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In an esrlier repcrt®, the euthor lw.a.é.iwuased the systemalic errew
in computing Jacobisns by the usmsl method of finitewdifferences--—l.eus
that part of thg trvncation exvor which does mot depend on the erientation
of the finlte~difference zvid, By averagimg the trumeation ervor over all
posoible crismtations of the grid, 1% wes foumd ihed there iz 2 residual
- arror which tende 4o meko the Fépite~difference squivalent of tite Jesobiem
a eystematic undarestimate of .the true onbiaﬁ. Purther, 1t vas foumd |
thet the systemstic or directionmsveraged trmnsation srror con be reduted
to tolerahle pxuﬁmﬂi@m by subjecting both mefbers of the Jacobien to =
rocess of Tinverssesveraging®, Finwlly, we heve propased a simple sohumud
Py whish the required izarmmae'wemgw can be coupuled rapidly and with zne
gevere demands on high apesd 'mtﬁmgm

The purpose of this report iz to apply the sewe gemeral methods to
the problem of ideutiiying and reducing the eysbtemuiic Lruncalion erpo¥
in computing the Eaplmla'n' of any varisble Ly the .zw.ﬂmd of fintte-differ~
encss, This prodlem, of eowrse, frequently erises in 4he compntation of
“geostrophic vorticity? from the geopotential «i =n azray ol regulerly
spaced points, This is, neglecting smell variatioms of the Coriclis parae
neter,

“Tm. m. }!O. 1’ n&w mt.



wh&m 3' 1z the verdical cornmnemt of the curl of tie gaewtropair
wind, § ia the Gepiclis peramster, V 15 tne horizontal vestor
gradianf., fsd q? is the gemp%enﬁial. Ths wvoual mothod of sonpartiig
the geostrophjs vorticity 3 aansmta ia replacing the depdvalives

that ontar im:u v ¢ by mr“wwnding ratise of finlte-diffurences.
1 N .
V- I"}L(? (std ol & @ (s-d,n) + ${ 5, med)

G5 med) = 4 D5 0]

in whick 4 55 the dlistance Letwenn adjae-a ot moints in a Reuare grm~

3 snd B aré rectanguler ooordinnies fn horisortal plases, the pcsi'iétiwa
0 - zxis lyiey to the lefd wvhen the chserver is Iacing the pooiltive Gw
directicn, The wmbbl W “ is wsed to dlstinguieh the i‘:‘yniﬁm-&ii‘:feru
anee eqnivelent of ths Laplasian Prom the true leplecisa W “ . e

general, V¥ Yarl VY are met equal, 60 that the usnal method of cou
pating the goeostrephlq wvertiedty invariably Introduces sops sprow., Oup
mresent concern is Yo isclale the systematic pert of thlm srror ané to

devise & moeng of reducing it.

Tup Neture and Effect of the Mrsetiom-hverawed Truncstion Trras

Pollowing the procedurs outlived in the previous repost, ve shall
. firet derive an apmroximats expressicn for tlw_ truncation ayror sorrat.-.
yonding to en arditrary wrﬂ.azzwt-inb. of the grid ~—~-« 1,6., 80 SPOLTCAY
orientetion of the 8 and n axss. Suckh an expreesicn is mosy sasily
oblained by expending @ (s+d, m} ¢ (s-4, ), ¢ (5 med)
and ¢ (5, m—-d) 4n Taylor series arowmd (s, n). Thus
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411 derivetives ia the @%atium sbove sLply at the podub (8, n)s &b
ing the four oqustions shove, Aividimg Yy A , Aod omittiog bepms of
oxdir higher then A, we find that

% 1 - &
- % \f’
Ve =09 + ﬁ +

$ 0 {1
Ty s

&m
The sccond term on the mighthamd aide of Ry, (1) 48, of sowrse, «
mearurs of the trumcation error wrxvaa;:m&fmg to an arbiteery oriente-
tion ai‘thaaand;aamm |

The pext step iz to compute the syniecmatic or direcblop-aroreged
truneation error by a.ﬁmging Toth sides of By, (i} ovsr ell possikic
orisatations of the grid. Tbls may be scoemplished aimply by lettins
the 8 « axis subbend & varieble argie & wilth e ¥ = axis in &
Lized cartesien coordinate system (x, y}, ond by averaging with ro-
spoct %0 @ , Befors carrying out the Imbegrebion, 1t s Pirst
Becessary to sxpwoss all derdvatives with respect ©0 8 and n in terss
of & end derivatives vith respect %o x and y. This i5 effscted ny
the tramsformstionss | |
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Pinadly, substitebing there sspressions o the seocnd toym on toe righdhs
hapd side of Uy. (1), imtegrating with veepcet to & betuesn Iimdte O
opd AW, enf: wa.tl,..ﬁg thet ib i3 estuaily independent of the

orlertation of the courdinate eres,

2 ot gt u | %
B e -.._.«- e

'y A 2t
3 Ve . v ¥ ¢
Ths subserips {lau denotes an aversge value, Integrebtsd over o)l poppie
ble ordentations of the Tintte-differensc grdid. IT mmst be suphasised
shat the relatiémsiﬂp ebove bolds for any varisble $ o For this
reason, and tecauss V%p geusrally covrelsies megatively wilh It
laplacian, Bq iE) states Lhet the sverall effoct of trureation ervorn

£
fstomis ¥ ¢ & systesatic uwudevesiimate of ¥ ¢ .



Iy, & 3%&%&%%&3@%&%
ﬂae giroSegy for wwﬂmim tmmeetion error will iw Le,m oub in

such & uny es to ninimizs the systanstic or dimwtinm«umemgm BTy
uri*oh the sseurdnoe thet the m«aming neasysiematilc sexore will el
tend to sscumuiete. Sinee the cversll effect of trumcation srwor 18 40
mﬁmam_mux ihe smplituls of ‘;?%.) o 11 48 patural So pesd sude
Yupsmoothdng® rocens whevelr the mdf.w&:,_m in smplitude is compeussbed.
Swh smoothing operations, in Cact, have slresdy bewn suggested by the
author in @ recent poper in Tellue (19543, The Humdswniel cgerabionsl

- moperhy of the Yavereging® rvm rators ddscussed Ln thed srbicls lse

vhere ¢ is awy Yypleal varlabls, «  i2 an adjurtelle scale peras
weter, ond the barred quantitise mre weighied ares aversgos, fefined

ae folicwss

in vhich K is the zevo-order Bepsel fumstion of the secopd kind
L prd , a '

vith imsgipery ergument, A 2= (- ¥} & {"5""}“"} . o

and § end Ij‘ are duaty verisblss corresponding 4o x WM' Fo Yoo

mmgr-«tm taksu over the extive L §,n) plems. letting « =

ve may revrite Bg, (3) =
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Iz the caes of Pweek averaging” --— 1.8,., when & is moch lees than ihe
3 _
distence Setween sdjesert raxime and minime of e h @uation
above tmlms the approximate form
z
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Finglly, compining the squatisn sbove with Bg, (2)
V§ - Y 4 W

This equation, like By, (1}, is moal nearly exact st the lung wavew
longth and of the spectum,

| By, (4) provides the basis for a aimple methed of redusing irme
cation errors in the computation of v LC? o Since @ i3 wmpsele
fisd, wo may rewrite Eq“. {4) s

4 L v : . _
V¢ = VU ¢ {4u}

ond oy v '
vhere q‘) = (‘, = . Thet la, ¢ is a Punction euch hhat,

.whzm the averaging oparator is applied to 1%, 4% vlelds the origisal

fanction ¢ . Thup Q;' may be bhougkt of as anm Pinverse average®
of ¢ .. Viewsd in tbls light, Bq. (4a) states that v% may be
iwuputed vith 2 minlwm of {runcation ervor bys



D
(1) Computing ¢ |
(2) Computing WI;; for & mumbor of grid orisntetions, and
{3) Averaging ¥ I$ ] over the variovs grid orientations, With refor-
ance to Stops (2} axd (3} 1% ie probebls that{ cae or two geld crientes
tions hre adequnte -~ m., 4% w te sufficient to conpube WI«? |
by d.‘iffemming once along t&mmm and solmms of g fixed grid, ond
sgain along vhe disgonils of the same grld. In any svent, even if
W‘l:ﬁ;‘ | is _cumpu‘heﬁ- for ouly che prid crientstion, the avplemstis vard
of the trmmeation error will be remuved. |
The “iﬂ*mrée awmgireg‘“ indicated wider Step (1) of the protedire {.’-_/ ;

sutlined above cen be mesomplished by muking use of Eq. (3), Replasing

? by $ and letiing A = .'3: ’

A & g
$=q- =T

-t .
Thus, compubing ¥V § Uy the uwsial [ipite-Sifferense metiod,

$r b= (e 40,44,

(£}
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vhere ¢ = 1is the valee of b ot the polnt where @ 12 to be come
puted, gad the ﬂumacﬁptﬁ 1; 2, 3, aod 4 refer to the values of ¢
at the fowr surrcunding peimis, Since ﬁhe fc’onm’m ahove involves mitle
tdlications .by powers of 2 only, - E&' ray be computed by amy bimary
inachine through the execution of only the orders ¥resel accumlstor

end &dd®, ®add?, Seubtract?, Pehift acowmplutor lefi™, Fehift accumu~



lskor rigit? and Ystore a00mmAior? eee- withoub the use of srasibls

merory for storing intommadiaste resulls,

Glon of The Folagom

V. Ihe.Seduction of Tymeation Erpow ;
Equagion.
The results of the mwrevicus seciion can be appl:wéz to the problem

of redusing the zystemnilo trucstlon errer in ﬁm aoivtion of the

equation S : ' ‘
Ve = Flen) 7 (5}

vhero F(x,. y) i a; kmmm fonctlion. The vwmi method of solotion come
siets in veplacing W q,» Ty v* @ and solving the resulting findie-
diSference gouation by & puvely mamerical meticd (9.¢., tho relasation
mothod) = a rrastice thet Introduces sericus sirvor U0 the fifferense
betweoy ‘-‘7 ¢ and v f} ir gypienatle, Since ve sre concormed
peimerily with the vsduetion of systematic ervors, we may omit the sube
gerdpt in Bg. {4a). This squetdcn, when coabiped with Bq, (5), thosn

given

¥ q_t,'_:-. FW@Q

This equation states that the method of solublon enilined mtove dees
not yield ¢ , bub actually yields :; . dccordingly, e more
noarly correct valus of & way be sblaimed by spplying tbe aversglng
epsrator to &; ; the goluwdtion of the ususl finite-difference form of

the Polsaon equetion, Xormally, et least, the sweraging opsrzlion rew



guires imtegration over the entire planss hovever, the weighbing
fumotion K, dimirdsbes very repidly beyond e distauce 4 away from
the point where the swvarcge applies, so that the ares over which the
averaze 1s taken 18 in reality quile snall,

A2 onm wmxlil @xpwmi-, the twumestion errors in the computalion of
tie Lalplae-ian end $is swm*t Inveryy cancel, a fact thal Ju varified
by the mutuslly inverse relation between the opsretors ( vwv) and () o
In practice, of couwsse,; the Luwverelon of the Iaplacian operator 18 mod
parformed Imedintsly after ihe laplscisn is gemputed, b after the
dstrimtion of Y 1? ~ has been sxlrepoleted 1n time, vhonce the
cuncellation of errore is not complate. HNevertheless, provided the
bime .in*h&fval:a over which the sxtrepolation is curried <I:u'€. ars geall
enough, the truncation srrors in cowpniing the Ié.phac:ian rnd Lie dne
verss do tord t.o canesl, .m which cess it may he wmecessery to reduce

the errors in each opersdics Ly the wethods proposed hawve,
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Thompson, P.D,, 19541 Progacstio Baustions for the Mean Motdons of
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Ppe 150=144.



