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Cas of the key cquatiems im the theory of lerge sesie nemgeostredhle

motione of the aimssphere lz of the favrmi
(V= v*) 9% = (Vg +¥) VEZ (1)

vhere ¥ is the herizostal vecter derivavive, % L3 & constamt measvving
the abzesphere’s statie stabilily, &P iz the velscity pstontisl for ihe
irretaiioasl part of the horizontal motliesn, \'Va in the mendivergent part of
the herizontel velecity, ard & 3¢ the ralie of the absciuls vorticity ts the
Seriolis perameter (the verticzl cemponent ef the sarth’s vertlell v )a

In the development eof metbsds for predicting ithe larpe-sezle nongeo-
strophic metioms, Bq. (1) is regardsé as a linear squatlsn in whieh ¢ is
the (wimewn) devendent varisble, and \\f‘; and % are ki fuactiomng of Hhs
norizontal everdinstes. The usthematicsl problem, to stets 1t briefly, 58
to comstruct & functiow ¢ thast satisfiss Eq. (1) everywhers im the imterier
of a clowod rogiom, kod whish yields prescribed valuss of ¢a and V‘z(ﬁ o
the boundary of the regien.

Owing teo the fuet that the ceefficisnts of the {lrst orvder terms im Eq.
(1) vary frea poinmt to point ia en unmreseribed mamnex, il iz gonmewelly igre
possible to solve Bq. {1) im elowed £inite fera., Aceordingly, it is peces-
zary to rasert te aprreoxlmats metheds, of wbivh tow most sirajghiforvard in

Ly

probably the relaxabtion methe€., The mest direct applicatiern of the reluxabiecnm
mothod, however, suffers from ceriaia disadventages. Ahaide from the incenw
veniense of referrinz te & variable relaxustion patierm, there is ae absolute

assurance {shert of methematical preef) that the segquemes of approximations

genarated by the relaxatior procedure comverges. Msreover, simece the coefw-



a]

£icients ef Bq, (1) are variable, 1% in diffieult te demoustrats that tie vone
vergeres of thie sequence is a mathsmatiocal sertaismty. OF courze, the mers
abzencs of o proef of esxmvargemes should Hgt necesserily ‘a‘.:» teion a3 grounds
for rejeciisg relaxmtion methedn, fer it may simply refleet owr luepbimess at

" producing rigoreus justificaiicn for a method ftnab is otherwlise ef owwious
value, YNeveritheless, it would bs praforable to develoape a methed for gonera~
ting a soguence ol appreximsticns whose coavergence ig assured, partieularly
26 wien the yreesdwre weuld act mormeily bs repeutsd ano-zig.r;h Limes . e establizh

rezsorable btelief in itz comvergzemes,

2. A Methed of Bpevessivse Avprowlasiieps

An zltermetive method for solvimpg Bgq. {1) is sugrested by the fact that

the lowest order terms are the only encs vhose ceafficleats sro variable,
wheress the gemorsl charscter of the problem smd its solutien is prebably
geveraed by the terms of higher erder, Briefly deseribed, ihe wethod iz thisz
1) Begimning with am arbitrerily chosen "guoss® ab the values of ¢ over
the closed rsglon, compute the right hand sids of Eg. (1),
| 2) Regarding the rightharé side of Bq. (1) as kuowm, solve Bq. (1) for ¢,
subjeet teo apprepricte boundary ﬂaﬂﬁi‘hiﬂﬂﬂ. HY dﬁ asd qu‘-- « It is knows thab
the reia::n’bion method gemsrates & convergent seguemes in Lhis case, |
3) Substitube the result of the previous step ints the righthext side af
By, (1) and veturn to Step (2), "
This cyelic precedure iz rupested wtil the differemcs betwmen the lest twe
approximetions te ¢ is less tham the evrror thet oau bu tolereted. The lust
approximation is taler s the ssiuticm te Bg. (1). The remaining quecticus

ars whethsr or met {he sequemce «f approximaticma pemeretad by this osedurs



copverges teward some deflnile Tunctiom amd, if so, whelther or net the iimi:
is the selutiom of Eg, (1).
Ia mathemetical terms, the sequeance of approximatiams ¢° , 5;6, ; (:1 R
’ ‘ »

generated this method are defimed by dhe fellowinzg eguaticas:
o > l

L(g,) = v (Ve +Y)-VZ

1 iy -y
L‘f‘t’z) =y (Vg + '»y;]- VZ

! L ; - . ‘, \l, ) ,:?
L (qu) y (V¢ W) VE

. . i < N 2 -
vhere L{ ) is the lirsar eparater(Y = v*} V7. 4 mere waiul syshen of
equations is esblalsed by subivacting the ith equatisa in the array sbeve froa

the (i+1 )st equatiom. Thus,

L’(.@.}) - v1”§°, vz {;-\
L&) = »'Vg .vZ

- i e . -

L(¢ MJ v Ve, VZ

1r whieh @ = &, ~ d‘-, » Ths questicr ef memvergsnee v cleariy redusi.
A Cad -

bls te esidng whether cr net Q?Mappmam}ma cere o8 = becemes infisite, Moree

ever, if the difference @m hetueer suceassive arnrezinaiious cpm and "
M

ie zerou, thea
Lo, ) = »(V¢ +v) U2

: v* (V¢ +V). VZ

bl 6’



A
This equatien simply states that 47“‘“ (or ¢M) is the soluwbiow of Bg. (1)s
In swmnery, the guarentee thal this methed 1s feesibls binges cntirely on
being ghle to show Lhat § w 8Dpresches gero as » teccmes infinlie,
3. Ihe Somyersance Criteriom

We saall preve thet @ m doss, im fect, vanish as » bosomos lavger andl

isrzer, by showing ihat

ro L B

for all =, where the integralden is te ba carried owlb ever the clesed region,
x and ¥ aye rectanguler cosrfinstes, and k iv a oeeltive conatest less thaa

walty, If this can be whows, thén it fellows that

Huen. gg ng' Vim, dx dy = o

s, == 0D
Tto zonfitien abeve san be met iT and enly if o @m nas the zaws
R )

velus et all peints iz the clesed regiom. Im particular, sinee @m et

vanish ou the boumdery, fom. & is zsro sverywhere,

ad T
m _" 20 iva
To simplilfy the derivation of Bq.(3)ifrom Bq. {2}, we sholl exterd the
hovadary of the closed regiom out to infinily, ané will require that @
venish et Infinlty.* Iu this cepe, vwe mey msks wze of ths inverzion methxis
discussed by the avtbor in o recewt articls im Tellus {1954). The pewer ef

these teshriquea stems from the preperties of a limear intezral aperater

H( )= wnich, epslied te a typloal varisble  , iz defined ags

M(Lp) =%; gg Ka('v}v)‘ilfggq} ‘tfd’?

*It will be metod that the selutlon of Eq, (1) for am infinite rTegiem is not
exnctly the problem that was eriginaily set, Or the other hand, sme weuld
expsct that the condltieon for éonmvergesce over ma infinits regles would be,
if amything, stronger tham the comvergence criterisa for a finlile regicm,




vhere Ko ig the zere-ordar Bessol fumriion of the secomd kind with lepgige
ary ergueent; & and v ave demy verisbles eorrsspeading o i and yi ong

]
2 2 i \z’ - 1 » - “ s - Y Lo
Noom(x-F;+( - !7) e It will be noted thet M ) is esceniislly =

-

neraalized weighted everage, for (1) = 1, The fundanentel propesty of 4l

opewates M{ ) is:

FMle) = M(Vw) = v Mip) =

L

e

[yE——

Applying the sparater M{ ) te o reprecentetive member of the array of Ege,

(2), we fixd ihat

- o - ’1 s -
F.2 v o2 - 20 2, R T T ~--1§ AMEAB
M}(V’—v"JV _Epfmj = v [% .‘"‘-‘/{'i’-m}' Vg, =7 7;..(5'-’,«,1_"
I
B Y
= yEM(TYE V2
whence

o

3 - ) - ;
Ly - ~ , 7w 5 - {4
/8, = - M(VE - VZ, Q 4

Mercover, applying #( } te th2 equaticn sbeve p suscessive times, ws Ry
gemorabe the follewing array ef equatieas:

g,y -§,]= - M

BV & Y] P
. 'vl[ M)‘{ﬁfﬂ)m M(@'fﬂ)_i - . ‘\4‘ L'{)}

A4 -

by o , .

fmbeg ) - mf 1= -mMPlo)

v lmbgy - nts )] Q
Ye next add Segether all the meabers ef this array. netisg that the Fipst
Lern on the lefihand side of the 1tk eguation just cancels the pecond tarmm

of the (1+ 1)st. Thus,

2 [ b TS m )
v [M (E) -3, =- 2 M)



A
Sinee ¥( ) is simply & wer ielized averuge vith positive welghting, M ¢’

mart approach seme dofliite limdt es p becones imfinils, Iz Iact, bmcause

e "o, .
] v Vanishes on the boundary at iafimity, M‘r (in) BPPIORCIeS 2850 18

p is meds larger and lerger. Iletting » become iafindie, iss

1=

K
-2
=)
o

Far the rresemt, 1t iz assumed (und is later shewn) that the euvmnstien iu
Bg. {5) ¢omverges. Muliipiyimg Sqs. (4) and (5), and aversging ever ths i

© tire (x,y) plans,

m .
% . 4 =1 N
I.LM Sg @MV @ded&é = i {}'3 ""::2- @ ?:! M (O: ({Xité {6)

The symbel ¥ 1 ,i.m," 18 the liwdit-iawthe megme—w~the ilwit of She 2avea
arerage &3 the periphery of the sres is extendsd sub to iInfinily, The iefi

hand side of Ba. (6) may Le written ia were convenient Sorw by mebing thut
1 . r @ r-z' v dsed .... l : ‘(( v ; ""’5 T Y ) dx 4
AL, } ‘m\] én\» X a? = AL, A )V §m ij’?‘-” V.-_.M" ¢ P ‘j

The first imtogral om ihe righthend slde of thls egquation can be tranms-
forned Dy Geuss' Theerem ixbto a llae integral iteken ercund the boundary st
infinity. Since § is zere om tho bowdary, 'tal»ut/ integoal venishes, Thus,

introducing thie result iate Bq, (&),

' - — ' (..L 'S: : x kY
) N SS VQM Vﬁmdxdna = L. M\.g) el @ f\': C d”‘& (7}

It vemalms to show thet the righthand elde of Bg. (7) is, wder predeterndne

able ecomdltiens, losz tham

m—'l m=t

ﬂ-i.m.sg kved Ve dx dy



7 imtreducing the crigival definilien o0 the operster Ml )}, erd in

iy e

verting the order of successive dategrations, i} is easlily shoewn thab

a")“i v r’(’ \H(x-fi —-}’_.} -’i}\"ﬁﬁﬂ
}'_J M 1(?) = }} J 5N j i Ty
ey ’
vhers _
[r A

, L Ty - ) ¥ W
}-I(z.,; , ....,-,) = oy (4' {_—ﬁ"'sJ e
’ AJ ! - x 4
FEN!
and the Gy ere givea by the recwrslon Jommla

- ({ ~ » I W (e o) aX 47
G, = (g 7, L §-X, ‘l‘}{ P o (X X, £ d.d A L
LI - ) - __y'_l,:_ [P "

G{, Lx=15, -"LJ—A?) = 27 A V-’u‘)

Substituting Trom By. {3} imbe Ba. (7},

j'i'm' gg vﬁrf\. vém dkdh& = 1.*!“"

The righthapd side of thips squabien »ay be rewrltien as

re o ) | )
L.2.0m. ngg ';':"’1 Q(\,ﬁ)({)(f‘q‘i ko ®=3, n.E-r{) dEdv drrig

L

: J

= 1 SS 4 (s Ll i_(@fk,fg’ Q(x~5, -1} dxdyp dsdv
v L ' J

New, the expressiom in sguare hreakets will be recognized av the apto—co

relation fumellsn, which atlains ite greatest value whom 5 amé P sve zeru,

Thue, wince i is slways pesitive, Beje {3} implice thet

. ( - . B { . r{ 2 . ,\. A AL ‘.‘
2w, }SVQ"\VQM(M‘&.* -iL Q( =1 fS,'T'} E’ﬂ.l...-m. S\)@ ()h,ﬂgfl?‘& 4 §
Yo [, -

>

i
< | 1 (}( H{s,)dsdr L. 1\ ‘xmmm
Lv® ;

a 4
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Pinally, moting thet H is symretriesl sround the poimt (=, 2},

where
ob
u 2 2, %
H :Q@SQH(Q} rig % s ctan
o .

Since the zimgularity of H ab E= 0 da lorgerithmic, sad H vanishes cxponen—
tially et infirity, ﬁ BOUTETENS .
The final 2ink ia the preof i3 provided by lie peenliar mabure of § e
wiieh; by definitisn, is
Q@ = M ( v§ - 9zZ)
Simes M( )Mz -2nermaiized uvarage with pmsitzm welghting, the Schwars ing«

quality states thal

1{ "\' Pt Ny ’L:i IE-:-\
Q !\,1 1( Vfgm" -f J \LEy

Now, eccerdiag te the ruls for erpaxding vester triple preducts,

v §m- v

——

vz(vg, -vz) = (V8 9% Y vz-v2)

-

-(vg,_x vz)-( 93, xVZ)

Tids vesult, taken togeiher with Zg, {11}, implies that

BN
—
[ SR

< n[(vg, ve, vz



Thus, simoe the inmtemsities of the gradients of § !euad Z are sssentially
m.-
wsorrelated, Bg. (10) may be written ss
N ! s ﬁ : ( f """-' . 3 'y -
1o, e Sg Vajm- Vﬁmd\tan@ < -;-1 fLx.mm. ) ML Vg"m--a VQNM) .
M(VZ- VZ} dxdny

< *"‘(WV‘JM(L;,M)( 3 -3
)

<

I’F
Fiawlly, netimz thet the imtegral of ax aversged Swmetion ie egual o the

integral of the wraveraged fuactien ’

,Q.;.M.S(véﬂ:i;'@mdxana < A l..i.rm,(\ § V%- (12)
g : JJ

sy

sbere n - HM(vz-72)
g

e

By, (12) is eguivalemt ts %Bg, {3} for ax Infinite regior of inmbsgratiem,

25 pointed cut earlier, the conditicn that A be lesz tham uriby guere
enbess thet the sequemse of avproximatisne sessrated by this Iteretive pro-
eadure will converge to the solutism of Bq, (i), In gemersl, sines —r:J- is
& caiveraal eomstant¥, comvergence is pusrenteed if the maxinue neza sguare
gréﬁiient- ef sbsolute veriicity doss ret excesd a sertaim critical value, which
is imdependent of the solubion ef Ej. (1J. Altheugh the eonvergsnce eriterien
is conditisnal, it is probeble thet the syiticel value of A i somewhst

grester tham unity, sinece Bq, {12} wma arrived at threugh a lemg cllaia af

*53' imtreducing mondinensionel varizbles {fermed by mulitiplying all lewgihs
by v ) into the definitions of H and B , it is essily zhows thet H doea
not deperd on V



rather sireag imequalitiesz, The faect thet the ilteration proeséure autlined
bere will lesd to 2 repidly eomvergent sequemce umder well-dafimed genditicwns

umales it feasible for purpeses of mumerical eompubeticz.
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