Per iod birthday): :tive :billions ---:----: ........ _: ________ : _________ : __ ~t-----=--------~ffort :of fish 

1: 2 : 3 : 4 5 6 7: 8: 9 :10 :11:12 13 : 
: : : : : : : : : 

1925-33 :47 :106 : 55~:338 :202 :120 :72 :43 :25 :13 :10 : 5 3 1 1.66 

1937-42 :58:527:310: 56: 14: 2: 1: . . : 
4 

The numt!rical vnlucs given in 'fabl,e 1 r epresent tho r esults of a 
canvass of the data available. n.t pr_seqt.. Many shortcuts and approxima­
tions hnvc entered into their dorivn.tion, but they haVt-J been used in 
the computations to obtain a preliminary ... stim-1.te of the chan~es which 
have taken plnce in tho pilchard stock, and to show tho way in which 
more precise data may be used when availabl~ . The annlyses necessary 
to the derivation of such pr l:lcise data arc nol'l' being carried on by the 
United States Fish and Wildlife Service and the California State Fish­
eries Laboratory. 

DET£RLtINING TOTAL HORTALITY 

The rate of disappearance, or total mortality, of tpe year classes 
may be determined from the relative are composition of the stock. As 
pointed out by Baranov (1918), in a stabilized population, the numbers 
of fish of each age, startin~ TTi th thu youngest commercial-size, are the 
same as the numbers or a given year-class surviving each year since its 
entry into the fishery. Therefore, the effective rate of disappearance 
may be determined from the age composition of the stock at any time after 
stabilization at that rate . The simplest method is to plot the logurithms 
of the nwnbers of fish of each age , so that a constant percentage decrease 

'3_/ A recent study of the method of takinr,: scale Si1r.1ples for use in the 
age analysis indicated that there was a tendency to select the larger 
fish of each sample (scales were taken from only 10 fish out of each 
50 measured) for the removal of scales. This may have caused an in­
dicated mortality rate lower than the actual . Computations to correct 
for this selection are now .:>eing made. 
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will be repres enteu by a str ai r;ht l i ne. !'1.~...tre 1 shor"IB i n t his fashion 
the numerical values used in this paper . It Will be seen at once t hat 
in boi+h periods the numbers of fi~h over age tno decline at a constant 
rat~!, "hile thos e of ages one and two years do .not. It was assumed 
that the one- and two-y~ar-olds are not fully a v:iilable to the fishery, 
and the line was fitted to the other ages by inspection; · The lines shown 
indicate an annual decline in lo~arithm of . 225 for t~e first period and 
.700 for the second. These may be translated into mortality rat.es (a) 
by the f ollmting formulations : 

Leit S1 anc~· s2 be- tne relative s tocks of mw two snccPSSi ve ages. 

Th~n 82 = ~l - a~l ~ S1(l-a) 
· · s2 and 1. - a ;::::__ . Si 

. talcing lo&:s lo~ (1-a) ::r log s2 - log s1 ..... _ 

or log (1-a) ::r - (log S2- l og ~1 ) . a - (annual decline in las ) 

Substituting numerical values given above, and letting subscripts r ef er 
t o the two peri ods , we have : 

log (1-~1) = -.225 
log (l- a2) ::r -.700 

l-a1 = .60 
l - a2 • . 20 

a1 "" ·1-.60 111 .. 40 
a2 = 1-. 20 = . 80 

In other words, the total mortality, or rate of disappearance, as indicated 
by the age compositions of the stocks, vras 40 percent :for the first, and 
80 percent for the second, period . 

SEPARhTING FIS' UNG lfOR'l'ALITY FR'.J; I NATUR.l\.L UORTALITY 

The total mortalities determined a'Jove may be broken down into fishing 
mortality and natural mortality if the latter is assumed to be the same 
for the trm periods . In the abs ;mce of any evidence of a chanp,e in the 
rate of natural mortality, this assumption was m.~de, and the method noted 
below •·;as adopted. 

T}lis depends upon tha fact thatt with the same' natural mortality (n) 
for tvm periods, a given pair of total mortalit~es (a1 , a2) combined wit~ 
a given ratio between the two fishing mortalities (m1, ~J is associ ated 
with a certain ratio betHeen the amounts of effort (rv r2) expended per 
year during the tvro periods . The procedure is to determine what ratio 
(R =- iR!> betv1een the two fishing mortalities gives the known ratio between 

lf The r egular decr~dse in numbers of the fish in each age class for the 
earli~r period is a result of the method of age analysis employ~d, 
rather than a natural phunomenon + 
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the two amounts of effort (~ "' 4). Natural mor tality (n) is p~t iri terms 
of R, a1 and a2 as f ollows: 1 

a1 = m1 + n - m1n 
(Ricker, p. 60, 1s t paragraph) 

a2 = rn2 + n - m2n 

But, by definition: R = ~ and ~ = Rm1 

Substituting in the s econd equation above we have: a2 = Rm1 + n - Rrnl. n 

Multiplying the firs t equation by R: Ra1 "' Rm1 +Rn - Rn1n 

Subtractin~ from the last equation the one above it: 

Ra1 - a2 = Rn - n = n(R - 1) 
Ra1 - a2 and n = R _ 1 (I) 

f2 Now 7:: must be ~ottcn in t erms of R, n, a1 and a2 as follows: 
l 

Starting again with: a 1 = m1 + n - m1 n 
and transposing : a1 - n = m1 - m1n = m1 (1 - n) 

a - n 
Dividing by (1 - n) : m1 = · 1 (JI) 

1-n 
Ala o, by definition : 1~ = Rm1 (III ) 

. f l og (1 -~ 
Finally: if .,, l og (1 - ml) (IV) 

This last formula was developed by Ricker for fis her i es of Type I . 
However, as shown by Schaefer (19h3) .• it may be use<l equally well for fish­
eries of Type II . 

Starting with a value of R of 2. 4 and s~bstituti.ng our previously 
determined values of a1 ( . 40) and a 2 ( . 80), ;, may be computed from the 
above equations as f ol lows : 1 

( ) 
2.li ( .40) - . Bo 111 3 I n = 2. 4 - l "' • 'i. 

(II) .40 - .1143 ~ 3226 
ml • 1 - . 1143 • 

(III) m2 = 2. 4(.3226) = . 7742 

(IV) !2, =log (1 - . 7742) B 
f l og (1 - .3226) = 3· 2 

J 
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Tabl e 2. - Substitutin!; success ive values ot; R. at interval s of . 1 , we have 
the following : 

R n ~ ~ 
f 2 

.T, 

2.4 .1143 .3226 • 77l.i2 3. 82 

2.5 .1333 . 3077 . 7692 3 . 99 

2. 6 . ll}OQ . 2941 . 7647 4.15 

Obviously, the val~ of R most closely approaching the true value is 
2. 5, since the value of !l of 3 . 99 is closest to the empirical value of 
4. 0 . Considering the va¥.i.ability of our data, any interpolation of values 
of R would be superfluons . Ther "3fore, referring to the center line of 
the t able, we now ha•.re natural mortality and fishing mortality for the 
two periods . 

DET!!W:INING RATE OF RECRUil'MENT 

TO. obt ain the number of recruits entering the fishery each year, 
we must f irst obtain the size of the available stocks for t he t V10 periods . 
These may be computed from.the t otal eaten statistics , if it is known 
what fraction the cat ch is of the avuilable s tock in each per i od. Ricker 
calls this fraction, 11rata of cxploitcltion" ( ,1u) . Its value may be de­
t ermined from our previously c omputed values bf total mortality (a), fish­
ing mortality (m), and natural mor tality (n ) as fol l ows : 

m fU = m + n (m + n - mn) (Ricker, o .60 , par . 2) 

But also: a = m + n .- rnn (Ricker,. p .60, par. ·l ) 
run 

Substituting: ;u = m + ~ (V.) 

Using the numerical values of a, m, and n given c'.Ibove , Wtl have : 
. ~o, 1011± 

(V) f11 = .JO 7 + • JJJ = ."2791 
. 80( . 7692) 

(v);u2 = . 7692 + .1333 = .6819 

Since JU r epresents the fraction of the ·s tock caught by t he fis hery, 
the availab1e stock (SA) may be comput ed fror.t t he cat cl-i (c ) and rate of 
expl oitation (f1) by the simple r el ationships : 

6 
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Substituting the values of ;u and C· previously determined: 
i.56 

(VI) S Al = :279 == 5. 95 b:11lions 

(VI) SA2 = ~ = 7.30 billions 

These stocks may now be broken dovm ·into their component ages i n 
accordance with the previously determined relati ve age compositions • 

• 
Table ).--Numbers of fish of each age obtained 

: BiIIi ons of F1s!1 or AGe Zto last bir t htiay ) : 

. . . . . . . . . . . . . . . . . . 
l : .18: • 68: 2. 04: 1. 23 : • 74: . 44 : . 26 .16 • 09 : • 05 : • 04 : • 02 : • 02 

II • • e • • . . . . . . 
2 :.44:3.98: 2.34: .4J:.10: .02 

: : 

S:ince the fish of age one are not fully available to the fishery, 
it is necessary, in or der that the r ecruitment to age one may be det er­
mined, to work .backward from the first age class that is fully available, 
age three in our exampl e . Let s and s be the available st ocks of any 
two successive age classes, and ~l and §2 be the t otal s tocks of t hese 
two age classes , r espectively. If the stock of the s econd age class i s 
considered fully availabl e , s 2 ~ s2• s1 is ~ubject t o the full mortality 
rate a, but the balance of the age class (s1 - s1 ) i s subject only to 
natural mortality n. Formulating t hese statement s we have : 

s 2 ~ s2 = s1 - as1 - n(s1 - s1 ) 

Expanding : . s 2 = s1 - as1 - ns1 + ns1 

Transposing: 

Factoring: 

Dividing by 

s2 + as1 - ns1 = s1 - ns1 

s2 + s1 (a - n) = s1 (1 - n) 
~ + s , (a - h) 

(1 - 11): s1 = ~ 1 o'.. n (Vll ) 

Substituting the empiri cal values previously determined and l etting 
subscripts r ef er t o ages , we find for the first period: 

(VII) S 2 . 04 + . 60 (.~0 - .13) 
2 = I - .I = 2.55 billions 

(VII) S - 2·>2 + .18 (.40 - .13) = 2.99 billions 
1 - 1 - .13 
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And similarly for the second period ~ 

(VII) 

(VII) 

s2 = 2.J4 + ) . 98£.00 - .13) = 5, 76 billions -r- . 3 

s1 = 5· 76 +l·~~i~O - •ll} = 6. 95 billions 

In other v;ords, the estimatt..d annual recruitment to age one during 
the second period was about t'Vfo and a third times what it was in the first 
period. 

EFFt:CT OF ERRORS IN ORIGI?JAL DATA· 

As stated earlier, the numerical values used in the foregoing ~ompu~ 
tations have been obtained by approximations, and may ba considerably 
in error . It is,. therefore, desirable to knol'I what effect errors in the 
various original data have on the final results . 

The c'U.rves in figure 2 indicatcl the values of natural and fishing 
mortality which will be obtained with values of effort ratio and t;etal 
mortality centering about those· µsed in the foregoing computations . It 
will be noted that the effect of a ~iven deviation is always greatest 
on natural mortality, and least nn fishing mort'J.lity, in the second period. 
This is favorable to the practical .applicu.tion of thr;; computations·, since 
the rate of natural mortality, in itself, is of relatively minor importance 
in settling questions relatinG to the commercial fishL.ry . On the other 
hand, rat~ of fishing mortality undur current conditions (second period) 
of exploitation is of the greatest interest , since it l~ads to the esti­
mation of the size of the stock of pilchards fron which the commercial 
fisher,r must ta.kc its c;;i.tch. 

Considering the relative seriousn~ss of v~rious types of errors, 
it is appdrent from figure 2 that 6rrors in computatior. of total mortality 
are more serious than tho~rn in the effort rcltio . For instance, the value 
of the effort ratio used in our comput.:;.tions \1<.lS 4.0. From figure 2 
it may be s een that, using total mortaliti~s of .40 the first period and 
. 80 the second period, a change in effort ratio from 4.0 to J.5, a decrease 
of 12.5 percent, would cause an increase in the cor.iputed- fishing mortality 
for the sec~md period of only 1 . 9 percent (from • 77 to • 785) . Howev~r, 
retaining the effort ratio of 4.0 and changing th~ total mortality for 

. the first pariod from .40 to . J5, again a dl..lcrc~se of 12. 5 per.:ent, would 
r esult in an increase in fishing mortality·for the second period of 2.6 
percent (from .77 to . 79) . In oth~r words, a given percentage error in 
total mortality would produce. about 1.4 tim-s the effect on computed fish­
ing mortality as the same percen·tage error in ui'fort ratio (for the ex-. 
ample given). 

In general it may be said that fairly larga errors in effort ratio 
would not seriously affect the re~tll.ts of the computations, provided that 

a 
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the estimates of total morto.lity were accurate, On tho other hand, a 
r elatively small error in computed total mortality might cause errors 
great enough seriously to affect the final intarpretation of the r esults . 
Thus it will be desirable, in the more precise determinations to be made 
in the future, to place special emphasis on accuracy in computing total 
mortality. 

SUMiilARY 

1. If it is assumed for a given population thn.t fishing effort is 
uniformly distributed, and that instantaneous competition between units 
of gear is absent, it is possible to estimate natural mortality, fishing 
mortality, and rate of recruitment. 

2. The source data raquirod are: (1) A~e composition of the com­
mercial stock, (2) total catch par season, and (3) relative amount of 
effort expended per season. Each of these must be lmown for at l east 
two poriod.s during which the fishery vms· relatively stabilized. 

3, Total mortality may be estimated directly from the age compos i ­
tion of the stock e.t any time after stabilization. 

4. Natural mortality may be scparatud from fishing mortality by 
assuming various ro.tios between the fishing mortalities for th8 two periods, 
and making successive trials until a combination giving the known ratios 
between the amounts of effort for tha two periods is fount.1-. 

5. Rate of r ecruitmant may be es timated by extrapolating the natural 
and fishing mortality rutos from the first fully availablG agb class 
to the entering age class. 

6. Errors in the source dat a will affect tho estimate of natural 
mortality the most seriously, and the estimate of fishing mortality during 
the second period the l east s eriously . 

Baranov, F. 
1918 . 
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