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Statenent of the poblen and itg selubism.

Consider iths pertiald differertisl ogustiom

20 29 = ¢
—5? + X o \1.)

where &/ is a constant. Supposs that we were jresented witn the ywoblem of
finding the X,7 -distributior of & if wo had given the X ~distribuiion of
@ st (=0, The solutdon csn be Lmmediztely written as
O(x,t) = B(x-/t o). |

It would bs of some interssi to cowpare this éolutian with 2 selotion in
closed form obtained by numericai means., The Latter would zive us aq oppoe
tunity te study the sum total of the offscts of trunsetisn ervors im the esii-
metion of derivatives with res}:;ect- le bolh epuce end tims. The follsving fikite

.

difierence equation was chogen Jcr sueh a study. Ib was formed from {.1) ia
the way in whieh finite diffarszuce equations hove besn nost commordy formued
from differential equations in pust numerical sclutions of the meleorslogieal
equations applied Lo lomg waves and exira-trepical eyclomes and snticyclcmes.
B(x,tra2) = O(x,t-ne) ~R[OKrax e)-O(x-aX,t]}] (2}
In (2) Ax and o ¢ ars the mesh leagtis of a rectanguler not in X end U s

and
_ Uat
R = AX (3}

fod



It ie obvieus that the solution Qf (2) requires boundary imforﬁztiom equivalont
to tx}a X <distributions lcof @ spoced in time AZ apart. If we hsd two auch ¥~
Giztributions of € which are each wsr‘m& Fvmetions of X with identical weve
nusbers, the X -listributiorn of & woul_é remala a cosime fumcblon ef X for ol
of the diccrete times im & net of infinite extent, To demorytrate, lah
Bix, t-at) = ¢, cou b(X+85, )
| O(x,t) =C; Coc b .

The subsecripts &dgptéd here beor the follovimz relatlenship Yo the tine coordl-
nate.

Subsoript = 2/ = 2F +at

The time of the phese chenge, § , botween %o succcssive time stens nss arbie

travily beenm sst equel te the everate time of the twe time siems. Now,

B(xX,¢-at) = ¢, combb colbx ~ Cotim b3, s b

i

B(x+ax | t] = C, to baX cog bX = <4 gir pbE Ao bX

O(X-8%,¢) = C; cot AR cot 5% + €, g6 b OX womm 6K

If these identities are suistituted into (2, we obtain

.g(x)z_‘v-(Af) :.C?« cmé;(x»ég) » @ E. 2,

whers _ i ] ' {5)

/‘ 55 o= 2/?C2;d—&%>64% - Ca,ﬁ-’-w—c. & 5;
e B ¢, o & 5,

and _
C = Co Gow b 51
¥ cot b b,

s of inberest io note that by means of \6). & cusmtily cea be dei'ined

Iy

tuie

which is “conservative®.

1
'fj

A,

Can Camgg 0% b 83py, = €€ con b5, -

Suppose that at some peint iz the iutesraiicn, ov extrapslation into tine, we



arrived gt X -@istribuiions of 2 et two successive iinme steps im wirich
Cln = Clrf +2
and .

tin b8y, = Roaiw box
Then, accordiag e (5),
Snes T Banes

and aceording to (6],

' C I of

N g TR
We wouwld thsa have arrived at em equilibrium state im the compuiablon in wihiel

the solution ef the findte difforence equation woudd &iffer from the solubion

of the differentisl equation only im that the phase speed wourd vo scmewhal

smeller them &/ , snd the amplitwie mignt differ fronm the inmitial smplitude,

If we considered = group of cosine waves, ezch in the squilibriuva siste dofined
L=} : 2 1

absve, the group would disperse, for the equilibvius phase change depends on

the wave mumber, b.

o
o
e
w3

It will be convenient to izvea? tWe pagwmsiere, which will e co

: . ' . - . e "
Tequilibrium awplitude, ¢, and Vecuilibriua phase chengs, 9%, Thoze pare-
noters ere defined as follows.

ain bé, = Kaecrbax

,m,,_
G 03
L -— g

&F Caord é éﬂ = Co Ct m,é 5!
(7} and (9) imply thet

) _ 2 | in
Cie Czw+:l {-’M.Asgnﬂ = £, Céﬁél’g o {:0)

\ . -4 2 . N . .
(10) ralates twe successive ampiliudes and the rhage chanpe Ddotwesn thew,
From (5}, {8) end (10), tuhe Tollowizg relation amony two succemsive nhzse

changes =nd the amplitude betwsosn ithem nay be derived,



‘e

. z.
é gZﬁ-/ "ij—sz”*’ =2 (_(i#)/é“ré 53 . i,ll:‘

By squariagz (11), reerrsnging, and sguaring agaip, ca sxpression can b
derived iam wiich mppear orly evenm powers of tne Lumgenis of the phase chauzes.
The phese charges cdn then be conveniently elininsted by nesas of {10), The
rosult is |

(C:h - Czlﬂw 1()2” ¥ cw':‘wz { gzv * c:ﬁr‘v)--’d";ﬂ—-z b Sg
$16CH . i tE 8, | (22)
+ /6 C‘:f,@;;uzé W PRy Se = 0 '
{12) relates thyree successive enpiitudes,
A numerical experiment was perfomacd which indicated that
Ciw = B + Aesw, e (n-F) (1)
where 5, A, Ay 77 are consta_gés charseteristie of the pertlsular integra-
tion being performed. Phe truth of (13) cas be demonstrated by substituling

(13) into {12). After some rearrangement tne reswlt of this substitutien is

4 “(1- esn*z24) z
[ - % ginlbly eou2d | Coul dlnen-F)
tFain L 5y
(/v ton 2.4 ' | 'Lg,_
cvagaciss | 7N (14)

& ' PRy
xl*t;ﬁ%%ésgjawﬁrn Vi ﬁ)

A (1- eont 1477 ]
H-f B2 ol b 8y (1msin™$ é:“)‘v' =2
Lr¥ C‘-,:Wzé" 5 eoe’s s, j
| (13) is true if the cosfficlent of each vover of casfﬁ-'({" +%-7)

-l (14) 1& sers, for then the fuaetion (13) fits the three succsssive ;.ralum



of € im (12), reserdlese of the value of M . It can eaeily be shown thet

the three coefficients in "l&}

2,4 = 7:--'2551

< .
and 3—f€ﬁ'=f3_§,

Ore might sugpest thal 5,_,, a2 is eleo am oscilistlrg fuaction of

I3
To ghow thie, we Liret {iné frox

Z % i 2
Cin Canex ~ &4

s individuelly zere if

{13} that

' 2
r A% cot &

+248 Cew 3 2ol I {orei=i}

A% mi_.fs‘e’hw—ﬁ} .

I this be solved for cos o (# %7

-Al

£t

-— 5 2 t ~ -
Mﬂ(ﬂf.’-ﬂ/ = -E-m,é’ }/&S‘m s - (3 ~,-»4z.}»'«w'-v2/ﬂ

or, according to (10} and (15),

A

és:?.ﬁf-/ = TR /&""'édf"a * ez:;:gg Eore /j(ﬂ'""""“f

By a substiltabicn from this ard fro

upper siga 18 tho ouly eorrect cne

Thus,

%)
ss,, = Dbt

A

/:9' has been deternined in (5

ssd #, From {13),

2 z

o
Con*Coppa = 2B +

By substituting frow flis for ke -

naking obvious cubztitutions frow (1

k]

= {13) into (3L} 3% caa e zhown ihel the

in each of the tws preceding equatlons,

.

A ﬁ # ﬁi ’wm,-a“’{#é/»ﬁ ) {1¢)
Co wéﬂ

5), but ve nave yet to drtermine A, &

24 eon B 2o S (ner-F)

value of CoB & (p + ¢ -/7) In (16}, ami



2 2
Lo +Cq L2 :
3_—: ....f....___..‘..-- — Z - ,f" . iy
;2601}6@ Ca b‘?ﬂf G $ 3, 7

A is resdily Cateymined from {15) end (17). Frox (135),

SEC R
,4 .

é.".au/f.?/r' =

Biscuseion

Cowrsnt=Friedrichs computatioepal imstahilily criteris for hyperielic
equations is exbibdited in the solublown when srtended o & gemeral X -dip=
trivutiop of & in which the sperirum extonds over all wave mombers, for ace
cording to (8},

Lew b & £
for all wave mmbers only if
R £ 7. -

In the mumerical solutione of the astzarclogiusl 'f:_:?:ec wting protlem
compubed ia the past, small sscillatises in the soluilon have been abeved.,
These oscillations have & wave lemgih of 2 &7, 1% is f.‘luj”‘-ﬁiste\z By Lhe
writer that these are of the szue nmature a8 the sacﬂia‘bien cegceribed in thiz
Blapler ?r;sblem. Note that, sccerding 4 {(1%5), in the oase of very small |
weve rumbers, Lh& wave lemgth of the oscillation i3 equel to an incrament of
4 imn 17, iee.', two time intorvals. For larger wave numbers, the weve emrhi

is greater than 4. More precisely, iihe wave iemgih depends oa & éz s Winich

in tura depeads on ard R, acverding te 19), lers 4L is Liw uave

ax
R
lengthn



Por coRVeRierce, we mey rearrenge (15).

P = .Z( ~-—-— [g 5 (13

/

Figure 1 shows the Lemm"lmc:s of the C{"t‘rﬁ'uti.ﬂ" fackert, = & %

on EE& wd K, Heesons are outlined In ioe .&*vmzh.l" ¢ Vor not sxisnoing 4he

' AR | oy . N N S
grgph to the regiop where f}-’- < o3oe Aoy be ze.',t-‘-:-e*z-rl thot IF /A is Tt

o
'

ons, the “eorrestlion Tuetor” msy be considersble, even ler wave lemgths b

long as /o 8K,

=1

(9} can be written

. ' N
z R wes (ﬁ'lff' —{%—?)

Seea

/
a2 B2 R 2E
\ vat &

oz - . , : . 4% " P ' .
Thus, gat CeE be related fo & zna T Flgwre 2 ghows this celationanipe

In studying 4 and &, 1t ie adverdegeons to specify how e extranola=

tisn irte tioe is begzum, snd thercby rsduce the parunevers io - gl
e - . N 4 &

Figures 3, 4, ond 5 show the variation of A , B, amd A+E with SX
asd X, vhen the first extrapelation is wmcenmtersd, end is nude fyvom ae ube
servation of the X ~iistritution of @ at time £, = &y . £, iz, there=
fore, the amplitule of the weve in fhe inldial s, It ves eazily be siow

b
that such a rrocedure is eguivelent to numfasturing as X -disiribubion of #
at time &, = 7, by mesms of the folicwiup soustions

+ 2”. o o ki L bs A

Ao 68, = K g bax

&

Py —

Coa 6§,

-~
-,

3

Perbaps the most strildng f2eture of thsse praphs are itpe mayinwes of

both A amd F st wave lenpths of 4 Ax, This indlecates thal s me Lenelii



&

¢ould be ohbalned by filtering ocut wave-lemgihs rnear { 4 X

The behavior of vaves idemtified with & mear one and S pesr L is
reriniscent of the “peaking! which has beea observed iIn forscasting couservetlve
guantities in previous machine computationg, *.n this ragion, ihe vave mmber

of 4he oseillation of € ie very suall (Figure 1), and the amplitude is large

without limit (Fgure 5).

Appspdix, Hote on the resnlvizg vover oi 8 finile difference nct.

céﬁaider a ¢ine distributicn o &,
& = ,c? + K gen P -K)
=+ AEOEVU R 2l UN = ¢l VK cot X
Bin ¥X  and cos 2’ X &b diserete pelmls which are equally spaced cem be gem-

erated from the fellowing Idenbities,
CoL HUAX T 2 Cot{(n-i} AKX Cow VO -~ Cot(h-JYOK
 dim AV BE T 2 o1 )VAK cou Y 8K T gl {me R} VAT
vhere X =4 4% Thus, st these noints sin VX aud cos ¥ X can uliimetew

1y be expressed im terns of 7 , siuVax and ceaW o X |
it fellewe tﬁa’c the finite giffersnce vet cazneot distingoish anony come
ponests whese wave mumbers sabtlsfy the relation
v, AxX = N'zlr ¢+ 48X
where
A/ = ro) 7, 2)..,4

The faregoing eguation cam be wriiten



L. | Z,

where [ iz the wave length correspondimg to the wave mumbar 27 . Wise
witter in this wﬁy, we see that there is z weve lerngth
|2, [ 2 22% |
which the fin—i“m Gifference net cannot dictimguish frim o Wave leagth
| ’ LN" € Zax ?
fer the respon that & mumber camzot d4iffer from the ncarest integsr hy swra
than one half,
Therefore,; ve may restriet édlocusmion o components wémsé wave Jenplh i3

equal Yo or greater than 2 4k, or o wave pumbers in the following range,

w'
£ L e
O‘V"Ax

N
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