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1. Introduction

Gares {1U57) has presented an atmos-
pheric mode]l baszed on the subdivision of
the atmosphere into two baroclinic layers
itropesphere and stratosphere), separated
by & lropopanse suriace which is con-
sidered material.  The presenl paper deals
with a model based allogether on the use
of layers bounded by material surlaces,
as an alternative 1o the commonly used
isobaric  layers. It s thus a quasi-
Lagrangian maodel and may be considered
as an application of Starz’s quasi-Lag-
rangian system of coordinates {1957),

The possible advantages of such a
material laver model are lirst of all that
by wusing wvertical «displacements rather
than vertical velocities ene may obtain a
truer pieture of the wvertical structure of
the atmospliere. As in GaTes’ model one
might choose one of the material sur-
faces to coincide with the tropopauvse
and thus avoedd interpolations across the
lropopanse which  would  otherwise le
necessary.  Morcover, the effect of moun-
tains may be taken inle account simply by
apecifying  the heights of  the  [owaest
miterial surface,

Finally it should be mentioned that the
equations for the material layer model are
relatively simple hecause there is no ex-
change of mass between the layers.

2, Eguations for material surfaces

Consider a subdivision of the atmosphere
inte s material layers as shown in Fig. 1.
The w-th layer is bounded above by a ma-
terial surface number u-1 and below by

surface number ».  The distribution of a
viariable in one of these surfaces will be
represented as a function of horizontal
coordinates =, v oand lme £
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Thus the distribution of wvelocity, geo-
potential, pressure and temperalure in the
surface number » will he designated lw
o, v, By el b ez, v, ) and T,

Do ) respectively,  Since the surlace is

material, the individual rate of change of
these variables are obtained by differentia-
Lion Uerough x, 3 and ¢
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where 5 is the tweddimensional gradient

OpETator.

Wikl e denoling specific volume, the
value of the horizontal pressure lorce at
the surface number # 18 seen to be
— Tk oewTiml. The equation of motion
in a point helomging to surface numhber x
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may therefore be written, when {riction
is ignored :

—%l;-"—-l-vn-?un-l- k3 ot Vopat T pa=0, (2}
n=1I,2..5

Conservalion of potentinl temperature ()
may be expressed by

-E?,:':’:’-'-;n..-wi"=u, n=1,8..5 (3}
In & point where the value of p. is known,
fn may be converted inlo owm or Tw {or
TLEE TErSan

To oblain gm, the Tollowing integral
st be evaluated

n
e
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This may be done simply by assuming
that T depends linearly upon Ing within
each layer; thus

7
o) —fn = 2"{?1:1' - !h.-]_:l“n f’u'_h"- a- 1..| i {5,‘]
=

Since gu=g {0, ¥)is the known geopoten-
tial of the earth's surface, eqs. (5 give
all the other ¢, in terms of the 75 and
FRE R

To complete the svstem of equations,
the continuily eguation must be integrated
with respect to mass over every material
layer. For the n-th layer, the inlegrated
continuity equation becomes

'J‘{
aj”n_a,ﬂn-l L. o -
ot ot —!'ﬁ";‘r vdp=0, [6)
-1

Except for =1, this equation can be made
to fit into the system by approximating
the integral by a btrapezoidal [ermoala:
BPn _ Efw-1

1 ;- |
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={), =23 ..5 (7}

I'or n=1, some assumplions must be made
concerning the variation of p with height

in the uppermost laver. A reasonahle
form of the equation seems to e

2

P1ag ] o ]=o. (8)

Eqs. 25 (3, (5), (Frand (8 form a closed
svslem.

The state of the system is given when
t,  and puoare specificd in cach surface ;
@ can then be oblained from (5) The
stale of the system muost be Tully specified
initially ; and as in other medels based on
the primitive equations, the system must
be balanced or at least nearly balanced
mitially in order 1o avold spurious ex-
cilation of excessive gravity-inertia waves.

3. Miscellaneous remarks

a.  Sratic stability, Since & is carried
at each surface, one may say that the
model  takes into account variations in
static stabifity, This is true in a sense,
bhut it should be reafized that the thickness
of a layer is caleulated from the tempera-
tures at its upper and lower boundaries
(eq. 51 Therefore, the effect of internal
modes of vertical motion, inside a layer,
apen the mean temperature of Lhe layers
is nol taken into account.  As a consequ-
cnce, the medel dees nob take into ac-
counl Lhe effect of the static stahility of
each laver separately, but only of the
average static stability ol adjacent lavers,
It is important {0 keep this in mind when
the number of layers is decided upoen.

b Chotee of layers, The model cannot
he applied to the entire atmosphere, con-
gidered as & single laver, The next pos-
gibility is to divide the almosphere into
two lavers, stratosphere and troposphere;
but from what iz said above, it follows
that this does not work either, because
the static stability of the troposphere
will have no effect upon internal modes
of motion inside the troposphere. In
order Lo make sense, the model therefore
requires a subdivision of the atmosphere
into at least three lavers, In this case,
the surface number 1 may be chosen
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initially to coincide with Lhe tropopause,
and the surface number 2 may for instance
he chosen to coincide with the 500mb
surface initially ¢at later stages, it will
of course deviate from the S00mb surface).

If one can aiford to use more than
three luvers, one has conziderable freedom
of choice. One may choose 8 number ol
initially igoharic surfaces, but the possi-
hility of choosing isentropic surfaces, or
the boundaries of a frontal zone should
he looked into,

Tt may he anticipated that some of the
surfaces will he strongly distorted in cor-
tain reginng, notably near fronts.  When
this happens, it will be necessary Lo
change over Lo another sel of surfaces
by an inlterpolation procedure.

e The horizontal pressare Sforce in oA
surface ig of the form — {(Faut T a0, In
regiong where Lhe surface tilts stromply,
each of the lwo terms will be much larger
than their sum, so that a high degree of
accuracy s necessary.  Howewer, the
truncation error invalved in the finile-
difference approximation will affect the two
terms differently and may thuos disturb
the balance between Lhem.  This may
turn out to be a secious difficulty in the
proposed scheme, It mayv be necessary 1o
require that the surfaces have gentle
slopes.  Since the lowest surface coincides
with the ground, it will be necessary 1o
uge i smoothed topography of the earth’s
surface, Moreover, oWV may alsoe be
pxpressed ag RTFInp, or LI denoting
the Exner function).  The latter expres-
sion will be advaniageous il Lhe varialion
of &y over Lthe surface is small.

4, TInterrated equalions for material
layers

The state of Lhe atmospheric model
considered above is fully defined by speci-
fications of the wvariables o, po and fa
{or Twy in each material suwrface. An al-
terpative model is obtained by extending
these specifications lo comprise also the
tolal momentum and dry enthalpy of each

material layer. The equations must then
he supplemented by integrated momentum
and energy equations for each layer, as
shown below,

The following notation will be used
{with ¢ denoting any variable) :

P ipa ="

P

=i 1
Jﬂ i (I?JI"‘:EF:I_IM* . hence fa= 5 l.‘_]"-’!l-l"jbﬂ—[}-

)
e

(2

Since the intepration limits are variable,
integration does not commuie with differ-
entintion with respect to a, » and ¢; one
has

Tl pn™ 1= (Fe e oo+ G T fou— Guoa P s

=k wye | OF ¥po o O Ofn=
Be AP = o1 )NP" Yoy — i
10y

Integrating the equation of motion (in
pressure coordinates) with respect Lo pres-
sure over the w-th layer and using (1) and
(10, one obtains

s}

R et By S [WTYE N ey O g BTG g

{wt]
[

b i =g Pl g F e =00 (11)

Similarly, one finds by integrating the
thermodynamic energy equation,

f .
ea sy (Tupu®)H T[T Ohupa™]— (@l pu* =10,
(1)

where o denotes Dp e and o, the specific
heat. The integrated continuity egquation
() hecomes, in Lhe present notalion

B _ Dy

ST g e sl L)

and it 15 nol necessary Lo vse the approxi-
mation (7).

In order that the eqs. (110, (12) and (13
together with (23 and ¢33 shall form a
closed system for the set of specifications

B, fru, Ty Bu, T,

it 15 necessary lo express all terms of the
equations in terms of these basic variables.
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From the hydrostatic equation one finds
the thickness of the a-th layer:

gt=—R(. ;’) po® . (14)
Here the value of (T7p4w can be approxi-

mated on the basis of an interpolation
formula involving Twe, T and 1%, such as

= RTolin g+ RT 1= n ]
(153

which replaces (F).
Moreover, one finds from Lhe hydro-
static equation

FPofra® = RTap* H{@pln® . {16

I"his eguation can be used to eliminate s
from {11

There remains to find expressions [or
the nonlinear terms. A reasonable ap-
proximation is

bl 1
(00 = Onlnt E-Un*vn“; =2 3.5, (1N

I e J- . aL F 4 1
(To=1 "””'l'_l":g Theer: w=2,3 ..5(8

which iz based upon linear interpolation
formulas in p; The correction for a poly-
nomial of the second degree is very slight.
In the uppermast layer (n=1} o® and 777
may be defined as ey — ) and 2T —T1,
respectively.

The remaining lerm (@wolapn® in (12) is
more difficult, and it is rather important,
since it incorporates the effect of the
static stability inside the layer., This is
the enly term where w 0CCUNS explicitly.
A reasonable approximation to this term
is perhaps obtained by writing

o
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In the highest layer (a=1) we may put
m=ay i, and oblain

Fa
—f mu’:fﬁ——'ﬂ Jr f:-:frp:rn,{f,u.—rm‘:-
b =

= (2t vegp) =) (20)

On account of the interpelation formulas
(15)-(20) (or similar formulas), the syatem
(), (3, (11}, 1), and (13) torms a closed
system for the independent variables Um,
puw Toy U and Th In this case a subdi-
wizion af the almosphere into two material
layers (stratosphere and tropesphere) is a
posgible numerical model, since the static
gtahility inside each layer is now taken
into account,

The model presented has not yet been
tested, and much worl remains before we
shall know its possible virtues and short-
COMIINES.
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DISCUSSION

Shuman: | was lead to precizely the same formul

ation from considerations of computational

stability, I have a stable system for computing the layer equations where you integrate
superposed homogenous layers and these are guite stable and the equalions are very

similar, of course, to this set.

Charney: Have you considered what will happen when you lake, say, several material
layers 7 Ower 2 long period of time these lavers may get very close together.  They will
not intersect but they can become infinitesimally close.

— 210 —




On the Use of a Material Layer Model of the Atmosphere in Numerical Prediction

A: Yes, of course, that will happen. I am sure that one will have to choose a new system
of surfaces in the middle of the caleulation, by interpolation, if this is going to be ap-
plied during more than, say, one or two days. So I don’t think it is very suitable for
predictions for long periods.

Mintz: Won't these, in the adiabatic case, belong to the surfaces of constant potential
temperature? And how would you describe the initial state for potential temperature
surfaces which intersect the ground?

A: They may not he surtaces of potential temperatures. For instance, you may choose
one as 500 millibar surface in the heginning, at the initial time, and then, from that
it will move as a material surface. You can choose them however you like.
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