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Tne Smocthing Blewent

Fﬁ.ﬁt of ali, l2t a smroihing 2lewent e definsl., The smoothing
element will be the pul Iling block o wore coaplicasad z:ae!:')et.hing Oper -
ators. We shall teks sz the swooibing element the o ulg.“f:'JL of ong-

imensicns l symEetrical eﬂ"erhd filoite difforencs :';z}raz.*@_'tQPs whn’.c}z does

pot affect the wesu valae of w field of infinite ewteni, namely,

koK ﬁ.‘} s A
- . iy p £ i ~
g, s "':zr.',«*f =/ ”"t‘f"f,j (1)
where 9 ia the fie)d 1o be smectiied. The gubscripls refer to puinte
equally speced in X , the indepsndent verisbkls, aid consecubively
X ‘.l“ / i‘i-"“#—!
rugpbered with increasing X . 4he supsvseripts ( and { / Ay be

interpreted as indicating the unsmooithed and zscothed vriskle, respee-
tively, or, as ivdicating resulls of sudvessive smoithings; & will be
called i_h.e ppoothing eldsment index, sinesz it wmpww'v ingtribes o
given cperatoy of form (1),

It will be convenient to thiok of the dependent varigble, & ,
withiu the region of interest ss consisting of the sum of cosine functions

of varying amplitudes, phases, and wave nunbers - adopting this concepy,

-t



we vill investigale the effect of e smoothing element on individual

cosine componeats. or example, conslder the component

*~ T
6 =a + ¢ cow 5(1’4"'7‘{)
Now, -
N A — . . -
By =a tCcoubancee b, -F) v ginm haxiginbli;,~F)
> = . : s
Oy =1+ € Conbarcon b(n;-Z) - b sn o b (¥ %)
where

_Ax = Ky - Ky ¥ Ry - Ep,

ir thm‘;e lééntities are sudbstituted into eguation {1}, we have, after-
BODE re-arr.angenients,
e - -
& =a +[mrlow)combanie con bix %)
Thus, the smoothing slement (1) changes neither the wave number nor
the phase, but, changes the aswplitude of each component oy
r e’

o = ? = M+ (l-;.u)e:’.{m‘-é&% - (2)

where c?— and ¢ are the amplit\_x«ies of the unsmoothed and smosthed
Tields, respectively,

Figure ). shows the fiell of « in €7, teq b A X .ypace, It i3 to
be noted that the smiothing elewent cunnot be considered hipghly celece

tive as to vave number. For example, if we wished to filier out cf a



-‘
@ -rield waves of wave-length 24X (mbﬁ:{ i.'%) by means of one
emcothing elewent, we would razduce waves of length /04X ((Mbbx = &3}

by as much as 10% (sece the lice corresponding to & = 0.5).

The Design of Multi-element Operators.

it is obvious that s in order to improve on the selectivity of
the 3-point swocthing elemént, a smoothing operator mist bs invented
which involveg more points. The problew in desigrning such an operator
is to fit 1t to pre#ioue)_y atat,é_:i specifications. Yhe approach to this
problem put forth in this peper iz besed on tre ume of more thar one
smoﬁh.ing element (1). 1t vay be noted that spplying more than one
smoothing element sLlCiCEssiVEi;'\-“, say with indices «, , «,, Ay 5oy M
reéults in the finsl ratio of smoothed applitnde to unsmoothed smpli-

tude of
2 = % O I ... 0
= (L}

ﬂ:[/‘z + t’*"&)ﬂwé&ﬁj

L=

o]

according to equation {3). Buvation (%) ey be toueidered the result

of multiplying together variocus lines of O~ agsinet the argument cow bax
in figure 1. Thus, in theory one may specify n pingls-valuzd ourve of

2 againet fox éuﬁ,, and express it in terms of o product of f&ct!:;rsz

of forn (3). One woulid then krow precisely how o sccomplish the
smoothing desired. In practicze, hoﬁen:er; this would present a formi-
dable task, and furthermcre, one is not usually concecned vith a pre-

cige distribution of £ in Cov. 44K . A& great deal of improve-

ment, in terms of the desired smoothing end-produce, is outained by



ccabining caly two smoothing elements, which might be combined into one
S5-point operator. In this cese, Z is & quadratic function of o< baxX
znd the problem of design centers on two characteristics of the func-
tion. Figure 2 shows mn example of the effect of & S-ppint operator
which was constructed from two 3-point operators. In flgure 2, uote

how greater selectivity is obtmined by repeated smoothings.

Smoothing in Tws Digersiong.

tensgion of the theory to twos dimensions me.y'. be accomplished by
smoothing in each dlmension, independently of the other dimension. It
can be showa that the finel result 1s indeopendent of the dimension in
which one firet swoothe » and 1s also independsnt of the order in which
one gpplies the gmoothing elemsnts, |
One may sdopt the view that extension of a smsothing element to
two dimensicus ig really the application of two smoothing vlements, one

in eech dimengion, with identical indices. Those twh elements pay tien

be combined into a single 9-point operator, thus,

Trt

8 = f(-«)? (ﬁf"} 8+ 8,

1~+6:1-)'

’ ri

P o P ?‘_ ™
+é"ﬁ‘("‘/"')(d4*54 -f-@s';‘ Qg) (5)

2 a7
+ Mg

The gubscripis refer to mesh pointes io the accompenying figure, 4 be-
ing the index of the two swoothing eliements, one ppplied in each Gi-

mENEion.
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Figure. The 9-pocint mash. -

It 1s obvious that _énbothing el=zments of two @ifferent indlces lesds to
a Eﬁ-point operator in two dimensionsg. When performed on a high-speed
computer of the IRM-TO1 type, however, two sweeps of & two-dimensional
field with 9-polint cperstors provea-‘w be an economical compromise be-
tween the relatively large number (L) of sweeps and amall number (3) of
addreqas formabions per point resulting from the applicstion of two
smoothing elements in each dimeneion, and the smail muwver (1) of sweeps
and large number (25) of addrecss formations per point resulting from

a siragle. application of a 25-point operator.
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Zxsuple. The Conglruciion of g Swmoothing Operator.

Por cerisin i-easona s it was desgired to ell .:Lna.trr._ components of
vave-length atout 9‘4175 from a £i2ld of thickness, 1000 to 800 mo,
uu’l 8t the same time Lo retain ceapoaents of wave-length l_ongn'zr than
30 AX, fhe problem arcee in the prediction of the thickness field.
'E‘hé prediction was being carried out in Quch a way as to yield fields
of thickuess at half-hour iitervels. Since the specirum of the thick-
ness field chenged mt ench i 'ﬂ.f:-eg-heg, 1t t;.ras plannad ’co smooth at each
tiwe atep. It wes arbitreasiiy decided that a change of sbout 20% in
the longer wave-lengiie due 0 swoothing could ba tolerated in id time
steps. One specifiea'bior; of ihe curve, therefore, wrs that the maxi-
rom value of = should be 1.002, which when raised o the itk power
is 1.107. T woes decided w 1ine émonthi'ng eiemen‘t.s of two different
indices » BO, after epec;’a.'{’}'.—ing the maximum of 1.002, we weré Jeft with
1 Gegree of free-&om in speseil; iﬁg the curve of 2. against cow bax
The other specification chosen wai th_at the valuz of F at eow baX =0
{corresponding to wave-lengths of # 6K ) should te .8, w.hich'when
reised to the 4Bth power is 9.&136&»223. It was r.ealized trat after the
operator was designed to fit these specifications, it would e neces-
sary to inspect the curve of £ against cow & A x o see tust all
wave lengths Jongexr than /O AX would be retalned essentirlly uns
charged after 48 smoothings.

Now, eccording o equation (&),

z =[/‘a + (1=, ) f‘le:al ot (;_a.,u'}'f] (5



. Where

Cd

T & &mbaXx

One sp-:«zcificati_nn is that the curve pass throueh = ,f = 0.8,0.

Thevefore e, and 4(,, mst satisfy the relation
(1)
Mo My = 0.F .

Differentiating ewintion {8), we fird
95 ) -
(aflli w (.-—u/a,j{,a, + (.!-f,z_,}i /
o (8)
- (/—ﬂ,)[ﬂe + _(-’"f“o,)ji}' =0

where the subscript ( )x denotes values at the msxlmum of & . If

4\ 1 o 4 arg . , . - . . .
equation (8) is solved for ﬁ yand X, F=1.002, § are substituted
into equation (6}, we have & secoad relationship which 4, and M,

must satizly.

(/“o '—/a;)‘z '
/0072 - (3)
f.l (:' “/“.ﬁ-/} { J-4, /7

We now have equations {7) and (9) to solve for Ak, ard L4, . The solu-

tion may be facilitated by noting that, if ¥, is a specified meximum

. of a gquadratic in r s then

' _ R —— Fe
T = 2, z :Z?,-'Ex (£.-i) (20)



B

It should further be noted that the two branches of the rignt-hand side
of squation (10) are identical for cur purposes, eines one ia the inverse
of the other. In our cese, ¥, = 1.002. Thus, taking the upper branch

of equatica (10},

a2 N |
T T TA7vYé7y o (11

Solution of equations {7) and {11) leads to two sets of ALy AL, . One
set, however, may be eliminated on the basis that j; > { for that set.

The other set is
A, = O.52F¥F

(12)

A LI 1676
The Mimm value of £ =1.002 for the set (12) 1s at Y= 0.50950, cor~
responding to s wave length of 14,7 AX .

In progromming smootiing for the IBH-T01 computer, two 9-point
smoothing operators were uged, one for each & of the set {12). Houa-
tion {5) prgscribes the procedure for com"puting the ueights to be glven
each point of the 9-point mesh for each of the iudices (12). Pigures 3,
%, 5, and 6 show the resulits of smoothing the thickness field. The pro-
gram as written aid not smotth the boundary polnts; which aye omitted
from the figures. A bebter way, perbaps, to bandle tne boundary wé)uld _
be to smooth on the bourdary, with a one-dimensicnel operator betore

smoothing the interior of ithe field. Only the fodr corner points would

be held constant in that zase.
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Figore 2. The ratic of smoothed 1o unsmoothed amplitude after N smoothings with

two smoothing elements whnse Indices erc fiq

&, =

» 5274!&, l- 51676.
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