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FOREWORD 

The purpose of this publication is to explain the methods used in 
the United States Coast and Geodetic Survey in the computation 
and adjustment of triangulation. It will not only serve as a guide 
to the younger mathematician just learning to make triangulation 
computations but will tend to standardize the methods of computa- 
tion and adjustment of triangulation so that greater efficiency and 
economy will result. 

Beginning on page 215 will be found a number of suggestions and 
general rules which have been formulated as the result of many years 
of experience in the adjustment of triangulation. Those just starting 
work on such computations will find it helpful to study these rules 
and suggestions before attempting to study the volume as a whole. 

Acknowledgment is gratefully made to C. H. Swick, Dr. 0. S. 
Adams, mathematicians, and 0. P. Sutherland, associate mathemati- 
cian, of the division of geodesy of this bureau, and to R. N. Ashmun, 
mathematician of the International Boundary Commission, who 
have carefully reviewed the entire manuscript and offered many 
valuable suggestions. 
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MANUAL OF TRIANGULATION COMPUTATION 
AND ADJUSTMENT 

By WALTER F. REYNOLDS] Mathematician, United States Coast and Geodetic 
Survey 

GENERAL STATEMENT 

For many years most of the computations and adjustments of 
triangulation in the United States Coast and Geodetic Survey have 
been moro or less standardized, but, as there have been no printed 
instructions for the work, the standard methods have not been used 
as consistently as is desirable. This publication, giving the methods 
of computation resulting from years of experience by the various 
mathematicians, will tend to more consistency and thus to greater 
accuracy and speed. 

Tho theory of least squares as applied to the adjustment of tri- 
angulation is not covered in this publication, since that is fully 
treated in Special Publication No. 28, Application of the Theory of 
Least Squares to the Adjustment of Triangulation. Instead, there 
is shown, step by step, how the computation of the triangulation is 
carried on from the time the field observations are received in the 
offico until the final results are published. Examples of each part of 
the computation are given. The methods used in the computation 
and adjustment of traverse are not shown in this publication, since 
they are contained in Special Publication No. 137, Manual of First- 
Order Traverse. 
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CHAPTER 1.-PRELIMINARY COMPUTATIONS 

ABSTRACT OF HORIZONTAL DIRECTIONS 

The instructions for field work require that the lists of directions 
giving the observed horizontal directions or angles shall be made 
out and checked in the field, so that ordinarily the office computations 
should begin with the checked directions, and the mathematician 
should not have to go back to the original field record books. 

But occasionally, due to a rush of work or a shortage of personnel, 
the field directions are not checked in the field, and this must be done 
in the office. The method of computing the list of directions is 
therefore shown here. As the methods of forming the lists of direc- 
tions for triangulation of the first and second order (formerly precise 
and primary) and for triangulation of the third order (formerly 
secondary) are somewhat different, examples of both methods are 
given. 

Below is given a sample abstract of observed directions on tri- 
angulation of the first order, as received in the office, from which 
the list of directions is computed. This abstract and the instructions 
for making out the list of directions for first-order triangulation are 
taken from Special Publication No. 120, Manual of First-Order 
Triangulation. 

It is important that this form be made out carefully, because the 
mean directions derived from the abstract of horizontal directions 
constitute the basis for all the later computations. Every position 
observed at  a station, except observations on objects where only one 
or two positions are taken, should appear on the abstract, the rejected 
readings being indicated by the letter R. Sample forms are shown 
in Figures 1 and 2. 

Where more than one station is used as an initial, there will fre- 
quently be different ways in which the observations can be combined 
to give the directions from some one initial station. Figures 1 and 
2 will illustrate the proper way to form the combined direction in 
a number of typical cases. 

At station Granite both South Rase and Westedge were used as 
initials in the observations, but South Base was chosen as the initial 
for the list of directions. A supplemental abstract of directions, 
Figure 2, was first made out for the observations in which Westedge 
was used as initial, and the abstract, shown in Figure 1, was then 
made out for such observations as had South Base for initial. It was 
then necessary to transfer the observations made with Westedge 

2 



PRELIMINARY COMPUTATIONS 3 
as initial to equivalent values with South Base as initial, marking such 
transferred directions with the letter T on the abstract to show their 
origin. For example, in Figure 2 the direction of Floyd from West- 
edge, position 1, is 271’ 11’ 44?0, while the direction of Westedge 
from South Base, position 1, is 17’ 17’ 4915, and the sum of the two 
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0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0. w 

0.00 
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0.00 

directions, 288’ 29’ 33?5, is the direction from South Base to Floyd, 
as shown for position 1, Figure 1. Similarly, the values for the other 
positions for Floyd and Williams are transfaTed from the supple- 
mental abstract to the combined one, using for each position the 
corresponding value of the angle between South Base and Westedge. 



4 U. S.  COAST AND GEODETIC SURVEY 

It is not necessary to transfer Frisco from the supplemental ab- 
stract shown in Figure 2 to the combined abstract for the reason that 
a complete set was observed on that station from each initial. The 
mean of the directions on Frisco, with Westedge as initial, viz, 326' 
55' 071'57, plus 17O 17' 50!'76, the mean of the directions on Westedge 
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with South Base aa initial, gives 344O 12' 58133. The mean of this 
value of the direction to Friw and that obtained with South Base 
as initial, 344' 12' 57.069, is used in the list of directions shown in 
Figure 3. If more than 10 or 12 acceptable positions are obtained 
on any one night for a direction, that night should be given unit 



PRELIMINARY COMPUTATION8 5 
weight with any other night in determining the mean direction. In 
general, where 10 or more positions of a direction have been meas- 
ured on each of two or more nights no one night’s observations should 
be rejected unless it is more than one-half second from the mean of all 
the values for that direction. If the divergence from the mean is 
greater than one-half second, that night’s observations should be 
selected which will best close the triangles, provided that at  least 12 
acceptable positions are available for the retained direction. 

It will be noted that since the angles were measured from South 
Base to Westedge, from Westedge to Frisco, and from South Base 
to Frisco, the proper value of the direction from South Base to the 
other two points could be secured most accurately by a least-squares 
adjustment (see pp. 8-16). In  most cases, however, the results 
obtained by this station adjustment do not justify the time required 
to make the computation, but a mean value for the sum angles can 
usually be obtained by arbitrary methods which will meet sufficiently 
well the final demands for accuracy. When a number of sum angles 
are measured, however, and especially when the means obtained by 
different combinations vary considerably, a station adjustment may 
be made. 

The direction to triangulation station Floyd, Figure 1, has two 
acceptable values for position 6. In such cases the mean is taken 
of all values for a position and that mean given unit weight in the 
final mean, on the theory that a symmetrical distribution of the 
readings around the circle is essential to accuracy. With an accu- 
rately graduated circle it is probable that the variation due to the 
graduation is not quite so large as that due to errors in reading, but 
the rule of unit weight for each position is the safest to follow as a 
uniform procedure. 

REJECTION OF OBSERVATIONS 

,The chief difficulty in making out the form lies in deciding what 
observations to reject. The usual formuls for the rejection of 
observational quantities are too cumbersome to apply and are not 
satisfactorily applicable to a short series of observations. It is, 
therefore, customary to apply an arbitrary limit of rejection, deter- 
mined empirically from previous experience with the instrument used 
or with one of similar qualities. For observations with the type of 
theodolite usually used on first-order triangulation the rejection limit 
for the angular value of a direction on any one position of the circle 
may ordinarily be taken as four seoonds from the mean. 

The following rules will be a sufficient guide to the rejection of 
observed directions : 

1. No reading should he rejected if it falls within the limit of 
retention (in the sample this limit is &4!0 from the mean) unless 
rejected at the time of taking the observation. The observer’s 
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reason for rejection should then appear in the original record. 
This rule will not apply to the case where one set of observations of 
a direction is rejected in favor of another set of 12 or more positions, 
as provided for on page 5.  

2. If two or more readings have been taken for a single position, the 
mean should be used if all readings come within the limit of retention. 

3. If one reading of a position falls without the limit and one within 
the limit, do not use a mean even though the mean be within the 
limit. 
4. If both readings of a position fall without the limit, reject the 

position entirely, using the remaining positions to compute the mean 
direction. 

5.  In case the 16 readings seem to fall in two groups, the mean of 
one group differing considerably from the mean of the other, extreme 
care is necessary in making the rejections. 

6. Before computing a trial mean any observations so far from the 
approximate mean as to be very evidently the result of blunders 
should be rejected. After a trial mean is obtained and the rejection 
limit applied, the observations so rejected should not be again 
included even though the new mean would bring them within the 
limit of rejection. 

7. The results obtained by applying rigorously the limit of rejec- 
tion, even though the quantities rejected are just outside the limit, 
will probably be but little different from those derived after long 
consideration, and much time can be saved by a strict application of 
the rule. 

LIST OF DIRECTIONS 

Use instead the single reading within the limit. 

On the list of directions, Figure 3, the mean directions of all unre- 
jected observations are arranged in order of azimuth from some one 
selected initial. Not only the mean directions to tho principal 
stations as listed and computed on the abstract of directions should 
be shown, but also the directions to intersection points and reference 
marks. 

The data on this form constitute the material upon which the 
office computations are based, and these data should be so completely 
checked in the field that there will be no need in the office to resort to 
the record book or the abstract of directions. The only exception to 
this rule is where there is not sufficient time in the field to make all 
the eccentric reductions without delay to the progress of the party. 

On the back of the form for the list of directions are instructions 
for its preparation. Only two points covered by those 
instructions need be emphasized here, vie, the number of decimal 
places to be shown in the mean angle and the treatment of eccentric 
directions. Ae regards the first, on first-order triangulation the 
directions to main-scheme stations should be carried to hundredths 

(See fig. 6.) 



PRELIMINARY COMPUTATIONS 7 
of a second, directions to second-order stations and to sharply defined 
permanently marked intersection stations to tenths of seconds, and 
directions to other points, such as mountain peaks, to seconds. Di- 
rections to near-by objects, such as witness or reference marks, need 
be taken to the nearest 10 seconds only. In  general, two uncertain 
figures should be given; that is, the third digit from the right in the 

u%rJg=tp7sv LW? OI D w  
d Y I 2 4 - - >  
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-A m w -  a- W b Y  
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8 

FIG. 3.-Sample list of dIrect1or.u from horizontal dlreotioy 

number denoting the direction should not be in error more than one 
unit. 
The second point to be emphasized in the preparation of the list 

of directions is the computation of the eccentricity and the reduction 
of the observed directions to center. If a direction has not been 
reduced to center, the seconds pertaining to that direction should 
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- 
Final 
SBO 
onda 
- 

,I 

.41.0 
11. 6 
86.2 
59.8 
45. 6 
45.6 

00. 0 
- 
__ 

not be written on the form in ink, but in pencil. This rule should 
be invariably followed, for otherwise an unreduced direction may be 
used for a reduced one. 

LIST OF DIRECTIONS FROM HORIZONTAL ANGLES 

For making out the list of directions from observed horizontal 
angles in third-order triangulation, the method is slightly different 
from that used with observed horizontal directions. As shown below, 
the angles at the station are sidply corrected for the closing of the 
horizon. Since each angle was observed in the same manner, its 
weight is unity, and the correction to each angle is obtained by 
dividing the difference between 360' and the sum of all the angles by 
the number of angles involved. 

Observed angles, Vance M t .  

Observed stations 

Neal-Tomah Mt .______ _ _ _ _  ~. 
Tomah Mt.-b rum M t  ___.__ 
spruce Mt.-&. Iienry-- _ _ _ _  
M t. Henry-Brandy Hi11 --... 
Brandy Hlll-Oak _ _ _ _ _ _ _ _ _ _ _ _  
O&-Nd _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ~ 

Angle 

-_ 
0 I I ,  

22 18 41.5 
59 51 12.0 

110 64 37.1 
Bo 38 00.3 
45 2a 40 2 
54 55 48.1 

360 00 03.2 

Correc- 
tion 
- 

I ,  

-0.5 -. 5 -. 5 
-. 5 -. 6 
-. 6 

-3.2 
--__ 

The corrections to close the horizon are usually applied in the 
Horizontal Angle Record Book, and the list of directions is made 

0 00 00.0 
aa 18 a.0 

82 OB 52.6 
199 04 29.1 
a 40 28.9 
306 04 14.8 

FIO. 4.-Sample list of directions lrom horizontal anglPs 

directly from that record on 
Form 24A, as shown in Fig- 
ure 4. Complete instruc- 
tions for making out the 
list of directions, which are 
given on the back of Form 
24A, are given in Figure 5 .  

STATION ADJUSTMENT, DI- 
RECTION METHOD 

Under the present system 
of observing, no local ad- 
justments are necessary, and 
all the computations, such as 
the taking of means and the 

closing of the horizon, are made in the record book in the field. 
But as the mathematician has to deal occasionally with observations 
made a number of years ago, when it was the dustom to measure as 
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many angles as possible, including sum angles, the method used in 
computing the list of directions a t  a station where local adjustment 
is necessary is given here. 

As explained on page 8, the angles a t  each station must be cor- 
rected for the closing of the horizon. If no sum angles are observed, 
this is the only condition; but if sum angles are observed, new condi- 

r-------- I 

DI~KCTIONLI Arrin  8TATlONI OBlERVED LOCAL ADJUBTXSNT ----- 
0 , ,, 

Contnl___--___. 0 00 00.00 

Whitachurch~pire, 8miles,.-_ 6 28 68.4 

Chnse M. E. ebumh, white aph-  1.9 10 11.9 

LittleRivor __._.l___l___.l 18 20 10.78 

Lyons, spit worka, center hoiat -__ 24 99 63.0 

Lgonn, whitompire, ehort ..-... 27 IO 39.7 

*I L>oua, C O U ~ ~ ~ O W  ..__..___..._I.._... a7 85 34.a 

Lyons, white spire, dim __._._-_ 28 0 649.  

Qilrnore ._-.-_-.._............ 53 31 33.44 

Bnvlge __...______,_I.._ 133' 10 67.32 

Rclomnco mark d i s t n n t  06.65 171 34 

Section 3, T. 20. R. 10 W., NW. cor- 280 37 3% 

B d n q  ~ 314 52 13.61 

moton. 

nor atone, dwlstnnt 252.8 meten. 

- - - __ ____._.I_ __ - 

This form, proporly filled out and 
checked, must be furnishcd by field 
parties. To be a&epfabb ir must contain 
every directia observed. 

It is to be used for observations with 
repeating thcodo'itos, as well as diroction, 
theodolites. 

Start each new station a t  tho head 
of a now column. 

If a reponting thcodolite is used, do 
not abstract tho anglcs in tertiary tri- 
angulation. The local adjustment cor- 
rections (to closo horizon only) are 
to  be writtcn in the Horizontal Anglo 
Record, and tho List of Directions is 
to be mndo from that record directly. 

Choose a8 an initial for Form 24a 
romo station involved in the locnl 
ndjustmcnt, and prcfcrably ono which 
has been usod as an initial for a round 
of dircctions on objoets not in the main 
scheme. Us0 but one initid a t  a eta- 
tion. Call the droction of tho initid 
0' 00' OO."OO, and by applying ,tho cor- 
rocted anglcs t o  this, fill in opposito each 
station itrr direction rcckoncd c2ockwiae 
around tho ivliolo circumfcrcnco reeard- 

- 
FINAL 

SECONDI 

.$ 

c .' 
2 
8 
OV 
E 

3 
2 

c 

3 

- 
6 

-$ 
5 
E 
,: 
i; 
H 
6 

loss of tho dircction of graduntio; of tho instrument. Tho clockwiso rcckoning is necessary for 
uniformity and to mako tho dircctions compnrnblo with azimuths. 

TI a station has bcon occupied cccontricnlly, rcduco to the center and entor in this form, in ink, 
the rcsulting directions at tho contor. If l l r u  reduction is not made for Bonio directions, thcy should 
bo ontcrcd in p o d ,  with a footnote to thnt effoct. 

Dirrctionu in tho main scheme should bo cntcrcd to hundredths of seconds in primary triangula- 
tion; otlioraisc, to tcnths only. Points observed upon but once, diroct and revorso, should be carried 
to  tcnths in primary and sccondnry trinnjiulntion, and in tertiary triangulation to even sacanda only. 
I n  gcncrnl, but two unccrtnin figurrs should bo given. 

It is rcconimondcd tlint tho following simple plan of obscrving be used with a ropesting instru- 
ment: Mcnsuro each sing10 nnglo in tho schomo a t  each station and tho outsido angfo necessary to 
closo tho horizon. Measuro no sum angles. Follow oach mcnsuremcnt of ovory angle immediately 
by a measurcmcnt of its explemont. S i  repetitions are to constitute a moasuremont. The local 
ndjustment will consist simply of the distribution of the error of closuro of the horizon. 

c w e d  t o  nfirst-order.H 11reoondary88 to  nsecoad-order81 nnd lltertiPry" t o  

--.m 

Xn next to the last p a r w q h  above the designstion "prlmnryll should-be 

tbtrd-order . I' 
FIO. &--Back of Form 24A, giving inatmotions for making llst of direotlons 

tions are imposed on the station adjustment. If all angles are 
observed with the same accuracy, then the weight of each is unity; 
but when the angles are measured with different numbers of sets, 
they must be weighted accordingly. A set consists of six measures 
of the angle with the telescope direct and six measures of the exple- 
ment of the angle with the telescope reversed. 
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In the example below the angles were measured with different 
numbers of sets, and so are weighted. 

Observed ungles, Mug 

Observed station Angle 

- 

Weight 
P 

4 

3 

2 

2 

2 

2 

3 

3 

2 

2 

Observed station 

.- 

Chamcook _ _ _ _ _ _ _ _ _ _ _  
Cooper _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Rye _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Anderson _ _ _ _ _ _ _  _ _ _ _ _  
Mohannes. ~ ~ _ _ _  - _ _  _ _  
Middlemiss _ _ _ _ _  ~ _ _ _ _  
Collins _ _ _ _  ~ _ _ _ _ _ _ _  _ _ _  

0 

- 

m 

la 

m 

a4 

06 

R 

o? 

08 

o( 

VI0 

Ad usted 

seconds 1 
Direction Bnal 

___ 
0 I I #  

0 00 00.0 00.0 
116 E-9 lO.l+!A 10.1 
150 27 Bl.O+Ui+Ur 30.9 
164 44 30.7+~1+~1+t~a--vc 31.0 
166 43 37.l+ui+w+us 37.2 
188 28 69.7+~1+si+or m. a 
276 36 I0.0+w+or+u:+vt 16.1 

-____- 

This column is filled out alter the wdlustment is completed. (See €1. 16.) 

List of directions, Mug 

djustad 
flnal 

aconds 1 

- 

io. 1 

20. i 

2a.4 

ia 8 

a 3  

Ob. 6 

43.9 

46.2 

n. 7 

38.9 

___ 

The complete list of directions has been formed using six of the 
angles, the remaining four not being necessary. As each of these 
angles not used gives rise to a condition, there will be four conditions. 
The equations expressing these conditions we formed as follows: 
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0 1  # 

Angle Collins-Chamcook, observed, = 83 23 43.94- vr 
Angle Collins-Chnmcook, from list, - 83 23 44.0-wt--va--v~--u4 

Condition 1, o= -0.1+ VI+ us+ us+ v,+ v7 

Angle Rye-Collins, observed, 126 08 4 5 . 1 - k ~ ~  
Angle Rye-Collins, from list, rz 126 08 45.o+%+V4 

Adopted 
u t  1 2 3 4 x 0  

-~ --_-.-___- 

+1 ..................... +1 -0.034 0.0 
+ I  ..................... +1 - .m2 -. 1 
+ I  - 1  --I - I  -2 --.342 -.3 
+1 - 1  ....... - 1  -1 +.a10 +.5 

- - - - -. - . - . . - -. + I  +I  +2 +.lo8 +.a 
.............. 1 ....... -1 --.862 -.E 

+I  ..................... +1 -.032 . o  
....... + I  .............. +1 +.OM +.l 
.............. + I  ....... $1 +.%2 +.8 
..................... + I  +1 - - . a 4  - .7  

- 

_______.-_.. 

11 

(I 
10 

Condition 2, o= 4- 0.1 -us - u,+ us 
Angle Anderson-Middlemiss, observed, - 41 44 26.84- VQ 

Angle Anderson-Middlemiss, from list, - 41 44 29.04- u~--v& ve 

A 5  
7 4  
8 4  

fl 
A 

Condition 3, O =  -2.2-v3+u6-u6+ up 
Angle Mohannas-Collins, observed, = 109 52 39.84- 2)10 

Angle Mohannas-Collins, from list, = 109 52 38.94- US+ V I - U S  - 
Condition 4, o=+ 0.7-v3--04+ V6-k 2)10 

After the condition equations are formed, they are tabulated in 
correlates as shown below. 

Correiate equations 

3 

This aolumn is fllled out after the adlustment is completed. (Seep. 16.) 
t &a sxpl~netlon of this c o l u w  on p. 16. 

U 

P 
In  the second column above, headed -, a is some constant, and 

p is the weight of a given v. It is best i o  take a as the least com- 
mon multiple of all the weights, so as to make all the values in this 
column integers, provided this can be done without making the 
quantities too large. The val- 
ues of the p's are given in the table on page 10. The quantities in 
the column headed Z, are obtained by adding across algebraically 
the quantities in columns 1, 2, 3, and 4, in the same horizontal line. 

After forming the correlate equations, the normal equations are 
formed as shown in the table below: 

Thus, in the example above a= 12. 

Normal equations 

3 

See p. 13 for vduea in this column. 
68853'-28-2 
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The normal equations are obtained by taking the algebraic sums of 

times the products of the various columns in the correlates. For a 
P 
example, normal equation No. 1 may be expressed as: 

[. (i . 1-z,> +,I, normal equation NO. 2 as -2 

Z (E . 2.3)+Z (f 2 . 4 ) + ~ ~ + [ 2 :  (; - 2-2c)+72], normal equation 

in which the Z before each parenthesis indicates the sum of the 
products in the parentheses and should be distinguished from the Zc 
and the Z, of the preceding tables. r]  is the constant tern1 for 
the corres?onding condition equation. 

In  each symbolized normal equation above, the part in the square 
brackets should equal the corresponding Z, in the preceding table, 
the 2, being the sum of the values in columns 1,  2, 3, 4, and 7, in the 
same horizontal line, including the omitted terms as explained 
below. In  
obtaining the 2, it  must be remembered that due to symmetry, 
as explained below, certain coefficients have been omitted in the 
preceding table of normal equations and that these must be taken 
into consideration. The term in square brackets of the first nor- 

mal equation is (: . l.Z.)+ 7,]= - 7.1. Adding the coefficients 

of the terms in the first normal equation as given in the table we have 
+23- 12-6- 12-0.1 = -7.1, which checks the formation of this 
equation. 

In the same way the term in square brackets of the second normal 

equation [r (f ; 2.&)+1,]--22.1, and this checks the sum of the 

coefficients of the terms in this equation, - 12 + 16 + 6 + 12 + 0.1 = 
-1-22.1. The third and fourth normal equations are checked in the 
same way. 

In  the preceding table of normal equations the coefficients occur- 
ing before what is called the “diagonal term” are omitted, as the 
equations are symmetrical with regard to the diagonal line shown 
in the table below. Thus the table above, if written in full, would 
be as follows: 

This gives a check on the formation of the normals. 
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- 
2 3 

- _. - __ __- - -  

-12 -6 -12 -0.1 

2 +l6 +O +I2 +O. 1 

3 +S $24 +12 -2.2 

4 -12 +12 $12 +24 +n 7 

13 

2" 
-~ 

-7.1 

+22.1 

+33.8 

+3fi.7 

Normal equations i n  full 

I +2.BB8 ' +5.740 
--.2U46 --.5893 

4-24 
- i . m 5  +?i. 130 

--.a45 -1.691 

+21.590 $7.179 
4 , ,,, Ca, I -.3325 

+.ME +18.397 
-.O(wB 1 -1.8888 

-2.2 +33.8 
--.ozA - 1 . m  
--.014 -8.418 

-2.240 +26.628 +. 1038 -1.2287 

It can be rpadily seen from this table that all the coefficients to the 
left of the diagonal line may be omitted and each equation may be 
read from the top down to the diagonal term and then across the 
page. 

SOLUTION OF NORMAL EQUATIONS 

In  the solution of the normal equations the Doolittle method is 
used. As a full discussion of this method is given in Adjustment of 
Observations, by Wright and Hayford, second edition, page 114 et 
seq., no attempt is made here to discuss it or give any of the theory 
concerning it. A complete solution of the preceding normal equa- 
tions is given below, followed by an explanation of the computation. 

-0.1140 

__ 
1 

+O.l038 -0.0049 +O.M)43 
+.a79 +.0872 -.OM 

-.6(17 +.a70 
$0.1417 +. 0101 +o. om 

-0. ocna 

$23 

Cl 

1 

2 

-12 

+. 8217 

+lO 
-6.280 

4-9.740 
CI 

1 
2 

Forward solution 

3 1 4  I , j 2 .  

4-6 +I2 +. 1 +22.1 
-3.131 1 -6.280 1 --.062 1 -3.703 

-3.703 
-10.842 
-8.821 

5 
$13.334 
-1.1140 

Back solution (computation of C's) 
I I I I 1 
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EXPLANATION OF SOLUTION 

The forward solution is computed as follows: 
Normal equation No. 1 is written down and divided by its diagonal 

term, + 23, all the signs being changed. Cl is thus given in terms of 
C2, C3, C4, and the constant term. Normal equation No. 2 is next set 
down, and since it has a coefficient of - 12 for Cl, the divided coeffi- 
cients of equation No. 1 are multiplied by - 12, and the products are 
placed under equation No. 2. The quantities in each column arc 
then added algebraically and -are divided by the new diagonal term, 
+9.740, all the signs being changed. Cz is thus given in terms of 
C,, C4, and the constant term. Normal equation No. 3 is then written 
down, and since it has a coefficient of - 6  for C, and +2.869 for Cz,  
the divided coefficients of equation No. 1 are multiplied by - 6  and 
those of equation No. 2 by +2.869, giving products which are set 
down under equation No. 3. The quantities in each column are 
added algebraically and these sums divided by the riew diagonal 
term, all the signs being changed. C, is thus given in terms of C4 
and the constant term. Normal equation No. 4 is then set down, 
and since it has a coefficient of -12 for 4, $5.740 for Cz, and 
+7.179 for C,, the divided coefficients of equation No. 1 are multi- 
plied by - 12, those of equation No. 2 by + 5.740, and those of equa- 
tion No. 3 by + 7.179. The quantities in each column are then added 
algebraically and these sums divided by the new diagonal term, all 
the signs being changed. 

As can readily be seen from the forward solution, C3 = - 0.3325c4 
+ 0.1038; C2 = - 0.2946C3- 0.5893c4- 0.0049; and C, = + 0.5217C2 + 0.2609$+ 0.5217C4+ 0.0043. These C's can be obtained most 
conveniently by arranging the back solution in the form shown on 
page 13. There will be as many columns as there are C's to be 
determined, and they will be headed in reverse order from the for- 
ward solution. Thus, in this particular solution, the columns will 
be headed 4, 3, 2, and 1. 

On the first line is written the constant term for each divided 
equation of the forward solution; that is, the quantities in the column 
headed 9. Then the value of C4, -0.1140, is multiplied into each 
of the quantities of the divided equations in the column headed 4 
of the forward solution, these products being placed in the second 
line of the back solution beginning with the column headed 3. The 
quantities in the column headed 3 of the back solution are then 
added algebraically to give C3. The value of Car f0.1417, is then 
multiplied into each of the quantities of the divided equations in 
the column headed 3 of the forward solution, these products being 
placed in the third line of the back solution, beginning with the 
column headed 2. The quantities in the column headed 2 of the 
back solution are then added algebraically to give Ca. The value of 

The value of C4 is thus obtained. 



PRELIMINARY COMPUTATIONS 15 

Cz, + 0.0206, is multiplied into the quantity of the divided equation 
in the column headed 2 of the forward solution, this product being 
placed in the fourth line of the back solution in the column headed 1. 
The quantities in the column headed 1 of the back solution are then 
added algebraically to give 4. 

COMPUTATION OF u’s 

After the C’s are determined, tho next step is to compute the v’s 
by substituting the values of the C‘s in the correlate equations 
tabulated on page 11, taking into account the weights as shown in 

a the column headed - *  It can be easily seen from this table that P 

6 (C3+ C4), 
The v’s are best obtained by means of a table as shown below, 

which has a column for each v. The values of Cl, C,, C3, and C, are 
placed in the different columns to correspond with the set of corre- 
late equations on page 11. These are then added algebraically in 
each column, and each sum is then multiplied by the corresponding 
weight for that v to give the final D. 

As the constant terms of the condition equations are carried to the 
nearest tenth of a second, it is customary to round off  the v’s to the 
nearest tenth of a second. Occasionally, when the d s  are substi- 
tuted in the condition equations, one or more equations may fail 
by a tenth of a second due to this dropping of hundredths of seconds 
in the v’s. 

For instance, if in condition equation (1) we substitute the values 
of the v’s computed to the nearest tenth of a second, we have O =  
- 0.1 + 0.0 + 0.0- 0.3 + 0.5 + 0.0, or 0 = + 0.1 ; and in equation (3) 
we have O =  -2.2+0.3+0.2+0.9+0.9, or O = + O . l .  

In  order that the equations may check exactly and the results be 
consistent, it is customary to adopt a set of v’s, a few of which may 
not be the same to the nearest tenth of a second as the computed 
values. These adopted v’s are shown at the bottom of each column 
in the table of 0’s below. In  this set of adopted v’s, vz has been 
given the value -0.1 instead of 0.0, and ve -0.8 instead of -0.9, 
in order that equations (1) and (3) may be satisfied. 

Computation of v’s 

V i = 3 C 1 ,  V2=4c;, ~ 3 ~ 6  ( C ; - C 2 - C a , - C 4 > ,  ~ 4 = 6  ( C i - C z - - C 4 ) )  vsta= 
-6C3, q=4C1, v8=4Cz, ve=6C3, and ~10=6C4. 

1 

-0.008 
3 

-. 024 
.o 

- 
2 

-0.008 
4 

-. 032 -. 1 

- 

- 
3 

-0.008 -. 021 
-. 142 +. 114 

-. 067 
0 

-.Ma -. 3 

- 
- 

-- 
4 
- 
-0. OOR 
-.021 +. 114 

i-. 086 
6 

$: !lo 

--- 
6 

fo. 142 -. 114 

f. 028 
6 

+. 168 
I-. 2 

- 
- 

- 

-0.142 1 -0,y 1 +0.021 
0 4 

fo. 142 
6 

+. 852 +. 9 

__ 

10 

-0.114 
6 

-. 684 -. 7 
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. -  

0 I ,I 

I . -- 

Chamcook--. .... 0 00 00.0 
Cooper ........... 115 58 10. I 
Rye .............. 150 27 30.9 
Anderson ....... 154 44 31.6 
Mohannwv ....... 166 43 37.2 
Mlddlrmiss ..... 198 2 8  59.3 
Collins ........... 276 36 16.1 

The adopted values of the v’s are substituted in the table of 
observed angles and in the list of directions on page 10 to give the 
values in the column headed “Adjusted final seconds” in each table. 

It will be found now that if the list of directions is formed from 
the corrected observed angles, it  will be consistent; that is, the 
direction at  each station will be the same no matter from which angles 
it is computed. 

The list of directions after tho local adjustment should appear in the 
following form: 

List of directions, Mag 

............... 

............... 

............... 

............... 

............... 

............... 

............... 

(1) Decision-Mac ................ 
(2) Decision-Nation ............. 
3) Mac-Nation. ................ 
4) Howard-Nntion .............. 
6) Mae-Howard ................. I 6) Nation-Decision. ............ 

STATION ADJUSTMENT, ANGLE METHOD, OBSERVATIONS OF EQUAL 
WEIGHT 

The method of station adjustment explained on pages 8-16 is used 
in’ cases of first-order triangulation, and particularly where the 
observations are of unequal weight and the adjustment is involved. 
When the observations are of equal weight and the number of sum 
angles observed is not great, the adjustment can be much simplified 
by using the method shown in the example below: 

In the record book of horizontal angles, at  the end of the observa- 
tions of angles for each station, there is always given an abstract of 
the observed angles. Where the station adjustment is made by 
the angle method, the corrections are applied directly to the observed 
angles in this abstract, and the list of directions is made directly 
from the abstract. 

The following example illustrates the method. The abstract 
below is found in the record book: 

18 11 63.8+ul 53.6 
42 W.6+o; 50.Q 

83 30 67.6+as h7.4 
74 11 ll.O+ua 11.1 
9 19 48.l+us 46.8 

260 17 08.8+va 09.1 

Station Cora 

Observed stations Observed angle I I-. I ,  !-I 
1 This column is filled In after the adjustment is completwl. See 

p 18. 
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+!Am7 
CB 

1 
2 

In the above table vl, v2, v3, v4, v b ,  and v 6  represent corrections to 
be applied to the angles to make them consistent in themselves. 
Angles (2) and (3) are sum angles, and angle ( 6 )  gives a horizon 
closure with (2). There are, therefore, 3 condition equations, which 
are formed in the following manner: 

(1) - (2) + (3) 1st gives 0 = + 0.6 + vl - v2 4- v3. 
2d - ( 3 ) f  ( 4 ) f  (5) gives O =  -0 .5-v8+v4+v, .  
3d (2)+ (6) gives 0 = - 0.6 + Va + ve. 

The correlate and normal equations below are formed in the same 
The normals are solved and manner, as explained on pages 11-13. 

the corrections computed in the manner explained on pages 13-16. 

Correlate equdions 

- 33% - .3  +2.03394 
+:I% +.11~% -.70% 

-. 6 +. 4 
$2.3333 + .a  +. 5333 

-.0417 -.a776 +.2642 

-0. wIa +. 331 
-.#)a +. 140 +. 146 +. me 

Adopted 
u t  

-0.1 +. 3 -. 2 +. 1 +. 2 +. 3 

-- 

I 1  I I I 

This column is filled In after the adlustment is completed. 
t 8- explanstion of this oolumn on p. 16. 

Normal equatiom 

Solution of normal equations 

+3 -1 -1 +o.o t l . 6  +.w + . 3 w  - . a  -. 53333 I :I ?.a333 I -.3m I T:! I +::&a 
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Back solution 

+O. 2008 4-0.1125 -0.2 
+.a337 + . O W  +. 0487 
4.1462 

-. 0816 
~ 

Computation of corrections (v ’s)  

2 3 

-. 1 t . % J l  --.2Q8 
t. 3 -. 2 

After the h a 1  smonds are placed 011 the observed angles in the 
abstract in the record book, the directions are made out on form 
24A. (See fig. 6.) 

Decision 0 00 00.0 
llso 16 11 53.5 
BoWCrrd 25 31 39.8 
Nation 99 42 50.9 

FIQ. B.--List of directions resulting from 
station adjuqtment by angle method 

REDUCTION TO CENTER 

When a station is not occupied centrally, the iroctions or ang os 
observed a t  the eccentric point must be corrected to what they 
would have been if the instrument had been centered over the station 
mark. Also, if the signal observed upon is eccentric, the directions 
and angles involving this station must be corrected to what they 
would have been if the station itself had been observed upon. The 
computation for the reduction to center is made on Form 382. The 
instructions given on that form are repeated below, and examples of 
the two different cases of eccentricity are shown. 

First are given a list of directions for a station occupied eccentrically 
(fig. 7) and the computations necessary to obtain the corrections for 
reducing tho directions fo center. 

, 
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INSTRUCTIONS 

d sin a 
The required reduction to center is, in seconds, c=- sin l t f '  in 

which d is the distance from the eccentric station to the true station, 
and s is the length in meters of the line between the true stations 
involved, and, therefore, log s is taken directly from the computation 
of triangle sides. a is the direction of tho distant station involved, 
reckoned in a clockwise direction as usual but referred to the direc- 
tion from the eccentric to the true station, or center, taken as zero. 
This definition of a is true for the case in which the object pointed 
upon is eccentric, as well as for the case in which the instrument is 
eccentric. 

DW~\MM oc mumma LIST OF DIKECTIORB u. L COUT u. . m a l e  mnrr 
mu. swe: -__....._._.-l---..l__l.. _._ ....- 

Computed by Station..&% ...-...__._ Cmpuld by ..JLEI&- 
O b w v n & . L & -  C k k a d b y  _JeGk, Obwrrsr Ed.~*--..... Chocked by -- 

&Anon# OB.nBQID :gi:Tz$zA e &ATION8 OnlXSQrD D~EZC~TON. oc*L ~oru,,,rsar d m n  ~ , o o N n ,  Fnfu . , ,, Cor. "for 0 I ,, 
Chevy 0 00 Oomeccenfr. ohavy 0 0000.00 

Tank Weat Of A hrlce 29 03 37.0 -62.6 Tank Weat Of A Ed00 29 02 34.1 
Ken (center) 3.469 m. 176 42 roreet oisn standpipe 313 a 01.a 
Foreat dlen Standpipe 313 24 53.0 +lU3& Honm 326 3 2 o S . d  

Home 326 31 30.P +39.dBu* &:t%i wire- 362 17 33.8 
Bu. o f  Stand. nlrelssa 

Raw 357 2848.63 *.ls 
382 17 20.8 +13.0 Bono 387 28 64.78 pol. 

FIG. ?.-Lists of directions before and after reduction for eccentric station 

Carry a to minutes only and all logarithms to five decimal places 
only. Do not in any cas0 carry the derivod reductions to more than 
two decimal places. There is no advantage in carrying them to 
more decimal places than the directions to which they are to be 
applied are carried on Form 248. 

REDUCTIONS FOR AN ECCENTRIC INSTRUMENT 

If the instrument is eccentric, the first column of Form 382 should 
contain the names of the stations observed from that eccentric 
position of the instrument. 

The values in the fifth column are derived by subtracting those 
in the fourth column from those in the third. The values in the 
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fourth column may need to be derived by successive approximations 
from the triangle side computations if the eccentric reductions are 
large. The values in the sixth column are obtained from those 

in the fifth by adding log 4, derived as indicated in the heading 

of the.fonn, if d is expressed in meters. If d is expressed in feet, to 
the other two logarithms add also 9.48402 to convert to meters. 
To obtain a direction as shown on Form 24A, subtract the reduction 
e for the station which is the initial on Form 24A from the reduction 
e for the required direction and apply the difference to the observed 
direction. Similarly, the corroction to any angle is the difference 
of the reductions on this form to the two directions involved in that 
angle. 

sin 1 

D U A m C W  V... coA.lA”..100mc.Y..I” O r  COMYC’ICI REDUCTION TO CENTER 
,e.” ,.a 

Log d =O.WO 
Cologdin1”=6..7 1 4  4 3 

Sum=6.8 6 4 6 3  

Loo 11“ n 

8.76416 
9.7a6a 

9.83- 

9.70115 
8.88654 

8.13681 

8.DUan.a“ -* 

-Bo. 

41. 
6.71  
-1.16 

FIO. S.-RedudJon to canter of eccantrio station 

In  order to compute the corrections to the directions due to 
eccentricity, it is necessary to know the logarithm of the distance 
from the station itself to each of the other stations. For this purpose 
preliminary triangles are computed. (See fig. 9.) The logarithms 
of the distances from Ken to Home, Reno, and Chevy are computed 
from the triangles Ken-Home-Reno and Ken-Home-Chevy. In  
computing these triangles it is not necessary to use the angles a t  Ken 
eccentric, as in each triangle the other two angles are known, and 
the concluded angles at  Ken may be computed and used. This 
method of computing the logarithms of the lengths will give values 
which are more nearly the true values than if the eccentric angles 
were used. 

However, as the other three stations observed from Ken eccentric, 
namely, “Tank near DuIce,” “Forest Glen Standpipe,’’ and “Bureau 
of Standards wireless pole,” were not occupied, it is necessary to use 
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the eccentric angles at  Ken for the preliminary triangles used in 
computing the logarithms of the lengths. 

After the logarithms of the lengths have been computed, all the 
data necessary to compute the eccentric corrections are known, and 
the computation can be made as shown in Figure 8. 

The corrections thus determined are now applied to the corre- 
sponding directions observed at  Ken eccentric, as shown in Figure 7. 
As it is desired to keep the initial direction (in this case to station 
Chevy) 0’ 00’ 001’0, the correction at  Chevy is subtracted algebrai- 
cally from each of the other corrections and these differences applied 
to the other directions. The following corrections are therefore 
applied: At Chevy, 01’00; at Tank, west of Dulce, -691’86- 
(- 7!’31) = - 6225; a t  Forest Glen Standpipe, + 1811’26 - (- 71’31) 
= + 1881’6; at Home, -t 31!’91- (- 71’31) = -t 391’22; a t  Bureau of 
Standards wireless pole, + 5!’71- (- 7!’31) = + 13N0; at Reno, 
- 11’16 - (- 71’31) = + 6N15. The corrected directions are shown 
in Figure 7. 

When the eccentric corrections are large, the logarithms of the 
lengths computed by the use of the eccentric angles are usually not 
sufficiently accurate to give the exact corrections. In  this case the 
triangles must be recomputed by using the corrected list of directions 
(see p. 19) and more accurate logarithms of the lengths obtained. 
These logarithms are then used to compute new eccentric corrections 
which are applied to the directions in the list of directions to give the 
final corrected directions. Ordinarily the first computation of the 
eccentric corrections is sufficiently accurate, but occasionally two and 
sometimes threo computations are required. 

REDUCTIONS FOR AN ECCENTRIC OBJECT OBSERVED 

If the object observed is eccentric the heading “Eccentric station 
- ’’ on Form 382, should be changed to “Eccentric observed 
object a t  station -,” the first column should contain the names 
of the stations from which this eccentric object was observed, and in 
each case a is the direction from the eccentric object to the distant 
station involved, reckoned in a clockwise direction as usual but 
referred to the direction from the eccentric object to the true station, 
or canter, taken as zero. (No distinction need be made between the 
direction from the eccentric object to the distant station and the 
direction from the true station to the distant station except when the 
eccentric reduction is more than one minute.) The remainder of 
the computation on Form 382 is made in the manner indicated- 
above with reference to an eccentric instrument. The reductions to 
directions are, however, to be applied to observed directions, at  the 
stations named in the first column, to the eccentric object at  the 
station named in the heading. The directions to which these roduc- 
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COMPUTATION OF TRIANGLES 

3.772214 
31 

2-3 Xom-Reno 
c 1 Ken 30 56 EA 4 . 5  4.8 0.2888% 

2 Home 47 09 57.7 M.4 61.1 9.865% 

3 Reno 101 55 06.7 4 . 4  10.1 9.99058% 

1-3 Ken-Reno 3.9263g 
1-2 Ken-troM 4.0516- 

49.7 

3.8609 03 
15 

2-3 Xome-Chen 

2 Home 25 20 54.6 +2.2 56.8 9.6?J5$ 

96 

1-2 Ken-Home 4.0516% 

50.6 
c 1 Ken 33 3‘ ssF;tr +2.3 52.9 0.258- 

3 chevy l z l  11 08.1 +2.2 10.3 9 . 9 3 m x  

1-3 Ken-C’nevy 3.750955 

53.3 

2-3 Ken-Reno 
o 1 T& near 0ulce(111 W) 

33 39.7 
2 Ken 31 
3 Rem 37 18 26.6 
1-3 Zank-Reno 

1-2 Tank-Ken 

2-3 Reno-Ken 
lPorest 01 n 49 22.6 

16 09 44.2 
00 53.2 2 R W  

3 Ken 44- 
1-3 

1-2 

Stantpipe (119 V) 

Yoreat 01- Standpipe - K ~ D  

Porest Glen Standpipe - Reno 

2-3 R en o - K e n m. of Stand. 14.8 

2 R a m  143 26 24.2 
c 1 wireless pole (31 22 

3 Ken 5 11 iM 
1-3 Wireless poleKen 
1-2 Wireless pob-Beno 

3.9263% 
0 . 0 3 0 B  

9.718% 

9.782538 
420 

3.675568 
119 

3.73984ti 

49 
3.9263633 

0.061% 

9.444605 
1887 

9.84- 
661 

2 9 3  
3.8ae6fii3 
3.43- 

49 
3.9263- 
o.a33& 

9.775001 

8.956% 
7 

3.16€% 

3.98496a 

Fro. Q.--frolimimry computation of triangles for reduction o f  ewmlric stntlon 
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tions arc to be applied arc therefore found in various of the lists of 
directions on Form 248,  not rill in one list, as is the case when the 
instrument is eccen tric. 

On page 24 is given an example of a computation for reduction to 
center, when the ohserved object is eccentric as seen froiii several other 

t Station A& 
Observer C&.&L 

Computed by .Qm-.- 
Chsekod by ..%&&--- 

stntions. Station] Home is eccentric ns seen from stations Park, 
Cedar, Gerst, and Garfield. 

In Figure 10 there is given a list of direct,ions a t  stfition Home, 
showing directions to stations Park, Cedar, Gerst, Garfield, and 
Homo eccentric, and also lists of diFcctions a t  stations Park, Cedar, 
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Gerst, and Garfield, at  which station Home is seen eccentrically. 
The computation is made in the same way as where the station is 
occupicd eccentrically. The directions uscd in the computation are 
obtained from the lists of directions a t  station Home, using Home 
eccentric as initial, remembering, however, that 180' must be added 
to these directions, since the directions are taken at  the station itself 
and not a t  the eccentric station. 

As in the case of an eccentric instrument, the approximate loga- 
rithms of the lengths are obtained by a preliminary computation 
of triangles. As the details of this computation are given on pages 
20-21, it is not necessary to repeat them here. 

After the eccentric corrections are determined, they are applied, 
not to the directions observed at  station Home, but to the direction 
Home eccentric in each of the lists of directions for stations Park, 
Cedar, Gerst, and Gariield. (See fig. 10.) 

DCPARTUENT V... SOA..Um.cOHIIS OF CoYMencc .Y"W REDUCTION TO CENTER 
10." *.I 

Log d =O. 44 5 6 0 observed objaot at 

Colog sin 1"= 6 .  3 I 1 4 1 
Bum=5.76003 

BooontriaAStatlon: 

d n  2.79 wtur 

I BTATTIONB 

Center 
00- 

Oerrt 
a u i t r u  
Park 

0 0 0  
4 12 

9 4 4 6  
109 30 
317 06 

FIG. 11.-Reduction to  csnter of ecrentric observed object 

REDUCTION OF HORIZONTAL DIRECTIONS TO SEA LEVEL 

In  case the elevation of a triangulation station is very great, a 
correction must be applied to the observations upon that station 
to reduce them to sea level. I t  is only necessary to compute this 
correction for triangulation of the first order, as it  usually amounts 
to only a few hundredths of a second. The correction, expressed in 
seconds, is 

e2h sin 2a,cos2 6 
' 12pSin 1" ' 

t. 
, h = the height of the station observed and a = its - a2 - b2 where e -- a2 

azimuth reckoned in a clockwise direction from south, p = the radius of 
curvature of the earth in 8 plane normal to the meridian a t  the station 
from which the direction is measured, and += the  latitude of the 
station from which the direction is measured. 



__ 

Observed station h a 2 a  

0 8  m. O ' 
Snakc _ _ _ _ _ _ _ _ _ _  ~ 813 50 45 101 30 
Gladys ....--.... 761 221 62 83 44 
Bonrtrail. _.____ 740 230 21 118 43 
Williston __._. _ _ _  723 283 57 227 64 
Buford. _ _ _ _ _ _ _  ~ 756 353 42 347 24 

- __ - - 
LOR k 3  

2osin ld t*o* 
L o g h  driw9+ corrcc c ~ ~ ~ c -  

___--_________-- 
)I 

9.001 2.910 5.684 8.585 +O.M 
9.(W 2.881 6.684 8.562 
9.943 2 869 5.684 8.4% $:b", 
9 870 2 850 5.1% 8.413 -.03 
9 339 2.878 5.684 7.902 -.01 

I 
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5 
85 

95 
175 

Correction to horizontal direction for elevation of mark 
e' h e l  

[Corr.=+2p sir! 1,, coslg sin k; 2p sin 1,, cos' g siu 2a is tabulnted below for &e aizlh dccimat place. It is 
to bo multirhd by h in motors. The sign of tho correction Is + for azimuths In tho flrst and third quad- 
rants and - for azimuths in the second and fourth qundrants.] 
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m. 
813 
701 
740 
723 
756 

The arguments used in this table are the latitudc-of the station at  
For conven- 

'ience the computation should bo made in tabular form as shown 
the loft and the azimuth of thc direction at the top. 

bolow. 

50 45 
221 32 
239 21 
293 57 
3.53 42 

0. M l W 7  
. r n R  . Moo42 . m ) 3 6  
.oooo11 

+o. 04 +. 0-1 +. 0.1 -_ OR -. 01 

I n  thc first and sccond columns arc givcn thc nanic and height of 
the station ol)servcd, in thc third colrirnn tlic tizimuth of tho observed 
station from t,lin occupicd station, in the fourth column tho factor 

e2 sin 2a cos2 4 -~ 
2 p  sin I/'-- as titkon from tho tahlo on pngc 26, and in the last 

column the sea levo1 corrcction which is obtainod by multiplying the 
tactor in thc fourth colriinn by tho height in tho second column. 
The corroction is plus for azimuths in the first (0' to 90') and third 
(180° to 270') quadrants and minus for azimuths in the second (90' 
to 180') and fourth (370' to 3G0°) quadrants. 

After thc soa love1 corrections have been determined, they are 
appliod to tho corrcsponding directions a t  stktion Bull. The list of 
directions is tho11 rawritten to make the reading of tho initial station, 
Williston, 0' 00' OO!'OO. 

The soa-love1 corrections may dso be determincd by means of the 
nornogram shown in Figure 13 which was designed by II. S. Rapplepo, 
associate mathamaticiari of the division of geodesy of this bureau. 
Diroctioris for using this nomogram are given on the figure, 

(Soc fig. 12.) 

58853"-28-3 
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LIST OF DIRECTIONS, ALL PRELIMINARY CORRECTIONS APPLIED 

After all corrections have been applied to the observed directions 
or angles as the case may be, the list of directions is made out on 
form 24A, as shown in Figure 12. The directions are arranged by 
giving the initial direction a value of 0' 00' OO!'OO and .continuing 
in a clockwise direction around the horizon. 

The list of directions should then be checked and initialed by th'e 
checker before it is used in taking out the angles for the triangles. 





CHAPTER 2.-ADJUSTMENT OF A QUADRILATERAL 
SKETCH 

Before starting the adjustment of a’  net of triangulation the 
mathematician should make a good clear sketch showing all the lines 
over which observations were made. The unobserved directions 
should be shown by dotted lines. A sketch of a typical quadrilateral 
is shown in Figure 14. In this figure C and A can not be seen from D. 

TRIANGLES 

After the figure is drawn the triangles should be written out in 
clockwise order on Form 25. In  the quadrilateral above with the 
line AB fixed the four triangles should be written as follows starting a t  
station C: CAB, DAB, DAC, and DBC; or starting with station D, 
DAB, CDA, CDB, and GAB, That is, a t  each 
station not on the fixed line all the triangles 
formed by connecting it with stations on the 
fixed line or previously named stations should 
be written in clockwise order. 

After the local conditions, that is, those ark- 
ing from the relations of the angles a t  each 
station to one another, are satisfied (see pp. 8-18) there are general 
conditions arising from the geometrical relations of the various parts 
forming a closed figure which must be satisfied. 

To illustrate the method of adjusting triangulation, i t  seems well 
to  start with a simple quadrilateral, and give in detail the various 
steps of the adjustment. The adjustment of a larger figure or net 
of triangulation, involving all the various conditions which enter 
into such an adjustment, is shown on pages 50-109. 

In the sample given below, a quadrilateral of fmt-order triangula- 
tion was selected for illustrating the methods. The adjustment of 
triangulation of the lower orders is similar except that the angles, 
lengths, and logarithms are not carried to as many decimal places, 
In the adjustment of triangulation of the first order, the angles are 
carried to hundredths of seconds, and the logarithms are carried to 
eight places in the equations and to sgven places in the final lengths 
used in the triangles. 

There a10 given below tha lists of directions for stations Roman, 
Spencer, Yellow, and Fairview, the four stations making up the 
sample quadrilateral. These directions are assumed to have been 
corrected for sea-level reduction and for any local adjustment re- 
quired and to have been checked. In the adjustment, the method of 

29 
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directions is used; that is, an angle is considered as the difference of 
two directions. The geographic positions (latitudes and longitudes) 
of stations Roman and Spencer are considered fixed and also the 

Yellow 

length and azimuth of the 
line joining them. 

The sketch showing the 
relative positions of the 
stations is drawn and the 
directions n u m b e r e d  as 
shown in Figure 15. It is 
not necessary to spend much 
time in making the sketch - 

FIG. 15.-Quadrilateral used for sample adjustment absolutely to scale, a1 though 
it should be approximately correct In order to give an idea of the 
relative size of the angles, the sketch being used as an aid in forming 
the equations. 

U.I. D O A W M O n  mul w 0. UDOnr -C. m LIST OF DIBECPIORS 
Slacr : _-._ QteLQR _._________.____ ~ __________. P o 1  m. 

Slation..%?!!!!!!--. bnrcut.d by JA-, SMionA-.- -... Commpubd by ..LE& ___._ 
Ob,uvw.&h&& Chmkedby &res* Obunw &&&.-..... Cha*kod by a&.-- 

&mora Omasmrro ~ ~ ~ m ~ ~ u ~ ~ &  ,E:& ~ i m o n s  omsuvro ~~~~~~&~~ ,,~~~& . , ,, I ,I 

0 00 00.00 53756 Peterson 0 00 00.00 
Pairview 31 04 11.58 11.86 Twin 1 ce 19.28 
Yellow 65 12 45.72 45.48 Fairview 131 12 06.a 04-91 
w 291 34 34.04 Yellow ' 197 26 26.30 S.80 
Peterron 321 25 P.53 Roman 261 4630.49 38.31 
h l n  330 41 33.42 Ranch 270 37 26.91 

17lllavette South Buo 311 51 00.89. 
Lby 318 12 01.16 
Ridge 319 15 00.47 
;Pillemette North Base 328 26 41.12 

The triangles are then written out in clockwise order on Form 25 as 
describedon page 29. (See fig. 17.) 
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EXPLANATION OF TRIANGLES 

I n  the first column of Form 25 is given the dcsigntition of the angle, 
in the second the name of t tie station, in the third the ohserved angle 
a t  tho station, in the fourth the correction to the angle as detcrminrd 

DLCARTYCNT O r  C O Y L I E K C  u .- MetWtz WM" 
norm me COMPUTATION OF TRIANGLES 

State: ._.. Or-epn ._____________. _ _  
1 4 5 6  7 

w.ll..n-IDI 

2-3 Roman-Spencer 
-4-6 1 Yellow 60 ai 09.17 -0.34 08.83 i.95 

-1+3 2 RO~WU~ 65 12 45.72 -0.20 45.52 1.96 

-11- 3 Spencer 54 21 12.19 -0.68 11.51 1.95 

1-3 YellorSpncer -1.22 5.86 
1-2 Yellow-Roman 

07.08 

2-3 Yellow-Roman 

-7i8 1 hirview 26 46 00.86 4 .83  01.68 2.19 
-4-6 2 Yellow 119 05 31.11 4.16 31.27 2.19 

- 2 4  3 BO- 34 08 34.14 -0.52 33.62 2.19 

1 -3 Fairview-Roman 4.47 6.57 
1-2 Fairview-Yellow 

06.10 

2-3 Yellow-Spencer 
-74 1 Fairview 55 07 22.21, 4.57 22.84 2.39 
-54 2 Yellow 58 39 21.94 4.50 22.44 2.39 

-10+11 3 Spencer 66 13 a .w 4.82 21.89 2.39 
1-3 Fnirvien-S?encer +1.89 7.17 
1-2 Fairvien-Yellw 

L 

05.28 

2-3 Ronan-Spencer 

-84 1 Fairview 28 2l 21.42 -0.2G2l.16 2.15 
-1+2 2 Ro- 31 04 11.58 +0.32l1.90 2.15 

-lot12 3 Spencer 120 34 33.26 iO.1433.40 2.16 

1 -3 FairvierSpencer 4.20 6.46 
1-2 Fsirview-Roman 

06,s 

06.88 

43.66 
m.56 

- 
59.49 
29.08 

31.43 

P.45 
20.05 
19.50 

19.01 
09.71 

31.24 

FIG. l7.-'l'ri11ngle computation for stations of qusdr i la tml  

a 
WOARITBbI 

4.7176307 
0.0605813 
9. 9580218 

9.9098a72 
4.7362338 
4.6880892 

4.6880992 

0.346444l 
9.9414345 
9.7491538 

4.9759770 
4.7836971 

4 .736W 
0.0869876 
9.9314362 

9.9614757 
4.7637076 
~.7a3697i 

4.7176301 

0.3233636 
9.71P133 

9.9349836 
4.7537076 
4.9759770 

by the adjustrnent, in the fifth the adjusted spherical angle a t  the 
station, in the sixth thc spherical excess or difference between the 
plane and spherical angle, in the seventh the plane angle, and in the 
eighth column the logarithms of the distances and tho logarithms of 
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the sines of the plane angles (cologarithm of the sine of the first 
angle). 

It is apparent that to begin with, we have only the data in the first, 
second, and third columns. The other columns are filled in after the 
adjustment is completed. The first and second columns can be filled 
in directly from the sketch. The observed angles in the third column 
are obtained from the lists of directions, an angle being the difference 
of two directions. For example, the angle at Yellow, between Roman 
and Spencer, is obtained from the list of directions for station Yellow 
(fig. 16) by subtracting the direction to Roman from the direction 
to Spencer. 

To obtain the angle at  Roman between Peterson and Fairview, i t  
is necessary to add 360’ to the direction to Fairview before subtracting 
the direction to Peterson; (31 O 04’ 11P58 + 360’) - 321 O 25’ 23!’53 
=69O 38’ 48!’05. In  other words, if a direction is less than the one 
which is to be subtracted from it, then 360’ must be added to it 
before the subtraction is made. 

As an angle is obtained by subtracting the direction to the left hand 
station from the direction to the right hand station, it is designated 
by the two numbers representing these directions on the sketch, the 
number of the left hand direction having a minus sign because that 
direction is subtracted from the other. For example, the designation 
of the angle a t  Yellow between Roman and Spencer is - 4 f 5,  4 and 
5 being the designations of the directions from Yellow to Roman and 
to Spencer, respectively. 

SPHERICAL EXCESS 

The total spherical excess for each triangle as given on Form 25 
is obtained by the formula (see Special Publication No. 8,  p. 7) 

where e is the spherical excess; a,, 61 and C, are the two sides and the 
included angle, respectively, of the corresponding triangle; e is the 
eccentricity and u the semimajor axis of the spheroid of reference; and 
6 is the mean latitude of the three vertices of the triangle. The 
letter m is used to designate that part of the expression above which 
depends only on the latitude and the dimensions of the spheroid and 
the values of log m are given with the latitude as an argument in 
the table on page 234. 

To compute the spherical excess of a triangle it is necessary to make 
a preliminary computation of the triangle to obtain the logarithms 
of the sines of the angles and the logarithms of the lengths. In  this 
preliminary computation, the logarithms need be carried out to only 
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4 places of decimals. As an example, the spherical 
excess of the triangle, Yellow-Roman-Spencer, is computed in the 
following manner : 

In  this triangle the length Roman-Spencer may be called al, and 
Yellow-Spencer 6,.  Log m is 
taken out of the table for latitude 43' 49', which is approximately the 
mean latitude of the three vertices. 

(See fig. 17a.) 

Then the angle at  Spencer will be Cl. 

We then have 

log = 4. 7176 
log 6 ,  = 4. 7362 
log sin Cl = 9.9099 - 10 

log m = 1.4041-10 
1m 

log € = 0.7678 
€ = 5!859 

D~AIWYMT or C O U U ~ C .  
~ w n  as COMPUTATION OF TRIANGLES u. L c a w  .*I ''cull' *".5*, 

Sta to: _. .QZ!WQP.. . . .. . . . ........................ ~ ...... _.. 
_I-".n 

ODBER,.OD ,,SCLE cORR71 S n E V t  8 n d L  P L A X I  A N O L I  
I ~ L S  IXCII A X D  DIITAXCE LoaAR'TnY NO. STATION 

2-3 Roimi-S gencer 
1 Yellow 60 26 09.17 
2 Roman 65 12 45.72 
3 S?encer 54 21 12.19 

1-3 Yellow-Syncer 

1-a YellowRoman 

4.7176 
0.0606 

9.9580 

9.9099 

4.7362 
4.6881 

FIQ. 17a.-Prelimfnary triangle computation to obtain lengths for spherical exms computation 

One third of the total spherical excess for the trianglo is applied to 
each of the three angles as shown in the sixth column of the triangle 
computation in Figure 17. In  like manner the spherical excess for the 
other three triangles of the quadrilateral can be obtained and applied. 

The total spherical excess of a quadrilateral should have the same 
value when computed by adding together the sperical excesses of 
either pair of triangles which cover its area. In  the preceding ex- 
ample, the sum of the spherical excesses of the two triangles, Yellow- 
RomanSpencer and Fairview-Yellow-Spencer, should equal the 
sum of the spherical excesses of the two triangles Fairview-Yellow- 
Roman and Fairview-RomanSpencer, that is, 5.86 + 7.17 -0.57 
+ 6.46. 

In  computing the spherical excesses, it is sometimes found that these 
sums fail to check by OPO1, due to the dropping of the third decimal 
place. They should always be made to check by arbitrarily changing 
the spherical excess of one of the triangles by O!Ol. 

values. 
I This sum can be obtained directly ham the triangle computation without recopying the individual 
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CLOSURESfiOF -TRIANGLES 

The sum of the three angles of a triangle should equal 180° pIus the 
spherical excess of the triangle. This rarely happens when the ob- 
served angles are used, and consequently a triangle closure arises. 
The triangle closure (closing correction) is obtained by subtracting the 
sum of the three angles of the triangle from 180’ plus the spherical 
excess. For example, the sum of the three angles of the triangle 
Yellow-Roman-Spencer is 180’ 00’ 07’!08, and 180’ plus the spheri- 
cal excess is 180’ 00’ 05’!86, so the triangle closure is 180’ 00’ 05‘!86- 

In a similar manner the closures are obtained for the other three 
triangles of the quadrilateral. The closure for the whole quadrilateral 
should be the same when computed by adding together the closures of 
either pair of triangles which cover its area. For example, the alge- 
braic sum of the closing corrections of the two triangles, Yellow- 
RomanSpencer and Fairview-Yellow-Spencer should equal the 
algebraic sum of the closing corrections of the two triangles 
Fairview-Yellow-Roman and Fairview-Roman-Spencer, that is, 
- 1.22 $. 1.89 = + 0.47 +- 0.20. This check should always be applied 
before beginning the adjustment. 

180’ 00’ 07’!08= -- 1122. 

NUMBER AND SELECTION OF EQUATIONS 

After the first, second, third, and sixth columns of tho triangle 
computation (see fig. 17) are filled in RS already explained, the quad- 
rilateral is ready to be adjusted. The first thing to be done is to 
determine the number of equations in the adjustment. In a simple 
quadrilateral where the length and azimuth of only one line are fixed, 
we have two kinds of equations, angle and side equations. 

Condition equations must be included in the adjustment to elim- 
inate the closing errors of the triangles, that is, to make the sum of the 
angles of each triangle exactly 180’ plus tho spherical oxcess of the 
triangle. These are called angle equations. A condition equation 
must also be included to insure that the lines at  the pole (the point 
around which the equation is formed) pass through the same point 
(see Special Publication No. 28, p. 14). This is called a side equation. 

The formulas to be used in computing the number of equations in 
the adjustment of a triangulation net are 

number of angle equations = n’- 8’ + 1, 
number of side equations =n- 2 s  + 3, 

in which n is the total number of lines, n’ is the number of linds sighted 
over in both directions, S is the total number of stations, and 8‘ is 
the number of occupied stations, In using these formulas allowanco 
must be made for lines or triangles fixed by previous adjustments. 
(See p. 59 for another method of determining the number of 
equations.) 
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In the quadrilateral Ztonian-Spencer-Fairview-Yellow (see fig. 15 
n = 6, n’ = 6, S = 4, Si = 4. Therefore 

nnmher of angle equations = G - 4 + 1 = 3, 
number of side equations = G - 8 + 3 = 1 .  

The number of equations in a net having been determined, it is 
necessery te carefully select the equations so that all discrepancies 
will be eliminated by the ttdjustnient. In  forniing the side equations 
it is necessary to select the pole so that the small anglcs will be used 
in the equation, as their tabular differences are proportionately much 
less affected by the dropping of decirntil places than those of tho larger 
angles. On the other hand, the triangles with the large anglcs should 
be used in forming the mglc equations. (This rulc in rcgard to angle 
equations need not be followed for a simple quadrilateral.) 

The corrections to directions art? designated by vl, u2, . . . . . v ~ ,  but 
for convenience it is customary to drop the d s ,  and simply write 
(1)) (2), (3). . . . etc., in which the numbers we not quantities but 
subscripts of the corresponding ds. 

ANGLE EQUATIONS 

The angle equittioiis then for thta quadrilatrral shown in Figure 15 

- ( l ) + ( 3 ) - ( 4 ) + ( 5 ) - ( 1 1 ) + ( 1 2 ) =  -1.22, or 

are formed as follows: 

Angle equation 1, 
as usually written O =  +1.22-(1)+(3)-(4)+(5)-(11)+(12) ,  

angle equation 2, 
angle equation 3, 0=-1.89-(5) t ( 6 ) - ( 7 ) i - ( 9 ) - ( l O ) + ( l l ) .  

Sirice there are four closed triangles (see fig. 17)) ona might suppose 
that there could be four angle equations. However, by studying 
the formation of the angle equations, it can be seen that tho fourth 
equation would not be indepondcnt but would be a combination of 
the other three. For example, the fourth angle equation of the 
qundrilateral would read 

But equation 1 is, 
and equation 2 is 
Therefore equation 1 -equation 2 is, 

0 = - 0.47 - (2) -1- (3) - (4) + (6) - (7) + (8)) 

O =  -0.20-(1)+(2)-(8)+(9)-(10)+(12). 
O =  + 1.22- (1) + (3) - (4) + (5) - (11) + (12)) 
0 = - 0.47 - (2) + (3) - (4) + (6) - (7) + (8). 

O =  + 1.69- (1) + (2) + (5)- (6) + (7)- (8) 
- (11) + (12). 

But equation 3 is, 
O =  - 1.89- (5) + (6)- (7) + (9)- (10) + (ll), 

therefore equation 1 - equation 2 +equation 3 is, 
0 = - 0.20 - (1) + (2) - (8) + (9) - (10) -I- (12) 
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which is identical with the fourth equation above. This shows that 
the fourth equation is simply a combination of the first three and so 
will necessarily be satisfied by any values of the v’s that satisfy the 
other three. 

SIDE EQUATIONS 

In  order to include in the side equation the small angles of the 
quaddateral, designatcd by - 7 + 8 and - 8 + 9, rcspectivoly, the 
pole must be taken at  Roman. The equation is formed by expressing 
the condition that the lines Roman-Spencer, Roman-Fairview, and 
Eoman-Yellow meet in a point; that is, 

Roman-Spcncer Roman-Fairview Roman-Ycllow - - ._ __ - x ___- -- 
Itoman-Fairview Roman-Ycllow Roman-Spencer - ’* 

For the sides of the triangles thc sines of thc opposite angles may 
be substituted, and the equation becomcs 

sin[-8+9] sin[-4+6] ~~- sin[-11 +I21 
sin[ - 10+ 121 sin[ -7 +8 ]  sin[ -4 + 5 ] =  

Or for compuiation by logarithms we have 

log sin[ - 8 + 91 +log sin[ - 4  + 61 +log sin[ - 1 1  + 121 =log sin[ - 10+ 121 
+log sin[ - 7 + 81 +log sin[ - 4  + 61 

For convenience in computing, the equation is arranged in tabular 
form as shown on page 37. The designations of the angles are placed 
in the first and fifth columns, the angles themselves in the second 
and sixth columns, the logarithms of the sines of the angles in the 
third and seventh columns and the tabular differences of the loga- 
rithms of the sines for 1 second of the angles in the fourth and eighth 
columns. The sums of the logarithms in the third and seventh 
columns are then taken, and the constant term of the side equation 
is obtained by subtracting the sum in column 7 from the sum in 
column 3 and pointing off this difference in units of the sixth decimal 
placc. The quantities in columns 4 and 8 are the coefficients of the 
quantities in columns 1 and 5, respectively, and the rest of the 
equation is formed by multiplying together the quantities in columns 
4 and 1 and those in columns 8 and 5 ,  and changing the signs of the 
latter products. 

The designations of the angles in the first and fifth columns are 
takcn diroctly A.om the sketch (see fig. 15), and the angles them- 
selves in tho second and sixth columns are obtained from the triangle 
computation (fig. 17). Each value in the fourth and eighth columns 
is the amount of change in the logarithm of the sine of the angle 
corresponding to a change of 1’’ in the angle and this multiplied by 

1 It is customary in all the computatlona to designate logarithm by Zw, sine by sin and coslne by cod. 



ADJUS’fMENT OF A QUADRIL.4TERAL 37 

the v applying to the angle gives the change in the logarithm of the 
sine of the angle produced by the v. In  the work of the United 
States Coast and Geodetic Survey, the tabular differences of the 
logarithms are‘taken in units of the sixth place of decimals. 

Side equation 

0 ,  

--8+9 28 21 21.42 9.67864588 $3.90 -104-12 120 34 33.26 
119 05 31. I1 9.84143208 -LIS -7+8 26 48 00.85 

-11+1>.. E4 21 12.19 9.80889120 +l. 61 -4+5 Bo 26 09-17 

0.62796914 

9.93498087 -1.24 
9.66356160 4-4.18 
9.93842144 4-1.19 

9.62796401 I 
v‘ 

4. r .$ t ~*f,Jf= + 6J3+ 237L4) - 1.19(6) - 1.18(6) + 4.18(7) - 8:08(8) + 3.90(9) 
- 1.24(10) - 1.51(11) +2.76(12) 

EXPLANATION OF COMPUTATION 

The equations can now be entered in the table of correlates as 
shown on page 38. This table is arranged like that shown on page 11, 
except that there is no column for weights as all the directions were 
considered as observed in the same manner and therefore of equal 
weight. The formation and solution of the normals and the com- 
putation of the D’S are also made in the same manner as shown on 
pages 11-16. After the v’s are determined, the extra decimal places 
are dropped to give the adopted values. In  first-order work the 
adopted D’S are taken to hundredths of a second. 

As a check to insure that the C’s were properly substituted in the 
correlates in computing the v’s, the v’s on all directions around a 
point are added together. The sum should equal zero, unless there 
is at  the point a fixed direction to which no correction is applied. For 
example, at  Roman the corrections on directions ( l ) ,  (2), and (3) are 
(see p. 38) - 0.039 + 0.284 - 0.245 = 0;  at Yellow on (4), (5), and (6) 
they are + 0.056 - 0.282 + 0.226 = 0; a t  Fairview on (7)’ (8), and (9) 
they are -0.466+0.362+0.104=0; and a t  Spencer on (lo), ( l l ) ,  
and (12) they are -0.317+0.498-0.181 =O. 

As was the case for the station adjustment (see p. 15) the adopted 
v’s are not sim$y the computed v’s taken to the nearest hundredth 
of a second. In  order to satisfy all the angle equations exactly, it 
is necessary on some of the directions to adopt the hundredth above 
or below the computed value. In  doing this it is well, if possible, to 
change those values which involve the smallest change in the thou- 
sandth decimal place. 

The full solution, both forward and backward, of the four normal 
equations, is given on page 38. The computation of the v’s is given 
on page 39. As a solution similar to this was fully explained on 
page 14, it is not necessary to explain this one. 

(See the adopted value of v b  on p. 38.) 
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f0.039 
-.% - 
-,%5 
--.X 

Ih the forward and back solutions of the normal equations for a 
simple quadrilateral it is not necesgary ordinarily to use as many 
decimal places as are used in the example above. Three decimal 
places for the multiplied terms, four for tbe division terms, and four 
for the back solution arc usually sufficient. In some cases two, three, 
and three decimal places, respectively, may be used and the desired 
accuracy still be obtained. 

Computation of corrections (v'Y) 

8 0 10 11 3 4  5 0 7  
__-___------ 

-0.038 +0.039 -0.284 +0.284 -0.284 +0.416 -0.416 -0.038 
+.2M -.416 +.(I6 -.416 +.846 --.a12 f .088 f . 4 1 6  +. 121 -.189 +.095 +.094 -.a ---- 
+.OM -.%2 +.2% -.468 +.38 +.lo -.32 +.4W 
+.OS -.% +.n --.47 +. 50 

---- +.382 +.lo1 --.Si7 - 

1 

-0.039 
-. 04 

2 

I-0.284 +. m 
3 +o. 038 

-. IS1 

COMPUTATION OF TRIANGLES 

After adopting values for the v's the next step is to substitute 
these values in column 4 of the triangle computation. (See fig. 17.) 
For instance, in the triangle Yellow-Roman-Spencer, the correction 
to angle Yellow is - 4 + 5 = - (+ 0.06) + (- 0.28) = - 0.34; the cor- 
rection to angle Roman is - 1 + 3 = - (- 0.04) + (- 0.24) = - 0.20; 
and the correction to angle Spencer is - 11 + 12 = - (4-0.50) + 
(-0.18) = -0.68. These three corrections should sum up to the 
closure of the' triangle, -1122, and we find this to be the case for 
- 0.34 - 0.20 - 0.68 = - 1.22. Likewise, the corrections to the angles 
in each of the other three triangles should sum up to* the closure of that 
triangle. The corrections should always be written in the triangles 
in pencil until it  is certain that all the results will check. 

DISTRIBUTION OF SPHERICAL E X C W  

The spherical angles in column 6 (see fig. 17) are next computed. 
The spherical excess of each triangle is then distributed among the 
three angles, one-third of it being placed on each angle. If it is not 
exactly divisible by 3, the spherical excess is so distributed that the 
small angles will have their correct share as nearly as possible, since 
changes in the small angles affect the lengths to a greater degree 
than changes in the large angles. That is, if the spherical exceas of 
the triangle were only 0102, then 0101 should be placed on each of 
the two smaller angles and 0'100 on the largest. If the total spherical 
excess were OY04, then 0102 should be placed on the largest angle, 
and on each of the two smaller mgles; or if the spherical excess 
were 0'!05, then On02 should be placed on each of the smaller angles 
and OTOl on the largest angle. 
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COMPUTATION OF LOGARITHMS OF LENGTHS 

The plane angles in column 7 (see fig. 17) can now be computed 
and finally the logarithms (or co-logarithms) of the sines of these 
angles are placed in column 8. (In the case of the first angle of each 
triangle the co-logarithm of the sine of the angle is used.) In  each 
triangle, the logarithm of the length 2-3 is added to the co-logarithm 
of the sine of angle 1 and the logarithm of the sine of angle 2 to give 
the logarithm of the length 1-3; and the logarithm of the length 2-3 
is added to the co-logarithm of the sine of angle 1 and the logarithm 
of the sine of angle 3 to give the logarithm of the length 1-2. 

After the logarithms of the lengths for each of the four triangles 
are computed, the logarithm of each length will appear in two different 
triangles. These should be the same except possibly for a difference 
of 1 in the last place of decimals, which may be due to accumulation. 
In  a flat triangle, however, having one or two very small angles the 
discrepancies in lengths may amount to several units of the last place 
of decimals used. 

Where there is a difference of one or more in the last place of deci- 
mals in the adjusted logarithms of the lengths, the logarithms should 
be made consistent before going ahead with the work. The question 
naturally arises: To which logarithm should the correction be applied? 
Other things being equal, the correction should be applied to that 
logarithm which was computed through the smallest angles. How- 
ever, in taking out the logarithms of the sines, one more decimal place 
than is necessary should be taken out and placed in small figures to 
the right of each logarithm. It can then readily be seen where the 
adding or dropping of units in this decimal place has accumulated 
enough to change any particular logarithm of a length one in the last 
decimal place used, and the correction can be applied accordingly. 

CORRECTIONS TO DIRECTIONS 

After the correctness of the 0’s has been checked by the closures of 
the triangles and the agreement of the lengths, the corrections should 
be applied to the directions and the final values placed in the list of 
directions. (See fig. 16.) 

The first step is to put the computed and adopted values of the 8’s 
in the columns intended for them in the table of correlates. (See 
p. 38.) Then using the sketch, Figure 15, for the designations of the 
directions, the corresponding corrections should be applied to the 
directions in the list of directions. 

If the 8 to be applied to a direction is negative it sometimes happens 
that the minutes of the final direction will be one less than the minutes 
of the observed direction. Where this occurs a bar should be placed 
over the value in the final seconds column. For example, in Figure 
16, in the list of directions at  Roman, the observed direction at 
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Spencer is 0' 00' OO!'OO and the final seconds are 59.96, that is, the 
final direction is 359' 59' 59!'96. 

At station Yellow the directions to Roman, Spencer, and Fairview 
are numbered 4, 5, and 6, respectively. In the table of correlates, 
page 38, we find the values of the adopted 2)'s for 4, 5 ,  and 6 are 
+0.06, -0.28, and 4-0.22, respectively. Then in the list of direc- 
tions at  Yellow, Figure 16, we apply these corrections to the direc- 
tions Roman, Spencer, and Fairview as follows: To Roman, 38163 -t 
O!OG = 38!'69; to Spencer, 47!'80 - 0!28 = 47152; to Fairview, 09!74 + 
0!'22 = 09!'96. 

The values of the final seconds in the list of directions should be 
checked by using them to verify the corrected angles in the triangle 
computation. The directions at  Yellow should be checked, therefore, 
by the adjusted angles at  Yellow in the various triangles. In  the 
triangle Yellow-Roman-Spencer, Figure 17, the spherical angle a t  
Yellow is 60' 26' 085483. From the list of directions a t  Yellow the 
final angle between Roman and Spencer is 239' 06' 47152-178' 
40' 38!'69=60' 26' 08183 which checks the adjusted angle in the 
triangle. In  the triangle Fairview-Yellow-Roman, the adjusted 
spherical angle a t  Yellow is 119' 05' 3197. From the list of direc- 
tions a t  Yellow the final angle between Roman and Fairview is 
297O 46' 09196 - 178O 40' 38169 = 119' 05' 31127 which also checks 
the angle from the triangle. In ' the triangle Fairview-Yellow- 
Spencer the adjusted angle at  Yellow is 58' 39' 22144. From the 
list of directions a t  Yellow the h a l  angle between Spencer and 
Fairview is 297' 46' 09!96-239' 06' 47!52=58' 39' 22'I44, which 
again checks the adjusted angle from the triangle. 

In the same manner all the adjusted angIes a t  Roman, Spencer, 
and Fairview in the triangles will be found to be checked by the 
angles from the lists of directions, and this shows that all the angles 
are consistent, 

It is important not to omit the placing of the qprrections in the 
list of diredions after an adjustment is completed. The h a 1  values 
in the list show that the adjustment has been made, and they are 
the values of the directions that must  be used if other adjustments 
are made depending on this one. 

COMPUTATION OF GEOGRAPHIC POSITIONS 

After the adjustment is completed and al l  the triangles are com- 
puted and made consistent, the geographic positions of the two new 
points, Yellow and Fairview, can be computed by starting from the 
fixed positions of Roman and Spencer and the fixed azimuth, Roman- 
Spencer. 

Since all the angles and lengths in the quadrilateral are now con- 
sistent due to the adjustment, any triangle may be used! in the com- 
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putation and the position of the point computed should be the same. 
I t  is best, however, to use the triangle with the shorter lengths, as 
there will be less trouble in making the computation over the two 
lines to the new point agree. 

The positions for first-order triangulation are computed on form 
26. The formulas used in the computation of geographic positions, 
the development of these formulas, and the tables used in the position 
computation, are found in United States Coast and Geodetic Survey 
Special Publication No. 8, and are not repeated here. 

The computation of the geographic positions of stations Yellow 
and Fairview are given on pages 42 and 43.’ 

It should be noted that the angles used in the computation of the 
geographic positions are the spherical angles, the seconds of which 
appear in column 5 of the table of triangles (fig. 17). The first 
angle of the triangle, although not used in the actual computation 
of the position, should always be written down in its proper place 
on the form since it is used as a check on the computed azimuth. 

For example, in computing the geographic position of station 
“Yellow,” the angles used are 60’ 26’ OSI’S3, 65’ 12’ 45!’52, and 
5 4 O  21’ 11!’51. After the computation is finished the azimuth 1 to 
2 plus the first angle of the triangle should equal the azimuth 1 to 3; 
that is, 146’ 31’ 32!’27 + 60’ 26’ 08!’83 should equal 206’ 57’ 411’10, 
which they do. 

Care should be taken to make sure that the latitude and longitude 
of the new station as computed from the two different stations 
check and that the azimuths as computed from the two stations 
differ exactly by the amount of the first angle of the triangle. Occa- 
sionally these values will fail to check by one unit in the last place 
of decimals used, due to accumulation in the next decimal place, 
but if the discrepancy is greater than one the computation should be 
checked over to see whether a mistake has been made. 

If no error has been made in the computation and the latitudes 
(or longitudes) fail to check by one unit in the last place of decimals 
used, then the two values should be made to agree by adding one 
unit of the last place of decimals to one value or by subtracting one 
unit from the other value. Which value should be corrected depends 
upon which one should be changed to make the next position com- 
putation check. (See p. 77.) 

In  the same manner if the azimuth of station 1 to station 2 plus 
the first angle of the triangle fails to check the azimuth of stationel 

(See fig. 18.) 

~~ - 

2 After the manuscript o! this publicatiou was proparcd new forms with tho mine numbers (26 and 27) 
BB the old forms were prepitred for tho computation of geographic positions of the tlrst and thlrd orders. 
Although there has becn no change in the formulae uscd for the computation, the different terms of the 
formula8 hnve bean marrangeti in n mor0 compact form, which, i t  is Misvcd, will oupoditc the romputn. 
tiom. These new forms havc not yet hoen finally adopted by this bureau, but are nt proscnt being trtcd 
out in the division of geodesy A copy o! each of these !or- with semple computations of geographic 
poatlona are shown in Figura 10 and 28. 
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to station 3 by one unit in the last decimal place, a correction must 
be applied to one of the azimuths to make the result consistent before 
proceeding with the next position. (See p. 43.) 

LIST OF GEOGRAPHIC POSITIONS 

After the geographic positions of the stations are coniputed a list 
of these geographic positions, together with the azimuths and loga- 
rithms of tho distances to the othcr stations, is made on Form 28B. 
(Sce fig. 21.) The aziniuths from each station to the other stations 
should be arrarigod in clockwise order. The names of the stations 
in the first and sixth columns of the list of positionscan be filled in 
most easily in proper order from the sketch, since this shows the 
arrangement of tho stations in regard to azimuth. For each station 
the azimuth and logarithrii of the distanco to each of two stations 
can be obtained directly from the position coniputi~tion and should 
be written in the list before the other azimuths and logarithms of 
distances which are obtained from the tables of triangles are entered 
on tho form. In  case the quadrilaterals are complete, that is, all 
the lines are included, it is possible to get a check on the computation 
of all extra azimuths in the list. 

At station Fairview, for example, the azimuths and back azimuths 
to Yellow and Spencer are obtained directly from the position com- 
putation, but the azimuth and back azimuth to Roman must be com- 
puted from the trianglos by using the two triangles Fairview-Yellow- 
Roman and Fairview-li.omanSpencer. They are computed in tho 
following manner: The azimuth, Fairview to Yellow alrnady in the 
list (fig. 21) is 86’ 08’ 05’!05 and the angle at  Fairview from Yellow 
to Roman in tho triangle Fairvicw-Yellow-Roman is 26’ 46’ 01168, 
ao the azimuth of Fairview to Roman as derived from the first 
triangle is 86’ 08’ 05’!05+26’ 46’ 01‘!68=112’ 54’ 06‘!73. In  a 
similar manner the azimuth Fairviow to Spencer already in the 
list is 141’ 15’ 27189, and the angle a t  Fairview from Roman to 
Spencer in the triangle Fairview-Roman-Spencer is 28’ 21’ 21 116, 
so the azimuth of Fairview to Roman as derived from the second 
triangle is 141’ 15’ 27189-228’ 21’ 21’!16=112’ 54’ 06’!73, which 
checks the value above. 

Tho back azimuth Roman to Fairview is computed as follows: The 
azimuth Roman to Yellow already in the list (fig. 21) is 326’ 17’ 
39101, and tJhe anglo a t  Roman from Fairview to Yellow in the triangle 
Fairview-Yellow-Roman is 34’08’ 33162, so the azimuth of Roman to 
Fairview as derived from tho first triangle above is 326’ 17’ 30101 
-34’ 08’ 33162-292’ 09‘ 05139. Again, the azimuth Roman- 
Spencer already in the list is 261’ 04’ 53’!49, and the angle a t  Roman 
from Spencer to Fairview in the triangle Fairview-Roman-Spencer 
is 3l0 04’ 11 ’!90, so the azimuth Roman to Fairviow as drrivod from 
the second triangle is 261O 04’ 53149+31° 04’ 11190=292° 09’05Y39, 
which chocks the other value. 
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The extra azimuths, that is, those computed from the triangles, 
should aZwuys be checked in every possible triangle, as this will show 
whether or not the adjustment has made all the angles consistent. 
It should be borne in mind that the angles used in the computation 
of the azimuths are the sphericul ungbs. One can readily tell whether 
to add or subtract the angles in the computation of the azimuths by 
referring to the triangulation sketch an which the relative positions 
of the stations are shown. 

After all the azimuths and logarithms of distances have been 
entered in the list of positions, the other columns are filled out. The 
quantities in the column headed “Seconds in meters” are obtained 
by means of the tables in Special Publication No. 5 ,  entitled “Tables 
for a polyconic projection of maps,” in which the value in meters 
corresponding to 1 second of either latitude or longitude is given for 
all latitudes from 0’ to goo. Next, under the general heading 
“Distance,” the column headed “Meters” is filled out by taking the 
antilogarithms of the values in the preceding column, and finally the 
one headed “Feet” is obtained by conversion of the meter values. 

In  the first column of the list of positions, in addition to the name 
of the station, there should be given the year of the first establish- 
ment of the station, the date when the station was last visited, and 
letters to indicate whether the station is described and marked or not. 
If the station is described but not marked the letter “d”  is used; if it 
is marked and not described the letters ‘(m. n. d.” are used; and if 
i t  is described and marked the letters “d. m.” are used. Other letters 
used in this column are: “n.  d.” which means that the station is 
not described, but whether or not it is marked is not known; “r” 
which means that the station was recovered but no description was 
furnished of its condition; “r. d.” which means that the station 
was recovered and described; and ‘(r. d. m.” which means that the 
station was recovered, described, and marked. 

The column headed “Seconds in meters” is ordinarily not filled 
out for first-order triangulation. The values in this column are 
computed for the convenience of the draftsman in constructing charts 
along the coast but as first-order triangulation is mostly in the 
interior of the country it is not used in making the charts. 

The adjustment of the quadrilateral which has been given in detail 
on pages 29-41, fully illustrates the various steps that are necessary 
in an adjustment when only the geographic positions (latitudes and 
longitudes) of two initial stations, and the distance and azimuth 
between these stations are fixed. Where a number of connected 
triangles and quadrilaterals are to be adjusted, but the only fixed 
conditions are those given above, the steps in the adjustment are 
exactly the same as shown for the single quadrilateral, the only 
difference being in the number of equations, both angle and side. 
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CHAPTER 3.-ADJUSTMENT OF A NET OF TRIANGULA- 
TION BY THE DIRECTION METHOD 

CQNDITIONS INVOLVED 

In the adjustment of the single quadrilateral just considered, only 
angle and side equations were required. The adjustment of a net 
of triangulation is given on the following pages for. which are required 
not only angle and side equations, but condition equations to elimi- 
nate the closing errors in length, azimuth, latitude, and longitude. 
The direction method will be used, as first-order triangulation is 
always adjusted by that method in thiy bureau. On pages 110-146 
is shown a net of third-order trinngulatioii adjusted by the angle 
method. 

Gorgora 

Fin. 22.-Trhngillnti~in net. iisail in sample ndjiistrrient 

As shown in the sltetcli of this net (fig. 22) ,  the lines Garcena- 
Gorgora and Palo-Pedro are fixed in length and azimuth and the 
stations Garcena, Gorgora, Palo, and Pedro are fixed in position 
(latitude and longitude). The angle and side condition equations 
for this net are formed in the same manner as explained on pages 
35-37 for the single quadrilateral. 

The length equation is formed by starting with the fixed length 
Palo-Pedro and computing through the obscrvod angles of a single 
chain of triangles the length of the line Garcena-Gorgora, This 
computed length will usually differ from the fixed length of the line 
and the length condition is thus obtained. 

The azimuth equation is formed by starting with the fixed azimuth 
of the line Palo-Pedro and computing through the observed angles 
of the triangles an azimuth for the line Garcena-Gorgora. This 
computed azimuth will usually differ from the fixed azimuth of the 
line and the al;imuth condition is thus obtained. 

The latitude and longitude equations arc formed by starting with 
the fixed position (latitude and longitude) of either Palo or Pedro 

60 
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and computing through the observed angles of a single chain of 
triangles the geographic position (latitude and longitude) of Garcena. 
This computed position of Garcena will usually differ from the fixed 
position and the latitude and longitude conditions are thus obtained. 

All the steps in the adjustment of this net of triangulation are 
given in detail on the following pages. Although the net is only a 
small one all the conditions that would appear in a large net are 
present, so that an understanding of this small adjustment will 
enable one to adjust a large net. 

The formation of the equations representing all the conditions 
considered above are shown below in detail. If the lists of directions 
a t  the various stations have not been made out in the field they are 
made in the form shown on page 7, with tho column “ F i n d  seconds” 
left blank. 

A sketch (fig. 22) is then drnwn showing the relative positions of 
the stations and all the observed directions between the stations, full 
lines represcntirig directions observed from both stations a t  tho ends 
of the line and lines dotted a t  one end representing directions obscrvcd 
from the station at  tho full end of the line but not from the other 
station. The directions are numbered in clockwise order on the 
sketch as shown in Figure 22. . The triangles (fig. 24) are next written 
out and the angles filled in from the list of directions in Figure 23. 
Particular attention should be paid to the order in which the tri- 
angles are written. 

AS full instructions for determining the spherical excess and triangle 
closures, and for checkingotho triangle closures are given on pnges 
32-34 for the single quadrilateral, they will not be repeated horc. 

(See p. 29.) 

NUMBER OF EQUATIONS 

After the closures of the trianglcs have h e n  determined, the next 
step is to dcterniine the number of equations in the net. The 
forniulas for computing the number of equations to be used in the 
adjustment of a trinngulution net are given on page 34. I n  the net 
considered here, n = 29, R.’ = 29, s = 13, and s’ = 13. The number of 
angle equations is therefore n’ - s’ + 1 = 29 - 13 + 1 = 17, and the 
number of side cquations is n - 2s + 3 = 29 - 26 + 3 = 6. Since there 
nre fixed azimuths and lengths a t  the two ends of the net, there will 
also be one azimuth and one length equation. In  addition to these, 
due to the fixcd position (latitude and longitude) a t  each end of the 
net, there will be one latitude and one longitude equation. Alto- 
gether then there are 17 angle, 6 side, 1 azimuth, 1 length, 1 latitude, 
and 1 longitude equations, or a total of 27 equations. 
A Another way of determining the number of angle and side equations 
in a net is to build up the figure point by point, starting from the 
fixed line a t  one end, and count the number of equations a t  each 

(Text continued on p. 69) 
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Pedro 
Fordyac 
ntoro 

- 
0 00 00.00 59.96 Fordyce 0 00 00 00 00.29 

61 27 32.53 31.71 Btoro 26 37 l f 8 1  19.61 
99 37 25.05 24.93 Pal0 70 32 18.94 18.86 

I I !  . , I ,  

0 00 00.00 59.9Y Yalo 0 00 0%. 00 00.43 
__ A 

Garola 
Panoho s QZ 61.34 51.76 Pedro 
E l tom 76 47 69.07 60.01 Pordyac 

Palo 140 60 63.62 53.16 barcia 
Pedro 188 61 03,46 03.08 i'8mho 

> 
.----c--^ 

r$ 
36 27 36.43 36.47 

77 47 14.58 14.28 

149 39 01.51 01.57 

194 18 20.42 20.19 

LOrmlmnt 0 00 00.00 00.46 i l t o r o  
(;orpa 51 15 33.50 33.51 Pordyoe 

P.nCh0 89 53 49.28 49.12 Car018 
a l to ro  160 46 14.32 14.39 ;jonWnt 

Fordyoa 192 06 27.73 27.36 Uorpua 

0 00 00.00 00.43 
20 23 46.79 46.52 
64 28 16. b2 16.52 

92 56 19.84 19.79 

142 14 SY.23 58.83 

- 
0 00 00.00 b9.64 ?ancho 0 00 00.00 00.66 

26 00 27.23 27.85 U81%la 63 35 03-71 03.37 
31 47 59.65 69.97 Llomment 92 54 15.91 16.83 

80 % 48.42 48.61 Crande ' 139 I2 15.04 15.26 
118 19 56.00 64.61 Hebron 186 42 58.48 58.00 

179 58 03.72 03.26 

FIo. 23.-Ligts of directions for stations of net 



ADJUSTMENT OF NET BY DIRECTION METHOD 53 

RinJold 0 00 00.00 00.09 corplr 

HebML 63 08 11.31 11.49 :lonurmnt 
corp la  152 41 08.92 08.87 tirade 
xonumenb 231 60 49,06 48. e2  Ringold 

wrgora 
ti(u.OenP 

0 00 00.00 00.66 

37 26 30.66 30.03 
42 66 20.48 20.61 

90 19 02.33 02.02 
161 62 16.28 16.66 

173 36 47.89 47.73 

0 00 00.00 00.67 
6 02 24.09 24.18 

$43 44 3e.07 31.41 

FIG. 23.-Lists of directions for stalions of net-Continued 
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*or,,, 2s COMPUTATION OF TRIANGLES ” L (*LIT 1x0 w m , c  I Y S Y l ,  

State: .-.Texan ....__.._____.______ _ _  

2-3 P d o  - Prdro 

-1w6 1 Fordyce 43 00 09.94 -0.01 09.93 0.CB 

-4+5 2 Polo 61 21 31.53 f0..3 31.76 0.09 
-143 3 Pedro 70 12  18.9a -0.37 18.57 0.09 

1-3 Fordyce - Pedro -0.15 0.26 

1-2 Forfiyce - P a l o  

00.41 

2-3 Palo  - Pedro 

- 7 4  1 Eltoro 36 27 36.43 -0.39 56.04 0.09 
-4-6 2 P d o  99 17 25.05 -0.07 24.98 0.09 

-243 3 Pedro 43 54 59.13 t O . 1 2  59.25 0.09 

1-3 Eltora - Pedro -0.24 0.27 
1-2 El to ro  - Palo 

00.61 

2-3 Palo  - Forayce 

-7+9 1 Eltoro 77 47 -0.73 m e 5  0.07 

-14-l-15 3 Fordyce EA 02 53.85 -0.71 53.14 0.07 

1 3 Eltoro - Fordyce -1.74 0.21 
1-2 Eltoro - P d o  

- 5 - 6  2 Palo 38 09 53.52 4-30 53.22 0.07 

01.95 

2 3  PPdro - Fordyce 

-84-9 1 Elton 41 19 38.15 -0.34 37.81 0.07 - 
-l+2 2 Pedro 26 37 i 3 . 8 1  -0.49 19.11 0.06 

-14t16 3 Fordyce 112 03 03.79 -0.72 03.07 0.07 

1-3 Eltoro - Fordyce -1.S 0.GW 
1-2 Eltoro - Pedro 

01.75 

2-3 E l t o r o  - Fordyce 

-2oC?l 1 Garcia 31 20 13.41 -0.45 12.96 0.09 

-%lo 2 Eltoro 71 E l  46.93 +0.36 47.?9 0.09 

-12+14 3 Fordyce 76 47 59.67 M.15 60.02 0.09 

1-3 Gnrcla - F o r o c e  $O.I’G 0.27 

1-2 Gnrcln - E l t o r o  

00.01 
lk;. 24.- ‘l’rinnple c r m i l l i i i : r l  IOTI for u1:~iions of not 

3.978152U 

09.85 0.1289079 

31.67 9.91?7288 
18.48 9.9744497 

4.0507887 

4.0815096 

3 . 9 7 a m o  

15.95 0.2160::26 

24.d9 9.958449 

59.16 9.B.111144 

4.1980195 
4.045,1890 

4.0815096 

13.78 0.0099416 
53.15 9.7909358 

53.07 9.9538377‘ 
3.9823870 

4.04E2389+1 

4.0507887 

37.74 0.1502Gm3 

19.26 9.6513775 

03.00 9.9670100 

3.8813870 

1.1930195 

3 .RR7!!870 

12..07 0.2339337 

47.20 9.9773678 

59.93 9.9dR3711 

4.1441935 
4.1546963 
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COMPUTATION OF TRIANGLES 

23 Eltoro - Fordyce 3.a823870 

- S 2 3  1 PmChO 20 23 46.79 -0.70 46.09 0.m 46.01 0.4577866 
44112 Eltwo 116 31 -05.84 +O.W 05.91 0.09 05.02 9.9517221 

-IN14 3 Fotdyce 43 05 08.33 -0.W @a26 0.09 C8.17 9.8144781 
1-3 Pmcho - Fordyce -0.70 0.25 4.2918957 

Pancho - E l t o r o  4.1746517 1 -2 
+1 

00.96 

2-3 Xltoro - Garcia 4.1546968 

- 2 m 1  Pwcho 64 28 16.62 -0.13 16.49 0.13 16.38 0.0446159 
-ZD+ll2 Eltoro 44 39 18.91 -0.29 18.62 0.12 18.50 9.8468552 

-1SfV203 Parch3 70 52 25.04 1.0.23 25.21 0.13 25.14 9.9753391 
1-3 Pacho  - Ca-cia -0.19 0.38 4.0461679 
1 3 Peach0 - Eltoro 4.1746518 

00.57 

2.3 Fordycb - Parcia 4.1441935 
-2q.24 1 PanC!;O 44 04 39.83 +O.V 30.40 0.13 30.21 0.1576402 

-lata3 2 FOr.'yc8 23 42 51.34 +0.42 51.76 0.13 51.63 9.7-2 
102 12  38.45 -0.22 38.23 Q.13 38.10 9.99006EQ -1- 3 I)~rcia 

13 Pancho - Parcia 44.77 0.39 4.0461679 
1-2 P ~ i c h o  - Fordyce 4.2918957 

5x3 

2.3 Paxslao - Parcia 4.04616'79 
-31i-32 1 Monument 61 38 68.72 -0.W C8.64 0.06 08.58 0.0555446 

-2W52 Pancho 28 Z8 03.22 -0.35 02.87 0.05 02.82 9.678208082 

-17+19 3 G,wcia 89 53 49.28 -0.62 48.66 0.06 48.60 9.9999993 
1-3 

1.2 

2-3 
-33+34 1 

-2M6 2 
-1&19 3 

1-3 
1 -2 

MoDulMnt - Garcia -1.03 0.17 
3lonuPant - Punebo 

01.21 

, Paac!io - Garcia 

C O Y  63 35 03.71 -1.02 02.69 0.07 02.62 
Pancho 77 46 42.61 -0.70 41-51 0.07 41.94 
Onrcla 38 38 15.78 -0.17 15.61 0.07 15.5% 

C a r p  - Garcla -1.89 0.P 
Corpuue - Pawho 

FIQ. %.-Triangle computrtlon for stations of net-C'outlnued 
02.13 

.?.7?99rn 
4.1017118 

4.0461679 

0.0478917 

9.3900438 
9.7954531 
4.CUU41034 
5.8a95177 
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OOARTYSW w couucmt 
Y L c m n U  OM% wm, 

m m  sa COMPUTATIO~~ OF TRIANGLES 

2-3 Pmcho - Monument 

-33+25 1 Cor* 92 54 15.91 -0.76 15.15 0.07 
-25*’6 2 Pmcho 49 18 33.39 -0.35 39.04 0.0G 
- 3 O e l  3 IlolluInent 37 47 06.58 -0.58 06.00 3.06 

1-3 Cor:;us - Xoaunent -1.69 I 0.19 
1 3 C o r p s  - Pancho 

01.93 

2-3 Garcia - Monument 
-34i-351 c o r n s  29 19 1 2 . P  M.26 12.46 0.05 

-17+18 2 Go$cia 51 15 33.50 -0.45 33.05 0.05 
-30+32 3 Zonunent 99 25 15.30 -0.66 14.64 0.05 

1-3 Cor.ms - Xonunent -0.85 0.15 
1-2 C o r p e  - Oarcia 

01.03 

2.3 Corpus - Monmnent 
-40+411 GranLe 78 09 40.13 -0.ia39.95 0.06 
-3-362 C o ? p s  46. 17 59.13 40.3059.43 0.04 
-ZSt303 Xonumrnt 55 33 21.19 -0.4320.76 0.05 

1.3 Grande - Monument -0.31 Oil4 

13  3rnndr - Corpus 
00 b 49 

2-3 Corpun - Monument , 

-4,3431 Hsbron 37 26 30.55 -1.07 29.40 0.09 
-35G72 Corws 93 48 42.57 -0.40 42.17 0.10 
-.%+SO3 Monument a 44 48.a7 - 0 . z , a . 6 4  0.10 

1-3 Hebron - Idomunent -1.70 0.29 
Hebron - COT 1-2 

01.99 

I 2-3 Corpus - C r u d e  

- 4 u e 4 1  Hebron 42 56 20.48 -0.42 20.06 0.06 
-3w372 c o r p s  47 30 43.44 -0.70 42.74 0.06 

-?;OM03 Grsndr 89 32 57.61 -0.23 57.38 0.06 
1-3 He‘xon - Grande -1.35 0.13 

1.2 Hebron - Corpus 
01.53 

4.1017118 

1 5 . a  0.0005981 

38.98 9.8798168 
05.94 9.7872478 

3.98208 67 

3.8895277 

2.7799207 
12.41 0.31wBOO 

33-00 9.8920860 

14.59 9.9941028 
3.98m67 

4.0841035 

3.98,-67, 
39.90 0.0093379 

69.39 9.8591173 
20.71 9.9161972 

3.8505419 

3.90162l8 

3.98208 67 

29.39 0.2161314 
42.07 9.999&2 

48.54 9.8761043 
4.1972563 
4.0143223 

3.9416.3l8 

2O.M) 0.1667139 
42.68 9.8677132 
57.32 9.9999866 

3.9420489 

4.0743223 

Fro. 24.-Triunple computation for slations of net-(:oniiniied 



ADJUSTMENT OF NET BY DIRECTION METHOD 57 

COMPUTATION OF "WANGLES 

. 2-3 Monument - Grade 

-434441 Bebron 5 a 49.93 a .65  50.58 0.01 

-a29 2 lbnument 6 47 32.32 -0.30 32.12 0.01 

-39613 Graade 167 42 37.74 -0.41 37.33 0.01 

1-3 Hebron - Orande s0 .M 0.W 
3 3  Hebron - Monument 

5- 

w Bebron - Grande 

-50461 1 Ringold 69 29 07.27 +0.1007.33 0.08 
-44i45 2 Hebron 47 22 41.85 -0.4441.41 0.04 

-38+393 Orando 63 08 11.31 +3.0911.40 0.05 
1-3 Ringold - Grand. -0.25 0.14 
13 BlU@ld - RebrOB 

00.39 

.a Eebron - yOnum8nt 
-5W2 1 Ringold 95 19 28.46 -0.5127.95 0.09 
-W 2 Eebron 52 52 31.78 +O.P31.99 0.09 

Uonumsnt 31 47 59.65 +0.7a60.3 0.0s 

13 Bingold - Monument w.48 0.27 

1-2 Xingold - Hebron 
59.79 

2-3 Ornnde - Monument 
- 6 W Z  1 R1-M 2S 50 2l.P -0.61 20.62 0.03 

-41 2 Grenda 1s 09 10.96 +0.32 11.F 0.04 
-27- 3 Moxnment 25 00 21.23 +0.98 28.P 0.03 

1-3 Ringold - Monument M.69 0.10 

13  Ringold - Orado 

2-3 Hebron - Ringold 
-53t.64 1 Oercnu 67 18 20.19 -0.10 a0.09 0.03 
-45147 2 Hebron 83 18 46-68 tO.15 46.71 0.Q 

- 4 W O  3 Ringold 29 a4 54.45 -0.16 54.29 0.03 
1-3 Q ~ P O ~ A  - R i w l d  -0.11 0.09 

I4 occc:. - Rebron 
b.20 

3.8505419 

50.57 i . m a 6 3 ~  

32.11 9.0728735 
37.32 9.3280810 

3.9420488+, 

4.1972663 

3.9430489 
07.28 0.0284539 
41.37 9.86673a8 

11.35 . 9.9504064 

3.0372856 

.3.9209092 

4.19'72563 

21.86 0.0018779 

P.90 9.901636l 
60.24 9.7217760 

4.1007703 
3.9Z09002 

3'.9zoS092 
20.08 0.9349980 
46.68 9.997005s 
54.26 9.6911991 

3.9529121 

a.6471063 

no. U.-Trikngle computation for statlorn of net-cwtinued 
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COMPUTATION OF TRIANGLES 

stat.: 2cr.s ............... __._ .................... ~ .._- -- 
OB6EBVLD ANOLI CORRW 8n''' "' 'QAN6 UW U R  AADDId%ANCE NO. ITATION 

2-3 GarceM - Hebron 
-56t.67 1 Gorgora 6 02 24.09 4-48 23-62 0.01 

- 5 m 5  2 Garcena 162 14  05.66 -0.39 05.27 0.a 

1-3 Gorgora - Hebron -1.33 0.03 
-46947 3 Hebron 11 43 51-61 -0.46 31.15 0.01 

1 3  Gorgora - Oarcena 
01.36 

23 Garcena - Ringold 

-5Bt68 1 Gorgora 43 44 32.07 -1.23 30.84 0.07 
-54+55 2 G W C m  94 55 45.47 -0.29 48.18 0.07 

-4Sf49 3 Ringold 41 19 43.99 +0.19 44.18 0.06 

r-3 Gorsora - E f ~ o l &  -1.33 0.20 

1-2 Gorgora - b r c m  
01.63 

23 Hebron - Rfngold 

-5N58 1 Sorgora 37 42 07.98 -0.75 07.23 0.a 

-45+46 2 Hebton 71 33 13.95 +0,6l 14.56 0;OS 

.Is3 Sorgora - Rfngold -0.11 0.26 
-4M60 3 Riwold 70 44 36.44 +0.03 38.47 0.09 

1-2 Oorgora - Hebron 
00.37 

23.60 

05.26 

31.14 

30.77 
45.11 
44.18 

07.15 
14-47 
a . 3 e  

LOOARlTl3JI 

3.6471363 

0.977a983 

9.4844665 

9.3079664 
4.1094711 
3.9329710 

3.95291a7 

0.1602639 
9.9983908 
9.8197944 

4.1115674 
3.9329710 

3.9209092 

0.P35649 
9.9770934 
9.9749970 
4.1115675 

4.1094721 
-1 

FIG. %.--TrisngIe cxiinputation for ststionti of net-('ontini~ed 
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Rtntlon I 

point. The rules to follow in this case are: At each point the number 
of angle equations is one less than the number of full lines (observed 
at both ends) and the number of side equations is two less than the 
total number of lines, counting both the full lines and those dotted 
at one end. 

For example, in the net to be adjusted, start at  the fixed line 
Palo-Pedro. Then at  station Fordyce there are 2 full lines to sta- 
tions already .considered and so there are one angle and no side 
equations; at  station Eltoro there are 3 full lines to stations already 
used and so there are 2 angle and 1 side equations; at  Garcia there are 
2 full lines and therefore 1 angle and no side cquations; at Pancho there 
are 3 full lines and therefore 2 angle and 1 side equations. Continu- 
ing this process of building up the figure point by point until the final 
point, Gorgora, is reached, wo have the following number of angle 
and side equations: 

Number of angle and side equations in net 

-- 

Angle 
- 

I__ 1 Total .._____ 1 17 

__ 
Side 

0 
1 
0 
1 
0 
1 
0 
1 
1 
0 
1 

F 
- 
- 

A total of 17 angle and 6 side equations is thus obtained and this 
agrees with the number of equations detormined by means of ths 
formulas. In a complicated figuru for which it is difficult to deter- 
mine the correct number of equations the number should be checked 
by using both methods. 

FORMATION OF CONDITION EQUATIONS 

The angle equations, which are shown on page 60, are obtained 
in the same manner as in the adjustment of the single quadrilateral. 
(See p. 35.) The side equations are also formed in the same manner 
as the one used in the adjustment of the single quadrilateral. One 
should be careful at  all times to choose the pole in each side equation 
so that the two smallest angles will be included for, otherwise, the 
final adjusted logarithms of the distances in the triangle computation 
may not check. 

68853'-28-6 
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9. 7lWf7319 
9.95&3(M3fi 
0 . ~ 4 7 8 4 8  
-I 

9. 5009x01 

The angle and side equations should be formed by building up 
the figure point by point in the same manner as for counting the 
equations and writing out the equations at  each new point as the figure 
is built up. In  this way not only will the correct number of equations 
be obtained, but the introduction of “identical ” equations will be 
avoided. “ Identical ” equations are sometimes introduced acci- 
dentally and not discovered until the solution of the normals is 
considerably advanced. (An illustration of an “identical ” equation 
is given on p. 181.) 

+3.M -12+14 78 47 09.67 
+LOO -19t20 70 82 25.04 
+2.25  -zz+n 20 !23 46.79 

Bymbd 

-15+16 
-8+Q 
-5+n 
-2f3 

1- 

E). 88837099 
9.87533004 
9.64221776 

9. wm779 
.- 

1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 
10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 

fO.49 +.n 
$5.86 

Angle equations 

O = + O .  15- (1)+ (3)- (4)+ (5)- (15)+(16) 

0=+1. 74- (5)+ (6)- (7)+ (9)-(14)+(15) 
0=- 0. 26- (9) + (10)- (12) + (14)- (20) + (21) 
O =  +O. 19- (10) + (1 1)- (19) + (20)- (22) + (24) 
0=- 0. 77- (12) + (13)- (19) + (21)- (23) + (24) 
O= + 1. 05- (17) + (19)- (24) + (25)- (31) + (32) 
0=+1. 89- (18)+(19)- (24)+(26)- (33)+(34) 
O =  + 1. 69- (25) + (26)- (30) + (31)- (33) + (35) 
O= +O. 31- (28) + (30)- (35) + (36)- (40) + (41) 
O = -  0. 69- (27) + (28) + (38)- (41) - (51) + (52) 
O= + 1. 70- (29) + (30)- (35) + (37)- (42) + (43) 
O =  + 1. 35- (36) + (37)- (39) + (40)- (42) + (44) 
O =  +O. 25- (38) + (39)- (44) + (45)- (50) + (51) 

o= $0. 34- (2) + (3)- (4) + (6)- (7) + (8) 

O =  +O. 11- (49) + (*50)- (45) + (47)- (53) + (54) 
O =  + 1. 33- (48) + (49)- (64) + (t55)- (56) + (58) 
O =  +O. 11- (45) + (46)- (48) + (50)- (57) + (58) 

Angle 

0 t ,, 
48 @I 09.94 
41 19 38.15 
38 09 E3. 52 
43 M 59.13 

Side equations 

Logarithm dy;$”& Symbol I ll I 
9.87109271 + l . W  -4+5 61 27 31.W 
9.8197W‘15 1 t-2.40 11 -1+2 1 26 37 19. 81 
9. 79003076 +2.67 -14+16 fd 02 53.85 
9.R4111431 +2.19 -74-8 36 27 36.43 

________ 

Logsrithm difference 
____- I Tabular I 
0.94372M3 1 +I. 15 I 
I). 66137982 4-4.20 
9. HD3K1863 $1.02 
9.77397878 4-2.85 

18. 0=- 2.244-4.20 (1)- 6.39 (2) +2.19 (3) +1.15 (4)- 3.82 (5) +2.67 
(6)+2.85 (7)-5.25 (8)+2.40 (9)+1.02 (14)-2.92 (15)+1.90 (16) 

-20+21 
-22+!?4 
-13-l-14 

31 20 13.41 
64 28 16.62 
43 05 08.33 

’ __ A-2- --L --- --L__-.: 

19. 0=- 1.78+0.49 (12)- 2.25 (13) 4-1.76 (14) +0.73 (19)- 4.19 (20) +3.46 
(21) t4 .66  (22)- 5.66 (23) + 1.00 (24) 

~- ~ 

1 Thls equation is formed with the polo at the intersection of tho two diagonals. (See explanation on 
B. 185.) 
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9.68991918 
9.goo1413 
9. g444566h1 

9.02441894 

Side equations-Continued 

$3.74 
$.45 

+I. 13 

-34+35 
-24+26 
-314-32 

9.88678373 $1.93 
9.88771488 $1.93 
9.81819788 $1.45 
9.63933451 $4.34 

9.29c03080 

0 , .  

29 19 12.20 
77 46 42.61 
61 38 08.72 

-*51 69 29 07.23 9.97154807 +O. 78 
-42i-44 42 66 20.48 9.83328716 +2.27 
-36+38 48 17 59. 13 9. 85911681 $2.01 
-27+28 25 00 27.23 9.62ffi7119 $4.62 

9.28002122 

-4a+49 
-45+47 
-5!3+57 

-30+32 
-33+34 
-244-25 

_______ ~ ____ 
41 19 43.99 ~.8197wi4 $2.39 -rie+,m 43 44 32.07 9 . ~ 3 9 7 ~ ~  $2.20 
83 16 4b.M 9.99ioOM4 +.26 -4W-m 29 24 54.45 9.69110875 $3.74 
0 02 24.08 9.02211142 4-l9.W -404-47 11 43 31.61 9.30787112 +lo. 14 

8.83891 100 8 . 8 3 8 W 1  

0 ,  . 
99 25 15.30 
63 36 03.71 
B 28 03.22 

9.99410258 
9.95210943 
9.678'20074 

9.02442175 

-0.34 
4-1.05 
+3.119 

20. O=- 2.81f3.44 (24)- 3.89 (25)+0.45 (26)-0.34 (30)- 1.13 (31)+1.47 
(32) + 1.05 (33)- 4.79 (34) $3.74 (35) 

-zs+29 

-44+45 
-51-t.52 

0 47 32.32 
25 50 21.23 
47 a 41.85 

9.072117722 I +17.08 -434-44 
9.633933451 +4.34 / /  -27+28 
9.88078373 1 $1.93 -5Oi-51 

5 29 49.93 8.98135262 
25 00 27.23 9.fi2007110 
89 20 07.23 0.971M807 

$21.88 

+. 78 
$4.52 1 

1 I I/ I 
21. 0=+25.58+4.52(27)-22.20(28)+17.68(29)+21.88(43)-23.81(44) + 1.93(45) +0.78(50)- 5.12(51) +4.34(52). (Thisequationshould bedivided 
by 5 before entering it in the correlates.) 

-44+45 
-38+37 
-2R+30 
-514-62 

47 22 41.85 
47 30 43.44 
M 32 21.19 
25 50 21.23 

EXPLANATION OF AZIMUTH EQUATION 

In  the formation of the azimuth equations differences between 
forward and back azimuths are used and it is necessmy, therefore, 
to make a preliminary computation of the geographic positions of the 
various stations to determine these mimuths. This sanie compu- 
tation is used in determining the latitude and longitude closures 
and an explanation of it  will be found on pages 66 and 69. We shall 
consider here that these positions have already been computed. 
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Starting with the fixed azimuth, Palo-Pedro, and using the observed 
directions and the differences between the azimuths and back azi- 
muths through the shortest route, the azimuth of the line Garcena- 
Gorgora is determined. It is well to go through the angles in a 
clockwise direction, wherever possible. The angles will then be 
added instead of subtracted. 

Compritution of azimuth equation 

seconds' 
Pa1o;Pedro (fiscd azimuth)-_ .____________________ 12 02 25.00 25.00 

-4+6_ . -___  - _. ._______________________ +99 37 25.05 24.98 
Palo-Eltoro __________.__._______________________ 111 39 50. 05 49. 98 

- 2 45.12 45.11 
Eltoro-Palo _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  291 37 04. 93 04. 87 

+194 18 20. 42 19. 76 
Eltoro-Pancho _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  125 55 25. 35 24. 63 

- 3 14. 32 14. 32 
Pancho-E l to ro_______- - - - - - - - - - - - - - - - - - - - - - - - - - -  305 52 11.03 10.31 

+142 14 59.23 58.40 
Pancho-Corpus _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  88 07 10. 26 08. 71 

2 04. 55 04. 55 
Corpus-Pancho ______.__________________________ 268 05 05. 71 04. 16 

+I86 42 58.48 57.32 
Corpus-Hebron ____________.____________________ 94 48 04. 19 01. 48 

- 3 10.09 10.09 
Hebron-Corpus _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  274 44 54. 10 51. 39 

$173 35 47.89 47.18 
Hebron-Garccna _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  88 20 41. 99 38. 57 

- 1 11.31 11.31 
Garcena-IIebron _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  268 19 30.68 27. 20 

+I62 14 05. 66 05.27 
Garcena-Gorgora (computed azimuth) _ _ _ _ _ _ _ _ _ _ _ _ _  70 33 36. 34 32. 53 
Garcena-Gorgora (fixed axiniritli) ______.___________ 70 33 32. 53 32. 53 

Closing error.. - _..._________________________________ +3. 81 0.00 

O =  +3.81t- (4) + (6)- (7) + (11)- (22) + (26)- (33) + (37)- (42) + (47) 

a i i t  Final 

- 

- __- 

24. 
- (63) t (55) 

The azimuth equation above is made up as follows (see p. 5 0 ) :  
Starting with the azimuth Palo-Pedro, 12' 02' 26!/00, and adding 
the angle a t  Palo from Pedro to Eltoro (designated by -4+6) ,  99' 
37' 25!/05, we get 111' 39' 50!'05, which is the azimuth of 
the line Palo-Eltoro. Now in order to carry' the azimuth ahead, i t  
is necessary to obtain tlhe back azimuth of this line or the azimuth 

* This coluinn is filled out after the utljustrrient is romplebd. 
tThe azimuth constant should tm corrected by the ainount sin b &-Au'), where h is the mean latitude 

#,=2A0 41Y 49" anti X,,--h.'=--0100!4 
log 0 WMk 7.7782-10 (negative). 

log sin '26' 40' 4!)"= R. R52(-10 

and A,--Xu' la  the discrepnnry i n  longit utle. 

-- 
log correction- 7.430&10 (negative). 

correction= -O?NXl. 
This rorrection is not large enough to trlfoct the azimuth ranstant. 
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Eltoro-Palo. This is obtained by adding 180' and (algebraically) 
the difference of azimuth due to convergence of meridians as com- 
puted on page 71, to the azimuth Palo-Eltoro. That is, 

o t  t?  

Azimuth, Palo-Eltoro = 11 1 39 50.05 
180 00 00.00 

2 45.12 Difference of azimuth and back azimuth = 1 - 
Azimuth, Eltoro-Palo= 291 37 04. 93 

Then using the azimuth Eltoro-Palo as given above, and adding the 
angle a t  Eltoro from Palo to Pancho, we obtain the azimuth Eltoro- 
Pancho. 

In  this manner, as shown on page 62, the azimuth is carried along 
until the azimuth Garcena-Gorgora is determined. It must be 
remembered that the observed angles are used in forming the azimuth 
equation. They can be obtained from either the list of directions 
or the triangle computation. The designation of each angle used 
should be placed to the left of the corresponding angle as shown on 
page 62. At the end of the equation the fixed azimuth of Garcena- 
Gorgora should be placed directly under the computed azimuth. 
The azimuth equation may then be written by placing the fixed 
azimuth equal to the computed azimuth plus all of the v's denoted 
by the designations of the angles in the computation of the azimuth 
equation. For convenience all terms are transferred to the right side 
of the equation, and the difference of the two azimuths (computed 
minus fixed) is used as the constant term of the equation. 

EXPLANATION OF LENGTH EQUATION 

The specifications for horizontal control for first-ordor triangula- 
tion (see Special Publication No. 120, p. 2) require that the closure 
in length upon a measured base or a line of adjusted triangulation 

1 must not exceed that represented by an error of mo nfter the 

angle and side equations have been satisfied in the adjustment. The 
closure in length can easily be oxprossed as a ratio by dividing the 
discrepancy in the logarithm by 0.4343, which is the modulus of the 
common system of logarithms. For instance, in the following length 
equation the discrepancy in length is 2.27 in the sixth place of loga- 
rithms arid therefore the closure in length before adjustment, is 

After the angle and side 0 .00OO0227 
_I- 0,4343 Or 1slooo' 
equations are satisfied in the adjustment the discrepancy in length 
is 7.25 in the sixth place of logarithms (see p. 91), that is, the closure 

0.00000726 1 in length after adjustment is or approximately -- - 0.4343 60000 
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The length equation is formed as shown in the table on page 65. 
It differs from a side equation in that i t  involves the logarithms of 
two lengths. Starting with the line Palo-Pedro the length is 
computed through the best chain of triangles (see fig. 22) until the 
computed length of the line Garcena-Gorgora is obtained. The 
angles turned through in carrying the length through the scheme are 
indicated by small arcs near the vertices of the triangles in Figure 25. 

In  most cases it will not be necessary to compute the ZR (see 
p. 236) in order to get the best chain of triangles. An experienced 
mathematician will be able to tell from an inspection of the triangles 
which is the strongest chain. The beginner, however, when in doubt 
about the best triangles in any particular quadrilateral of the chain, 
should compute the ZR for that quadriIatera1. A good general 
rule to follow is to avoid the small angles in the formation of the 
length equation. 

FiO. Zb.-TrisnguIation net, showing triangles used In forming latitude and longitude equations 

The logarithms of the fixed lengths are written in the first line of 
the length equation computation in the columns headed “logarithm.” 
The logarithms of the fixed lengths used in the length equation must 
be corrected for the difference between arc and sine. A table of 
these corrections is given on page 231. This correction is - 16 in the 
eighth place of logarithms for the length Palo-Pedro and -13  for 
the length Garcena-Gorgora. These corrections should be placed 
just above the logarithms of the lengths themselves. 

The arc-sine correction may be explained as follows: In the forma- 
tion of a length equation it is assumed that small arcs are proportional 
to their sines. Similarly, in the derivation of the position computation 
formulas it is assumed that small arcs, s and Ak, are proportional to 
their sines. As this assumption introduces a slight error in the com- 
putations a correction must be applied to take account of the error. 
In  the length equations we are concerned only with the corrections 
corresponding to log s, which are always negative. Tn the case 
of the position computation, however, the differences are taken out 
for both the arguments log s and log Ah, the first with a negative, 
the second with a positive sign, and their algebraic sum is applied 
as a correction to log AX. A table similar to the one on page 231 is 
given on page 17 of Special Publication No. 8, sixth edition, but as 

(See p. 65.) 
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3 
Logarithm 

-:8* 
3.078162O 

it is only carried to seven places of decimals it can not be used for 
first-order work, which should be carried to eight places of decimals. 

Columns 1 and 5 of the length equation, headed “symbol,” can be 
filled out directly from Figure 22. After determining through which 
triangles the length is to be carried, the following rule can be used 
in filling out these columns: In  the first column is placed the desig- 
nation of the angle adjacent to the starting length but opposite the 
side through which the length is next carried, while in the fifth 
column is placed the designation of the angle opposite the starting 
length. For instance, in Figure 25 the line Palo-Pedro is the starting 
length and the line Palo-Fordyce is the line through which the length 
is to be .carried next, so - 1 + 3 is placed in the first column, and 
- 15 + 16 in the fifth column. Palo-Fordyce now becomes the start- 
ing line and Elltoro-Fordyce becomes the next line through which 
the length is carried so - 5 -i- 6 and -- 7 + 9 are placed in the first and 
fifth columns, respectively. I n  a similar manner, the rest of the first 
and fifth columns are filled out. 

The remainder of the computation is handled in exactly the same 
manner as for a side equation. The constant term for the length 
equation is obtained by subtracting the sum of the quantities in the 
seventh column from the sum of the quantities in the third column. 
The quantities in the fourth and eighth columns are the coefficients 
of the quantities in the first and fifth columns, respectively, as in a 
side equation. It must be remembered that the coefficients from 
the eighth column change sign, the right side of the table being 
subtracted from the left side. 

Computation of length equation 

4 
Tabular 6 
dillrr- Symbol 
ence 

___ ___ 

_ _ _ _ _ _ _ _  _ _  Gara 

1 
symbol 

P 

-1+3 

-12i-14 
--10+11 
-17+19 
-254-26 
-Z8+30 
-3n+37 
-38+39 
-45+47 
-4s+49 

-a+n 

-___ 
* see p. 64. 

2 
Aiiglo 

*roar0 

70 32 18.94 
38 09 63.62 
70 47 69.67 
44 39 18.01 
89 53 40.28 
49 18 39.39 
55 32 21. I9 
47 30 43.44 
n3 08 11.31 
m I R  45.50 
41 19 43.99 

0 , ,, 
+o. 74 
+2.87 +. 49 
+2. 13 

.OO 
+I .  H i  
+I.  45 
4-1.93 
+l. M1 +. 25 
+2.39 

-ia+in 
-7+9 

-z0+21 
-22+24 
-314-32 
-33+3,5 
-40+41 
-42+44 
-.50+51 
--53+54 
-&;+he 

6 
Angle 

a-Gorgore 

4n 00 O Q . ~  
0 , , I  

77 47 14.83 
31 20 13.41 
04 28 16.82 
61 38 08. 72 
92 54 15.91 
78 00 40.13 
42 56 20.48 
69 29 07.23 
07 18 20.10 
43 44 32.07 

7 
Logarithm 

-13 
3.9329710 

9. X710Bx11~ 
9. WXc5871 
9. 71606319 
9. 0653n436 
9 . 9 4 4 4 m  
9.9W44177 
9.990RK223 
9. H332871.5 
9. 871,54607 
9. wI5Guz09 
9.83073894 

3. 00970332 

8 
Tebulm 
diffor- 
enm 

~ 

+l .  w) +. 45 
+3.48 
+1.00 
+ I .  la -. 11 +. 45 
4-2.27 +. 78 +. WB 
+2.20 

25. O=-2.27- 0.74(1) -+0.74(3)- 2.67(5) +2.67(6) +0.48(7)-0.45(9) 
-2.13(10) +2.13(11)-0.49(12) +0.49(14)+1.90(15)- 1.90(16) 
+3.46(20)- t(.46(21) + l.OO(22)- l.OO(24)- 1.81(25) + 1.81(26) 
- 1.45 (28) -k 1.46(30) + 1.13(31) - 1.13(32) - 0.1 l(33) 4- 0.11 (35) 
- 1.93(38) +1.93(37)- 1.06(38) +1.06(39) +0,45(40)- 0.45(41) 
+2.27(42)- 2.27(44)- 0.25(45) +0.25(47)- 2.39(48) +2.39(49) 
+0.78(50)- 0.78(51) +0.88(53)- 0.88(54) +2.20(56)- 2.20(58) 
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LATITUDE AND LONGITUDE EQUATIONS 

The angle, side, azimuth, and length equations having been 
formed, the latitude and longitude equations should now be formed. 
The development of condition equations for latitude and longitude 
closures is given very fully in Special Publication No. 28. Only 
the actual mechanical operation of forming these equations will be 
given here. 

Until a few years ago the usual practice was to adjust a net of 
triangulation for only angle, side, length, and azimuth conditions 
at  first and then, using the adjusted angles and lengths, to compute 
the geographic positions and determine the latitude and longitude 
closures. A new adjustment was then made to eliminate the dis- 
crepancies in latitude and longitude. In this second adjustment, i t  
was necessary to hold the constant tcrms of all the cquations, except 
the latitude and longitude equations, to zero, since all closing errors 
except in latitude and longitude were eliminated by the first adjust- 
ment. 

The present practice is to adjust the latitude and longitude equa- 
tions along with the other equations. When this is done it is neces- 
sary to compute preliminary positions through a selected chain of 
triangles in order to determine the latitude and longitude closures. 

In this chain of triangles the observed angles are uscd for the length 
angles (the angles in each triangle through which the length is carried). 
The azimuth angle in each triangle is concluded by subtracting the 
sum of the two length angles from 180' plus the spherical excess. 
This angle should in every case be placed in parentheses to show 
that it is concluded. However, if one of the length angles is not 
observed, then the observed azimuth angle must be used, and the 
unobserved length angle concluded. 

The chain of triangles through which the preliminary positions are 
computed is shown in Figure 26. It should be noted particularly that 
since the azimuth angle is concluded, i t  should be designated by the 
concluded correction symbols. For instance, in the triangle Fordyce- 
Palo-Pedro (see fig. 26), the angle a t  Palo and its correction symbol 
are obtained as follows: 

0 I I t  

- 15+ 16 Fordyce 48 00 09. 94 
-1+ 3 Pedro 70 32 18. 94 

- 1$3- 154- 16 sum of Fordycc and Pedro angles 118 32 28. 88 
180°+spherical excess 180 00 00.26 

+ 1-3i-15-16 Palo 61 27 31.38 

The concluded azimuth angles of all the triangles and their corrc- 
These sponding correction symbols are obtained in a similar manner. 

trian6les are given in Figure 26, 
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COMPUTATION OF TRIANGLES 

2-3 Polo-Pedro 3.978 1520 

6 - m 6  1 pordyoe 48 00 09.94 0.08 09.86 0.128 9079 
C 2 Palo (61 27 31.38) 0.09 31.29 9.943 7283 
p$-W 3 Pedro 70 32 18.94 0.09 18.86 9.974 4600 

1-3 Pordyoa-Pedro 0.26 4.050 7882 
1-2 Fordyor-Pa10 4.081 6099 

2-3 Polo-Fordyor 
6 -7+9 1 hltoro 77 47 14.68 
A - 5 4  2 Palo 38 09 63.52 

C 3 Fordd;yoa (64 02 52.11) 
1-3 Eltoro-Forqyce~ 
1-2 E l  toro-Palo 

2-3Eltoro-Fordyoa 

6- 1 Garola 31 20 13.41 

C 2 Yltoro (21 61 47.19) 
A - W  3 Fordyw 76 47 69.67 

1-3 GuolsrPordpr 
1-2Gamia-&ltoro 

2-3 &l toro-Gam io  
0 4224 1 Panoho 64 28 16.62 

c 3 Gamia (70 52 24.8b) 
p-”ll 2 Y l t O n ,  44 39 18.91 

1-3 Y u r c h o ~ i u ~ l ~  
1-2 PMOho~ltOlV 

4.081 5099 

0.07 14.61 0.009 9414 
0.07 53.45 9.790 9366 
0.07 52.04 9.953 8366 

0.21, 3.882 3879 
4.046 2879 

3.888 3879 
0.09 13.32 0,283 9371 

0.09 47.10 9.977 8678 

0.09 69.68 9.988 3710 

0.27 4.144 1928 
4.154 6960 

4.154 6960 
0.13 16.49 0.044 6158 

o . 1 ~  18.79 9.846 8559 

0.13 24.72 9.976 3388 
0.38 4.046 1677 

4.174 6606 

4.046 1677 
0.06 08.66 0.065 6444 
0.05 02.12 9.678 2066 
0.06 49.22 9,999 9993 
0.17 3.779 9176 

4.101 7114 

Fro. %.-Triangle computation to obtain latitude and longitude clc~sures of net 
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COMPUTATION OF TRIANGLES 

2-3 ?enoho-&rmmnt 
9 -aa6s I Corpua 92 64 16.91 

c 3 &llument [37 47 04.89) 

/4+%262  Panoh0 49 18 39.39 

1-3 ColpUs-Jbormrmnt 
1-2 Corpus-Ponoho 

2-3 Hebron-Crenbc 

W M  1 Bingold 69 29 07.83 

C 2 Hebron (47 2p 41.60) 

A - 3  (JrUAiie 6a 08 11.31 

1-3 Rlngold-Crmie 
1-2 Bllrgold-Bcbron 

4.101 7114 

0.07 16.84 0.000 6682 
0.06 39.83 9.879 8174 

0.06 04.8s 9.787 2448 

0.19 3.988 0870 
3.889 6144 

0.06 

0.04 
0.06 

0.14 

0.06 

0.06 

0.06 
0.18 

0.06 

0.04 
0.06 

0.14 

0.03 

0.03 
0.03 

0.09 

3.982 0870 
40.08 0.009 3378 

68.78 9.869 1161 
EL14 9.916 1978 

3.860 6409 
3.907 6226 

3.907 -6 
80.42 0.166 7130 

43.38 9.867 7146 

66.20 9.999 9 8 s  

3.948 0602 
4.074 3221 

3.941 0602 

07.18 0,028 4639 

41.86 9.866 7831 

11.2s 9.960 4064 

3.837 2878 
3.920 9106 

3.920 9106 

20.16 0.034 9919 

46.63 9.997 OOM 
64.31 9.691 lo08 

3.968 9138 

3.647 W76 

FIQ. 26.--Triongle computation to obtaln btltude and longitude closum of net--Continued 
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After the preliminary triangles have been computod, the preliminary 
geographic positions are computod to determine the latitude and 
longitude closures. As the full explanation of the computation of 
geographic positions and the development of the formulas for com- 
puting them are given in Special Publication No. 8,  it will not bo 
necossary to repeat the explanation here. The actual computation 
of the positions arc shown in Figure 27. 

FORMATION OF LATITUDE AND LONGITUDE EQUATIONS 

Tho formation of the Intitudo and longitude equations from the 
preceding preliminary positions is shown in Figure 28, form 496 
being used for this purpose. 

The formulas for tho latitude and longitude equations are as follows 
(see Special Publication No. 28, p. 31): 

Latitude: 0=7238.24 (+,L-+n~)”+;S[(+n-+c)’ 6 A  (vA)- (+%--+‘)’ 

6, ( v B ) 1 f ~ [ * f l  (hz-h)’ 

Longitude: 0 ~ 7 2 3 8 . 2 4  (X,--X,.)”+Z[(A,-Ah,)’ 6, (vJ- @,-Ac)’ 
6, ( f k ? ) ] + ~ [ ~ f Z  ( 4 n - d ’ ~ ) ’  (%’>I 

I n  these equations v,, v,, and vc are replaced by their correction 
symbols, care being taken to use vc= -vA-zJB,  if the azimuth 
angle has been concluded in carrying the position computation through 
the chain. For convenience in computing, it is important to arrange 
the computation in the form of a table as shown on page 81. 

EXPLANATION OF COMPUTATION, LATITUDE AND LONGITUDE EQUATIONS 

In  the column hoaded “station” is placed the name of the station 
corresponding t o  the C anglo of each triangle of the preliminary set 
of trianglcs. The values in the columns headed c $ ~  and 
A, are obtainod directly from the position computations, as also the 
values for t$n and A, in the upper right-hand corner of the form. 
The columns headed 4, - c $ ~  and A, - A, are self-explanatory. In the 
column headed is plsced the tabular differefice of the length angle 
adjacent to the starting length in each triangle, and in the column 
-6, is placed the tabular difference, with minus sign, of tho length 
angle opposite the starting length in each triangle. If the position 
computations are carried through the same triangles as the length 
equation, as they should be, then the values in the columns headed 
6 A  and - f j S ,  can be taken directly from the columns headed tabular 
difference in the length equation computation (see p. 65) by simply 
changing the signs of the quantities placed in the column headed - a B .  

*In the columns headed A, B, and C are placed the designations of 
the angles of the various triangles passed through in forming the lati- 

(Tcxt oorititiued on p. 80) 

(Seo p. 67.) 
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FIG. E.-Preliminary position computation to obtain latitude and longitude closures of net 
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-133.1409 

+ 0.1340 

-13&0009 
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Fro. %'.-Prelim& position computation to obtain latitude and longitude closures at net-Continued 
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a ,  

3. Fordyne to * Gyc1a 

G a r c i a  to 5. r a r i y o .  

8.509 4369 

"hz 
+ so8.9TpB ; 

1U 35 53.76 

- 3 25.75 

1>3 

-- 
292 32 1 34.01 I 

L 

A *  
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8 

FIG. 27.--Preliminary position computation to obtain latitude and longitude closures of net-Continued 
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POSITION COMPTJTATIOS. FIRST-ORDER TRIANGULATION 

Gunla ~, 1:' 06.6; 1 Pltoro 

e. Lltom to1. PaDDho U S  65 125.46 

14.32 

1. PaDDho f" 2. =tom 905 52 1Ll4 

Fmt Ai& of Trirngla 64 28 16.62 

G u O i .  Rsoho + 44 39 1 18.91 

180 

. ,  d 

P .  4649 P 

5.8511 

6.4726 

2.643 4681 

9.w o w  

2.280.6229 Ti 

--- 0. C..YE. 
L I. M 1- Ymr -I 

Pur- zl 

POSITION CO\lPCT.4T105, FIRST-ORDER TRIANGVLATION 

FIG. 27.-Preliminary position computation to obtain latitude and longitude closures of net-Continued 
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FIG. 2i.-Prelirninary position computation to ohtain latitude and longitude closures of net-Continued 
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O. 9174 

7.7786 

5. esa 

4.6489 

+ '02.66 ' 
to 1. mmuent 

d . I  

8 F -  
3.98e 0870 

8.511 8066 

h I 2.493 82% 

H 
8 

Lees 6144 

A1 

0.609 us0 

2.w m24 

4279.TOM 

FIG. n.-Preliminary position computation to  obtain latituee and longitude closures of net-Continued 
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,*tm. -31l.70e 

Y.lJil~-. + o-oo19 
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5 . 8 5 s  

2.78W 
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i 5 t  

+178.1756 

+ 0.0447 

4W.oOoS 

4.0006 

+lm xpo9 

26 u 5 9 . a  

_ -  

:::= 1.lOzID bi:;;18.:.. 2.2934 

8.64997 

+0.0006 (Ai)' 
0.0000 F 

. ,  . .  

7.5476 

6.6513 

!.331 0173 

3.648 e556 

+ 58.339 Y- 

FIG. 2i.-Preliminary position computation to obtain latiriide and longitude closures of net-Continued 
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FIG. 27.-Preliminary position computation to obtain latitude and longitude closures of net-Continued 



L 

A. 

d 

WSlIlON COMPUTATION. FIRST-ORDER TRIANGULATION 

. I  

tO.0014 
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4.0176 
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3.837 2872 
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8.511 8043 

1.773 e850 
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69.4690 
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FIG. Zi.-Preliminary position computation to obtain latitude and longitude closure3 of net-Continued 



POSITION COMPUTATION. FIRST-ORDER TRIANGLZATION 

. .  
POSITION CO3IPLTATIOS. FIRST-ORDER TRIANGULATIOX 

. I  0 . .  

FIG, 2;.-Prelimiimry position computation to obtain latitude and longitude closures of net-Continuefl 

-h 

r’ sin’ a 

E 

2.4242 

1.1364 

5.8619 

5.4- 

( A ’ S  



80 U.  S .  COAST A N D  GEODETIC SURVEY 

tude and longitude equations. In columns A and B are placed the 
designations of the length angles, that of the adjacent angle in A and 
that of the opposite angle in B, and in column C is placed the desig- 
nation of the azimuth angle. It should be noted particularly that the 
designations in column C are of the concluded angles. (See p. 67.) 
The symbols in columns A and B may be taken directly from the 
column headed symbol in the length equation computation. The 
signs of the symbols in column C depend upon whether the azimuth 
angle is turned to the right or to the left in computing through the tri- 
angles. If it is turned to the right, then the symbols in column C are 
the combined symbols of columns A and B but with opposite signs. 
If the azimuth angle is turned to the left the symbols in column C are 
the same as in columns A and B combined and with the same signs. 

As a guide in obtaining the correct signs for the symbols in column 
C, it is well to indicate to the left of each name in the “station” 
column the direction in which the azimuth angle is turned, denoting 
the right or clockwise turn by +, and the left or anti-clockwise turn 
by - . The directions of the turns are easily obtained from Figure 25. 

The quantities al and a2 are obtained from the table on the right- 
hand side of form 496, using as argument the computed latitude, &, 
of the fixed point a t  the terminal of the arc, which in this case is 
26O.45. 

The quantities in the three columns headed “Lat. equation” and 
in the three columns headed “Long. equation,” in Figure 28 are, as 
indicated in the headings, simply products of quantities in other 
columns previously filled out. The three columns headed Lat. 
equation (r$n-r$c)  aA,  Lat. equation ( c $ ~ - + ~ )  ( - a B )  and Long. equation 
(&-+,) 6, respectively, should be filled out a t  the same time, since 
each of the three products contains the multiplier (+,,-&), which 
can be set up on a multiplying machine and used without change for 
the three multiplications. In  a similar manner the three columns 
headed Long. equation (An- A,) a,, Long. equation (An- A,) (- a E )  and 
Lat. equation (Aw- A,) al, respectively, should be filled out at the same 
time, since they contain the multiplier (An-- A,). 
This completes the table on form 496 and the latitude and longitude 

equations themselves can now be formed. 
In  forming the latitude equation from the table it should be noted 

that the quantities in the column headed Lat. equation (r$n-+e)  6, are 
the coefficients of the symbols in column A, the quantities in the 
column headed Lat. equation (c$~-+,) ( - a E )  are the coefficients of 
the symbols in column B, and the quantities in the column headed 
Lat. equation (An-Ax,) are the coefficients of the symbols in the 
column headed C. 



LATITUDE AND LONGITUDE ADJUSTMENT <. %e 2684- L 9Se55!1;1 

26 2l.V 9s 3k.01 +5.07 
26 20.69 9s 42.49 4.25 
26 26.61 9s 41.29 e.33 

+27 .93 
+20.98 
+a .72 
+13 2 4  
+l4.h4 
9.6s 
3 .ru 
+6.a 

e .74  

e.49 
+2.67 

+2.U 
0.00 
+1.a 
+1.45 
+l.b 
+i.o6 
40.25 

lf.S5 I-15 + 16 -53.07 

IT.% -a + 21 -75.15 
6.25 -22 + 24 -13.24 

4 . u  - 7 . 9  - 9.44 

0.3 -31 + 32 -16.32 
0.62 -33 + 35 + 1.06 
0 . a  40 + 41 - 4.40 
7 . a  -4z + 44 -14.m 
0.05 -50 51 - 2.0s 

3-90 -53 + $1 - 1-95 

3 - *+.e 
I 

9 4.9 

l i  
e 
Y 

0 
1; 

FIG. 2fkFormation of latitude and longitude equations of net 



~ 

1 -1 .-.. --:- _ _ _ _  
2 .___ -11 .___.._. I... 
3 +1 +l__ . .___ .  I.-. 
4 -1 -1 _ _ _ _  .... -._ 
5 + l _ _ _ _  -1 _ _ _ _  --. 

10 .-.- 

Correlate equations 
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In  the same way in forming the longitude equation the quantities 
in the column headed Long. equation (An- A,) S A  are the coefficients 
of the symbols in column A, the quantities in the column headed 
Long. equation (A.-Ax,) ( - 8 , )  are the coefficients of the symbols in 
column B, and the quantities in the column headed Long. equation 
(+n-+c) a, are the coefficients of the symbols in column C. 

The absolute terms for the latitude and longitude equations are 
obtained by taking the products 7238.24 (4,-4,’) and 7238.24 
(A,--A,’), respectively, as shown on page 69, 4, and A, denoting the 
computed latitude and longitude, and 4,’ and A,’ the fixed latitude 
and longitude of the terminal point. 

If there is room on form 496 the latitude nnd longitude equations 
should be written on it directly below the table. 

FORMATION OF CORRELATE AND NORMAL EQUATIONS 

After all the equations have been formed they are tabulated as 
shown on pages 82-83. In  order to have the coefficients in the differ- 
ent equations of about the same size, it is usually well to divide some 
of the equations by a constant factor before entering them in the cor- 
relates. For example, equation 21 on page 61 is divided by 5,  and 
equations 26 and 27 on page 81 are divided by 10. When dividing 
a correlate equation by a constant factor, one should be careful to 
divide the constant term of that equation by the same factor before 
using i t  in the normal equation. 
‘ The table of correlate equations should be checked by another 

mathematician, especially if the set is large, before it is used for 
forming the normal equations. The normal equations are formed 
in the same manner as for the station adjustment on pages 11-13. 
As stated there the equations are checked automatically by the 
values in the I;, column. This does not apply, however, to  the 
constant terms in the “ q ”  column which should be checked by 
another mathematician. It should be remembered that the con- 
stant term of a divided equation (see p. 61) must be divided by 
the same factor before entering it in the table of normal equations. 
The table of normals is given on the folded page facing this page. 

SOLUTION OF NORMAL EQUATIONS 

The solution of the normal equations is shortened considerably if 
the equations are taken in the proper order. In  a net of triangulation 
composed of simple quadrilaterals, the rule is to eliminate the three 
angle equations and the one side equation of each quadrilateral in 
order. If the net is more involved, the order of solution should be 
such that each succeeding equation will introduce the fewest new 
t0JXXlS. 
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1 
2 a 
4 
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; 
8 
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11 
12 
13 
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15 

17 
18 
19 
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21 
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24 
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28 
27 

16 

- 
1 

-- 
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-4.73 
-8.K3 
+8.?4 
--.~.nx 
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+4.44 j +i.47 
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$3.4400 
tFH. 75% 

......... ..________ 

. _ _ _ _ _ _ ^ .  ___. ._.__. 
___.__... +7.0%44 

+76. 7316 +Ro. 4347 
+la. 6336 

a 
24 

I 
26 

x n n C 

- 
-0 31919 +. 11311 -. 73450 -. 4R475 -. 701Q’ 

+. 37423 
-. .Mu3 
-. 00951 -. H9215 
-. 26948 

-. 05744 
-. 46382 -. %X&5 -. 2n950 - .3R726 

-. 5Bm +. lfW3 +. o m 7  
-. 01822 +. 00851 

-. 0 l l W  -. 0d862 +. WQO +. 29643 +. 12416 

-. nitw -. 01628 - 

+ 
2G 

-29. 21 
+5. ?L’ 
+:ul 44 
-?0. RL’ 
+20.01 

-5.11 
-16. 7 3  +. 13 
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The solution of the normal equations is given in full on pages 86-92. 
The method used is the same as for the adjustment of the quadri- 
lateral on page 38, and it is therefore unnecessary to describe each 
stop of this solution. 

The chock furnished by the I: column in the forward solution make 
any errors comparatively easy to find. However, there is no corre- 
sponding check on the back solution, and an error is not likely to be 
detected until the v's are substituted in the triangles. As consider- 
able recomputation is then required to correct for the error, it  is well 
worth while, especially in the case of a large set of equations, to be 
particularly careful with the back solution. The back solution, or 
computation of tho G's, is shown on page 93. 



Solution of normal equations 

+2.10 
1 1 - . m 7  -. 72 
2 1  -1.3333 -1.36 

' ....._._____ ...__._..___ 1 -1.76 
I 

-2 
..___._.__.___._.._.___I _......_..___.__________ 
__....__... ....._..._.. _...__..____ _ _ _ _ _ _ _ _ _ _ _ _  

4-2 $5.85 
+.3333 

-1.3333 

+l.mSi 
-1.1!?3? 
-?.6469 
+.Wi6 

-224 
+.w 
-.14iS 
-.0082 

-2 1-2 ---_____----I +3.44 _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _  ___________. 

-2 I -2 1 _ _ _ _ _ _ _ _ _ _ _ _  1 +3.44 
+.38478 +.38478 --.a182 

+5.7? + Z o . O l  
',".1913 -2.6675 -8.1236 

f21913 +3.0525 +11.8864 
-.42158 --.58i27 1 -2.28681 

0 
26 

I 3 ' 18 ' 4 , 5 1 6  1 27 x i n  r. 
__ -- 

-32.33 
+5. 3Es33 

+27.67 
+lo. 7767 

+38.4467 
-7. 20880 

1 

-3.12 +. 15 
+.52 1 --.0?5 

-29.21 
+ 4 . m  

f5.22 
+9.7367 

-?. 80440 

-9.7367 
- 7 . 4 i B  

+13.2250 
-3.30625 

f14.9567 

+30.44 

+4.15 
+1.04 I 2% 1 

t-5.19 +.29 
--.9i313 I -.05438 -___ 

+a. 11 +1.74 

-2.595 -.1M 
-l.04 1 $46.48 

-10.7767 
-19.2233 

+E. 4800 

+161.8033 
-11.6388 
-19.6059 -. 0824 

4-130.4742 
-. 9402x2 

-4.12000 
-1.5254 1 fl.645 +. 38125 -. 41125 

-I------ 
+13.4924 
-10.5156 
-7.62eO -. 0661 

-4.5173 +. &W 
-2.5558 1 -2.3421 
+.Olsl? + . O l s s s  

-29.60 
+a. 24 
+l. 2881 

-20. Oil9 
+4.02525 

-26.82 
+6. 6125 
-. 0466 

-20.2541 
+4.06179 

76.44 
3 

18 
- i . m 7  f.5394 
+l. 44945 -. 10817 

A 
27 9 6 

f 2  +. 8022 

+2 8on -. 53911 

19 

-8. 58 
+% 2318 

-5.3492 
+l. m94 

+. 65 
-3.2318 
+2 ss33 

+6.3015 
-1.70907 

+93.2120 
-. 7744 
-. 0234 

-13. OZOB 
-5 5030 

-10.7697 

+a. 1207 
c e 

5 
6 

19 

5 

+6 -. 8022 

+'1978 
cs 

4 
5 

+3.39 
-2 8989 

+. 4911 
-. 04448 

+. 19 +. 2163 

+. 4cfl3 -_ 07S17 

+28.17 
-8.0505 

+a. 119% 
-3.8rnH 

-_ 71 
+8.0505 

-10.8466 

-3.5061 +. 95091 

ts -_ so22 
-1.5107 

4-3.6871 
CC 

3 
18 
4 
5 
6 

-6.95 
+2.8989 
-. 2648 

-4.3159 
+l. 17054 -___ 

-35.2972 
-. 6710 +. 0332 

+11.6794 +. 5053 Si. 3762 

-16.3741 +. 25941 

-_ 77 
-. 2163 -. 2190 

-1.2053 +. 32690 

-. 27 27 1 -___________  l+3.4400 4.66 22.1667 58.6049 ...._.._: _......_____ i - ~ . ~  I -+.8254 I - +5.8190 
-1.78 +. 7238 +. a?Q5 -. 6716 +. 4181 
+2. o600 

+. 5808 -. 00919 

-19.3916 
+7.2512 
-1.6962 

+32.4347 
4-20.7015 
+ 5 . m  

+45.29107 

-21.35 

-. 717543 --- 
+7.7415 
-_ 8765 +. 5399 

-13.94513 
+2.7Iw15 

-.7525 -.7525 I _ _ _ _ _ _ _ _ _ _ _ _  #.2700 - 3596 -2.4773 I -1.9638 
+.01192 I f.01192 1 - - - _ - _ - _ - - - I  -.06765 I +:00570 I +.03925 +.03111 

-. 60 +. Isso 
-1.0790 
-. 1952 

-1.6852 +. 33765 

+I. 05 +. 1563 -. 3013 +. 0089 

+. 9119 -_ 18271 
t4.9909 I +.m 1-2 1-29591 I +.4957 I -26620 -120284 

C7 -.19854 +.4#B +.59290 -.09932 +.53337 I f2.41007 
- 

-a= +2 +291 ~ +. 13 
+1.32(6 +.8432 4-1.1745 i 1 5 i 3 6  

6 -.m _ _ _ _ _ _ _ _ _ _ _ _  +.m -.3432 -. 7370 -. 8486 
19 -.m - -_______- - -+ .os09 --.OM3 -. 0295 -. 0.234 
7 -.1687 +.3971 +.5875 - . O W  +.5285 +2.3881 

+2.08 +. 1890 
-1.0790 -. 1952 +. 3346 
+l. 3294 -_ 27729 

+5.92 
+7.7415 
-. Si65 
+2 1687 

+16.09385 
-3.35687 

+. "m 

+l. 89 +. 1563 
-. 3013 +. 0089 -. 1810 

+l. 5709 -_ 32767 



Solution of normal equations-Continued 

-2 
_____.___._ 
___.___.___ 

-2 
f.38709 

-2 
_._...___._ 
___._._..__ 

--.3871 

-23871 
+.62713 

-1. a? 
+.6960 
+.a15  

-. 2525 
+.04a!77 

-. 60 +. 6960 
+.4891 
-.W 

+.5362 
-.1W 

______ 

x n 20 ; 10 1 12 
1 

25 
4 
26 r) 

9 

+3.52 
-1.0667 
-1. 92x3 

t14.03 
-4.8201 
-3.1099 

+6.1000 
-1.525 

-1. 55 
-. 6753 -. w7 

+. 722s 
-2. 89 

+l. 69 +. 3654 -. 78-54 
+1.27 -. 3175 

+28.49 
-5. 5883 
-8.0467 

4-6 -_ 8015 
-1.1985 

+4 
(19 

5 
6 

19 
7 
8 
9 

+la. 855 
-3.71375 f8.29 

-2 0725 
-2 
+.s I 2 . 5  

+. 5 w  -. 13125 
~ 

+ l .  2803 
-2.0202 
+l. 2656 +. 1676 
-1 5i83 
+5, 2058 
-1.0881 

tl?. 3235 
- 1 . 8 6 6 6  
+l. 4596 +. 1328 
-7. 1316 
+R. 3959 

-12.6422 

-15.5894 -. 3250 
+l. 8558 
$1.1077 -. 9991 
+l. 794s 
+5.9895 

-6.1660 +. 16296 

-2.81 
-. 2689 +. 5183 
-. (a92 +. ,5407 

+2.1205 
-2.6321 

-- 2.5707 +. 06794 

4-70.2246 
-13.3153 + 1.5076 
-3.0639 
-8.2682 

+21. i243 
--3o. 7870 

+37.8371 +.Os.% 1 +.0650 
C m  ~ --.00172 -.00172 

+3.2347 
-_ 08549 

-. 3286 +. 00868 

-11.03 
4-3.05 +. ooo6 

+. 31 +. 635 +. 001-1 

+. 0494 -. 18988 

-3.70 
+7.4n5 
-_ 06.53 

+2 
-1 
-. 0001 

-. 04 +. 2625 -. 0056 

+. 2169 
-. 04318 

+3.23 
-1.445 
t .0106 

$1.7956 
-. 35913 

+. 92 
-1.445 +. 0106 -. 3591 

-. 8735 +. 181% 

+1.m I B.44 +.5 
-.ai99 -.m --.loo00 

-7.9i94 
4-1.59591 

t3.6622 -. 73245 +. 9999 -. 199% 

2 +E. 03 
+7.4275 -. 0653 -. 7324 

1-14.6598 
-3.05419 

+l. 00 +. 2625 -. ooj6 
- 1  44 +l. 70 +. 635 +- 0044 -. 1899 

+2.1495 
-. 44782 

.. _ _  
+3.w +. ooo6 
+l. 5958 

9 
20 
10 

-. 0001 
-. m 

+4. mQ9 c I f  

-. 0434 

+ 3 . m  -. 66801 
+I. 2135 -. 25282 

14 1 22 13 4 
28 

h 
21 z. 1 

25 

-1. 28 +. 0868 -. 1011 

-1.2943 +. 25051 

11 B 21 

e. so00 
-. a333 

$5.1667 
c11 

10 
12 
11 

___.___._. 
-0.8oOo 
-. m 

-1.0 +. 19355 

-1. 25 +. 7183 +. 0728 

-0.69 +. 3798 -. 1791 

-1.04 
+l. 4649 
-1.2217 

-3.45 
+l. 7760 +. 0018 
-1.6692 +. 3Boi 

-4.76 
+l. n60 +. 0290 -. 3231 

-3.2181 +. 86123 

+a. 66 
-3.1918 
-. 2672 

+l. 2010 

f6.84 
-3.1918 
-1.6032 +. 2324 

+z. 2774 

-. 23245 

-. 59831 

-. 4589 +. 08882 

+. 7183 +. 4368 -. 0888 
-2 5337 +. 66564 

-3.60 

-. 48% +. 09470 

+1.35 +. 3798 
-1.0749 
-. 0947 

+. 5602 -. 14717 

-. i9685 +. 15416 

+3.94 
+l. 4649 
-i. 3299 
-_ 1542 

-2.0792 +. 54624 

+6 -. 8 
-1.2 
-. 1936 

+ 3 . m  
c13 

-1.29 +. 0868 -. 6068 -. 2505 

-2.0605 +. 54133 

+g.ii42 j :E7i 
-1.4970 +.3363 

+?. 58 
-_ 5010 

-1. m 
+. 7m -. 21101 

-2.94 +. 4549 
+l. 4282 

-1.0469 +. 28(yi6 

4-3.30 -. 1776 
-1.5889 

+. 25 -. 1894 +. 3513 
+6.10 -. 3083 
-1.3039 

+3. %3 
-. 6461 
-2 0558 

+l. 2781 
-. 342if 

fso. 4347 
_--.___._. 
_.-_..___. 
-1.5451 
-. 0118 -. 0816 +. 4618 -. 1606 

t59.0974 
-. 38957 

11 
13 

c3.7288 1 +.m 
Cl, -.1256i 

+l. 5335 -. 411% 
i-4.48709 
-1.203587 

+. 4119 -_ 11046 
-2 

t41.1156 
-. m -. 5013 -. oi55 +. 2473 -. 0633 +. m -. os89 

t40.84m -. 26922 

+. 7959 
-. 8540 +. 0509 

f28.7425 +. 404fi +. 95.55 
+Q. 59, 
-. 1718 +. 3984 -_ 3304 +. 4380 -. 0239 -. m 9  -. 0518 

-297.7402 
-2.0797 
-5.8925 

+2.7567 +. 6534 +. 0587 
-. 3208 +. 1316 

-. 6247 -. 1780 
-. 0224 +. 3569 -. 1927 

.. -.- 
-1.2744 
+2. 9873 -. 0389 +. 2Qz9 -. 5640 

+3.2924 -. 02170 
fz9.4418 -. 19408 

f9.7536 -. 06430 
291.178810 -1.91!3394 



Solution cf normal epuationsContinued 

+18.0583 
-.I926 
+.0146 
-.4182 

-1.7745 
-.239i 

-15.9102 

-.4m 
+.Olo;O 

8 

-9.3813 
3-7.a355 +.mi 
+.3880 

4-1.9613 
+.3588 

-1.2824 

-.8311 
+.01806 ~ _ _ _  

j 21 

-I 

22 ---a0226 

i-46.0150 
Cll 

14 
22 
21 

+. 7954 
-. 01729 

2.0;27 
-. M53 -. 0138 

+a. sum2 
Cl5 

11 
22 
21 
15 

+. m2 -3. S i 9  
-.I8504 ?.4U?48 1 f.72031 

+4.7101 +2.3701 1 -1.5.W 
Ct7 I --.joool I +.3;102 

4-4.81 
15 I +_6.8150 1 -1.4416 
17 -1.1350 1 +.i916 

+4.16 I +4 c*c I -1.04 

a 
24 

+. 0290 
.m +. 8612 -. 2150 +. 1513 

+. 3825 -. m1 

+2 
I -  +. 3364 -. 0023 -. 00% 
+2 3275 
-.47421 

___.._._._ +. 1754 

-. 00 If3 -_ 420; 

-_ 1032 +. OLl'ii 

-_ 00?3 

+1 +. 9%31 +. 
f2. 00 
-. 5 

' 1 9  

, + : h h  -.5615 +. 2411) +. 0195 +.ooas + . O M  
-2.1976 +l. 0924 
t . M i i 4  I -.22257 

-____ 

h 
2 i  1 

+la. oooo 
-1 .5w 
-. 0105 
-. l4E3 

-2.1820 -. 5256 
-11.4698 

i-2.0695 
-_ 04497 

-4.20 +. 8225 
f. 1744 
-. 035s 

-3.2389 +. 65390 
-. i 6  +. 8225 +. li4f -. 0353 +. 5x33 

+. 8001 -. 168s 

+l. 23 
-1.3198 
-. 1cm 
-. 49 +. 1225 

i-5.116 -. 8431 +. 0259 -. 1581 +. 4824 -. 1412 
-3. m 
-I-. 6819 -. 01482 

+. 11 
i. 5 0 9  +. 0578 -. 0118 

+. 3769 -. OiGi9 

+. 11 +. 2~x3 +. 0.58 
-_ 011s 
-. 0397 

+. coi2 -. 05481 
+1.33 +. 1536 -. 1536 

+l. 33 
-. 3325 

f169.43i3 
-3.2521 
4- 1769 , . ..i. -. 25'33 

-1.7908 
-1.5383 

-113.4315 

f49.34480 
-1.07235 

-4.64 
+2 4071 
+l. 7250 -. 8529 

-1.368812 +. 277332 

+5. GO 
+2.40;1 
+l. 7250 -. 8529 +. 2519 

-1.92625 
+9.131103 

f15.fO 1 -. 5546 
-4.5651 

+lo. 48 
-262 1 

P 
? 

d 
M 

M e 
8 
il 



ADJUSTMENT OF N E T  BY DIRECTION METHOD 

Solution of normal equations-Continued 

4-38.9152 -. 1314 
--.0039 
-.ooo1 

-2. 5502 
- . m 9  

-4.3204 

+31.3743 
C r  

-1.59 -. 1177 
-.0020 
+.m 

41.6777 
--.nu6 

-2.5359 
+.m 

+12 , -- -. I647 
-1.3334 -. 2500 

10 
12 
11 
13 
14 
22 
21 

' 17 
16 
23 

15 

4 I --.ME4 

--.o500 
-1.2oOo 

.coo0 
--.2627 
--.lo55 
-.0010 
--.IN32 

-.W 
-1.oooO 
-.2060 

-1.1037 

1 
2 
3 

18 
4 
5 
6 

19 
7 
8 
9 
20 
10 
12 
11 
13 
14 
22 
21 
15 
17 
10 
23 
24 

1 
25 

-3.8006 -. 1477 +. 2072 -. ooo8 
-1.5841 +. 7679 
+.8104 

-3. 7417 +. 11928 

+4.30 +. 8317 
-2.3117 -. 4688 
+.a542 +. 6361 

-1. 2RRQ ~. --.. - 1.0876 
--.0141 +. 2644 

-1.9284 -. 1312 -. 0019 -. 0217 
-.6m .oooo +. 5413 -. 1323 +. 1046 +.ani 

+1.0421 
+.om1 
3.. 3820 -. 3024 

-. 082% +. 02511 

tl l6.2130 
-4.1m 
-4.0078 -. 8788 
-. 0 7 4  

-8.8703 
-1.7826 
-2.3572 -.om 
-1.4188 
-3. lozd -. 0880 -. 2766 -. 0094 -. 9088 -. 3245 
-1.1164 -. lW 

-10. W61 
-.w -. 8840 

-1.1151) -_ 1,541 . ._-_ -. 4482 -. 0021 

+n. 4832 
CW 

-$ 
28 

-1.3979 +. 1966 +. 0167 -. 0013 +. 7874 +. 1003 -. 2758 

-. 5739 
-I-. 01829 

+s. m 
4-4.8683 
-7.4785 
-3.3082 -. 0784 
4-1.9371 
-6 .n i i i  .. _~.. 
-1.2638 -. 0112 
+1.1847 
-3.1101 
-1.5250 +. m2 . . ...- +. 7978 
-1.6032 
.m -. 5983 +. 1761 +. M84 . . .~~ +. MxI9 -. 5180 +. 0086 -. 1326 -. 0484 

4-7. 6124 
-2 2Rw13 

t117.4082 
-24,2830 
-12.8BbB 

--R 1992 -. ...- +. 1096 
-27.0137 
-6.8805 
-2.7141 
--.0771 

-6.4158 
-5.0092 -. 8Mxl +. 0281 +. 3462 -_ 8106 . .. .. +. m 
$1.2328 +. 2209 -. 8862 

--.0089 +. 4891 
-. 1458 +. 0620 -. OBBl +. 1887 

+25.Rw1 -. 36309 

x 
27 

+l. 7284 
* --.am +. 1493 +. w33 
-2.3347 +. 2874 +. w88 

+. 0334 -. 00106 

-5.88 +. 62 
-2.5950 +. 3812 -. M30 +. 69 
-1. m -. ow3 +. 1674 -. 0047 +. 7225 +. 0030 -. 17W +. 4368 
.ow0 +. 6450 -. 2579 +. 0753 -. 0172 

+l. 5350 +. 0174 +. 2450 +. 0027 

-6.0799 
+l. 84418 

-. 208 

t l21.  8126 
-2.6Q48 
-4.4991 +. 714R +; Oa83 
-9.6399 -. 2889 
- 3 . 4 m  -. 6428 
-. RRRR . _.._ 

-1.0894 +. 3793 +. 5271 -. 0779 +. 2208 -. 1160 
-1.3710 -. 3'23% 
-7.9284 +. on1 
-1.4502 -. 3882 -. 0882 +. OOH) -. llin 

+sa 6543 
-1.20493 

r) 

+o. 238 -. 0773 +. 0495 +. 0011 
4-. 2717 +. 1026 - i.3a72 

-. 7878 +. 02542 -- 
+A. Ill , .. . ~ -. 025 -. 1450 
--.4112 
--.0394 -. 051@ -. 1713 -. 4487 +. 0033 -. 080s -. 7855 -. 3175 +. 0016 
-.W8 - 1.0748 .m -. 1472 -. 0693 +. 0249 -. m57 -. 1787 +. 0087 -. m50 -. 0645 

-. 8395 +. m m  
-2.27 +. 1248 -. 2514 -_ 7711 +. 0544 +. 7194 
-. 2388 -. 9637 +. M28 +. 48Bp - 1.283'1 -. 1087 +. 2188 -. 0412 -_ M34 . .~~~ -. 1228 +. m2 -. m9 

-2,6261 +. ow3 +. 1 M  , . .... -. 1483 +. 2810 -. 0951 -. 0238 

-7.24m +. m58 

91 

+31.877@ -. 8425 
4-1.4770 +. 077.5 

-* 9811 
+3.0488 - 10.8992 

+23.758188 
-, 75720 

+ai. 62 
+5.3883 - 19.2237 
-4.1200 
+2, 1954 
+I, gim 
-8.4820 - 1.3053 +. 2580 
+ I .  3851 
-8.0474 
-3.7138 
-, 0219 
-.m2 
-7.32w .m +. 5462 -. 75KI +. 7447 -. 4102 +. 64.55 +. 10% 
-& 2400 
+l. 9203 

+3.7oR771 
-1.124423 

-_I_ 

4-40]. 0159 
-25.8878 
-33.3284 
-7.72M .. _._ 
-3.0288 

-28.7707 
-11.8151 
-2.8034 
4-1.7778 
-7 4mii .. ..__ 

-12.8458 
-1.9497 
- 3 . m  -. 1589 
-3.7083 
-. IMIR . ..__ 

-1.1266 

-7a. 3896 +. 6279 -. 6094 
-4.4294 
+2.0567 

+. 0931 

flao. 790% 
-2.4mM 

-. 0470 

+2. am 
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Solution of normal equations-Continued 
__-_ 

Q 
26 

+451.5432 - 142.2039 
-41.9446 
-43.7282 

-. IfA, . .__- 
-82.2679 
-27. 1819 
-3.1251 -. 0611 
-28.9893 

-R. OR91 .. . - .~  
-9.3025 
-. 0028 - 12.7344 

-2. 1419 -. 2792 
-1.3628 -. 2939 -. 0714 
-. 0150 -. 2431 
-_ 0176 
-.oleo 
-. 0105 

-17.1180 
-9.1939 

+21.0089 
Cn 

1 
2 
3 
18 
4 
5 
6 
19 
7 
8 
R zo 
10 
12 
11 
13 
14 n 
21 
16 
17 
16 
23 
24 
25 
26 

A 
27 

+9l. 8144 
-15.1882 
- 14.5648 
+5.0420 
-.m9 

-2% 3, 
-1.1230 
-3.9734 -. m 
-4.0614 
-1.7247 
+-4.4072 -. OB5 
+2. Wl56 +. 5835 +. 1067 
+'I. 5159 +. 4305 -. 0380 +. 0374 +. 7209 -. 0507 
4.0326 
i. ocxw, 

+13.8538 
-31.3211 

+IS. 7886 -. 89327 
f M 5 .  u184 
-1.6224 
-5.0505 -. 5814 
-. 0471 

-10.4762 -. 04eA 
-5.0519 
-4.2476 -. de80 -. 30e.6 
-2. W O  
-1.0048 -. 6449 
-. 1580 -. 0408 
-1.6865 
-_ AW7 

-51 7iii 
-.G931 

-2. 1374 -. 1352 
-. OB00 -. OM0 

-11.21ii 
-106.7017 - 16.7036 
+sS. 13W c It 

9 

+3.6191 +. 7302 -. 8133 
-5.4388 -. 079R 
+2. igOe -. 9282 
-1.1097 +. 0180 
4-2. ID77 
-2. w80 - 1. 03FH 
-.om 

+ I .  5151 - 1.4359 +. 1137 
- ,3352 +. 1158 -. 2117 +. 0123 -. @39 -. 0195 -. om1 ~~~ -. 0146 
+2.1407 
+2.&25 

+. 6592 -. 03138 
-4.3429 +. 0780 -. 2822 +. 0272 -. 0431 +. 7818 -. 0384 
-1,4108 +. 1505 +. 3079 -. 4356 +. Dl76 
-. 4189 -. 3409 +. 3912 
- . M35 +. 3728 -. 1GM - 1.8831 ...~ -. 0307 +. 2487 -. 0519 +. 1628 +. m 
-1.7325 
+R. 7297 -. 5880 
+. Wfl2 -. 01023 

2. 

+841.4826 
-157.3931 
-107.8199 - 51.4870 
+4.43m 
-81.5278 
-46.0082 
-3.22iD 
4-1.4091 
-33. Cfl2 
--M. 8787 

T. 3302 
+5.8445 
-D. 7030 f. 1851 
+I. 2440 

+. 8912 +. 3029 -. 57% -. 6943 +. 4346 
-8.4472 
-63.9466 

+40.43RM7 - 1.92465 
+429.2015 
-16.8116 
-37.4137 
+6.2830 

-29,0933 
-1. wxx) 
-4.1040 
+u. 7489 
-4.7087 
-4.4626 

+IO. 7327 
+0. 1902 
-1.3152 
+2.66i8 -. 0707 
-1.3840 
-1. Fd57 

-66.511xi 
-2.2193 -. 8082 
-1.6418 
+l. 2838 -. 0253 
+6. 8366 

-217.8171 
-38.1191 

+59. 08156 

+2.4aw 

- 1.01028 
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-0.03138 +. 014% 

-.Ol(i84 
-- 

Rack solution 

+a. 088W +. OIHf,2 +. 00580 
~ +. 12410 

f. 001:i3 -. 00240 

-. tW2l)l 
+.OW35 

-.01188 

+. o(MI0 

20 
_____ 
4-0. OK784 

-.OO%h 
-. (NO15 -. Olofl l  -. ooO17 +. 01388 +. (NWIHO 
+.OM46 

+.OfJua1 
-- 

~ 

-. OX343 +. 000711 +. 000:42 +. OL)I(N) 
--.OO217 +. 00467 

-. 08WY2 
___ 

- 
0 

_ _  __-_ 
-0.3176 
-.01170 +. 02W8 -. OI(u0 -. 07411 +. 01255 -. 21101 -. 13474 
-. 144MI -- 
-. nmi5 

... ~ 

26 25 24 23 10 
- -... 

-0.3325 -. 001w 
t . 00112  +. 02437 -. 14822 
-. 00040 

+o. W486 -. 03002 +. lK3x:37 +. 00312 

+O. 02542 +. m 2  -. ooo31 +. C14Xl +. on% 

-0.ocA81 +. 00275 +. ~ 1 0 7  -. o(a22 +. wi45 +. 02134 +. 261a 
+. !&NW +. oww 

+. 1fM3 
- 

12 

__ 
13 21 1 22 14 I I  

I 
l- . ____ 

-0.14717 -. 01084 +. oicitl +. (Xi721 -. 077x8 
-. 01032 +. 01262 

-. 33786 

-. in155 

-0. i i n 4 ~ ,  +. Wi70 -. 00479 
-. O&Zo -. 0 4 0 ~ 5  -. 01200 +. onnm -. I%W +. 0041 1 +. 01126 

+O. 0947470 

+. W30l +. 03110 
0 -. 00387 -. (10438 
-. 112oFl -. 00639 

-. 05744 

-. 00145 
-0.44i82 
-. O(I2u6 
+.0ll25 -. 03119 

-0.07079 -. 01074 +. m375 +. 05550 -. 14057 +. 04Bofi -. 21338 
-. 03117 

-. 1 4 ~ 2  - 00014 
-.01826 +. lliHV3 +. 00479 

-. 46382 
-. 3G7B 

~ 

10 

-0.18988 +. 00585 -. 026% -. W&W 
- . o m  +. 0loG4 +. 03119 -. 13614 
-. 02208 +. 06275 

-. 2XUM 

I 
n 7 10 

-0.18271 
-. W5<W -. 04058 +. oGu122 -. om44 +. 04121 
-. 35751 +. 00189 

-0. 00019 
-. 00422 -. m 5 a  +. wni +. 0 0 l G U  -. 00470 
--.ooo11 -. ooHo4 

+o. 326w) -. O I W  -. 01550 +. ow27 +. 11036 -. 02088 
-. 12681 +. 03114 

+. 37423 

-.wax 

-0.32767 +. W451 +. 02185 
-. OWHX -. 1 4 ~ 2 3  +. nwm +. 44608 

-. W h l  -. 50043 -. 01822 

2 1 

I 6  - -  ---I---- 
-0. 41 125 -. Wi2l +. c5m -. 05HM 
-. 0741 1 -. oOWl2 -. 2:iz1x 
-. oooo7 

-0.OM3S 
+.0l584 +. 04723 
-_ 10718 -. 14x22 -. (MiO2 +. 36720 

-a. 0 7 ~ 1 7  
+.no154 +. 0:3851 -. 07112 

-0. 10817 +o. OIffiX -. oz1w -. oMl;10 
-. OF,x40 -. (XI057 

-0.025 -. 00x47 
-. OXIW +. 1~i241 
-. 04841 +. (KI4u11 -. 244x5 -. 03770 

- 12487 I --'1141UMl - .ocj:icui 

-. oim 
-. 18486 

-. 20175 
+. 11311 -. 73450 --.:3:1YIH 

-. i(1103 I-- 
After the C)s me dctrrmined, the ncx't step is the computation of 

the d s ,  that is, tho corrections to tho directions. These corrections 
are obtained, RS is the case of the single quadrilateral, by substituting 
the values of the C's in the table of cwrrrlatcs. A set of 2)'s is then 
adopted to make ti11 the eyutttionu consistent. (Sso p. 16.) 
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Computation of corrections (v'a) 

2 3 4 7 5 8 6 

-0.0614 +. 0798 +. 0919 +. 0302 +. 1131 -. 3392 

-0.2904 +. 0158 -. 1131 +. 3392 

+a. 0563 +. 1079 -. 3315 
-. 0526 +. 7346 -. 3392 

-0.0663 -. 1079 
4.3315 +. 28Fb +. 0388 -. 7346 +. 1131 

-0.0601 +. om +.om -. 2064 +. 0393 +. 7346 -. 1131 

+o. 04x1 
-.0598 1 -. 05HI +. 0330 +. 4648 -. 7346 

-0.0880 -. 1131 

-. 2011 -. 20 

11 

-0.0723 +. 1131 

+. 0408 +. 04 

17 

-. 0545 -. 05 +. 2887 +. 29 

10 

+. 1755 +. 18 
-. 3024 
-.30 1 -. 08W -. 08 

12 

+. 4300 +. 43 

10 

-. 1210 -. 12 

1 5  13 14 

+o. 0221 +. 0045 -. 2645 +. 7010 -. 4048 

-0.0221 -. on45 +. m5 +. 2964 -. 7010 

+o. 0388 -. 0850 
-. OGOS -. 0089 -. 3742 +. 4848 

-0.0306 +. M50 +. 0608 -. 0321 +. 0140 -. 4048 +. 7346 

-0.0586 -. 1122 +. 2359 -. 0402 -. 7346 +. 3392 

+O. 0013 
-. 04CO +. 5004 

+. 4617 +. 46 

4-0. 0086 +. 01 
+o. 0410 +. 3742 

+. 4152 +. 41 

+.om +. 06 -. 2237 -. 23 -. 3781 -. 38 -. 0075 -. 01 
-. 3705 -. 37 +. 3409 +. 34 

19 20 21 23 24 25 25 22 

-0.1031 -. 0987 +. 4298 +. 07W -. 7010 +. 4848 

+o. 1031 +. 0987 -. 4298 -. 0630 +. 3742 -. 4648 

-0.0464 +. 0317 +. 1242 -. 2964 -. 0849 +. 7010 

to. 0070 +. 0480 --. 2247 -. 2704 +. 8923 -. M)61 

$0.1031 -. 3742 

-. 2711 -. 27 

+o. 0454 -. 0317 
-. 1242 +. 2391 -. 0182 +. 0095 +. 5064 +. 3742 -. 7010 

+. 2995 +. 30 

-0.0070 -. 0480 +. 2247 +. 2804 +. 0313 -. 8922 -. 0085 

-. 4043 -. 40 

-0.0013 +. 0400 -. 0133 -. 0095 -. 5004 -. 3742 +. 7010 

-. 1577 -. 16 

f. 0879 +. 07 
-. 3814 -. 38 

+. 4302 +. 43 
-. O M 3  -. 05 

29 
___ 
-0.0424 +. 4638 

30 24 36 I 33 

-0. Olog +. 0318 -. 0137 -. 2904 +. 0730 +. 8922 +. M)Q6 
+. 6765 +. 08 

35 

+o. ClW -. min +. 0137 -. 1:01 +. 2cco +. 4638 +. 2005 -. 8922 

m 

4-0.0248 -. 0300 -. IMoO +. 63M +. ow2 -. 0574 +. 2695 

3 1 

-0.0254 -. 0466 +. 14(i3 
- . o m  -. 8022 +. 5064 

-. 3Nl  -. 39 

40 

32 

+O. 0254 +. 04w -. 1403 +. 1022 -. m 4  

-. 4725 -. 47 

--I 
-0.0249 +. 0300 +. 1800 -. 12w) -. 0236 -. 4638 -. 2695 +. 8822 

-0.3330 -. 0096 
-. 3425 -. 34 

-- 
+o. m +. 0310 -. 23% +. 3531 +. 3378 
-. 2695 

+. 2191 +. 22 

__- 

f. 4214 +. 42 

"l l  "0 

+. 6152 +. 62 

37 

-. 0772 -. 08 
+. 1905 +. 19 

39 44 

+o. 0361 -. 0080 
-. 2818 +. 37G4 +. 0570 +. 2895 -. 3378 

I 

45 I 42 

-0.0361 +. CW6 +. 2818 -. 20134 
-. 2034 +. 3378 +. 4638 

43 

-0.0524 -. 4838 

41 

-0.0063 -. 0310 +. 2196 +. m -. 17.30 -. 3378 -. 4638 

-0.0044 +. OOWJ +. 1310 -. 2EP5 +. 3378 

-0. 0054 
--.a315 +. 0559 -. 3378 +. 2895 

-0.OleD +. ooe9 -. 0310 

-. 1730 
--.0046 
-. 1884 

-. 2886 

-. 3096 
-.3l 

-. 0032 

+. a673 

-- 
__- 

-. 5162 -. 52 

--- 

+. m3 +. OQ 
+. 1841 +. 18 

-. 2311 -. 21 
-. CJ93 -. 05 -. 4759 

-. 48 
+. ,5541 +. 65 

+. 1328 +. 13 

__ -- 
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+0. 0036 
+.MI84 
-,ow 
+.4580 
+ . O l Z Z  
--.2896 +. 0574 

+. 1 w 2  +. 16 

-- 

Computation of corrections (v's)-Continued 

-0.3890 
-.0104 
-.a674 

-.4508 
-.4b 

- 

1 I I 

+0.1297 

+.2981 

+. 1684 --- 
f . 3 0  

4G 1 47 1 48 1 49 

+O.OlaO 
--.COR9 +. 0310 
+.%4 

-. 3673 
-.im 

I- 1-1- 

- 

-0.2867 -. 0307 
-. 1084 +. 6237 

4- 0279 
+.03 

---_ 

- 

+C. 2%4 
-..1237 

so. m 7  +. Oi88 -. 5237 +. 3673 

+. 2189 +. 22 

--- 

___~ 
I 

_ _ _ _ _ _ _ ~ _ .  ~ ~- 
+O. 2732 +0. 2643 -0.2732 

-.2?62 -. 1684 --.0281 +. 5237 +. 1m4 

50 

-0. oa?O 
-. 0084 +. rn -. 0479 
-. 0099 -. 0018 +. 1F84 
-. 3073 +. 2U05 
+. 0.558 +. 00 
-- 

51 1 52 53 

-0.0200' +. 0005 +. log3 -. 2964 +. 3673 

+. la07 +. 16 

54 

+o. om -. 0005 -. 1093 +. 5237 -. 3673 

+. 0660 +. 06 

As a check on the computation of the d s  they should be summed 
up around each point to make sure that each sum equals zero (except 
where one or more directions ttt the point are not numbered, see p. 37). 

COMPUTATION OF TRIANGLES 

The adopted values of the d s  can now be substituted in column 4 of 
the triangle computation (see fig. 24) and the final triangles can be 
computed as explained on page 39. 

In  a complete quadrilateral each line is a part of two different 
triangles. The logarithm of each length appears therefore in two 
different triangles. The agreement of these two values in tlll cases 
furnishes a check on the adjustment and computation. Another 
check on the work is that the length as carried from the first fixed 
line to the second fixsd line of the arc must agree with the fixed value 
of ths latter. The elimination of the azimuth discrepancy can be 
checked before the positions are recomputed by substituting the 
adjusted angles for the corresponding observed angles on page 62. 

When it is certain that all the angle, side, azimuth and length 
equations are satisfied, it  is necessary to recompute all the geographic 
positions, beginning with the fixed line Palo-Pedro and ending with 
the fixed position Garcena. These recomputed positions are shown 
in Figure 29. 

If the latitudes of the various stations have been only slightly 
changed by the adjustment, then in the recomputation of the geo- 
graphic positions the second, third, and fourth terms of the & may 
be taken directly from the preliminary computation of the positions 
and only the first term need be recomputed. In a great many cases 
the roconipu tation of positions mtty bo inade by moroly correcting 

(Text continued 011 p. 107) 
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the preliminary compu tation. Coniparo the positiorls in Figure 29 
with those in Figure 27. 

The computed position of Garcena should agree with the fixed 
position. Such being the case all the equations are now satisfied. 
The values of the C‘s should now be placed in the proper column in 
the table of normals, facing page 84. The values of the V’S and the 
adopted d s  are now completely checked, and they should bo entered in 
the proper columns in the table of correlates, pages 82-83. Next, using 
the sketch for the designations of the directions, the corresponding cor- 
rections should be applied to these directions in tho list of directions, 
Figure 23. The final seconds in the list of directions should be 
checked by the angles in the triangles. (See p. 41.) 

PROBABLE ERROR OF A DIRECTION 

In  the table of correlates, pages 82-83, the last column to the right 
The probable error of an contains the squares of the adopted v’s. 

observed direction is computed from the formula, p. e. = f 0.6745 

where Z u2 is the sum of the squares of the corrections to the direc- 
tions, and c is the number of condition equations used in the adjust- 
ment. 

Xu2 = 5.9667 

E-: 
For the arc here given, 

c = 2 7  
Therefore tho probablo error = f 0.6745 JY - - - &0.//32. 

The last operation in the adjustment of an arc is muking out the 
list of geographic positions with the azimuths and logarithms of tho 
distances on form 28B. The columns headed “Sta- 
tion” and “To station” are filled out first by using the sketch to 
pick out the proper order of the stations in regard to azimuth. The 
list of geographic positions for the present arc is given in Figure 30. 
For the method of computing tho azimuths which can not be obtained 
directly from the position computation see page 47. 

(See fig. 30.) 

Stativtics showing accuracy of triangulation 

When a not’ of triangulation has been finally adjusted II table of 
statistics siihilar to the one below should be p r q ~ a r d ,  showing the 
accuracy of the observations: 

Total number of triangles - - _ _ _ _ _ _ _ - - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Number of triangles with plus closures _ _  
Number of triangles with minus closures- - - -. - - - 
Number of concluded triangles--- _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _  
Average closure of triangles without regard to sign--- - - - 
Maximum closure of a triangle _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Mean error of an angle - _ _ - _ - - _ _ - _ _ - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Probable error of an observed direction- - - - - - - - - - - - - - - 
58853’-28-8 

23 
5 
18 
0 

0!82 
1’189 

rh 0159 
A0132 



STATION. 

Ptoro 

1917 

Qrci. 

1 9 9  

b c m  
1917 

Yomrmmt 

1’317 

C V  

1917 

dm. 

da. 

d.m. 

d.m. 

d.3. 

a s .  

LATITUDE A W  
WIGITUDE. . I ,I 

GEOGRAPHIC POSITIONS 

26 17 47.43, 
98 34 45.238 

26 21 51.958 
9s 34 00.305 

26 20 41.270 
98 42 29.279 

26 26 36.792 
98 41 17.285 

26 21 16.682 
98 46 02.955 

BACK A2lYUIP T€B STATION. 

. ,I 

1459.3 253 26 51.93 
129.9 301 27 01.86 

73 29 56.76 mi0 
121 29 34.78 hdm 

1m.O 291 37 04.87 
8.5 328 04 40.91 

9 24 18.72 

1zm.i 261 12 20.06 
611.8 292 32 33.02 

81 16 06.01 ntom 
112 35 58.77 Pordye. 

North American 

FIG. 3O.-Lst of geographic positions for stations of net 
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STATION. 

Grands 

1917 d.m. 

Hcbron 
1917 d.m. 

Bingold 

1917 d.m. 

Oo+cem 

1917 

Corrolr 

1911 

d.m. 

d.m. 

LATITUDE u. 
LONGITUDE. . I ,, 

26 23 30.225 
98 49 31.31 

26 27 00.537 
98 53 03.821 

GEOGRAPHIC POSITIONS 

26 26 56.345 
98 55 43.916 

26 25 23.579 
99 35.544 

S r o r L u  u 
yrm. 

930.2 
667 -3 

16.5 
105.8 

9G.5 
141.7 

1734 -0 

m6.7 

725.6 
984.9 

Xorth h r i c a .  

AZtYVTH BACK AZIXUTIL 10 STATION 

. , ,, . , N 

227 15 43.40 47 17 lC.74 Corpla 

305 25 23.35 125 26 55.89 Yo-ent 

274 44 51.39 94 48 01.48 Corps 
312 11 P.87 1j2 14 28.01 &mxwnt 

317 41 11.45 137 42 46.02 Craud. 

135 03 41.05 5 03 52.86 mbrm 

254 y 48.31 74 34 34.62 Grand. 
zso 23 0g.m io0 26 27.6s u-mt 

268 19 27.26 811 20 38.57 Hebron 
335 37 47.35 155 38 46.76 Binbold 

250 31 22.70 70 33 32.53 Osrcena 
2% 33 46.31 76 37 07.42 Hebron 
29k 15 53.54 114 19 02.58 Blngold 

FIG. 30.-List of geogmphie positions for stations of net-Continued 
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CHAPTER (.-ADJUSTMENT OF A NET OF TRIANGULA- 
TION BY THE ANGLE METHOD 

EXPLANATION OF METHOD 

I n  the adjustment of triangulation of the first and second orders it 
is the practicc in the United States Coast and Geodetic Survey to use 
the direction method, and to include nll tho observed lines of the main 
scheme. As these classes of triangulation serve as control for all 
other surveys, it  is necessary to make the adjustment of them as 
rigid as possible. 

Alberta 

Lat 

FK; Bl.-Tnangulation net used in sample ~tljiirrtment hy nngle method 

However, for third-order triangulation which is fitted in between 
fixed points and lines of triangulation of the first nnd second order 
such a rigid adjustment is not required. Consequently in adjusting 
third-order triangulation the angle method should ordinarily be used. 

A sample adjustrrient by the angle method of the arc of third-order 
trittngiilation shown in Figure 31 is given on the following pages. 
This small scheme requires all the different kinds of equations needed 
for a complete ndjustment, and if these are understood, a larger 
scheme, which differs from this only in the number of equations, can 
be rendily ndjusted. 

110 



ADJUSTMENT OF N E T  BY ANGLE METHOD I l l  

In  Figure 31, all observed lines tire shown. For the angle method 
of adjustment, however, it is customary to omit one diagonal in ewh 
quadrilateral and use only a chain of triangles, those of the best shape. 
In  the example given, the diagonals Fog-Alberta, Dug-Nan, and 
Lat-Flores are omitted. The lines actually used in the adjustment are 
shown in Figure 32. After the chain of triangles has been adjusted 
and all the conditions are satisfied, then each omitted diagonal is 
computed by using the two sides and included angle of the triangle in 
which i t  occurs (see p. 139). Instructions for field work call for the 
observing ok both ditigontkls of each quadrilateral in order that there 
niay be a check on all lengths. 

Alberta 

3 
Gura 

5 x  I \  
La1 . "8 

2 

Enter R r e s  
7 8 

FIQ. BZ.-Tri~nguIation net showing the trianulas used in adjustment by angle method 

Tho lines Alberta-Fish and Enter-Flores are fixed in length t ~ n d  
aAimuth, and the four stations a t  tho ends of these lines are fixed in 
latitude and longitude. 

The lists of directions for the various stations are given in Figure 
33. The column headed "Final seconds" is filled out after the adjust- 
ment is completed. If the lists of directions have not been made out 
and checked in the field they should be computed from the horizontal 
angle record books in the manner shown on page 8. 

The triangulation sketch (fig. 32) is numbered and lettered as 
follows: Starting with the fixed line Alberta-Fish and building up 
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the sketch point by point, each point added is given a consecutive 
number, Nan being 1, Fog 2, Gura 3, etc. In each triangle the angles 
are given the letters a, b, and c. The angle adjacent to the starting 
line but opposite the line through which the length is next carried 
is called a and the angle opposite the starting line is called b.  These 
are the length angles. The azimuth angle, or the angle between the 
two lines through which the length is carried, is called c. 

The following triangles (fig. 34) are laid out in exactly the same 
manner as for adjustment by the direction method. 

As was the case for the direction method, it is necessary to compute 
a set of preliminary triangles (fig. 35) in order to be able to compute 
the geographic positions (fig. 36) and determine the latitude and 
longitude closures. To compute the positions properly the triangles 
should be closed and this is done by concluding the c or azimuth 
angle in each triangle. If one of the length angles is not observed, 
however, then the observed azimuth angle must be used, and the 
unobserved length angle concluded. As the triangles and positions 
are computed in exactly the same manner as when the direction 
method is used it is not necessary to explain the computation here. 

NUMBER AND FORMATION OF EQUATIONS 

As the figure to be adjusted is simply a chain of triangles, it  
is obvious that there will be just as many angle equations as there are 
closed triangles, 8 in this case, and that there will be no side equations. 

Angle equations 

1. O =  -2. 3+ ( la)+ ( lb)+ (IC) 
2. 0 = - 2 .  74- (2a)l- (2b)+(2c) 
3. O = + O .  1+ (3a) f  (3b)+ (3c) 
4. O =  +l.  0-t  (444- ( 4 b ) f  (4c) 
5. 0=+5. 4+ ( 5 a ) f  (5b)f  (5c) 
6. 0-+ 2. 9 f  (6a)+ (6b)+ (SC) 
7. O =  -0. 1-k (7a) f  (7b)S (7c) 
8. O = f 3 .  3 f ( 8 a ) +  (8b)f (8c)  

Since there are two fixed azimuths, namely, the azimuths of the 
lines Alberta-Fish and Enter-Flores, there will be one azimuth equa- 
tion. This equation which is shown on page 125, is formed in ex- 
actly the same manner as if the direction method were used, except 
in the way the angles are designated. 

(Text continued on p. 126) 
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0 00 00.0 00.0 Fog 0 00 00.0 59.7 
40 09 39.1 09.1 lan 24 54 02.9 02.2 
57 22 26.8 28.4 Alberta 118 49 46.6 47.5 

Alberta 0 00 00.0 xo D q  0 00 00.0 00.1 
Tiah 28 42 47.6 47.4 Our8 66 49 4S.3 44.5 
Fog 109 26 24.4 26.5 Em 129 24 69.9 69.4. 
plu lZb 52 16.6 17.0 Alberta 182 % 14.9 16.7 
Our8 17l 17 11.1 11.1 P i d l  203 47 17.6 18.9 

0 00 W.0 x9 l e t  
64 33 58.8 59.4 h a  
93 03 00.7 01.1 Nan 

109 OB 46.2 45.9 Fog 
172 30 45.7 44.0 

0 00 0b.o 02.0 
61 35 02.7 01.7 

107 07 08.4 06.4 
137 16 16.5 15.6 

0 00 00.0 01.1 norre 
38 57 17.8 18.6 Enter 
60 10 a7.4 27.7 Lat 
94 69 06.6 09.3 hrra 

109 '18 30.8 28.7 

0 00 00.0 04.7 

20 64 52.5 50.9 
116 26 02.3 00.6 
171 52 38.3 36.9 

Lat -0 00 00.0 7 x 9  mtr 0 00 00.0 69.1 
Moa 36 P 46.8 47.2 Lat 65 a P . 7  16.0 

n o r r e  100 12 19.9 2l.8 Yoad 95 14 37.7 38.6 
FIG. 33.-Llsts of directlonu, angle method of adlustment 
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COMPUTATION OF TRIANGLES 

2-3 Alberta-Fish 3.669907 
1 b 1 '  Ftan 28 42 47.6 3-0.8 48.4 48.4 0.313371 

26.4 9.925419 a 2 Alberta 57 22 26.5 -0.1 26.4 
c Flrh 93 54 43.7 $1.6 45.3 .0.1 45.2 9.998986 

1-3 Nan-Fish f 2.3 0.1 3.913697 

1-2 Nm-Alberta 3.987264 

57.8 

2-3 Ban-Fish 

2 b 1 Fog 74 22 17.7 tl.8 19.5 

c 2 Ban 80 43 36.8 $1.3 38.1 0.1 
3 Fish a4 54 02-9 -0.4 02.5 

1-3 Fog-Fish c2.7 0.1 
1 -2 Fog-Nm 

57.4 

2-3 

3 b 1 k a  

a 2 Nhn 
c 3 Fog 

1-3 

1-2 

2-3 

4 b  1 %  

c 2 Our8 

a 3 Foe 
1-3 
1 -2 

Nw-Fo~ 
54 33 58.8 
61 50 46.7 
63 35 14.6 

ka-Fog 

cure-Fog 
75 41 13.8 

38 29 01.9 
65 49 45.3 

%-roe 
Dug-Dura 

01 .o 

3.913697 
19.5 0.016360 

38.0 9.994287 

02.5 9.624330 
3.5- 
3.55c38? 

3.554387 

$0.7 59.5 59.5 o.ma965 

-1.1 45.6 45.6 9.945312 
+0.3 14.9 14.9 9.952121 
-0.1 0.0 3.5dd6% 

3.595463 

3.5a8654 
A.1 13.9 13.9 0.013694 

-0.2 01.7 01.7 9.793995 
-0.9 44.4 44.4 9.960151 
-1 .o 0.0 3.396343 

3.562499 

FIG. W..-Triangle computation, angle method of adjustment 
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State: ... aerks 
...",.m."..""*"m 

NO. STATION OBSERVED A X O L E  

2-3 

5 b 1 Let 
2 Gura 

* 3 D u g  
1-3 

1-2 

2-3 

6 b 1 Mond 
0 2 Lat 
a 3 k a  

13 
1-2 

2-3 

7 b 1 Enter 

a 2 L a t  
c 3 Mod 

1-3 

1.2 

2-3 

Cure-Dug 
38 57 17.8 

79 27 45.0 

61 35 02.7 

Lat-Diy 

Lat-Owa 
05.5 

Lat-Qura 
56 21 36.0 

60 10 21.4 

63 21 59.5 

M o d - h a  

blond-Lat 
02.9 

Lnt-Yond 
36 21 46.3 

49 08 03.4 

94 30 09.6 

En t er-Uond 

Enter-Lnt 
00.0 

Enter-Yond 

8 b Florer 95 14 37.7 

c Enter 63 50 33.1 

3 Mond 20 54 53.5 

1-3 Flores-Yond 

1 -2 Florea-Enter' 
03.3 

COMPUTATION OF TRIANGLES 

. ___........~.......I ............. 

-0.3 17.5 

-2.1 42.9 0.1 

-3.0 59.7 

-5.4 3.1 

- 

+0.3 36.3 

-0.3 26.6 

-2.4 57.1 

-2.9 0.0 

f 2 . s  49.3 

-2.4 01.0 

0.0 09.3 0.1 

$0.1 0.1 

+I.% 39.5 

+1.3 34.4 

-6.4 46.1 
-3.3 0.0 

3.562499 

17.5 0.201551 

42.8 9.592613 

50.7 9.944240 

3.756663 

3.708290 

- 

3.708290 

36.3 0.079094 

26.6 9.938290 

57.1 9.951283 

3.725674 

3.733667 

3.738667 

49.3 0.227012 

01.0 9.878658 

09.7 9.94Jti5d 

3 * 244337 

3.964Z37 

3.044337 

39.5 O.Oolt122 

34.4 9.553077 

46.1 9.553603 

3.753236 

3.398762 

FIG. M.-Triangle nmputstion, angle method of adjustment-('c.ntinued 
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1 b  
a 

2 b  

a 

a b  
a 

4 .  8 

a 

23 Alber ta-Tiih 
1 xan 28 42 47.6 

2 Alberta 57 22 26.5 
3 T i &  (93 54 46.0 
1-3 
1-2 

2-3 
1 tog 

2 Xan' 
3 Fish 
1-3 
1-2 

2 3  

1 m a  
2 llan 
3 Tog 
1-3 
1-2 

2-3 

Nan-Tish 

Ban-Alber ta 

lfa~-Tish 
74 22 17.7 

(80 43 39.5) 

24 54 02.9 
Tog-Thh 
rog-am 

Ipan-Fog 

54 33 58.8 
61 50 46.7 
(&3 3 14.5) 

Wa-FOg 

aUr8-lan 

aUra-Fog 
1 w  75 41 '13.8 

Gura (38 29 00.9) 

3 Toe 65 49 45.3 

1-2 W-O;rra 
1-3 m-FO6 

0.1 
0.1 

0.1 

0.1 

3.669 Y M 
0.318374 
9.925419 

45.9 9.998987 
3.913700 

3.987368 

3.913700 
0.016361 

39.4 9.994288 
9.624332 
3.924349 
3.554393 

3.554393 
0,038956 

9.945314 
9.952121 
3.wa663 

3.595470 

3 I 688663 
0.013694 
9.752993 
9. m x 8 2  
3,396350 

3.562509 

FIG. 36.--Trisngle computation to obtain latitudo and longitude closureti of net, angle method 
of adjustment 
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COMPUTATION OF TRIANGLES 

St.t.: _ _ _ _  Parkr . . ...~ ...__...... ._ ............. _.__*. 

_)-- 

OBReRV8D ANOLE C o n ~ ~ ~  O n l n ' L  8 n l l ' L  PLANE ANOL8 
NO. 0 TAT ION 'I- AND DIBTANC* LooAnl'nY 

2-3 aUra-Xhg 
5 b 1 L e t  38 57 17.8 

2 m a  (79 27 39.6) 

1-3 Lat-Dug 

1-2 L a t - h a  

a 3 W  61 35 03.7 

2-3 Lat-Oura 

6 b 1 Mod 56 27 36.0 

2 Lnt (60 10 24.5) 

a 3 M a  63 21 59.6 

1 -3 Hond-hra 
1.2 Mod-Lat 

2-3 Lat-Yon& 
7 b 1 Enter 36 21 46.8 

a 2Lat 49 08 03.4 
3 !:on& (& 30 09.9) 
1-3 En t er-!.!ond 

3.562509 

o.m1aM, 
0.1 ' 39.5 9.99Bll 

9.944a44 
0.1 3.766670 

3.708303 

3.708303 

0.079094 
9.938287 
9.951285 
3 * 725684 
3.738682 

3.738682 

0.227019 

9.873663 
0.1 09.~1 9.998669 
0.1 3.844363 

1-2 Xnt er-Lat 3.964359 

FIO. 35.-Trisngle nwpiitatiou to obtnln Iatltude ant1 longitude closurar of net, angle method 
of adjustment--( 'ontiniieci 



Uber ta 

Alberta 

n a  

3.587233 

9.994681 

Iy 

2.6475333 

--- 
FrC. %.-Preliminary position computation to obtain latitude and longitude closures, angle method of adjustment 

3.913700 
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02.5 
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00.00 

52.3 
17.7 
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56.883- 

3.554?&3 

9.472069 

U 
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FIG. %.-Preliminary position computation to obtain latitude and longitude closures, angle method of adjustment-Conthued 
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' U d Y n o  + 0 . o a  
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0.0Sl 0.0003 0.0538 0 . W  
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hc. %.-Preliminary Dosition computation to obtam latitude and longitude closures, angle method of adjustment-Continued 
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FIG. 36.-Preliminary position computation to obtain latitude and longitude cbsules, angle method of adjustment-Continued 
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Frc. 3G.-Prelmminary position compu'stion to obtain latitude and longitude closures, angle method of adjustment-Continued 



1 326 1 23 , 22.7 ' 
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i 97 16 ' 35.6 
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Sin 
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130. JB.-Prelimimry position computatlon to obtain'latitude and longitude closures, angle method of adjustment-Continued 
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i 9.0 
+ 3.2 
+16.5 
t 5.1 
+In .9 
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FIG. 3;.-Forniation of latitude and longitude equations, angle method of adjustment 
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Since the lines Alberta-Fish and Enter-Flores are fixed in position 
(latitude and longitude) there will be one latitude and one longitude 
equation. These equations, which are shown in Figure 37, are formed 
in exactly tho same iiittnner as when the direction method is used, 
except in the way tho angles are designated. 

In  the adjustment of this net of triangulation there will be 8 angle, 
- 1 azimuth, 1 length, 1 latitude, and 1 longitude equations, or a total 

of 12. 
As the correlate and normal equations are formed exactly as in 

the case of the direction method (see p. 84), they are given below 
without explanation. 
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SOLUTION OF NORMAL EQUATIONS 

The solution of the normals is much simpler than when the direc- 
tion method of adjustment is used. This is due to the fact that no 
two angle equations involve the same d s  and the first 8 equations in 
the example below are eliminated by simply dividing by 3 in each 
case. There are only 4 equations which are much involved. 

Rolution of normal eqcations 

-2. 5 

t 3 . 9  
-1.3 
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fO.812 
tA.955 
-5 972 
--.017 

+. 778 +. 8 

__ 

- 

-__ 
- 1 . 3 ~ 1  
4-4.074 
-2.Ml 
-.434 

-. 324 
-. 3 

~ 

The back solution, as well as the forward solution, is much shorter 
than when the direction method is used, as only 4 of the 0‘s ar0 
carried back through all the equations. 

Back solution 

b c  
__ 
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The C’s determined by the back solution are substituted in the 
correlate equations to determine the u’s, which in this case are cor- 
rections to the angles and not to directions. The adopted d s  are 
obtained in much the same manner as when the direction method is 
used and consequently may not be the same as the computed values 
to the nearest tenth of a second. It is necessary to adopt v’s which 
may differ slightly from the computed values in order to make the 
triangles consistent. Compare the computed and adopted values for 
8a in tho following table: 
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COMPUTATION OF TRIANGLES 
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+o. tl19 
-. xi1 

-. 102 -. 2 

0 

+2.148 -. 811 

+I. 337 
4-1.3 

The adopted v’s or corrections are now substituted in the column 
headed ‘ I  Corrections ” in the triangles in Figure 34, and the triangles 
are computed in the manner already explained. If the computed 
length of the fixed line at the end of the scheme agrees with the fixed 
length, the length equation is satisfied. 

Next the corrected mgles are substituted for the observed mgles in 
the forrriation of the azimuth equation (p. 125) to see if that equation 
i s  satisfied, 
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After making sure that the angle, length, and azimuth equations 
are all satisfied, it is necessary to recompute the geographic positions 
of the stations using the data of the corrected triangles. (See fig. 38.) 
This recomputation can usually be made quite easily and quickly by 
simply correcting the preliminary positions as explained on page 95. 
It is only after obtaining the corrected position of Enter and compar- 
ing it with the fixed position that one can be certain that the adjust- 
ment is correct, that is, that the latitude and longitude as well as the 
other equations have been satisfied. 

CORRECTIONS TO DIRECTIONS 

The angle, length, azimuth, latitude, ttnd longitude cquat,ions are 
now satisfied and the corrections can be applied to the tlirections in 
Figure 33. Since the corrections determined in tha angle met,hod of 
adjustment are corrections to angles and not, to directions, the manner 
of applying them is somewhat more complicated. 

The sample below with the explanation following it shows in detail 
how the corrections arc applied at  station Nan. The list of directions 
before adjustment is given in the first two columns. 

Station N a n  
- -  . _ _  , 

D I I! 

0 00 00.0 00.0 

109 26 24. 4 2U. 5 
1m 52 10.0 ______.._ 
171 17 11. 1 12.1 

28 42 47. 6 48.4 

Find 
seconds 

$9: ii 
47. 4 
25. R 

11. 1 

The corrected directions which go in the column headed “Final 
seconds” are determined as follows: From the adjusted triangles, 
Figure 34, using the angles at  Nan, we have 

0 I I !  

Triangle 1, angle Alberta to Fish _ _ _ _ _ _ _ _ _ _ _ _  28 42 48. 4(A) 
Triangle 2, angle Fish to Fog _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  80 43 38. 1 

Angle Alberta to Fog _ _ _ _ _ _ _ _ _ _ _ _  109 26 26. 5(B) 

Angle Alberta to  Gura _ _ _ _ _ _ _ _  _ _ _  171 17 12. 1(C) 

Triangle 3, angle Fog to  Gura .______________ 61 50 45. 6 

The values of the seconds for the angles (A) ,  (B), and (C) are 
placed in the column headed “Preliminary seconds” in the table 
above. Opposite the initial station, Alberta, is placed 00.0. As the 
direction “Dug” was not included in the adjustment, thoro is no 
correction to be applied to it. 

I n  this method of applying tho corrcctions, the direction at  Alberta 
remains unchanged and so does not receive its shtLre of the correction. 

(Text continued on p. 138) 
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A mean correction is therefore computed by taking the differences 
between the directions in the column hcadcd “Observed directions” 
and those in the column headed “Preliminary seconds.” 

At Alberta, the correction is ___________.________________ 0.0 
At  Fish, the  correction is _ _ _ _  _ _  - - _ _  - - _ _  - _ _  _ _  - 4- 0. 8 
At  Fog, the correction is _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  + 2. 1 
At Gum, the  correction is _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _  + 1 .0  

_ _  _ _  _ _  - 

Total _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ - -  $3. 9 
Average correction _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  + 1.0 

The average correction +1!’0, with sign changed, is then applied 
to each of the directions in the “Preliminary seconds” column to 
obtain the values in the “Final seconds” column. 

The rule to be followed, then, is: Keeping the seconds of the initial 
station 00.0, compute the seconds of the other directions by adding 
the adjusted spherical angles of the triangles in the proper order. 
Place these values in a column headed “Preliminary seconds.” 
Take the algebraic sum of the differences between these values and 
the values in the preceding column and divide this sum by the number 
of directions involved. Add algebraically with opposite sign the 
mean thus obtained to each of the values in the column “Preliminary 
seconds,” and place the resulting values in the “Final seconds” 
column. 

A 

FIO. 39.-Triangle as lettered for mn~puta- 
tion using two sides and included angle 

In  order to see whether the corrections have been applied properly, 
check these final seconds from the triangles. For example, the angle 
at Nan between Alberta and Fish as taken from the “Final seconds” 
column is 28’ 42‘ 48!4, which checks the angle at  Nan in triangle 1. 
Similarly, the angle at Nan between Fish and Fog is 80’ 43’ 38!’l, 
which checks the angle at  Nan in triangle 2, and the angle at  Nan 
between Fog and Gura is 61’ 50‘ 451y6, which checks the angle a t  
Nan in triangle 3. 

CORRECTIONS TO DIRECTIONS OMITTED IN ADJUSTMENT 
After the final seconds have been determined for all directions in- 

cluded in the adjustment, the corrections to the directions for the 
diagonals omitted from the adjustment are computed. The three 
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diagonals omitted were Alberta-Fog, Nan-Dug, and Lat-Flores. 
These are cornpu ted by the two-sides-and-included-angle method. 
(See pp. 141-143.) 

TRIANGLE COMPUTATION BY TWO-SIDES-ANPINCLUDED-ANGLE METHOD 

The diagonal Alberta-Fog is computed as follows. The formulas 
used are 

a tan (45' + 4) = 6, where a>b 

tan 1/2 (A - B)  = tan 4 tan 90'- - ( 3  
1/2 ( A + B ) = 9 0 0 - 2  C 

in which a and 6, the two sides, and C, the included angle, of the tri- 
angle are known, and 4 is an auxiliary angle. 

The logarithms of the sides Fish-Alberta and Fish-Fog (see fig. 31) 
are given in the triangles, Figure 34, as 3.669907 and 3.924344, 
respectively. The angle a t  Fish between Fog and Alberta is the sum 
of the two adjusted angles between Fog and Nan, and between Nan 
and Alberta, namely, 24' 54' 02?5 plus 93' 54' 453,  or 118' 48' 
471y8. 

The triangle, Alberta-Fish-Fog, is written as shown in Figure 40. 
The asterisk is placed opposite the fixed angle and the logarithms of 
the fixed lengths are placed in the last colurnn. As there is 0!1 
spherical excess, this is applied to the large angle making the plane 
angle a t  Fish 118' 48' 47!'8-0!'1, or 118' 48' 47!'7. 

The problem then is to determine A ,  the angle at  Alberta; B, the 
angle at  Fog; and c the line Fog-Alberta. The computation is shown 
in Figure 40. 

These angles A and B as thus determined are placed in the triangle 
Alberta-Fish-Fog on the lower part of the form (fig. 40) and the 
triangle is computed in the usual way. The logarithm of the 
length, Alberta-Fog, is thus obtained. The computed logarithm of 
the fixed length, Alberta-Fish, should check the given value probably 
within one in the last place. 

The value of the final seconds for the direction on Fog a t  station 
Alberta is now obtained from the triangle by simply adding the angle 
at  Alberta between Fish and Fog, 40' 09' 09!1, to the fixed direction 
Fish, 0' 00' OONO. At  station Fog, the final seconds for the direc- 
tion on Alberta are obtained by subtracting the angle between Alberta 
and Fish from the fixed direction on Fish; that is, 203' 47' 18?9 
-21' 02' 03!'2=182' 45' 1517. 

68863°-28-10 
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In  order that the length, Fog-Alberta, as determined from the two 
sides and included angle computation, may have a check the triangle 
Fog-Nan-Alberta (see fig. 40) is also computed. The three angles 
of this triangle are fixed by the computation of the first triangle and 
can be taken out directly from the lists of directions a t  the three 
stations. The logarithm of the length, Alberta-Fog, should agree in 
the two triangles. 

In the same manner the diagonals Nan-Dug and Lat-Flores are 
computed, using first a triangle with two sides and the included angle 
known and then a second triangle, whose angles are fixed by the 
computation of the first triangle, to check the length of the line in 
question. 

COMPUTATION OF THE LENGTH AND AZIMUTH OF THE OMITTED DIAGONAL BY THE 
METHOD OF APPROXIMATION 

If the diagonals omitted in the adjustment have been observed it 
may be advisable or expedient a t  times to resort to the method of 
approximation in computing them after the adjustment has been 
completed. 

(See fig. 41.) In  
the quadrilateral Lat-Mond-Flores-Enter (see fig. 3 1) the diagonal 
Lat-Flores was omitted in the adjustment. It may be computed 
from the triangle Lat-Mond-Flores in the following manner: The 
logarithms of the lengths Mond-Floces and Lat-Mond and the angle 
at  Mond between Flores and Lat have been fixed by the adjustment. 
The observed angles at  Lat and Flores are obtained from the lists 
of directions. (See fig. 33.) The sum of the two observed angles a t  
Lat and Flores and the adjusted angle at  Mond equals 179' 59' 52!'0, 
so in order to close the triangle 4!0 must be added to each of the angles 
at  Lat and Flores. 

Using the fixed logarithm of the length Mond-Flores, 3.799236, the 
logarithm of the length Lat-Mond as computed to seven decimal 
places through the approximate angles at  Lat and Floras is 3.7386565. 
This value differs from the fixed logarithm of Lat-Mond, 3.738667, 
by 10.5 in the sixth place of logarithms. The tabular differences of 
the logarithmic sines of the angles at Lat and Flores for one second 
change in angle are + 3.03 and + 3.68, respectively. The discrepancy 
in the logarithms of the length divided by the algebraic slim of these 

two tabular differences, that is, :%=1:6, is the correction which 

must be applied to the angles a t  Lat and Flores which were used in 
the preliminary computation. 

This correction is applied with the negative sign to the angle at 
Lat and with the positive sign to the angle a t  Flores. The triangle 
is then recomputed, using the corrected angles, and the final logarithm 

An example of this method is given on page 144. 
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LoS 
h g  110 c, 9.94801 A (Aberfd 
Colog sin A,  0.190558 

c 4.057503 C (f7sb) 
CHECK COMPUTATION 

spPER,CAL I v d m h ~  PIANK AVfl1.E NO. STATION SXLUS A N D  DIBTA\CE 

2-3 Fieh-Fog 3.924344 
1 Alberta 40 09 09.1 09.1 0.190558 
* Pinh 118 48 47.8 0.1 47.7 9.942601 
3 -Fob 21 02 03.2 03.2 9.555004 
1-3 Albertw-Fog 4.0575C3 
1-2 Alberta-Flah 3.669907 

2-5 Xm-Alberta 3.987264 
I % 53 23 16.3 16.3 0.095735 
2 P a l  109 26 26.5 0.1 26.4 9.974506 

Albert8 17 13 17.3 17.3 9.471389 
1-3 Fog-Alberta 4.057503 
1-2 rug-xm 3.554387 
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2-3 log-% 3.396343 

51.5 0.457017 1 Baa 25 51.5 0.0 

3 %  30 09 09.2 0.0 09.2 9.700967 

129 24 59.3 0.0 69.3 9.ea7927 

1-3 Hlul-IXlg 3.741347 

1-2 u m m g  3.554387 

rog 

2-3 01Pa-maa 3.595463 
I R Y  45 32 04.7 0.0 04.7 0.146600 
2 h a  93 w ol.2 0.0 (11.2 9.999384 
3 Ban 41 24 54.1 0.0 54.1 9.820536 

1-3 mg-men 3.741347 
1-2 D u e @ -  3.662499 

'The Nbrrmpb ,a snd p on thh fmm d e r  to ipherid snd p1.m .t+e respso#rd~. 

FIQ. 4O.-Triangle computation using two sides and included angleConthued 
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2-3 Mod-Roree 3.799236 
I Lat 34 49 41.6 41.6 0.~W456 
2 Uond 115 24 65.9 0.1 55.8 9.955793 

1-3 Lat-lloree 0.1 3.998485 
1-2 Eat-yond 3.738667 

3 llnrer 29 46 22.6 22.6 9.695975 

2.3 Enter-Lat 3.964337 
J norer 65 28 16.9 16.9 0.041076 
2 Enter loo l a  23.7 23.7 9.993072 
3 Lat 14 19 19.4 19.4 9.393360 
1-3 Floren-Lat 0.0 3.998495 
I-? Florer-Enter 3.398763 
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of the length Lat-Flores is thus obtained. The computed logarithm 
of the length Lat-Mond should now agree with its fixed value. 

The rule to be followed in this approximation method may be stated 
briefly as follows: Write the triangle which includes the omitted 
diagonal and fill in the data fixed by the previous adjustment; that is, 
the logarithms of the two sides and the value of the included angle. 
Put in the observed values of the other two angles as obtained from 
the list of directions. If the sum of the three angles, after applying 
the spherical excess, does not equal 180°, apply one half of the triangle 
closure to each of the observed angles to close the triangle. Then, 
starting with the logarithm of one fixed length compute the logarithm 
of the other fixed length through the triangle, taking out the tabular 
differences with their proper signs for the logarithms of the sines 
corresponding to a change of 1 second in the two angles yet to be fixed. 
Next divide the discrepancy between the computed and the fixed 

U. S .  COAST AND GEODETIC SURVEY 

COMPUTATION OF TRIANGLES 

2-3 !’onZ-Flor es 3.739236 
6 

2 Man& 115 25 02.3 -6.4 E 9  0.1 55.8 9.955793 
22.6 75 

-3 Flores 29 46 17.0 22.6 S&& 9.6959686 
4.71 1-3 Lat-Flores 3.998495 

56s 1 -2 La t-Yond 3.738667 

t3.031 L a t  04 48 39.2 41.6 0.24345s - 

Fro. 4l.-Triangle computation using two sides and included angle, method of approximation 

logarithm of the second fixed length by the algebraic sum of the tabu- 
lar differences, and apply this quotient with the same sign as a cor- 
rection to the approximate angle which appears as the third angle in 
the triangle and with the opposite sign as a correction to the approxi- 
mate angle which appears as the first angle in the triangle. Finally, 
recompute the triangle using the corrected angles. 

The probable error of an observed angle is determined by the same 
formula as that  used to obtain the probable error of a direction. 
(See p. 107.) In  the table of correlates on page 127, Zw2=88.84, and 
since there are 12 equations, 

p. e .  = f 0.674 

After the adjustment has been completed and the omitted diagonals 
have been computed, the list of geographic positions is made out on 
form 28B in exactly the same manner as the list on page 108. (See 
fig. 42.) 



Pan 
1907 

rw 
1507 

hua 
1901 

w 
1 w I  

lat 
19QI 

GEOGRAPHIC POSITIONS 

LATIIC'DS AI. S-xm u 
S'CAt101. LONGITUDE. Y n i u .  

. , .. 
55 28 33.323 1cQo.5 

d.6. 133 18 57.333 1001.2 

55 ZS 42.636 1318.6 
d.m. 133 17 56.880 1000.0 

55 27 02.583 79.9 
d.m. 133 P 34.703 610.1 

55 25 35.m 1093.2 
dam. 133 19 1 4 . W  259.1 

55 24 50.752 1569.6 
d.8. l33 24 29.749 523.3 

56 24 28.- 878.9 
6.m. l33 19 20.a56 367.0 

Fo STAl'1011. BACK UIYWTE I z I M L l I 8  

. # ,, . , ,, 

233 18 35.3 53 24 41.2 Alberta 

262 01 zJ.7 a2 07 44.6 Fish 

2% 35 37.8 44 35 47.4 Pan 
279 07 57.3 99 10 36.7 To& 

137 38 34.3 317 36 39.0 h u a  

183 10 39.0 3 10 S . 3  la0 
a 3  19 48.2 33 20 52.5 pm% 

a 7  m 51.8 37 o( a . 9  hpa 
255 59 15.2 % FLI 34.6 w 
312 01 06.0 132 ob 51.8 ? b r a  
2ia a 25.4 146 24 za.8 Enter 

FIG. 42.-List of geographic positions, angle method of adjustment 

dmsr.iOn No. # CO~putalim: _.______ 

State Alaska -. ".- .... 
DISTdKCS 

hum.  (rmm 

3.987264 

3.913697 

3.55087 

4.057xo 
3.93'344 

3.5954-53 
3 . W 6 5 4  

Z .562499 
z.741347 

3 . 3 w  

3.708290 

3.7- 

3.9SB435 
3.s-7 

3.795% 

3.84w3-9 

3.m667 
3.725674 

Y . n U  

5711.0 
8157.8 

3584.2 

11415.7 
8401.' 

3539.7 
387a.4 

3651.7 
5512.5 

2450.8 

51'3.5 
5710.4 
9965.2 

9Zll. 6 

6256.5 
6987.7 
5478.6 

53l7.1 

F.". 

31d60 
26396 

11749 

37453 

3563 

12925 
li724 

11981 

1EC86 
8172 

167.54 
l8735 
32694 
3 o z p  

zC#x 

22825 
17W4 
17445 

P 
U 

0 r 

W 
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Statistics showing accuracy OJ Lriuiigctlalion 

Total number of triangles _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  8 
Number of triangles with plus closures __________.________ 3 
Number of triangles with minus closures ____._.__________ 5 
Number of concluded triangles _ _ _ _  _ _ - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  0 
Average closure of triangles without regard to  sign - - - - - - - - 2'12 
Maximum closure of a triangle _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  5!'4 
Mean error of an angle__-.. - - - - - - - - - - - - - - - -. - - - - - - - -. . - - & 1 'I6 
Probable error of an observed angle .___ __. . . . - - - _ _  -. -. - - f 118 

COMPARISON OF DIRECTION AND ANGLE METHODS OF TRIANCULA- 
TION ADJUSTMENT 

Comparing the direction and angle methods of adjustments it is 
seen that each has its advantages and disadvantages. The direction 
method gives a more rigid adjustment by making use of all the direc- 
tions observed, and when the adjustment is completed the azimuths 
and lengths of all the lines are immediately available. There is no 
necessity for two-sides-and-included-angle computations. The dis- 
advantage of the method is that the solution of the normals is more 
laborious, especially where the scheme of triangulation is much 
involved. However, for first-order and second-order triangulations, 
the adjustment should be as rigid as possible, and the direction method 
should, therefore, always be used. 

The angle method of adjustment has the advantage that the number 
of equations is reduced considerably, there being one less angle 
equation in each full quadrilateral and no side equations at  all. The 
solution of the normal equations is very simple as all the angle equa- 
tions are independent of each other, and the azimuth equation does 
not, ordinarily, involve the same d s  as the length equation. The 
disadvantage of this method is that a number of two-sides-and- 
included-angle computations must be made after the adjustment is 
completed to obtain the azimuths and lengths of the lines omitted 
in the adjustment. However, the advantages of this method far 
outweigh the disadvantages in the adjustment of third-order trian- 
gulation and it should ordinarily be used for this class of triangulation. 



CHAPTER 5.-COMPUTATION AND ADJUSTMENT OF ELE- 
VATIONS FROM ZENITH-DISTANCE OBSERVATIONS 

GENERAL STATEMENT 

In connection kith the observation of horizontal directions for 
triangulation it is customary to observe zenith distances, in order that 
the elevations of the stations may be determined. These elevations 
are needed for reducing the horizontal directions to sea level and, in 
some cases, if precise elevations are not available, to reduce the base 
lines to sea level. As there are usually two or more lines observed 
to each station, a rigid adjustment of the observed differences of ele- 
vation should be made in order to remove the inconsistencies and 
obtain the best possible elevations from the obscrvations. 

Monument 

Benton 

Cube 
FIG. 43.-Triangulation net used in sample computation of elevations 

A sample cornputtitmion and least-squares adjustment of elevations 
based on zenith distances is given on the following pages. The tri- 
angulation stations a t  which the zenith distances were measured are 
shown in Figure 43. Arrowheads pointing away from each station 
denote the lines over which zenith distances were observed from that 
station. Arrowheads at  both ends of a line indicate reciprocal 
observations or that zenith distances were observed in both direc- 
tions over that line. Where only one arrowhead appears on a 
line, zenith dist,ances were observed only in the direction in which 
the arrowhead points. All the stations shown in Figure 43, except 
“Hastings high school,” are main scheme stations. The elevation 
of Hestings high school is computed after tho olevetions of tho other 
stations are fixed. 

All zenith distances tire abstracted on Form 29 and checked in tho 
field. The abstracts, Figure 44, therefore, contain the starting 

147 
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data for the office computation. It is sometimes necessary, however, 
to compute in the office the values in the column headed “Reduction 
to line joining stations.” This column is used only when the observa- 
tions are reciprocal. Each value in the column is an angle which in 

seconds equals -- 7,’ t being the height of the telescope above the 
station mark, o the height of the object above its station mark, and s 
the horizontal distance between the stations concerned. This really 
represents a vertical eccentric reduction which is applied as a correc- 
tion to the observed zenith distance to obtain the zenith distance 
referred to the station marks. Only four places of logarithms should 
be used in computing the values. 

If the observations are nonreciprocal, that is, are made in one 
direction only over a line, then the vertical eccentric reduction is not 
needed. In  this case, the difference t-0, is applied as a correction 
to the computed difference of elevation, as indicated on Form 29 B 
(see fig. 47). 

As the development of the formulas for the computation of eleva- 
tions from reciprocal and nonreciprocal observations is fully shown 
in special publication No. 28, i t  is not given here. 

The formula for the computation of elevations from reciprocal 
observations is 

- t - 0  
s sin 1 

hz-hl=s tan ( ___ r 2 i r 1 ) A B C  (1 1 
in which h, is the elevation above mean sea level of station 1 and h, 
that of station 2; s is the horizontal sea level distance between the 
two stations; {I is the zenith distance of station 2 as observed from 
station 1; t2 is the zenith distance of station 1 from station 2; and 
A ,  B, and C are correction factors whose values are close to unity 
and whose logarithms are given in the tables on pages 232. The 
station designated 1 is the station whose elevation is already com- 
puted. 

The formula for the computation of elevations from non-reciprocal 
observations is - - 

(2) 
in which hz and hl are elevations of the two stations, s the horizontal 

c l -  (0 .5-m)  --,-,]ABC S 

p sln 1 

distance between the stations, the mean corrected zenith distance 
a t  the station occupied, m the coefficient of refraction, p the radius 
of curvature of the earth’s surface in the mean latitude of the stations 
and in the azimuth of the line observed (see table on pp. 220-222), 
and A ,  B, and C the correction factors. 

All but three of the rnain-scheme lines in Figure 43 are observed 
from both ends and the differences of elevations for these lines are, 
therefore, computed by formula (1 ) .  The three lines Benton-Keele, 
Railer-Thornberry and Thornherry-Gammill are observed from one 
end only and these differences of elevations must be computed by 
formula (2). (Test continued on p. 159) 
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ABSTRACT OF ZENITH DISTANCES 
Station ..Am&. _ _ _ _ _ _ _ _ _  _ _  _________. ~ _... ~ ....__ 

Observer .. 1A& ~ _ _ _ _  __  ___.____ ~ _ _ _ _ _ _  ___ 
State _ _ _ _ _ _ _  dtllhom.. ______-_____ _.___ .._._ 

Inetrument..V-C-.lOS ______  _ _ _ _ _ _ _  _.___ ~ ____  

1923 
5/19 1:16 

2: 19 

2: 29 

1: 24 
l:25 
1:35 

1: 39 
a08 

1: 42 

1:46 
1:49 
1:51 
1154 

2: 52 
2: 85 

XUI. nyr. ndrr. * . , "  . , I 

1.17 2.115+0.946 -11.8 90 10 20.6 

90 10 19.0 
90 1 0 2  

18.8 90 10 06.6 

1.24 2.115+0.875 -8.6 90 OB 01.7 
90 08 05.0 

90 OB 13.6 

90 08 05.8 

90 OB= 

01.2 90 07 58.6 

1.92 2.115+0.195 -2.0 90 OB 23.4 

90 OB 23.9 
90 OB 26.2 

90 08 22.3 
90 08 32.7 

- 

2.115 90 04 49.4 
90 04m 

53.8 

Station _____  Ba&9a _ _ _ _ _ _ _  _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ~ _________.. State ..________ W m  ____. __.__ ____________. 
Observ er... ?:o.r?:- _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _______. Instrument ..... v ~ c . ~ . - 1 ~  _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

ndm MU. Jl- . , I  . , I ,  1923 
5/P 1:14 Keel. i.9a 1.376 -0 .5W7.4  90 01 w.7 

l:19 (Hello) 90 02 02.8 
1: 24 90 01 66.8 
1129 90 01 58.0 

90 01 58.4 90 02 05.8 

l:57 &be 9.37 1.375 -7 .996a.2  90 06 41.0 

2:Oe (Hello) 90 06- 

38.3 90 07 38.8 
F I ~ .  44.-Ah!itract of zenith distances for saniple ronlputation of elevations 
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D I C l n l l N l  0. COuu=mc. 
U.S CO1STANDCCODtllC I U I Y C V  

Form 33 

ABSTRACT OF ZENITH DISTANCES 
Station ... _ _ _ _  h h  e-.... _ _ _ _ _  __________.__ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Observcr ..... lL&%...=.AJ!.B-.- ._._. _ _ _  ..______ ~ 

State _ _ _ _  .... T e r n .  _ _ _ _ _ _ _ _ _  ~ _____.._._....____ 

Instrument ..v....q....l.~ ________..___________._ 

1923 
s / a  2:w U O ~ O  

2 : a  (Ff8lio) 
2: 10 

5/29 3:s 
3:38 
3:44 

5/28 2118 Bymi 

3t32 
3; 37 

2:s (Helio) 

6/29 3107 
3r 12 
31 a 
3: 26 

6/28 2 : s  Bastings 

3:2l (Helio) 
3:33 
3: 46 

5/29 4:02 
4: 12 
4: 22 

4: 34 

UMI Yam MMI ' . , I . , .I 

1.92 9.575t7.655 -79.2 90 OQ 30.6 

90 04 29.9 
90 04 29.1 
90 04 16.2 
90 04 08.9 
90 0 4 u  

Zl.6 90 03 02.4 

3.61 9.575e.965, -79.6 90 01 09.0 
90 01 07.3 

90 01 04.1 
90 01 09.1 

90 01 07.0 
90 01 02.2 
90 00 66.2 
90 00 51.7 
90 01 03.2 89 5s 43.7 

1:24 9.575t8.335 -61.3 90 06 37.9 
90 06 34.8 
90 06'30.1 
90 06 37.4 

90 06 07.4 

90 06 07.0 
90 05 55.4 
90 06 01.1 

90 06 l8.8 9'3 06 17.5 
Fio. 44.- 4l~strai.t of zenith disttrntes for sample ta~iiipiilafion of elevutiiinR-('ontlniied 
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D l r a I I Y % W T  0. C o Y Y I I c t  
U. S. COAST AND QEODErlC W I V E V  

Form s8 

ABSTRACT OF ZENITH DISTANCES 
Station ....?&&e _ _ _ _ _ _  _ _ _  ._._ ~ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _  _ _  
Observer .E.:o."..~.. A:?!B.'____ _ _ _ _  _______.__ _ _ _ _  

State ______ WW.. .  ______________.________ 

Instrument ... .... v20:..1!! _ _ _ _ _ _ _  ~ _ _ _ _ _ _ _ _ _  

DITZ nom ODISC? OSIIIXTrD 

1923 
5/22 2:06 Byerr 

2:09 (Helio) 

2: 12 

2116 btfwgr 

2120 (Hello) 
2: a 
2: 40 

2:46 Cube 
(Helio) 

3:02 Monument 
3:lO (Eel io)  

4:m Cupola of 

. , "  . , "  XIl". x*r x*rr 

3.61 2.126 -1.485 t20.2 90 01 3a.8 
90 01 36.4 

90 01 

34.4 90 01 54.6 

1.34 2.125 tO.885 -15.6 90 02 37.8 
90 02 30.0 
90 02 37.0 
90 02 32.8 

34.3 90 02 16.7 

9.37 2.125 -7.245 t74.9 90 06 04.9 

90 05 52.8 
90 05 54.9 

90 05 57.5 90 07 12.4 

1.91 2.125 *.as -2.2 90 02 03.4 
90 02 04.6 

90 01 58.6 
02.2 90 02 00.0 

2.125 90 00 32.8 
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DAW 

1923 
51 24 

5/ 26 

51 24 

5/26 

5124 

5/25 

H O U R  

1:27 
1:34 

1:40 

1:47 

1:50 
1: 52 

206 
2:12 
2: 15 

2847 
2: 50 
2: 59 
3:24 

3: 40 

3:37 

2: 40 

2: 45 

3: 52 

2: 22 
2: 25 

2: 27 

2; 57 

3: 04 

3:19 

3:30 

4 4  
4: 54 
3: 26 

3:30 

oomn OQII lYlO 

Monument 
(Hello) 

Keele 

(Helio) 

Bailer 
(Hello) 

Byerr 
(Helio) 

Cube 

Lee 

(Helio) 

Cugola 
Schoolhauer 
Hastinge 

O B I X l  
AROYF, 811TIO" 

-0 

M@. 

1.91 

1.92 

1.2l 

3.61 

9.37 

1.09 

1.445 -0.475f8.4 

1.445 -2.165M.7 

1.445 -7.925 +58.3 

. , I ,  . , I ,  

90 02 32.3 
90 02 41.5 

90 02 32,3 

90 03 26.1 

90 03 26.8 

35.3 90 02 39.8 

90 w a  
26.9 90 03 36.3 

90 04 37.9 
90 04 63.9 
90 04m 

42.0 90 04 39.3 

90 02 16.4 
90 02 24.3 
90 02 16.7 
90 02 13.4 
90 02 03.4 
90 02 11.9 

90 02 23.2 

90 02 15.7 
90 02 12.3 

90 07 41.3 

90 07 39.0 

15.4 90 02 43.1 

90 0747.6 
42.6 90 de 40.9 

1.445iO.355 -3.1 90 04 60.1 

90 04 53.6 

90 04 56.2 

90 04m 

1.445 a9 53 05.9 

54.8 90 04 61.7 

89 52 59.0 
89 52 51.3 

!suL&L 
09 52 57.4 

FIG. 44.-A bstrsd of zenith divtanras for sample computation of elevations-('ontinllell 



COMPUTATION AND ADJUSTMENT OF ELEVATIONS 153 

1923 
5/30 1:Z Cube 

l:31 (Hello) 
1:37 
1: 43 

1:s Bailer 
2:00 (Halio) 
21 06 

2: 11, 
2: 13 

3:15 

5/31 1:35 
1:40 
1:45 

2127 Thornberry 

(Xelio) 

614 l:55 
2: 00 
2: 04 

2:56 Xaating8 

3:03 (Hello) 

614 2:33 Lee 

ORIXO 

er.noa 
* W " \ I I  

-0 

Xdl. 

9.37 

1.2l 

3.01 

1.92 

1.24 

6.12 

. , "  . , I* Man* Ye, - 
3.815 -5.555+74.l 90 06 58.6 

mo 07 05.7 
90 06 54.5 
$0 06 55.7 
90 06 58.6 90 08 12.7 

3.815 i-2.605 -33.2 90 OB 42.5 

90 w 33.4 
90 05 25.3 

90 OS 35.1 
90 06 p0.4 

90 05 39.4 
90 0544.4 

90 0% 47.0 
90 06- 

38.2 90 06 05.0 

3.915 tO.805 -9.0 90 04 33.0 
90 04.36.7 
90 04 36.5 

90 04 20.5 
90 04 aD.8 

90 04- 

32.0 90 04 23.0 

3.815 U.895 -25.8 90 06 02.1 

90 06 06.3 

90 osm 
03.3 90 05 37.5 

3.815 42.575 -32.9 90 OS 47.7 

90 0 48.2 

90 05- 
47.9 90 0% 15.0 - - -  

3.815 -2.305 +21.0 90 04 40.7 90 06 01.7 

2138 (m'gf ~tend)6 .P  -2.395 +21r8 90 04 46.8 90 05 08.6 
2144 (Hello) 6.2l 90 04 51.8 90 05 && 

90 05 C8.0 
Fio. 44.-Abstrsct of zenith distances for ssmple computation of elevations-Continued 
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O”lCIY**, 0. C O Y Y D C I  
U. 8.  COASI AND PLODCllC SURVLT 

F W ~  Po 

ABSTRACT OF ZEN= DISTANCES 
Stntion _ _ _ _ _ _  hlk ._._______...._____.~.______..___ ___ 
Observor .~_____A&% _______.. _ _ _ _ _ _ _ _  ~ __._______ 

State ~ _.__ .-3kl&nma....... __._ -..... ~ 

Instrumont ... .-.YALlO9 ____. _. . .. _. .. . .... 

19x3 
612 2:ZO Thornberry 

2:23 (Helio) 
228  

2:42 Byera 

2:46 (Helio) 
21 50 

2:55 Ibstinge 
3:oo (Hello) 
3: 05 

3:12 Lee 
3:17 (iielio) 

31 a 

M d m  Jrda Xda# * . . ( .  . , *  

3.01 1.415 -1.595 4-25.7 90 01 16.8 
90 01 18.1 
90 01 &&& 

18.1 90 01 45.8 

3.61 1.415 -2.195 +28.0 90 02 24.6 

90 02 29.2 
90 02 25.2 

26.3 90 02 54.3 

1.3 i . ~ % . i 7 5  -2.0 90 05 01.5 

90 04 59.7 

s9 04 55.L 
90 04 58.3 90 04 56.8 

1.09 1.415*~325 -10.2 89 58 56.1 

89 58 51.5 
89 50- 

52.3 89 58 42.1 

FIG. 44.--Ahstract of zenith distenw for ssrnple cumputation of elovations-Continued 
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ABSTRACT OF ZENITH DISTANCES 

StationAt9e _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _  ____. _ _ _ _  _____  ~ ________._ _ _  
Observer .&ZS%--~ _ _ _ _  _ _ _  _ _ _ _ _ _  _ _ _ _ _ _ _ _  _ _  _ _ _ _ _ _ _ _ _ _ _ _ _  

Ststo _ _ _ _  .. DBlahrrma.............. ._._....___ 

Instrument ... ..'I.%..l.@ _ _ _ _ _ _ _ _ _ _ _  __._ _.___ 

. , I .  . , "  d m m  Man, .Van* ' 1923 
6/5 2:lO Byars 3.61 6.415 $2.305 -25.6 90 06 15.5 

a15 (Helio) 90 06 21.3 
2: 18 90 06 

19.2 90 05 53.6 

2 : Z  Bailer 1.21 6.415 +Sa205 -164.0 90 07 53.2 

2 2 9  (Hello) 90 07 55.2 

2: 34 90 0759.4 
55.9 90 05 11.9 

9.23 6.415 -2.815 +45.7 89 58 47.0 89 59 32.7 
-3.725 t.44.2 09 58 43.4 89 59 27.6 2:a (Tap of stand)9.14 

2: 52 9.14 89 58 35.5 89 59 19.7 
3: 00 9.14 89 58 23.5 89 59 07.7 

4: 00 9.14 89 68 99 59 17.7 
33.5 89 59 21.1 

2r43 fg i i j  

,3:13 Wlllir 1.77 6.415 t4.645 -65.8 90 00 Z.1 

3:25 (Bel io)  90 00 83.2 
3: 31 90 0029.4 

26.9 89 59 21.1 

3:50 Thornberry 3:Ol 6.415 t3.405 -49.3 90 04 29.5 
3:52 (Hello) 90 04 31.1 

3: 56 90 04- 
29.4 90 03 40.1 

4:lO Eastirya 1.24 6.415 t5.175 -45.7 90 07 25.4 
4:13 (Helio) 90 07 33.3 
4: 28 90 07 23.2 
4: 34 90 0735.3 

29.3 90 06 43.6 

5:33 School House 6 415 90 0 41.4 
6:40 top, &Sting8 90 05 _43.1 

42.2 
FIG 44.-Ahstmot of zenith distanres for saniple computation of elevatbns-Contb~1ed 

58853"-28-11 
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1923 
611 1:53 

1:56 
2: 02 

a07 
2: 11 
2: 19 

2: a 
21 34 
2: 37 

2: 48 
3: 23 

3: 00 

3 :a  

3:12 

3: 20 

3: 30 

OD,ZR 0011r.BYID 

Bycrs 
(Hello) 

Lee 
(8elfo) 

Caahion 
(Hello ) 

Oamnill 
(Helio ) 

Will18 

. , ,, . . ,. m", ~ e n r  MMI * 

3-61 3.215 -0.395+4.4 90 04 34.4 
90 04 35.5 
90 04 

33.6 90 04 38.0 

1.09 3.215 +2.125 -30.8 90 04 47.4 

90 04 44.7 
90 0448.3 

46.9 90 04 16.0 

1.16 3.215 +2.065 -37.5 90 02 a8.3 
90 02 34.8 
90 02 26.6 
90 02 35.3 

90 02 18.2 
28.6 90 01 51.1 

9.23 3.2l5 -6.015t71.8 90 00 01.3 

90 00 05.9 
90 00 14.1 
90 0 0 0 4 . 2  

06.4 90 01 13.2 

1.68 3.2l5 +1,535 -35.0 89 55 39.1 

3:45 (To? of s t a )  89 55 37.3 

3:s 89 55- 

39.2 89 55 04.2 

PIQ. 44.-Abutract of zenith distances for s u i y l e  wnipuletion of elevations-Continued 
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. , "  . , "  XdW X M  XdU* 1923 
6/6  1:55 O d l l  9 .P 1.976 -7.258 4147.6 90 01 P.7 

90 01 24.0 

90 01- 
22.7 90 03 50.3 

2:12 Lee 6.2l 1.975 -4.236+60.0 90 06 48.1 
2:19 (Hello) 90 06 40.4 
3:09 90 06- 

49.9 90 07 48.9 

2:55 Caahion 1.16 1.975 M.815 -20.8 90 CB 22.0 

21sB (Bello) 
3:02 

90 08 P.8 
90 c%m 

22.2 90 CB Ole4 

6/7 8110 (Light) 1.26 1.975 +0.716 -18.3 90 07 56.7 
8:20 90 07 50.9 
8:25 90 07 46.9 
9:15 90 07- 

50.1 90 07 && 
29.6 

8:40 Thornberry 3.11 1.975 -1.135t25.9 90 07 54.1 
8:45 (Light) 90 08 01.0 
8:52 90 08 16.7 
9:c)o 90 08 13.6 
9:05 90 08 13.6 

9: 00 90 08 c8.8 
90 ae c8.0 90 ce 33.9 

29.6 

90 09 03.5 
- 

Fio. 44.-A hstrtlct of zenith distances for Salllli~e computation of elevatious-4 'o~it iniied 
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D r * * " 1 Y I I I 1  e. C 0 Y I L " C I  
U S. COAST AN0 GEODETIC S U l V C l  

Form PO 

ABSTRACT OF ZENITH DISTANCES 
Stntion ..... ~ ~ l l  Z... _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _  _ _ _ _ _ _ _ _  
Observer .___ AJ,L=-~ .F .~QJL _ _ _ _ _  _ _ _ _ _ _ _ _  _ _ _ _ _ _ _  

Stnte .... QklhaW- ..... _ _ _ _  ~ __.____..- 
Instrument _ _ _  ..K& .lo%. __._. . .__ ._.__ _.__ 

. , ., . I ,, 1023 Mdlrrr Mar8 Ndrlor ' 

6/10 4:49 Lee 6.12 9-435t3.Zl5 -53.8 90 07 26.a 

5:14 90 07 
5:12 (Top of stand) 90 07 28.3 

29.0 90 06 35.2 

596 llllle >.6& 9.435+7-755 -157.8 90 03 36.3 
5:30 (Top of stand) 90 03 36.2 
5: 31 90 03 _33.8 

35.4 90 00 57.6 

89 56 14.0 
89 56 16.0 

17.1 89 56 21.4 

I.:= O d l l  9.23 1.365 -7.865+93.8 90 01 43.1 
1135 (Hello) 90 01 53.0 

1:49 90 01 36.0 
1:40 90 01 45.0 

90 01 4a.2 
43.9 90 03 16.2 

4:26 Thornbcrrj 3.01 1.365 -1.645+30.0 90 04 01.5 
4r36 (Hello) 90 03 59.6 

4: 41 90 04 00.7 
90 04 00.6 90 04 30.6 

Fro. 44.-Al)stract of zenith nlvtancas for sample computation of elevatlons-('ontinlleli 
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COMPUTATION OF ELEVATIONS AND RVRACTIONS FROM RECIP- 

ROCAL OBSERVATIONS 

Monument 

Keele 

Form 2OA is used in computing differences of elevation from 
reciprocal observations. (See fig. 45.) The coefficient of refraction, 
m, which is needed in computing the nonreciprocal observations is 
also obtained on this form. The computations for all the reciprocal 
lines are given in Figure 45. 

Cube 

Keele 

CObiPUTATlON OF ELEVATlONS AND REFRACTIONS FROM RECIFT~OCAL. OBSF,RVATlONS. 

Btstioa 1, a. 

[Illtion 2, ob. 

, .I 

90 08 23.1 
90 oa m.( 
- 6 Z4.t - 3 11.E 
- 191.t 

2.%8285 
4.e8567 
4.20560 
1.27392 

i - 2  
0 
0 

1.27394 - 
-18.79 

329.90 
311.11 
8.6110 

0.3890 
2.45 

18.7 34;2 
lo' 2 3 . L  

6 3 . 6  

2.79484 
6.80394 
5.69460 
4.E8454 

9.67782 
0.4762 
4.08 
- _ _ _  

0 I ,I 

30 03 02.4 
30 W, 12.4 

+ 4  10.0 
+ 2  05.0 
+ 126.0 

2.09691 
4.68567 
4.29977 
1.08228 

t 2  
0 
0 

1.08227 
+12.08 
298.80 

310.88 
8 * 6996 
0.4W 

2.61 

8.6 34.0 
Id  14i8 

e o  

614.8 

2.78873 
6.80334 
5.70023 

9.67684 
0.4752 

3.98 i . 

310.99 

- __ --- 

YomMent 

Hastlrlggs 

$0 w 58.t 

)O 02 39.f 
- 5 18.E 
- 2 39.4 - 159.4 

, I , I  

2.20249, 
4.68567 
4.22395 

1.22201, 
+ 2  

0 

0 
1.21203, 
-16.29 
328.90 
313.61 

8.6479 
0.362l 

2.26 
71.6, 34; 

10 38. 
638. 

2.80509 

6.80496 
5.67605 
4.38454 

9.67064 
0.4684 
4.46 

- 

. __.__ 

Cube 

Iituting. 

t0 05 17.5 
)O ca 40.9 

+ 3 23.4 
+ 141.7 
t 101.7 

* I II  

2.00732 
4.68967 
4.44760 

1.1449 
+ a  

0 
0 

1.14041 
+13.82 
298 .EO 
312.62 
8.8960 

0.1060 
1.n0 

2:2 34.1 

ea:4 

13' 5814 

2.92346 
6.80314 
5.95260 
4.28454 

9.66363 
0.4604 
7.85 

313.19 

_. .~ 

Keele 

b t -  

90 02 la7 
90 4 365 
+ 1 16.t 
f 038.3 

0 , 08 

t =.a 

1.58320 
L.68557 
4.06840 

5.33717 
+ 2  

0 
0 

LZ3719 
+2.17 
310.99 
313.16 
8.l368 
0.8632 

7.80 * 
34;l 

05 64.0 

3 d O  

2.54900 
6.80394 
6.931 60 
4.38434 

9.66908 
0.4667 

1.37 
~ _ _~__  - 

'I- 

Fin. 46.--CornpUtatio11 of elevations and refractions from reciprocal observations 
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COMPUTATION OF ELEVATIONS AND REPRACITONS WOM RECIPBOCAL OBSERVATION8. 

Bution 2. ob. 

1 log ditta 

log P 

mlcg I 

log y-xwsr i 
lcg (0.6-m) 

(0.6-m) 

p of (0.5- rn) 
-_ _ ~ _  -. . ....... ,.,." ./,. .,",,. 

I 

i 01 54.1 

Byers I Byers 
I , I , '  * I " 

39 59 43.' 
3 05 37.! 
+ 3  42.' 
+ 1  5 l . d  

+ 111.. 

2.04689 
4.68557 

4.18110 
0.91356 

t 2  
0 

0 

0.91358 
+ 8.20 
310.99 
319.19 

8.3622 
0.6378 
4.34 

1:5 34:l 

7 ' 32:l 
452.1 

2.65523 
6.80488 
5.81890 
4.38454 
9.66355 
0.4608 
2.30 
- 

30 08 12.' 
4-8 29.8 
+ 4  14.! 

t 254.! 

2.40569 
4.68558 
4.18 949 

1.28076 
+ a  

0 

0 

1.28078 
+19.09 
298.80 

317.89 
8.3790 
0.6PO 

4.10 ~ 

0.2 34;: 
07' 56.4 

476.4 

2.67797 
5.8065 
5.81051 
L.28454 
1.67667 
1.4750 
,.as 
. . _ _ _  

328.73 

7 - P  

BBltinga 

Byere 

0 I "  

90 02 43.: 

90 05 15.1 
+ 2 31.' 
+ 1 16.1 
+ 76.1 

1.88081 
4.68557 
4 . m m  
0.77376 

+ 2  
0 

0 

0.77370 
4- 5.94 
313.19 
319 .la 

8.4148 
0.5852 
3.85 

2 7 , 3 4 1  
07 58.1 

M8:l 

2.67952 
6.80349 
5.79262 
4 . 3 w  
9.66017 
0.4373 
2.60 

Byerr 

Bailer 

. , I  

90 M 05. 
90 02 64. 
- 2 10. 
- 1  Os. 

- 65. 

1 * 81558, 
4.68557 
4.20903 
0.71018, 

+ a  
.O 

0 

0.71020, - 5.13 
318.73 
313.60 
8.4181 
0.6819 

3.83 
3:5 34: 

07' 69; 
479.< 

2.68061 
6.80409 
5.79097 
4.38464 
9.6602l 
0.4673 
a. 62 

- 
313 

tbstingr 

B d l V  

90'04 '394 
90 04 56.1 
+ 0 17., 
+ 0 06.1 

+ 8.1 

0.94449 
4.68557 
4.25792 
9.88797 

4 2  
0 

0 

9.88799 
+ 0.77 
313.19 
313.96 

8 .5W 
0.4842 
3.05 
;oh da 

09 ' 3$1J 
576:(1 

2.76050 
S.80511 
5.7424) 
L.38454 
3.69223 
~492.3 a 

5 "-'- 

5.a - 
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- 

Station 1, oce. 

Itation 2, ob. 

0.05 '0e"l 

0 05 53.1 

+ o  45.1 
J.0 82.1 
+ 22.1 

1.Z6793 
4.68557 
4.35434 
0.39784 

+ 2  
0 
0 

0.39786 
+ 2.50 

318.73 
321.23 

8.7087 
0.2913 
1.96 

____ 

t7:2 34: 
11' 01: 

661. 

2.82060 
6.80421 

5.64566 
4.Ea454 

9.65502 
0.4519 1/ 

5.11 
=a: - 

ooo4 '51L 
0 06 43.1 

t 1 51.! 
+ o  56.1 
+ 56.1 

1.74819 
4.68567 
4.36805 
0.80181 

+ 2  
0 
0 

0.80183 
e 6.34 

313.19 
319.53 

8.7361 
0.2639 
1.84 

38:2 34; 
11' 35. 

I 

695. 

2.84a7 
6.80516 

5.63195 
4.38454 

8.66383 
0.4611 
5.45 
- pc=I 

320.01 

~- 

Bdl- 

Lee 

89°E4142. 
90 05 11. 
+ 6 29. 
-t 3 14. 
+ 194. 

2.28981 
4.68557 
3.81606 
0.79144 

+ 2  
0 
0 

0.79146 
4- 6.19 

313.76 
319.95 

7.6323 
1.3679 

56:s 34:; 

23.83 

03'54:'l 

p4: I 

2.36922 
6.80455 
6.18394 
4.38454 

9.74326 
0.5524 
0.43 -_ . __ 

-___ 

Eyer8 

Thornberr 

,604 123:c 
)O 04 38.c 
+ 0 15.( 
+ 007.I 
+ 7.t 

0.87506 
4.68557 
4.26766 

9.82829 

+ a  
0 
0 

9.82831 
+ 0.67 

318.15 
319.40 
8.5353 

0.4647 

612 34:1 

a.92 

oo'oira 
su": a 

2.73320 
6.80515 
5.73234 
4.38454 

9.66523 
0.4522 
3.43 
I- --. 

320.56 

_ .  .- 

Lee 

Thornbtrr 

n*03 2 1  

)O 04 16.C 
+o 35.5 
q- 0 18.C 

+ 18.C 

1.23527 
4.68567 
4.153a8 

0.09412 

c 2  
0 
0 

0.09414 
+l.24 
m . 0 1  
323.25 
8.3066 
0.6934 
4.94 . 
.i 34.1 
07 '66:l 

476.1 
(1 

2.67770 

6.80317 
6.84672 
P.38454 
J.71P3 
9.5154 R 
2.03 

it--*- _. 

FIG. 45.--Comgutation o l  elevations and refractions from reciprotal observations-Continued 
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COMPVMTON OF ELEVATIONS AND REPBACTIONS FROM RECIPROCAL O~SERVATIONS. 

Willis I Willls 
I 

gD 59 

4. 8 27.8 
0 07 48.5 

+ 4 13.5 
+ 253.8 

2.40466 
4.68558 

4.16315 

1.25339 
+ z  

0 
0 

1.25341 
+ 17.92 
320.01 
337.93 
8.3263 
0.6737 
4.72 

44:1 34.1 

43d:O 
07 'd9 

2. A3347 
6.90411 
5.93685 

4.38454 

9.65897 
0.4560 
2.12 

. , I ,  

19 55 04.2 
10 09 03.5 
+13 59.3 
+ 6 59.6 
C 49.6 

2.62284 
4.68558 

3.95628 
1.26470 

+ 2  
0 
0 

1.26472 
+ 18.40 
320.56 
338.46 
7.9126 
1.0874 
12.23 

0 

6.2 34.1 
04' 07:; 

I 
a7.q 

2.39393 
6.80483 
6.04372 

4.38454 

9.62102 
0.4P7 
0.82 

- _ _ -  
338.67 

Willis 

0 

0 

+13.37 - 4.25 
320.01 338.67 
333.38 334.42 

8.2@30 8.0121 
0.7933 0.9879 

6.19 9.73 ~ 

1f.1 ,3412 14:7 34.1 
05 56.3 04'4;;9 
3523 a7:9 

2.55182 2.45924 
6.30515 6.90326 
5.89599 5.99395 
4.2a.154 4.38454 

0.4375 
1.61 1.03 

- ___ - - - 
334.02 

FIG. 45.--Computation of elevations and refractions from reciprocal observations-Coptinued 
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CQMPWCATION OF ELEVATIONS AND REFBAC~~ONR FROM RECIPROCAL OBSFXVAONS. 
~ -- 

Station 1. occ. 

sutioo 2, "br. 

log ditto 

log 8 _.____-- 

I 

Cashion I Cashion 

lo" 01' 51:(1 
IO 04 30.6 
+ 2 39.5 
+ 1 19.3 

+ 79.3 

1.90200 
4.68557 
4.05336 _- 

log A 

log B . - "  

1 log ditto 

log P I 
I 

, o . m 9 4  
+ 4.37 ! 320.56 
324.93 

8.1067 
0.8933 

7.82 
0 0  
.7 34.0 

a 1 . i  

2.58172 

lO0Oe'01:4 
I9 56 27.4 
- 11 3 4 . c  - 5 47.c 

347. 

2.54033 ~ 

4.68558 
3.9Ma3 
1.13319, 
~- 

f 2  
0 

0 -- 
1.133P.. - 13.59 

330.67 
325 .a  

7.8146 
1.1854 
15.32 . .  .s.a 34:' 
04l 28.6 

268 :'E 

2.42943 
6.80329 
6.092779 

4.58454 

9.70998 
0.5128 I( 

___ 
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EXPLANATION OF COMPUTATION 

The mean corrected zenith distances, p1 and p2, are taken from 
Form 29. Logs, the logarithm of the length of the 
given line, a, the azimuth of the line, and “mean 4” the mean latitude 
of the two stations concerned, are obtaincd from the list of gro- 
graphic positions. If the list of positions has not been made out, log s 
can be obtained directly from the triangle computations and a and 
“mean 4” from the position computations. 

The following rules should be observed: Carry all angles to tenths 
of seconds only, and all logarithms to five decimal places only except 
“2 logs” and “9 - 2 logs” which should be carried to four decimal places 
only. If the zenith distance is to some indefinite object, such as a 
mountain peak for which there was no well-defined point on which to 
sight, the angles should be carried only to even seconds. Tho 
quantity h2- h, should be carried to centimeters only. Log (0.5 - m) 
should be computed to five decimal places and (0 .5 -m)  to four 
decimal places. The weights should be carried to two decimal places. 

To convert (t2 - tl) from minutes and seconds, to seconds, use the 
tables a t  the bottom of pages 2-185 of the Vega Logarithmic Tables. 
The logarithm of the value in seconds and the corresponding value of 
T a r e  found on the same page as the conversion, in each case, and 
should be taken out a t  the same time. (TZ- l l ) J  is the 
sum of the three logarithms next above it. Log A,  log 13, and log C are 
obtained from the tables on page 232, which are self-explanatory. 
The sum of these three logarithms and log [s tan % (t2-t1)] gives 
log (h, - h,). The elevation h, in each case is obtained from preceding 
computations. 

The rolativc weights to be assigned to the various values of h2-hl 

in the least squares adjustment are inversely proportional to s2, and 
for convenience are computed by the formula log p = 9 - 2  log s, as 
shown on the computation directly bclow h2. By this formula a 
iirie 31.6 kilometers long is given unit weight. 

After the vdue  of hz and its woight, p ,  have bccn determined, the 
coefficient of refraction is computed by the formula, 

(See fig. 44.) 

Log [s  tan 

(Cl 4- C2- 180O)p sin 1” - 
2 8- 0 .5 -m= 

in which m, the coefficient of refraction, is the ratio of the mean angle a t  
the two stations, between the tangent to the line of sight and the chord 
joining the two stations, to the angle between the lines of gravity a t  
the two stations. The azimuth a of the line and the mean latitude, 
4, of the two stations are taken out to the nearest tenth of a degree 
only. The radius of curvature, p, is taken from tho tables on pages 
220-222 with a and “mean 4” as arguments. The relative weight, 
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p ,  to hc assigncd to c w h  determintttion of (0.5 - m) is proportional 
to s’. The logarithm of s2 (or 2 log s) has already been takcn out 
for use in computing thc relative weights of (hz- hl).  As the numbers 
corresponding to (2 log s) would usually be largc quantities, it is 
customary to divide thcni by a power of IO. For example, in the 
computations shown nbovc? they Itre all divided by 108. The value 
of (0.5 - m)  is only for use in computing elevations from nonreciprocal 
observations and need not bc computed unless such obscrvtitions are 
made. All values of (0.5 - 711.) which arc greater than 0.5 or which are 
ncharly 0.5 should be rcjectcd. 

AEtcr the elevntion of a given station has bocn dotcrniined from 
two or niorc stations, the woighted inenn should br talien before it 
is used in dctcrmining thc elovation of some other station. For 
exnniplc, the elevation of. Keele (fig. 45) as determinod from Monu- 
ment is 311.11 meters with a weight of 2.45, and as determined from 
Cube is 310.88 with a weight of 2.51. The elevation to be used for 
Keele is found as follows: 

2.45 X 3 1 1 . 1  1 = 762.2195 
2.51 X 310.88 =780.3088 
4.96 1542.5283 

__ - _ _  ..- 

-__- 1542’5283 - 310.09 meters. 
4.96 

This elevation is placed a t  the bottoni of thc computation for Keolo. 
The elevations of the other stations arc obtnined in a siniilnr manner. 

After the elevations of the various stations connected by reciprocal 
obscrvations have been determined and thc value of (0.5 - ~ n )  obtained 
at  each, tho differences of elevation for the nonreciprocal obscrvations 
are compu tcd. 

COMPUTATION OF ELEVATIONS FROM NONRECIPROCAL OBSER- 
VATIONS 

The formula for computing elevations from nonreciprocal obsorva- 
tions is given on page 148. This formula may bo rcwrittcn in tho 
form 

ha-h ,=s  cot ( r l - k )  ABC-s  tan (9O0-:,t k )  ABC 

(0.5 - m) N * 
P sin 1 ”  Tho qiiaiitity, I,, is tho Inclan ohsorred zenith whcrc? k-- 

distance of the object sighted, no vwtiral eccentric reduction being 
made in the case of nonrcciprocal observations. The othcr quan- 
tities in the formula have alroady been defined. 
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Form 29B is used for computing differences of elevation froin 
nonreciprocal observations. (See fig. 46.) The quantities and 
( t - o )  are obtained from Form 20. (See fig. 44.) The quantities 
log s, a and mean cp are all obtained from the list of geographic 
positions, or from the triangle and position computations. Colog p 
is determined by subtracting the value of log p as taken from the 
tables on pages 220-222 from 10. Log A,  log El, and log Care obtained 
from the tables on page 232. The value of (0.5-m) is obtained 
from the computation of the reciprocal observations involving ths 
same station. For example, for the observations on station Keelo 
from station Benton the (0.5-m) used should be a weighted mean 
of the (0.5 -m)’s as determined in the computations of the reciprocal 
observations involving Benton. I t  happons in this case that the 
elevation of Benton was fixed to start with and as there were no re- 
ciprocal observations from this station there are no computations 
of (0.5-m). The log valuo, 9.63246-110, givon on page 63 of 
Special Publication No. 26, was therefore issued. 

I n  the computation of the nonreciprocal observations on Thorn- 
berry from Bailer, the log (0.5 - m) is obtained as follows: In  Figure 
45 it is seen that (0.5 - m) was determined three times in the computa- 
tion of the reciprocal observations involving station Bailer. I n  the 
Hastings-Bailer computation the value deterniined is 0.4923, and in 
the Bailer-lee computation i t  is 0.5524. A s  the value is very dose to 
0.5 in one of these computtttioris, t~nd in the other i t  is greater than 
0.5, these values are rejected. I n  the Dyers-Bailer computation the 
value is 0.4573 and this is the one used, the logarithm being (3.66021. 

In  the compu t&tion of strttiori Garnniill from Thornberry, the value 
of (0.5-m) is obtained ns follows: The valiic of (0.5-m) for station 
Thornberry is determined four timw in the coniputation of tho recip- 
rocal observations in Figure 45. For the Lee-Thornberry line the 
value of (0.5-m) is 0.5154 and for the Thornberry-Cashion line 
it is 0.5222. Both of these values are rejectcd since they are greater 
than 0.5. For the Byers-Thornberry line (0.5-m) is 0.4521 with a 
weight of 3.23, and for the Thornberry-Willis line it is 0.4237 with a 
weight of 0.82. The weighted mean value is then 

(0.4521 X 3.43) + (0.4237 X 0.82) -____ - -. - - 0.4466. 3.43 + 0 x 2  

The log of this value, 9.64992- 10, is used in the cornputation of the 
elevation of Grtmmill from Thornberry. 
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COMPUTATION OF ELEVATIONS FROM NONREC~PROCAL 0BSERVA"IONS. 

Bentoo 

Keele 

Helio 

0 , I, 

90 01 Ea. 
88.1 34. 

9.63246 
4.18146 
3.19486 
6 . 3 1 4 4 3  

2.32320 
2lo:'s 

+92':1 

1.96226 

4.68557 
4.18146 
3.83139 

+ 2  
0 
0 

0.83131 

+ 6.78 

-0.54 

+- 6.24 

0.6371 
4.34 

Bailer 

Thornberry 

Heiio . , #I 

90 01 18.1 
34.9 34.1 

9.6602l 
4.10702 
3.19620 
6 . 3  1 4 4 s  

2.27786 
189:'s 

+ 111:s 

2.04722 
4.68557 
4.10702 

0.83986 
+ 2  

0 
0 

0.83988 

+ 6.92 

-1.60 

+ 5.32 

0.7860 
6.11 

____ ____ 
barnberry 

3 . ~ ~ ~ 1 1 1  

Hello 

a I I, 

0 o() 06.4 
3.9 34.1 

9.64992 
4 .3756  
3.19606 

6 . 3 1 4 4 3  

2.39797 
250:o 

+243:'6 

2.38668 
4.68558 
4.23756 

1.30982 
+ a  

0 
0 

1.30984 

+ 20.41 

-6.02 

+ 14.39 

0.5249 
3.35 

~ 

6 . 3 1 4 4 3  

il- 

6 . 3 1 4 4 3  1 . 3 1 4 4 3  

Fro. 46.-Computstion of elevations from nonreciprocal ob.servations 

LEAST-SQUARES ADJUSTMENT OF DIFFERENCES OF ELEVATIONS 

After all differences of elevations have been computed, both from 
the reciprocal and the nonreciprocal observations, and their weights 
determined, the next step Is the adjustmelit of these differences of 
elevation by the method of least squares. An example of such an 
adjustment, from the formation of the equations to the determination 
of the final elevations, is given in detail on the following pages for the 
differences of elevation represented in Figure 43. 
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Station 

The adjustment of vertical observations is made by means of 
observation equations. Elevations in even meters approximating the 
final values are first assumed for the different stations. To these 
assumed values are added x's to be determined by the adjustment. 
Then observation equations are formed by comparing the differences 
of the assumed elevations with the differences determined by 
computation. 

In  the first one of the following tables are given the stations already 
fixed in elevation and their elevations. In tho second table are given 
the names of the stations whose elevations are to be fixed by the 
adjustment and in the second column of this table their assumed ele- 
vations and correction symbols. The last two columns of this tablo 
are filled in after the adjustment is completed. 

If any of the stations of the scheme have been determined in cle- 
vation directly from first-order leveling their elevations should bc 
held fixed in the adjustment. The mathematician making the adjust- 
ment should be very careful a t  the start to ascertain whether there are 
any direct connections with first-order leveling. 

Fixed elevations 

Elevation 
___ . - . 

Meters Foot 
~ ._ 

Keel& - -. 
Hastings .._.___ _ _  
Bycrs _.._______.. 
nsiler. _ _ _ _ _  _ _ _ _  
Idee ..__._....__ .. 
Thornherry .... -. 
Willis ___._____.. 

Monument. _ _ _  - _ _  1 Benton _ _ _ _ _ _ _ _ _ _ _  I $:: I ''E! 
('ube ...._________ 980.3 
Qammill. _ _ _ _ _ _ _ _  333.35 1,093.7 
Cashion ._____.___ 324.65 1,065.1 

3 I 1  4-21 
313fzr 
3 1 9 f . t ~  
314f24 
320fZb 
321 f t a  
339+z7 

Assumed and adjusted elevations 

310.41 
312.81 
318.47 
313.80 
319. 75 
319.90 
338.05 

-~ _ _ _  
Station 

Assumed, 
plus cor- 
rection 

1,018.4 
1,028.3 
1,044.8 
1,028.8 
1,049.0 
1,048. 5 
1.108.1 

1 This column is fllled inaftor the adjustment is completed. 

FORMATION OF OBSERVATION EQUATIONS 

There are just as many observation equations as there are computed 
They are tabulated in the form shown differences of elevation. 

below. 
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+9.01 
$11.61 
-17.09 
f2.40 

-I-14.01 
+5. 66 

- 

- 
1 
2 
3 
4 
5 

6 
7 
8 
9 

10 

11 
12 
13 
14 
15 

16 
17 
18 
19 
m 
21 
22 
23 
24 

- 

-5.00 
+i. 00 
+6.w 
+1.00 
+l. 00 

f7.00 
+2.00 

+19.00 
+18.00 
4-13.35 

+1235 
-5.65 

-14.35 

Station 1 

-5. 13 
4-6.34 
+6.19 
+z50 
+l. 24 

$5.32 
$.67 

i-17.92 
+18.40 
-t-13.37 

+l4.39 
-4.25 

-13.59 

of 

h1-h hr-hi 

Bailer 1 _...____..._..__.._ 
Byers _ _ _ _  _ _  - _ _  - - -. -. . -. . . 
Lee .__...______...._..._ . 
Thornberry--. __.__.... .- 
Lee _______________.. ~ ...- 

Thornberry 1 _.____. . __. . - 
Willis _._______...__._.__ ~ 

Willis _________..._._..__ 
Thornberry ___..__.__._._ 

I Byers .____.__..._..._._._ Bailer .____.________._.... 
Hastines ._.___ ..-.. .. -..- I Lee ..__..____....__..__... 

Thornberry ._.___._._..__ 
Thornberry.. - - -. -. . . - -. . 
Willis ___.__.._....____... 
Willis .______._.__._.__... 
oammill__..._.____..____ 
Osmmill.-.. --. .__. . __.. . 
Qammill.. ______...____._ 
Cashion _.____.__.._____._ 
Cashion. .._.___..___..__ 

Bailer _____.... . .....--... Lee.. ._____..__..._..__._ 
Byers ____._......_....___ Lee ..._____.._.._._.___.- 
Lee- _ _ _ _  - _ _ _  - - _ _  -.. . . .. . - Thornberry.. - - _._.. -. _ _ _  

2. 45 
1.45 
2.51 
2.25 
7.30 

1. 27 
3. a5 
4.34 
4. 18 
3. 05 

3.82 
1.84 

23.33 
1.96 
4.94 

204 
2.92 
4. i 2  

12. 23 
6.19 

1. 12 
9.73 

15.32 
7.82 

1-1- 
-0.11 
+3.38 +. 12 -. 61 
-. 17 

+. 38 +. 06 -. 20 
+l. 11 +. 23 
+. 13 +. 66 -. 19 

-1.50 -. 24 

+l. 68 
+l. 33 
+l. 08 
-. 40 -. 02 

-2.04 
-1.40 
-. 76 -. 72 

Symbol 

+I1 
+Zl 
+I1 
+ZX 

-Zl+Zt  

+Z2 

- I l + I J  
+IS 

- 1 2 f z 4  

-Z2+13 

- I J + 1 4  
-Zl+I3 

-13+I3  
-I5+I6 

-Il+Z6 
-IJ+Z6 
-I5+11 

-15 

- 1 6  
-17  
- I1  
- 1 0  

- 1 4 f Z 5  

-Zs+Il  

I Adjusted I 

lifference 1 hdjusted 

elevation ~ observed 
of 1 minus 

i r  h 2 - h  

-0.70 
+2. i 7  -. 47 
-_ 80 +. 23 

+. 19 -. 28 -. 14 +. 58 +. 02 
+. 26 +. 60 -. 04 

-1.22 
-1.09 

+. 1 +. d6 +. 38 -. 25 +. 23 

-. 94 -. 45 +. 19 +. 38 

1 Computed from nonreciprocal observations. Weight used here is onethird of that determined by the computation on p. 167. 

-1. i 2  
+4.02 
-1.18 
-1.80 
fl.  68 

+. 24 
-1. 08 -. 61 
+2.42 +. 06 

+. 99 
+l. 10 -. 93 
-2.39 
-5. 38 

+2.00 
+ 2 . z  
+l. 79 
-3.06 
$1.42 

-1.05 
-4.38 
+2 91 
+2.97 

C' 

0.4900 
i. 6729 
.m 
.6400 
.0529 

.0361 . 07% 

.0196 

.3364 

.ooo4 

.0676 

.3600 

.0016 
1 . 4 w  
1.1881 

.9604 

.5776 

.1444 

.0625 

.0529 

.8836 

.0361 

.1444 

.mB 

L: pot 

1.2005 
11. 1257 . 5545 
1.4400 
.xu32 

.0458 

.3018 

.0851 
1.4062 
.a l l2  

.2%2 

.6624 
,0373 

2.9173 
5.6692 

1.9592 
1.6866 
.%I6 
.7644 
.3275 

. 9 m  
1.9703 
.5531 

1. 1292 

$6.3529 
___ 
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The data in the second, third, fourth, and sixth columns are 
obtained directly from the computations of the differences of eleva- 
tions in Figures 45 and 46, except that where the difference of ele- 
vation, h2- h,, is determined from nonreciprocal observations the 
weight, p ,  used in the adjustment is one-third of the weight determined 
in the computations. The quantities in the fifth column are obtained 
from the data given in the tables of fixed and assumed elevations on 
page 168. 

The observation equations are formed in the following manner: 
First, take the equation for the differcrico of  elevation of Monument 
and Keele. 

(1) Monument, fixed elevation 
(2) Keele, assumed elevation + correction = 31 1 

=329. 90 
+zl 

hz - hl (assumed) - -18 .90+~1  
==-- 18. 79 +?I1  h, - hl (observed) 

assumed - observed =; -0 .  11+z,-c,-o 
?’I= -0. llSz1 (1)  

For the difference of elevation of Bonton and Keele, we have 

( I )  Benton, fixed elevation 
( 2 )  Keele, assumed elevation + correction = 31 1 

= 301.40 
-t z1 

hz - h, (assumed) 
h2 - h, (observed) 

assumed - observed 

The other 22 observation equations are formed in a similar manner. 
The constant terms of the equations (-0.11 in equation 1, +3.36 in 
equation 2, etc.) are placed in the column “Assumed minus observed” 
and the symbols for the unknown corrections (+zl in equation 1, 
+zl in equation 2, etc.) are placed in the column “Symbol.” 

After the first eight columns of the preceding table of observation 
equations are filled in, the table below in which the observation 
equations are written in horizontal lines with the x’s in their respective 
columns is made out for convenience in forming the normals. In 
the second column of this table are given the weights, p ,  and in the 
third column the constant terms, N, of the observation equations. 
In the last column the products, p N ,  are given. 



- 

- 
1 
2 
3 
4 
6 

8 
7 
8 
Q 

10 

11 
12 
13 
14 
15 

16 
17 

19 
20 

21 
22 
23 
24 

18 

- 

1 4 6 6 
___-- ______._. ____.__ 

1 +ia.os -7.30 -4.34 _ _ _ _  _ _ _ _ _ _  _ _ _ _  ...--. ____.____. 
2 +19.a - 3 , s  -3.05 -1.84 ....__.___ 
3 +21.07 -3.W -1.96 -2.9“ 
4 +32.24 -‘L3.33 -2.04 
b +42.98 -4.94 
6 $31.01 
7 

COMPUTATION AND ADJUSTMENT O F  ELEVATIONS 

7 ‘I z 

_ _ _ _  ~ ____. +7.0127 + i 3 . 4 m  

_I__ 

..__..___. -4.2778 --.7578 
________.. +2.%?R 4-6.7426 
~ ______.__ +2. ZmH +2.2036 

-4.72 -9, WB5 -3.7Mi5 
-12 23 fI8.  93’24 W27.8724 
+42.00 +25.4708 +50.6208 

__ 
P 

2.45 
1.45 
2. 51 
2.25 
7.30 

1.27 
3. 45 
4.34 
4. Id 
3. 05 

3. 82 
1. FA 

:3.33 
1. Bn 
4.94 

2.04 
2.92 
4.72 

12.23 
6. 19 

1. 12 
Q. 73 

15.32 
7. n2 

Data for formation of normal equations 
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FORMATION OF NORMAL EQUATIONS 

The normals are formed in the same nianner as for condition 
equations (seo p. l l ) ,  except that tho p N  values are multipliod by 
the coefficients in each numbered column in turn and the sums taken 
for the constant terms in the normals. For example, the constant 
term of the first normal equation is (+ 1 X - 0.2695) + ( + 1 X + 4.8720) 
+ ( + 1 X + 0.3012) + (- 1 X - 1.2410) + (- 1 X - 0.8680) = - 0.2695 + 
4.8720 + 0.3012 + 1.2410 + 0.8680 = + 7.0127. 

a similar manner. 
below. 

The constant terms of the other normal equations are obtained in 
The complete set of normal equations is given 

Normal equations 
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SOLUTION OF NORMAL EQUATIONS 

These normal equations are solved in the same manner as the 
(See 

The complete forward and back solutions are given below. 
normal equations for the adjustrnent of horizontal directions. 
p. 38.) 

___ . 

$O.oHoXl -. 07308 

-. 17704 

-. IYI:i'J 
-. 19 

-. 02748 

___ 

21 

Solution of normal equations 

____ 
-0.3Rll5l -. 12656 
-. 07740 -- - 
-. 59246 -. 59 
2 1  

~ 

1 

-0.39793 

- .39793 -. 40 
2 4  

-___ 

+18.05 
z1 

1 

- 0. RM74 -0.61255 -. 06794 -. 07842 -. 409'20 
-.9.5468 __-- 
-. 96 - I .  I(Kl17 
2 7  - I .  I O  

2 

$0. ?+% 
-.L&.% -. IOU26 -. 13894 

-.a808 -. 25 
Zk 

-7.30 +. 40443 
-19.58 
-2.9523 

-16.0077 
ZP 

1 
2 

-0. 20746 
--.lo641 -. 17715 -. 03531 

--.U2W! -. 63 
23 

____ 

3 

-4.34 +. 21044 
-3. n5 
- I .  7552 

-5. w52 

-21.07 
-1.0435 

-18.1347 

+. 337.51 -- 

-i.n9is 

23 

2 
3 

..................... 

............................. !.......... ___ ~ 

-1.84 ..................... 
..................... ~. ......... I 
-1.84 ..................... 
-t. I1079 ................... ______-__ 

-1.96 1 -2.92 I ......... 
-2.5810 1 -2.92 .......... +. 14212 +. 16102 ......... 

-42.95 1 -4.94 1 -4.72 
-. 2039 ..................... 
--.3673 -.4156 .......... 

I______ 

-42.4088 I -5.3656 1 -4.72 
28 +. I26B +. 11130 

-. 4702 .......... 
5 -. 5961 

+29. 9234 1-12.8281 

6 ,+!!:E53 
6 1 -5.4978 

26 I +.42X(i:i -~ 

+3,5. 0771 
27 

2 
3 
6 
6 
7 

__ I I-. 

Back solution 

4 

_ _  
.......... 
-3.05 

-3. o:, 

-3.82 

.......... 

+. 18365 

.......... 
-1.0294 

-4.8494 +. 28741 

- . 3.379 
-. 6902 

-24. 3581 
t . 57436 

-2.04 

-3.07fM 

-5.8068 

- 23. 33 

- ,7808 

+. 19708 
.......... 
-2.7110 
-2.5n5 

-5.2385 +. 14N1 -- 
+32.24 -. mol 
- 1. ZM)6H 

-13. O W  
- I .  1020 -. 708 

+14.48xO 
24 

~.~ 

7 

+7.0127 

-4.2778 

+. 08681 

-. 38851 

+2.8361 

-1.4417 

+2.5826 
+1.6861 
-. 4886 

i-3.7621 
-. 20745 

-9. 04tL5 
-. 1597 +. 5354 

-9. ,5708 +. 225GR 
+la. 9324 +. 601j7 
-1.ZIl86 

+IS. 3295 

+25.47on 
-1.06T2 

+32.2822 

4 2.2(x(o -. 2l%n 
+ I .  wio 
- 5.487 I 
+3.6120 
f4.6876 

+.5. 75i3 

-. 612M 

+i. ns.30 

-. 8 ~ ~ 7 4  

-. 39783 
. . .  

z 

t13.4227 
-. 74364 
-. 7578 

$5.4286 

+4.6708 -. 28124 
+6 7426. +d 2274 
+l. 5764 

tll.54G4 
- . fi:i870 

-3.7565 +. 6175 
+I. 6433 

-1. ,5957 

t27.8724 

-. 2015 

tm.  <53oxo -. uw,nOde 
tm. 5208 -. 1776 
t 12.6676 

t63. oo(w 
-1.75113 
+2. m363 +. 8678 
4-3. on70 
-. 9165 

+R. XI93 
+9. 1 7 3  

tM. 22513 
-1.39793 

-__ 

+. 03700 

+I. n5m 

.... 

I I zE 

The values of the x's obtained from the back solution are the quan- 
tities to be added to tho assumed elevations to give the adjusted 
elevations which are placed in the third column of the table on page 
168. Theso elevations which aro in meters are then converted to 
feet for the last column to the right of the same table. 

After the final elevations of the various stations have been deter- 
mined, the remainder of tho columns in the table on page 169 are 
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filled out; that is, all the columns to the right of the one headed 
“Symbol.” The column headed “Adjusted difference of elevation 
h,-h,” is filled out from the data in the tables on page 168. Each v 
in the next column is simply the adjusted (h,-h,) minus the ob- 
served (h2- h,) and is obtained by subtracting the quantity in column 
6 from the corresponding quantity in column 9. 

The column headed pv is obtained by multiplying column 10 by 
column 4, and the column headed pu2 is obtained by multiplying 
column 12 by column 4. 

As a check on the computation the sum of all the pv’s for any sta- 
tion in columns 2 and 3 should equal zero, except for a possible dis- 
crepancy of a few hundredths due to dropping decimal places in 
adopting values for the z’s. In  computing this check the sign of 
the 5 must be taken into account. For example, for station Keele, 
correction symbol 2,’ we have 

~ ~ v = ( + 1 X - 1 . 7 2 ) + ( + 1 X + 4 . 0 2 ) + ( + 1 X - 1 . 1 8 ) +  ( - l X + l . 6 8 )  + (- 1 X - 0 . 6 1 ) ~  - 1.72+4.02- 1.18- 1 . 6 8 f 0 . 6 1 ~  $0.05. 

For station Hastings, correction symbol z,, we have, 

Z ~ V =  (+ 1 X - 1.80) + (+ 1 X + 1.68)+ (+ 1 X +0.24)+ (- 1 X - 1.08) 
+ (- 1 X + 0.06) + (- 1 X + 1 .lo) = - 1 .SO + 1.68 + 0.24 + 1.08 - 0.06 

- 1 . 1 0 ~  +0.04. 

All the remaining x’s can be checked in a similar manner. 
COMPUTATION OF ‘PROBABLE ERROR 

The probable error of an observation of unit weight derivcd from 
the adjustment is determined from the formula: 

Probable error = f 0.6745 

in which No is the number of observed zenith distances, Nu is the 
number of unknowns, and 2 indicates as usual 

2: pvZ=36.3529 (See p. .169) 
N,,-Nu=24-7=17 (See Fig. 43.) 

the sum of.” 

log 36.3529 = 1.56054 
C O ~ O ~  17=8.76955-10 

log 0.6745 = 9.82898 - 10 
log probable error = 9199402 - 10 

Probablc error (observation of unit wcight) = f 0. 99 rn. 
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This means that the reciprocal observations over a line 31.6 kilo- 
meters (19% miles) long, this being the length of line corresponding 
to unit weight, dehrmined the difference of elevation of two points 
with such a degree of accuracy that it is an even chance whether the 
error is greater or less than 0.99 meter. 

I t  is the general practice in the United States Coast and Geodetic 
Survey to compute the probable error of the elevation for that station 
of the net which is the farthest away from a fixed elevation and whose 
elevation, therefore, is least accurately determined. The probable 
error of this elevation can be very readily determined if the equation 
involving it is eliminated last in the solution of the normals. For 
example, in the net here considered the elevation of station Bailer 
is assumed to be least accurately determined. The correction to the 
elevation of Bailer is designated by x4 in the adjustment, so the equa- 
tion containing x4 is eliminated last. 

The formula used in computing the probable error of the elevation 
of any particular station is 

(See p. 172.) 

in which @. e.).,  is the desired probable error of 
is the probable error for an observation of unit 

the elevation, (p. 
weight and C, is 

e.11 

the 
weight coefficient of the elevation for the station in question. 

The weight coeficient for any x is the corresponding diagond term 
For x4, the 

(See p. 172.) 
before division in the solution of the normal equations. 
correction symbol for station Bailer, it is + 14.468. 
The probable error of the elevation of Bailer is therefore 

* #me72 
14.468 

log 0.99 = 9.99402 - 10 
log (0.99)2=9.98804- 10 
log. 14.468 = 1.16041 

(See p. 173.) 

u 

log '0*99)2- -- 8.827ci3 - i o  14.468 

Probable error of elevation of Bailer = i 0.26 meter. 

COMPUTATION OF ELEVATIONS OF INTERSECTION STATIONS 

Figure 43 shows that Hastings High School was not occupied, but 
was sighted upon from four stations, Monument, Keele, Hastings, and 
Lee. After the final elevations of these main scheme stations have 
been determined, the elevation of Hastings High School may be com- 
puted from the non-reciprocal observations on it from the four stations. 
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(See fig. 47.) Tho values of (0.5 - m) used in this computation are 
obtained in the manner explained on page 166. For the final elevation 
of Hastings High School tt wc4ghtcd mean of the elevations deter- 
mined from the four stations is taken. 

DCCARTMINT OF COYYIRCE " C0.S. . " D O I O ~ I I I E . Y I * t ,  
Form 188 

COMPUTATION OF ELEVATIONS FROM NONREC~PUOCAL OaPERVATIONR. 

lomunent 

hp01a H.S 

la8 t ings 
TOP 

e t  u 
10 04 53.0 

16.G 34.2 

9.67403 
) 4.28195 

3.19485 
6 . 5 1 4 4 3  

2.43526 

272:h 
-2l':4 

1.33041, 
4.60557 
4.25195 

0.26793, 

2 

0 
0 

0.267954 

-1.85 
329190 
+ a 1 2  
330.17 

0.4961 
3.13 

329.38 

Kcclc 

hrpols 8.I 

Bas tines 
TOP 

3*00'29:6 
3.5 34.2 

9.67367 
4.19443 
3.19663 
1 1 . 9 1 4 4 3  

2.37916 

239 :4 
+209:'8 

2.32l81 
4.60558 
4.19443, 

1.20182 

2 
0 
0 

i.zoia4 

+15.92 
310.41 
+ 2 . L  

3 P  .45 

0.6111 
4.08 

lastlogs 

k9ola 8.9 

%as t l n g s  

TOP 

'9 5a 57.4 
0 1 "  

D.8 34.2 

9.66502 

3.78252 
3.19660 
11.3 1 4 4  3 

1.95357 

90"9 
+ 513(!5 

2.71054 
4.68558 
3.78252 

1.17864 

2 
0 
0 

1.17866 

+16.09 

f1.44 
329.34 

3iz.ai 

1.4350 
21.23 

Lee 

C q o l a  E. 
Hasting8 

TOP 

'0" 05' 4;: a 
8.9 34.2 

9.65706 
4.43421 
3.19491 
1 1 . 3 1 4 4 s  

2.58067 

300) 
+38.6 

1. m ~ s 9  
4.68557 
4.41427 

0.58643 

2 
0 
0 

0.68645 

+ 4.86 
319.76 

331.03 

0.1715 
1.48 

1 1 . 3 1 4 4 9  5 . 3 1 4 4 3  

FIG. 47.-ComputaUon of elevation of intersection station 

As the find step in the computation of elevations from zenith dis- 
tances, a table is pxpared giving the elevations of the stations, both 
in meters itnd feet. The elevations in feet should be given to one 
less place of decimals than the elevations in meters. The table should 
be placed a t  tha end of the computation where it may be readily found. 



176 

Monument ......................... I Henton .............................. 

(tammill ............................. 
............................. 

U. S. COAST AND GEODETIC SURVEY 

Tuble of elevations 

329. Bo 

298.80 
333.35 

1 Elevation 

Keele ................................ 
IImtings ........................... 
Byers ................................ 
Ilailer. .............................. 
Loe ................................ 

Thornherry .......................... 
Willis ............................... 
Hastings Iligh School ou~)ola ._______. 

Station 
Meters I- 

310.41 
? l Z . X l  
JlH. 47 
313. CO 
310.75 

319. w) 
338.05 
320. 4 

I Cashion .............................. I 324.85 

. _  

Fret 

1,082. 3 
0%. 8 
980.3 

1,003. i 
1, OGd 1 

1,018.4 
1,026.3 
1,044. 8 
1,mx !) 
1,049.0 

1,049. 5 
1,109. 1 
1,081 



CHAPTER 6.-SPECIAL PROBLEMS CONNECTED WITH THE 
COMPUTATION OF TRIANGULATION 

LIST OF DIRECTIONS WITH SOME DIRECTIONS PREVIOUSLY FIXED 

It frequently happens that in making out a list of directions for 
a particular station, some of the directions from the st>ation have 
already been fixed from previous adjustments. Care must be taken 
to  correct these directions before they are used with the other 
directions in another adjustment, since the new adjustment will 
not be consistent with the old one if the observed directions are used. 
Below is an example of the method used in applying corrections to 
the observed values of these adjusted directions to make them 
consistent. At station "Monument" the angle from Grande to 
Corpus as fixed from a previous adjustment is 55' 32' 21!88 and the 
angle from Corpus to Garcia is 99' 25' 16!'20. The observed values 
of the three directions involved are given in column 2 of Figure 48. 

Cornpictation of mean rorreetion, station Monument 

l 1 l Z l 3  

(Irendc _ _ _ _ _ _ _ _  25 00 27.23 27.23 
('orpus _ _ _ _ _ _ _ _ _  XO 92 4X.42 4U.11 1 Oarcia __.__ 179 03.73 I 06.31 

0 00 20.47 
+.fig 48.35 

$1. 59 04. 55 I 

Using Grande as an initial and adding successively the two fixed 
angles given above we obtain the values given in column 3. The 
differences between these values and the observed seconds are placed 

in column 4. The mean of the three differences is -.-- = + 0!'76. 

This mean is then applied with opposite sign to each of the values in 
column 3 to obtain the final values in column 5,  which are the values 
to be placed in the final seconds column of the list of directions at 
Monument. As a check on the computation the 
direction to Grande should be subtracted from the direction to 
Corpus and the direction to Corpus from the direction to Garcia, 

+ 2N28 
3 

(See fig. 48.) 

177 



178 U. S.  COAST A N D  GEODETIC SURVEY 

using the values in the final seconds column. The angles thus 
identical with the fixed values given above. obtained should be 

u . ? i %  
rwtm za 

Bingola 
Gr ande 

Bebron 
corpru 
Pancho 
Garcia 

State: _-_____________ ~ .____. 
Computed by ____ b&L..-.- 

Checked by -.m.&.--- 
DIRECTIONE Amrn FINAL 
JACAL ADIV~TMENT SCCONPs 

0 , ,I / I  

0 00 00.00 
28 00 27-23 26.47 

31 47 59.55 
80 32 Me42 49.35 

118 19 55.00 
179 58 03.72 p4.55. 

FIG. 48.-I,ist of directions, with some directions previ- 
ously flxed 

The rule to be followed 
then in making the direc- 
tions nlready fixed consist- 
ent with the new directions 
is as follows: Take tho ob- 
served direction a t  one of 
the fixed stations as an ini- 
tial and add the fixed angles 
in order to obtain a set of 
preliminary corrected direc- 
tions for the fixed stations. 
Take an algebraic mean of 
the differences obtained by 
subtracting the observed 
directions from theso cor- 
rected directions and apply 

i t  with opposite sign to the lntter to obtain the values for the find 
seconds column. 

NUMBER OF EQUATIONS IN ADJUSTMENT OF UNUSUAL FIGURES 

I t  freqnently happens that themathernn- 
tician in forming equations for an adjust- 
ment rnnkes a mistake in using either too 
many or too few. Figure 40 is an exaniple 
where the number of equations necessary 
to adjust it  is not a t  once npparcnt. 

There are only two triangles in this fig- 
ure and both have one conclridcd nng1:lc). 
Tt would appear a t  first as if there were 
only one side equation and no angle equa- 
tions. There is an angle equation, how- 
ever, due to the fact that the sum of the 
interior angles of a qundrilateral must 
equal 360’ plus the spherical exwss of 
the quadrilateral. This e q u a t i o n  is 

Marsh 

surf 

Rail 

Tide 
FIG. 49.-First evample of unusual 

formed as follows: triangulation flgure 
0 I I I  

Angle at Titlo, Surf to Itail (fixed) 61 09 52.0 
Angle at Hail, Tide to Marsh ($5) 135 09 30.6 
Angle at Marsh, Itail to Surf (- 1$3) 53 44 33.5 
Anglo at Surf, MnrRh to Tirlo (-4) 109 56 13.2 

Srirn - (1)+(3)- (4)+(5) 360 00 09.3 
As there is no spherical oxcoss in this quadri1stera1, we have 

or 
360’ 00’ OO!’O= 360’ 00’ 09Y3- (1) t- ( 3 )  - (4) + (5) 

0 = 4- 9.3 - (1) -I (3) - (4) t ( 5 )  
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ststion 

a ___._..__. ~... 
I) ______.-..-... n _.___....-.... 
A _ _ _ _  ~ -..-.... 

Total .... 

2-3' Rail - Tide 

-1+2 1 E ~ 5 h  16 25 20.7 

+ S  2 R a i l  135 09 30.6 
+1 -2-5 3 Tide (28 25 03.7) 

1 -3 Marsh - Tide 
1.2 Marsh - Rail 

Number of nqrintions 

A11glo Aido 

1 0 
1 1 
1 0 
2 1 

6 2 

~- 

0.5 

2-3 Tide - S W f  
-2t3 1 MWah 37 19 12.9 

t2 - 3+4  2 Tide (32 44 34.0) 
-4 3 Surf 109 56 13.2 

1 -3 ?hrsh  - Surf  0.0 
1-2 Ma-sh - Tide 

PIG. 50.--l'riungle tu)inpuletion for Figure 49 

a. w 3 x  

Or the equation may be forinad in nnothcir way. Thc sum of the 
two concluded angIes should eqrial the fixed angle a t  Tide. That is 

0 I 11 

Angle at Tide, Marsh to Rail (+ 1- 2- 5) 28 25 08.7 
Angle at Tide, Surf to Marsh (+2-3+4) 32 44 34.0 

Angle at Tide, Surf to h i 1  (+1-3f4-5) 61 09 42.7 

Since the fixed angle a t  Tide, Surf to Rail, is 61' 09' 52'!0, we have 
61 '09 '42~7+(1 ) - (3 )+(4 ) - (5 )=61 '  09' 5210 

or 
0 =  +9.3-(1)  - t (3)-(4)  + ( 5 )  

In  Figure 51 is givnn another example, occasionally encountered, 
in which the proper number of equations for the adjustment is not 
very apparent. Ordinarily one would think that there are two anglo 
and one side equations in the quadrilateral C D F E and two anglo 
and one side equations in the quadrilateral A B D C, or a total of 
six equations. However, if the figure is built up point by point, it is 
seen that there are seven equations, as shown below: 
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The additional angle equation is obtained by the closure of eithcr 
of the two quadrilaterals A D F Cor A D E C. If the latter one is 
used then the equation is, angle C A D + angle A D E + angle D E C + angle E C A - the closure = 360’ + spherical Eixcess. 

FIG. 81.-Second examilie of unusual 
triangulation flgiire 

SIDE EQUATION IN FORM OF LENGTH EQUATION 

It frequently happens in the adjustmcnt of un intcrsoction station 
from three fixed points, that the length and azimuth between two 
of the fixed points are not known. In this case tho side equation 
will take the form of a length equation. An example of such an 
adjustment is given below. (See fig. 52.) 

Halfway Rock 
FIO. 6Z.-Trl8ngUhtion flgure requiring lengtli equa- 

tion instead of ordinary side equation 

Side eq,uation 
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1 
2 
3 

181 

___ _ _ _ _  ____ 
u Adoptedu 

_ _ ~ ~  
-3.06 -1.430 -1.4 
+&94 +3.244 4-3.2 

-10.58 -4.945 -4.8 

Solution of normal equation 

0-- 79.2-k 169.4636 C 
C =  + 0.4674 

COMPUTATION OF TRIANGLES 

2-3 Eaastern 3olnt-3-ker L.H. 
I u n o l l a  flu polo 159 14 06.0 -3.5 

+I 2Enstern Poin t  ~ i i  4 ia.9 -1.4 
-3 3Bnker L.H. 7 01 35.1 +4.9 

1-3tdagnolia f l n g  ?olc-U&er L.X. 
1-2 w n o l i a  fl:.e gole-Easiern Point 

4.045264 

02.5 0.450530 

17.5 9.375637 
40.0 9.097606 

3.971221 

3.5%3190 

2-3 H a l f v m y  Rock-3nker L.H. Z.588491 
IMegaolia flrq: ?ole 22 43 22.5 -8.1 14.4 14.4 0.413144 

+ 2  2HalfwayBock 47 46 55.1 +3.2 58.3 58.3 9.9695~36 

-3 3B&er L.9. 109 29~42.5 +4.9 47.4 0.1 47.3 9.974356 
1-3 Ya(g~olia f 1 . x  pole-Boker L.H. 0.1 3.971221 

1-2 Alagnolia f lag pole-iialfway Rock 3.975991 
Fw. &?.-Triangle computation for Figure 52 

I D.ENTI CAL EQUATIONS 

One must be very careful in the selection of equations for an 
adjustmsnt, especially if tho scheme is much involved, to avoid what is 
known as an "identical equation," which often is not discovered until 
the solution of equations is made. In thc solution, the diagonal tcrm 
of the identical equation will become zero, or nearly so, and the error 
in solecting the equation thus becomes known. 



nelom i q  given an illustnLtioii of n set, of five cclurLtions, thrno nnglo 
and two qitlc, in u h i c h  oiic of the sicln cqiiationq is an “itlcnticnl 
rqi~nt~ion.” The wlutiori of the  cqiiiitions is crmicd ns fnr  n s  the 
tlinqonnl term of the idcnticrd cyurLfioii. T t  is sccri t h a t  the dingonrrl 
trrin of the fifth cqiintion is prnctic:illy zcro, nnd this mcnnq t1i:Lt 

the fifth equation is not! :in indcpendcnt cqiirttioii. 

Chamcook 

Cooper 
FIG. ~ ~ . - ’ ~ r i : ~ n n i i l ~ l , i ~ ) n  finiirc for wliicli “irlentirnl eqiintion” 

\c:ih nrlrvird 

Anqlr: rqitrrtion.s 

1. 0- +3 .7 -  (1) + ( 2 )  f- (5 )  - (6) 
2. 0- -2.4-- (2) -b ( 3 )  + (6) - (7)  
3. o=i-l . l-( :+-(‘l)i-(7)-(8) 

S i d e  rrpiotions 

l o ,  , , I  
25 57 29.1 

5!l I 3  :i:. 2 
12 :<!I 5i.o I +4.32 

+‘I. : i i  
+ l . % 5  

I 
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5 
0 
7 n 

183 

+I . . ~  _____.____.__. ~ . - ~  _____.. ~ -.... +Loo 
-I  +I ..---.. -11.26 __._...._ ~ -11.26 

..---.. -1 -5.23 +3.98 -1.25 
~ ...-.. .__.___ +: -12.13 s g . 3 7  -3.76 

Correlate equations 

5 
0 
7 n 

+I  . . ~  _____.____.__. ~ . - ~  _____.. ~ -.... +Loo 
-I  +I ..---.. -11.26 __._...._ ~ -11.26 

..---.. -1 -5.23 +3.98 -1.25 
~ ...-.. .__.___ +: -12.13 s g . 3 7  -3.76 

1 
2 
3 
4 
5 
- 

Normal equations 
. . 
I 

1 2 3  4 5 n 

+1 -2 ._.____ +11.26 +5.26 +3.7 
+4 -2 -8.03 -IO. 78 -2.4 

+6. 90 -7.57 +1.1 
+4 4-301.2774 -131.4785 -9.9 

$147.5140 +13.0 

__________ _- 

_ _ ~  
Solution o j  normal equations 

__ 
1 

$4 
Cl 

1 

- 

__ 
2 

-2 +. 5 

2: 
+3 

ca 

2 

3 / 4  

-2 -6.03 
._.________. $5.63 

-2 1 -.40 +. 86007 +. 13333 

+2. 0667 1 +6. :::: m33 

2:. 3333 
CJ 

+3ol. 2774 
-31. 6969 

1 
2 
3 
4 

t22 .22  
-19.21 
+2.43 

+109.03..9 
+12.9514 

$5.26  +3. 7 
-1.315 I --.925 

+I. &5 I -2.4 

-10.78 
+2.03 

-7. li7 1 + I . ]  
-6.4333 -. 3067 

-13 C O B  +. 73x3 
+4.HiC25 1 --.2751) 

-134.4735 -9.9 
-14. 8069 -10. 4155 
- 1.0867 -. 0733 

+32.34,66 -1.8242 

--118.0215 -22 2130 
+.46M4 I +.Os770 

--.ooO2 1 -.I448 

$22.22 
-5.56.5 

-18.21 
+11.11 

-n. IO 
+2.70 

+2.43 
-5.40 

-2.97 
+l. 11376 

+II19.0339 
-62.6493 
- L O W  
-I-7.3878 

$112.7924 

-___ 

-. 44577 

+12.9514 
-20.2193 
-22.0050 
-14.4825 +a. 6104 

-. 14.50 
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COMPUTATION OF TRIANGLES 

2-3 Coopr-Rye 

-1+2 1 be 34 2¶ 20.9 

-6  3 Rye 119 38 21.5 
t5 2 cooper 25 52 15.7 

1-3 rn-% :3.7 

1-2 Lbeg-Cooper 

2-3 Coop er-Colline 

-1+3 1 kc 160 38 06.0 
+5 2 Cogaer 6 09 35.8 
-7 3 Collins 13 12 19.7 

1 -3 Ma&-Collins -1.3 
1-2 Mcx-Cooper 

2-3 Rye-Collins 
-24 1 lrog 126 08 45.1 
4 2 Rye 25 57 29.1 
-7 3 Colllns ZI 53 43.7 

1 -3 Mag-Collins +2.4 
1-2 Hne-Rye 

2-3 Collina-Chamcook 
-3+4 1 83 23 43.9 

+? Z Collins 59 13 25.2 
-8 3 w o o k  37 2.2 42.4 

1-3 h g - m o o k  -1.1 

1.2 Yag-COllinS 
2-3 ChamcOok-Coo~~ 

+1-4 1 blag 115 58 10.1 

+a 2 CUIICOO~ 29 11 30.8 
-5 3 cooper 24 50 17.6 

1-3 Yeg-Coopr +2.4 
1 -2 Y%-Chmook 

2-3 ChamcOOk-Ry* 

+ 2 4  1 Mag 150 27 31.0 
4-8 2 Chamcook 12 39 55.0 
-6 3 Rye 16 52 35.5 

1-3 Y.?g-lIyO -1.3 
1.2 M8g-shamcook 

4.190730 
0.1 
0.1 
0.2 
0.4 

4. %a6319 
0.1 

0.1 
0.2 

4.3145841 

0.1 
0.1 
0.1 
0.3 

0.2 
0.1 
0.1 
0.4 

0.3 
0.3 
0.3 
0.0 

4.2624072 

4.5299291 

4.4295047 

0.1 

0.1 

0.2 

Fio. &.-Triangle computation for Figure 64 
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A careful inspection of the side equations on page 182 will show 
that both equations relate to the quadrilateral Rye-Mag-Chamcook- 
Collins, and they differ only in that Mag is the pole in the fourth 
equation and Rye in the fifth. The fifth equation should have boon 
formed for the quadrilateral Mag-Chamcook-Cooper-Rye, with the 
pole a t  Mag. Although it is easy to see in a simple figure such as the 
one above when an “identical equation” is selected, i t  is much more 
difficult to see in the case of mor? complicated figures and all equa- 
tions should therefore be selocted very carefully. 

ADJUSTMENT OF QUADRILATERAL WITH POLE AT INTERSECTION 
OF DIAGONALS 

In  the adjustment of quadrilt-itert-ils i t  froqiiently happens t,htlt i t  is 
impossible to include the two smallest angles in the formation of the 
side equations by taking the poIe at any one of the four vertices. 
In  such a case the pole should be taken a t  the intersection of the diag- 
onals. An example of such an adjustment is. given below. (See 
fig. 56.) 

The angle equations are formed in exactly the same manner as 
in the ordinary quadrilateral. The side equation is 
formed as follows: Call the intersection of the diagonals 0. (See 
fig. 56.) 
Then 

0 - Ridge >: 0 - Stump 0 - Muketeo L. H. 
= 1. x---  __ 

0 - Muketeo L . l  0 - Tall 0 - Ridge 
Substituting the sines of the angles opposite the sides for the sides 
we have 

(See p. 35.) 

0 - stump x __-- 
0 - Tall 

sin ( - 3 + 4 )  x sin ( - 6 + 7 )  --x- sin (-0-t-10) x sin ( -2)  
sin ( - 5 + 6 )  Sin ( - 8 + 9 )  sin ( - 1 + 2 )  sin (+3)’ l*  

Tho equution is then tabulated as explained on page 36 except in 
one particular. In the example given there the designation of the 
angle in the denominator appears on the same horizontal line in the 
tabulated equation as the designation of the angle in the numerator, 
and the angles corresponding to these designations are taken from 
the same triangle. I n  the example given here, however, this is not 
true, that is, the angle designated by ( - 5 + 6 )  is not in the same 
triangle as the angle designated by (- 3 + 4), etc. It is best, however, 
to arrange the tabulated side equation so that the two angles from 
the same triangle are on the same horizontal line. This can be done 
as follows: With the pole a t  the intcrvection of the diagonals there 
will be 4 lines for the tabulated equation. P u t  the designation of the 
angles in the numerators of thc first, second, third, and fourth frac- 
tions on lines 1, 2, 3, and 4, respoctively, of the left side of the equa- 
tion, and the designations of the angles in the denorninatoi~ of tho 
SRine fractioris in lines 4, 1, 2, and 3, respectively, of the right side 
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of the equation. That is, in the example given here (-3+4), 
( - 6 + 7 ) ,  ( -9+10) ,  and (-2) are placed in lines 1, 2, 3, and 4, 
respectively, of the left side of the equation, and (- 5 + 6), (- 8 + 9), 
(- 1 +2) ,  and (+ 3) are placed in lines 4, 1, 2, and 3, respectively, 
of the right side of the equation. The two angles in the same 
horizontal line in theside equation can then be taken out of the 
same triangle. 

9 8131113 
8.1125095 
9.987(1570 

__-- 

Muketo 1.. H. 
FIG. Sn.-Quadrilsteral with mle at intersedion of diagonals 

The remainder of the adjustment of the quadrilatsral is siniilar 
to the one previously adjusted on pages 29-41. 

0 t ,, 
-2  5 -8+9 16 03 61.3 9.4420320 4-7.3 1 
+IS 1 -1+2 Ho 24 45 5 9.99389814 +. 4 +. 5 +3 11 53 01.8 9 3137156 +io,o 

1. 
2. 
3. 

8.3042404 + l O . Z  

8 2169182 I _ _  -~ - - 

76 04 52.1 
11 37 25.5 , -5+6 17 C3 20.8 9 4673166 

8.2189664 
__ L - 

4. O=-38. 2+0. 4(1)-10. 6(2)-7. 5(3)-2. 6(4)+6.  9(5)-23. 0(6)+16, l (7)  
+7.3(8) -7.8(9) +0.5(10) 
entering it  in the table of correlates.) 

(This equation should be divided by 5 before 

Correlate equations 

1 2 3  4 

3 +I ...-.-- -1  -1.50 -1.50 -.NI 
4 --..-.. +I  -.m + 1 . m  -.242 
6 __..___ -1 +1.38 -.62 +.643 
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Normal equations 

-2 

+z 

4-6 
-1 
-1 

+4 

+.6 

- . 5  - 

CI 

187 

+o. 08 +4. 9 +a. 98 

-4.36 -2.0 -. 36 +. 00 +Lo9 +. 5 

- . in  +3. 4 +R. 22 
+.04 -I-246 $3.49 

+2.18 +1.w +. 18 

-.02 -1.225 -1.745. --- 
-___ 

+2.M $8.86 +12.89 
-.61 -1.7125 -3.2226 

Solution of normal equations 

+0.34%l 

1 
1 

--I.7125 +O.h -1.225 

-1.8880 

-. 1744 f.3728 --.ooBB 
+.sa34 -.w 

4-1.8162 -2.1752 

I I--- 

+46.0088 -7.64 +32.gosB i, I -.0016 1 --.OW 1 --.1396 
-4.7524 -2:190 -. 3924 

3 -1.0404 -3.4935 , -6.5730 

Rack solutiord 

Computation of V ' Y  

68853'-2&-13 



188 U. S. COAST AND GEODETIC SURVEY 

2.3 W e t e o  L. H. - Stump 
-W 1 Ridge 76 04 52.1 -1.9 

t3 2 ldrketco L.8. , 11 53 01.8 -0.8 

1-3 Ridge - Stuuq -4.9 

-1 3 Stump 92 02 11.0 -3.2 

1-2 Rldge - Wcrtm L A  
04.9 

2-3 Weteo L.H. - S t u a p  

-w 1 Tall 17 03 20.9 -0.3 
+4 2 W e t W  L.H. 151 19 l l . 6  -0.3 
-2 3 stump 11 37 25.5 t2.6 

1-3 T a l l  - Stump +2.0 

1-2 . Tal! - U e t e o  L.H. 
5B.o 

2-3 w e t e o  L.B. - Ridge 

-5+7 1 T a l l  ?A 30 02.3 -1.3 
- 3 t 4  2 lhrLeteo L.H. 139 26 09.8 +0.5 

- 8 f 9  3 Ridge 16 03 51.3 -3.6 
1-3 T a l l  - RlQe -2.4 

1-2 T a l l  - lbksteo L.H. 
M.4 

2-3 Stump - Ridge 

-6+7 1 T a l l  7 26 41.4 -1.0 
-1+2 2 smnp 80 24 46.5 -4.8 

-&LO3 Rl%e 92 OB 43.4 -4.5 

1-3 T d l  - Ridge -10.: 
1-2 T a l l  - Stump 

10.3 
Fro. 67.--Triaugle computation for Figure .% 

2.826870 

50.2 0.012944 

01.3 9.313708 
OB.@ 9.959726 

2 . e .m:~  

3..-9840 

3.526870 

20.6 0.5332685 
11.3 9.681169 

28.1 9.304267 

3.740724 
3.363822 

3.539540 

01.0 o .zazm 
10.3 g.ai3iio 

48.7 9.442014 
3.734918 

3.363822 

2.85362a 

40.4 0.887606 

40.7 9.99390 

38.9 9.999696 
3.734918 

3.744124 
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-1+2+8-6 
-4 

-Ma 

ADJUSTMENT OF QUADRILATERAL HAVING ONE TRIANGLE WITH 
TWO CONCLUDED ANGLES 

It sometimes beconies necessary to niake an adjiistiiient of a 
In such 

>----Ten Pound Island L. H. 

quadrilateral in which one triangle has two concluded angles. 
an adjustment the thing to be particularly 
careful about is the proper designation of 
the angles. In the following example (see 
fig. 58)  the triangle, Ramparts flag-Bond 
Hill-Ten Pound Island L. H. has two con- 
cluded angles, one at  Ramparts flag and 
the other a t  Ten Pound Island L. H. In 
triangle No. 4, Figure 50, the angle a t  Ten 
Pound Island L. H. is the sum of the two 58.--Quadrilateral one 
angles a t  Ten Pound Island L. H. between triangle with two conrludd 
Eastern Pt. L. H. and Bond Hill, and be- 
tween Ramparts flag and Eastern Pt. L. H. Jn triangles Nos. 1 and 3, 
+3-5 (Ten Pound Id. L. H. between Emtern Pt. L. H. and O ‘ I  

Bond Hill) = 104 53 11. 1 
-1+2 (Ten Pound 14. L. H. between Ramparts flag and 

Eastern Pt. L. H.)= 16 09 19. 0 

Bond Hill 

\! 
‘1 Ramparts flag 

u! I‘ 

Eastor” poin~ L, ”, 

0 I I I  0 , ,, 
121 02 30.1 9.8328766 -1.3 -34-4 M) 52 02.8 9 7191620 +3.5 
13 68 30.0 9.3d28144 4-8.6 4-6 70 59 35.3 9 97%S21 $0.7 
40 43 19.0 9.8145CW34 +2.4 -1+2 10 09 19 0 9 4444218 +7.3 

9.130’2964 9 1302358 1 

-1+2+3-5 (Ten Pound Id. L. H. between Rampartsflagand 
Bond Hill) = 121 V2 30. 1 

The angle a t  Ramparts flag in triangle No. 4 is obtained by sub- 
tracting from 180’ 00’ OO”.O plus the spherical excess (which in this 
cme is O!O) the sum of the angles a t  Bond Hill and Ten Pound Island 
L. H., using the {roper designations as shown below. 

0 I I I  

- 3 f 4  (Bond Hill) . = 30 52 02. 6 
-1+2+3-5 (TenPoundId. L. H.)=121 02 30. 1 

--1+2+4--Fi (sum of 2 angles) 151 54 32. 7 
180 00 00. 0 

f 1 - 2 - 4 + 5 (Ramparts flag) 28 05 27. 3 

After these angles httve been computed and properly designated, the 
adjustment of the quadrilateral is exactly the same as that of any 
other quadrilateral, and so no further explanation is necessary here. 

Side equation 

0 ~ + 6 0 .  63-8 6(1)-8. 6(2)+2. 2(3)--12 0(4)-11. 1(8)+1. 7(6) 
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-____ 
, v Adopted o 

+s. H -1.73 -1. 7 
+l. 7 -8.6 + l . i 3  

f2.2 - . 44  -. 4 

-1.1 +. 2 
4-1.7 - ,34 -. 3 

-12.0 y-2.;; +a.4 

NO. 

+ s 5  

1. i -5  

-3 

+4-6 

2. t6 
-4 

+l-2 
+6.c, 

Solution of normal eguution 

0=+60. 6+300. 86C 
c= -0.2011 

COMPUTATION CF TRIANGLE 

State: ...Yu OMMttr _ _ _ _  _ _  . ... _.._._.....__.. 

mastern P t .  L.H.- Bond Hill 2-3 

1Ten Pound 1d.L.E. 104 53 11.1 -0.6 

2bstern Pt,L.H. .  30 16 16.3 40.2 
3Bond Hill 44 50 32.6 +0.4 

1-3 Tcn Pound 1d.L.E.-Dond K i l l  
1-2 Ten Pound Id.L.A.-Eastem Pt.L.H. 

2-3 Eastern ?t.L.H. - Bond B i l l  
1 RapaArts flag 95 01 54.7 +2.7 

2 Eastern Pt.L.H. 70 59 35.3 -0.3 
3 Bond H i l l  13 58 30.0 -2.4 

1-3 

1-2 

Ramparts f lag - Bond Hill 
Ramparts fleg - Eastern Pt.L.K. 

3.517770 

10.5 o.oi4a26 

33.0 9 . a a m  
16.5 9.702512 

3.235106 

3.380384 

3.517770 
57.4 0.001677 

35.0 9.575655 
21.6 9.282894 

3.495099 

2.302341 

2-3 EMtern Pt.L.H.-Ten Pound 1d.L.H. 3.38oa84 

1 Rsmpart. f l a g  (123 07 22.0 1 -2.9 

3. -5c6 2 -tern Pt.L.K. 40 43 19.0 -0.6 

-1t2 3 Ten ?d 16.1.8.16 09 19.0 +3.4 
1-3 R-wt~ fle&T*n Pound 1d.L.A. 
1.2 Bsmparts flag-?astern Pt.L.H. 

19.1 0.077010 
18.5 9.814505 
22.4 9.444447 

3.272399 

2.902341 

23 Bod R i l l  - Ten Pound 1d.L.B. 3.235108 
+l-2 
-4+S 1 mart# flw (a a 06 27.3) -6.8 a . 7  0.327119 

4. -3+4 2 Bond H i l l  30 52 02.6 +2.8 05.4 9.710172 
-1+2 
65-6 3 Ten Pound Id.L.E(l21 02 30.1) +2.8 32.9 9.932872 

1-3 Ramparto f lag-Ten Pound 1d.l.H. 3.272339 

1-2 ' Ru~wt~ fly-BonP B i l l  a.495099 

Fro. SQ.-TrIangle computation for Figure 68 
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THREE-POINT PROBLEM 

A triangulation station is sometimes determined by means of 
directions observed at  that station to the three fixed points of a 
triangle, the sides and angles of which are either known or can be 
computed. 

The comDutations are made on Form 655 as shown in Figure 61. 
This is called the “ three-point problem.” 

Three cases arc illustrated on this 
form, depending upon the location 
of the point, designated P, with 
reference to the sides of the triangle. 
If P is on the circumference of the 
circle which passes through the 
vertices of the fixed triangle, the 
p rob lem is indeterminate, since 
any point on this circumference 
would have the same values of the 
angles P’ and P” (or the supple- 
ment of one of the angles). 

The formulas used in the com- 
putation are as follows: From the 
known sides a, 6,  c, and the known 
angle A of the triangle A B C, FIQ. 80.-QuadrIlsteral, threepoint prohlem 

and the observed angles A P C=P‘ and A P B = P ” ,  the problem 
is to find the angles A B P and A C P .  

For cases 1 and 2, let S= 180°-1/2 ( A  +P’ +P”),  
and for case 3, let S=’f2 ( A - P ’ - P ” ) ;  

C sin P‘ Let tan Z=bs;;p-,j 
and tan €=cot (2 + 4 5 O )  tan S 

Then angle A B P = S +e, and angle A C P = S - c if tan e is positive, 
and angle A B P = S- e, and angle A C P = S +e if tan c is negative. 

After the angles A B P and A C P are computed all the angles 
of the triangles can be obtained, and since the length of one side in 
each triangle is known all the remaining lengths can be computed. 
As each computed length is obtained in two different triangles, the 
agreement of the two values for the logarithm of each length within 
one, or possibly two, in the last place of decimals gives .a check on 
the computation. 

The example given below is for case 1 on Form 655. In the 
triangle Tide-Apple-Surf all the angles and sides are known and a t  
Edwards the angles Apple to Surf and Surf to Tide are observed. 
The starting data are: P’=2lo 38’ 0678, Pf‘=840 12’ 5779, 
A=86” 29‘ 4213, log c=4.109221, and log b=3.644409. The 
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problem is to find the angle at Apple between Surf and Edwards 
and the angle at Tide between Edwards and Surf. After these 
angles have been determined, the logarithms of the lengths are 
computed on Form 25. 

DEPARTMENT OF COMMERCE 
u. L Cmn U D  e m t c  I"""I. mrm 465 

COMPUTATION OF THRICE-POINT PROBLEM 

Caw! 1 Case 2 Caw! 3 
a= B- A 

m d. 

\ I  \y 
P 

Canes 1 nnd I 
P' 2l 38 06.8 

A 86 29 42.3 
p" 84 12 57.9 

A 

192 20 47.0 
%Sum 96 10 23.5 

Coee 3 
P' 
P" 

Sum 
A 

_____ _._. __._ 

Logc - 4.109221 
Log sin P' - 9.566668 -10 
C010gb * 6.355591 -10 

Colog sin P"- 0.002217 

Sum-log tan Z- 0 . a 6 9 7  

Z- 17 i 3  1410 
Z+46'- 92 13 14.0 

Logcot (Z+45')- 8.588556,lO 
LogtmS- 0.9659a -- -~ 

Sum-log tan 4- 9.554484 io (sign - 1 
n . n-" 

4 li 43 21.1 
9 83 49 36.5 

BPA 
ABP 
PAB 

WJ a+)  €4 06 15.4 
S+r-aogle ABP 103 32 57.6 
S-c-angle ACP 

(Tan a - )  
9- 4 - anglo ABP 
S + 4 - angle ACP 

84 18 577.9 APC 2l 38 06.8 PCB 29 ls 5i.3 
64 O& u . 4  PCA 1021 32 57.6 CBP 44 50 01.0 

BPC 105 51 04.7 31 40 46.7 CAP 54 4s 55.6 - 
(For rrpk4 lon  d thl. &a me Bps0I.l Publl&lon No. 26. I d  cdltlon, pangraph 108, pa@ 67) 

--I....- I C I I #  

Fro. fll.--Cnrnputntbn of three-point problem 
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O W A R T M E W  O W  C O U U C K I  
Y % rDln r“rm Y O  WDOFllC 1& ,Y.”L. COMPUTATION OF TRIANGLES 

Stdo:  ..... nahe. - ...-...----..----..--.-.- 
--.n”. 

NO. STA TlON ODDLRVED A I O L C  

2-3 Apple-SWf 

1 Tide 74 14 10.9 

2 @le 19 16 12.3 
3 surf 86 29 45.9 

1 -3 Tide-Surf 
1-2 Ti&-&pls 

2.4 &plc-%rf 

1 Edwvdr 84 12 67.9 

2 &le 6 4 0 8  
3 surf 31 40 

1-3 Edwards-Surf 
1 3  Edwarda-Apple 

2-3 Apple-Ti& 
1 Edwards 1.05 51 04.7 

2 m1e 4 4 5 0  

3 Tide 2918 
13 Edusrdr-Ti A s  
1 3  EbWPrd#-Appl* 

2-3 surf--nb 
1 Edward6 n 38 06.8 

2 surf 54 48 
3 Tide 103 32 

1-3 Edwads-Tid. 
13 EdwPrd6-Surf 

4.109221 

4 . 6  06.3 0.016651 
-0.9 11.4 9.518537 
-3.6 42.4 0.1 42.3 9.999187 

-9.0 0.1 3.644409 

4.125059 

16.6 0.1 
46.8 0.1 

0.2 

4.109221 

57.9 0.002217 
15.4 9.951045 
46.7 9.720299 

4.065483 
3.931737 

4.125069 
04.7 0.016837 

04.1 0.1 04.0 9.848226 

51.3 9.689841 51.4 0.1 
0.2 3.9901 22 

3 -831737 

3.644409 
06.8 0.433331 

65.6 9.912362 

67.7 0.1 W.6 9.oBn42 
0.1 r.eeoloa 

4e-2 +I  
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ADJUSTMENT OF A FIGURE WITH AN 2-CORRECTION ON ONE 
DIRECTION 

In  the adjustment of triangulation, cases sometimes arise where it 
is possible to obtain an approximate value for an unknown direction 
which is needed in the adjustment. By designating the correction to 
this direction as “z, ” it  is possible to make an adjustment in whish 
the x is eliminated and new values of the observed directions arc 
obtained which will make the lengths consistent, as computed in the 
different triangles. An example of such an adjustment is given below. 

In  Figure 63 the triangles Tide-Apple-Surf and Rail-Tide-Surf 
(see triangles 1 and 2, fig. 64) are fixed and the angles and lengths 
are known. At station Edwards directions have been observed on 
stations Apple, Surf, Rail, and Tide, but no directions on Edwards 
have been observed at any of the four fixed stations. It is desired 

to make an adjustment of the 
surf Rail 

figure so that all the lengths will 
be consistent. 

The triangles Edwards-Apple- 
‘Ide Surf, Edwards-Apple-Tide, and 

Edwards-Surf-Tide (triangles 3, 
4, and 6) are first solved by means 
of the three-point problem (see 
p. 191). Next the directions a t  
Edwards are numbered as in an 
ordinary adjustment and one of 
the unobserved directions a t  one 
of the fixed stations is designated 
“x.” I n  this example, the direc- 

ignated “2.” By using the fixed 
angles of the triangles Tide-Apple-Surf and Rail-Tide-Surf and the 
angles in triangles 3, 4, and 6 computed by the three-point problem, 
i t  is possible to obtain the angles of the triangles Edwards-Surf-Rail 
and Edwards-Rail-Tide. Care must be taken in computing these 
angles to obtain their proper designations. 

The angles of the triangle Edwards-Surf-Rail are computed as 
follows : 

, 

FIG. W.-Triangulation ngure for which an “z” 
dlredion is used 

tion to Edwards from Surf is des- 

0 I I t  

Angle at Surf, ‘ride to Apple, 86 29 42. 4 
Angle at Surf, Rail to Tide, 37 52 36. 0 
Angle at Surf, Rail to Apple, 124 22 18. 4 
Angle at Surf, Edwards to Apple (-z) 31 40 46. 8 
Angle at Surf, Rail to Edwards (+z) 92 41 31. 6 
Angle at Edwards, Surf to Rail (- 2+3) 18 18 16. 0 
Sum (-2+3+z) 110 59 47 .6  
180°+spherical excem, 180 00 00. 1 
Angle at Rail, Edwards to Surf ($2- 3-22) 69 00 12. 5 
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COMPUTATION OF TRIANGLES 

1. 

2. 

2-3 A@e-Surf 4.13922l 
1 Tide 74 14 10.9 -4.6 06.3 0.016661 
2 Apple 19 16 12.3 -0.9 11.4 9.528537 

3 Surf 86 45.9 4 .5  42.4 0.1 42.3 9.999187 
1-3 Tide-Surf -9.0 0.1 3.644409 
1 3  ~ i d e - 4 p i e  4.126059 

2-3 Til; -SWf 
1 9 d l  80 57 35.0 -3.0 
2 Tlde 61 09 53.5 -1.5 

13 Rail-Surf -5.2 0.0 

3 Surf 27 52 36.7 -0.7 

1-2 'XaLl-Tibe 

23 & p l ~ - 3 ~ f  

-1+2 1 Eclwt~da 04 12 57.9 +0.1 58.0 
3. +1-2+x 2 &*le 64 06 15.6 + a 9  13.4 0.1 

-x 3Surf 31 40 46.8 -3.0 43.8 0.1 
1-3 Fdwmdr-Surf 

1-2 Edwards-A-le 0.2 

2-3 A?ple-Tide 

-1t4 1 Ednmds 105 51 04.7 -0.2 04.5 

4. +l-ZCx 2 . A s l e  44 50 04.1 +2.9 07.0 0.1 
3 Tld8 29 13 61.4 -2.7 48.7 0.1 

1-3 Edaards-fide 0.2 
1-2 Mn&-da-A?ple 

2-3 SW f -Rai  1 
-243 1 Edearde l a  18 16.0 0.0 16.F 

5. + x  2 surf 92 41 21.6 t3.0 34.6 0.1 
+2-3-x 3 Rail 69 00 12.5 -3.0 09.5 

1.3 Edwards-Rail 0.1 
Hdrrards-Surf 1 3  

Fxo. M.-Tripgle computation for Yigure 83 

3.644409 
32.0 0.005430 
52.0 9.942608 
36.0 9.788143 

3.592347 
a.437982 

4.10922l 
58.0 0.0022l7 

18.3 9.954008 
43.7 9.72oS9 

4.0654361 

3 . a ~ 7 2 7  

4.125059 

04.5 0.016837 

06.9 9.348223 
49.6 9.689831 

3.990129-1 
3.931727 

3.692347 

16.0 0.502979 
34.5 9.553520 
09.5 9.070159 

4.094846 
4.065485 
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D C C I R T Y C N T  OC C O Y M I n l  
!A ’ C W I  u- Y W  

rorm a. COMPUTATION OF TRIANGLES 

Stat.: -.Malm ................ ~ .._............. ...... -.-.. 

2-3 SWf-Tid. 

-w 1 Eiwr.rdm n 38 06.8 
e. +x 2 9urf 54 48 55.6 

+2-4-x 3 Tide 103 32 57.7 
1-3 Edwerdr-’Tlde 
1-2 Edwadr-Surf 

2-3 M i - T i d e  
-a4 1 a w a r d .  3 19 50.8 

7* -.z+l+~ 2 R a i l  11 57 19.5 
&-x 3 Tide 164 42 49.7 

1-3 EdwfudS-Tide 
1-2 Ednards-bll 

3.644409 

-0.Z 06.5 06.5 0.433333 
t 3 . 0  58.6 58.6 9.912386 
-2.7 55.0 0.1 54.9 9.987743 

0.1 3.990138 
4.065483 

3.47982 

-0.3 50.6 1.235832 

H . 0  22.5 9.316316 
-2.7 47.0 9.421033 

0.0 a.esnao-, 
4 0%647-1 

FIG. BP.-Triangle computation for Figure 63-Continufd 

The angles of the triangle Edwards-Rail-Tide with their proper 
designations may be obtained in the same manner. In this triangle 
the angle at  Edwards is an observed angle, the angle at Rail is ob- 
tained by subtracting the angle at Rail in triangle No. 5 from the 
fixed mgle at  Rail in triangle No. 2, and the angle at  Tide is obtained 
by adding the angles at  Edwards and Rail, and subtracting this sun1 
from 180’ plus the spherical excess of the triangle. 

To make sure that the angles of the triangles have been correctly 
taken out they are checked as follows before the adjustment is made. 
The angles in triangles 3, 4, and 6, determined by the three-point 
problem, are checked by computing the lengths. (See fig. 64.) 
The other two triangles are checked by adding the angle at  Tide in 
triangle No. 6 to the fixed angle at  Tide in triangle No. 2 to obtain 
the angle at  Tide in triangle No. 7. 

0 I t t  

Angle at Tide, Surf to Rail, 61 09 52.0 
Angle at Tide, Edwards to Surf (4-2- 4 - 4  103 32 57.7 

Angle at Tide, Edwards to Rail (+2-4-z) 164 42 49. 7 

This checks the angle obtained by the computation of triangle 7, 
and as triangle 5 was used in computing triangle 7, both triangles are 
verified by fhis check. 

After the angles in the triangles have thus been checked the ad- 
justment can be made, the “5” correction being treated just the 
same as the numbered corrections in forming the equations. Since 
there are four lines from station Edwards, there will be two side 
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equations, one involving directions 1,2,4,  andz, the other 2,3,4,  and 2. 

As both these equations contain 2, it  is possible to eliminate the x 
and combine the two equations into one equation involving direc- 
tions 1, 2, 3, and 4. From this point the adjustment 
is similar to that of any other quadrilateral and so no further expla- 
nation is needed. 

Side equations 

(See below.) 

I 
3.6444OQ _ _ _  - - - ~ - ~ - Rurf-Apple 

D , t# 

9.9123R16 +1.48 -24-4 21 38 06.8 
9.8898412 +3.76 +1-2+Z 44 60 04.1 
9.9977834 +.a1 , --z 31 40 46.8 

3.2444152 

SM-Tide 
-3 

4.109221 _ _ _  _ _ _ _ _ _  
8.5086685 4-6.31 
9.8$E2337 +2.12 
9.rLMQ86 +S.41 

3.2444156 

Tide-Rnil 

-2+3+2 11 67 19.5 
-84-4 21 38 08.8 

1. O=-0.3-2.33 (1)+11.39 (2)-9.06 (4)-0.98 (2) 
Or (z)=-0.3061-2.3775 (1)+11.6224 (2)-9.2449 (4) 

3.437882 - _ _  - - - _ _  - - Tide-Surf 3.644408 . . - _ _ -  
0.316!2&N S9.94 -34-4 1 3 19 60.8 8.7841784 +36.18 
9.5868686 +6.31 +2 54 48 M.6  @.&aWl6 4-1.48 

2 3-6 z a m m  

1 
2 
3 
4 
2 

8.46 Multiplying equation 1 by 0.9~ (=8.633) and adding to equation 

-2.01 -0.033 0.0 
+8.31 +. 136 +. 1 
+4.61 +.076 +. 1 

-10.91 -. 170 -. 2 
+3.m +3.0  

2 we obtain the combined equation with the x eliminated. 
O =  - 2.50-20.11 (1) +98.32 (2) -78.21 (4) --8.46(~) 

2. 0=-32. 5 -15.25 (2) +46.12 (3) -30.87 (4) f8.46 (z) 
O =  -35.09-20.11 (1)+83.07 (2) 4-46.12 (3)-109.08 (4). 

shoud be divided by 10 before entering it in the table of correlates.) 
(This equatioii 

Correlate equation 

Solution of normal equation 

c= f0.0164 
0 ~ 2 1 3 . 3 7 6 4  C-3.509 

If an apprbximate value for the direction designated by “2” in 
Figure 63 can be obtained by inverse computation from the fixed 
data and the field computations it is not necessary to solve the 
three-point problem, For example, if a field position were available 



198 U .  S. COAST AND GEODETIC SURVEY 

for Edwards, the approximate direction for Surf to Edwards could 
be obtained by an inverse position computation between Surf and 
Edwards instead of by the three-point problem. It is only necessary 
to know this direction closely enough so that the tabular difference 
of the logarithm of the sine will be practically the same for the approx- 
imate angle as for the final angle. If the s-correction obtained by the 
adjustment is large, it is no indication that the observations are 
poor but only that the computed direction is considerably in error. 
In some cases involving very small angles i t  may be necessary to 
make a second adjustment unless the changes in the sniall angles 
necessary to make the lengths check are estimated and the tabular 
differences are corrected accordingly before the solution of the cqua- 
tions. 

ADJUSTMENT Ofi INTERSECTION STATIONS 

Observations arc somctimes made upon an intcrscction sttitioil 
from four or more main scheme stations. Only three of the observed 
lines should be used in the adjustment but these three should he 
selected to give the strongest intersection at  the new station unless 
the field computation indicates that a more accurate result can bo 
obtained by using some other combination of three lines. In  forming 
the side equation the pole should be so selected as to include tho two 
smallest angles in the adjustment. In Figure 65 are shown four 
examples of intersection stations. The way in which the polc is 
selected in each is explained below. 

In case No. I ,  the smallest two angles being P A C and P B Cr, tho 
pole should be taken at  P. In case No. 2, A P B and A B P arc the 
smallest angles, and so the pole should be taken at  A ,  the fixed 
lengths A C and A B being used in the €ormation of the equation. 
In  case No. 3, C P A and C A P are the smallest angles and so the 
pole should be taken at  C, the fixed lengths C B and C A being used 
in the formation of the equation, as in case No. 2. In case No. 4, 
the smallest angles are P B C and P A B, and so the pole should bo 
taken a t  P .  

It should be notcd that in all examples like cases 3 and 4, whrrc. 
one of the four points is inside the trisnglc formed by the other thrw 
points, the pole should always be taken at  the inside point, siIicc thc 
smallest angles will then be included in the equation. 

The size of the corrections to the angles to be expected in tho 
adjustment of intersection stations depends largely upon tho instru- 
ments used, the manner in which the field work was done, and upon 
the size and definiteness of the point observed. For example, in the 
computation of mountain peaks from angles observod by sextants, 
large corrections must bc expected. The number of deciriiid places 
used for the angles and logarithms in the adjustment will depend 
upon the nature of the work, 
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SOLUTION OF NORMAL EQUATIONS INCLUDING TERMS USUALLY 

OMITTED 

In the forward solution of normal equations a check on the work 
is obtained each time an equation is eliminated. The coIumn 
headed For example, in the second line 
of the solution on pago 201, the quantity - I .32 in the L: column should 
equal the algebraic sum of all the other terms in that line, that is, 
- 1 - 0.33333 i- 0.33333 - 0.1 1667 - 0.20333 should equal - 1.32, which 

is for this purpose alone. 

Case 1 Case 3 
B E 

C 

P 

Case 2 

A 

Case 4 B 

A ‘  
Fin. 65.-Typirsl flguras in adjustment of intersection stations 

it  does, exnctly. When making this check for the “divided” line, 
or the last line in tho solution of each equation, one must always 
reinember to iricliide tho - 1 obtained by dividing the dittgorial term 
by itsolf nnd changing the sign, as this quantity is never set down in 
tho solution. 

In the solution of the second equation of the following example 
tho line containing the sums of the terms in the various columns 
should be checked before it is divided by the diagonal term. The 
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sum of i- 5.3333 + 2.6667 - 16.0433 - 0.8767 should equal the - 8.92 
in the 2 column, which it does, exactly. In the next line, after 
division by the diagonal term, we have - 1 - 0.50001 + 3.00814 + 
0.16438, which equals + 1.67251 and checks exactly the value in the 
z column. 

If the line containing the sum terms does not check exactly but the 
discrepancy is so small as to indicate that no blunder has been made in 
the computation then the quantity in the Z column should be made to 
agree exactly with the sum of the other terms before the line is divided 
by the diagonal term. For example,in the elimination of the fourth 
equation in the line containing the sum terms we have + 54.5519 + 
4.3660 and their sum equals +58.9179. But as the quantity in the 
Z column is $50.9180 this should be changed to +58.9179 before 
the division is made. In the same way the quantity in the Z column 
of the divided line should always be made to check the sum of the 
other terms in the line. 

In  a great many cases when a blunder has been made and the solu- 
tion fails to check it is possible to find the trouble by inspection, 
especially if the mistake is a wrong sign on some term or the trans- 
position of a decimal point. Sometimes, however, an error is diacult 
to find. In  such cases, each line in the elimination of an equation 
can be checked. To illustrate this let us take the solution of the 
fourth equation on page 201 where all the usually omitted terms are 
shown in bold-faced type. In the second line of the solution we find 
that the sum of - 0.70 - 0.2333 + 0.2333 - 0.0817 - 0.1423 = - 0.9240 
which checks the value in the 2: column. Likewise, in the third line, + 16.0433 + 8.0217 -48.2605 - 2.6372 = - 26.8327 which checks the 
value in the Z column within 1 in the last decimal place. In  the fourth 
line, - 7.7150- 14.8803 + 2.0155 = - 20.5798 which checks exactly 
the quanty in t h e 2  column. 

I t  should be carefully noted that all the quantities shown in bold- 
faced type on page 201 appear in the solution as ordinarily carried out 
and that it is not necessary to carry along this part of the solution 
to get the check on each line. For example, in the second line of the 
elimination of the fourth equation, the term + 0.2333 appears also in 
column 4 in the second line of the elimination of the third equation; 
- 0.2333 appears also in column 4 in the second line of the elimination 
of the second equation; and -0.70 is - 1 times the term +0.70 in 
column 4 and equation 1.  I t  is seen, therefore, that all the terms 
used in the checking of the individual lines in the elimination of 
equation 4 are given either in the lines themselves or in column 4. 
For the first line of the solution of equation 4 all the omitted terms 
except one are given in column 4 in the first lines of the solution of the 
other equations. The one exception is the quantity in column 4 in 
the first equation which must be multiplied by -1. 
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Tn the same way, for the second line of the solution of equation 4, 
all the omitted terms except one will be found in column 4 in the sec- 
ond line of the solution of the other equations. The exception is the 
quantity in the sum line of equation 2 which must be multiplied by 
-1. The omitted terms for the third line of the solution of equa- 
tion 4 are obtained in a similar manner. 

Particular care should be taken in the solution of normal equations 
to guard against compensating errors since they usually cause R 
great deal of trouble and may not be found until the triangles are 
computed. For example, if a mistake is made in one of the constant 
terms in the 7 column and a counterbalancing mistake in the Z col- 
umn, the solution will check and the errors wilt not be discovered 
until the triangles are solved. 

Solution of normal equations, including terms usually omitted 

-2 +. 33333 

+2 +. 8867 

+2.8867 

+e 
-. m1 

-. 8867 
-1.3333 

- 
1 

__ 

3 CI 

i-2 
-2 (1) 

0 
0 

-2 
+a 
0 
0 
0 

+.70 
-.70 
0 
0 

0 
0 

4-0.70 -. 11667 

-15.81 -. 2333 

- 16.0433 
+3.00814 

-. 54 +. 2333 
+a 0217 

2 

2; CI 

+sa217 2 
-7.7160 (3 

+2 -. 3 m 3  

+fJ -. 8867 

+5.3333 
-1 cs 
+2 
+.6667 (1) 

0 
0 

.15.81 
-.2333 

-16.0433 
0 

0 
0 

-2.6687 12) 

$7.7160 
-1.82876 

+117.7744 -. 0817 

-14.8803 
-40.2805 

I 4  

+.M. 6.519 8 1 -1 c4 

+l. aa +7. #a 
--.20333 1 -1.32 

-, 47 -6.28 

-. 8787 
+.16438 I r"i.zb1 

-1.89 +3.67 

+.w +4.46 
+ . a 7  I +2.64 

-1.0460 1 4-10.67 
+.%I25 I -26676 

+4 3880 +58.91?3079 
-:m 1 -Lo8003 

INVERSE POSITION COMPUTATION 

I t  sometimes becomes necessary in the adjustment of triangulation 
to compute the azimuths and length of a line joining two stations' 
which are fixed in position, but which have not been directly con- 
nected by the observations. In order to compute this line an inverse 
or back computation must be made. This computation can be made 
on Form 26 or Form 27 (see Special Publication No. 8, p. 141), but 
it can be made more easily and simply on Form 662. 

An example of an inverse position computation on Form 662 is 
given in Figure 66. The formulas for the computation are given a t  
the top of the form. The table for the correction of arc to sine is given 
on the back of the form. (Do not confuse this table with the table 
given on page 17 of Special Pubhation No. 8, sixth edition, which is 
an entirely different table,) Triangulation stations Spencer and 
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Peterson are fixed in position (latitude and longitude) and it is de- 
sired to determine the azimuth, back-azimuth, and length of the line 
Spencer to Peterson. The form is self-explanatory and needs no 

1. *' 
a0 (-e'-+) 

2 
- a* 

+-(-++$) 
a) (W.1 

la a* 
cor. arc-sin 

I W W  , 

cdw B, 
Iw{a, cos(++$)} 

log CQ $ 

D C r u I M p c T - O F  COMYcllcC 

r m m a  INVERSE POSITION COMPUTATION u.6 cow AIM c r o m c  w n m  

44 30 38.293 Pete 

+ 31 37.578 

+ 15 48.789 
44 14 49.504 
-I. 1897.578 

3.2781S97 
15 

3.Z81082 
9.9999597 

- 

. 1.4894742 
4.7676721 (oppcdte in dm to Ad 

on 1 A' 

AI (-I'-h) 

2 
AX 

AX (mea.) ' 

Ig Ah 

cor. arc-sin 

lW A h  

log cos *. 
solos A- 

tog{#, sin (a+:)} 

log(stcos (a+?)/ 

loct-(a+y) 

a+ 2 
10s sin (a+?) 

log e01 (a+:) 

10s 11, 

cor. arc-.in 

108 I 

122 58 05.537 - 7 35.711 

- 3 47.856 

-455.711 

2.6586896, , 
- 1  

2.6586895, 
9. d 551177 
1.4909902 
4.~047974 nl 

4.7676721 rn 

9.%71253 , . 
9.2307483 
189 47 40.69 

9.g936;'30 
4.7740491 

4- 16 
4.7740507 

I 

Nm.-For log *up to 4.62 and for A+ or Ah (or both) up to 10: omit dl terrm bsiow the heavy llM rxcept ,tb" prlntsd 
b havy trp or tho# undomeorad, If wlng logarithm to 6 decimal plnoa. 

FIG. M.-Inverse position computation, Form 662 

detailed explanation. It should be noted, however, that the quadrant 

2.502~966, 
-317.98 

0.00 , 
-3r7.p 
-;53.59 

: 2 38.99 
189 47 40.69 

189 45 01.70 

+ 5 17.98 

9 5D 19.68 

1W 

in which the angle a+ -- occurs depends upon the algebraic signs 

of the quantities sin (a + y )  and cos (a +:;)a I11 the following ex- 
( 3 
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ample the sine and cosine are both minus and therefore the angle is in 
the third quadrant. Log x is obtained in two wnys, first by subtracting 

log sin (a + $) from log 1 s1 sin (a + 2) and second by si1 btracting 

log cos (a + $) from log 1 s1 cos (a +?)}a 

Tuble 01 orc-sin correclions for I I Y ~ C  posilion conpuluticnr 

log Si 

4. 177 
4. 327 
4.415 
4.478 
4. 626 

4.606 
4. b99 
4, 828 
4.654 
4.677 

4.697 
4. 716 
4.134 
4. 750 
4. 766 

4.779 
4.792 
4.804 
4.821 
4. ab7 

4.876 
4.882 
4.916 
4.936 
&Ob6 

4.972 
4. 888 
6. 003 
5.017 
5.038 

5.051 
5. 082 
6.076 
6. owl 
6. 102 

6.114 
6.128 
6. 139 
6.161 
6.163 

6. 171 
6.183 
b. 183 
6. 20(5 
A 214 

Arc-sin 
correction 
in unlta of 

seventh 
decimal of 
logarithm8 

1 
2 
3 
4 
6 

6 
7 
8 
9 

10 

11 
12 
13 
14 
I6 

16 
17 
18 
20 
23 

28 
27 
90 
33 
36 

39 
42 
45 
48 
62 

60 
59 

67 
71 

76 
80 
84 
89 
94 

88 
103 
108 
114 
119 

e3 

1°K 44 
or 

lop 4 A  

2. 686 
2.836 
2.921 
2.9t47 
3.035 

3. 075 
3.108 
3. 137 
3. 103 
3.186 

3.206 
3.225 
3.243 
3. 269 
3.274 

3.288 

3. 313 
3.336 
3. 36% 

3.38b 
3.401 
3.424 
3.445 
3.464 

3.481 
3.497 
3.512 
3.526 
3.644 

3. 680 
3. b71 
3.585 
3. b99 
3.811 

3.623 
3.837 

.a. 048 

3.672 

3.681 
3.692 
8.702 

a. 301 

a. 600 

a. 714 
a. 72a 

lug 81 

5. 223 
5.234 
5.243 
5.253 
5.200 

5. 209 
5.279 

5.294 
5.303 

5. 311 
5.318 
5.326 
6.334 
5.341 

6.349 
5.358 
5.363 
5.309 
b. 370 

6.383 
5. 380 
5.396 
5. 403 
b. 409 

6.415 
5.422 
6.428 
5.434 
5.440 

5.446 
b. 461 
6.467 
6.462 
5.468 

1.473 
6. 479 
6.484 
6.489 
6.496 

6. 600 
b. 606 
6.510 
b. 616 
S. 630 

5.287 

Arc-Bin 
correction 
i n  uiiitn 01 

8 e V C l l t l l  
decimal of 
logarithms 

124 
130 
130 
1 42 
147 . 
153 
I00 
loti 
172 
179 

186 
1 Y2 
199 
200 
213 

221 
228 
230 
243 
2.51 

269 
287 
276 
285 
292 

300 
309 
318 
327 
330 

346 
354 
364 
373 
383 

392 
402 
412 
4a2 
43a 

443 
453 
484 
474 
438 

log A+ 
or 

lug Ah 

3. 732 
3.743 
3. 752 
3 782 
3. 709 

3.778 
3.78X 
3 .  790 
3. YO3 
3.812 

3.820 
3.827 
3.835 
3. 843 

3. 858 
3. 805 
3.872 
3. 878 
3. 885 

3. 892 
3.899 
3. 805 
3.912 
3.918 

3.924 
3.931 
3.837 
3.943 
3.949 

3.955 
3. 900 
3. 886 
3.971 
3.917 

3.982 

3.993 
3.998 
4. w 4  

coo9 
4.014 
4.019 
4. 024 
4.029 

3. n5o 

3.988 

106 81 

5.525 
5. 530 
5. 534 
5.539 
5. 643 

5. 548 
5.553 
5.557 
5. 561 
5. 500 

5. 570 
5.575 
5.579 
5.683 
6.587 

b. 691 
5.596 
5.000 
5.604 
5. 808 

5.812 
5. 610 
5.620 
6.824 
5.628 

6.832 
6. 096 
5.040 
6.644 
5.848 

b, 662 a 658 
6.800 
b. 683 

b. 671 
6. 674 
6. 678 

a 667 

Arc-sin 
correction 
iii iiiiits of 

sevelllll 
decimal of 
logarithms 

497 
sun 
519 
530 
541 

553 
565 
577 

600 
5ns 

013 
825 
037 
050 
663 

674 
6Q 
702 
716 
729 

743 
761 
771 
786 
800 

814 
829 
845 
861 
877 

893 
Bo9 
92b 
941 
857 

973 
889 
IOOb 

log A+ 
or 

log AA 

4. 034 
4.039 
4.043 

4.052 

4.057 
4. 082 
4..066 
4.070 
4.075 

4.079 
4.084 
4.088 
4.092 
4.098 

4. 100 
4. 104 
4. 109 
4. 113 
4.117 

4.121 
4.125 
4. 129 
4. 133 
4. 137 

4. 141 
4. 146 
4. 149 
4. 153 
4. 1117 

4. 161 
4. 185 
4. 189 
4. 172 
4. I16 

4.180 
4. 183 
4. 187 

4.048 

FIG. 87.--Arc-sine comdiom for inverse position wmputation, back of Form 882 

The values of a and log s determined by this inverse‘computation 
may be checked in the following manner. Starting with the azimuth, 
Peterson to Spencer, 9’ 50’ 19!’68, the logarithm of the length, 
Peterson to Spencer, 4.7740507, and the fixed latitude and longitude 
of Peterson, 44’ 30’ 38!’293 and 122O 58’ 05?537, the latibudo and 
longitude of Spencer are computed on Form 26. (See fig. 68.) 
The values thus obtained should check the fixed values of the latitude 
and longitude of Spencer within one in the last dace  of decimals. 

58853’--28- 14 
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to 
t a 

2. Peterson to 1. S2enaer 9 50 19.68 

- 5 17.58 

180 

1. Spenaer to 2. Peterson 189 45 02-70 

POSITION COMPUTATION, FIRST-ORDER TRIANGULATION 

0 I H 

First Anglo of Triangie 

e a  1 ;: I &J 581 05.5;; 1 
7 35.711 

00.7144 1. $?ewer 05 41.248 

+1a97.4929 

-A? +ia97. 5787 

U d  4U brm. 

-Position computation to check Inverse cnniyutation 

3.2191 1 
I 

8.0135 I 
I 

6.2020 

7.4936. 

7.976 

7.343 . 1 
I 

5.919 

2.6586899 

9.8437025 

-? 2.503970 

+317.979 ' 

LAPLACE AZIMUTHS 

A triangulation station a t  which both astronomic longitude and 
astronomic azimuth observations have been made is called a Laplace 
point, and the azimuth is called a Laplace azimuth. 

The geodetic determinations of latitude, longitude, and azimuth 
at a station are referred to the point on the celestial sphere defined 
by the normal to the Clarke spheroid at the station; while the astro- 
nomic determinations of latitude, longitude, and azimuth at the 
same etatiion are referred to the point on the celestial sphere defined 
by the plumb line a t  the station. These points of reference on the 
celestial sphere are called the geodetic and astronomic zeniths, re- 



BPECIAL PROBLEMS 205 
spectively. By a comparison of the astronomic and geodetic deter- 
minations of latitude, longitude, and azimuth a t  a station, i t  is 
possible to determine the deflection of the plumb line from the 
normal to the Clarke spheroid. This deflection of the vertical may 
be expressed by the angular distance between the geodetic and the 
astronomic zeniths and the azimuth of the line joining them, or by 
the components of the deflection along the meridian and the prime 
vertical. 

A t  each Laplace point the prime vertical component of the deflec- 
tion of the vertical should be the same, except for errors of observa- 
tion, whether derived from the observed longitude or from the 
observed azimuth. This relation may be expressed as follows: If 
t$Q is the geodetic latitude; XA and X, the astronomic and geodetic 
longitudes respectively; a, and cy0 the astronomic and geodetic 
azimuths, respectively, then 

cos t $ Q ( h - X Q ) =  -cot &(QA-%>, 

or ( c ~ A - % ) + ~ i n  & ( X A - X , ) = O ,  . 
or %=sin & ( X A - & ) + a h ,  

which is known as the Laplace equation, since it was first used by 
Laplace. (For full development of this equation see Spec. Pub. 
No. 110, pp. 90-91. ) 

The accuracy of all the data used in determining the true geodetic 
azimuth at  a Laplace point has been thoroughly considered in the 
various investigations of the figure of the earth and isostasy. It 
is shown from these investigations that the astronomic longitudes 
and the astronomic azimuths are each subject to probable errors 
which are, upon an average, not greater than f0!’50. The geodetic 
longitude anywhere in the United States is subject to a probable 
error of less than f 0!’50, due to all causes other than errors in geodetic 
azimuth. However, the geodetic azimuths as computed through 
the triangulation are subject to probable errors as great as f5.” 

It is clearly seen then that a t  each Laplace point all the quantities 
used in the formula for computing the true geodetic azimuth are 
known with a much higher degree of accuracy than the geodetic 
azimuth at that point is known. Therefore the true geodetic azimuth 
computed by the formula above is more reliable than the geodetic 
azimuth as computed through the triangulation, and consequently 
is the one held fixed in the adjustment of the triangulation. 

If there were no deflections of the vertical or station errors, as they 
are sometimes called, the determination of the correct relative posi- 
tions of different points on the surface of the earth would be a simple 
matter and could be done by astronomic observations alone. 

However, the relation between the difference of astronomic and 
geodetic longitude and the difference of astronomic and geodetic 
azimuth, as expressed by the Laplace equation, makes it possible to 
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correct for the deflection of the vertical and to determine the true 
geodetic azimuth a t  a Laplace station, and hence to obtain the 
accumulated error in the geodetic azimuth as carried through the 
triangulation. 

The method followed by the United States Coast and Geodetic 
Survey in determining the true geodetic azimuth is to establish 
Laplace stations; that is, make astronomic observations for both 
longitude and azimuth at  various stations along the continuous arcs 
of triangulation. Then at  each Laplace station the observed azimuth 
is corrected for the deflection of the vertical by means of the Laplace 
equation, and the true geodetic azimuth obtained. The true geo- 
detic azimuth is then held fixed in the adjustment of t f a  triangulation, 
and in each case the discrepancy between the true geodetic azimuth 
and the geodetic azimuth as carried through the triangulation is 
distributed by means of an azimuth equation. 

An example of the computation necessary to obtain tho true 
geodetic azimuth from the observed azimuth and longitude is shown 
below. The astronomic longitude of triangulation station Parkers- 
burg and the astronomic azimuth of the line Parkersburg to Denver 
have been determined by star observations, and the geodetic longitude 
of Parkersburg and the geodetic aziputh of the line Parkersburg to 
Denver have been computed through the triangulation. It is desired 
to obtain the true geodetic azimuth of the line Parkersburg to Denver, 
and hence determine the accumulated 'error developed in the geodetic 
azimuth as computed through the triangulation from the next pre- 
ceding Laplace azimuth. 

The observed astronomic azimuth of the line Parkersburg to Denver 
is 143' 16' 15'!55; the observed astronomic longitude of Parkersburg 
is 88' 01' 48130; the geodetic longitude (that computed through tho 
triangulation) of Parkersburg is 88' 01' 49!00; the geodetic latitude 
of Parkersburg is 38' 34' 51'!52; and the geodetic azimuth of the line 
Parkersburg to Denver is 143' 16' 15164. 

The computation necessary to obtain the true geodetic azimuth of 
the line Parkersburg to Denver can best be arranged RS follows: 

Astronomic longitude of Parkersburg, AA = 88 01 48.30 
Geodetic longitude of Parkersburg, Xa = 88 01 49.00 

-0 .70  

(See p. 62.) 

0 '  I f  

- 
- - XA--XO 

Sine of geodetic latitude of Parkersburg, sin = $0.624 

- 0 . 4 4  - - . sin +a @A- A d  
Astronomic azimuth, Parkersburg to Denver, ab = 143 16 15.55 

Laplace azimuth, Parkersburg to Denver, cyo  = 143 16 15 .11  
Geodetic azimuth, Parkersburg to Denver = 143 16 15.64 

-0 .53  - Correction to geodetic azimuth - 
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The true geodetic, or Laplace, azimuth of the line Parkersburg to 
Denver, 143’ 16’ 15‘!11, is the azimuth to be held in the adjustnient 
of the triangulation, and -0’!53 is the accumulated error developed 
in computing the azimuth through the triangulation, or the discrep- 
ancy which must be distributed through the triangulation by the 
azimuth equation in the least-squares adjustment. (See p. 63.) 

COMPUTATION OF LONG DISTANCES 

The formulas on Form 662 (see fig. 66) may be used in coniputing 
distances up to approximately 200 miles between points whose lati- 
tudes and longitudes are known. When it is necessary to compute 
distances much greater than this, such as distances between widely 
separated cities, the following method should be used. (See pp. 88 
and 89 of the Figure of the Earth and Isostasy from Measurements 
in the United States.) Let 4, A, and + I l  X’ be the latitudes and longi- 
tudes of the given stations. It is required to find the distance, s, 
in meters between the stations (6 being the arc distance) and the 
azimuth aF and the back azimuth as of the line joining the stations. 
Let, a=90°-+, c=90°-+’,z=3 ( a - c )  e* sin2 4 (a+c) ,  

tan 3 (A’-C’)=sin t ( U ’ - C ’ )  csc + ( U ’ + C ’ )  cot 3 B, 
tan 3 (A’+ C’) =cos 4 (a’- c’) sec 3 (a’+ c’) cot 3 B, 

a’=a-x, c’=c+x, B=X’-X, 

sin 6 = sin B sin u‘ csc A‘ = sin B sin c’ csc C’, 
itnd b = 6 

ThenaF=180’-C’, 
LYB = 180’ +A’ ,  

(2 
(3 

and s (in meters) = (6 in seconds) 

or s (in miles) = (0 in seconds) X 0.00062137 

I n  the formulas ntbove e is the eccentricity of the spheroid (log e2= 
7.83050), and A is a factor whose logarithm is tabulated for each 
minute of latitude in Special Publication No. 8. Log A should be 
taken out for the mean latitude of the two stations. 

I n  making the computation the work should be arranged in a 
convenient form as shown in the example below. Taking the latitude 
and longitude of Mexico City as 19’ 27‘ 29?0 and 99’ 08’ 37i0, 
respectively, and the latitude and longitude of Washington, D. C., 
as 38’ 53’ 23!’0 and 77’ 00’ 34!’0, respectively, the distance and 
azimuths between the two cities are computed 8s follows. 
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Sample computation of long distance 

0 I ’ I  

6 19 27 20. 0 
x 99 08 37.0 
+’ 38 53 23. 0 
A’ 77 00 34.0 
a=90°-+ 70 32 40. 0 
c= 900- +‘ . 51 06 37.0 
% (a+c)=%(af+c’) GO 49 38. 5 
?4 (a-4  9 43 01.5 
B-V-A -22 08 03. 0 
? 4 B  -11 04 01. 5 
4f; (a-c) in seconcls 34981. 5 
log % (a-c) in Reconds 

1- t+ 7.83050-10 

log z 2.25652 
5 18015 

a‘=a-x 70 29 39. 5 
c‘ = c +z, 51 09 37.5 

(a’-c’) 9 40 01. 0 
log sin % (a’-c’) 9.22510-10 
log CSC % (U’+C’) 
log cot 4i; B 

4. 54384 
log dn 2 (a+c) 9.88218-10 

e I I’ 

0. 05891 
0. 70864, 

log tan (A’-C’)  9. 99265,-10 
log COB % ( d - c ’ )  9. 99379-10 
log sec % (a’+c’) 
log cot 4f; B 

0. 31208 
0. 70864, 

94 (A’-C’)  
?4 (.4’+C’) 
A‘ 
C’ 
a== 180’ - C‘ 
UB = 180’ +A’ 
log sin B 
log sin a’ 
log csc A’ 

log sin 9 
log sin B 
log sin c’ 
log csc C‘ 

log sin B 

0 
8 (in seconds) 
log (0 in seconds) 
coIog A 

log 8 (in meters) 
log 0.00062137 

log 8 (in miles) 
8 (in meters) 
u (in miles) 

0 f I’ 

-44 30 56 
-84 28 33 
-128 59 28 
-39 57 38 
219 57 38 
51 00 32 
9. 57608,-10 
9. 97433-10 
0. 10944, 

9.65985-10 
9. 57608,-10 
9.89148-10 
0. 19229, 

9. 65985-10 
- 
e I 

27 11 21 
97881’’ 

4.99070 
1.49062 

6. 48132 
6. 79335-10 

3.27467 
3029146 
1882 2 

log tan % (A’+C’ )  1. 01451. 

SIDE EQUATION TEST 

Frequently in the adjustment of triangulation it is found that 
although the triangle closures in some particular quadrilateral are 
very small, the side equation for that quadrilateral has a large dis- 
crepancy. This indicates that one or more of the directions must 
be in error and that the small triangle closures may be due to errors 
that counterbalance eaeh other. By testing the quadrilateral by 
means of the side equation one is usually able to find the direction or 
directions which should be rejected in the adjustment. 

The side equation test should be made in the following manner: 
Add together the coefficients of the terms of the side equation, dis- 
regarding their signs. Divide the constant term of the equation by 
this sum. The result is the approximate average correction that 
must be applied to a direction to eliminate the discrepancy in the 
figure and should not be greater than Of4 for first-order work. 
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For the following example the quadrilateral used (fig. 69) is one 
taken from an arc of first-order triangulation executed in 1925, and 
it illustrates very clearly the value of the side equation test. 

The four triangles in this quadrilateral (see fig. 70) have closures 
of 0'105,0'115, 0'149, and 0'139, or an average of 0127, disregarding 
the signs. These small cloqures seemed to indicate accurate values 
for the angles. In  forming the side equation for the office compu- 
tation, however, it  was noticed that the constant term was very 
large in relation to the coefficients of the various terms. In  order to 
see just what corrections would be required to eliminate the dis- 
crepancy in the side equation, the quadrilateral was adjusted. (See 
p. 212.) It was found that the angles at  Anarchist between Gillespie 
and Spur and between Spur and Oroville required corrections of 
- 3!28 and + 3!37, respectively, and that the angles at Spur be- 
tween Anarchist and Gillespie and 
between Oroville and Anarchist 
required corrections of + 3'178 and 
- 3%1. This was sufficient proof 
that some of the angles in the 
quadrilateral were in error, since 
the small triangle closures did not 
justify such large corrections to 
the angles to eliminate the side 
discrepancy. Had the side equa- 
tion test been made in the field 
the error could have bean found 
and corrected. 

quadrilateral (see fig. 69) are at  
Spur between Oroville and Anarchist and between Anarchist and 
Gillespie, so in writing the side equation the pole should be taken at 
Anarchist, The constant term of the side equation is then 38.3, 
and the sum of the coefficients without regard to sign is 30.9. Di- 
viding 38.3 by 30.9 we obtain 1 !24, which is the approximate average 
correction that must be applied to a direction in order to eliminate 
the side equation discrepancy. This is entirdy too large considering 
that the average closure of the four triangles is only 0127, and that 
the maximum is only 0'149. 

Although the side equation test as made in this manner shows that 
some angle or angles must be in error, it does not show which ones 
are wrong. It is possible, however, to apply the test further by tak- 
ing the pole of the side equation at  some other vertex and bringing 
in some angles not used in the first test. If the side discrepancy is 
within the limit in this seoond test, then the angles used in it are 
probably correct and the error must be in some of the angles used 
in the first test, but not in the second test. 

AMfdlid 

The two in the Flu. 60 --puadrrlnteral used in side equation test 
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If necessary, the test may be further extended by using the third 
and fourth vertices as poles in forming other side equations. In  
most cases, however, especiaIIy if only one direction is in error, it 
can probably be located by the second test. 

COMPUTATION OF TRIANGLES 
D D A l T M C N T  W C O M Y U C K  

LSCmsTMYODmU.ll. Form ¶I) 

Stat.: ... -mala I....... -_ _....._______.......... 
"-".I..- 

NO. 8 t A T l O X l  OBIIRVVLD ANOLL 

2-3 Gillrs?le- Spur 

- 5 4  1 Oroville 77 58 50.51 

-1-11 2 Gillesple 54 50 54.68 

1-3 O~oville - s p  
-7e 3 sw 47 10 15.78 

1-2 Oroville - Glllespie 

00.97 

2-3 Glllesple - Spur 
-1+2 1 Anarchist 35 39 53.10 

-lor12 2 Glllespie 123 44 27.67 

-8+9 3 spur 20 55 40.14 
1-3 An~chlst - S ~ W  

1-2 herchist - Gllleaoie 
00.91 

2-3 GlLlesple - Ororllle 

- 1 4  1 Anarchist 64 31 19.43 
-11+122 Olllespie 68 53 32.99 

44 3 Oroville 46 35 08.71 
1 -3 Anarchlot - Oroville 
1-2 Anarchist - Gillcspio 

01.13 

2-3 Spw - Orovllle 

-2+3 1 AMrcMst 28 51 26.33 
-748 2 spur 26 34 35.64 
- 4 4  3 Oro-rille 124 33 59.22 

1-3 Anarchist - Orovllle 
1-2 Anarchist - S A W  

01.19 

-0.05 

-0.15 

-0.49 

-0.39 

0.92 

0.76 

0.M 

0.80 

FIG. 70.-Observed angles and closures for triangles used In side equation test 

In  exceptional cases the side equation tests will show that some 
angles are in error, but will not indicate which ones. The example 
given here is such a case. As shown above the first test with the 
pole at Anarchist gave an approximate average correction to a direc- 
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-74.9 
-4+5 
- I f 2  

tion of i::: = 1 r24. The second test with the pole a t  Gillespie gave 

an approximate average correction of KO = 1152, the third with the 

pole a t  Spur, a correction of ::::= 1110, and the fourth with the pole 

a t  Oroville, a correction of 20.6 = 1148. I n  this example, therefore, 

all four tests show large average corrections to the directions, indi- 
cating that some of the angles are in error, but they do not disclose 
tho erroneous angles. 

It happens that this quadrilateral appears in an arc of triangulation 
through which a length equation was carried. It was found that if 
the length was carried through the triangles, Oroville-Gillespie- 
Spur and Anarchist-Gillespie-Oroville, the discrepancy in length was 
1 part in 400,000, but if the length equation was carried through the 
triangles Anarchist-Gillespie-Spur and Oroville-Anarchist-Spur, the 
discrepancy was 1 part in 13,000. This test indicated that the line 
Anarchist-Spur was probably in error, and by about the same 
amount a t  both ends. Either direction 2 (at Anarchist) or direc- 
tion 8 .  (at  Spur) appears in all four side equations and consequently 
all four equations have large discrepancies. 

This example, however, is an exceptional case as both ends of a 
line are seldom in error by approximately the same amount. Ordi- 
narily the side equation test will indicate which angles are in error. 

33.4 

30.4 

Side equation with pole at Anarchist 

0 , t, 

47 10 15.78 
46 35 0K.71 
35 38 53.10 

-10+12 123 44 27.fl7 8.8188919 -1.41 -84-9 

-4+6 46 35 011.71 Y.MJK11781 + l .W -1 l f l2  
-?+a m 34 35.64 u.0508806 $4.21 - 4 + ~  

9.4317695 

8.8863329 
9.8811781 
9.7068995 

9.4622105 

20 35 40.14 ' 8.5462760 
124 38 W.22 I Y.9156471 1 ?kg 
CS 53 .32.YY Y.WIY(wB1 i +.81 

+Le5 - 5 f n  
+1.W -1+3 
f2Y4 -8f9 

O =  +38.3-3.44(4) + 1.99(5) + 1.45(G) -4.21(7) +9.81(8) -5.60(9) + 1.41 
(10)+0.81 (11)-2.22 (12) 

0 , ,, 
77 58 50.51 
64 31 19.43 
20 35 40.14 

Side equation with pole at nilleepie 

9.9003738 
9.8.555079 
8.5462760 

8.4931771 

+o. 45 
+1.W 
+5. fa 

O =  +33.4-1.94(1) +2.94(2)-1.00(3) -1.99(4) +2.44(5) -0.45(6) -1.95 
(7) +5.60(8) -3.65(9) 

--= 33'4 1152 
22.0 



2 12 

- 4 H  
-1+2 

-10+11 

0 , ’# 

1% 33 59.29 Q . S I W ~ ~  -1.45 -z+3 
35 39 63.10 9.7BM1885 4-2.94 -10+12 
54 50 54.68 0.9125583 +1.48 -5+8 

I 9.5(aw)r19 

U. S .  COAElT AND GEODETIC SURVEY 

0 / I ,  

za 51 2e.u Q.WIW +3.m 
123 44 27.87 9.9lggt)l9 -1.41 
77 58 50.51 9 . W 7 3 2  +.46 

9.5838794 

o= +25.5-2.94(i)+(i.7~(2)-3.a2(3)+1.45(4)+0.45(5) - I . Q O ( G ) - ~ . ~ Q  
(10)+1.48(11)+1.41(12) 

Side equation with pole at Oroville 

-14-3 
-10+11 

- i + R  

+O. 81 
+l. 95 
+3.82 

Anarehi 

FIG. 7l.-Quadrilateral used in side equation 
bat with directions renr11ri1)eretl for office 
cornputat ion 

The following adjustment of the quadrilateral shows what large 
corrections are required to make i t  consistent if all observed direc- 
tions are used. The numbers on the directions are those used in 
the office adjustment of the arc. 

Angle equations 

1. O= +O. 05- (207) + (208) - (210) + (212) - (219) 4- (220) 
2. 
3. 

O =  +O. 39- (210) + (a l l )  - (216) + (217) - (218) + (220) 
O =  +O. 49- (208) -I- (209) - (215) + (217) - (218) +(219) 
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P O I r n  SJ 
u I COLST U D  a w l (  lY lYL .  COMPUTATION OF TRIANGLES 

-207+208 
-2J0+211 
-2i8+219 
-z15+z1a 

State: .E+rhiwttaa ___._.____ ._ ... ........ ~ _ _ _ _ _ _ _ _ _  

-~ - 

- 

0 I ,, 
M 50 M 68 9.91255829 + I  48 1 1  -2lI)+22o 
26 34 36 64 9.6MIW'dU +4.2l -2lfH-217 
40 36 08.71 U MI117810 + I  W ' -208+209 
35 30 53 10 9 76mw46 +2 Ll4 ~ -211+212 

G iiiii-1 1 
- - - __  - _ _  

-,-1m...- 

NO. STATIOSS OBSERVED ANOLE 

2-3 Gi l l e sg ie  - s p u r  

-207+2€@ Oil leepie  54 50 54.68 

-2 lOt2 l3  s w  47 i o  15.78 

219+2x)1 Oroville 77 58 50.51 

1 -3 Orovil le  - Spur 
1-2 Orovil le  - Gillespie 

2-3 Gillespie  - Spur 
-2l5+216' Anarchist 35 39 53.10 

-207+2092 Oillespie  123 44 27.67 

-211+2l$ spur x) 35 40.14 

1-3 Anarchist - spur 
1-2 Anarchist - Oilleapie  

\ 
2-3 Oilleepie  - Orovillo 

-Zl5+Zl71 Anarchist 64 31 19.43 
-208+2Q92 Cl l l e sp ie  68 53 32.99 

-Zl8+2l93 Oroville 46 35 08.71 

1-3 Anarchist - Orovil le  

1-2 ba rch i s t  - Ci l l e sp ie  

4.3d7246.1 

+0.:4 31.45 0.31 51.14 0.0096264 
-1.26 53.42 0.31 53.11 9.9125560 

4.27 16.05 0.30 15.75 9.3653323 
-0.05 0.92 4.3')94288 

4.2622066 

4.3d734M 
-3.a849.92 0.25 49.57 0.P43109 

-0.6527.02 0.25 26.77 9.9193531 

+3.7843.92 0.26 43.66 9.5462557 
-0.15 0.76 4.5414504 

4 . m a i 3 0  

4.2622056 

t0.0919.52 0.21 19.31 0.0444321 
tO.6133.60 0.21 33.39 9.969aa4 

-3.1907.53 0.a  07.30 9.8611753 

-0.49 0.64 4.2764761 

4.167ai30 

2-3 Spur - Orovllls 

-21?16+Zl7' Anarchi st 28 51 26.33 

-2lo+Zll2 spur 26 34 35.64 

-n8+~zd Oror i l l e  124 33 59.22 

1-2 Anarchist - spur 

1-3 dnarchist - Orovil le  

4.3094288 

4.37a8.70 0.n a.43 0.3163738 
-3.5133.~ 0.27 31.86 9.6506736 

-0.2558.97 0.26 58.71 9.9156479 

-0.39 0.80 4.2764762 

4.5414504 

FIG. 72.-Triangle computation for quadrilateral used in side equation test 
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$1 

-1  

+ I  

...... 

...... 

- 

__ 
207 
208 
209 
210 
211 

212 
216 
216 
217 
218 

219 
220 
- 

.............. 

....... - I  
............. + I  

- I  ....... 
+ I  ....... 

.............. 
............. - I  - 1 ....... 

U. 5. COAST AND GEODETIC SURVEY 

1 +: ___._. 
...... 

Correlate equations 

+; 

+O. 636 
--.022 
--.014 
+LO81 
-2.435 

-1.48 
+2.2e 
-. ni 
-4.21 
+e. 81 
-5.  Fo 
-2.94 
+6.76 
-3.82 
-1.99 

+o. fd 
-.62 
-.01 

f1.08 
-2.43 

--: 1 ....... 1 +I  I +2.44 
+1 ....... - , 45  

-2.48 
+2.m +. 19 
-6. 21 

+IO. 81 

-4. rfi 
-3. 94 
+6.76 
- I .  82 
-3. cn, 

+2.44 
+ I .  55 

Adopted 
! I  
I -- 

+ I .  3.54 +1.35 
$1.067 +1.06 
-2.221 -2.22 
+ I .  1M +I.l5 
+.478 1 +.48 

-. 707 -.71 
+ . T !  1 +.23 

Normal equations 

-2 -0.51 +0.05 +5. ,54 -0.21988 
4-15.37 +. 32108 I “+“:E 1 $::: +6.94 I --.24124 1 

-!-233.48w +63.72 +NI. loO(i -_ 28102 
_ _  ............ ____ . . . . . . . . .  

RECTANGULAR COORDINATES 

The results of the triangulation computed by the United States 
Coast and Geodetic Survey are always given in geographic coordi- 
nates, since the triangulation usually covers a large arm, and must  
necessarily be computed by means of geographic coordinates (lati- 
tudes and longitudes) on account of the curvature of the earth. 

For the survey of a relatively small area, such as a city or small 
county, it is much more convenient to use plane coordinates, since 
the computations are simpler. If in the small area being surveyed, 
however, there are triangulation stations, these should be used to 
control the local survey and to connect i t  to the triangulation of the 
country. 

In order to make its results of value to city and county surveyors 
using plane coordinates the United States Coast and Geodetic Survey 
has issued Special Publication No. 71, entitled “Relation between 
plane rectangular coordinates and geographic positions,” in which 
tables are given that make the computations for transforming 
geographic to plane rectangular coordinates or vice versa very 
simple. This publication can be purchased from the Superintendent 
of Documents, Washington, D. C., for 10 cents, 



CHAPTER 7.-GENERAL RULES AND SUGGESTIONS 

All computations can be made much more rapidly and can be 
checked more easily if the work is arranged in a systematic manner. 
This bureau has printed forms for nearly all triangulation computa- 
tions and these should be used whenever possible, as they expedite 
the work and lessen considerably the chances for errors. 

The msthernatician should bear in mind that accuracy is desired 
uho‘ve everything else. Of course speed is desired also, but accuracy 
should not be sacrificed to it. Nothing is gaiiied if a piece of work is 
done in an unusually short time, if as a consequence it afterwards 
needs considerable revision. 

For a great many computations no fixed rules can be laid down, but 
the proper procedure depends upon the judgment of the mathema- 
tician doing the work. For instance, i t  is impossible to specify the 
number of decimal places to be used for the numbers and logarithms 
in all the various computations. This depends upon the particular 
piece of .work being computed. 

All work should be done neatly and all figures should be written 
carefully arid legibly. Do not write one figure over another. Either 
erase entirely the one which is superseded, or draw a line through it  
and write the correct figure above it. 

Every computntion, unless self-checking, should be checked by a 
mathematician other than the one who made the original computation. 
The mathematician who does the checking should first make his 
changes in pencil, and then he and the mathematician making the 
original computation should agree on the proper values before the 
final corrections we made in ink. 

An inexperienced mathematician should feel free a t  all times to 
consult the man under whom he is working or, in an emergency, 
any of the more experienced mathematicians in regard to the work. 
I t  is well to make sure you are right before carrying a computation 
too far. This consultation suggestion should not be abused, however. 
Beginners should proceed upon their own initiative in the work 
assigned them, unless there is doubt as to the proper method. Knowl- 
edge obtained by study and hard work is much more easily retained. 

In  all triangulation computations meters are used, but the final 
results are converted to feet, and both meters and feet are published. 

In  an sdjustment of a large net of triangulation the selection of 
the equations, as well as the formation, should be checked before the 
work is carried ahead, as often an “identical” equation (seep. 181) will 

215 
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riot become apparent until the forward solution of the normals is 
made, and considerable recomputation will then be required to sub- 
stitute the proper equation. 

Intersection stations, that is, unoccupied points, unless they are 
main scheme stations, should be adjusted by using only the three 
lines which give the strongest angles a t  the vertex. 

The mathematician making the first check of a list of geographic 
positions should also check the angles in the triangles for all “no- 
check ” points. 

I n  those adjustments in which the logarithnw of certain lengths 
each appear in only one triangle these logarithms should be carefully 
checked before the list is made out. 

The mathematician making out a list of geographic positions ttnd 
the one doing the checking should scan it carefully for errors that may 
easily bc discovered by inspection. For example, it is easy to see 
whether the azimuth and back azimuth differ by approximately 180’ 
as they should, or whether the number of figures in a length corre- 
spond to the characteristic of the logarithm from which i t  is taken. 

All final lists of geographic positions should be checked by two 
mathematicians, who should put their initials a t  the bottom of each 
sheet. As soon as a list has been properly checked, a photostat copy 
of it should be obtained for the files of the division of geodesy. If 
the triangulation is along the coast another photostat copy of the list 
should be obtained for the files of the division of charts. 

Pages of geographic positions and cards of descriptions of the sttt- 
tions should not be taken out of the files of the division of geodesy 
without leaving a memorandum of such withdrawals with the mathe- 
matician in charge of the files. 

I n  the adjustment of a central point figure where there is more 
than one side equation, one of these equations should be written 
with the pole a t  the center and carried completely around the figure. 

I n  an adjustment having several side equations, if the closure for 
one is large the directions used in that equation should be investi- 
gated. If the closure can be improved considerably by omitting a 
certain direction that should be done. 

Whenever a field computation of triangles is available i t  is not 
necessary to make a preliminary office computation of triangles, but 
the logarithms of lengths from the field computation can be used to 
compute the spherical excess. 

I n  the adjustment of triangulation by the angle method the azi- 
muth equation should always be formed by using the c or azimuth 
angles, as then the azimuth equation will not ordinarily involve the 
same v’g as the length equation, and the solution of the normal 
equations will be simplified. 
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In using the Shortrede logarithmic tables, the tables of propor- 
tional parts a t  the right of each page and the tabular difference for 
one second at  the bottom of each minute column should be used 
except for very small angles. For small angles, where the tabular 
difference for one second is changing rapidly, the difference should 
be taken out for the particular second used. 

In  forming the correlate equations, the coefficients of some of the 
equations should, in some cases, be divided by 5, 10, or 100 to make 
them of approximately the same size as those in the other equations. 
This makes it possible to obtain a given accuracy with a smaller num- 
ber of decimal places in the solution of the normal equat,ions. 

In the computation of a geodetic position for which the signs of 
the Ah’s as computed over the two lines arc the same, and the two 
values are approximately the same size, the resulting values of X 
may check and yet the computation be wrong. This is due to the 
fact that the values of A’ and sec cp’ are the same for both lines used 
in the computation, and if there is an error in either of these terms, 
i t  will affect both Ah’s by about the same amount. The error will 
not be apparent until this position is used in computing some other 
position for which the longitude will necessarily fail to check. 

In the computation of a geodetic position all signs, whether plus 
or minus, should be indicated for all the terms. This saves much 
time and avoids confusion. 

Eternal (true black carbon) ink should be used for making out all 
lists of geographic positions since this permits much better photostat 
copies to be made. 

The last mathematician to leave a room, in which there are com- 
puting machines, a t  the end of a day should see that all the machines 
are covered. This prevents dust from entering and injuring the 
delicate parts of thc machine. 

In  making out lists of geographic positions, the mathematician 
should always insert a t  the top of each sheet, in the blanks provided, 
the locality and State in which the triangulation is located, and also 
the datum on which the work is computed. This will avoid con- 
fusion if the sheet should become misplaced from the files or computa- 
tion cahier. 

Before starting the adjustment of a net of triangulation, the mathe- 
matician should find out just how the net is connected in position, 
length or azimuth to previously adjusted triangulation. If any of 
the points or lines of the new net are identical with points or lines of 
previously adjusted triangulation, they should be held fixed in the 
new adjustment, in order that the new triangulation may be made 
consistent with the existing fixed triangulation. Occasionally, how- 
ever, a station already adjusted may be allowed to take a new posi- 
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tion, if the old data on which its position was based are not con- 
sidered very accurate or reliable. The final decision in a matter of 
this kind should rest with the more experienced judgment of the older 
mathematicians. 

In many of the operations in the computation of triangulation 
more decimal places are used in the course of the computation than 
are necessary when the final values are reached. In  dropping the 
extra decimal places no question arises if the figures dropped represent 
either more or less than one-half a unit of the last decimal place 
retained, for if they are less the last figure retained remains unchanged 
and if more it is increased one. For example, if the two numbers 
0.2273 and 0.3366 are rounded off to three decimal places, then the 
adopted numbers should be 0.227 and 0.337, respectively. 

When the figures in the dropped decimal places, however, represent 
exactly one-half a unit of the last decimal place retained, then the 
number adopted may have two values both of which are equally 
correct. In  order to avoid confusion the United States Coast and 
Geodetic Survey has arbitrarily adopted ,the plan of using the nearest 
even figure for the last decimal place retained. For example, in 
rounding off to three decimal places, the numbers 0.4215 and 0.6245, 
the adopted numbers should be 0.422 and 0.624, respectively. 



CHAPTER &-CONSTANTS, FORMULAS, AND TABLES 
CONSTANTS AND FORMULAS 

Dimensions of the earth according to Clarke’s spheroid of reference 
(1866) : 

Equatorial radius, a, = 6378206.4 meters - 

Polar semi-axis, b ,  = 635658318 meters 

i: 

log a = 6.80469857 

lop: b = 6.80322378 - 
a2 - b’ Eccentricity, e, 

e’ = 0.006768658, 
log e2 = 7.83050257 - 10 

Base of Naperian logarithms, e, =2.71828183 
log e = 0.43429448 

Modulus of common logarithms, M, = 0.43429448 
log M ~9.63778431- 10 

?r = 3.141 59265 
log ?r = 0.49714987 

log sin 1” = 4.68557487 - 10 
log tan 1” =4.68557487- 10 
1 kilometer = 0.621370 statute mile = 0.539593 nautical s i l e .  , 
1 meter = 0.000621370 statute mile = 0.000539593 nautical mile. 
1 statute mile = 1609.35 meters = 1.60935 kilometers. 
1 nautical mile = 1853.25 meters= 1.85325 kilometers. 
1 nautical mile= 1.151553 statufe miles. 
1 statute mile = 0.868393 nautical mile. 
1 meter = 39.37 inches (law of July 28, 1886). 
1 meter = 3.28083333 feet. 

1 foot =0.30480061 meter. 

Probable error of an observation, r -0.6745 

log. 3.28083333 =0.51598417. 

log. 0.30480061 ~9.48401583 - 10. 

r Bep Probable error of result, r, = - J6-0*6745 - 

Probable errof of an observation of unit weight, pl -0.6745 d T  d m  
n-1 

Probableerrorof anobservationof weightpl, r1 = $= 0.6745&- xuu’ 
n-1) 

Probableerrorof anobserved direction,d = 0.6745;/%whereZd = sum 
- 

of squares of corrections to directions, and C ie the number of 
conditions. 

Mean error of an angle, Q! = g 
where ZA2 is the sum of the squares of the dosing errors of the 
triangles, and n is the number of triangles. 

68863°-28--16 219 
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0 . . . . . . . . . . . . . . . . . . . .  
5 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
10 ._._____ ~ _ _ _ _ _ _ _ _ _ _  
15 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
m _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

Logarithms of radii of curvature of the earth's surface ( in meters) 
[Based upon Clarke's spheroid of 1888 as expressed in meters]. 

. __ _ ~ _ _  ~ ~ 

I 

6.80175 
177 
184 
195 
209 

Azimuth (degrees) 
'S 
- 

80 

8.80204 
206 
213 
a23 
236 
254 
273 
295 
318 
342 

a80208 
210 
217 
227 
240 
a57 
276 
298 
321 
344 

&Born 
224 
230 
239 
252 
2439 
257 
3oa 
a30 
ab3 

6.80226 6.80232 
238 234 
234 239 w 249 
2b7 262 
273 n7 
292 298 
312 316 
334 a38 
357 360 

Latitude 

17 Azimuth (degrees) - 
80 
- 
6.80183 

186 
192 
203 
217 
235 
256 
278 
303 
328 
353 
377 
400 
421 
439 
463 
464 
470 
473 - - 

- 
40 
- 
3.80177 

179 
186 
197 
211 
228 
260 
213 
298 
324 
349 
374 
397 
418 
436 
45 1 
462 
468 
471 

__ - 

- 
50 

5.80178 
180 
187 
198 
212 
230 
251 
214 
299 
324 
360 
374 
398 
418 
437 
451 
462 
469 
471 

- 

- - 

- 
6' 
- 
5.80180 

182 
188 
199 
214 
232 
252 
276 
300 
325 
361 
376 
398 
419 
437 
452 
463 
469 
472 

___ - 

__ 
70 
- 
6.80181 

184 
190 
201 
215 
233 
254 
277 
301 
326 
352 
376 
399 
420 
438 
462 
463 
470 
472 - - 

10 

5. 80175 
177 
184 
195 
209 
228 
249 
272 
297 
322 
348 
373 
396 
417 
435 
460 
461 
488 
470 - - 

5.80175 
178 
184 
195 
210 
228 
249 
272 
297 
322 
348 
373 
396 
417 
436 
450 
461 
468 
470 

__ - 

3 80176 
178 
186 
196 
210 
!&?a 
250 
213 
297 
323 
348 
373 
396 
418 
436 
450 
461 

% 
__ - 

296 
322 
348 
373 
396 
417 
436 

Latitude - 
13' 14' I 16' I 16' 90 100 110 120 

5.80188 
188 
194 
205 
219 
237 
257 
280 
304 
329 
364 
379 
401 
422 
440 
454 
466 
471 
474 - 

.__ 

5.80188 
190 
197 
207 
222 
239 
zso 
282 
306 
331 
356 aao 
403 
423 
441 
455 
466 
472 
474 - - 

3.80181 
193 
200 
210 
2% 
2-42 
262 

308 
333 
368 
382 
404 
424 
442 
466 
467 
473 
47 5 

284 

___ - 

B. 80194 
196 
202 
213 
227 
244 
264 
287 
310 
335 
359 
383 
406 
426 
443 
467 
460 
474 
476 

Latitude 

- __ 

5.80197 
199 
206 

. 216 
230 
247 
267 
289 
313 
337 
361 
385 
4w 
421 
444 
458 
469 
415 
477 

__ - 

6.80201 
203 
208 
219 
233 
250 
210 
292 
315 
339 

17' 190 

9.80213 
216 
221 
231 
244 
2431 
'2% 
301 
324 
347 
371 
M 
416 
434 
461 
464 
474 
483 &a - 

b W 7  
219 aaa 
M6 
248 
206 
284 
305 
327 

-380 
373 

417 
436 
4ba 
4 6  
476 
481 
481 

390 

- 

6.80237 
239 
244 
251 
266 
282 
300 

341 
364 
386 
4w 
427 
446 
461 
473 
483 
489 
480 

320 

- 

1. 80243 
244 
250 
259 
271 
287 
306 
324 
345 
367 
888 
410 
430 
448 
463 
476 
485 
4Ml 
492 

iBouB 
250 
B b  
M 
277 
282 
309 
329 
350 
371 
392 
413 
432 
450 
486 
478 
487 

494 
Ma 

382 
404 
rlu 
443 
469 



CONSTANTS, FORMULAS, A N D  TABLES 22 1 
Logarithms of radii of curvatwe of the earth's surface (in meters)-Continued 

Azimuth (degrees) __ ! Latitude 
- 
320 

-- 
R. 80289 

300 
305 
313 
324 
337 
352 
369 
388 
405 
423 
441 
4.58 
473 
488 
497 
506 
510 
511 
- - 

__ 
31' 

___ 
6. 80282 

29'4 
298 
306 
317 
331 
346 
363 
382 
400 
419 
437 
455 
470 
4234 

502 
507 
509 

494 

~ __ 

26' 280 280 30" 
~ 

6.80285 
287 
292 
300 
31 1 
325 
340 
358 
377 
396 
416 
434 
461 
467 
481 
492 
600 
505 
507 
- - 

6.80248 
250 
235 
264 
277 
282 
309 
328 
360 
371 

3 
432 
450 
456 
479 
497 
482 
494 

6.80254 
258 
281 
270 
282 
297 
3 14 
333 
364 
376 

416 
435 
453 
488 
480 
489 

496 

3 m  

494 

_(__ - 

5.80280 
262 
267 
276 
288 
302 
319 
338 
358 
379 
399 m 
438 
455 
470 
482 
491 
488 
498 

~ - 

6.80288 
288 
273 
282 
283 
308 
324 
343 
362 
383 
403 
423 
442 
458 
473 
484 
493 
498 
600 
- - 

6.80212 
274 
279 
288 
298 
313 
330 
348 
367 
387 
4u7 
426 
445 
461 
475 
487 
496 
501 
602 
- - 

6.80279 
280 
285 
294 
305 
319 
336 
353 
372 
391 
411 
430 
448 
464 
478 
480 
488 
503 
504 

-_. - 
Latitude 

huimuth (degrees) 

320 1 33' I 34' 1 35' I 36' 1 3 7  I 38' I 39' 4 P  

I Latitude 
Azimuth (degrees) - 1" -- 

46' 

- 
41' - 

6.80306 
386 
370 
376 
886 
396 
407 
434 
449 
464 

491 
WB 

' 614 
5% 
628 
632 
688 

4m 

479 

- 
42' 
- 
6.80373 

374 
378 
384 
392 
402 

428 
440 
454 
488 
482 
496 
507 
617 
525 
531 
634 
636 

4ia 

- 
430 

B.sOSBO 
382 
3 1  
391 

408 

432 
446 
451) 
47a 
486 
499 
6lil 
&M 
528 
634 
537 
&a8 

- 

am 
420 

- 
440 

6.80988 
388 
388 
398 
406 
41 6 
428 
438 
451 
464 
478 
490 
602 
514 
6a3 
b31 
636 
5443 

- 

mi 

- 
450 

6.80388 
397 
400 
408 
413 
4% 
433 
444 
457 
470 
482 
49.5 
WB 
517 

634 
539 
642 
544 

- 

525 

470 4ao 

6 . W  
404 
408 
413 
420 
42Q 
430 
460 
462 
475 
487 
499 
510 
520 
5% 
636 
542 
645 
MB - 

6. 80411 
412 
415 
420 
427 
436 
446 
4.58 
4tlE 
480 
492 
m 
514 
624 
532 
639 
644 
548 
549 - 

6.80419 

423 
428 
434 
442 

402 
474 
485 

508 
518 
629 
636 
642 
647 
5b0 
551 

420 

45a 

4 m  

- 

6.80357 
369 
363 
369 
370 
388 
401 
414 
429 
444 
469 
414 
487 
600 
510 
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0 ____.___.___....____ 
6.- ..__._____........ 
10. .. .-._.__ ~ _ _ ^ _ . _ _ _  

15 .....-. ~ ._...__..._. 
20 .-...- ~ ._..__.___._ 

25 ..._____.__._..____ 

35 
40-.- _..___...._.__.. 
45 .._._____.___..._.. 

50 ...__.._._._______. 
55 ......____...__.___ 
00 .........._.__...___ 
05. ~ ...__.._.__._..__ 
70 _.__..._.____...... 

75 _..._____.____...._ 
80 -.......-........-- 
85 _._..__....____.... 
w) .....___...__..._.. 

_ _ _ . _ _ ~ ~ _ _ _ _ ~  

Logarithms of rudiL of curvature of the earth's surface (zn meters)-Continued 
- ~ _ _ _ _ _ _ ~ _ _ _ _ _ _ _ _  __ ~~- - - -~~ - -- 

6.80419 
420 
423 
428 
434 
442 
452 
462 
474 
4x5 
4(J6 
508 
518 
528 
536 
M 2  
547 
5.50 
5R1 

_____~ 

6.RO48A 
486 
4811 
492 
496 
501 
908 
515 
522 
530 

6.80493 
493 
495 
498 
502 
508 
514 
520 
527 
534 

0 ___._________._._.._ 
6 ._.-_.__..__..._._._ 
10 _ - - -  .* __..____._.. 
15 ___.___..__._______ 
m.... ._____ ~ ..--.-.. 

6.80532 6.80538 6.80544 
532 638 544 
5& 510 645 
536 542 647 
539 644 Ei50 

6. 806W 
550 
551 
553 
65.5 
568 
661 
564 
588 
672 

6.80555 6.80680 
555 661 
556 562 
558 563 
560 66.5 
562 be7 
665 570 
569 573 
572 576 
576 579 

6.80566 
566 
566 
568 
570 
572 
574 
577 
580 
€83 
686 
589 
591 

696 
598 

6.806W 
6.80800 

594 

6.80570 6.80676 
570 576 
671 576 
572 677 
574 578 
676 680 
578 582 
581 684 
583 587 
586 589 
589 592 
591 694 
594 696 

e. 80698 &Bo800 
6.8Mx)o 601 

601 Boa 
601 603 

6 0 0 6 0 2 6 0 3  

5911 6.80508 

Azimuth (degrces) ~ - I 48" 

7,atatitude 
~ 

560 
__ 
5.80478 

479 
481 
485 
489 
496 
502 
W9 
517 
525 
,533 
.541 
548 
555 
560 
566 
568 
570 
571 

- - 

__ 
52O 51° 530 540 

- 

3.80464 
46.5 
467 
471 
476 
482 
400 
49x 
M)8 
616 
524 
<533 
,541 
548 
554 
559 
503 
566 
566 

___ ___ 

550 

9. eC426 
428 
430 
435 
441 
449 
458 
468 
479 
4(N 
501 
512 
522 
5.3 1 
539 
545 
5M) 
55.z 
554 

-___ -___ 

6.80484 
435 
438 
442 
448 
456 
465 
474 
486 
495 
506 
516 
526 
534 
542 
648 
553 
55f5 
556 

_ _  -~ 

I. 80449 
4\50 
453 
457 
462 
469 
477 
486 
4% 
505 
515 
524 
533 
541 
548 
554 
558 
TAM 
661 

__ 

I. 80457 
458 
480 
464 
48Y 
476 
484 
492 
,501 
510 
520 
5% 
537 
R45 
55 I 
557 
561 
563 
564 

-. . .~ 

9.80471 
472 
474 
478 
483 
489 
496 
503 
512 

528 
M 7  
544 
551 
557 
562 
566 
568 
509 

520 

.~ 

6.80442 
443 
445 
4.w 
455 
463 
471 
480 
490 
500 
510 
520 
530 

545 
551 
555 
658 
559 

538 

__ 

Azimuth (degrees) - i 560 

Latitude 
-_ 
60" 610 
- 
3.80513 

514 
515 
518 
521 
526 
,530 
536 
542 
548 
554 
500 
565 
570 
574 
578 
580 
582 
583 

-- 
~~ 

62" 
___ -- I Mo --I- 

I .  80m 
5M) 
502 
505 
509 
514 
519 
525 
532 
539 
548 
552 
558 
564 
560 
573 
576 
578 
578 
- 
~ 

1. 805oA: 
507 
509 
61 I 
615 
520 
525 
531 
537 
543 
550 
556 
562 
567 
572 
575 
578 
580 
580 

~ ~- 

R. 80520 
520 
532 
524 
527 

A. 80526 6.80532 
526 1 532 
528 534 
530 536 
E33 1 539 

552 

573 
577 
580 
583 
584 
585 

__ __ 

685 

Latitude 
Azimuth (degrees) 1 64O 1 65' I M0 

_____- 

553 
556 aeo 
564 
668 
673 ',. 77 
6bl 
584 
587 

560 
564 
669 
674 
678 
682 
58.5 

579 
683 
688 
589 
682 

583 
686 
589 
692 
594 

680 



- - 
Feet 
- 

0 
1 
2 
3 
4 

5 
6 

9 

10 
1 
2 
3 
4 

5 
6 
7 
8 
9 

20 
1 
2 
3 
4 

5 
6 
7 
8 
9 

30 
1 
2 
3 
4 

5 
6 
9 

9 

40 
1 
2 
E 
1 

t 
1 
1 
! 

i 

a 

I 

Mntnm -- 
45.72009 
48.02489 
40.32969 

CONVERSION TABLES 

Zength-Teef lo mrtcrrs (from 1 to MOO ud) 
IRrrliirtion fartor: 1 foot-0.3048OOG096 mrterl 

Feat 

200 
1 
2 

0.0 

0.91440 
1.21920 

0.30480 
n. 0onrx1 

1.62400 
1. m x o  
2.43840 

3.04801 

2.13360 

2.74321 

3.35281 
3.057(il 
3.96241 
4.2G721 

4.87031 
6.18161 
6.48641 
6.79121 

8.09601 
8.40081 
6.70561 
7.01041 
7.31521 

7.62002 
7.92482 
8.22962 
8.33442 
8.83922 

0.14402 
9.44882 
9.75302 

10.36322 

10.66802 
10.97282 
11.27762 
11.58242 
11.85723 

12.19202 
12.49682 
12.80163 
13.10043 
13.41123 

13.71603 
14.020x3 
14.325&3 
14.63049 
14. Q3623 

rl.57201 

io. 05842 

40.63149 
46.93929 1 

50 
1 
2 
3 
4 

5 
6 
7 
8 
9 

60 
I 
2 
3 
4 

5 
6 
7 
8 
9 

70 
1 
2 
3 
4 

5 
6 
l 

9 

8C 
1 

a 

: 
i 
I: 

t 
'i z s 

9( 
1 
i 

4 

! 
i 
I 

3 
4 

-- Mrtors ll Foot 
30.48006 
30.78480 

31.39446 
31.6W26 

32.00406 
32.30RV3 
32.01387 
32 91h47 
33.22327 

ai.nxo6o 

150 
1 

3 
4 

5 
6 
7 
8 
9 

2 

Metors I/ Feet 

15.24003 
15.544SR 
15.8481iR 
Ili.154G 
16.459'23 

16.76403 

17.37XO 
17.67844 
17.96324 

lR.2R804 
i x . 5 9 2 ~  
LR.R97G4 
1 9 . 2 0 2 ~  
19.50724 

19.81204 
2n.lltiX-4 
20.42164 
20.72041 
21.03124 

1 7 . 0 6 ~ 7  

21.33604 
21.64034 
21.94bCA 
22.25044 
22.5.5525 

22.RMH35 
23.10455 
23.409&5 
23.77445 
24.07925 

24.38405 
21.68H85 
24.9931% 
25.2!"5 
25.60325 

25.90805 
20.212R5 
26.51765 
26.82245 
27.12725 

27.43205 
27.73686 
25.04160 
28.34640 
28.IN120 

28.95600 
29. msti 
29.56N6 
28.87046 
80.17626 

100 
1 
2 
3 
4 

5 

7 
8 
9 

110 

2 

4 

5 
6 
7 
8 
9 

6 

1 

3 

i z a  
1 
2 
3 
4 

5 
I 
6 

13( 
I 
i 
: 
4 

! 

8 

I < 
14( 

1 
; 
: 

! 

I 
! 

! 

1 

47.24409 1 
4i.RR:liO 

48.46330 

48.78810 
40.072%) 
49,37770 
49.05250 
49.96730 

60. 6!)6(fi 

61.ZOWI 
51.61130 

51.81010 
61.12000 
82.Z25i0 

83.03531 

4 7 . 5 1 ~ 0  

4 8 . 1 ~ ~ 0  

50.m210 

5 0 . ~ 1 7 0  

x ~ m ~ i  

5 

'I 

9 

210 
1 
2 
3 
4 

6 

8 
9 

220 
1 
2 

4 

6 

8 

5 

7 

3 

33.52407 
3R.kT2bi 
31.13X7 
32.41217 
34.74727 

160 
1 
2 
3 
4 

35.05207 
35.35687 
35.6IilOi 
35 96617 
36.27127 

36.57607 

37.18567 
37.4m47 
37.79528 

3 8 . ~ ~ 0 4 7  

5 
6 
7 
8 
9 

170 

2 
3 
4 

i 

3R.inm 
38.404h8 
3X.70908 
39.01148 
39.31928 

gY.62408 
J9 82h8Y 

40 53S4R 
40.84328 

4 0 . 2 3 3 ~  

5 
6 
7 
S 
9 

180 
1 

3 
4 

z 

53.34011 
53.6lIYI 
53.94!)71 
51.2,i151 
54.55031 

Maters 

5 
6 
7 
8 
9 

6o.wia 
61.2649a 
61. 5097a 
61.874521 
62.17ma 

62.4u41a 

rrl. on373 
62.78R03 

a. 39853 
63.70333 

04.00813 
64.31293 
64. 61773 
64. 922x4 
65.22733 

05.&7213 
05. m 9 3  
60. 14173 
66.44ti.s 
66.75133 

67.05013 
67. X ~ Q S  
67.06574 
67.97054 
68.27534 

08.58014 
ox. 88494 
69.18974 
69.49454 
69.79934 

70.10414 
70.40894 
70.71374 
~1.01854 
t1.32334 

71.62814 
71.93294 
72.23774 
72.54255 
72.114735 
73.16215 
73.456% 
93.76175 
94.00655 
q4. 37m 
04.67618 
04.9Ro85 
75.28.576 
75.5-0066 
P h  8EdM 

!23 

54.86lll 
55.16891 
55.47371 
55.77851 
66.08331 

66.38811 
56.60291 
66.09771 

57.00733 
67.30251 

230 
1 
2 
3 
4 

5 
6 
7 

S 
e 

41.14808 
41.45288 
41.75768 
42.06248 
42.36728 

42.67200 
42.976'49 
43.28169 
43.53649 
43.89129 

5 
6 
7 
8 
9 

190 
1 
2 
3 
4 

67.91212 
68.21692 
58.52172 
68.8Wfi2 
69.M132 
69.43612 

W 
1 
5 

4 
' 
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Meters 

121.92024 
122.22504 
122.52985 
122.83465 
123.13945 

-- 
- - 
Feet 

250 
1 
2 
5 
4 

5 
6 

9 

260 
1 
2 
8 
4 

5 
6 
9 
8 
9 

270 
1 
2 
8 
4 

5 
6 
9 
0 
D 

- 

P 

Y 

! 

2 
PI 
4 

5 

e 
0 

29c 
1 
2 
E 
1 

i 
1 
I 

Feet 

450 
1 
2 
3 
4 

U. 6. COAST A N D  GEODETIC SURVEY 

Length-Feet to rnetera (frm 1 to 1000 units>--continued 

91.44018 
91.74498 
92.04978 
92.35458 
92.65939 

92.96419 
93.28EW 
93.57379 
Wd.87859 
94.18339 

94.4&319 
9 4 . 7 9 9  
95.09779 
95.40259 
95.70739 

06.01219 
96.316W 
96.62179 
96.92659 
97.23139 

97.53620 
87.84100 
9R.14580 
9% 45060 
98.75540 

350 
1 
2 
3 
4 

5 
6 
7 
8 
9 

360 
1 
2 
3 
4 

5 
6 
7 
8 
9 

370 
1 
2 

! 

106.68021 
108.98501 
107.28981 
107.59462 

1OR.20422 
108.54902 
108.81382 
109.11862 
109.42342 

109.72822 
110.03302 
110.33782 
110.6426'2 
110.94742 

111.25222 
111.55702 
111.8C,182 
112.1G6R2 
112.47142 

107.89942 

400 
1 
2 
3 

5 
6 
7 
8 
9 

410 
1 
2 
3 
4 

5 
6 
7 
8 
9 

4 

76.20015 
76.50495 
76.80075 
77.11455 
77.41935 

((0.52578 

300 
1 
2 
3 
4 

in.44425 
123.74905 
124.053% 
124.35865 
124.66345 

125.27305 
125.57785 
125.88265 
126.18745 

126.49225 
126.79705 
127.10185 
127.40665 
127.71146 

128.01628 
128.32106 
128.625Wi 
128.93066 
129.23546 

129.51026 
129.84500 
130.14986 
130.45466 
130.75946 

131.06426 
131.36906 
131.673XO 
131.97866 
132.28346 

132.58827 
132.89307 
133.19787 
133.50267 
m.80747 

134.11227 
134.41707 
134.72187 
135.02667 
135.33147 

136.83627 
135.94107 
138.24587 
136.&5@37 
l38.86647 

124.96a25 

5 
6 
7 
8 
9 

1 
2 
3 
4 

5 
6 
7 
8 
9 

470 
1 
2 
3 
4 

5 
6 
7 
8 
9 

480 
1 
2 
3 
4 

5 
6 
7 
8 
9 

490 
1 
2 
3 
4 

5 
6 
7 
8 
9 

460 

77.72416 
78.02893 
78.33376 
78.63&56 
78.94336 

_- - 
Meters I/ Feet 

5 
6 
7 
8 
9 

79.24816 
79.55% 
79.85776 
80.16256 
80.46736 

80.77216 
81.076% 
81.38176 
81.68856 
81.99136 

82.29616 
82.60097 

83.21057 
83.51537 

83.82017 
84.12497 
84.42977 
84.73467 
83.03937 

85.64897 
85.95377 
86.25857 
86.56337 

84LP4817 
87.17297 

87.78258 
89.08738 

82.90577 

~5.34417 

87.47777 

112.77623 1 4.2; 
118.08103 
113.38583 2 
11?. m0f;:I 3 
113.99543 

310 
1 
2 
3 
4 

5 
6 
7 
8 
9 

320 
1 

3 
4 

5 
6 
7 
8 
9 

1 
2 
3 
4 

5 
f 

C 
5 

2 

330 

D 

114.30023 
114.60503 
114.90983 
115.21463 
115.51943 

115.82423 
116.12903 
116.43383 
ll6.73U63 
117.04343 

117.348~ 
117.65304 
117.95781 
118.20264 
118.66744 

118.87224 
119.17704 
119.48184 
119.78664 
120.09144 

120.38624 
120.70104 
121.00584 
121.31064 
l2l.61644 

5 
6 
7 
E 
9 

43C 
1 

4 

5 ' 
1 
5 

44( 

! 
: 

! 
I 

, 

1 

' 
' 

w.oFo20 
99.365CfI 
99.GG980 

100.27040 

100.58420 
100.R8900 
101.10380 
lOl.'i9880 
101.80340 

~9.97460 

137. laOn 
137.46507 
137.78988 
138.07468 

138.68128 
138.98908 
139.29388 
139.59868 
138.90348 

140.20828 
140.51308 
140.81788 
141.12268 
141.42748 

141.73228 
142.03708 
142.34188 
142.64669 
142.95149 

143.25629 
143.56108 
143.86589 
144.17069 
144.4754Q 

144.78029 
145.0R509 
145.38989 
146. G9469 
145.69949 

146.30429 
146.60908 
146.91389 
147.2186B 
147.52350 

147.82830 
148.13310 
148.43790 
148.74270 
149.04760 

149.35230 
149.65710 
149.96190 
IGO. 28870 
1M). 57160 

160.87630 
151.18110 
151.48590 
151.79070 
w0w0 

138.37948 

5 
6 
7 

9 

3RC 
1 
2 
3 
4 

a 

102.10820 
102.41300 
102.71781 
103.92261 
103.32741 

103.63221 
103.93701 
104.24181 
104.54661 
104.85141 

106.15621 
105.46101 
106.76581 
1011.07061 
10.37641 

$ 

1 

8 
5 

39( 

: 
I 

! 

; 

, 

I 
I 

88.39218 
88.69698 
89.00178 
89.3C658 
89.61138 

34( 
I 
2 
I 



500 
1 
2 
3 
4 

5 
6 
7 
E 
O 

610 
1 
2 
e 
4 

I 
I 
1 
2 
5; 

62( 
1 
i 
I 
1 

1 
I 

I 
I 

Y : 
I 

I 
! 
! 
1 
I 

B! 

I 

I 

I 

153.61951 

153.92431 
154.22911 
154.53391 
154.%3S71 
155.14351 

155.44831 
155.75311 
150.06791 
156.30271 
150.66751 

158.97271 
l57.27ill 
157.58192 
157.8hli72 
158.19152 

158.49632 
158.80112 

159.41072 
159.71562 

160.02rl32 
180.32512 
180.62992 
160.93472 
161.23952 

159.10532 

4 

5 
6 
7 
8 
9 

560 
1 
2 
3 
4 

5 
6 
7 
8 
9 

57C 
1 

3 
4 

5 
f 

9 
5 

z 

168.85954 

169.16434 
169.46914 
159.77?!)l 
li0.078;1 
170.3%?54 

li0.99114 
171.211794 
171.602il 
171.90754 

172.21234 
172.51715 
172.82195 
173.12075 
173.43155 

170.6~3;  

173.73635 
174.0ill5 
174.3150i 
174.05075 
174.95555 

175.26035 
176.5Ci515 
175.86%3 
176.17475 
176.47955 

178.79435 
177.0Y915 
177.30195 
177.09970 
178.00354 

178.3OX36 
178. 61Rf6 
178.91796 
179.22276 
179.62768 

179.87236 
180.13716 
180.44198 
180.74678 
181.05155 

4 

5 
6 
7 
8 
9 

610 
1 
2 
3 
4 

5 
6 
7 
8 
9 

620 
1 
2 
3 
4 

5 
t 
1 
I 
5 

63( 
1 

i 
1 

! 

1 
5 

64! 
; 
: 
4 

. 

184.40437 
ltW.7G917 
155.01307 
185.3187 
IS.62357 

185.92R37 
1SG.23317 
186.537C7 
186.Hi2ii 
187.14757 

______ 
Meters /I Feet 

5 
6 
7 
8 
9 

660 
1 
2 
3 
4 

199.04440 
199.(110?0 
200.2i100 
200.csso 
zm.w!30 

5 
6 
7 
8 
9 

201. 1 6 ~ 0  
201.47320 
291.77300 
::?.OR280 
202.387G0 

202.69241 
202.99721 

20R.6flOR1 
203.91161 

20.1.21641 
204.52121 
201.X2R01 
20.5. 1:10111 

205.74n41 
2013.01521 
206.35(101 
:Ot,.GalRI 
20G.U59jl 

207.26441 
207.56922 
207.87432 
208.17RX2 
208.4Wi2 

208.78842 
209.WJ322 
209.39403 
209.70282 
210.00782 

210.31242 
210.61722 
210.92202 
211.226x2 
211.53102 

212.14122 
212.14802 
212.7WR3 
U W U  

203.30201 

205.435~1 

211.83643 

-- Meters !I Fact 

710 
1 
2 
3 
4 

5 
6 

8 
9 

720 
1 
2 
3 

5 
6 
7 e 
9 

730 
1 
2 
3 
4 

5 
6 
7 
8 
9 

740 
1 
2 
3 
4 

7 

4 

5 

8 
0 

187.45237 
187.75718 
ISY.rn10’1 
188.3:;678 
188.67158 

188.97838 
180.2SllS 
189.5%95 
189.R‘M78 
190.19558 

5 
G 
7 
8 
9 

670 
1 
2 
3 
4 

Meters 

913.36043 
213. 6G623 
33.07003 
214.2749 
214.57963 

214.88443 
215.13923 
215.49103 
215.79m 
2Ni. 103W 

210. t1323 
217.01803 
017.32253 
217.62764 

217.93244 
218.23724 
218.54201 
215.84081 
219.16164 

21O.$i644 
210. ,0124 
220.06604 
220. 37084 
220.67544 

no. 95014 
221.2%22 
221.59001 
221.89481 
222.19904 

222.50445 
222.80925 
223.11105 
2%. 41tF.5 
223. 723fS 

224.02585 
221.3XJ25 
224. Gas05 
224. <IUS5 
225.244765 

225.55245 
225.85725 
226.16205 
ZB. 46885 
228.77165 

227.07645 
227.38125 
227. ti8BDB 

Z Q i m  

21%. pa 

g7&99380 

190.50038 
130.80518 
191.lrnS 
191.41478 
191.71958 

192.02438 
192.3315 
192.63309 
192.90479 
193.24359 

193.54839 
193.85319 
194.1571M 
194.4(3279 
194.70759 

196.07239 
195.37719 
195.6818’3 
105.99679 
196.29159 

188.69@.?9 

5 
6 
7 
8 
9 

680 
1 
2 
3 
4 

5 
6 
7 
8 
9 

690 
1 
2 
3 
4 

5 

161.54432 
161.84912 
162.15392 
162.45872 
102.76353 

58( 
3 
2 : 
1 

1 6 3 . W 3  
103.37313 
163.67793 
163.98273 
164.28753 

164.69233 
184.89713 

105.60673 
185.81153 

itx.20193 

! ‘ 
i 
$ 

59( 

: 
1 



226 

243.84049 
244.14529 
214.4rXKl 
244.75489 
245.05969 

245.36440 
215.06020 
245.97409 
246.278WJ 
246.58369 

Feet 

vso 
1 
2 
3 
4 

5 
6 
I 
8 
B 

760 
1 
2 
8 
4 

5 
6 
9 
B 
9 

?SO 
1 
2 
9 
I 
5 c 
2 
E 
L 

78Bc 
1 
i 

~ 

i 

: 
9 

I": 
5 

i 
4 

I 

! 
i 
c 

850 
1 
2 
3 
4 

5 
6 
7 
8 
9 

TJ. S. COAST 1lh1) C;EOI)ETIC SURVEY 

Len@heFeel to meters (Jrom 1 to 1000 units)--Continued 

22R.f€Q46 
228.90526 
229.21006 
229.51488 
229.81968 

230.12446 
230.42926 
230.73406 
231.03886 
231.34366 

231.64846 
231.95326 
ZJ2.2SXOF 
232.5R287 
232.86767 

233.17247 
233.47727 
xn.75207 
234.08687 
234.39167 

800 
1 
2 
3 
4 

5 
6 
9 
8 
B 

810 
1 
2 
3 
4 

5 
6 
7 
8 
9 

250.08052 
259.28532 
259.6'Jo12 
259.W492 
260.29972 

_ _  - - -  

Yetors / /  r o o t  

900 
1 
2 
3 
4 

274.32055 
274.62535 
274.93015 
275,23495 
n5.63975 

275.84455 
278.14!335 
276,43415 
276.7,5895 
277.06375 

277.3GX55 
277.07330 
277.97816 
2iX.28298 
278.58776 

278.89266 
279.19736 
219.60210 
279.Rol396 
280.11176 

280.72130 
2X1.026lF 
281.3ROOfi 
281.W76 

2R1.940<58 
2~2.21j:jti 
2h2.53017 
2X2.XS.107 
283.15977 

2R3.4fr157 
2M.i(iW 
284.07417 
284.3397 
2%6%77 

2U4.98W7 
2,%.29337 
285.5111117 
2K5.90387 
286.20777 

28G.51257 
280.81737 
287.12217 
287.42697 
287.73178 

288.03658 
288.34138 
28H.(j4618 
2%B.!lTiEI!)x 
B9.2.5578 

2~0.41656 

950 
1 
2 
3 
4 

5 
6 
7 
8 
9 

960 
1 
2 
3 
4 

5 
6 
7 
8 
9 

1 

? 
5 
t 

2 
5 

98( 

< : 
1 

! 

970 

! 
I 
! 

99( 

1 
: 

! 

1 
! 

254.50851 5 
254.81331 6 
Z.i,i. 1lXtl 7 
2.75.42291 8 
255.72771 9 

280.60452 
260.0932 
261.21412 
281.51892 
201.82372 

5 
6 
7 
8 
9 

246.88849 
247.19323 

247 xO290 
248.10770 

24R.41250 
2.18.71730 
219.02210 
249. :12ii90 
249.63170 

247 49xn3 

860 
1 

3 
4 

5 
6 
7 
8 
9 

2 

262.12R52 
282.43&32 
2F2.73813 

283.34773 

2&3.&52.5263 
263.CJc5i33 
264.2rl213 
284.5f693 
264.87173 

205.17653 
265.48!33 
265.iiiB13 
2fx3.00093 
2G6.39573 

264.70053 
207.00U:l 
2F7.:1101:I 
267.81494 
267.91974 

268.22454 
2ii8.53'JJt 
2GX.X:3411 
269.13894 
2139.44374 

209.74854 
270.05331 
270. 3Xil I 
27O.(iIj'B1 
270.96774 

zrs.o4m:% 

ni.nm 
271.57731 
271.88211 
272.13694 
272.49174 

910 
1 
2 

4 

5 
6 
7 
8 
9 

920 
1 
2 
3 
4 

5 
6 
7 
8 
9 

930 
1 
2 
3 
4 

5 
t 
'i 
E 
5 

3 

94~ 

; 
1 

. < 

= 
Meters 

2411.79248 
241.08728 
241.4W208 
241.708X8 
24.01168 

280.56058 
289. 86538 

290.47498 
m.77978 

291.04458 
291.389335 
291.60118 
291.99898 
292.30378 

232. CfiR59 
292.91339 
293.21819 
293.52299 
293.82779 

294.13259 
294.43739 
294.74119 
295.04t-B9 
295.39178 

295.65659 
295. W139 
296.26619 
298.6iIM m. 87579 

297.4m9 

29H.lN55co 
2%. 3Ywl 

295.70460 
299.ONl40 
WJ.31420 
29% l j 1 m  
299.92380 

300.22860 
3oc. 53340 
300.x3x20 
301.14300 

290.17018 

237. 1~059 
297. ;gnu) 

aoi. 4 4 7 ~ )  

301.7mo 
302.05749 
302.362'20 

302.97181 

303.27661 
303.58141 
3C6.8XIjZL 
304.19101 
W4.49681 

302. ti6701 

840 
1 
2 
3 
4 

250.03251 
256.33731 
25o.Cd211 
256.94691 
257.25171 

257.555852 
257.W5132 
258.11312 
258.47093 
258.77572 

I 89C 
1 
2 
3 
4 

5 
L 
I 
E 
6 



227 

328.0R133 
331.3b417 
334.64500 
337.92683 
341.20867 

344.48750 
347.Ttili73 
351.04017 
351.33000 
357.61083 

303.89167 
504.li250 
367.45333 
370.73417 
374.01500 

377.2958 
380.57667 
383.85750 
387.13%3 
390.41917 

393.7woO 
396.9h083 
400 26107 
403.54250 
4nR 82333 

410.10417 
413.3,W 
410.6W3 

423.22750 

426.50833 
420.75917 
433.070(x) 
43o.m)83 
439.63167 

442.91250 
44.19333 
419.47417 
452.75500 
458.03583 

459.316R7 
462.59751) 
46.87833 
409.15917 
472.44000 

476.72083 
479.001G7 
482.282% 
4X5.6W33 
& . W Z  

419.9461j7 

Length-Hetera to feet  Gfrom 1 to 1000 units) 
[Reduction factor: 1 meter-3.280833333 fwtl 

150 
1 
2 
3 
4 

5 
6 
7 
8 
9 

160 
1 
2 
3 
4 

5 
6 
7 
8 
9 

170 
1 
2 
3 
4 

5 
6 
7 

9 

180 
1 
2 
3 
4 

5 
e 
1 

5 

1% 
I 
2 

i 
: ' 
i 

a 

I 

3.2Ro8 
6.66167 
9.84250 

13.12333 

16.40417 
19.685M) 
22.9(%83 
26.24667 
20.52750 

32.80833 
36.08917 
39.37000 
43.050% 
45.93167 

49.21250 
62.49333 
66.77417 
E l 9 . W O  
62.23583 

&5.61GG7 
€iX.x9750 
72.17833 
76.45917 
78.74000 

82.02083 
85.30167 
88.58250 
01.8G333 
95.14417 

08.42500 
101.705h3 
104.98667 
108.26750 
111.54833 

114.82'217 
11Y.11ooo 
121.3yox3 
124.67167 
127.95250 

131.23333 
134.51417 
137.7YSH) 
141.075X3 
144.35667 

147.63750 
150.91w3 
154.19917 
167.48000 
1 6 0 . 7 W  

50 
1 
2 
3 
4 

5 
6 
7 

D 
60 
1 
2 
3 
4 

a 

s 
4 
E 

7( 
1 
i 
2 
4 

i 
! 
I 
! 

8l 
! 
, 
! 

1 
! 

! 

? 

164.041G7 
167.32250 
170.ffl933 
173.88417 
177.16500 

180.44583 
183.72667 
187.00750 

193.5G917 

196.85000 
200. 1:ios3 
203.41167 
206.69250 
m.97333 

213.25417 
216.53500 
219.K15N3 
223.Wf167 
226.37750 

2B9.6X333 
232.93917 
23a.22000 
239.5M143 
242.78167 

246.oPi250 
249.3 I 3 3  
2X2.02117 
25a.'J0500 
259.18583 

262.4RG67 
2C6.74750 
2G9.0'3433 
272.3(M17 
275.59000 

278.R70A 
2fiZ.lRID7 
285.43250 
288.71333 
291.99917 

Z)X. 55543 
301.K3667 
305.11750 
3M. 3 9 w  

311.67817 
314.9tiooO 
318.240S 
321.52167 
a 2 a . m  

1 ' 3 o . z ~ ~  

2 9 5 . n r i  

100 
1 
2 
3 
4 

5 
6 
7 

9 

110 
1 
2 
3 
4 

i 
t 
E 

12C 
1 
2 
3 
1 

! 
! 
! 

13: 
~ 

: 

! 
I ' 
I ' 

a 

i 

' 

14 
~ 

1 

492.12500 
495.405s3 
498.08@37 
501.96750 
605.24833 

608.52917 
511.81000 
515.00053 
618.37167 
621.66250 

624.93333 
6zn.zi4i7 
631.19500 
634.77.a 
638.05667 

641.33750 
644.01E33 
617.89917 
651.1R000 

667.71167 
661.02230 
684.30333 
607.58417 
570.86500 

674.14583 
677.42667 
650.70750 
583.9w3 
687.26917 

630.55MM 
693.83083 
597.1116i 
600.39250 
003.67333 

G06.95417 
610.23500 
613.51% 
816.79667 
620.07750 

623.358" 
626.63917 
621).92lHH) 
&%.rn% 
tW.48107 

554.4wa1 

200 
1 
2 
3 
4 

5 
6 
9 
8 
9 

210 
1 
2 
3 
4 

5 
6 
7 
8 

220 
1 
2 
3 
4 

5 
6 
7 
e 
9 

23C 
1 
2 

f 
3 
1 
t 
E 

21( 
1 
i 

i 

9 

639.70250 
Wd.04333 
046. a2417 
649. till600 
uw&a 

Feet - 
856.16657 
659.44750 
662.72';33 
666.00917 
669.29000 

672.57083 
675.85167 
679.13w) 
682.41333 
685.69417 

oS8.97500 
692.75583 
695.53867 
69'3. XI750 
702.09833 

705.37917 
708. GOO00 
711.94033 
E15.22167 
418.50259 

721.7%33 
725. otM7 
725.34500 
731.62583 
731.90667 

n8.18760 d41.4111333 

744.71917 

idl. 31083 

754.5H67 
757.47250 
761.15333 
704.43417 
767. i1W 

770.99583 
174.27607 
777.55i50 
780. X.3833 
784.11917 

787.4ooOo 
790. GXO83 
793.%ilG7 
797.2,*2s 
800.52333 

803.80417 
8 0 7 . m  
810.3G5a 
813.64667 

y . 0 3 0 0 0  

mswm 



228 

-- 
984.25oOo 
987.63093 
QQO.81107 
QQ4.09250 
997.37333 

- - 
Me- 
ters 

350 
1 
2 
3 
4 

250 
1 
2 
9 
4 

5 
6 
9 
a 
9 

260 
1 
2 
0 
1 

5 
6 
I 
8 
P 

27; 

2 

4 

5 
6 
9 
8 
B 

a 

9 
2 
B 
4 

5 
6 
9 
E 
6 

29; 
1 

i 
! 
1 
1 

i 

,148.29167 
.,151.5i250 

158.13417 
i:161.41500 

I 164 69587 
i’l67:97GR7 
I ’ I ~ . Z S ~ G O  
L:lr4.&3933 
L,177.8;917 

I ISI.1MXw) 
1’1S4.3Y08 
I: 187.66167 
L 190.94250 
1:194.22333 

I 197.50417 
L’%K).i8330 

I: 207.31607 
1,210.62750 

I 213.90%3 
1’217.18917 
1:220.4i000 
1,223. 750% 
1,227.03167 

1 230.31250 

1,236.Xi417 

L, 151.8W33 

I’ Z O O J . O R ~ S ~  

1:233.60333 

1,24n.i5~00 
1,243.43M 

I ~46.71467 

1 ’ 2 ~ 3 . 2 i ~ 3  
1: 256.55917 
1 , ~ . 8 4 o o o  

1’ 249. 99750 

1253.12053 
1:266,40167 
1 269.158250 
1’272.90333 
li276.24417 

1,279.5ww) 
1 282.xo.583 
1’2%.OXBG7 
1’289.38750 
1i292.64833 

U. S .  COAST ANI) GEODETIC SURVEY 

Lengths-Netma to feet (from 1 to 1000 units)-Continlled 

400 
1 
2 
3 
4 

5 
6 
7 
8 
9 

410 
1 
2 
3 
4 

5 
6 

8 
9 

420 
1 
2 
3 
4 

5 
G 
7 

9 

1 
2 
3 
4 

5 
C 
7 
E 
E 

4 4 C  
I 
1 
i 
4 

7 

a 

430 

- 

r o o t  

L 31’2.3.3333 

1:318.89500 
I :1?2.17583 
L:325.45867 

1 328.73750 
L’X32.01&33 
L:336.2!l017 
I 338.6XOP3 

L)315.61417 

1:341.86083 

820. M a 3  
8W.4Y917 
8215.77OiX 
830.050% 
833.33167 

836. GI250 
639. X93%3 
S43.17417 
846.45500 
849.73583 

853.01667 
856.29750 
859.57x33 
802. K;1017 
866.14000 

869. 42083 sn. in107 
875.98250 
879.2lK33 
882.54417 

885.82500 
889. l!W3 
892.38607 
895. 06750 
898.04833 

902.22917 
005.51Mx) 
908.7‘90%3 
912.0ilG7 
915.35w) 

918. 63333 
021.91417 
925.19*500 
928.47583 
831.75667 

935.03750 
038.31833 
941.59917 
944. RKOOO 
948.16083 

951.44167 
964.72250 
958.00333 
901. W417 
9G4.56500 
887.84% 
071.1’2667 
074.40750 
977. M.W 
880.W17 

450 
1 
2 
3 
4 

5 
6 
7 
8 
9 

- _. 

Me 
.em 
- 
300 

1 
2 
3 
4 
5 
6 
7 
8 
D 

310 
1 
2 
3 
4 

6 
6 
7 
e 
5 

32C 
I : 
i 
5 
f 
P 
I 
6 

93( 
1 
i : 
I 

! 
i 

! 

! 

34( 

, 
! 
I 
I 
! 

1ooO.65417 
1’003.93500 
1’007.21583 
1’010.49667 
1:013.77750 

1 017 05833 
1’020:33917 

1 020.txm83 
1:030.18167 

1 033.46250 
1’038.74333 
1:040.02417 
1,043.30500 
1,046.58583 

1 049.86667 
1’053.14i60 
1:056.42833 
1,059.70917 

1 066.27053 
1: 069. 55167 

1,079.38417 

1 082 67500 
1’0x5‘95583 
1’0&23667 
1’092.51750 
1:095.79833 

1 OQQ.07917 
1:102.3C000 

1:023.6zoOo 

1,062.99wo 

1,33072.832m 
i ,n76 . i im 

1 105.~083 
1’ 108.92167 
1:112.20250 

1:122.04500 

1 115.48333 
P’118.7iL117 

1125.32583 
1~l2S.ooSa7 

1 131 88750 
1’136‘16833 
1’138’44917 
1:141:73lK)o 
lJ146.OlCu3 

5 
6 
7 
8 
9 

360 
1 
2 
3 
4 

5 
6 
7 
8 
9 

370 
1 
2 
3 
4 
6 
6 
7 

9 

380 
1 
2 
3 
4 
5 
6 

9 

390 
1 
2 
3 
4 

5 
C 
1 
E 
D 

8 

7 
a 

I 345 14167 
1’348: 42250 
1:351.7()333 
1 354.98417 
13358.26500 

1361.54583 
1’304 82667 
1’368.107>0 

1’371.34X33 1i374.66917 

1377.9XlC4 
1’381.23330’3 
1’354.51107 
1:3X7.79250 
1,391.07333 

1 394.35417 
1:337 b.l2lW) 

1:404 l‘lb67 
1,407.47750 

1 410.75833 
1:414.CL3917 
1,417.32MK) 
1420.600X3 
1:423.%167 

1 ion 015x3 

460 
1 
2 
3 
4 

S 
6 
7 

8 9 

470 
1 
2 
3 
4 

5 
6 

8 
9 

4p3 
1 
2 
3 
4 

7 

Feet /I 

1 443 58667 
1:44{847% 
1 450.12833 
1’453.40917 

1469Q7083 
1:463:25167 
1,466.63250 
1,469.81333 

1;460.eaooo 

490 
1 
2 
3 
4 

6 
6 
7 

1,4130W? e” 

- 
Feet 

I, 476. 3 i a W  
1 470.Ci5583 
1’482.g4ti67 
1’486.217sO 
1:489. 4 9 m  

1 492.77917 
1’ 4%. 06000 
1’4G9.3408 1’503.62167 

liW5.9U2M 

1 500 18333 
1;512: 46417 
1 515 74500 
1’519:02& 
1)522.3W67 

1 525.58750 

l’b32.14917 
l1,535.43(x)0 
1: 538.71083 

I 541.YJl87 
1: 545.27.&0 
1 548.55333 
1’651.83417 

1 558.39553 
1’ 561.67C67 
1:5M.05;30 
1 565.23833 
1i571.51917 

1 674 8wM) 
1’ 578: OK083 
1’ 581.3HIG7 
1: 5X4.04250 
1,587.92333 

1591.20417 
1’594 4 U  

1’ ml. 04067 
1i804.32750 

160760833 
1’610: 88917 
1:614.17000 
1 617.45W 

1 624.01250 
1’627 1’ 630’57417 29333 

1,837. Li683 

1’ 528. 86833 

1;555.11m 

1’ 597: 70583 

1: urn. niw 

1:s3s:&+?4Il 



- 
Me- 
tars 

500 
1 
2 
3 
4 

5 
6 
V 

s a 

9 
2 
3 
4 

5 
6 
P 
s 

W O  
1 
2 
3 
4 

6 
6 
7 
8 
9 

a 

,‘&y 
2 
e 
4 

f 
f 
t 
1 
I 

7 
I 
4 
1 

1 
I 

I 

,1340.41607 550 

,646.9iX33 2 
,F,50.25917 3 

,650. E209 

,043.09750 1 

,,a3.54ooo 4 

.,em. io167 E 

. , 0 ~ 3 . 3 ~ 2 5 n  7 
000.fifh733 8 

;:669.94417 9 

I F 7 3 . W  560 
L’G76.505S 1 
1’ 670.78667 2 
L’6Ci(.OOi;,O 3 
Li686.34833 4 

1 689.62017 5 
I:6Y2.91ooO G 

i,0YY.47167 8 
1,702.75250 9 

1 706.03353 570 
1’7W.31417 1 
1’712.895W 2 
1’715.S7583 3 
1: 719.15667 4 

1 722.43750 5 
1’728.711333 G 
1’728.WJl7 7 

1:735.56083 9 
1 738.&1167 580 
1: 742.12280 1 
1 745.40333 2 
1’748.08417 
1:751.9&00 

1 755.24583 
1:768.5!!7 
1,761.80750 1 
1 765.08833 E 
1i788.36917 6 

177l.65ooo 5% 
1’774.830% I 
1’778.21167 i 
1’781.49250 
1:784.77333 i 

l,090.190p;1 7 

1’732.2~000 a 

___- 
,R04.!593 600 
,1107.rR917 1 

,R14.300% 3 
.,817.68167 4 

820.8G250 5 
i’K24.14333 6 
L’S27.42417 7 

,xii.n~(m 2 

i:Rn0.70500 8 
1,833.98583 9 

L R37.2GMb7 G10 
1’ S40.54750 1 
1: X.13. R2g3 2 
1 847.10917 3 
L~&50.39000 4 

1 %%67070R3 5 
L)K%.981ci7 6 
I,X(i3.51333 8 
l,8GG.79417 9 

1,870.073M 620 
1 X73.355M 1 
1’876.63607 2 

I : HOO.2323 7 

1:879.91780 3 
1,883.19833 4 

1:SY3.04083 7 

l,bW.W250 s 
1902.y.333 63c 

1 886.47017 5 
1’8X9.7Fooo 6 
1, x!lli. 32167 E 

l’W0.1b417 1 
l’b9.44500 2 
1:912.72SW 
1,916.00667 4 
1 919 28750 ! 
1”322:5ti833 
l’W5.84O17 ‘ 
1:’&2.410%3 S 

1 935.69167 
1’938.97250 6”1 
1’942 25333 I 
1’045:&3417 2 

l’OL.13Ono i 

l:i)48.81Wo ‘ 
io& 37667 i 
1’961 93833 i 1;wfJh1? I 

1 852.08683 

1’958: 65750 

11-’ ’ 132 54167 7M) 
;’13dkZ250 1 
i’l39.lW3 2 
2:141.3S3417 3 
3,145.GW 1 

Z 148.945S 5 
3: 152.22liO7 6 

2,159. i R W  8 
1,162.0ti917 9 

2 165 3.5000 710 

2:171.01167 2 
2 175.19250 3 
$178.47333 4 

2 391.75417 5 
Z’l’ii.M500 6 

2’l;,l:bM?r,a7 8 
2ili4.87750 9 

2,198.15833 720 
2,201.43917 1 
2 2(M.7200 2 
2’?08.00083 3 
2:2J1.28167 4 

2 214.562-50 5 
2’217.84333 6 
2’221 12417 I 
2: 224: 405W 8 

2,15.5.5n750 7 

2) 1ci: 030x3 1 

2’1w 315% 7 

2,221.68583 9 

2,230.%%67 730 
2,234.24750 1 
2,237.52S33 2 
2 240.80917 3 
2 : 2 4 ”  4 

2,247.37C83 5 
2 250. LUG7 
2:2.53.93250 1 f 
2,260.49417 9 
2,267.21343 a 

2 m.nm 740 
2: 2t‘ l 7 . m  1 
2,270.33807 2 
2 273.61750 
2;276.89833 

Feet 

) 2M.m 
;’ ”3. h 1 7  

2:309.70687 

2.312.9S750 
2 316.26833 
2)319.54917 

2301 14500 
2 )  3lh: 425s 

2; 3 9 .  S R O  
2,J28.11083 

2 39.39187 
$352. O i !  
2,3::,5.9<%33 
2,3:l!).?:1417 
2,342.51500 

2 345.79583 
$ 3  I9.070G7 
2,XX?. 35780 
2 355. t W ? 3  
2:358.1)1917 

2 302.2ooo 

2 3lj8.7(ilG7 

2: 3i5. 32333 
2 378.60417 

2;31;5.4s0&3 

2’ 372.04m 

2’3X1.8,W 
2’3X5.1US 
2’3SS. 44067 
2;391.m50 

2,395.00833 

2, 404. wm 
2 :{!IS. 23917 
2: 4O1.57ooO 

2,408.13167 

2 411.41250 
2’414.69333 
2’417.97417 
2:421.25500 

2 427.81661 
2:431.09750 
2, 4:l.l. X833 
2,43i. 65917 
2,440.wooO 

2,424.Wis3 



230 U. S. COAST ANI) GEODETIC SURVEY 

Lengths-Meters to  j‘eet ( from 1 to 1000 units)-Continmd 

-I Il- 
750 2 460.62500 800 

1 2’4fi3.90583 1 

9 2’470.46750 3 
4 2:473.74833 1 

6 2’4XO.31000 G 
P 2’4K3.5W3 7 

9 2,490.15250 9 

2 2’467.1XG!V 2 

5 2477.02917 5 

a 2 : 4 ~ ~ . n 7 1 ~ 7  a 

5 
6 
7 
a 
9 

770 
1 
2 
0 
4 
5 
6 

- 9  
8 
D 

T 
2 
3 
4 
5 
6 
V 
8 
9 

T 
2 
D 
4 
5 
f 
D 
I 
I - 

’, 493.43333 810 
’ 496.71417 1 
I:499.ysfjoo 2 
!,503.275R3 3 
!,506.55667 4 
P 509.~3750 5 
;’513.11833 6 
;”516.3Y917 7 
?;ig.enooo 8 
i;k22.96083 9 

? 526.24167 820 
~ 5 2 9 . 5 L 2 5 0  1 
2’532.80333 2 
2’53fi.05117 3 
2:539.36500 4 
2 542.fA5P3 5 
2:545.9“fi~i 6 
2,~d9.20i50 1 
2 552.4xx33 e 
2;555.76917 6 

2 5 5 y . n m  83C 
2: 5G2.33OX3 1 
2 56.5.81167 2 
2:5G8.X9250 : 
2,572.17333 
2 57+5.45417 ! 
2’67~ .  i3.540 

2 &%.!ZJ607 
2i588.57750 ! 

2 585.13917 : 
2’598.4woO I 

2’Wl1.7M)R3 ~ 

2:W.98167 
2 608.26250 

2’614. H2417 

2: 5x2. nig5xJ 1 

2,591.85833 841 

2’ 611.84333 

2’618. 1n.m 
2: ~ 2 1 . 3 ~ x 3  
* 

Feet (I 2:; 
-I/--- 
2,624.66667 850 
2 627.94750 1 
31&?1.22833 2 
2)6”4.50917 3 
2~W7.78000 4 
2 641.07OR3 5 
21644.35167 6 
2’647.63250 7 
2:C50.91333 8 
2,654.19417 9 

2,657.47500 ’ 860 

2,IiF7.317.54 3 
2,070.59833 4 
2 673.87917 5 
2’677 lffl00 G 
2’680’44043 7 
2’883:72167 8 
2:687.00250 9 

2,660.75533 1 
2,fI64.n36F7 2 

!,708.64750 

(713. a917 , 
ilO.53M)O 2 

2719.81053 5 

I7~.0fr833 $ 

2,726.37250 881 . 2,723,08167 

2 732.93417 * 
2:i36.21XKl 
2 730.49583 
2) i42.778C7 I 
2:746.05750 ’ 
2 749.38833 
2:752.61917 , 

’ 
2,7m. (ir,33J ; 

a, 75Y. lwJ 
2,782.lfi107 
2 7m.74250 
23769.02133 

-b--I 11-1 
,852.75Mx) 950 

,%Hi2.5!)250 3 
:,w.87333 4 

,95G.MOK3 1 
,959.31167 2 

! 969.15417 5 
1:9i2.13500 6 
’ 9?5.715,%? 7 r: 97% VJ087 8 
!,982.27750 9 

3,051 17500 980 
3,0;4.4.55x3 1 
3 llJ7.7:1C67 2 
3:nP,1.01750 3 
3,064.2DW3 4 
3 067.57017 5 

a:ow.702&0 9 

’ 

i’l170. XWIO 6 
3’074.110K3 1 
3’077.421fi7 8 

3 083.98333 990 
3;087.2CA17 1 
3 m.54zHI 2 
3: W:j.825M 
3,OY7.106tj7 1 
3 100.38760 
3’103.0(;833 
3’108.94917 ‘i 
3:110.230(~ f 
3,113.510S 9 

1,116.79167 
1,120.07250 
;, 123.3.5333 
I 126.63417 

I 133.19583 < 136. 4iC67 

1’ 143.03‘333 
5: 146.31017 

1 149 6oooO 
3’ 152: XM83 
1’15G. 18167 d, 159.4 1250 
3,162.72333 
1166.00417 

I; 129.91rm 

i 139.75750 

3) 1~9.28500 
3: li!. 566% 

3 1 8 2 . 4 0 ~ 3  

:3,175.84067 
3,179.12750 

3’1%. 64917 
2: 1RR.97000 
7 192.9m83 i: 19d.. 53167 
3 198.81250 

3:20.,.: 17417 

b: 211.93583 

3 215 211367 
’3’218:49750 

3’ 225: 05917 
3: 22Y.34oM) 
3 231.82083 
3’234. YO161 

3,241.46333 

3 248 02500 

3’ 202. CY3333 

3 208.fhW 

i ’ Z 1  77833 

3:zx. 1x250 

3,244.74417 

3’251: 305113 
3’254.58~7 
3:257.&750 
3,261.14833 
3 204.42917 
3’267.71000 

3 274 27167 
Y: 277: 65250 
3: 270.~9083 



CONSTANTS, FORMULAS, ANP TABLES 231 

Corrections to log s and log Ah for  diference in arc and sine 

a.3360 
3.3470 
3.3590 
3.3710 
3.3800 

3.3910 
3.4010 
3.4130 
3.4220 
3,4310 

3.4420 
3.4510 
3.4610 
3.4880 
3.4770 

3.3700 
3.5260 
3.6140 
3.6770 
3.7250 

3.76,50 
3.7980 
3.8270 
3.8510 
3.8760 

4.0260 
4.1140 
4.1770 
4.2250 
4.2650 

4.2980 
4.3270 
4.3530 
4.3760 
4.3960 

4.4150 
4.4330 
4.4490 
4.4640 
4.4780 

4.4910 
4. 6030 
4.5260 
4.5560 
4.5750 

4.5910 
4.6140 
4.6350 
4.8540 
4.6710 

4.6870 
4.7020 
4.7160 
4. 7340 
4. 7600 

4.7610 
4.7760 
4.7890 
4. BO10 
4.8130 

5.1780 
5. 1830 
5.1680 
5. 1Wo 
5.1990 

5.2040 
5.2080 
5.2140 
5.2190 
5.2240 

5. m 
5.2330 
5.2380 

5.2470 
I 5.2420 

dog dif- 
‘erence 
units of 
eighth 
lecimal 
place) 

1.8850 
2.0350 
2.1230 
2.1880 
2.2340 

1 
2 
3 
4 
5 

6 
7 
8 
9 

10 

20 
30 
40 
50 
60 

70 
80 
90 

100 
110 

120 
130 
140 
150 
160 

170 
180 
200 
230 
250 

270 
300 
330 
360 
380 

420 
4.50 
480 
521 
661 

680 
628 
671 
7m 
760 

4.8270 
4.R80 
4.8500 

4.8710 
1 4.8020 

Log AA 
(+) 

2.2740 
2.3070 
2. 3364 
2.3020 
2.3850 

2.5350 
2.8230 

4.8820 
4.8920 
4.9040 
4.9130 
4.9220 

4.9330 
4.8420 

2.8070 
2.8360 
2.8020 
2. 8850 
2.8050 

2.9240 
2. 8420 
2. 9,580 
2.9730 
2.9870 

4.9780 
4.9880 
4.9930 
5.0020 
6.0100 

6.0170 
5.0250 
5.0330 
5.04M) 
5.0480 

3.4870 
3.49M) 
3.5020 
3.5110 
3.tl80 

3.6260 
3.5340 
3.6420 
3. b490 
3.5570 

6.2620 
5.2560 
5. zoo0 
6.2660 
5.2880 

6.2740 
5.2780 
5. 2820 
5.2864 
5.2800 

I/ 

3.6640 I 
3.6710 
3.5770 
3.5840 
3.5910 

3.5980 
3.6090 
3.6110 
3.6170 
3.6230 

3. Baoo 
3.6360 
3.6420 
3.6480 
3.6640 

3.6690 
3.6650 
3.6700 
3.6760 
3.8810 

__ 
A O ~  dlf- 
erence 
units of 
aighth 
lecimal 
Place) 

6.2940 
5.2890 
6.3030 
5.3070 
6.3110 

6.3160 
6.3190 
5.3230 
5.3270 
5.3310 

6.3360 
6.3390 
h3430 
5.3470 

7w 
841 
889 
939 
979 

1030 
1078 
1140 
1188 
1238 

1303 
1368 
1422 
1468 
1530 

1803 
1883 
1717 
1780 
1867 

1918 
1990 
2064 
2132 
2212 

2285 
2369 
2425 
2605 
2687 

2747 
2837 
2916 
2Qgs 

3088 
3183 
3272 
3364 
3468 

3638 
3&?7 
3722 
a828 
3916 

a672 

- 

3.oooO 
3.0120 
3.03.50 
3.0664 
3.0890 

11.- 

1 5.0560 
5.0820 
5.0680 
5.0750 
5.0820 

3. loo0 
3.1230 
3.1440 
3.1630 
3.1800 

3.1960 
3.2110 
3.2260 
3.2430 
3.2680 

3.2700 
3 . 2 M  
3.2980 
3.3100 
3.3220 

5.0890 
6.OQ60 
5.1020 
5 . 1 m  
5.1140 

5.1210 
5.1270 
6 . l W  
6.1390 
5.1460 

6.1500 
5. 1560 
6.1610 
6.1670 
6.1720 

Log dif- 
ference 
inits of 
eighth 
lecimal 
place) 

4025 
4119 
4215 
4333 
4434 

4537 
4643 
4751 
4802 
4875 

Wl 
5186 
5306 
5405 
6531 

5660 
5765 
5872 
8008 
6121 

8263 
6380 
6498 
6618 
6742 

8868 
7027 
7158 
7291 
7427 

7 m  
7705 
7849 
7805 
8143 

8295 
8449 
8806 
8766 

___ 

~- - 

‘Of+? 

__ 
3.6870 
3.6920 
3.0870 
3.7030 
3. 7080 

3.7130 
3.7180 
3.7230 
3.7280 
3.7330 

3. 7380 
3.7420 
3.7470 
3.7510 
3.7560 

3.7610 
3.7650 

3.7740 
3.7780 

3.7830 
3.7870 
3.7910 
3.7960 
3. 7980 

3.8030 
3. 8080 
3.8120 
3.8160 
3.8200 

3.8240 
3.8280 
3.8320 
3.8300 
3.8400 

3.8440 
3.8480 
3.8520 
3.8564 

3.1690 
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FACTORS USED IN THE COMPUTATION OF ELEVATIONS FROM RECIP- 
ROCAL AND NONRECIPROCAL OBSERVATIONS 

The unit of length throughout these tables is the meter. 
Log A 

0.0 
. 5  

1. 5 
2.5 
3. 5 

Elevation 
of occupied 
station k 

Meters 
0 

73 
220 
307 
514 

001 
807 
954 

1101 
1248 

1394 
1541 
1688 
1835 
1982 

2128 
2275 
2422 
2569 
2il,5 
2802 

___ 
Metrra 
3wB 
3158 
3303 
3449 
3596 

,og approx- 
imate 

difference 
I elevation 
=log 8 tan 
(%fI) * 

2.187 
2.644 
2. 80 
3.011 

3.121 
3.20R 
3. 281 
3.343 
3.397 

3.445 
3.488 
3.628 
3. 565 
3.598 

3.029 
3.858 
3. 085 
3.711 
3.735 

3.758 
1. 779 
3. wx) 
3. 820 
3.839 
3.857 
3.1174 

4. 5 
5.5 
8. 5 
7. 5 
P. 6 

9.5 
10. 5 
11.5 
12. 5 
13. 5 

14. 5 
15.5 
16.5 
17. 5 
18. 5 
19. 5 

3743 
3x90 
4038 
4183 
4330 

4477 
4624 
47iO 
4917 
5084 

5211 
5357 
5504 
Mi51 
5798 
5845 

Lon 
unitsof 
5th place 

I1 

Log B and log C 

Logs 

":"5 j 
1.5 
2. 5 
3. 5 

4 5  
5.5 
8. 5 
7.5 
8. 5 

9. 5 
10. 6 
11. 5 
12. 5 
la. 5 

14. 6 
15. 5 
16.5 
17. 5 
18. 5 

19. 5 
20.5 
21. 5 
22.5 
23. A 
24. 5 
25. 5 

4.875 
5.113 
5.224 
5.297 

5. 352 
5.395 
E. 432 
5. 463 

20.5 
21. 5 
22. 5 
23. 5 
24.5 

25. 5 
28. 5 
27.5 
28. 5 
29. 5 

30.5 

d2. 5 
33. 5 
34. 5 

35. 5 
36. 5 
37. 6 
38. 6 
39. 5 
40. 5 

31. 5 

Log c 

.~ 

0.0 
. 5  

1. 5 
2. 5 
a. 5 

4.5 
5.5 
0. b 
7. 5 

*Or log a cot [ cl -(o.s-a),;-i,,] for nonrecil)rocal observations. 

Log B has the same sign as the approximate difference of elevation. 
Log C isoalways positive. 
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COMPUTATION OF SPHERICAL EXCESS 

The  sphcricd csccss of n trimig1c is cornputctl 1)- tht? formuln, 

I n  this formuln E is the sphcric,:il csccss; n ,  h,  nntl C, nrc two sides 
n n t l  the included tingle, rcspc~ctivcly, of the corrcyontiing trinnglc; 
r2 is the squcirc of the ec.ccntricitg, nncl n the nitijor scniinsis of the 
qphcriod of rcfcrcncc>; and 4 i s  the inem Intitilde of the three rcrtices 
of the trinnqlc. That  pnrt of thr nIm~-e rxprcssion which depends 
only on the lntitiidc nnd the dimensions of thc  sphcroitl mny lw 
c!esignntcd by n single 1 er, m ,  11s shown. In the following tnhlc 
the lognrithms of m nre en with the Intitilde RS nn tirgiirncnt. 

The. :J)ovc forniuln gives the sphcricd excess too qniti11 1)- one onc- 
hundrctlth of n second for sin cquiltitcrnl trinnqlc with 200-liilomctcr 
sides, or for n noncquilntcrd tritrnqlc of t h e  snme tircn. T‘or :in 

cquilntcrnl trinnglc of ‘100-lcilomctcr sides, or tin cquivnlcnt noncqui- 
1ntcr:il tritrnglc, th(. (w’css :is givw hy this forrnulti is too sninll hy 
less t h n n  onc one-tliori~rintltli of n second. 

Tn cnscs where n rnorc nccurntc vnluc of the sphcricnl cs 
rcyuircd the forniulns gircn on p:iec 51 of Spccinl l’iihlictition 
T h o  Trnnscontincntnl ‘rrinngulntion, niny be ilsrd. 
give n slightly iinccliinl tli.;trihiition of the sphericnl ex 
the  three angles of the triangle. 

Thcw formiilns 
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h i t  i tilde 

0 ,  

U. S. COAST AXD GEODETIC SURVEY 

Tahlcs o j  log m 

[i'ompnted for the rlnrke spheroid of lXR6 as c~prpsseil in meterc] 

LoR m 

426 -IO I 
421 -IO 1 
411; -111 
1l i  -10 
401; - 1 0  

:i44 -IO i 
:i:II - I O  j 
324 -in ~ 

:I?l -111 

:{l!l -IO 
314  - IO 
:<ll!l - I l l  1 
:((I1 - I l l  1 

I 

Lnl! 111 

I .  4 n 2 ~ : ~  -in 
21'1 -10 
211 -111 
a lo -IO 
2:i5 -111 
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COMPUTATION OF STRENGTH OF FIGURE 

In the following table the values tabulated are [6A2 + 6 A 6 B  + 6B2]. 
The unit is one in the sixth place of logarithms. The two arguments 
of the table are the length angles in degrees, the smaller length 
angle being given a t  the top of the table. The length angles are 
the angles in each triangle opposite the known side and the side 
required. and SB are the logarithmic differences corresponding to 
1 second for the lengt,h angles A and 13 of a triangle. 

Table for  determining relative strength of jigurev in  triangulation 

10 
12 
14 
16 
in 

20 
22 
24 
26 
28 

30 
35 
40 
45 

<XI 
55 
80 
65 

70 
75 
80 

00 

95 
100 
105 
I10 

I I5 
120 
125 
130 

135 

145 
150 

I52 
154 
156 
168 
180 

102 
1M 
IOfi 
16H 
170 

n5 

140 

- 

- 
100 

428 
359 
315 
w4 
202 

245 
232 
221 
213 
208 

1W 
188 
179 
172 

167 

159 
155 

152 
150 
147 
145 

143 

140 
13x 
136 
134 

132 
120 
I27 
1%5 

122 
119 
116 
112 

111 
110 
108 
107 
107 

107 
IW 
113 
122 
143 

182 

- 
120 
- 

z59 
295 
253 
225 
204 

177 
I67 
Is0 
I53 

I48 
I37 
129 
124 

119 
I15 
I12 
108 

Io8 
104 
102 
Io0 

98 

90 
05 
03 
91 

n0 
HH 
86 
n4 

82  
XO 
77 
75 

76 
74 
74 
74 
74 

70 
70 
86 
08 

in9 

- 
14' 
- 

1\53 
214 
in7 
168 

I 53 
142 
I34 
126 
120 

I15 
Lo8 
w 
93 

n9 

no 
xo 
83 

78 
76 
74 
73 

71 

70 
68 
67 
66 

64 
02 
61 
59 

5X 
50 
55 
*54 

Fii 
?a 
54 
54 
60 

59 
63 
71 

_ -  

- 
16' 
_- 

87 
62 
43 

30 
I9 
11 
04 
Q9 

94 

79 
74 

70 
67 
64 
62 

60 

57 
55 

54 

<53 
51 
50 
49 

4R 
40 
45 
44 

43 
42 
41 
40 

40 
41 
42 
43 
45 

48 
54 

86 

- 
18' 
- 

43 
20 

13 
03 
05 
88 
83 

79 
71 
65 
80 

57 
54 
51 
49 

48 
40 
45 
43 

42 

41 
40 
30 
3n 

37 
3Q 
3: 
3 1 

33 
32 
32 
31 

31 
33 
3 4  
31 
3t. 

42 

- 
100 
- 

13 

00 
91 
83 
77 
72 

68 
60 w 
50 

47 
44 
42 
40 

38 
37 
38 
34 

33 

32 
31 
30 
30 

20 
2x 
27 
26 

26 
25 
25 
20 

26 
27 
28 
:io 
33 

_ _  
220 

- 

91 
X I  
74 
68 
83 

59 
52 
47 
43 

39 
37 
:i5 
33 

32 
30 a 
2H 

27 

26 
25 
25 
24 

23 
22 
22 
21 

21 
20 
21 
21 

22 
23 
2.5 
27 

24' 
- 

74 
07 
61 
57 

63 
46 
41  
37 

34 
32 
30 
28 

27 
25 
21 
x3 

22 

22 
21 
w 
I O  

1 0  
In 
1x 
I7 

17 
17 
17 
1x 

19 
21 
22 

- 
!e< 

51 
58 
51 

48 
41 
36 
39 

28 
27 
25 
14 

23 
21 
20 
10 

19 

18 
I7 
17 
16 

15 
I5 
14 
14 

14 
14 
15 
18 

17 
19 

- 
!8' 
- 

61 
17 

43 
37 
32 

26 
24 
22 
21 

19 
18 
17 
16 

I6 

15 
14 
14 
13 

13 
12 
12 
12 

12 
12 
13 
15 

10 

28 

- 
100 

43 

40 
33 
2g 
25 

23 
21 
19 
i n  
17 
16 
15 
14 

13 

13 
12 
12 
II 

I t  
10 
10 
10 

10 
10 
11 
13 

- 

5' - 

13 
!7 
!3 
!a 
'8 
8 
(4 
3 

12 
1 
0 
0 

9 

9 

8 
7 

7 
7 
7 
7 

7 
e 
(1 

x 

- 

00 

?3 
I9 
I6 

I4 
12 
I1 
LO 

9 
8 
7 
7 

6 

6 
6 
5 
5 

5 
5 
5 
6 

5 
6 

50 

16 
13 

I1 
IO 
9 
7 

7 
6 
5 
5 

4 

4 
4 
4 
3 

3 
3 
4 
4 

4 

0 
- 

I1 

5 

E 
I 
4 
4 
i 

! 

i 
i 

E 

5 

3 
7 
5 
5 

L 
3 
Y 
2 

2 

2 
2 
2 
2 

2 
2 
2 

i 
I 
I 

I 
3 
3 
3 

I 

1 
L 
1 
I 

L 
I 

5 

1 
3 

2 
2 
1 
1 

1 

1 
1 
1 
1 

1 

58853'-28-16 
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HOW TO USE THE TABLE 

To compare with each other two alternative figures, either quadri- 
laterals or central-point figures, in so far as the strength with which 
the length is carried is concerned, proceed as follows: 

(a) For each figure take out the length angles, to the nearest 
degree, for the best and second-best chains of triangles through the 
figure. These chains are to be selected a t  first by estimation, 
and the estimate is to be checked later by the results of comparison. 

( 6 )  For each triangle in each chain enter the table with the 
length angles as the two arguments and take out the tabular value. 

(c) For each chain, the best and second best, through each figure, 
take the sum of the tabular values. 

(d)  Multiply each sum by the factor 7 - for that figure, where 

D is the number of directions observed and C is the number of con- 
ditions to be satisfied in the figure. The quantities so obtained, 

namely, - 2 [8A2+8A8B+8B2], will for convenience be called R1 
and 22, for the best and second-best chains, respectively. (Examples 
of various triangulation figures with the corresponding valuea of R1 
and B2 may be found in Special Publication No. 93, pp. 8-12.> 

(e) The strength of the figure is dependent mainly upon the 
strength of the best chain through it, hence the smaller the Rl the 
greater the strength of the figure. The second-best chain con- 
tributes somewhat to the total strength, and the other weaker and 
progressively less independent chains contribute still smaller rimounts. 
In  deciding between figures they should be classed according to their 
best chains, unless said best chains are very nearly of equal strength 
and their second-best chains differ greatly. 

D - C  
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