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FOREWORD 

The purpose of this publication is to espiam the methods used in 
the United States Coast and Geodetic Survey in the computation 
and adjustment of triangulation. It will not only serve as a guide 
to the younger mathematician just learning to make triangulation 
computations but will tend to standardize the methods of computa- 
tion and adjustment of triangulation so that greater efficiency and 
Jcononiy will result. 

Beginning on page 215 will be found a number of suggestions and 
general rules which have been formulated as the result of many years 
of experience in the adjustment of triangulation. Those just starting 
work on such computations will find it helpful to study these rules 
and suggestions before attempting to study the volume as a whole. 

Acknowledgment is gratefully made to C. H. Swick, Dr. 0. S. 
Adams, mathematicians, and 0. P. Sutherland, associate mathemati- 
cian, of the division of geodesy of this bureau, and to R. N. Ashmum, 
mathematician of the International Boundary Commission, who 
have carefully reviewed the entire manuscript and offered many 
valuable suggestions. 
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MANUAL OF TRIANGULATION COMPUTATION ' 
AND ADJUSTMENT 

By WALTER F. REYNOLDS, Mathematician, United States Coa t  aid GeodeFic 
S.1avey 

GENERAL STATEMENT 

For many years most of the computations and adjustments of 
triangulation in the United States Coast and Geodetic Survey have 
been more or less standardized, but, as there have been no printed 
instructions for the work, the standard methods have not been used 
as consistently as i s  desirable. This publication, giving the methods 
of computation resulting from years of experience by the various 
mathematicians, will tend to more consistency and thus to greater 
ac.curacy and speed. 

The theory of least squares as applied to the adjustment of tri- 
angulation is not covered in this publication, since that is fully 
treated in Special Publication No. 28, Application of the Theory of 
Least Squares to the Adjustment of Triangulation. Instead, there 
is shown, step by step, how the computation of the triangulation is 
carried on from the tinie the field observations are received in the 
office until the final results are published. Examples of each part of 
the computation are given. The methods used in the computation 
and adjustment of traverse are not shown in this publication, since 
they are contained in Special Publication No. 137, Manual of First- 
Order Traverse. 
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CHAPTER 1.-PRELIMINARY COMPUTATIONS 

ABSTRACT OF HORIZONTAL DIRECTIONS 

The instructions for fie.ld work require that the lists of directions 
giving the observed horizontal directions or mgles shall be made 
out and checked in the field, so that ordinarily the office computations 
should begin with the checked directions, and the mathematician 
should not have to go back to the original field record books. 

But occasionally, due to a rush of work or a shortage of personnel, 
the field directions are not checked in the field, and this must be done 
in the office. The niethod of computing the list of directions is 
therefore shown here. As the methods of forming the lists of direc- 
tions for triangulation of the first and second order (formerly precis9 
and primary) and for triangulation of the third order (formerly 
secondary) are soniewhat different, exaniples of both methods are 
given. 

Below is given a sample abstract of observed directions on tri- 
angulation of the first order, as received in the office, from which 
the list of directions is computed. This abstract and the instructions 
for making out the list of directions for first-order triangulation are 
talien from Special Publication No. 120, Manual of First-Order 
Triangulation. 

It is important that this form be made out carefully, because the 
mean directions derived from the abstract of horizontal directions 
constitute the basis for all the later computations. Every position 
observed a t  a station, escept observations on objects where only one 
or two positions are taken, should appear on the abstract, the rejected 
readings being indicated by the letter R. Sample forms are shown 
in Figures 1 and 2. 

Where more than one station is used as an initial, there will fre- 
quently be different ways in which the observations can be combined 
to give the directions from some one initial station. Figures 1 and 
2 will illustrate the proper way to forni the combined direction in 
a number of typical cases. 

At station Granite both South Base and Westedge were used as 
initials in the observations, but South Base was chosen as the initial 
for the list of directions. A supplemental abstract of directions, 
Figure 2, was first made out for the observations in which Westedge 
was used as initial, and the abstract, shown in Figure 1, was then 
made out for such observations as had South Base for initid. It was 
then necessary to transfer the observations made with Westedge 

2 



PRELIMINARY COMPUTATIONS 3 
as initial to equivalent values with South Base as initial, marking such 
transferred directions with the letter T on the abstract to show their 
origin. For esample, in Figure 2 the direction of Ployd from West- 
edge, position 1, is 271O 11' 44f0, while the direction of Westedge 
from South Base, position 1, is 17' 17' 49!'5, and the sum of the two 
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directions, 288' 29' 33f5, is the direction from South Base to Floyd, 
as shown for position 1, Figure 1. Similarly, the values for the other 
positions for Floyd and Williams are transferred from the supple- 
mental abstract to the combined one, using for each position the 
corresponding value of the angle between South Base and Westedge. 



4 U. 8. COAST AND GEODETIC SURVEY 

It is not necessary to transfer Frisco from the supplemental ab- 
stract shown in Figure 2 to the combined abstract for the reason that 
a complete set was observed on that station from each initial. The 
mean of the directions on Frisco, with Westedge as initial, viz, 336' 
55' 07f57, plus 17O 17' 50f76, the mean of the directions on Westedge 
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FIQ. 2.4hmple abstract of directions for missing signsls 

with South Base as initial, gives 344' 12' 58f33. The mean of this 
value of the direction to E'lisco and that obtained with South Base 
as initid, 344O 12' 57!69, is used in the list of directions shown in 
Figure 3. If more than 10 or 12 acceptable positions are obtained 
on my one night for a direction, that'night should be given unit 



PRELIMINARY COMPUTATIONS 5 

weight with any other night in determining the mean direction. In 
general, where 10 or more positions of a direction have been nieas- 
ured on each of two or more nights no one night’s observations should 
be rejected unless it is more than one-half second from the mean of all 
the values for that direction. If the divergence from the mean is 
greater than one-half second, that night’s observat.ions should be 
selected which will best close the triangles, provided that at  least 12 
acceptable positions me available for the retained direction. 
It will be noted that since the angles were measured from South 

Base to Westedge, from Westedge to Frisco, and from South Base 
to Frisco, the proper value of the direction from South Base to the 
other two points could be secured most accurately by a least-squares 
adjustment (see pp. 8-16). In  most cases, however, the results 
obtained by this station adjustment do not justify the time required 
to make the computation, but a niean value for the sum angles can 
usually be obtained by arbitrary methods which will meet sufficiently 
well the final demands for accuracy. When a number of sun1 angles 
are measured, however, and especially when the means obtained by 
different combinations vary considerably, a station adjustment may 
be made. 

The direction to triangulation station Floyd, Figure 1, has two 
acceptable values for position 6. In such cases the niean is taken 
of d values for a position and that mean given unit weight in the 
final niean, on the theory that a symmetrical distribution of the 
readings around the circle is essential to accuracy. With an accu- 
rately graduated circle it is probable that the variation due to the 
graduation is not quite so large as that due to errors in reading, but 
the rule of unit weight, for each position is the safest to follow as a 
uniform procedure. 

REJECTION OF OBSERVATIONS 

The chief difficulty in making out the form lies in deciding what 
observations to reject. The usual forniuls for the rejection of 
observational quantities are too cumbersome to apply and are not 
satisfactorily applicable to a short series of observations. It is, 
therefore, custoniary to apply an arbitrary linlit of rejection, d e b  
mined empirically from previous experience with the hstrument used 
or with one of similar qualities. For observations with the type of 
theodolite usually used on first-order triangulation the rejection liniit 
for the angular value of a direction on any one position of the circle 
may ordinarily be taken as four seconds from the mean. 

The following rules will be a sufficient guide to the rejection of 
obsemed directions: 

1. No reading should be rejected ‘if it  falls within the limit of 
retention (in the sample this limit is f4!0 from the mean) unless 
rejected at  the time of taking the observation. The observer’s 
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reason for rejection should then appear in the original record. 
This rule will not apply to the case where one set of observations of 
a direction is rejected in favor of another set of 12 or more positions, 
as provided for on page 5. 
3. If two or more readings have been taken for a single position, the 

mean should be used if all readings come within the limit of retention. 
3. If one reading of a position falls without the liniit and one within 

the limit, do not use a mean even though the mean be within the 
limit. 

4. If both readings of a position fall without the liniit, reject the 
position entirely, using the remaining positions to compute the mean 
direction. 

5. In case the 16 readings seem to fall in two groups, the mean of 
one group differing considerably from the mean of the other, extreme 
care is necessary in making the rejections. 

6. Before computing a trial mean any observations so far from the 
approximate niean as to be very evidently the result of blunders 
should be rejected. After a trial mean is obtained and the rejection 
liniit applied, the observations so rejected should not be again 
included even though the new mean would bring them within the 
limit of rejection. 

7. The results obtained by applying rigorously the liniit of rejec- 
tion, even though the quantities rejected are just outside the liniit, 
will probably be but little different from those derived after long 
consideration, and much time can be saved by a strict application of 

Use instead the single reading within the limit. 

the rule. 
LIST OF DIRECTIONS 

On the list of directions, Figure 3, the mean directions of all unre- 
jected observations are arranged in order of azimuth from some ona 
selected initial. Not only the mean directions to the principal 
stations as listed and computed on the abstract of directions should 
be shown, but also the directions to intersection points and reference 
marlis. 

The data on this form constitute the material upon which the 
office computations are based, and these data should he so completely 
checked in the field that there will be no need in the office to resort to 
the record book or the abstract of directions. The only exception to 
this rule is where there is not sufficient time in t;he field to malie all 
the eccentric reductions without delay to the progress of the party. 

On the back of the form for the list of directions are instructions 
for its preparation. (See fig. 5.) Only two points covered by those 
instructions need be emphasized here, viz, the number of dccinial 
places to be shown in the mean angle and the treatment of eccentric 
directions. As regards the first, on first-order triangulation the 
directions to main-scheme stations should be carried to hundredths 
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of a second, directions to second-order stations and to sharply defined 
permanently marked interseckion stations to tenths of seconds, and 
directions to other points, such as mountain peaks, to seconds. Di- 
rections to near-by objects, such as witness or reference marks, need 
be taken to the nearest 10 seconds only. In general, two uncertain 
figures should be given; that is, the third digit from the right in the 
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FIG. 3.--Ssmple list af directions from horizontal directions 

nuniber denoting the direction should not be in error more than one 
unit. 

The second point to be emphasized in the preparation of the list 
of directions is the computation of the eccentricity and the reduction 
of the observed directions to center. If a direction has not been 
reduced to center, the seconds pertaining to that direction should 
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not be written on the forni in ink, but in pencil. This rule should 
be invariably followed, for otherwise an unreduced direction may be 
used for a reduced one. 

LIST OF DIRECTIONS FROM HORIZONTAL ANGLES 

For making out the list of direc.tions from observed horizontal 
angles in third-order triangulation, the iiiethod is slightly different 
from that used with observed hoiizontal directions. As shown below, 
the angles at  tlie station are sinply corrected for the closing of the 
horizon. Since ea,c.h angle was observed in the same manner, its 
weight is unity, and the correction to each angle is obtained by 
dividing the difference between 360' and the sum of all the angles by 
the number of angles involved. 

Observed angles, Vame &It. 

Come- F i d  
tion g;. 
-- 

I 

-0.5 41.0 
-.5 11.5 

- .5  59.8 
-.6 45.6 
-.6 45.5 

-3.2 00.0 

- .5  %e. 

-- 
- 

Observed stations 

Neal-Tomah Yt _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Tomah Mt.-t?pruce Mt _ _ _ _ _ _ _  
SpruceMt.-l\It. Henry _ _ _ _ _ _ _  
Mt. Henry-Brandy Hill _ _ _ _ _ _  
Brandy Hill-Osk _ _ _ _ _ _ _ _ _ _ _ _ _  
08k-Ne~I . . . . . . . . . . . . . . . . . . . . .  

Angle 

0 I It 

22 IS 41.5 
59 51 12.0 

116 51 37.1 
gr) 36 00.3 
45 23 43.3 
54 55 46.1 

300 00 03.3 

The corrections to close the horizon are usually applied in the 
Horizontal Angle Record Book, and the list of directions is niade 

WIIlTypHToT COMNRCI directly from that record on 

w e  4. Complete instiuc- 
tions for making out tlie 
list of directions, which are 

2;;~;fifi;A sz;:pm given on the back of Forni 
e # I# W 24A, are given in Figure 5. 

ILL m1 IM CpODmc sum 
ronu 1u &&: .-_._..__ IIaine-,. Form 244 as shown in Fig- 

Station - B e  yt - 
O b r e r w r . . , ~ -  Checked by 

Cmpubd by 
I.P.R. 

& A r n N a O ~ I r p v r D  

]Ped. 0 00 00.0 STATION ADJUSTMENT, DI- 
TO- ]It. 23 l8 42.0 RECTION METHOD 

Under the present system 
.of observing, no local ad- 
justments are necessary, and 
all the computations, such as 
the taking of means and the 

closing of the horizon, are niade in the record book in the field. 
But as the mathematician has to de.al occasionally with observations 
made a number of years ago, when it was tho custom to measure aa 

muoe Yt. a8 09 58.6 
It. sieu-y 199 04 29.1 

259 40 1 . 9  
305 04 14.1 

Br- Hill 
Oalr 

FIG. 4.--bmple list of directions from horizontal snglcs 
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many angles as possible, including sun1 angles, the method used in 
computing the list of directions at  a station where local adjustment 
is necessary is given here. 

As explained on page S ,  the angles a t  each station must be cor- 
rected for the closing of the horizon. If no sun1 angles are observed, 
this is the only condition'; but if sum angles are observed, new condi- 

mi form, propcrly fillcd out and 
Checked, must be 'furnishcd by field 
parties. To 66 a&rptabk it nivst co~duin 
e v q  direelion obst~~ed. 

It is to bo used for observntions with 
repesting theodo'ites, as well 85 directioni 
theodolites. 

Start encb ncw station a t  the head 
of a ncw column. 

If a repenting theodolite is used, do 
not abstract thc angles in tertiary tri- 
angulntion. The local adjustment cor- 
rections (to close horizon only) are 
to be writtm in the Horizontal Anglc 
Record, and the Lit of Directions is 
to be mndo from that record directly. 

Choose as nu initid for Form 34A 
some station involved in the local 
ndjustmcnt, and prdcrnbly onc which 
bas been uscd as nn initial for n round 
of dircctions on objocts not in the main 
scheme. Use but one initial nt a sta- 
tion. Cnll the dicction of tho initial 
0' 00' OO."OO, and by applying .the cor- 
rected nnglcs to thii, fill in opposito each 
station its direction rccltoncd doelwise 

Staff: Kkwrrs. 
Station Chase 

Obreiver A. T. M. 

Computed by A. T. M. 
Checked by A. R. L. 

DInFOtlONS AAER 1 LOCAL ADJWTMENT 

Contra1 _-_-_._-_ 0 00 0O.W I White church spire, 8 milea -__ I 6 O " '  3 66.4 

Chm 11, E. church, whits spire.- I8 I O  11.9 

Littleniver ____________.__.____ 18 20 10.18 

Lyons, salt wmks, center hoist--. 24 99 6S.O 

Lyons, whitespire, ahart ___-.._ 27 I9 29.7 

L}ous, courthhou~c 27 65 91.3 

Lyons, whitespire, d i i  ______.._ 28 OP 64.2. 

.! 
11 

Rsfcrrnce mark distant  cO.65 ,171 34 

Scclion 3. T. 20, R. 10 W., NW. cor- 430 37 38 
metcn. 

ncr s h e ,  Jialsnt 252.6 mcten. 11- B&w 314 59 23.61 

around the whole circumfcrcnce rcgard- 
less of the direction of gradustion of the instrument. Tho clockwise rcckoning is necessary fw 
uniformity and to mnke the diicctions conipnrnblo with azimuths. 

Jf 6 station hns been occupicd ccccntricnlly, rcduco to the center rad cntm in this form, in ids, 
the resulting dircclions at the fcntcr. 1I tliu ruduction is not made for sonic directions, tbcy should 
bc entered in pencil, with a footnote to that cffcct. 

Directions in tho mnin scheme should bc entered to hundredths of scconds in primary trinngula, 
tion; otlienvisc, to tcnths only. Points observed u p  but onco, direct and reverse, should be canicd 
t o  tcnths in primary and smndary triangulation, and in tertiary triangulation to even seconds only. 
In  generd; but two uncortnin figures should bc given. 

It is recommended that tlic Iollo\ving simple plan of obscrving be used with n repenting instru- 
ment: hfcnsure each singlo nn$e in tho sdemc at cach station and the outsido nnglo necessary to 
doso the horizon. Mcasuro DO sun1 angles. Follow ench mcasuremcnt of evcry angle immediatdy 
by a mensurcmcnt of its explement. S i  repetitions nre to constitute n mensurcmcnt. The l o d  
adjustment will consist simply of the distribution of the error of dosuro of the horizon. 

c k < e d  t o  "firut-orEer.n %econ&ryli t o  %econd-orderIi .?nd ' i t e r t imy i '  t o  
"thirC-orber. 

--- 
In next t o  tt,e last garagrcqh nbove the designat ion nprimmyil should be 

FIG. S.-Bs& of Form 2446, giving instructions for making llst of directions 

tioxis a.re imposed on the station adjustment. If all angles are 
observed with the same accuracy, then the weight of each is unity; 
but when the angles are measured with different numbers of sets, 
they must be weighted accordingly. A set consists of six nieasures 
of the angle with the telescope direct rtnd sis measures of the exple- 
nient of the angle with the telescope reversed. 
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In the example he.low the angles were nieasured with different 
numbers of sets, and so are weighted. 

Observed angles, Mag 

Observed station Direction i o  , ,, 

~ ~~~ ~ 

I 
Angle 1 weight 

P Observed statim 

- 
-_ I o  , I, -I-- 

Adjusted 
final 

seconds 1 

-- 

11% 08 44.8) (I 45.01 
Rye-Collins _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  . 45.4 45.L. 

4 

3 

3 

3 

2 

2 

3 

3 

3 

a 
I I _  

This column is filled out after the adjustment is completed. (* p. 16.) 

List  of directiotis, Mag 

n o 0  
115 58 
150 2/ 
154 44 
IS6 43 
196 23 
2i6 36 

0 . 0  
10. 1 

31. 6 
37. a 
59.3 
18.1 

30.9 

1 This column is filled out atter the sdjustment is completed. (See p. 16.) 

Ldjusted 
anal 

econds I - 

io. i 

20.8 

28.4 

16.8 

06. a 

05.6 

43.9 

452 

a?. 7 

ab 
- 

The complete list of directions has been fornied using SLY of the 
angles, the remaining four not being neoessaxy. As each of these 
angles not used gives rise to a condition, there will be four conditions. 
The equations expressing these conditions we formed as follows: 
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0 / /I 

Angle Collins-Chamcook, observed, = 83 23 43.94- 89 
Angle Collins-Chamcooli, from list, - S3 23 ~ ~ . O - U ~ - - S - V ~ - U ,  

11 

Condition 1, 0- - 0.1+ 014- I9+ uo+ u4+ q 
Angle Rye-Collins, observed, = 126 OS 45.14-u~ 
Angle Rye-Collins, from list, = 126 OS 45.0+&U4 

Condition 2, o=+ 0.1-ws-u,+ 
Angle Anderson-Middlemiss, observed, = 41 4-1 26.S-l- up 
Angle Anderson-Middlemiss, from list, - 41 41 39.0-l- q - u ~ - k  v6 

~~~ ~ ~ ~ 

Condition 3, o= --3.3--vs+u5-ue+ up 

Angle Mohannas-Collins, observed, = 109 53 39.64- UIO 

Angle Mohannas-Collins, from list, = 109 52 38.94- rg+ v4--zps 

Condition 4, 0-4- 0.7-~a-~r+ tP5-k Z ~ I O  

After the condition equations are formed, they are tabulated in 
correlates as shown below. 

Correiate eqmtions 

V +  

-0.024 -. m2 -. 342 +. 610 +. la 

-. 852 -. 032 +. 084 +. 852 -. w 

Ado ted 
iJ s 

0.0 -. 1 
-.a +. 5 +. a 
-. 8 

.o +. 1 +. 9 -. 7 
This eolumqis fllledput after the adjustment is completed. (See p. 15.) 

t See explanation of this column on p. 15. 
a 
P In the second column above, headed -, a is some constant, and 

p is the weight of a given v. It is best to take a as the least com- 
mon multiple of all the weights, so as to make all the values in this 
column integers, provided this can be done without making the 
quantities too large. Thus, in the axample above a= 12. The val- 
ues of the p's are given in the table on page 10. The quantities in 
the column headed 5, are obtained by adding across algebrrticdly 
the quantities in columns 1, 2, 3, and 4, in the same horizontal line. 

After forming the correlate equations, the normal equations are 
formed as shown in the table below: 

Normal sqwltiona 

3 C*  

2 
3 
4 

-rc 
See p. 13 far v d k  in this column. 

" - 3 L - 2  
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The normal equations are obtained by taking the algebraic sums of 
a - times the products of the various columns in the correlates. For P 
example, normal equation No. 1 may be expressed as: 

normal equation NO. 4 as z(: - 4 - 4 ) + q 4 + [ ~ ( :  - 4-2.)+q4], 

in which the E before each. parenthesis indicates the sum of the 
products in the parentheses and should be distinguished from the 2, 
and the 2, of the preceding tables. q is the constant terni for 
the corres?onding condition equation. 

In  each symbolized nornial equation above, the part in the square 
brackets should equal the corresponding 3, in the preceding table, 
the E, being the sum of the values in columns 1 , 2 , 3 , 4 ,  and q, in the 
sanie horizontal line, including the omitted terms as explained 
below. This gives a check on the formation of the nornials. In 
obtaining the 2, it must be remembered that due to symmetry, 
as explained below, certain coefficients have been omitted in the 
preceding table of normal equations and that these must be talcen 
into consideration. The term in square brackets of the first nor- 

mal equation is [E (: - l-&)+ql]= -7.1. Adding the coefficients 

of the terms in the first normal equation as given in the table we have 
+23-12-6-113-0.1= -7.1, which checks the formation of this 
equation. 

In the same way the term in square brackets of the second normal 

equat ionk (: - 2-2,)+q2]=21.1, and this checks the sum of the 
coefEcients of the terms in this equation, - 12 + 16 + 6 + 12 + 0.1 = 
+22.1. The third and fourth normal equations are checked in th0 
sanie way. 

In the preceding table of normal equations the coefEcients occur- 
ing before what is called the “diagonal term” are omitted, &s the 
equations are symmetrical with regard to the diagonal line shown 
in the table below. Thus the table above, if written in full, would 
be as follows: 
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Nomnal equations in full 

+!a 
C' 

1 

13 

-12 

+.sal7 

4-16 
-6.m 

+9.740 
CI 

1 
2 

2. 

1 -0. 1 -7.1 

+13 +o.l +n.1 

-ai140 

It can be readily seen from this table that all the coefficients to the 
left of the diagonal line may be omitted and each equation may be 
read from the top down to the diagonal term and then across -.. . the 
Page. 

SOLUTION OF NORMAL EQUATIONS 

In  the solution of the normal equations the Doolittle method is 
used. As a full discussion of this method is given in Adjustment of 
Observations, by Wright and Hayford, second edition, page 114 et 
seq., no attempt is made here to discuss it or give any of the theory 
concerning it. A complete solution of the preceding normal equa- 
tions is given below, followed by an kxplanation of the computation. 

Forward solution 

--___- 
+aim -a0049 +~.OW 

+a 1417 - +. 0107 

+.W9 +.OS72 -.Om 
--.a17 +.orsIO 

+a0208 - 
-0. CO7b 

3 1 4 1 r )  

-6 -0.1 

+.a09 I -:.6217 I +.OW 

+21.690 ' +7.179 I -2.240 ca I -.33?5 I +.lo38 

+. 7 

I +11.970 I + 1 . m  
f3 -.1140 

. Back solutioib ( c o m p u t a t h  of Cs) 

En 

-7.1 
6 +. 3m7 

+za 1 
-3.703 

+IS. 397 
-1. ases 

+%.E 
-1.853 
-5.419 

+26.520 
-1. a251 

-6.7 
-3.703 
-10.842 
-8.831 

6 
4-13.334 
-1.1140 
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EXPLANATION OF SOLUTION 

The forward solution is computed as follows: 
Normal equation No. 1 is written down and divided by its diagonal 

term, +83, all the signs being changed. c', is thus given in ternis of 
C2, fl8) C4, and the constant teim. Normal equation No. 2 is nest set 
down, and since it has a coacient  of - 12 for Cl, the divided coeffi- 
cients of equation No. 1 are multiplied by - 12, and the products are 
placed under equation No. 2. The quantities in each colunin are 
then added algebraically and are divided by the new diagonal term, 
+9.740, all the signs being changed. is thus given in ternis of 
4, C4, and the constant term. Norrkial equation No. 3 is theii written 
down, and since it has a coefficient of - 6  for Cl and +3.869 for C2, 
the divided coefficients of equation No. 1 are multiplied by - 6  and 
those of equation No. 2 by +3.869, giving products which are set 
down under equation No. 3. The quantities in each column are 
added algebraically and these sums divided by the new diagonal 
term, all the signs being changed. C3 k thus given in terms of C4 
and the constant term. Normal equation No. 4 is then set down, 
and since it has a coefficient of -13 for G ,  +5.740 for Ca, and 
+7.179 for C3, the divided coefficients of equation No. 1 are multi- 
plied by - 12, those of equation No. 2 by + 5.740, and those of equa- 
tion No. 3 by + 7.179. The quantities in each column are then added 
algebraically and these sums divided by the new diagonal terni, all 
the signs being changed. 

As can readily be seen from the forward solution, C3 = - 0.33%c4 

+ 0.2609C3+ 0.5217c4+ 0.0043. These 0's can be obtained most 
conveniently by arranging the back solution in the form shown on 
page 13. There will be as niany columns as there are C's to be 
determined, and they will be headed in reverse order from the for- 
ward solution. Thus, in this particular solution, the colunlns will 
be headed 4, 3,2, and 1. 

On the first line is written the constant term for each divided 
equation of the forward solution; that is, the quantities in the column 
headed 9. Then the value of C4, -0.1140, is niultiplied into each 
of the quantities of the divided equations in the column headed 4 
of the forward solution, these products being placed in the second 
line of the back solution beginning with the column headed 3. The 
quantities in the column headed 3 of the back solution are then 
added algebraically to give 4. The value of C3, +0.1417, is then 
multiplied into each of the quantities of the divided equations in 
the column headed 3 of the forward solution, these products being 
placed in the third line of the back solution, beginning with the 
column headed 2. The quantities in the colunin headed 3 of the 
bac.k solution are then added algebraically to give 0;. The value of 

The value of Ck is thus obtained. 

f0.1038; C2= -0.2946C~-Oo.5S93C~-0.0049; and Ci= +O.5817C2 
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4, +0.0306, is multiplied into the quantity of the divided equation 
in the column headed 2 of the forward solution, this product being 
placed in the fourth line of the back solution in the column headed 1. 
The quantities in the column headed 1 of the back solution are then 
added algebraically to give GIl. 

COMPUTATION OF 0’s 

After the Q s  are determined, the next step is to compute the v’s 
by substituting the values of the C‘s in the correlate equations 
tabulated on page 11, taking into account the weights as shown in 

the column headed a- It can be easily seen from this table that P 
q=3C1, %=4c;, ~ 3 = 6  (C;-C*-Clg,-Cc;), ~ 4 = 6  (C1-(&-CJj vS= 

6 (C3+ CJ, -6C3, ~7=4C,, V.3=4CsJ ~g=6C3, and q0’6C4. 
The vJs are best obtained by nieans of a table as shown below, 

which has a column for each v. The vdues of Cl, C2, C3, and c’, are 
placed in the different columns to correspond with the set of corre- 
late equations on page 11. These are then added algebraically in 
each column, and each su i  is then multiplied by the corresponding 
weight for that v to give the final v. 

As the constant terms of the condition equations are carried to the 
nearest tenth of a second, it is customary to round off the v’s to the 
nearest tenth of a second. Occasionally, when the v’s are substi- 
tuted in the condition equations, one or more equations may fail 
by a tenth of a second due to this dropping of hundredths of seconds 
in the 8s. 

For instance, if in condition equation (1) we substitute the values 
of the 8’s computed to the nearest tenth of a second, we have O =  
-O.l+O.O+O.O-0.3+0.5+0.0, or O= +0.1; and in equation (3) 
we have O= -2.2+0.3+0.2+0.9+0.9, or O =  +0.1. 

In order that the equations may check exactly and the results be 
consistent, it is customary to adopt a set of v’s, a few of which may 
not be the same to the nearest tenth of a second as the computed 
values. These adopted 2)’s are shown at the bottom of each column 
in the table of d s  below. In  this set of adopted v’s, ua has been 
given the value -0.1 instead of 0.0, and v6 -0.S instead of -0.9, 
in order that equations (1) and (3) may be satisfied. 

Computation of v’s , 

3 

-0.008 
-.m1 --.la 
+.114 

-. 057 

-.m -. 3 

- 
- 

4 

-0.oOs -.m1 
+.114 - +. 085 

G 
G- +. 510 

+.5 

-- 1 
-- 

-0.008 
3 

-.PA 
.o 
-- 

--- 5 1 G / 7  2 

-0.00s 
4 

-.m 
, -.I 

+. 168 +. 3 

8 

+O.OZl +O. 142 -0.114 
4 -- 

+.l +.9 
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The adopted values of the 4)’s are substituted in the table of 
observed angles and in the list of directions on page 10 to give the 
values in the column headed “Adjusted final seconds” in each table. 

It will be found now that if t,he list of directions is formed from 
the corrected observed angles, it will be consistent; that is, the 
direction at each station will be the same no matter from which angles 
it is computed. 

The list of directions after the local adjustment should appear in the 
following form: 

List of d.irectionc, Mag 

D I I, 

Chamcook _ _ _ _ _ _ _  0 00 00.0 
Cooper _ _ _ _ _ _ _ _ _ _ _  115 58 10.1 
Rye _ _ _ _ _ _ _ _ _ _ _ _ _ _  150 27 30.0 
Anderson _ _ _ _ _ _ _ _  154 44 31.6 
Mohannas _ _ _ _ _ _ _  168 43 37.2 
Middlemiss _ _ _ _ _ _  196 28 59.3 
Collins _ _ _ _ _ _ _ _ _ _ _  276 36 1111 

_ _ _ _ _ _ _ _ _ _ - - - _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
_ _ _ _ _ _ _ _ _ _ - - _ _ _  
_ _ _ _ _ _ _ _ _ _ - - - _ _  
_ _ _ _ _ _ _ _ _ _ - - - _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

Observed stations Observed angle 

0 I I ,  

(1) Decision-Mac __________I_____ 16 11 53.6+m 
(4) Decision-Nation. _ _ _ _ _ _ _ _ _ _ _ _  99 42 50.6.tvr 
(3) Msc-Nation .__________._____ S3 30 57.6+ua 
(1) €Ioward--Nation ________I_____ 74 11 ll.O+m T) I ac-Howard _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  9 19 46.1+m 
6) Nation-Decision _ _ _ _ _ _ _ _ _ _ _ _ _  280 17 1JS.8+os 

Final 
seconds 

I, 

53.5 
5a9 
57.4 
11.1 
46.3 
09.1 
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In the above table 4, va, Q,, v4, ~ 5 ,  and v6 represent corrections to 

be. applied to the angles to make them consistent in themszlves. 
Angles (2) and (3) are sum angles, and angle (6) gives a horizon 
closure with (2). There are, therefore, 3 condition equations, which 
are formed in the following manner: 

(1) - (2) + (3) 1st gives 0 = + 0.6 + vl - vz +t%. 
2d - (3)+ (4)+ (5) gives O =  -0.5-v3+v4+v5. 
3d (2)+(6) gives 0 = - 0.6 + vz + v6. 

The correlate and normal equations below are fornied in the same 
manner, as explained on pages 11-13. The normals are solved and 
the corrections computed in the manner explained on pages 13-16. 

Correlate equationa 

-a ova +. 331 -. 2m +. 146 +. 146 +. a69 

-0.1 +. -. 1 
+ 1  

+. 3 
+: a 

This column is filled In after the adjustment is eompleW. 
tSee explanation of this column on p. 16. 

Solutian of n0m.d equations 

e . 3 3 3 3  -.a333 

+a -. 6 
I -.3333 +.a +. 5333 
2 --.om --.om +.ma 
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1 
1 2 3 4 5 G 

-0.062 M.062 -0.OG3 +0.146 +O. 14G +O.?g9 

-.062 -- +.I46 +.I40 +.W 
-.l .f.331 -.W +.1 +.2 +.3 

--___--- 

+.a9 -.146 ---- I . f .3  -.a 

U. 5.  COAST AND GEODETIC SURVEY 

Back solution 

+amm +o.iins -0.2 
+.0337 +.mw 

-. 0616 
+. 1463 

Compzctdiori of corrections (IJ'S) 

After the final seconds are placed on the observed angles in the 
abstract in the record book, the directions are niade out on form 
24A. (See fig. 6.) 

OEP-PIT OF C(IMMmCF, 
U. L WAS7 AIID GEODZIIC SURWI 

Farm LU 
State : ---.-- .__-.___- 

Station cOra-.-. Computed bi d.*&&..- 
O b s e r v o r . - L . L L -  Checked by ..-!!%.L!!L 

# 

8ZAmua ossssv~D h C A &  AlNDSTM6NT SECOND0 
DiRccnosa AKCR ' AHM. 

0 I I 8  " 

Decision 0 00 00.0 

1- 16 11 5Z.5 
Howard 25 8 l  39.8 
nation 99 42 50.9 

FIG. 6.-List of dictions resulting from 
station adlustment by angle method 

REDUCTION TO CENTER 

When a station is not occupied centrally, the direct,ms or angles 
observed at the eccentric point must be corrected to what they 
would have been if the instrument had been centered over the station 
mark. Also, if the signal observed upon is eccentric, the directions 
and angles involving this station must be corrected to what they 
would have been if the station itself had been observed upon. The 
coniputation for the reduction to center is made on Form 382. The 
instructions given on that form are repeated below, and examples of 
the two different cases of eccentricity are shown. 

First are given a list of h o t i o n s  for a station occupied eccentrically 
(fig. 7) and the computations necessary to obtain the corrections for 
reducing the directions to center. 
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' INSTRUCTIONS 

d s i n a  
The required reduction to center is, in seconds, c=- s sin 1" in 

which d is the distance from the eccentric station to the true station, 
and s is the length in meters of the line between the true stations 
involved, and, therefore, log s is taken directly froni the computation 
of triangle sides. a is the direction of the distant station involved, 
reckoned in a clochwise direction as usual but referred to the direc- 
tion from the eccentric to the true station, or center, tal- \en &s zero. 
This definition of a is true for the case in which the object pointed 
upon is eccentric, as well as for the case in which the instrunient .is 
eccentric. 

~ m m l  OF WUMPISL LIST OF DIRWATOES 
U L rOIn l l l D  6 m C  I U R K l  - U L  Sue: _._-__--__._ 

Stati~n.-~e"% Compubdby 0-P-8- - Station---- Computed by 0.P.S- 

0bc.e-A- Checkadby m-' Obwrvar o t s?L-  Checked by 3- 
D i n m n s h a  ~ A E  &Xmm O W E V Z D  ~ , ? ~ ~ ~ ~ ~ ~ ~  6l'hUOlrS OSeEEVZD focAs A ~ , ~ ~ ~ = ~  sarmrm . , , ,  " Cor."for e I ,, 

chew o 00 Oomemnfc amy 0 0000.00 
Tank west of A tmlce 29 03 37.0 -62.5 Tank west of A Duloe 29 02 34.5 
Ken (center) 3.469 m. 176 42 Forest Qlen Stanapipe 313 28 O l $  

Forest Glen Standplpe 313 24 55.0 +l88.% Borne 
Name 328 31 30.P -ti39.&w1' ffgtFf "ire- 852 17 33.8 
Bu. of Stand. nlreless 

R m  357 2848.68 *.lb 

826 3209.a 5 

352 17 20.8 +13.0 Berro 857 23 54.78 pole 

PIG. 7.-Lists of directions before and after reduction for eccentric station 

Carry a to minutes only and all logarithms to five decimal places 
only. Do not in any case carry the derived reductions to more than 
two decimal places. There is no advantage in carrying them to 
more decimal places than the directions to which they are to be 
applied are carried on Form %A. 

REDUCTIONS FOR AN ECCENTRIC INSTRUMENT 

If the instrument is eccentric, the first column of Form 382 should 
contain the names of the stations observed froni that eccentric 
position of the instrunient. 

The values in the fifth column are derived by subtracting those 
in the fourth colurnn from those in the third. The values in the 
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8.76016 

9.72063 

9.83608 
9.70115 
0.00654 

8.13581 

fourth column may need to be derived by successive appro-simations 
from the triangle side computations if the eccentric reductions are 
large. The values in the sixth column are obtained from those 

in the fifth by adding log derived as indicated in the heading 
of the form, if d is espressed in meters. If d is espressed iu feet, to 
the other two logarithms add also 9.45403 to convert to meters. 
To obtain a direction as shown on Form 24A, subtract the reduction 
c for the station which is the initial on Form S4A from the reduction 
c for the required direction and apply the difference to the observed 
direction. Similarly, the correc.tion to any angle is the difference 
of the reductions on this form to the two directions involved in that 
angle. 

a 
slll 1 

REDUCTION TO CENTER DmARTMmT OF CoMrERClZ 
Y.,.COL.IA"..cm"lCS"av.* 

m.r 1.1 

3.7& 
8.7& 
3.43* 
4.051& 
3.98487 
3.9268% 

L~ a =0.52020 
Co1ogein1"=6.3 1 4  4 S 

Sum =5.8 5 4 6  3 

FIG. S.-Reduction to center of ebmntric station 

In ,order to conipute the corrections to the directions due to 
eccentricity, it is necessary to linow the logarithm of the distance 
from the station itself to each of the other stations. For this purpose 
preliminary triangles arc computed. (See fig. 9.) The logarithms 
of the distances from Ken to Home, Reno, and Chevy are computed 
from the triangles Ken-Home-Reno and Ken-Home-Chevy . In 
computing these triangles it is not necessary to use the angles a t  Ken 
eccentric, as in each triangle the other two angles are known, and 
the concluded angles at  Ken may be computed and used. This 
method of computing the logarithms of the lengths will give values 
which are more nearly the true values than if the eccentric angles 
were used. 

However, as the other three stations observed from Ken eccentric, 
namely, "Tank near Dulce," "Forest Glen Standpipe," and "Bureau 
of Standards wireless pole," were not occupied, it is necessary to use 
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the eccentric angles at  Ken for the preliminary triangles used in 
computing the logarithms of the lengths. 

After the logarithms of the lengths have been computed, all the 
data necessaq to compute the eccentric corrections are known, and 
the computation can be made as shown in Figure S .  

The corrections thus determined are now applied to the corre- 
sponding directions observed at  Ken eccentric, as shown in Figure 7. 
As it is desired to keep the initial direction (in this case to station 
Chevy) Oo 00’ 001’0, the correction at  Chevy is subtracted algebrai- 
cally froni each of the other corrections and these differences applied 
to the other directions. The following corrections are therefore 
applied: At  Chevy, 01/00; at Tank, west of Dulce, -69536- 
( - 7 3 1 ) =  -6215; at Forest Glen Standpipe, +181!26 -(-7!31) 
= + 1SS16; at Home, +31!’91- (-7!31) = +39!’23; at Bureau of 
Standards wireless pole, + 5!’71- (- 7!’31) = + 13!’0; at Reno, 
- 11’1G - (- 7!’31) = + 61’15. The corrected directions are shown 
in Figure 7. 

When the eccentric. corrections are large, the logarithms of the 
lengths computed by the use of the eccentric angles are usually.not 
sufEciently accurate to give the exact corrections. In this case the 
triangles must be recomputed by using the corrected list of directions 
(see p. 19) and more accurate logarithms of the lengths obtained. 
These logarithms are then used to compute new eccentric corrections 
which are applied to the directions in the list of directions to give the 
final corrected directions. Ordinarily the first computation of the 
eccentric corrections is sufficiently accurate, but occasionally two and 
sometinies three computations are required. 

REDUCTIONS FOR AN ECCENTRIC OBJECT OBSERVED 

If the object observed is eccentric the heading “Eccentric station 
- ” on Forni 388, should be changed to “Eccentric observed 
object at  station -,” the first column should contain the names 
of the stations from which this eccentric object was observed, and in 
each case a is the direction from the eccentric object to the distant 
station involved, reckoned in a clockwise direction as usud but 
referred to the direc.tion froni the eccentric object to the true station, 
or center, taken as zero. (No distinction need be made between the 
direction from the eccentric object to the distant station and the 
direction from the true station to the distant station escept when the 
eccentric reduction is niore than one minute.) The remainder of 
the computation on Form 383 is made in the manner indicated 
above with reference to an eccentric instrument. The reductions to 
directions are, however, to be applied to observed directions, a t  the 
stations named in the first column, to the eccentric object at  the 
station named in the heading. The directions to which these reduc- 
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cOMPUTAT1ON OF mANGLES 

2-3 EOne-Berra 
c I Ken 30 56 $% 6.5' 48.8 

2Home 47 09 57.7 +3.4 61.1 
3 Reno l6l 5% 06.7 M.4 10.1 
1-3 Xor-Rem 
1-2 Ken-Holpe 

49.7 

2-3 tcome-Chen 
50 6 

c 1 Ken 33 25' & +2.3 52.9 
2 &me 25 20 54.6 +2.2 56.8 
3 chevy 121 11 03.1 +2.2 10.3 

1-3 Ken-Chew 
1-2 Ken-Eome 

53.3 

a Reno 37 18 26.6 
1-8 Tank-Reno 

1-2 lbnk-%en 

2-3 RenO-K€U 
49 22.6 lFatest o19 .46 ~~ ~ 

%ello 16 09 4.2 
00 53.2 

8Ken 44 , ZG.C 
1-8 
1-2 

I*._ > Stan pipe 

Forest O l e n  standpipe - Ken 
porest Glen Stadpipe - Reno 

3.772234 
31 

O.ZS8p-  
9.86& 

9 . 9 9 w q  

3 . 9 4  
a2 4.aSme 

3.860903 
15 

0.258Xlb 
78 

. 9.631564. 
4 

9.9322i7. 
96 3.7503%- 

4.0516% 

3.9263% 
0.0rJOF?i3 

9.7?&% 

3.759& 

9.78208 
420 

3. C75s.3 

43 
s.3sm9 

697 
0.0614?6- 
9.444605 

1887 
9 -84- 

651 
3.4924w 

2 Beno 149 26 24.2 

1-8 Wireless pole-?%.n. 
1-2 l r e l e s s  pole-fino 
FIG. Q.-Preliminary computation of triangles for reduction of ecmntric station 

sxen  5 11 M - -  
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tions are to be applied axe therefore found in various of the lists of 
directions on Form 24A, not all in one list, as is the case when the 
instrument is eccentric. 

On page 24 is given an example of a computation for reduction to 
center, when the observed object is eccentric as seen from several other 

m R T M . L I I  OC COMMmE LET OP DIRBCl'IOMI ULSOIII NtD G I D m s  WE%Q 
FmY z4A . .-. . _._ ._ - S k I l e : - . ~  ___-..-..---- 

Swioion. compuMby 0.P.S. swion.2kk- C o m p u t o d b y ~ ~ -  

Park 
C* 
Gerst 

Gar f ie ld  
Home Ecc. 2.79 m. 

DIRWXIONO A m E  Pam h w n o r a  Arne FIN& 
~0~ burn BrAmHa OssrpsxD kc& Anmsrumm Ssco!nIa 

0 1 1 ,  Y 0 , I, I# 

0 0000.0 Ceder 0 0 0 0 . 0  
47 07 49.6 Wallace 44 45 54.8 

la7 42 15.9 116 24 38.6 
152 2542.7 116 26 12.1 
222 5520. Beno 173 83 23.9 

Smlon..-kAt-----. Computsd by -- SMion- Computod by -a- 
Obwruar.&.&.@- Checkedby -=&, Observer &L&L.- Checked by =-- 

Dmmmrmllrrsn ~ A B  
6l'AnOXr h l 6 B V l D  8 z m  f5TAmOlm ~ ~ W Z D  #.w~==m Sgcgylp 

p , ,, I t  O I P  u 

0 00 00.0 {E:- 62 58 17.2 
46 21 39.0 -w 62 57 25.9 (E B!s 46 20 68.2 Stauton 88 40 09.G 

Qarfield 0 0000.0 
stenton 12 13 22.0 

POtOmac 93 11 0s.a 
FIG. 10.-Lists of directions for eeeentric:observed object 

stations. Station Home is eccentric as seen from stations Park, 
Cedar, Gerst, and G d e l d .  

In Figure 10 there is given a list of directions at station Home, 
showing directions to stations Park, Cedar, Gerst, Garfield, and 
Home eccentric, and also lists of directions at  stations Park, Cedar, 
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Gerst, and Garfield, at  which station Home is seen eccentrically. 
The computation is made in the same way as where the station is 
occupied eccentrically. The directions used in the computation are 
obtained from the lists of directions at  station Home, using Home 
eccentric as initial, remembering, however, that 180' must be added 
to these directions, since the directions are talcen at  the station itself 
and not at, the eccentric station. 

As in the case of an eccentric instrument, the approsinlate loga- 
rithms of the lengths are obtained by a preliminary coniputation 
of triangles. As the details of this computation are given on pages 
20-21, it is not necessary to repeat them here. 

After the eccentric corrections are determined, they are applied, 
not to the directions observed at  station Home, but to the direction 
Home eccentric in each of the lists of directions for stations Park, 
Cedar, Gerst, and Garfield. (See fig. lo.) 

DEPARTMENT "...00Y......0~,5,"ll,. oc COMN-K REDUCTION TO CENTER 
n.r 1.1 

observed object at 
h n t r i u  ation: Home F 
a= 2.79 metwe 

Logd=O.  445 60 
Colog sin I"= 6.3 1 4 4 8 

Sum=5.76003 

aedsr 4 12 8.86474 
O e r a t  94 46 9.99850 
Gnrfield 109 a0 9.97435 

317 06 9.83397 

FIG. ll.-Reduction to  center of eccentrlc observed object 

REDUCTION OF HORIZONTAL DIRECTIONS TO SEA LEVEL 

In case the elevation of a triangulation station is very great, a 
correction must be applied to  the observations upon that station 
to reduce them to sea level. It is only necessary to compute this 
correction for triangulation of the f i s t  order, as it usually aniounts 
to only a few hundredths of a second. The correction, espresse.d in 
seconds, is 

e2h sin 2a cos3 4 
2p sin 1" ' 

, h=the height of the station observed and a=its a2 - b2 where ea = - 
a3 

azimuth reckoned in a clockwise direction from south, p = the radius of 
curvature of the earth in a plane nornial to the nieridian a t  the station 
from which the direction is measured, and rb= the latitude of the 
station froni which the direction is measured. 
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Below is given an example of the computations required to obtain 
the corrections by ineans of the formula. The computations are 
arranged in a table for convenience. 

Computabion of sea-level corrections wing foTmula 
[Station Bull, latitude 48' 20'1 

Log sin 
?a 

-- 

9.901 
9. $97 
9.043 
9. $70 
9.339 

Observed statiou IL- 
5.w 5.w 
5.6% 
5.W 
5.654 

Snake _ _ _ _ _ _ _ _ _ _ _  
Qladys _ _ _ _ _ _ _ _ _ _  
Bonctrnil - - - - - - - 
Willistoo _ _ _ _ _  - - - 
Buford-. _ _ _ _ _  - _ _  

am 
8.562 
8.4% 
8.413 
7.902 

m. 
813 
761 
710 
723 
750 

2U 

a ' 
50 45 
221 52 
239 21 
>w 57 
353 49 

0 ,  

101 30 
83 44 

11s 43 
227 51 
347 w 

Loeh  

- 
2.910 
2. Is1 

2.559 
2. s79 

2. $09 

COrrea 
tion 

#, 

+a 04 +. O4 +. 03 -. LM -. 01 

Since r$ is a constant for a particular station, e2 does not vary, 
and p does not vary enough for any given latitude to affect the 

can be used for all the e2 cos2 r$ result, tlie same value of the factor 3p sin 1,, 

directions at any given station. The values of h are obtained from 
the vertical angle computations, and the values of r$ and CY are 
obtained from tlie geographic position computations which, neces- 
sarily, must be made before the sea-level corrections can be deter- 
mined. To obtain the corrections to the directions it is necessary to 

e2 coss 4 add the sun1 of log h and log sin 2a for each direction to log 2p sin 1,, 

which, as was stated, is the same for all directions at  any given station. 
The sign of each correction is determined by the sign of sine a. 

Since the sea-level correction is always small and since a large part 
of the above formula may be considered a constant for a given 
station, it is possible to mabe use of a table which greatly facilitates 
the computations. Such a table is given on page 26. 
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Correction to horizoiatal direction for elevation of mark 
6' h e2 [ C o r r . = + & T  cos2 9 sin 2u; c d  &in 2a Is tabulated below for the sirth decimal pkrrr. It is 

to be multiplied by h in meters. The sign of the correction is + for azimuths in the flrst and thlrd quad- 
rants and - for azimuths in the second and fourth quadrrurts.] 

+ 
- 
+ 
- 
\ 
9 
20 
21 
23 
23 
24 
25 

26 
27 
28 
29 
30 

31 
32 
33 
34 
35 

36 
37 
38 
39 
40 

41 
4a 
43 
44 
45 
46 
47 
48 
49 
50 

51 
52 
63 
54 
55 

56 
57 
58 
59 
60 

61 
6a 
63 
64 
65 

66 
61 
88 
68 
M 
71 
72 
73 
74 
75 

- 

- 

- 
0 

0 
90 

90 
80 

Bo 
70 

70 
80 

- 
0 
0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 

U 
0 

0 
0 

0 

a 

a 
a - 

- 
0 

5 
85 

95 
175 

185 
265 

275 
3 5  

- 
17 
17 
16 
16 
16 
15 

15 
15 
15 
15 
14 

14 
14 
13 
13 
13 

la 
l2 
13 
13 
11 

11 
10 
10 
10 
10 

9 
9 
9 
8 
8 

8 
7 
7 
7 
6 

6 
6 
5 
5 
5 

4 
4 
4 
4 
3 

3 
3 
3 
2 
2 

3 
2 
2 
1 
1 - 

- 
0 

10 
80 

100 
170 

190 
260 

a80 
350 

- 
33 
33 
32 
32 
31 
31 

30 
30 
29 
29 
28 

38 
27 
28 
36 
25 

25 
24 
23 
23 
32 

21 
21 
m 
19 
19 

18 
17 
17 
16 
15 

15 
14 
14 
13 
12 

12 
11 
11 
lo 
9 

9 
8 
8 
7 
7 

6 
6 
5 
5 
4 

4 
4 
3 
3 
3 - 

- 
0 

12. 5 
77.5 

E 5  
57.5 

a2.5 
57.5 

E. 5 
17. 5 

- 
41 
40 
40 
39 
39 
38 

37 
37 
36 
35 
35 

34 
33 
33 
32 
31 

30 
30 
29 
28 
37 

26 
26 
24 
24 
23 

22 
22 
21 
20 
19 

18 

17 
16 
15 
14 
14 
13 la 
l?, 

11 
10 
10 
9 
8 

8 
7 
8 
6 
5 

5 
4 
4 
4 
3 

ia  

- 

- 
0 

15 
75 

lo5 
165 

195 
a55 

285 
346 

- 
48 
48 
47 
46 
46 
45 

44 
43 
43 
4 
41 

40 
39 
38 
38 
37 

36 
35 
34 
33 
32 

31 
30 
29 
2.9 
27 

26 
25 
25 
24 
23 

22 
21 
PO 
19 
1s 

17 
16 
15 
15 
14 

13 
13 
11 
11 
10 

Q 

1 
6 

B 
5 
5 
4 
4 

a 
a 

- 

A - 
0 

17.5 
72.5 

07.5 
62.5 

07.5 
52.5 

87.5 
42.5 

- 
55 
55 
54 
53 
52 
52 

51 
50 
49 
48 
47 

46 
45 
44 
43 
42 

41 
40 
39 
38 
37 

36 
35 
34 
33 
31 

30 
29 
35 
27 
26 

25 
24 
23 
22 
21 

aa 
19 
18 
17 
18 

15 
14 
13 
E? 
11 

i o  
i o  
9 
e 
1 

1 
0 
5 
5 
4 - 

iuth of dire - 
0 

20 

110 
160 

m 
250 

9 0  
340 

70 

- 
6a 
61 
60 
60 
58 
I 
57 
56 
65 
54 
53 

52 
51 
49 
45 
47 

46 
45 
44 
4 
41 

40 
39 
38 

35 

34 
33 
31 
30 
29 

28 
27 
25 
24 
23 

33 
21 
20 
19 
IS 

17 
15 
14 
14 
13 

12 
11 
10 
9 
8 

7 
7 
6 
5 
5 

30 

- 

- 
0 

22.5 
97.5 

l3.5 
57.5 

E. 5 
47.5 

E. 5 
37.5 

- 
68 
67 
67 
88 
65 
64 

63 
61 
60 
59 
58 

57 
56 
54 
53 
52 

51 
49 
48 
47 
45 

44 
43 
41 
40 
39 

37 
36 
35 
33 
32 

31 
29 
28 
27 
25 

24 
23 
23 
21 
19 

18 
17 
16 
15 
14 

13 
12 
11 
10 
9 

8 
7 
7 
6 
5 - 

On - 
0 

25 
65 

115 
155 

305 
245 

295 
335 

- 
74 
73 
72 
71 
70 
69 

68 
67 
65 
64 
83 

62 
60 
59 
58 
56 

55 
53 
62 
51 
49 

48 
46 
45 
43 
4 

40 
39 
33 
36 
35 

33 
32 
30 
29 
28 

26 
25 
24 
22 
21 

20 

17 
16 
15 

14 
13 
12 
11 
10 

8 
E 
7 
6 
6 

ia 

- 

-- 
0 

27.5 a. 5 

117.5 
152.5 

207.5 
2 4 . 5  

ZB7.6 
332.5 

-- 
79 
78 
77 
76 
75 
74 

72 
71 
70 
69 
67 

66 
64 
63 
62 
80 

59 
57 
56 
54 
53 

51 
50 
48 
46 
45 
43 
42 
40 
39 
37 

36 
34 
32 
31 
29 

28 
27 
25 
24 
22 

21 
20 
18 
17 
16 

15 
14 
13 
12 
10 

10 
9 
8 
7 
6 - 

- 
0 

30 
Bo 

Eo 
150 

410 
240 

300 
330 

- 
64 
a3 
81 
80 
79 
78 

77 
75 
74 
73 
71 

70 
68 
67 
65 
64 

6a 
60 
59 
57 
56 

54 
52 
51 
49 
47 

46 
44 
42 
41 
39 

38 
36 
34 
33 
31 

30 
25 n 
a5 
24 

23 
21 
20 
18 
17 

16 
14 
13 
12 
11 

10 
9 
8 
7 
6 

- 
32.5 
57.5 

12.8 
147. I 

112.5 
t37.6 

la 6 
127.5 

- 
6s 
86 
85 
84 
a3 
81 

EO 
79 
77 
76 
74 

73 
71 
70 
68 
67 

65 
03 
6a 
Bo 
68 

56 
55 
63 
51 
50 

48 
46 
44 
43 
41 

39 
38 
36 
34 
33 

31 
29 as 
26 
25 

23 
22 
20 
19 
18 

16 
15 
14 
13 
12 

11 
9 
8 
8 
7 - 

- 
e 

35 
55 

125 
145 

215 
235 

305 
525 

- 
91 
Bo 
88 
87 
E6 
84 

83 
8a 
Bo 
79 
77 

76 
74 
72 
71 
69 

67 
06 
64 
02 
Bo 

59 
67 
55 
53 
51 

50 
48 
46 
44 
4 
41 
3D 
37 
36 
34 

32 
31 
29 
27 
26 

24 
23 
21 
20 
1s 

17 
10 
14 
13 
12 

11 
10 
9 
8 
7 - 

- 
0 

40 
E4 

130 
140 

220 
230 

310 
m 

L 

95 
94 
93 
91 
90 
89 

87 
86 
1 sa 
81 

79 
78 
76 
74 
73 

71 
a9 
67 
65 
63 

61 
60 
58 
56 
64 
52 
50 
48 
46 
4.5 

43 
41 
39 
37 
35 

34 
33 
30 
29 
27 

25 
23 
22 
21 
19 

18 
16 
15 
14 
13 

11 
10 
9 
8 
7 - 

- 
0 

45 
45 

135 
135 

225 
225 

315 
315 

- 
97 
95 
94 
93 
91 
90 

sa 
87 
85 
84 
82 

80 
79 
77 
75 
73 

72 
70 
68 
66 
64 
62 
80 
59 
57 
65 

53 
51 
49 
47 
45 

43 
41 
40 
38 
36 

34 
32 
31 
29 n 

24 
23 
21 

18 
17 
15 
14 
13 

12 
lo 
9 
8 
7 

20 

m 

- 
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The arguments used in this table are tlie latitude of tlie station at  
the left and the azimuth of the direction at  the top. For conven- 
ience the coniputation should bemade in tabular form as shown 
below. 

finske _ _ _ _ _ _ _ _ _ _ _ _ _  
Gladys __._________ 
Bonetrail_._.______ 
Williston _ _ _ _ _ _ _ _ _ _  
Buford _ _ _ _ _ _ _ _ _ _ _ _  

Computation of sea-lewl correcthis rising table 
[Station Bull, latitude 4So 20'1 

m. 
S13 
761 
740 
7 1  
756 

I Observed station I 71 I a I I 'Orre* 3 sin 1" tion 

e ,  
50 15 

221 53 
I 9  21 
293 57 
353 43 

0.000017 
.oooDls 
.ooo(u2 . OOOO3G . oooo11 

I ,  

+a a +. ol +. 03 -. 03 -. 01 

In the first and second colunins are given the name and height of 
the station observed, in the third colunin the azimuth of the observed 
station from the occupied station, in the fourth colunin the factor 

e2 sin 3a cosa I$ 
2 p  sin 1" - as taken froni the table on page 26, and in the last 

column the sea level correction which is obtained by multiplying the 
factor in the fourth colunin by the height in the second colunin. 
The correction is plus for azimuths in the first (0' to 90") and third 
(180' to 270') quadrants and niinus for aziniutlis in the second (90' 
to 180") and fourth (370' to 3GO') quadrants. 

After the sea level corrections have been determined, they are 
applied to the corresponding directions at  station Bull. The list of 
directions is then rewritten to make tlie reading of the initial station, 
Williston, 0' 00' 00!'00. 

The sea-level corrections may also be determined by means of the 
nomogram shown in Figure 13 which was designed by H. S. Rappleye, 
associate mathematician of tlie division of geodesy of this bureau. 
Directions for using this nornograni are given on the figure. 

(See fig. 13.) 

45861"-344 
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LIST OF DIRECTI-ONS, ALL PRELIMINARY CORRECTIONS APPLIED 

After all corrections have been applied to the observed direchions 
or angles as the case may be, the list of directions is niade out on 
form 24A, as shown in Figure 12. The directions axe arranged by 
giving the initial direction a value of 0' 00' OOlYOO and continuing 
in a clockwise direction around the horizon. 

The list of directions should then be checked and initialed by the 
checker before it is used in taking out the angles for the triangles. 
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CHAPTER 2.-ADJUSTMENT OF A QUADRILATERAL 
SKETCH 

Before starting the adjustment of a net of triangulation the 
mathematician should make a good clear sketch showing all the lines 
over which observations were made. The unobserved directions 
should be shown by dotted lines. A slietc.h of a typical quadrilateral 
is shown in Figure 14. In this figure C and A can not be seen from D. 

TRIANGLES 

After the figure is drawn the triangles should be written out in 
clockwise order on Form 25. In the quadrilateral above with the 
line AB Lsed the four triangles should be written as follows starting at 
station C: CAB, DAB, DAC, and DBC; or starting with station D, 
DAB, CDA, CDB, and CAB. That is, at each 
station not on the &xed line all the triangles 
fornied by connecting it with stations on the 
fised line or previously named stations should 

D 
be written in clockwise order. 

After the local conditions, that is, those aris- 14.-Typicdquadrilatersl 
ing from the relations of the angles a t  each 
station to one another, are satisfied (see pp. 8-1s) there are general 
conditions arising from the geonie.trical relations of the various parts 
forming a closed figure which must be sat,isfied. 

To illustrate the method of adjusting triangulation, it seenis well 
to start with a simple quadrilateral, and give in detail the various 
steps of the adjustment. The adjustment of a larger figure or net 
of triangulation, involving d the various conditions which enter 
into such an adjustment, is shown on pages 50-109. 

In the sample given below, a quadrilateral of first-order triangula- 
tion was selected for illustrating the methods. The adjustment of 
triangulation of the lower orders is similar escept that the angles, 
lengths, and logarithnis are not carried to as niany decinial places. 
In the adjustment of triangulation of the first order, the angles are 
carried to hundredths of seconds, and the logarithnis are carried to 
eight places in the equations and to seven places in the final lengths 
used in the triangles. 

There are given below the lists of directions for stations Roman, 
Spencer, Yellow, and Fairview, the four stations making up the 
sample quadrilateral. These directions are assumed to have been 
corrected for sea-level reduction and for any locd adjustment re- 
quired and to have been checked. In the adjustment, the method of 

Bpqc 
----- A '  
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directions is used; that is, an angle is considered as the difference of 
two directions. The geographic positions (latitudes and longitudes) 
of stations Ronian and Spencer are considered fixed and also the 

Spencer 

Roman 

Yellow 

length and azimuth of the 
line joining them. 

The sketch showing the 
relative positions of the. 
stations is drawn and the 
directions n u m b e r e d  a s  
shown in Figure 15. I t  is 
notnecessary to spendmuch 
time in making the sketch 

PIG. 15.-Quadfilateral used for sample adjustment absolutely t,o s&Je, alt,hough 
it should be approximately c0rrec.t in order to give an ideaof the 
relative size of the angles, the sketch being used as an aid in foming 
the equations. 

LIST OF D I B E C T I O l  d w r  OI O Y W A U  
Y. L COlsT AND CFoDm5 W l y n  

I- UL 
slal.E:-oregpP_ 

St.tion-.R@!! ..-. Cornputad by X%&&L...- S t l t i o n ~ P S W e X  -__. Computed by ..= _.____ 
Obrorm_~.d&?X!?&- Chsksdby h p . s *  Obserrrr LE*&.@& ______ Chechsd by 0.P.s. 

&A¶WNl OBUIWZD &m.zAyA sE::m 
D I I, 

SpenCSr 000cQ.00 59.98 
Fairvien 31 04 11.58 11.86 
Yellow 65 12 45.72 45.48 
U*Y 251 34 34.04 
Peterson 3zl 25 p.53 
h i n  Z30 41 33.42 

8?ATlOH. O6aEEVZD ~ ~ ~ ~ ~ f ~ m ~ ~  sFsnB 
0 I ,I 

Peterson 0 00 00.00 
Rrin 1 OB 19.38 

Fairview 131 12 05.83 04-91 
Yellow 197 25 26.30 26.80 
Roman w 4638.49 38.31 
Rmch no 37 26.91 
lTilla3ette South BBBO 311 51 09.89 
LI*Y 318 12 01.16 
Ridge 319 15 00.47 
;VIllamette Bora Base 3 1  26 41.12 

178 40 38.63 38.69 Scott 
239 06 47.aO 47.52 Yellow 

Fnirview 297 46 G9.74 09.56 Romsn 
scot t 337 15 4d.07 S?ecer 

23 26 03.35 
54 53 23.69 23.22 
81 39 a4.54 24.90 

110 00 45.96 46.06 
Slack 310 44 55.62 

FIG. 16.-Lists of directions for stations of quadrilateral 

The triangles are then written out in clockwise order on Fornl25 as 
described on page 39. (See fig. 17.) 
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EXPLANATION OF TRIANGLES 

In the first column of Form 25 is given the designation of the angle, 
in the second the name of the st,ation, in the third the observed angle 
at  the station, in the fourth the correction to the angle as determined 

CoMPUTATlON OF TRIANGLES 
Dm4RTMCNT OF COMMERCE 

U L C U S U l D C m O m  Wnl rorm as 

NO. STATIONS OBSERVED AKQLE CORR’N bmE’’ ~ 1 w . s  8ms’.2 u u m  ANDDUTANCBB PI.ANE *IaaLEB 

2-3 Roman-Spencrrr 
-4+5 I. Yellow M) 26 09.17 -0.34 08.83 i.95 
-14 3 Eom9a 65 12 45.72 -0.20 45.52 1.96 

-1142 3 Spencer 54 21 12.19 -0.68 11.5). 1.95 
1-3 Yellow-gencer -1.22 5.86 
1-2 Yellow-Ronwa 

07.08 

3-3 Tellow-Bman 

-7&. 1 Fairdew 26 46 00.85 4 . 8 3  Ol.68 2.19 
-44 2 Yellow 119 05 31.11 4 .16  31.21 2.19 
-2+3 3 EO- 34 08 34.14 -0.52 53-63 2.19 

1-3 PairviewRoman 4 .47  6.57 
1-2 Bairview-Yellow 

06.10 

2-2 Yellow-Spencer 
-73-9 1 Fairview 55 07 22.21 4 .57  22.84 2.89 
-546 3 Yellow 58 39 21.94 4 . 5 0  22.44 2.39 

-10+11 8 Spencer 66 13 P.W 4.132 a.89  2.39 
1-8 Bdrview-Spencer +l.S9 7.17 

L 

1:2 %irview-Yellm 
05.28 

2-3 Ronan-Spencer 

- 6 4  1 F a i r v i m  28 2l 21.42 -0.2668.16 2.15 
-1+2 2 RO- 31 04 11.58 4.3211.90 2.15 

-1W12 3 Spencer 120 34 33.26 4.1433i40 2.16 
1-3 raLcpiew-spencer t0.N 6.46 
1-2 Fairview-Roman 

06.26 

06.88 

43.56 
@A56 

- 
59.49 
29.m 
3l.43 

P.45 
20.05 
19.50 

19.01 
09.75 
31.24 

FIG. l?.-TrhngIe conilwtstion for stations of qusdrihteral 

8 

LOQABITEM 

4.7176807 
0.0605813 
9.9580228 
9.9098872 
4 . 7 8 6 m  
4.6880992 

4.6880992 
0.3446441 
9.9414345 
9.749153? 
4.9759778 
4.7886971 

4.73623% 
O.CB59876 
9.9314862 
9.96147- 
4.7537076 
4.7836971 

4.717WN 

0.3238686 
9.71a7133 
9.9349835 
4.7537076 
4.9759778 

by the adjustment, in the fifth the adjusted spherical angle at the 
station, in the sisth the spheiical escess or difference between the 
plane and spherical angle, in the seventh the plane angle, and in the 
eighth column the logarithms of the distances and the logarithms of 
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the sines of the plane angles (c.ologaritlim of the sine of the first 
angle). 

I t  is apparent that to begin with, we have only the data in the f i t ,  
second, and third columns. The other colunins are €illed in after the 
adjustment is completed. The fmt and second colunins can be f l e d  
in directly from the sketch. The observed angles in t.he third column 
are obtained from the lists of directions, an angle being the difference 
of two directions. For esample, the angle at  Yellow, between Roman 
and Spencer, is obtained from the list of directions for station Yellow 
(fig. 16) by subtracking the direction to Roman from the direction 
to Spencer. 

To obtain the angle at  Roman between Peterson and Fairview, it 
is necessary to add 360° to the direction to Fairview before subtracting 
the direckion to Peterson; (31’ 04’ llP5S + 360’) - 321’ 25’ 23!’53 
=69O 3s’ 4S!’05. In other words, if a direction is less than the one 
which is to  be subtracted froni it, then 360’ niust be added to it 
before the subtraction is made. 

As nn angle is obtained by subtracting the direction to the left hand 
station from the direction to the right hand station, it is designated 
by the two numbers representing these directions on the sketch, the 
nuniber of the left hand direction having a minus sign because that 
direction is subtracted from the other. For exaniple, the designation 
of the angle a t  Yellow between Roman and Spencer is -4 + 5, 4 and 
5 being the designations of the directions from Yellow to Roman and 
to Spencer, respectively. 

SPHERICAL EXCESS 

The total spherical escess for each triangle as gven on Form 25 
i.s obtained by the formula (see Special Publication No. 5. p. 7) 

where B is the spherical escess; al, bl and 4 are the two sides and the 
included angle, respectively, of the corresponding triangle; e is the 
eccentricity and a the semimajor axis of the spheroid of reference; and 

is the mean latitwle of the three vertices of the triangle. The 
letter m is used to designate that part of the espression above which 
depends only on the latitude and the diniensions of the spheroid and 
the values of log m are given with the latitude tt5 an argunient in 
the table on page 234. 

To compute the spherical excess of a triangle it is necessary to make 
a preliminary computation of the triangle to obtain the logarithms 
of the sines of the angles and the logarithms of the lengths. In this 
prelinlinary computation, the logarithms need be carried out to only 
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4 places of decimals. (See fig. 17a.) 2 s  an esaniple, the spherical 
escess of the triangle, Yellow-Roman-Spencer, is computed in the 
following manner: 

In this triangle the length Roman-Spencer niay be called al, and 
YellowSpencer bl. Log m is 
taken out of the table for latitude 43O 49', which is appro-&lately the 
mean latitude of the three vertices. 

Then the angle at  Spencer will be Cl. 

We then have 

log ~ 1 1  = 4.7176 
log bl = 4.7363 
log sin c: = lrn 9.9099- 10 

log .m = 1.4041 - 10 

2-3 
1 Yellon 

2 Roman 
a spencer 

1-3 
1-3 

~~ 

= 0.7673 : ~ - .  L 
log E 

€ = 5FS59 

COMPUTATION OF TRIANGLES 

RO3aa-S ?ewer 
60 26 9.17 
G5 12 45.72 

51 2 l  12.19 
Yellov+S>encer 

Y I ? l l O n - B O ~  

4.7178 
0.0606 

9.9580 

9.9099 

4.7362 

4.6881 
FIO. 17a.-Preliminary triangle computation to obbin lengths for spherical ex(= computation 

One third of the total spherical escess for the triangle is applied to 
each of the three angles as shown in the sixth column of the triangle 
coniputation in Figure 17. In like manner the spherical excess for the 
other three triangles of the quadrilateral can be obtained and applied. 

The total spherical escess of a quadrilateral should have the same 
value when computed by adding together the sperical escesses of 
either pair of triangles which cover its area. In the preceding ex- 
ample, the sum of the spherical escesses of the two triangles, Yellow- 
Roman-Spencer and Fairview-YellowSpencer, should equal the 
sum of the spherical excesses of the two triangles Fairview-Yellow- 
Roman and Fairview-Roman-Spencer, that is, 5.S6+ 7.17 = 6.57 + 6.46. 

In computing the spherical excesses, it is sometirues found that these 
surus fail to check by O!Ol, due to the dropping of the third decimal 
place. They should always be made to check by arbitrarily changing 
the spherical escess of one of the triangles by O!'Ol. 

1 This sum can be obtained directly from the triangle computation without recopying the Individual 
values. 
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CLOSURES OF TRIANGLES 

The sum of the three angles of a triangle should equal lS0' plus the 
spherical excess of the triangle. This rarely happens when the ob- 
served angles are used, and consequently a triangle. closure arises. 
The triangle closure (closing correction) is obtained by subtracting the 
s u m  of the three angles of the triangle from 180' plus the spherical 
escess. For example, the sum of the three angles of the triangle 
Yellow-Roman-Spencer is lSOo 00' 0710S, and lS0' plus the spheri- 
cal excess is 180' 00' 05186, so the triangle closure is lS0' 00' 05'!SG- 

In a similar nianner the closures are obtained for the other three 
triangles of the quadrilateral: The closure for the whole quadrilateral 
should be the same when computed by adding together the closures of 
either p d r  of triangles which cover its area. For erample, the alge- 
braic sun1 of the closing corrections of the two tiiitngles, Yellow- 
RomanSpencer and Fairview-YellowSpencer should equal the 
algebraic sum of the closing corrections of the two triangles 
Fairview-Yellow-Roman and Fairview-Ronian-Spencer, thrtt is, 
- 1.22+ 1 .S9 = + 0.47 + 0.20. This check should always be applied 
before beginning the adjustment. 

180'00'07108= - 1122. 

NUMBER AND SELECTION OF EQUATIONS 

After the first, second, third, and sisth columns of the triangle 
computation (see fig. 17) are filled in as already explained, the quad- 
rilateral is ready to be adjusted. The first thing to be done is to 
determine the nuniber of equations in tahe adjustnient. In a siniple 
quadrilateral where the length and aainiuth of only one line are h e d ,  
we have two kinds of equations, angle and side equations. 

Condition equations must be inc.luded in the adjustment to elini- 
inate the closing errors of the triangles, that is, to malre the sum of the 
awles of each triangle esactly 180' plus the spherical escess of the 
triangle. These are called angle equations. A conclition equation 
niiist also be included to insure t.hat the lines a t  the pole, (the point 
around which the equation is formed) pass through the sanie point 
(see Special Publication No. 23, p. 14). This is called a side equation. 

The formulas to be used in coniputing the number of equations in 
t h o  adjustment of a triangdation net are . 

nuniber of angle equations = n' - S' + 1, 
number of side equations = n- 2s + 3, 

in which n is the total number of lines, 11' is the number of lines sighted 
over in both directions, S is the total number of stations, and 8' is 
the number of occupied stations. In using these formulas allowanco 
must be made for lines or triangles &sed by previous adjustments. 
(See p. 59 for aaother method of determining the nuiiber of 
equations.) 



METHOD FOR DETERMINING NUMBER OF 
EQUATIONS IN AN ADJUSTMENT 

by B. K. Meade 

In the djustment of a triangulation net the total number of 
given by the formula, 

number of equations= v-3Sn+ Su 

uatio involved is 

in which v is the total number of v’s excluding those on lines fixed by previous adjust- 
ment, Sn is the total number of - new stations, and s, is the total number of unoccupied 
new stations. 

This formula takes care of azimuth, length, latitude and longitude equations. With 
any Laplace azimuths or base lines in the net, one equation is added for each condition 
introduced thereby. In case of a fixed station, that is, position tie only, this should be 
considered a new station, then two equations are added, one for latitude and one for 
longitude. When a fixed station is connected to any other fixed station, with directions 
observed to new stations only, then the fixed station should be considered a new station 
and two equations should be added to the number obtained by the above formula. 

This method of determining the total number of equations in a net will serve as a 
check against the number derived by the usual procedure of building up the figure point 
by point. 

- 
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In the quadrilateral Roman-Spencer-Fairview-Yellow (see fig. 15 

n=6, n’=6, 5-4, 5’=4. Therefore 

number of angle equations = 6 - 4 + 1 = 3 , 
number of side equations = 6 - S + 3 = 1. 

The number of equations in a net having been dcterniined, it is 
necessq  to carefully select the equations so that all discrepancies 
will be eliminated by the adjustment. In forming the side equations 
it is necessary to select, the pole so tshat the small angles will be used 
in the equation, as their tabular differences are proportionately much 
less affected by the dropping of decinial places than those of the larger 
angles. On the other hand, the triangles with the large angles should 
be used in forming the angle equations. (This rule in regard to angle 
equations need not be followed for a simple quadrilateral.) 

The corrections to directions are designated by wlJ wn, . . . . . w,, but 
for convenience it is customary to drop the v’s, and simply write 
( l ) ,  (2), (3). . . . etc., in which the numbers are not quantities but 
subscripts of the corresponding zr’s. 

ANGLE EQUATIONS 

The angle equations then for the quadrilateral shown in Figure 15 

- (1) + (3)- (4) + (5)- (11) + (12) = - 1.32, or 

are formed as follows: 

Angle equation 1, 

angle equation 2, 
angle equation 3, 

Since there are four closed triangles (see fig. 17), one might suppose 
that there could be four angle equations. However, by studying 
the formation of the angle equations, it can be seen that the fourth 
equation would not be independent but would be a combination of 
the other three. For esample, the fourth angle equation of the 
quadrilateral would read 

But equation 1 is, 
and equation 2. is 
Therefore equation 1 -equation 2 is, 

as usually written 0 = + 1.22 - (1) + (3) - (4) + (5) - (11) + (12), 
0 = -0.47- (3) + (3) - (4) + (6) - (7) + (€9, 
0 = - 1.89- (5) + (6) - (7) + (9) - (10) + (11). 

O =  -0.20- (1) + ( 2 ) -  (8) + (9)- ( lo)+ (12). 
O =  + 1.22- (1) + (3) - (4) + (5) - (11) + (12), 
0 = - 0.47 - (2) + (3) - (4) + (6) - (7) + (8). 

O= f1.69- (1) + (2) + (5) - (6) + (7) - (8) 
- (11) + (12). 

But equation 3 is, 

therefore equation 1 - equation 2 + equation 3 is, 
O =  -1.89-(5)+(6)-(7)+(9)-(10)+(11),  

0=-0.30-(1)+(2)-(8)+(9)-(10)i-(13) 
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which is identical with the fourth equation above. This shows that 
the fourth equation is siniply a conibination of the first three and so 
will necessarily be satisfied by any values of the v’s that satisfy the 
other three. 

SIDE EQUATIONS 

In order to include in the side equation tlie small angles of the 
quadrilateral, designated by - 7 + 8 and - S + 9, respectively, the 
pole must be taken a t  Roman. The equation is formed by expressing 
the condition that the lines Roman-Spencer, Roman-Fairview, and 
Roman-Yellow meet in a point; that is, 

Roman-Spencer Roman-Fairview Roman-Yellow 
Roman-Fairview Roman-Yellow Roman-Spencer = ’‘ X x 

For the sides of the triangles the sines of the opposite angles may 
be substituted, and the equation becomes 

sin[ - 8 + 91 sin[ -4  + 61 sin[ - 11 + 131 
sin[- 10 + 121 sin[- 7 +SI sin[-4 + 51 = 

Or for computation by logarithms we have 

log sin[ -8 + 91 +log sin[ -4  + 61 +log sin[ - 11 + 181 =log sin[ - 10 + 121 
+log sin[ - 7 + S ]  +log sin[ - 4  + 51 

For convenience in computing, tlie equation is arranged in tabular 
form as shown on page 37. The designations of the angles are placed 
in the first and fifth columns, tlie angles themselves in the second 
and sixth colunins, the logarithms of the sines of the angles in the 
third and seventh colunins and the tabular differences of the loga- 
rithms of the sines for 1 second of the angles in tlie fourth and eighth 
columns. The sunis of the logarithnis in the third and seventh 
columns are then taken, and the constant term of the side equation 
is obtained by subtracting the sun1 in column 7 from the sum in 
column 3 and pointing off this difference in units of the sixth decimal 
place. The quantities in colunuis 4 and S are the coefficients of tshe 
quantities in columns 1 and 5, respectively, and the rest of the 
equation is formed by multiplying together the quantities in columns 
4 and 1 and those in columns 8 and 5, and changing the signs of the 
latter products. 

The designations of the angles in the first and fifth columns are 
taken‘directly from the sketch (see fig. 15), and the angles them- 
selves in the second and sixth columns are obtained from the triangle 
computation (fig. 17). Each value in the fourth and eighth columns 
is the amount of change in the logarithm of the sine of the angle 
corresponding to a change of 1” in the angle and this multiplied by 

1 It is customary in all the computations to designate logsithm by log, sine by sin and cosine by CM, 
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the v applying to the angle gives the change in the logarithm of the 
sine of the angle produced by the v. In the work of the United 
States Coast and Geodetic Survey, the tabular differences of the 
logarithms are taken in units of the sisth place of decimals. 

SidC f Y J l 6 d i O n  

o , I ,  

120 34 33.36 
38 46 00.S5 
BO 28 09.17 

1 2 3 4 5 1-1 0 1  I, I-14- 
9.93498OQ7 
9.65356180 
9.93942144 

9.52796401 

1 7  
I- 

8 
- 

-1.24 
+4.18 
+l. 19 

4. O= +5.13+2.37(4)-1.19(5)-1.lS(6)+4.15(7)-S.0S(8)+3.90(9) 
-1.34(10) -1.51(11)+2.75(13) 

EXPLANATION OF COMPUTATION 

The equations can now be entered in the table of correlates as 
shown on page 3s. This table is arranged like that shown on page 11, 
escept that there is no column for weights as all the directions were 
considered as observed in the sanie manner and therefore of equal 
weight. The formation and solution of the nornials and the coni- 
putation of the 21’s are also niade in the same manner as shown on 
pages 11-16. After the v’s are determined, the estra decimal places 
are dropped to give the adopted values. In first-order work the 
adopted 21’s are taken to hundredths of a second. 

As a check to insure that the 6”s were properly substituted in the 
correlates in computing the 0’8, the v’s on d directions around a 
point, are added together. The sum should equal zero, unless there 
is at t,he point a fised direction to which no correction is applied. For 
esaniple, at Ronian the corrections on directions ( l ) ,  .(2), and (3) are 
(see p. 3s) -0.039 + 0.3S4-0.245 = O ;  at Yellow on (4), (5),  and (6) 
they are + 0.056 - 0.283 + 0.236 = 0; at Fairview on (7), (S), and (9) 
they are ~-0.466+0.363+0.104=0; and at  Spencer on (lo), ( l l ) ,  
and (13) they are - 0.317 + 0.498- 0. lSl  = 0. 

As was the case for the station adjustnient (see p. 15) the adopted 
v’s are not simply the computed 0’s taken to the nearest hundredth 
of a second. In order to satisfy all the angle equations exactly, it 
is necessary on some of the directions to adopt the hundredth above 
or below the computed value. In doing this it is well, if possible, to 
change those values which involve the smallest change in the thou- 
sandth decimal place. 

The full solution, both forward and backward, of. the four normal 
equations, is given on page 38. The coniputation of the 0’s is given 
on page 39. As a solution similar to this was f d y  explained on 
page 14, it is not necessary to explain this one. 

(See the adopted value of ve on p. 38.) 
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1 

+e 
-- 

-_ 

Correlnte eqitat<oo,ts 

+2 
+O 

-. 2 3  4 'I I. C -- 
-2 44.70 +1.22 4-7.93 +0.039?5 
+? -1S.Sl - .47 -G23 --.%I22 
+G -.54 -1.S9 +3.57 +.41461 

+117.7744 +5. IS +107.?M.l -. 08003 

Normal squatiotae 

-0. IN003 +O. 20125 +. 15436 

+. 11561 

I 

idopted 
V 
- 
-0.04 +. 28 -. 24 +. 06 -. 28 
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44.70 -. 11667 
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4-117.7744 -. OS17 
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+l. 22 -. 20333 

-.47 -. 4067 

-. S767 +. 16433s 
+. 4067 +. 13s3 

-1.0150 +. 28125 

-1.69 

+5.13 -. 1423 
-3.6372 
4-2.0155 

+4.3660 -. woo3 

n -ll 

+7. g? 
-1.32 

4.38 
-2.64 

4.92 
+1.67251 

+3.57 
+ a 6 4  
$4.46 

+lo. 67 
-2.6675 

+107.254.1 -. 8 W  
-26.8326 
-%.57W 

79 
+<%. 9188 
-1. E003 

I I I 1 - 1 4  
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In the forward and back solutions of the normal equations for a 
simple quadrilateral it is not necessary ordinarily to use as niany 
decimal places as are used in the esaniple above. Three 'decjniel 
places for the multiplied ternis, four for the division terms, and four 
for the back solution are usually sufficient. In some cases two, thee, 
and three decimal places, respectively, may be used and the desired 
accurac.;V still be obtained. 

C'ontpirtaldon o j  corrections (11's) 

1 

-0.039 -. 04 to.% +0.039 -0.039 
+.% -.%I +.% 

-.1s9 
--.#ti 
-.a4 +.056 +. 06 

- - 
-.%2 +.2% 
-.28 1 +.23 

7 
- 
+a rn -. 416 -. 334 

-. 466 -. 47 

8 

-0.281 +. 046 

+. 362 +. 36 

9 

+o. 418 

- 
-. 313 

+. 104 +. 10 

10 

-0.410 +. W& 

-. 317 -. 32 

-,. +.E1 - 
-. 181 

+."S -.18 

COMPUTATION OF TRIANGLES 

After adopting values for the v's the next step is to substitute 
these values in column 4 of the triangle computation. (See fig. 17.) 
For instance, in the triangle Yellow-Roinan-Spencer, the correction 
to angle Yellow is - 4 + 5 = - (+ 0.06) + (- 0.28) = - 0.34; the cor- 
rection to angle Roman is -1+3= -(-0.04)+(-0.24)= -0.20; 
and the correction to angle Spencer is -11+12= - (+0.50)+ 
(-O.lS)= -0.6s. These three corrections should sum up to the 
closure of the triangle, -132,  and we find this to be the case for 
- 0.34 - 0.20 - 0.68 = - 1.32. Likewise, the corrections to the angles 
in each of the other three triangles should sum up to the closure of that 
triangle. The corrections should always be written in the triangles 
in pencd until it is certain that all the results will check. 

DISTRIBUTION OF SPHERICAL EXCESS 

The spherical angles in column 5 (see fig. 17) are nest computed. 
The spherical escess of each triangle is then distributed among the 
three angles, one-third of it being placed on each angle. If it is not 
esactly divisible by 3, the spherical escess is 50 distributed that the 
small angles will have their correct share as nearly as possible, since 
changes in the sniall angles affect the lengths to a greater degree 
than changes in the large angles. That is, if the spheiical escess of 
the triangle were only OYO2, then OYOl should be placed on each of 
the two smaller angles and Or00 on the largest. If the total spherical 
escess were 0'!04, then 0!02 should be placed on the largest angle, 
and O'i01 on each of the two smaller angles; or if the spherical escess 
were 0'!05, then 0!02 should be placed on each of the snialler angles 
and OYOl on the largest angle. 



40 U. S. COAST AND GEODETIC SURVEY 

COMPUTATION OF LOGARITHMS OF LENGTHS 

The plane angles in column 7 (see fig. 17) can now be computed 
and ha l ly  the logarithms (or co-logarithms) of the sines of these 
angles are placed in colunin 8. (In the case of the first mgle of each 
triangle the co-logarithm of the sine of the angle is used.) In each 
triangle, tlie logarithm of the length 3-3 is added to the co-logarithm 
of the sine of angle 1 and the logaritlini of the sine of angle 3 to give 
the logarithm of tlie length 1-3; and the logmithm of the length 3-3 
is added to the co-logarithm of the sine of angle 1 and the logarithm 
of the sine of angle 3 to give the logarithm of the length 1-2. 

After the logarithms of the lengths for each of the four triangles 
are computed, the logarithm of each length will appear in two different 
triangles. These should be the same escept possibly for a difference 
of 1 in the last place of decinials, which may be due to accumulation. 
In  a flat triangle, however, having one or two very small angles the 
discrepancies in lengths niay amount to several units of the last place 
of decimals used. 

Where t8here is a difference of one or niore in tlie last place of deci- 
mals in the adjusted logarithms of the lengths, the logarithms should 
be made consistent before going ahead with the work. The question 
naturally arises: To which logarithm should the c,orrection be applied? 
Other things being equal, the correction should be applied to that 
logarithm which was computed through the smallest angles. How- 
ever, in taking out the logarithms of the sines, one more decimal place 
than is necessary should be taken out and placed in small figures to 
the right of each logarithni. It can then readily be seen where the 
adding or dropping of units in t l is  decinial place has accumulated 
enough to change any particular logarithm of a length one in the last 
decinial place used, and the correction cm be applied accordingly. 

CORRECTIONS TO DIRECTIONS 

After the correctness of the 8's has been checked by the dosures of 
the triangles and the agreement of the lengths, tlie corrections should 
be applied to the directions and the find values placed in the list of 
directions. (See fig. 16.) 

The first step is to put the computed and adopted values of the 21's 

in the colunins intended for them in the table of correlates. (See 
p. 35.) Then using the sketch, Figure 15, for the designations of the 
directions, the corresponding correct-ions should be applied to the 
directions in the list of directions. 

If the v to be applied to a direction is negative it sonietinies happens 
that the minutes of the final directmion will be one less than the minutes 
of the observed direction. Where this occurs a bar should be placed 
over the value in tlie final seconds colunm. For e.sample, in Figure 
16, in the list of directions at  Roman, the observed direction a t  
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Spencer is 0' 00' OO!'OO and the find seconds are 59.96, that is, the 
find direction is 359' 59' 59!96. 

At station Yellow the directions to Roman, Spencer, and Fairview 
are numbered 4, 5, and 6, respectively. In the table of correlates, 
page 38, we find the vdues of tlie adopted v's for 4, 5, and 6 are 
+0.06, -0.38, and +0.23, respectively. Then in the list of direc- 
tions at Yellow, Figure 16, we apply these corrections to the direc- 
tions Roinan, Spencer, and Fairview as follows: To Roman, 38163 + 
0106 = 38169 ; to Spencer, 47%0 - 0 3 8  = 47152 ; to Fairview, 09!74 + 
Or22 = 09!'96. 

The values of the final seconds in the list of directions should be 
checked by using theni to verify the corrected angles in tlie triangle 
computation. The directions at Yellow should be checked, therefore, 
by tlie adjusted angles at Ycllow in the various triangles. In tlie 
triangle Yellow-Roman-Spencer, Figure 17, the spherical angle at  
Yellow is 60' 26' OS!'S3. From the list of directions a t  Yellow the 
final angle between Roman and Spencer is 239' 06' 47?53- 178' 
40' 3S!'69=6Oo 26' 08233 which checks t81ie adjusted angle in the 
triangle. In the triangle Fairview-Sellow-Roman, the adjusted 
spherical angle at Yellow is 119' 05' 31!'27. From the list of direc- 
tions a t  Yellow the final angle between Roman and Fairview is 
297' 46' 09'!OG-17So 40' 38169=119' 05' 3 1 9 7  which also checks 
the angle froni the triangle. In the triangle Fairview-Yellow- 
Spencer the adjusted angle at  Yellow is 58' 39' 32144. Prom the 
list of directions at  Yellow the final angle between Spencer and 
Fairview is 297O 46' 09196-239' 06' 47'152=58' 39' 22144, which 
again checks the adjusted angle froni the triangle. 

In the same manner all the adjusted angles at  Roman, Spencer, 
and Fairview in the triangles will be found to be checked by the 
angles froni t8he lists of directions, and this shows that all the angles 
are consistent. 

It is important not to omit the placing of the corrections in the 
list of directions after an adjustment is completed. The h a 1  values 
in the list show that the adjustment has been niade, and they are 
the values of the directions that niust be used if other adjustments 
are niade depending on this one. 

- 

COMPUTATION OF GEOGRAPHIC POSITIONS 

After the adjustment is completed and all the triangles are com- 
puted and made consistent, the geographic positions of the two new. 
points, Yellow and Fairview, can be computed by starting from the 
fixed pcisitions of Roman and Spencer and the k e d  azimuth, Romau- 
Spencer. 

Since all the angles and lengths in the quadrilateral are now con- 
sistent.8ueito the adjustment, any triangle may be used! the com- 
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putation and the position of the point computed should be the same. 
It is best, however, to use the triangle with the shorter lengths, as 
there will he less trouble in malcing the computation over the two 
lines to the new point agsee. 

The positions for first-order tiian,oulation are computed on forni 
26. The forniulas used in the computation of geographic positions, 
the development of these fornidas, and the tables used in the position 
computation, are found in United States Coast aiicl Geodetic Survey 
Specid Publication No. S ,  and are not, repented here. 

The coniputation of the geographic positions of stations Yellow 
and Fairview are given on pages 42 and 43.2 

It should be noted that the angles used in tshe coniputation of the 
geographic positions are the spherical angles, the seconds of which 
appear in.c.olunm 5 of the table of triangles (fig. 17). The first 
angle of the triangle, alt,hhough not used in the actual computation 
of the position, should dt17vays be writken down in its proper place 
on the form since it is used as a check on tlie computed azimuth. 

For esaniple, in computing the geographic position of station 
“Yellow,” the angles used are 60’ 3G’ 08!%3, 65’ 13’ 45!’53, and 
54’ 21’ 11?51. After the computation is finished the. azimuth 1 t,o 
2 plus the first angle of the triangle should equal the aziniuth 1 to 3; 
t,liat is, 146’ 31’ 33!’27 + GO’ 26’ OS!‘S3 should equal 206’ 57’ 41!’10, 
which they do. 

Care should be taken to make sure that the latitude and longitude 
of the new station as computed from the two different stations 
check and that tlie aziinutslis as computed from the two stations 
differ exactly by the amount of the first angle of the triangle. Occa- 
sionally thcse vdues mill fail to check by ono unit in t,he last place 
of decinials used, due to accumulation hi the nest decimal place, 
but if the discrepancy is greater than one the computation should be 
checked over to see whehher a mistake has been made. 

If no error has been made in the computation and the latitudes 
(or longitudes) fail to check by one unit in the last place of decimals 
used, then the two values should be made to agree by adding one 
unit of tlie last place of decinids to one value or by subtracting one 
unit from the other value. Which value should be corrected depends 
upon which one sliould be changed to make the nest position com- 
putation check. (See p. 77.) 

In tslie same iiianner if tlie azimuth of station 1 to station 2 plus 
the first angle of the triangle fails to check the azimuth of station 1 

(See fig. IS.) 

3 After the msuuscript of this publicatim was prepared new fmas with t!ir Same uunibprs (26 and 27) 
as the old forms were prepxed for the cumputation of geogrriphic pusitions of the first m d  third orders. 
Although there hss been no change in the formulas used for the computation, the dinerent terms of the 
formuls have been rearranged in n moro compact form, which, it is believed, will expedite the computa- 
tions. These new forms hxre uot get heen finally sdopkd by this burem. but are nt present b~ ing  tried 
out in the division of geodesy -4 copy of each of these forms with sample computations of geographic 
positions are shown In Figure. 19 and 3. 
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to station 3 by one unit in the last decimal place, a correction must 
be applied to one of the azimuths to niake the result consistent before 
proceeding wit,h the nest position. (See p. 43.) 

LIST OF GEOGRAPHIC POSITIONS 

After the geographic positions of the stations are computed a list 
of these geographic positions, together with the azimuths and loga- 
rithms of the distances to the other stations, is made on Form 2SB. 
(See fig. 21.) The aziinuths from each station to the other stations 
should be arranged in dockwise order. The names of the stations 
in the first and sistli columns of the list of positions can be filled in 
most easily in proper order froni the sketch, since this shows the 
arrangement of the stations in regard to azimuth. For each station 
the aziniuth and logarithm of the distance to each of two stations 
can be obtained directly from the position computation and should 
be written in the list before the other azimuths and logarithms of 
distances which are obtained from the tables of triangles are entered 
on the form. In  case the quadrilaterals are complete, that, is, all 
the lines are included, it is possible to get a check on the computation 
of all estra azimuths in tshe list. 

At station Fairview, for example, the azimuths and back azimuths 
to Yellow and Spencer are obtained directly from the position c,oni- 
putation, but the azimuth and back aziniutli to Roman must be coni- 
puted from the triangles by using the two triangles Fairview-Yellow- 
Ronisn and Fairview-Roman-Spencer. They are computed in the 
following nianner: The azimuth, Fairview to Yellow already in the 
list (fig. 21) is 86' OS' 05'!05 and the angle at Fairview from Yellow 
to Roman in the tiiangle Fairview-Yellow-Roman is 36' 46' 0116S, 
so the azimuth of Fairview to Roman as derived from the first 
triangle is S6' OS' 05'105+26' 46' 01'!6S=ll2' 54' 06173. In a 
sindar manner the azimuth Fairview to Spencer already in the 
list is 141' 15' 87189, and the angle at Fairview from Ronian to 
Spencer in the triangle Fairview-RomanSpencer is 28' 21' 21'116, 
so the azimuth of Fairview to Roman as derived from the second 
triangle is 141' 15' 37'1S9-28' 81' 21!16=112' 54' 06Y73, which 
checks the value above. 

The back azimuth Ronian to Fairview is c.omputed as follows: The 
azimuth Ronian to Yellow already in the list (fig. 81) is 326' 17' 
39101, and the angle at  Roman froni Fairview to Yellow in the triangle 
Fairview-Yellow-Roman is 34'0s' 33'163, so the azimuth of Roman to 
Fairview as derived from the first triangle above is 326' 17' 39!01 
-34' OS' 33'162=292' 09' 05139. Again, the azimuth Ronian- 
Spencer already in the list is 361' 04' 53119, and the angle at Roman 
froni Spencer to Fairview in the triangle Fairview-Ronian-Spencer 
is 31' 01' 11'190, so the azimuth Ronian to Fairview as derived from 
the second triangle is 261' 04' 53149+31' 04' 11190=292' 09' 05'139, 
which checks the other value. 
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The extra azimuths, that is, those computed from the triangles, 
should nluuys be checlied in every possible triangle, as this will .show 
wliet,her or not the adjustment has made all the angles consistent. 
It should be borne in mind that tahe angles used in the computation 
of the azimuths are the sph.ericaZ nnqles. One can readily tell whether 
to add or subtract, the angles in t8he coniputntion of the azimuths by 
referring to the triangulation sketch on which the relative positions 
of tlie stations are shown. 

After all the azimuths and logarithms of distances have been 
entered in tlie list of positions, the other colunins are filled out. The 
quantities in the column headed “Seconds in meters” are obtained 
by means of the tables in Special Publication No. 5,  entitled “Tables 
for a polyconic projection of maps,” in which the value in meters 
corresponding to 1 second of either latitude or longitude is given for 
all latitudes from 0’ to 90’. Nest, under the general heading 
“Distance,” the c.olunin headed “Meteis’J is filled out by taking the 
antilogarithms of the values in the preceding column, and finally the 
one hefidecl “Feet” is obtained by conversion of the meter values. 

In the first column of the list of positions, in addition to the nanie 
of tlie station, tahere should be given tlie year of the first esttiblish- 
ment, of the station, the date when the station was last visited, and 
letters to indicate whether the station is described and marked or not. 
If the station is described but, not marlied tlie letter “d” is used; if it 
is marked and not described tlie 1etkei.s “111. n. d.” are used; and if 
it is described and marked the letters ‘Id. m.” are used. Other letters 
used in this column are: “n. d.” which nieans that the station is 
not, described, but whether or not it is marked is not known; “r” 
which means that the station was recovered but no description was 
furnished of its condition; “r. d.” w1iic.h means that the station 
was recovered end described; and “r. d. m.” whkh means that the 
station was recovered, described, and marlied. 

The colunin headed “Seconds in meters” is ordinarily not filled 
out for first-order triangulation. The values in this column are 
computed for the convenience of the draftsinan in constructing charts 
along tlie c.oast but as firstrordei. triangulation is niostly in the 
interior of the country it is not used in making tlie charts. 

The adjustment of tlie quadrilateral which has been given in detail 
on pages 29-41, fully illustrates tlie va.rious steps that are necessary 
in an adjustment when only tlie geographic positions (latitudes and 
longitudes) of two initiil stations, and tho distance and aziniuth 
between these stations are fised. Where a number of connected 
triangles and quadrilaterals are to be adjusted, but the only fised 
conditions are those given above, the steps in the adjustment me 
esactly the same as shown for the single quadrilateral, the only 
difference being in the number of equations, both a.ngle and side. 
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CHAPTER 3.-ADJUSTMENT OF A NET OF TRIANCULA- 
TION BY THE DIRECTION METHOD 

CONDITIONS INVOLVED 

In the adjustment of the single quadrilateral just considered, only 
angle and side equations were required. The adjustment of a net 
of triangulation is given on the followiiig pages for which are required 
not only angle and side equations, but condition equations to elinii- 
nate the closing errors in length, azhiiutli, latitude, and longitude. 
The direction method will be used, as first-order triangulation is 
always adjusted by that method in this bureau. On pages 110-146 
is shown a iiet of third-order triangulation adjusted by the angle 
method. 

Gorgora 

FIG. 9?.-Triangulation net used in sample adjustment 

As shown in the sketch of this net (fig. 33), the lines Garcena- 
Gorgora and Palo-Pedro are fked in length and aziniuth and the 
stations Garcena, Gorgora, Palo, and Pedro are fixed in position 
(latitude and longitude). The angle and side condition equations 
€or this net are formed in the sanie manner as esplained on pages 
35-37 for the single quaddate,ral. 

The length equation is formed by starting with the fised length 
Pdo-Pedro and computing through the observed angles of a single 
chain of triangles the length of the line Garcena-Gorgora. This 
coniputed length will usually differ froni the k e d  length of the line 
and the length condition is thus obtained. 

The azimuth equation is forniad by starting with the fised azimuth 
of the line Palo-Pedro and coniputing through the observed angles 
of the triangles an azhnuth for the line Garcena-Gorgora. This 
computed azimuth will usually differ from the fised azimuth of the 
line and the azimuth condition is thus obtained. 

The latitude and longitude equations are formed by starting with 
the fixed position (latitude and longitude) of either Palo or Pedro 

50 
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and computing through the observed angles of a single chain of 
triangles the geographic position (latitude and longitude) of Garcena. 
This computed position of Garcena will usually differ from the fixed 
position and the latitude and longitude conditions are thus obtained. 

All the steps in the adjustment of this net of triangulation are 
given in detail on the following pages. Although the net is only a 
small one all the conditions that would appear in a large net are 
present, so that an understanding of this small adjustment will 
enable one to adjust a large net. 

The formation of the equations representing aJl the conditions 
considered above are shown below in detail. If the lists of directions 
at the various stations have not been made out in the field they are 
made in the form shown on page 7, with the column “Final seconds” 
left blank. 

A sketch (fig. 22)  is then drawn showing the relative positions of 
the stations and all the observed directions between the stations, full 
lines representing directions observed from both stations a t  the ends 
of the line and lines dotted at  one end representing directions observed 
from the station at  the full end of the line but not from the other 
station. The directions are numbered in clockwise order on the 
sketch as shown in Figure 22. . The triangles (fig. 24) are next written 
out and the angles filled in from the list of directions in Figure 23. 
Particular attention should be paid to the order in which the tri- 
angles are written. 

As full instructions for determining the spherical excess and triangle 
closures, and for checking*the triangle closures are given on pages 
32-34 for the single quadrilateral, they will not be repeated here. 

NUMBER OF EQUATIONS 

(See p. 29.) 

After the closures of the triangles have been determined, the next 
step is to determine the number of equations in the net. The 
formulas for computing the number of equations to be used in the 
adjustment of a triangulation net are given on page 34. In the net 
considered here, n=29,  n’-29, 8113,  and s’=13. The number of 
mgle equations is therefore n’ - 8’ + 1 = 29 - 13 + 1 = 17, and the 
number of side equations is n- 2s+ 3 = 29 - 26 + 3 = 6. Since there 
are fixed azimuths and lengths at  the two ends of the net, there will 
also be one azimuth and one length equation. In addition to these, 
due to the fixed position (latitude and longitude) at  each end of the 
net, there will be one latitude and one longitude equation. Alto- 
gether then there are 17 angle, 6 side, 1 azimuth, 1 length, 1 latitude, 
and 1 longitude equations, or a total of 27 equations. 

kn0the.r way of determining the number of angle and side equations 
in a net is to build up the figure point by point, starting from the 
fixed line at  one end, and count the number of equations at each 

(Text continued on p. 59) 
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Hebron 63 08 11.31 11.49 Xormment 

corpus w 2  41 08.92 08.87 Grande 
;lonument 230 50 49.05 48.82 RiW'Jld 

wrgora 
Liarcena 

0 00 00.00 00.55 

- 37 26 30.55 90.03 
42 56 20.48 20.61 

90 19 02.33 02.02 
161 52 16.28 16.58 
173 s 47.89 47.79 
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COMPUTATION OF TRIANGLES 

23 Pal0 - PDdrO 

-15+1 Fordyce 49 00 '04.94 -0.01 09.93 0.a  

-M 2 Palo 61 27 31.53 t 0 . a  31.76 0.09 

-w 3 Pedro 70 32 18.94 -0.37 18-57 0.09 
-0.15 0.26 13 Fordyce - Pedro 

1-2 Fordyce - Palo 
00.41 

2-3 ' palo - Pedro 

- 7 4  1 Eltoro 36 27 86.43 -0.39 86.04 0.09 

-4i6 2 Palo 99 37 25.05 -0.07 24.98 0.09 

-2M 3 Pedro 43 54 59.13 tO.12 59.25 0.09. 

1-3 E l t o r o  - Pedro -0.34 0. n 
1-2 atom - PPo 

00.61 

23 Palo - Rr8yce 

-749 1 =tor0 77 47 14.58 -0.73 13.85 0.07 
-5.6 2 Palo 38 09 53.52 -0.30 53.22 0.07 

.14+15 3 Forme 64 02 53.85 -0.71 53.14 0.07 
1 3  Eltoro - Fordyce -1.74 0.2l 

1 3  Eltoro - Palo 
9 . 9 5  

2-3 Pedfo - Fordyce 
-&c9 1 Elton 41  19 38;i5 -0.34 w.a i  0.07 
-1+2 2 Pedro 26 37 iO.81 -0.49 U.Z.?2 0.06 

-Ut16 3 Forme 112 03 00.79 -0.72 C&O?~O.O: 

1-3 Eltoro - Fordyce -1.S 0.20 
1 3  Eltoro : Pedro 

01.75 

23 Eltoro - Fordyce 
-2ocn 1 G a r c i a  31 80 13.41 k0.45 12.96 0.09 

-%lo 2 Eltoro 71 51 46.93 +0.36 47.29 0.09 

-12t14 3 hrdyce 76 47 59.67 M.35 60.02 0.09 

13 Garcia - Fordycs to.26 0.21 
1-2 Garcia - Eltor.0 

00.01 
FIO. ?4.-Trlangle computation for stations of net 

3.S781520 

09.85 0.1289079 

31.67 9.9437288 
18.40 9.9744497 

4.0507887 
4.0815096 

3.9781420 

35.95 0.2260226 
24.29 9.5938449 
59.16 9.8411344 

4.1980195 
4.0452090 

4.0815096 

13.78 0.0099416 
53.15 9.79093.B 

53.07 9.9538377 
3.8823870 
4.045288% 

4.0507887 
37.74 0.~0%208 

03.00 9.9670100 
19.26 9.6513775 

3.8823870' 

4.1980195 

3.8828870 
12.87 0.2839387 

47.20 9.9778676 
59.93 9.9d83711 

4.1441935 
4.3546963 
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&MPlrrATlON OF TRIANGLES 

2-3 Eltoro - Fordyce 

-2CP 1 PanchO 20 23 46.79 -0.70 46-09 0.08 

-W112 FJtoro 116 31 05.84 +0.07'05.91 0.09 
-1314 3 Fordyce 43 05 08.33 -0.07 08.26 0.09 

1 3  Pencho - k d y c e  -0.70 0.26 
1-2 Pancho - Eltoro 

00.96 

2-3 Eltoro - Garcia 
-8-1 PaChO 64 28 16.62 -0.13 16.43 b.13 
-1O+ll2 Eltoro 44 S9 18.91 -0.29 18.62 0.12 

-19)203 Garcia 70 52 25.04 H.1 26.21 0.12 
1-3 Pancho - Ga-cia -0.19 0.58 
1-2 Pmcho - Eltoro 

00.57 

2-3 hrdyce - Oarcla 
-23t241 Pan&& 44 04 29983 +O.57 30.40 0.13 
-1m3 2 ForQrce S3 42 51-34 +0.42 51.76 0.18 

-1- 3 9:mcia 102 la m.45 -0.22 38.1 0.18 
1 3  Pancho - Garcia $0.77 0.39 

Pancho - Fordyce 
_I 

1-2 
59.62 

23 Pa~eho - Garcia 
-31t-32 1 Momrent 61 38 08.72 -0.08 08.64 0.06 

-24c252 PanChO 28 B 00.22 -0.35 02.87 0.05 

-1W93 Gsrcia 89 53 49.28 -0.62 49.66 0.06 
1-3 Monument - Garcia -1.E 0.17 
1-2 XoPonulknt - ?;inch0 

01.22 

2-3 Pa;lc!lo - Garcia 

-3w4 1 coqnla 63 35 00.71 -1.02 02.69 0.07 
- 2 M 6 2  P&o 77 46 42.61 -0.70 41-91 0.07 
-18t19 3 Garcia 38 38 15.78 -0.17 15.61 0.07 

1 3  CorFs - Garcia -1.89 0.2l 

1.2 Corpla - Psncho 
02.13 

3.3823870 

46.01 0.4577866 
05.82 9.3517221 
08.17 9.@244781 

4.2918957 
4.1746517 

4 

4.1546969 

16.86 0.0446159 
18.50 9.8468552 

25.14 9.9753391 
4.0461679 
4.1746518 

4.1441935 
30.n 0.1576402 
51.63 9-7-42 
38.10 9.9900620 

4.0461679 
4.2918957 

08.58 

02.82 
48.60 

02.62 
41.54 
15.54 

4.0461679 
0.0555446 

9.6782093 

9.9999993 
8.7795207 
4.1917118 

4.0461679 

0.0478917 
9.9900438 
9.7954531 
4.0341034 
3.8a95177 

FI~. 2 4 . 4 a n g l e  computation for stations oInet-Contin~M 
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COMPUTATION OF lRIANGLES. 

23 Pa?& - Molonument 
- 3 m  1 Cor;rus' 92 54 15.91 -0.76 15.15 0.N 

-2!jW6 2 Pmcho 49 18 39.39 -0.35 39.04 @.!It 

-30-1 3 bll.y..ent 37 47 06.& -0.53 06.00 0.06 
13 CorFs - Yormnent' -1.59 0.19 
1.3 Corss - Pancho 

01 .sa 

2-3 Garcia - llomunent 
-34i.351 c o q u s  29 19 12.P M.26 12.46 0.05 
-1748 2 Gzrcia 51 15 33.50 -0.45 33.05 0.05 
-3OM2 3 KoormPent 99 25 15.30 -0.66 14.64 0.05 

13 Cor*Yus - ilormnent -0.85 0.15 
1-2 C o r n  - kcie 

01.00 

23 CorFs - Konwnent 
-5Oi411 Grvlze 78 09 40.13 :o.ia39.95 0.05 

-35462 Corpus 46 17 59.13 40.3059.43 0.04 
-*303 Lnumnt 55 39 M.19 -0.4320.75 0.05 

13 Grande -Monument -0.31 0.14 

1-2 S r d e  - Corpus 
00.4s 

2-3 Corps - Wonument 
-4,*1 Hebron 37 26 30.55 -1.Q 29-41) 0.09 
-35+372 Corws 93 48 42.57 -0.40 42.17 0.10 
- 2 9 W 3  Monument 48 44 @.a7 -0.~3~48.~ 0.10 

1.3 Hebron - Monument -1.70 0.29 
Hebron - COTS 1-2 

01.99 

Corpus - Orande 2-3 

-4-1 Rebron 42 56 20.49 4 - 4 2  20.06 0.06 

-3-2 Corws 47 30 43.44 -0.70 42.74 0.06 
-39*403 Grande 89 32 57.61 -0.23 57.38 0.06 

13 HeSron - Crande -1.35 0.13 

I4 Eebron - Corps 
01.53 

4.1017118 

15.08 O.ooo55a1 
38.98 9.8798168 
05.94 , 9.7872478 

3.9820857 
3.8895177 

2.7799207 
12.41 0.3100800 
33-00 9.5920860 
14.59 9.9941028 

3.9820867 
4.0641035 

3.98-67, 
39.90 0.0093379 
69.39 9.8591173 
a.71 9.9161972 

3.8505419 

8.907638 

3.9820867 
29.39 0.2l61314 
42.W 9.9990382 
48.54 9.8761042 

4.1972563 
4 . m 4 m  

3.507638 

20.00 0.1667139 
42.68 9.8677132 
.57.32 9.9999866 

3.9420489 
4.0783223 

Fro. 24.-Trissgle computation for stations of net-Continmd 
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COMFUTATION OF TRIANGLES 

-. 
m 

2-3 
- 4 m  1 

-2h292  
-39+4l3 

13 
3 3  

w 

Moment - Grande 3.8505419 

Hebron 5 29 49.93 40.65 50.58 0.05 50.9 i.cnam 
Uorrument 6 47 39-39 -0.20 32.13 0.01 32.11 9.0128736 
cands 167 42 a7.74 -0.a 37.a  0.01 37.32 9.328'310 

Rebron - made $0.04 0.03 3.942424&3+1 

Eebron - Monmmt 4.19725Ba 
5- 

&&on - Grande 3.9420489 
- 5 W  1 Riagold 69 2B 07-23 +O.laOr.Z3 O.OS 07-28 0.02845Z9 
-44t452 Eebron 47, 22 4i.85 -0.4441.41 0.04 41.37 9.8667528 
- 3 W 9 3  Or- 63 08 11.31 +9.0911.40 0.05 11-35 . 9.95040M 

1-2 Ringold - Hebron. -3.9209092 
1-3 aiagold - Cande -0.25 0.14 0.a37as6 

00.a9 

* - M o m a t  4.1972563 
*2 '1 ' Ringgoid, 95 19 28.48 -0.5127.95 0.09 27.86 0.0018779 
43+% 2 Eebron 52 52 31.78 tO.Zl31.99 0.09 Q.90 9.9016361 
-=+a 3 uolkent Q 47 59.55 +o.caao.a 0.09 60.24 9.7231750 

13 Mugold - Hormment W.48 0.n 4.1@07?03 
1-2 Engold - He&on - 

59.79 
3.9209092 

2-3 Grands - hrmment 3.8505419 

-6M-521 Eiwld 25 50 a.23 -0.61 26-63 0.03 20.59 0.3606683 
e - 4 1  2 kendo 123 09 10.96 +0;32 11.3 0.04 11.23 9.8895602 
-am3 lrolmmnt 25 00 27.23 + 0 . 9 8 a . a o . 0 3  28.18 9.6260155 

13 Riagold - Yanument M.69 0.10 4.1001700 

2-3 Hebron-Bbgold 5.9209092 
-53e.41 mccns 67 18 20.19 -0.10 20.09 0.M P.06 OmW49980 
-451-47 2 bbroo. 83 16 45.54 t0.15 46.n 0.0a 4s.q 9.9970055 
4 W 0 3  Ringold 29 24 54.46 -0.16 54.29 0.03 54.26 9.6911991 

1.3 @arcla.- Bingola -0.11 0.09 a.gszslzl 

l-2 Oarcia- b&on 1.6471063 
00.20 

Fw. %-Triangle OompuMon for stations of net-Crmtinned 
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CoMPUTATlON OF TRIANGLES 

23 Garcena - Hebron 
-56+67 1 Gorgors 6 02 24.09 -0.48 23.61 0.01 

- 5 w 5  2 Garcena 162 14 05.66 -0.39 05.27 0.01 
-463-47 3 Hebron 11 43 31.61 -0.46 31.15 0.01 

1-3 Gorgora - bbron -1.33 0.03 
1-2’ Gorgora - Garcena 

01.36 

2-3 Garcena - Ringold 

- 5 M 8  1 Gorgora 43 44 32.07 -1.23 30.04 0.W 
-54+552 Gercen&a 94 55 45.47 -0.29 45.18 0.07 

1-3 Gorgora - Blxo ld  -1.33 0.20 
- 4 ~ 9  3 ~ i ~ o i a  41 19 43.99 +0.19 44.18 0.06 

13 Gorgora - Oercena 
03.1 

23 Hebron - Ringold 

- 5 ~ 5 8  1 b r g o r a  37 42 07-96 -0.75 07-23 0.08 
- 4 H 6  2 Bebron 71 33 13.95 +0.61 14.56 0.09 
-42+50 3 Ringold 70 44 38.44 .+O.OB 38.47 0.09 

1.3 Borgore - Ringold -0.11 0 . s  

1 3  Gorgora - Hebron 
00.37 

23.60 

05.26 

31.14 

m.77 
45.11 
44.12 

07.15 
14.47 
38.38 

LOOARITRII 

3.6471363 

0.9778993 

9.4844655 
9.3079664 
4.1094711 

3.9329710 

3.9529127 

0.1602639 
9.9983908 
9.8197944 

4.1115674 
3.9329710 

3.9209092 

0.P356.49 
9.9770934 
9.9749970 
4.1115675-1 
4.1094711 

FIG. %.-Triangle computation for stations of net-Continued 
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point. The rules to follow in this case are: At each point the number 
of angle equations is one less than tho number of full lines (observed 
at both ends) and the number of side equations is two less than the 
total number of lines, counting both the full lines and those dotted 
at one end. 

For example, in the net to be adjusted, start at  the fked h e  
Palo-Pedro. Then at station Fordyce there are 2 full lines to stei- 
tions already considered and so there are one angle and no side 
equations; at  station Eltoro there are 3 full lines to stations already 
used and so there are 3 angle and 1 side equations; at  Garcia tshere are 
2 full lines and therefore 1 angle and no side equations; at Pancho there 
are 3 full lines and therefore 2 angle and 1 side equations. Continu- 
ing this process of building up the figure point by point until the final 
point, Gorgora, is reached, we have the following number of angle 
and side equations: 

Number of angle aad side equations 0, net 

Equalions 

Station 

1-1-1 
Ford yre ... - - - - - - - 
Eltoro _ _ _ _ _ _ _  -. _ _  
Monument _ _ _ _  _ _  - 
Corpus _ _ _ _ _ _ _ _ _ _ _  
Qrande- _ _ _ _ _ _ _ _ _  
Hebron. - _ _ _  _ _ _ _ _  
Ringold _ _ _ _ _ _ _ _ _ _  2 
Qorcena _ _ _ _ _ _ _ _ _ _  1 
Gorgars _ _ _ _ _ _ _ _ _ _  2 

A total of 17 angle md 6 side equations is thus obtained and this 
agrees with the number of equations determined by means of the 
formulas. In a coiiiplicated figure for which it is difficult to deter- 
mine the correct number of equations the number should be checked 
by using both methods. 

FORMATION OF CONDITION EQUATIONS 

The angle equations, which are shown on page GO, are obtained 
in the same manner as in the adjustment of the single quadrilateral. 
(See p. 35.) The side equations are also formed in the sanie manner 
as the one used in the adjustment of the single quadrilateral. One 
should be careful at all times to choose the pole in each side equation 
so that the two smallest angles will be included for, otheiwise, the 
final adjusted logarithms of the distances in the triangle computation 
niay not check. 

4 5 8 8 1 ' - 3 4 4  
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The angle and side equations should be formed by building up 
the k u r e  point by point in the same manner as for counting the 
equations and writing out the equations at  each new point as the figure 
is built up. In this way not only will the correct number of equations 
be obtained, but the introduction of “identical” equations will be 
avoided. “Identical ” equations are sometimes introduced acci- 
dentally and not discovered until the solution of the normals is 
considerably advanced. (An illustration of an “identical” equation 
is given on p. 181.) 

Angle equations 

SymM 

-1Wl6 
-8+9 
-5-W 
-2+3 

1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 

10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 

O=+O. 15- (1)+ (3)- (4)+ (5)- (15)+(16) 
O=+O. 34- (a)+ (3)- (4)+ (6)- (7)+ (8) 
0=+1. 74- (5)+ (6)- (7)+ (9)-(14)+(15) 
0=- 0. 26- (9) + (10)- (12) + (14)- (20) + (21) 
o= + 0. 19- (10) + (1 1)- (19) + (20)- (22) + (24) 
0=- 0. 77- (12) + (13)- (19) + (21)- (23) + (24) 
0=+1. 05- (17)+(19)- (24)+(25)- (31)+(32) 
O= + 1. 89- (18) + (19)- (24) + (26)- (33) + (34) 
O= +l. 69- (25) + (26)- (30) + (31)- (33) + (35) 
O= +O. 31- (2s) + (30)- (35) + (36)- (40) + (41) 
O=- 0. 69- (27) + (28) + (38)- (41) - (51) + (52) 
O= + 1. 70- (29) + (30)- (35) + (37)- (42) + (43) 
O= + 1. 35- (36) + (37)- (39) + (40)- (42) + (44) 
O= +O. 25- (38) + (39)- (44) + (45)- (50) + (51) 
O= +O. 11- (49) + (50)- (45) + (47)- (53) + (54) 
O= + 1. 33- (48) + (49)- (54) + (55)- (56) + (55) 
O=+O. 11- (45)+(46)- (48)+(50)- (57)+(58) 

Side equations 

0 , ,, I--- I II I O l l l  I-- I I  
48 00 09.94 9.87109231 4-1.90 -4+5 61 27 31.53 B.94372563 +1.15 
41 19 38.15 9.81976015 -1+2 26 37 19.81 9.65137983 *.a0 
38 09 53.52 9.7wwo675 4-2.67 -14+15 64 02 53.85 9.95383853 +1.M 
43 54 59.13 I 9 . ~ 1 1 4 3 1  I 1::; (1 --7+8 1 %  n a 4 3 1  9.mmn 1 +e86 I 

* 18. O=- 2.24+4.20 (1)- 6.39 (2) +2.19 (3) +1.15 (4)- 3.82 (5) +2.67 
(6)+2.85 (7)-5.25 (8)+2.40 (9)+1.02 (14)-2.92 (15)+1.90 (16) 

I=I I 
~~~ 

19. O=- 1.78+0.49 (12)-2.25 (13)+1.76 (14)+0.73 (19)-4.19 (20)+3.46 
(21) +4.66 (22)- 5.66 (23) + 1.00 (24) 

1 This equation is formed with the pole at the intersectlon of the two diwonals. (Le explanation on 
p. 165.) 
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Side equat io idont inued  

61 

Symbol 

-34+35 
-?A+% 
-31+32 

Angle Logarithm Symbol Angle Logarithm ~~~~~& 
--- ~- 

0 ,  . 0 ,  . 
29 19 1220 9.68981918 4-3.74 -304-32 99 25 15.30 9.88410258 -0.24 
77 46 42.61 9.99004413 +.45 -334-34 63 35 03.71 9.95210943 4-1.05 
61 38 a72 9.W45563 +1.13 -24+25 38 28 03.32 9.678?0974 4-3.89 

9.62441884 . 9.62442175 
1 

20. 0=-2.81+3.44 (241-3.89 (25)+0.45 (261-0.34 (30)- 1.13 (31)+1.47 
(33) + 1.05 (33)- 4.79 (34) +3.74 (35) 

--33+29 6 47 32.32 9.072S7733 +17.68 -434-44 
-51+52 25 50 21.23 9.63933451 4-4.34 -27+28 
-44+45 47 22 41.85 9.86878373 4-1.93 -504-51 

5 29 49.93 8.95335263 +2l.B3 
25 00 27.33 9.6227119 -53 
69 39 07.23 9.97154607 +.78 

.s 57x98988 

l21. O= +25.58+4.52(27)- rJa.20(%)+17.6E4(29) +21.85 (43)-23.81(44) + 1.93(45) +0.78(50)- 5.12(51) +4.34(52). (Thisequation should be divided 
by 5 before entering it in the correlates.) 

-4-l-45 47 22 41.85 9.86878373 +1.83 -504-51 

-?8+3O 55 3?a 21.19 9.91RlWS8 4-1.45 -35+36 
-51+5!2 I 25 50 31.23 I i I I  9.63933451 4-4.24 -274-28 

-36+37 47 30 43.44 g . s m i m  +I.% -42+44 
69 29 07.23 

46 17 59.13 
a5 00 27.23 

42 513 20.48 
1-0.n 
+2.27 
+2.01 
+4.% 

-48-l-49 41 19 43.99 9.81978414 +a39 -56+58 43 44 32.07 
-45+47 83 16 45.56 9.99700544 +.25 -49+50 29 24 54.45 
-56+57 6 02 H.09 9.0?311142 +19.W -4H47 11 43 31.61 

am91100 

' 22. O=+ 9.554- 4.52(27)-5.9?(28)+ 1. 45(30)+2.01(35)-3.94(36) + 1.93(37)+ 2.27(42) -4.20(44)+ 1.93(45)+ 0.78(50) -5.12(51) + 4.34(52). 

9.839738W +220 
9.69119975 +3.74 
9.30797112 +lo. 14 

a mgossi 

' 23. O=+ 1.19-0.25(45)+ 10.14(46)-9.89(47)-2.39(48)+6.13(49) 
-3.74(50) -17.70(56)+ 19.90(57) -2.20(58). (This equation should 
be divided by 5 before entering it in the correlates.) 

~ 

1 The coefficients of the different equations of a net should be approximately the same size. If tbe coef- 
f&nts of an equation are too large, they should be dlvided by a rat+ to bring them to the proper size. 

2 1n.a central oint flgure with one diagonal observed, which r ulres 2 side equatlons, one of the dd6 
equations s h o d  be written with the pole at  the center and s h d !  be carried entirely around the flgure. 

EXPLANATION OF AZIMUTH EQUATION 

In the formation of the azimuth equations differences between 
forward and back azimuths are used and it is necessary, therefore, 
to make a preliminary computation of the geographic positions of the 
various stations to determine these azimuths. This same conipu- 
tation is used in determining the latitude and longitude closures 
and an axplanation of it will be found on pages 66 and 69. We shall 
consider here that these positions have already been computed. 
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Starting with the fised azimuth, Palo-Pedro, and using the observed 
directions and the differences between the azimuths and back azi- 
muths through the shortest route, the azimuth of the line Garcena- 
Gorgora is determined. It is well to go through the angles in a 
clockwise direction, wherever possible. The angles will then be 
added instead of subtracted. 

Conzpi~lniinn of nziwruth equation 

SBCOUdS* 

Palo-Pedro (fixed a z i r n u t h l _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  13 02 35. 00 35. 00 
+99 37 25.05 24.9s 

Palo-Eltoro _ _ _ _ _ _ _ - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  111 39 50. 05 49.9s 
- 3 45. 12 45.11 

Eltoro-Palo _ _ _ _ _ _ _ - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  291 37 04. 93 04. 57 
- 7+11______-_____________________________ +lo4 1s 20.42 19.76 

Eltoro-Pancho _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  135 55 25. 35 24. 63 
- 3 14. 32 14.32 

Pancho-Eltoro _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  305 52 11. 03 10.31 
22+26 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  +143 14 59. 23 5s. 40 

Pancho-Corpus __-- - - - -_____--__________________ 85 07 10. 26 OS. 71 
2 04.55 04.55 

Corpus-Pancho _ _ _ - _ - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  36s 05 05. 71 04.16 
33+37 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  +IS6 43 58 4s 57.33 

Corpus-Hebron _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  94 45 04. 19 01.48 
- 3 10.09 10.09 

Hehron-Corpus _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  374 44 54. 10 51.39 
- 4 2 + 4 7 _ - _ _ _ - _ _ _ _ _ _ _ _ _ - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  +173 35 47.S9 47.15 

Hebron-Garcena _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  SS 30 41.99 35.57 
- 1 11.31 11.31 

Garcena-Hebron __- - - - -_____- - -_ -_______________ 368 19 30. 68 27.26 
+l62 14 05.66 05.27 

Garcena-Gorgors, (compi~tecl nsimuth) - - - - - - - - - - - - - 70 33 36. 34 32. 53 
Garcena-Gorgora (fixed asiiiirith) _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  i O  33 33. 53 32. 53 

Closing error _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  +3.81 0.00 

, ), Final 

- 

- 

- 

- -_ 

34. ~=+3.81t- (4)+(G~-(7~+(11)-  (?3+(%)-(33)+($7)- (*2)+(47) 
- (53) + (55) 

The azimuth equation above is niade up  as follows (see p. 50): 
Starting with the azimuth Palo-Yeclro, 12' 02' 25!'00, and adding 
the angle at Palo froin Pedro to Eltoro (designated by - 4 + 6), 99O 
37' 25!'05, we get 111' 39' 50U05, which is the azimuth of 
the line Palo-Eltoro. Now in order to c.aiTy the aziniuth ahead, it 
is necessary to obtain the back azimuth of this line or t,lie azimuth 

~~ 

This column is filled out after the sdjustment is completed. 
tThe azimuth constant should be corrected by the amount sin 9m &.-An'), where ern is the meanlatitude 

and An-A.' is the discrepancy in longitude. 
+m=?80 s(Y 49' and A"-An'=-n11m6 

log n.m= 7. 77~2-in (negative). 
log sin Io 20' 49'= 9.6472-10 

log correction= 7.4254-10 (negative). 
correction= -n!w3. 

This correction is not large enough to affect the azimuth constant. 
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Eltoro-Palo. This is obtained by adding lSOo and (algebraically) 
the difference of azimuth due to convergence of meridians as com- 
puted on page 71, to the azimuth Palo-Eltoro. That is, 

O I  I I  

Azimuth, Palo-Eltoro= 111 39 50. 05 
JlS0 00 00.00 

45. 12 Difference of aziinuth and back aziinuth = 1 - 

Azimuth, Eltoro-Palo= 391 37 04. 93 

Then using tlie azimuth Eltoro-Palo as given above, and adding the 
angle a t  Eltoro froin Palo to Pancho, we obtain the azimuth Eltoro- 
Pnncho. 
In this manner, as shown on page 62, the azhiuth is carried along 

until the azimuth Garcena-Gorgora is deterniined. It niust, be 
remembered that tlie observed angles are used in forming tlie azimuth 
equation. They can be obtained from either the list of directions 
or the triangle computation. The designation of each angle used 
should be placed to the left of the corresponding angle as shown on 
page 63. At  the end of the equation the fised azimuth of Garcena- 
Gorgora should be placed directly under the computed aziniuth. 
The azimuth equation may then be written by placing the fised 
azimuth equal 60 the computed azimuth plus all of the v's denoted 
by the designations of the angles in the computation of the azimuth 
equation. For convenience all ternis are transferred to t3he right side 
of the equation, and tlie difference of the two azimuths (computed 
minus fixed) is used as the constant term of the equation. 

EXPLANATION OF LENGTH EQUATION 

The Specifications for horizontal control for fiist-order triangula- 
tion (see Special Publication No. 130, p.'3) require that tlie closure 
in length upon 8 measured base or a line of adjusted triangulation 

must not exceed that represented by an error of & after the 

angle and side equations have been satisfied in tlie adjustment. The 
closure in length can easily be espressecl as a ratio by dividing tlie 
discrepancy in tlie logarithm by 0.4343, which is tlie inodulus of the 
coninion system of logarithms. For instsance, in the following length 
equation the discrepancy in length is 3.27 in the sisth place of loga- 
rithms and tlierefore the closure in length before acljustnient is 
0.00000337 

0.4343 or approximately lm- After the angle and side 
equations are satisfied in the adjustment the discrepancy in length 
is 7.35 in tlie sixth place of logarithms (see p. 91), that is, tlie closure 

1 or approximately -a 60000 
0.00000735 ~ in length after adjustment is o.4343 
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The length equation is formed as shown in the table on page 65. 
It differs from a side equation in that it involves the logarithms of 
two lengths. Starting with the line Palo-Pedro the length is 
computed through the best chain of triangles (see fig. 22) until the 
computed length of the line Garcena-Gorgora is obtained. The 
angles turned through in carrying the length through the scheme are 
indicated by sniall arcs near the vertices of the triangles in Figure 25. 

In  most cases it will not be necessary to compute the ZR (see 
p. 236) in order to get the best chain of triangles. An esperienced 
mathematician wiU be able to tell from an inspection of the triangles 
which is the strongest chain. The beginner, however, when in doubt 
about the best triangles in any particular quadrilateral of the chain, 
should compute the ZR for that quadrilateral. A good general 
rule to follow is to avoid the sniall angles in the formation of the 
length equation. 

Gorgon 

FIO. !%.-Triangulation net, showing triangles used in forming latitude and longitude equations 

The logarithms of the &Ted lengths are written in the first line of 
the length equation coniputation in the columns headed ‘‘logarithni. ” 
The logarithms of the fixed lengths used in the length equation must 
be corrected for the difference between m and sine. A table of 
these corrections is given on page 231. This correction is - 16 in the 
eighth place of logarithms for the length Palo-Pedro and -13 for 
the length Garcena-Gorgora. These corrections should be placed 
just above the logarithms of the lengths themselves. (See p. 65.) 

The arc-sine correction may be explained as follows: In the form% 
tion of a length equation it is assumed that small arcs are proportional 
to their sines. Similarly, in the derivation of the position computation 
formulas it is assumed that small arcs, s and AA, are proportional to 
their sines. As this assumption introduces a slight error in the com- 
putations a correction must be applied to take account of the error. 
In the length equations we are concerned only with the corrections 
corresponding to log s, which are always negative. In  the case 
of the position computation, however, the differences are taken out 
for both the arguments log s and log AX, the first with a negative, 
the second with a positive sign, and their algebraic sum is applied 
as a correction to log AX. A table similar to the one on page 231 is 
given on page 17 of Special Publication No. 8, sixth edition, but as 
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it is only carried to seven places of decimals it can not be used for 
first-order work, which should be carried to eight places of decimals. 

Columns 1 and 5 of the length equation, headed “symbol,” can be 
filled out directly from Figure 22. After deterniining through which 
triangles the length is to be carried, the following rule can be used 
in filling out these columns: In  the first column is placed the desig- 
nation of the angle adjacent to the starting length but opposite the 
side through which the length is nest carried, while in the fifth 
colunm is placed the designation of the angle opposite the starting 
length. For instance, in Figure 25 the line Palo-Pedro is the starting 
length and the line Palo-Fordyce is the line through which the length 
is to be carried next, so - 1 + 3 is placed in the first colunm, and 
- 15 + 16 in the fifth column. Palo-Fordyce now becomes the start- 
ing line and Eltoro-Fordyce becomes the nest line through which 
the length is carried so - 5 + 6 and - 7 + 9 are placed in the first and 
fifth columns, respectively. In  a siniilar manner, the rest of the first 
and fifth columns are filled out. 

The remainder of the computation is handled in esactly the same 
manner as for a side equation. The constant term for the length 
equation is obtained by subtracting the sum of the quantities in the 
seventh column from the sum of the quantities in the third column. 
The quantities in the fourth and eighth columns are the coefficients 
of the quantities in the first and fifth columns, respectively, as in a 
side equation. It must be remembered that the coefficients from 
the eighth column change sign, the right side of the table being 
subtracted from the left side. 

1 
Symbol 

P 

-1+3 
-54-6 

-12+14 
-10+11 
-17+19 
-25+% 
--?5+30 
-314-37 
-38+39 
-45+47 
-48+49 

2 
Angle 

0-Pedro 

70 31 1894 
38 09 53.53 
76 47 59.67 
44 39 1s.91 
89 53 49.28 
49 1s 39.39 
-55 33 31. I9 
47 30 43.44 
63 08 11.31 
I 16 45.56 
41 I9 43.99 

0 I I, 

Computation of length equation 

8 
L,&thrn 1 ’& I S g b o l  I A& I L o g a h m  1 Tabular differ- 

ence 

+o. 74 
+a 67 +. 49 
4-2.13 . 00 
+l. s1 
+l. 45 
+I. 93 
+1.06 +. 25 
+2.39 

-15+16 48 00 09.94 
-74-9 77 47 14.53 

--?0+21 31 3 13.41 
--22+24 61 28 16.62 
-31+32 61 a os72 
-33+35 92 rvl 15.91 

-42- 4 50 20.48 
-50+51 69 29 07.33 
-53-l-54 67 18 20. I9 
-56+58 43 44 32.07 

--u)+4i 7s ns 40.13 

9.87109?31 
9.9goOyJ71 
9.71608319 
9.95538436 
9. wm 
9.99Wl77 
9.9906f3223 
9.83323715 
9.971WBo7 
9.8Amm9 
9.81973894 

3.00970332 

+l. w) +. 45 
4-3.46 
+1.00 
+I. 13 -. 11 +. 45 
+2.27 +. ‘Is +. 88 
+2. XI 

sen p. 64. 

25 0=- 2.27- 0.74(1) +0.74(3)- 2.67(5) +2.67(6) +0.45(7)- 0.45(9) 
- 2.13(10~+2.13(11)-0.49(12) +0.49(14) +1.90(15)- 1.90(16) 
+3.46(20)-3.46(31) +1.00(22)- l.OO(24)- 1.81(25) + l.Sl(26) 
- 1.45(28)+1.45(30)+1.13(31)- 1.13(32)-O.ll(33) +0.11(35) 
- 1.93(36) +1.93(37)- 1.06(38) +1.06(39) +0.45(40)- 0.45(41) 
+2.37(42)- 2.27(44)- 0.25(45) +0.25(47)- 2.39(4S) +2.39(49) 
+0.78(50)- 0.78(51) +0.88(53)- O.SS(54) +2.20(56)- 2.20(58) 
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LATITUDE AND LONGITUDE EQUATIONS 

The angle, side, a.zhiiutli, and length equations having been 
foimed, the latitude and longitude equations should now be fornied. 
The development of condition equations for latitude and longitude 
closures is giwn very fully in Special Publication No. 28. Only 
the actual mechanical operation of forming these equa.tions will be 
given here. 

Until a few yeam ago tlie usual practice was bo adjust a net of 
triangulation for only angle, side, length, and nzimutli conditions 
at first and then, using tlie adjusted angles and lengths, to compute 
the geographic positions and cleteimiine the latitude and longitude 
closures. A new adjustment was then made to eliminate the dis- 
crepancies in latitude and longitude. In this second adjustment, it 
was necessary to hold the constanta teiiiis of all the equations, escept 
the latitude and longitude equations, to zero, since all closing errors 
escept in latitude and longitude mere eliminated by the &*st adjust- 
ment. 

The present practice is to adjust the latitude and longitude eclua- 
tions along with the other equations. When this is done i t  is neces- 
sary to compute preliminary positions through a selected chain of 
triang1e.s in order to determine the latitude and longitude c.losures. 

In  tsliis chain of triangles the observed angles are used for the length 
angles (the angles in each triangle through which tlie length is carried). 
The azimuth angle in each triangle is concluded by subtracting the 
suni of the two length angles from 180' plus the spherical escess. 
This angle should in every case be placed in parentheses to show 
that it is concluclecl. However, if one of the length angles is not 
observed, then the observed azimuth angle must be used, and the 
unobserved length angle conc.luded. 

The chain of triai,wg1es through which the preliminary positions are 
coniputed is shown in Figure 36. It should be noted particularly that 
since the azimuth angle is conduded, i t  should be clesignated by the 
concluded correction symbols. For instance, in tlie triangle Fordyce- 
Palo-Pedro (see fig. 36), the angle at Pdo and its correction symbol 
are obtained as follows: 

- 15-k 16 
-14-3 

Fordyce 
Pedro 

0 t 11 

45 00 09.94 
$0 32 1s. 94 

-l+ 3- 15-k 1G sum of Fordyce and Pedro angles 116 

+ 1-3+ 15-16 Pal0 61 37 31.3s 

33 38. S8 
lSOo +spherical excess lS0 00 00.26 

The concluclecl azimuth angles of all the triangles and their come- 
These sponding correction syinbols me obtained in a similar mamier. 

triangles are given in Figure 86. 
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COMPUTATION OF TRIANGLES 

3-3 Palo-2edro 3.978 1520 

6-IhU 1 Fordyoe 48 00 09.94 

C Palo ' (61 27 31.38) 

p -W Pedro 70 32 18.94 

1s Pordyce-Pedro 
1-2 Fordyce-Palo 

~3 ?alo-ForQoe 

- 7 4  1 Lltoro 77 47 14.58 

A - 5 6  2 l a l o  38 09 53,52 

c a pordyoe (64 02 52.11) 

1-3 Bltoro-Pordyae. 
1-2 XI toro-Palo 

2-3 Eltoro-Fordyoe 

6- mia 31 20 13.41 

C 2 Ultoro (71 61 47.19) 

A-IWQ 3 Fordyoe 76 47 59.67 

15  O.rci&-Fordyce 
1-3 GaMia&ltOrO 

2-3 P1 toro-Garaia 
BaI24 1 Panaho 64 28 16.62 

c 3 Garcia (70 52 24.85) 

A-1031 2 PltorO 44 39 18.91 

Yanoho-Garoia 
Panaha&ltoro 

2-3 Pancho-Garcia 

2 Panaho (28 28 02.17) 
8- 1 &nument 61 38 08.73 

A-L~+Is 3 Garcia 89 63 49.28 

14 ;lonumentt-(;aroia 
Lbtmment-Panaho 

0.08 09.86 0.128 9079 
0.09 31.89 9.943 7283 
0.09 18.85 9.974 4500 

0.26 4.050 7882 
4.081 5099 

4.081 5099 

0.07 .14.51 0.009 9414 
0.07 53.45 9.790 9366 

0.07 52.04 9.953 8366 

0.21, 3.882 3879 
4.0% 2879 

3.882 38?9 

0.0'9 13.32 0.283 9371 

0.09 47.10 9.917 8678 
0.09 59.58 9.988 3710 

0.27 4.144 1928 

4.154 6960 

4 1 5 4  6960 
0.13 16.49 0.044 6158 
0.12 18.79 9.846 8559 

0.13 24.72 9.975 3388 
0.38 4.046 1677 

4.174 6596 

4.046 1677 
0.06 08.66 0.055 5144 
0.05 02.12 9.678 2056 
0.06 49.22 9.999 9993 

0.17 9.779 9176 

4.101 7114 

PIG. %.-Triangle computation to obtain latitnde and longitude cl6sures 01 net 
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2-s Corpus-monument 
04-1 Grande 10 09 44.19 
C 2 Corms (46 17 58.82) 
A- a WdorPlment 55 32 21.19 

14 Gr+de4xnuient 
Graude-Oorpn 

4.101 7ll4 

6.07 15.84 0.000 5582 
0.06 39.33 9.879 8174 

0.06 a 0 8  9.701 a% 
0.19 8.988 0810 

3.889 5144 

3.982 0870 
0.05 40.08 0.009 8918 

0.04 58.78 9.859 1161 
0.05 Zl.14 9.916 1918 

0.14 3.850 5409 
3.901 6224 

, 3.907 6326 
0.06 80.42 0,166 ?la0 
0.06 43.38 9.867 7146 

0.06 56.20 9.999 9866 
0.10 3 . W  0502 

4.074 3221 

2-3 Hebron-Dteabe 3.941 0502 
gbm 1 Bingold 69 29 01.2s 0.05 07.M 0,028 4599 
*c 2 Bebron c47 2p 4l.60) 0.04 41.56 9.866 7831 
A-3 6S 08 11.31 0.05 l ~ a 6  9.950 4064 

1-3 Bingold-Crde 0.14 3.831 2072 
BingoU4lebron 3.920 9105 

3.920 9105 

0.08 20.16 0.034 9999 
0.03 46.53 9.991 0054 
0.03 14.91 9.691 1998 
0.09 3.962 913e 

&647 U l b  

FIG. %.-Triangle computation to obtain latitude and longitude closures of net-Continued 
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After the preliminary triangles have been computed, the prelirninary 
geographic positions are computed to determine the latitude and 
longitude closures. As the full explanation of the computation of 
geographic positions and the development of the formulas for com- 
puting them are given in Special Publication No. 8, it will not be 
necessary to repeat the explanation here. The actual computation 
of the positions are shown in Figure 27. 

FORMATION OF LATITUDE AND LONGITUDE EQUATIONS 

The formation of the latitude and longitude equations from the 
preceding preliminary positions is shown in Figure 28, form 496 
being used for this purpose. 

The formulas for the latitude and longitude equations are as follows 
(see Special Publication No. 28, p. 31): 

Latitude: 0 = 7238.24 (4,& - 4,t)” + 2[ (4, - &)’ (wA)  - (4,- 4‘)’ 
6B (%)I +E[ f a1 ( A B - h ) ’  (%>I 

Longitude: 0=7238.34 (A,-Ax,.)”+3[(A,-Ax,)’ 8~ ( 9 ~ ) -  &-Ae)’ 
SB (2’B)]+z[fa2 ( 4 n - 4 c ) ’  (%)I 

In these equations vA, vB, and vc are replaced by their correction 
symbols, care being taken to use vc= -vA-vB, if the azimuth 
angle has been concluded in carrying the position computation through 
the chain. For convenience in computing, it is important to arrange 
the computation in the form of a table as shown on page 81. 

EXPLANATION OF COMPUTATION, LATITUDE AND LONGITUDE EQUATIONS 

In the column headed “station” is placed the name of the station 
corresponding to the C angle of each triangle of the preliminary set 
of triangles. The values in the columns headed & and 
X, are obtained directly from the position computations, as also the 
values for 4, and A, in the upper right-hand corner of the form. 
The columns headed 4, - tpc and A,- A, are self-explanatory. In the 
column headed 8A is placed the tabular difference of the length angle 
adjacent to the starting length in each triangle, and in the column 
-aB  is placed the tabular difference, with minus sign, of the length 
angle opposite the starting length in each triangle. If the position 
computations are carried through the same triangles as the length 
equation, as they should be, then the values in the columns headed 
6A and - a B  can be taken directly from the columns headed tabular 
difference in the length equation computation (see p. 65) by siniply 
changing the signs of the quantities placed in the column headed - b. 

In the columns headed A, B, and C are placed the designations of 
the angles of the various triangles passed through in forming the lati- 

(Text continued on p. 80) 

(See p. 67.) 



POSITION COMPUTATION, FIRSTORDER TRIAXGIJLATION 
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FIG. %'.-Preliminnry position computation lo obtain Iatilude and longitude closures of net 



F'OSXTION COMPUTATION, FIRST-ORDER TRUNGULATION 

- .  . . "  

- e  
8.09058 

9.13720 6.6398 

40.0001 

FIG. Zi'.-Preliinary mition computation to obtain latitude and longitude closure8 of net-Continued 

4.4298 

A 1  1.652 570 



POSITZON COMFVTATION, FIRST-ORDER TRIANGULATION 

Y l n  4.0001 

HLbm I -  -0.0001 

8.8998 

5.9988 

9 . w  mo 

' POSITION COMPIJTA7TON. nRST-ORDER TRIANGULATION 

69.45 
69.67 

59.76 
2s. 71 

- 

34.01 

. .  e .  

FIO. fl.-Prelinary position computation to obtain latitude and longitude closuras of net--cOntiaued 



POSITION COMPUTATIOIJ, FIRST-ORDER TRIANGULBTION 

6.0016. 
4.WOS 

4.174 6606 

9.908 87TO 

8.509 4aM 

0.041 P%7 

+ c96.0765 

POSITION COMPUTATION, FIRST-ORDER TRIANGULATION 

FIG. 3.-preIirninary position computation to obtaln latitude and longltude closurea of net-Continued 

1.60s 224 - SZ.006 
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POSmON COMPUTATION, FIRST-ORDER TRIANGULATION 

L 

A. 

POSITION COMPUTATION. FIRST-ORDER TRIANGULATION 
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8.511 MT2 

1.649 69bb 

3.779 9176 

9.992 7690 Iy1 
0.509 4S67 

FIG. 37.-Preliminsry position romputsiiim to ohtnin latitude and longitude closum of net-Continued 
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POSITION COMPUTATION, FIRSTORDER TRhNCULATION 
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Fro. n.-Preliminsry position mmputation to ohhin Intitude and longitude closures of net-Continued 
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4.4377 

6.85U 
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POSITION COMPUTATION. FIRST-ORDEB TRIANGULATION POSITION COMPUIATION. FIRST-OBDER TRIANGULATION 

4 
Q, 

L 

A. 

d 

I, 
1.10240 D "k; 
8. €4997 

7.0006 

o.ow0 

0907 6826 

8.509 4859 

0.047 6006 

2.891,,0195 

+ Zl4.2976 

2.2508 

9. 6476 

6.8529 

6.6515 

!.SSl 0175 

1.- &%a 

..9n ? n e  
+ %.ass 

L 

A. 

10.02 

gw9 

66. 85 

U.29 

B B --- 

+b.ooos 
0.0000 

Lam 6409 

9.910 9 0  

8.509 -9 kl -1 
+IO. 27.-Pi%Uminarg position computation to obtain latitude and longitude closures of net-Continued 
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FIG. 27.-Preliminary position computation to obtain latitude and longitude clorures of net--Cont.inuecl 



POSITION COMFVTATION, FIRST-ORDER TRIANGULkTIOld 
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POSITION COMPUTAllON. FIRSTaRDER TRIANGULATION 
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- 
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FIG. %.-Preliminary position computation to obtain latitude and lmgitiide closures of net-Continued 
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FIG. 3i.-Prelimimry position computation to obtain latitude and longitude closuws of net-Continued 



80 U. 8. COAST AND GEODETIC SURVEY 

tude and longitude equations. In columns A. and B are placed the 
designations of the length angles, that of the adjacent angle in A and 
that of the opposite angle in B, and in column C is placed the desig- 
nation of the azimuth angle. It should be noted particularly that the 
designations in column C are of the concluded angles. (See p. 67.) 
The symbols in columns A and B may be taken directly from the 
column headed symbol in the length equation computation. The 
signs of the symbols in column C depend upon whether the azimuth 
angle is turned to the right or to the left in computing through the tri- 
angles. If it is turned to the right, then the symbols in column C are 
the combined symbols of columns A and B but with opposite signs. 
If the azimuth angle is turned to the left the synibols in column C are 
the same as in columns A and B combined and with the same signs. 
. As a guide in obtaining the correct signs for the symbols in column 
C, it is well to indicate to the left of each name in the “station” 
column the direction in which the azimuth angle is turned, denoting 
the right or clockwise turn by +, snd the left or anti-clockwise turn 
by - . The directions of the turns are easily obtained from Figure 25. 

The quantities ul and u2 are obtained from the table on the right- 
hand side of form 496, using as argument the computed latitude, $%, 

of the fised point at  the terminal of the arc, which in this case is 
26O.45. 

The quantities in the three columns headed “Lat. equation” and 
in the three columns headed “Long. equation,” in Figure 28 are, as 
indicated in the headings, simply products of quantities in other 
columns previously fdled out. The three colunins headed Lat. 
equation (+*-&) a,, Lat. equation (+n-+c) (-6B) and Long. equation 
($n-t$c) a, respectively, should be Elled out at  the same time, since 
each of the three products contains the multiplier (+,,-&), which 
can be set up on a multiplying machine and used without change for 
the three multiplications. In a similar manner the three columns 
headed Long. equation (An- A,) SA, Long. equation (Aa- A,) (- 6,) and 
Lat. equation (ha- A,) al, respectively, should be filled out at the same 
time, since they contain the multiplier (Aa-Ac). 

This completes the table on form 496 and the latitude and longitude 
equations themselves can now be formed. 

In  forming the latitude equation from the table it should be noted 
that the quantities in the column headed Lat. equation (+%-$,) SA are 
the coefficients of the symbols in column A, the quantities in the 
colunm headed Lat. equation (4a-+c) (-6B) are the coefficients of 
the symbols in column B, and the quantities in the column headed 
Lat. equation (X,-A,) are the CoefEcients of the synibols in the 
colunin headed C. 
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In the same way in fornling the longitude equation the quantities 
in the column headed Long. equation (A,-X,) 6* are the coefficients 
of the symbols in colunin A, the quantit,ies in the column headed 
Long. equation (A,- A,) (- 6,) are the coefficients of the symbols in 
c.oluimn B, and the quantities in the coluinn headed Long. equation 
(t$,-&) a2 are the coefficients of the symbols in column C. 

The absolute ternis for the latitude and longitude equations are 
obtained by taking the products 7238.24 (t$,-t$d) and 7338.24 
(h,-A,’), respectively, as shown on page 69, t$, and A, denoting the 
coniputed latitude and longitude, and t$,’ and A,’ the fixed latitude 
and longitude of the terminal point. 

If there is room on forni 496 the latitude and longitude equations 
should be written on it directly below the table. 

FORMATION OF CORRELATE AND NORMAL EQUATIONS 

After all the equations have been fornied they are tabulated as 
shown on pages SS-S3.  In  order to have the coefficients in the differ- 
ent equations of about the same size, it is usually well to divide some 
of the equations by a constant factor before entering them in the cor- 
rehtes. For example, equation 21 on page 61 is divided by 5, and 
equations 26 and 27 on page Sl are divided by 10. When dividing 
a correhte equation by a constant factor, one should be careful to 
divide the constant term of that equation by the same factor before 
using it in the nornial equation. 

The table of correlate equations should be checked by another 
mathematician, especially if the set is large, before it is used for 
formhg the normal equations. The normal equations are formed 
in the same manner as for the station adjustment on pages 11-13. 
As stated there the equations are checked automatically by the 
values in the 2, colunin. This does not apply, however, to the 
constant terms in the “ p ”  column which should be checked by 
another mathematician. It should be remembered that the con- 
stant terni of a divided equation (see p. 61) must be divided by 
the same factor before entering i t  in the table of noma1 equations. 
The table of normals is given on the folded page facing this page. 

SOLUTION OF NORMAL EQUATIONS 

The solution of the normal equations is shortened considerably if 
the equations are taken in the proper order. In a net of triangulation 
composed of simple quadrilaterals, the rule is to eliminate the three 
angle equations and the one side equation of each quadrilateral in 
order. If the net is more involved, the order of solution should be 
such that each succeeding equation will introduce the fewest new 
terms. 
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The solution of the nornial equations is given in full on pages 86-92. 
The method used is the same as for the adjustment of the quadri- 
lateral on page 38, and it is therefore unnecessary to describe each 
step of this solution. 

The check furnished by the Z column in the forward solution make 
any errors comparatively easy to find. However, there is no corre- 
sponding check on the back solution, and an error is not likely to be 
detected until the 0's are substituted in the triangles. As consider- 
able recomputation is then required to correct for the error, it  is well 
worth while, especially in the case of a large set of equations, to be 
particularly careful with the back solution. The back solution, or 
computation of the C's, is shown on page 93. 
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-1.lW -. 2500 -. 1)ooo 
-.om 

-1. “ooo . cow _. 2@7 -. 1055 
- . W O  

-1.10% 
-.001% -1.oooo -. 2050 

-.003: 

2 
3 

18 
4 
5 
6 

19 
7 
8 
9 

20 
10 
12 
11 
13 
14 
2 
21 
15 
17 
16 
23 

~ 

+4. a0 +. &%17 
-2.3117 -. 4w 
+.05t8 
+.G3tjl - 1. SE9 

-1.GY7G 
-.0111 
+.%A 

- 1 . 9 S  -. 1312 -. 0019 -. W17 
-.BOGS .oooo +. $113 -. 1323 
+.lor5 
+.w1 

+l.OEl 
+.I3501 
+.a925 -. 3022 

Solutio,& of nornral equations-Continued 

-1.m 
-.os33 +. 1674 
-.ON7 
+.725 
+.Ow6 -.1m 
+.W5 
.m 

+.6656 
-.2579 
+.0753 
-.0172 

+1.5359 
+.0174 
+.u50 
+.0037 

--..I467 

-.OW6 
-.7855 
-.3175 
+.CUJ15 
- . m 9  

-1.0745 .oooo 
-.1172 
-.OB% 
+.ow9 
-.UJ57 
-. 1767 
+.0067 -.w 
-.M5 

+.0033 

-2.5359 I -3.7417 +. WPJ +. 119% 

-6.0799 
+1. $4413 

fl3l .Gl3 
-2.5948 
-4.4991 
+.7118 
+.0503 

-9.63N -.zw 
-3.4509 --.a!% 
--.a984 

-1.0041 
+.3793 
+.a71 
-.on9 
+.Eo8 
-.1150 

-1.3718 
-.3%8 

-7.’.g-* +.m1 
-1.4502 
-.3w -.ow 
+.OM0 
-.I527 

+u55513 
-1.20493 

-.9395 +. 28496 

-2.27 
+.lM -. 3514 
-.77ll 
+.w4 
+.7194 
-.36 
-.m3i 
+.w3 
+.48M 

-1.337 
-.1@37 
+.21W 
-.a12 
-.a34 
-.1m 
+.m2 
- . w 9  
-3.6261 
+.0073 
+.lssS 
-.1490 
+.%lo 
-.0951 -.om 

-7.2452 
+.o!r35s 

1 +ll6.2130 
1 -4.15M 

6 
9 
20 
10 
12 
11 
13 
14 
22 
21 
15 
17 
1G 
33 
24 

-3.1022 
-.om9 
-.2765 
- .WM 
- . 3 w  
-.3%? 

-1.1155 
-.l660 

-10.9051 
-.0053 
- . a 0  

-1.1150 
--.la1 
-.4402 -.m1 

+73.4w 
r96 

9 
3 

~ 

- 1.3979 +. 1965 +. 0167 -. 0013 +. 7674 +. 1003 -. 2758 

-. 5739 +. 01s3  
~~ 

+23. ?C 
+4. w 
--747!3#i .. 
-3.3062 -. 0794 
+l. 9371 
-5.0111 
-1.263s -. 0113 
4-1.1947 
-3.1101 . -1.523 

+. 1 9 %  
-1.0033 . woo -. 5ys3 +. 1761 +. OlE-4 

+. $02 

2: gg +. ohw -. 1325 -. 0164 
$7.5124 
-2.27S83 

4-117.4W 
-24.2930 
-12.9G56 
-6. 1% +. 1095 

-27.0137 
-6.9905 
-2.7141 -. Oi71 
-6.4154 
-5.0032 
-.Sam 
+. 2 4 2  -. 8106 +. 3009 

+ 1 . 3 %  +. 2 2 2  -. SS62 -. 0059 +. 4891 

+. p?61 

, . ...- -. 14% +. 0520 -.om +. 1S7 

+25. “1 -. 35369 

91 

@. 

-I-31.8776 -. 6125 
+l. 4770 +. 0775 -. (1511 
+3.0198 
-10. m 
+?3.758166 -. 75726 

+r7.52 
+a. 3s83 

-19.2237 
-4.1-30 
+a. 1054 
+l. 91% 
-S.48?0 
-1.3053 +. 2550 
+l. 3551 
--8.@I74 
-3.7138 -. 0219 -. 3662 
-7.3m 
.m +. 9 6 2  -. I548 +. 7447 -. 4103 +. 6455 +. 1w 

-5. woo 
+l. 9?03 

+3.7M771 
-1.124423 

+401.0158 
-26. SSm 
-33.3% 
-7.7250 
-3.0289 

-28.7707 
-11.8154 
-2.8034 
+l. 7775 
-7.4390 

-12. M5s 
-1. w97 
-3.2506 -. 1589 
-3 .7m -. 1995 
-1.1255 -. 9470 

-7S. 3S96 +. 5278 -. 6084 
-4.4384 
+20%7 
+?. 8334 +. 0931 

+lM. 79G24 
-2 4 m  

46861”-34-7 
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1 
2 
3 
18 
4 
5 
6 

19 
7 
8 
9 

20 
10 
13 
11 
13 
14 
22 
21 
15 
17 
lli 
23 
24 
25 

- 

U. 8 .  COAST AND GEODETIC SURVEY 

solutiosa of nornaa.1 equalioirs-Continued 

26 

+451.5432 - 142. m 9  
-41.9446 
-43.7252 -. 1603 -fa 2679 
47. lSl9 
-3.1151 -. 0611 

--3p. 'J893 

-9.3025 -. w-9 
-13.7344 
-2.1419 -. 2782 
-1.36% -. 2939 -_ Oil4 

-a 0691 

-. 0150 -. 2431 
-. O l a o  -. 0176 -. 0105 

-17.1190 
-9.1939 

+21. me 
ClI 

1 
2 
3 
18 
4 
5 
6 

19 
7 
8 
9 

12 

20 10 

11 
13 
14 
22 
21 
15 
17 
16 
23 
24 
25 
26 

A 
27 

+91. 8144 
-15.1892 
-14.5548 
+Lo420 -. (869 

-29.3573 
-1.1230 
-3.9734 -. 5094 
-4.0614 
-1.7247 
+4.4072 - 0535 

+. 5535 +. 1@37 
4-1.5165 +. 4305 
-. 63W 

+2: 8833 

. .... +. 0374 +. ?a9 -. 050i +. 032.5 +. OOOG 
+13.8538 
-31.3211 

+a. 7w -. 89327 

+!xi ?(L54 
-1.6224 
-5.0505 -. 5514 -. 0171 

-10,4762 -. 0184 
-5.0519 
-4.2476 -. 5R90 -. 36sR 
-2. osso 
- 1 . w 3  -. 6449 -. 15W -. 040s 
-1.63365 
-. P,W . 

-5.7141 -. 0931 
-2.1374 -. 1352 
-. om0 -. oooo 

-11.2El 
-106.7017 
-1&763F, 

+5& 1354 
Ctl 

1 

+s. 6191 +. 7302 -. 8133 
-5.4388 -. 0796 
+2.1909 -. 9292 
-1.1097 +. O l s o  
+2.1977 
-2.0380 
-1. m -.m 
4-1.5151 
-1.4359 +. 1137 -. 3352 +. 1156 -. 2117 +. 01% -. os3Y -'. 0195 -. o s 1  -. 0146 
+2.1407 
+?. a i l  
+. 656? -. 03138 

-4 3429 
+.ON -. 2822 +. 6272 -. w1 +. 7818 -. 03S'l 

-1.4109 +. 1505 +. 3079 -. 43% +. 9176 . -. 41s9 
-. 3109 +. 3912 -. M35 +. 3725 -. 1w 

-1.SJ31 -. W07 +. w 7  -. 0519 +. 1629 +. Mww 
-1. i325 

-. 5990 
+a 7297 

+. 9402 -. 016% 

+Ml. 482% - 157.3931 
-107.rjleg 
-54.4SiO 
+a. 4 3 s  

-81.527s 
-46.0092 
-3.279 
+l. 4091 
-33.m 
-20.8787 
-2.6539 +. 3302 
+5.8445 
-9.1930 +. 1851 
3.1.1440 
+1.3ooo 
-li. 31M .. -.. . +. 8919 +. 30% -. 5785 -. 6943 +. 4346 -a 4473 

-G3.9465 

+40. 433847 
-1.52465 

+429. 3 1 5  - 16.8116 
-37.4137 
+6. *%30 +a 4030 

-29.0933 
-1.9009 
-4. lolo 

+11.7488 
-4.7087 
-4.4628 

+IO. 7327 +a laBa 
-1.3153 
+?.e678 -. 0707. 
-1.3.940 
-1. €457 

-55.5100 
-2.2183 
-. 5083 

-1.5418 
+l. 133 -. 0253 
+6.8364 

-217. $4'11 
-38.1191 

+a. 08196 
- 1 . 0 1 ~  



ADJUSTMENT OF NET BY DIRECTION METHOD 

Back solution 

93 

a as 25 24 23 16 17 

-a oms  -0.03138 +. 01454 
+O. 09858 +. 01962 +. 005% 

+O. 28496 -. o3002 +. 03s7  +. 00313 

+O. 02542 
+ . m a  -. M)o31 +. C1481 +. 02398 

-0. o w 1  +. 00275 +. 00107 -. maa +. 00845 +. 02134 

-0.3325 -. 00199 
+.oollZ +. 02437 -. 14322 -. 08848 
-. 5236s 

-. 01884 +. 12416 ~~ +. 29643 +. 28185 

+. 16843 

+. 08390 

15 aa 14 13 11 12 

-0.07679 -. 01074 +. 00375 +. 05559 

-0.01482 +. 00073 -. 00030 

-0.06630 +. 00316 +. w w 7  -. 03343 

-0.11046 +. a0870 -. 00473 

-. a4985 -. 01300 +. 08866 -. 19699 +. MULl +. 011% 

-. ma0 

-0.14717 -. 01084 +. OlOaS +. 06721 -. 07785 

44.09470 
-.Gill45 +. 00391 +. 03110 

-0.44782 -. 00296 
+.on25 -. 03139 +. 00133 -. 00246 +. oo010 -. 00291 +. 00635 

-. 14057 +. 04608 -. 21339 
-.03117 

+. oMn6 +. ooo32 +. 00100 -. 00217 +. 00467 

0 -. OW87 -. 00438 -. 11206 -. 05539 

-. 14822 - 00014 -. 018% +. 168% +. 00479 

-. mooa +. 01382 -. 18155 

-. 367% -. 011% -. 33785 -. 06962 -. 05744 -. 46383 -. 2.950 

S .7 8 10 

-0.lS985 +. 00585 -. 03688 -. 00539 -. 02984 +. 01064 
+.03119 -. 13514 -. 02298 +. 09375 

-. 26943 

19 

-0.3175 
-.01176 
+.om -. 01630 -. 07411 +. 01255 -. 23191 -. 13474 -. 14408 

-. 89215 
-- 

-0.32767 +. 00451 +. 02185 -. OBgSs -. 14823 +.ow% +. 44608 

+O. 32690 -. 01906 -. 01550 +. ma +. 11036 -. 02839 -. IMm -. 12861 
+.03114 

+. 374!23 

44.06794 -. 00285 -. W015 -. 01061 -. 00017 +. 01389 +. 00080 +. OW6 

+. w951 

-0.18271 -. 00550 -. 04059 +. 06622 -. oasu 
+.o4121 
-.35i51 +. 00198 

-. 50893 

-0.00910 -. 0043a -. 00052 +. 00597 
+.@I169 -. 00470 
-.OD011 -. Gilm 

-. 01822 
-. 00951 

5 4 18 3 2 1 

-0.07817 +. 00154 +. 03851 -. 07292 

-0.10817 -. 02360 -. 06840 +. 16560 

+0.01668 -. 00030 -. 00057 
-.00285 +. 00499 +. 00024 -. 00459 -- 

-0.41125 -. a m 1  +. C5.568 -. 05520 

-0.025 
-.om47 -. as198 +. 103% -. 04941 

-0.05436 +. 01584 +. 04723 -. 107fi3 -. 14822 
-.007m +. 36729 

-. 12497 -. 04600 -. 00366 -. 18496 -. 01875 -. 30175 

-. 03535 +. 02944 -. 15010 -. 28117 

-.07Sll -. O0802 -. 23238 -. moo7 
+. 00486 -. 24465 -. 03770 +. 01377 +. 11311 -. 46475 -. 73456 -. 33919 

After the @s are determined, the next step is the computation of 
the v’s, that is, the corrections to the directions. These corrections 
are obtained, as is the case of the single quadrilateral, by substituting 
the values of the 0’s in the table of correlates. A set of V’S is then 
adopted to make all.the equations consistent. (See p. 15.) 
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-0.om -. 1079 
+.a315 
+.rn64 
+.Ma -. 73x1 +. 1131 

U. 8. COAST AND GEODETIC SURVEY 

Conupictation o j  eorrectioiw (1,'s) 

-0.0501 +. OVJs 
+.OSKI -.m 
i.0393 +. i340 
-. 11.31 

4 

-0.05S6 -. 1123 +.%a 
-.OM2 -. i346 
+.33r:n 

-. 85 

- 
-.ai05 

24 

to. INS4 
-.Iwl7 
-.1242 
+.2391 
-. 01P2 
+.ms 
+.5064 
+.Yi42 
--7010 

+. %5 +. 30 
-_ 

5 

+o. O5S.G +. 1123 
-.%%I 
+.0262 -. 3392 

-.3iSl 
-.38 

~ 

25 
-__ 

+O. C070 
+.04'SO 
- . m 7  
-.2io'I +. 8922 
-.5064 

-.OH3 
-.05 

- 

6 1 7  

-0.01m 
+.03lS 
--.OK37 
--.W 
+.oi30 +. 8 9 2  +. 0095 -- 

1 

-0.3330 
-.om5 --- 
-.8425 
-.34 

3 

92 

-0.0361 +. cor6 
+.919 -. m 
-.mp 
+.33#8 +. 4'638 

2 

43 
-- 

-0.0524 -. 4038 

-.52 

-- 
-. 5162 

8 

-0.0i37 +. 1131 

+. Moj; +. rH 

9 

+o. 0 x 1  
-.om -. 0559 +. 0330 +. 46% -. i34fi 

-0. asso -. 1131 
+o. O M S  +. lois 
-.331s 
-. 05s +. 7348 -. 3392 

+o. 0614 -. oi93 
-. 091Y +. 05% +. 3392 

+. 2937 +. 29 

-0.0614 +. o x  +. UOlY +. 0302 +. 1131 -. 3392 

-. OS5G -. 08 

-0. 2964 

-. 1131 +. 3392 

-. 0545 -. 05 

+. 0158 

-. 3011 -. 20 

+. l is5 +. 1s 
-. 3024 -. 30 

18 

+o. 0095 +. 01 

27 

- . l a 0  I +.43m 

1s I 1c 

-.I2 +.4a 

10 11 12 13 14 1; 
-. 

+0.0113 -. Ij4ro +. 50M 

I- 
+o. 0221 +. w5 -. m 5  +. io10 -. 4648 

+. OS3 +. 06 

-- 

-0. n221 -. 0015 +. aws +. -. ,010 

+o. a?6fi -. 11650 -. om3 -. m 9  -. 374'2 +. 464s 

-0.0366 +. 0650 +. om -. 03'21 +. 0140 -. 4 6 4  +. i346 

+o. 0410 +. 3i42 

+. 4'152 +. 41 

23 

-0.0454 +. 0317 +. 12.42 -. 2964 -. ns19 +. 7010 

+. 461i +. 46 

20 

-0. roio -. 04M +. 2247 +. m +. 0313 -. s922 -. OVJ5 

-. 4043 -. 40 

-. 

-. 
3s 

-. 2267 -. 23 -. mi5 -. 01 +. 3 m  +. 34 

21 19 

-0.0013 

-. OL33 -. 0095 -. 5oF1 -. 3i12 +. 7010 

+. n4oa 

30 

-0.1031 -. G9s7 +. 42% +. OX3 -. 7010 
C. 4648 
+. 0679 +. 07 

-- 

23 

t n  1031 -. 3i43 
+O. 1031 +. 0 9 8  -. 4296 -. 0630 +. 3i42 -. 464S 

-0.1051 -. 010s +. 05i4 -. 2i l l  -. 27 -. 35% -. 36 

-. 3S14 -. 3s 

~~ +. 4302 +. 43 -. 167; -. 16 

30 31 32 36 

+o. 0249 -. 0300 -. 1m +. s3m +. 0 1 2  -. 0574 +. ?695 

-0. W X  +. 1638 -0.0249 +. MMO +. lSu0 -. l>W -. 0236 -. 4638 -. %95 +. 8922 

+O.OlWJ -. a i l s  +. 0137 -. MI1 +. Pi00 +. 463s +. 2695 -. SO32 

+o. 001 +. 0310 -. 2396 +. 3531 +. 33% -. 2895 

fO. 0254 +. 04M -. 1403 +. 1022 -. 5064 

-. 472s -. 47 

-0.0254 -. 0.168 +. 14b3 -. oisc -. 8922 +. 5064 

-. 3961 -. 39 

~ ~~ +. 4214 +. 42 

3s 

+O. 0044 -. OOSG. -. 1316 +. s i 5  -. 0574 

+. 2191 +. 22 

4s 

-0.0160 +. m 9  -. 0310 -. 0032 -. 1730 -. 0046 -. M8-l +. 3 6 3  -. 2895 

-. 3095 -. 31 

-- 

+. 6152 +. 62 +. 1505 +. 19 
-. 0i i3  -.os 

37 -- 
-0.0083 -. 0310 +. 2396 +. 2984 -. 1730 -. 3378 -. 4838 

39 40 '41 44 

-0.0034 +. OOaG +. 1316 -. s 9 5  +. 337s 

$0. C3G1 -. OOGO -. 2,318 +. 3TEJ +. OSi0 +. 2s95 -. 3378 

fO. 00% +. C315 -. 0559 +. 05i4 -. X95 

-. 2311 -. 23 

-- 

-0.0054 
-.0315 +. 0559 

+. 2695 

-. 04% 
-.05 

-. 3378 

+. mc3 +. 09 
+. 1641 +. 18 XI +. 5541 +. 13B +. 13 

-. 4758 -. 48 



ADJUSTMENT OF NET BY DIRECTION METHOD 

Computation of cor~eetions (v's)-Continued 

95 

51 

-0.om 
+.ooo5 
+.lo93 
-.a964 +. 3673 

+O. 1297 +. 1w 
+. 2981 +. 30 

-- 

54 

+o.uWo 
-.Oo05 
--.lo93 
+.5w -. 3673 

-~ 
+O.OleO -. m9 
+.0310 +. 2964 -. 1265 -. 36i3 

-. 1593 -. 16 

_-- 

- 
49 

M.3967 
+.0750 
--.5?37 
+.3673 

+.21s9 
+.22 

-- 

-0. BG7 -. 0307 -. 1684 +. 5237 

50 
-- 

-O.M)3G 
--.MIS4 
+.O%s 
-.Wig 
--.Or,sY 
-.oOlS 
+.1w -. 3GY3 +. 3 9 5  

+. 055s +. 06 

+. 0279 +. 03 +. 1607 +. 16 

- 

-I-. 0666 
+.OB 

51 

+o. ow6 +. @As4 -. 09u +. 4589 +. 0122 -. as95 +. OX4 

+. 1542 +. 16 

53 

-0.3590 -. 0104 -. 0674 
-. 4568 -. 45 

As a check on tlie coniputation of the 2)'s they should be suinmed 
up around each point to make sure that each sum equals zero (escept 
where one or niore directions at  tlie point are not numbered, see p. 37). 

COMPUTATION OF TRIANGLES 

The adopted values of tlie 27's ca.n now be substituted in column 4 of 
the triangle computa.tion (see fig. 34) and the find triangles can be 
computed as explained on page 39. 

In  a complete quadrilateral each line is a part of two different 
triangles. The logarithm of each length appears therefore in two 
diflerent tritwgles. The agreement of these two values in all cases 
furnishes a check on the adjustment and computat,ion. Another 
check on tlie work is that the length as carried from the first fixed 
line to the second fised line of the arc must agree with the Lxed value 
of the latter. The elimination of the azimuth discrepancy can be 
checked before tlie positions are recomputed by substituting the 
adjusted angles for tlie corresponding observed angles on page 63. 

When it is certain that all the angle, side, azimuth and length 
equations are satisfied, it  is necessary to reconipute all tlie geographic 
positions, beginning with the fised line Palo-Pedro and e.ncling with 
the fixed position Garcena. These recomputed positions are shown 
in Figure 39. 

If the latitudes of the various stations have been only slightly 
changed by the acljustment, then in the recoinputation of the geo- 
graphic. positions the second, third, and fourtl! t,ernis of the A4 niay 
be taken directly from tlie preliminary computation of the positions 
and only the first terni need be recomputed. In a great many cases 
the recomputation of positions niay be made by merely correcting 

(Test coutiiiued on p. 107) 



POSITION COMPUTATION. PIRST-ORMR TRIANGULATION POSITION COMPUTATION. FIRST-OPDER TRlANGULATION 

First Ardoof Triangle 48 09 09.93 

- .  . .  

2.0457 

8.1466 

6.8511 

LzT 

L 

A. 

58.110 

18. w 
ap. 78 
s. 92 

- 
- 
01.86 

FIG. %.-Final position computation lor stations of net 



POSITION COMPUTATION, PIRST-ORDEB TRIANGULATION POSITION CXMPIJTATION. FIRST-ORDER TRIANGULATION 

-1SS. l k 4  

+ 0.m 

-1Zd.0094 
.+ iwoe 

-+om 
96 30 46.U 

L 

A. I I 

1. loa. mraroc I 'I I 24 11e.12 I 
. , "  . . I  

- 44.0886 I I 
FIQ. 29.-Final position computation for stations of net-Cmtinued 



POSITION COMPUTATION. FIRST-ORDER TRIANGULATION 

L 

A. 

d 

POSITION COMPUTATION, FlRST-ORDER, TRIANGULATION 

4,144 1926 

9.6% -688 

8.511 aloe 

2.240 6626 

, 4.144 1936 
' 

9.965 11 ~ 

8.509 4369 

0.047 -3 

2.666 rr. *1 

+ 464.oQlZ 

8.2407 

B.Ll90 
6.8506 

2.666 6565 

9. b26 IS01 

0.313w i reos. 75r 34&' 

FIG. 29.-Final position wmputation for stations of net-CYmtinued 



L 

A. 

d 

POSITION COUFVTATION, FIRST-ORDER TRIANGULATION 

4.174 &l0 

a w p e  rr. -1 
4456.9191 

Dunma-"- 
L. clll m -= - 

-I I. 

POSITION COMPUTAlTON. FIRST-ORDER TRIANGULATION 

-355.5293 
+ 0 . o w  

-565.5z.43 

-355.5218 

6 es 59.01 

4.046 1679 1: I 9.263 1007 

8.509 4 x 9  

5d57 P9W 

FIQ. %.--Final position computation for stations of neD-Continued 

2.5509 
6.5997 

5.85l.7 

6.0019 

,851 PO89 

.a1 9149 

,505 $131 

-Se.Ops 



po6mON COMPUTATION, PIRST-ORDER TRIANGULATION 

I l t b n u .  
+ 0.0794 

1u 

",- a . o L  
wlln -o.oooa 

2.6052 
7.7976 I ! 
6.8589 

i.455 080s 

L a 7  9901 

327.019 

I*..-"" w -I 
nl- " ,..MY - I"..n 

POSITION COMPUTATION, FIRST-ORDER TRIANGULATION 

L 

A. 

d 

52.99 

4e. 66 

06.13 

a4.84 

- 
- 
P.29 

sin.. 

C 

0.0000 

0. oooo I I- 
3.779 3247 l l  

h.- 0.992 7571 

A' 9.509 4367 

0.047 661Z 
I*. 

2.529 ,7757 

A1 4. AlO.6858 

FIQ. 29.-Fmal position computation for statlons of net-Continued 



POSmON COMPUTATION, FIRST-ORDER TRIANGULATION 

L 

A. 

d 

POSITION' COMPUTATION. FIRST-ORDEP. TRIANGULATION F] 
59 19.51 

. .  . . . .  

0.Y176 

7.7786 

6.8639 

9.648 8 0 6  

2.09: a6bB 

FIG. %.-Final position computation for stations of net-Continued 



.d 

A. 

d 

POSITION COMFTJTATION. PIRST-ORDER TRIANGULATION 

+l78..1160 

4.0447 

*Ira. Po09 

40.0W6 

l.979s2906 

4%. sa9 

POSITION COMPUTA'IION, PIRST-ORDER TRIANGULATION 

ii 
a 

1 a 

L +o.ows a 

-l3s.sIp9 .in. 

Ob 82 a46 *' 
IC... 1 A I  

FIG. ?g.-Finsl position computation for stations of net-Continued 



POSITION COMPmATI@N, FIRST-ORDER TRIANCULATIOK 

D-.."-e,-- 
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FIG. 29.-Final position computation lor stations of netcontinued 
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FIG. 29.-Flnal position computation lor stations of net-Continued 
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+ 0.1762- 

-172.8261 
- 
+ o . o m  
-172.8IS 

26 85 57.17 

F 
0 
Q, 

FIG. 39.-Final position computation for stations of net-Continued 
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the preliminary coniputation. Compare the positions in Figure 29 
with those in Figure 27. 

The computed position of Gmcena should agree with the fixed 
position. Such being the case all the equations are now satisfied. 
The values of the a ‘s  should now be placed in the proper colunin in 
the table of noimials, facing page 84. The values of the V’S and the 
adopted 23’s are now conipletely checked, and they should be entered in 
the proper columns in the table of correlates, pages 82-83. Nest,using 
the sketch for the designations of the directions, tshe coiTesponding cor- 
rections should be applied to these directions in the list of directions, 
Figure 23. The final seconds in the list of directions should be 
checked by the angles in the triangles. (See p. 41.) 

PROBABLE ERROR OF A DIRECTION 

In the table of correlates, pages 83-S3, the last colunin to the right 
The probable error of an contains the squares of t8he adopted P>’S. 

observed direction is coniputed froni t81ie foimula, p. e. = f 0.6745 47 
where Z o2 is the suiii of the squares of the corrections to the direc- 
tions, and c is the number of condition equations used in the adjust- 
ment. 

E$= 5.9667 
For the arc here given, 

c=37 
Therefore the probable error = f0.6745 d,.,, - - - f0.”32. 

The last operation in the acljustiiient of an arc is making out the 
list of geographic positions with the azimuths and logarithnis of the 
distances on foriii 3SB. The colunms headed “Sta- 
tion” and “TO station” are filled out first by using the sketch to 
pick out the proper order of the stations in regard to azimuth. The 
list of geographic positions for the present arc is given in Figure 30. 
For the niethod of coniputing the azimuths which can not be obtained 
directly froni the position coniputation see page 47. 

(See fig. 30.) 

Statistics shozokag accwaq of triangulation 

When a net of triangulation has been finally adjusted a table of 
statistics similar to the one below should be prepared, showing the 
accuracy of the observations: 

Total number of triangles- _ _  _ _ _ _ _ _  - - _ _  _ - _ - - - _ _  - _ - _ _ _  - 
Nuinber of triangles with plus closures _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Number of triangles with minus closures- _ - _ - _ - - - - - - - - _ 
Number of concluded triangles--_ _ _  _ _ _ _  _ - _ _ _ _  _ _  _ _  _ _  _ _  _ 
Average closure of triangles without regard to sign-_ _ - _ _ _ - 
Maximum closure of a triangle _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Mean error of an angle _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ - - _ - _ - - - - -  
Probable error of an observed direction_- _ _ _ - _ - - - - _ _  _ _  _ _  
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1599 .o 
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478.9 
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395n.6 
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45727.5 
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25439 -1 
398zs.S 
31482.6 

26 17 47.434 
98 34 45.238 

253 26 51.93 
301 4 01.86 

4.0815096 
4 .Oj07837 1917 d.m . 

Eltwo 
1917 d.m. 

26 21 51.958 
98 34 00.305 

291 37 04.4 
328 04 40.91 
9 24 18.72 

26 20 41.270 
95 42 29.279 

26 26 36.792 
98 41 &T7.2B5 

261 12 20.06 
292 32 35-02 

4.196968 
4.1441935 

4.1746518 

4.0461679 
4-291W7 

Qarcf. 

197 d.m. 

PDnCLIO 

1917 
305 52 W.31 
326 15 56.40 
10 20 26.50 

d.m. 

26 21 16.6~2 
98 46 02.965 

218 46 22.6 
280 24 31.29 

268 05 04.16 
331 40 06.85 
0 59 19.31 

38 48 29.67 Fancho 
26 06.13 h i s  

4.lO17118 
3,7799207 

26 26 28,446 
9s 45 56.994 

3.8895177 
4.0841034 
3.9820867 

a.m. 

FIG. 30.-Llst of geographic positions for stations of net 
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26 27 00.537 
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1734.0 
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312 11 a - 8 7  1j2 14 28.01 YOmrmene 
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254 32 M.38 74 34 34.62 Grade 
280 23 09.00 lW 26 27.68 Pomnnent 
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--.A 
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IaMQnN(Ilmu). IlrrSM. Bur. 

3 -907- mS3.92 265I.O 0 
3450919 7088.30 232.55-5 r 

2 
4.0743223 11866.49 38932.0 

4.1972563 15749.12 51570.2 W 
j .9420489 8750.82 2876710.0 cc 

1 3 -9209092 8335.07 2796.0 
34572856 m5.m 22556.11 

8 4.1007703 12611.60 41376.6 

3.6b71063 4437.17 14557.6 
3.9529127 S972.49 29437.2 E 
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FIG. 3O.-List of geographic positions for statlons of net-Continued 



CHAPTER 4.-ADJUSTMENT OF A NET OF TRIANGULA- 
TION BY THE ANGLE METHOD 

EXPLANATION OF METHOD 

In the adjustment of triangulation of the first and second orders it 
is the practice in the TJnited States Coctst and Geodetic Survey to use 
the direction method, and to include d l  the observed lines of the main 
scheme. As these classes of triangulation serve as control for all 
other surveys, it  is necessary to make the adjustnient of them as 
rigid as possible. 

Alberta 

Nan 

!J 
Flores 

Lat 

FIG. 31.-Trimgdabion net used in sample adjustment by angle method 

However, for third-order triangulation which is fitted in between 
fixed points and lines of triangulation of the first and second order 
such a rigid adjustnicnt is not required. Consequently in adjusting 
third-order triangulation the angle method should ordinarily be used. 

A sample adjustment by the angle method of the arc of t,hird-order 
triangulation shown in Figure 31 is given on the following pages. 
This small scheme requires all the different kinds of equations needed 
for a complete adjustment, and if these are understood, a larger 
scheme, which differs from this only in the nuniber of equations, can 
be readily adjusted. 

3 10 
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In Figure 31, all observed lines are shown. For the angle method 
of adjustment, however, it  is customary to onlit one diagonal in each 
quadrilateral and use only a chain of triangles, those of the best shape. 
In the esample given, the diagonals Fog-Alberta, Dug-Nan, and 
Lat-Flores are omitted. The lines actually used in the adjustment are 
shown in Figure 33. After the chain of triangles has been adjusted 
and all tlie conditions are satisfied, then each omitted diagonal is 
computed by using the two sides and included angIe of the triangle in 
which i t  occurs (see p. 139). Instructions for field work call for the 
observing of both diagonsls of each quadrilateral in order that there 
may be a check on all lengths. 

Alberta 

Enter Flore 

I 

S 

2 

7 8 
PIG. 32.-Triangulstion net showing the triangles used in adjustment by angle method 

The lines Alberta-Fish and Enter-Flores are fised in length and 
azimuth, and the four stations at the ends of these lines are fised in 
latitude and longitude. 

The lists of directions for the various stations are given in Figure 
33. The colunm headed “Final seconds” is filled out after the adjust- 
ment is completed. If the lists of directions have not been made out 
and checked in the field they should be coniputed froni the horizontal 
angle record books in tlie nianner shown on page 8. 

The triangulation sketch (fig. 33) is numbered and lettered as 
follows: Starting with the fixed line Alberta-Fish and building up 
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the sketch point by point, each point added is given a consecutive 
number, Nan being 1, Fog 2, Gura 3, etc. In each triangle the angles 
arc given the letters a, 6, and c. The angle adjacent to the starting 
l i e  but opposite the line through which the length is next carried 
is called a. and the angle opposite the starting line is called b. These 
arc the length angles. The azimuth angle, or the angle between the 
two lines through which the length is carried, is called c. 

The following triangles (fig. 34) axe laid out in exactly the same 
manner as for adjustment by the direction method. 

As was the case for the direction method, it is necessary to conipute 
a set of preliminary triangles (fig. 35) in order to be able to compute 
the geographic positions (fig. 36) and deterniine the latitude and 
longitude closures. To compute the positions properly the triangles 
should be closed and this is done by concluding the c or azimuth 
angle in each triangle. If one of the length angles is not observed, 
however, then the observed azimuth angle must be used, and the 
unobserved length angle concluded. As the triangles and positions 
are computed in esactly the same manner as when the direction 
niethod is used it is not necessary to explain the computation here. 

NUMBER AND FORMATION OF EQUATIONS 

As the figure to be adjusted is simply a chain of triangles, it 
is obvious that there will be just as many angle equations as there are 
closed triangles, 8 in this case, and that there will be no side equations. 

Angle aquatiow 

1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 

O= -2. 34- (la)+ (lb)+ (10) 
0- -2. 7+ @a)+ (2b)f  (20) 
O=+ 0. 14- (3a)f  (3b)f  (3c) 
0- +l. O+ (+la)+ (4b)+ (40) 
0-4- 5. 4+ (5a) f  (5b)+ (50) 
O=+rZ. 9+ @a)+ (6b)+ (60) 
O= -0. 14- (744- (7bkk (70) 
0=+ 3. 3+ (sa)+ (SI>)+ (80) 

Since there are two Lsed azimuths, naniely, the azimuths of the 
lines Alberta-Fish and Entcr-Flores, there will be one azimuth equa- 
tion. This equation which is shown on page 135, is formed in ex- 
actly t,he same manner as if the direction method were used, except 
in the way the angles are designated. 

(Test continued on p 125) 



ADJUSTMENT OF NET BY ANGLE METHOD 113 

0 0000.0 00.0 Fog 
40 09J9.1 09.1 Ifan 
S? 22Z.5 26.4 Alberta 

0 00 00.0 59.7 
a 54 02.9 02.2 
118 46 46.6 47.5 

Alberta 0 00 00.0 59.0 ppg 0 00 00.0 w.1 
Hsh 28 42 47.6 47.4 Oura 65 49 46.3 44.5 
Fog 109 26 24.4 26.5 Ran 129 a 59.9 59.4. 
w 18B 52 16.6 17.0 Alberta 182 I 14.9 16.7 
h a  171 17 11.1 11.1 Biah 47 17.6 l8.9 

o 00 00.0 59.9 Lat 
54 3a 58.8 59.4 h a  
93 c0 00.7 01.1 llsn 
109 08 46.2 46.9 Fog 
172 a0 45.7 44.0 

0 w 00.0 02.0 
61 35 02.7 01.7 
107 07 08.4 06.4 
lS7 16 16.5 15.6 

0 W 00.0 01.1 Flores 
ae 67 i7.a 18.6 Enter 
60 10 1 .4  27.7 bt 
94 59 06.6 09.3 Gura 
109 '18 30.8 28.7 

0 00 00.0 04.7 
20 54 62.5 6O.S 
115 25 02.8 00.6 
172 5a 36.3 36.9 

Lat ?J od 00.0 '57.9 mtw 0 00 00.0 59.1 
yond ss I 46.8 47.2 krt 65 a8 20.7 16.0 

100 12 19.9 Zl.8 yand 96 14 37.7 28.6 
Re. 33-Lista of directions, angle method of adjustment 
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Stale: _ _  Ala- 
'a,--- 

NO. STATION OQ$ER\'ED A S O L O  

2 3  Alberta-Fish 

1 b  1 H8n 28 42 47.6 

a 2 Alberta 57 22 26.5 

c fish 93 54 43.7 
1-3 Uau-Tieh 
1-2 Nau-Alberta 

57.8 

Eap-Pieh 
74 22 17.7 

'80 43 36.8 
24 54 02.9 

Fog-Pish 

FOg-NaU 
57 :4 

Ea-Fog 

54 33 58.8 

61 50 46.7 
63 35 14.6 

ma-Fog 
Gwa-Nm 

90.1 

ha-mg 
75 41 13.8 

38 29 01.9 
65 49 45.3 

m-m 
Dug-ma 

01 .o 

+0.8 48.4 

-0.1 26.4 

+1.6 45.3 -0.1 
$2.3 0.1 

fl.8 19.5 

$1.3 38.1 0.1 
-0.4 02.5 

w2.7 0.1 

$0.7 59.5 

-1.1 45.6 
+0.3 14.9 
-0.1 0.0 

$0.1 13.9 

-0.2 01.7 

-0.9 44.4 

-1.0 0.0 

3.669907 
48.4 0 . 3 i m i  
26.4 9.925419 

45.2 9.998986 
3.913697 

3.987264 

3.913697 
19.5 0.016360 

38.0 9.994287 

02.5 9.624330 
3. 924344 
3.55m7, 

3.554387 

59.5 o.ma965 

45.6 9.945312 
14.9 9.952123 

3.558654 

3.595463 

3.538654 
13.9 0.013694 

01.7 9.793995 
44.4 9.960141 

3.396343 
3.562498 

FIG. B"..-Triangle wnputstion, angle method of adjustment 
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DLPARTMENT OC COUUClSS 
Lt L W T  Wrm .AD cr-r 95 W l l .  COMPUTATION OF TRIANGLES 

State: ... Almb. .. ... 
n.on..-""l 

NO. STATION OBSBUVED AXOLE 

2-3 
7 b 1 Enter 

a 2 Lat 
c 3 Mod 

13 

13 

23 

GW8-lhg 

38 57 17.8 

79 n 45.0 

61 35 02.7 
Lat-% 

Lat-Our8 
05.5 

L a t - h a  
56 27 36.0 
60 10 21.4 

63 P 59.5 
Ilona-wra 
Mod-Lat 

02.9 

Lat-Mod 
36 2 l  46.9 

49 c% 03.4 
94 30 09.a 

Ent er-!dond 

Enter-Lat 
00.0 

Enter-'dond 

8 b 1 n o r e g  95 14 37.7 

c Enter 63 50 33.1 
a 3 ldond 20 54 52.5 

13 Flores-!load 

1-2 Flores-Ent& 
03.3 

-0.3 17.5 

-2.1 42.9 0.1 
-3.0 59.7 
-5.4 3.1 

- 

f-0.3 36.3 

-0.3 26.6 
-2.4 57.1 

-2.9 0.0 

+2.5 49.3 

-2.4 01.0 
0.0 09.8 0.1 

+0.1 0.1 

+l .8  39.5 

+ l . 3  34.4 

-6.4 46.1 
-3.3 0.0 

3.562499 

17.5 0.331551 

42.8 9.4926613 

6 r 7  9.944240 
3.756663 
3.708290 

3.708290 

36.3 0.079094 
26.6 9.938290 
57.1 9.951283 

3.725674 

3.7%667 

3.738667 

49.3 o.=ao12 

01.0 9 . e 7 0 6 ~  
09.7 9.9W65d 

3.344357 
3.964337 

3.844337 

39.5 0.001822 

34.4 9.953077 
46.1 9.552600 

3.759Pb 

3.398762 

FIG. 34.-Triangle computation, angle method of adjustmmt-CGnthued 
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Prelimlnarj b imgleo  cOMFlDAllON OF TRIANGLES 

23 Alber ta-Pish 

1 b l  man 28 42 47.6 

a 2 Alberta 57 22 26.5 
a Piah (93 64 4.9 
13 Ran-Fish 
13 &8-Alb&8 

1.669YM 

o.ai1~74 

9.925419 

0.1 46.9 9.996967 
0.1 3.91S700 

i3.967260 

2-3 na-rish 8.9137 00 
a b  1 -  74 aa 17.7 0.01636l 

2 Pan' (80 43 19.1) 0.1 89.4 9.9942313 

13 Ibg-mlh 0.1 1.924349 

1-2 rog-maa a. 554393 

a 3 fish 24 54 02.9 9 . 6 a 2  

3.554393 

0.038956 

9.945314 
9.952lP 
&Ed8663 

8.595470 

w oUr&rOg 8.588663 

2 *a (36 29 00.9) 9.7SES93 

a 3 mg 65 49 45.3 9.959162 
3.3963% 13 WHibZ 

13 Dng-Gma 3.568509 

4 . 8  1 Dug 75 41 13.8 0.013694 

FIG. aS.iTriangle computation to obtain latitude-and longitude closures of net. an& metbod 
of adjustment 
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COMPUTATION OF TRIANGLES 

2-3 Gura-Dug 8.562509 

5 b 1 L a t  38 57 17.8 0.2Ol550 
2 h a  (79 27 39.6) 6.1 a9.5 9.992811 

a 3 %  61 35 02.7 9.944244 

1-2 Lat-ha a.7osaoa 
13 Lat-Dug 0.1 3.756670 

2-3 Lat-Gwa 
6 b 1Mond 56 27 36.0 

2 IAt (60 10 ao.5) 

13 xo(0ndaura 

a 3 m a  63 21 59.5 

1-2 Md-Lat 

2-3 Lat-Xond 
7 b l b t m  36 P 46.8 

a 2Lat 49 08 03.4 
3 l o n d  (34 30 aS.9) 
13 Enter-xona 

1-2 Enter-Lat 

a.7083oa 

0.079094 
9.9388287 
9.951285 
3.725684 
3.738e2 

3.738602 

0.227019 

9.879662 
0.1 09.8 8.998650 
0.1 3.944363 

3.Ywa359 

FIG. %.-Triangle computation to obtain latitude and longitude clwum of net, angle method 
of adjustment-Continued 
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0.~6607 
8.508721 
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+ 462.2990 

8 

sin. 

A' 

sm *' 

dx 

sill%(*+*') 

W 

FIG. %.-Preliminary position computrtion to obtain latitude and longitude closures, angle method of adjustment 
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FIO. 36.-Prelimhry position computation to obtain latitude and longitude dosums, angle method of adjustment-Continued 



B a 
1.56544 

1.957664 8.449480 6.278 

0.0281 0.- 

jp 
0 0 . 0 0  

23.4 

I 

a 

sir4 . 
A, 

mm d 

Aa 

FIO. 3&-Preliminsry position computation to obtain latitude and longitude closures, angle method of adjustment-ConWd 



FIG. 36.-Prelimlnarg position computation to obtain latitude and longitude clcsurss, angle method d adjustment-Continued 
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A. 

14 
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FIG. BB.--Prdhinsry position mmputatim to obtain latitude and longitude closures, angle method of adjurtment-Continued 
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siu. 
A' 
e 4  

4 

a 

sin. 

A' 

med 

AA 

FIG. BB.-PreIiminary position computation to ob- latitude end longitude dosum, angle method OfaeHa~d 
w 



Ah 

Sin((*+. 

2.161979 

-Am 

2.461979 

2.377344 

-2Za.Q 

00.00  

07.9 

FIG. 36.-Preliminary position computatlon to obtain latitude and longitude dosuws, angle method of adjustment-Continued 
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la 
m 
3a 
48 
58 
6a 
7a 
8a 

Azimuth equatwir 
Final 

Fish-Alberta _ _ _ _ _ _ _ _ _ _  176 02 29.9 29.9 
- I C  _ _ _ _ _ _ _ _ _ _ _ _ _ _  -93 54 43.7 45.3 

Fish-Nm _ _ _ _ _ _ _ _ _ _ _ _ _  82 07 46.2 4rL6 - 6 20..9 20. 9 

o r  ” Secolutsl 

Na-FiSh _ _ _ _ _ _ _ _ _ _ _ _ _  263 01 25.3 23.7 
+2c _ _ _ _ _ _ _ _ _ _ _ _ _ _  +go 43 36. 8 38 1 

Nm-FOg _ _ _ _ _ _ _ _ _ _ _ _ _  342 45 02 1 01.8 + 49. 8 49. 8 
Fog-Nm _ _ _ _ _ _ _ _ _ _ _ _ _  162 45 61.9 51.6 

- 3c _ _ _ _ _ _ _ _ _ _ _ _ _ _  -63 35 14.6 14.9 
Fog-Gura _ _ _ _ _ _ _ _ _ _ _ _ _  99 10 37.3 36.7 - 2 59.4 59.4 
Gum-Fog _ _ _ _ _ _ _ _ _ _ _ _ _  279 07 37.9 37.3 

+4c+5c _ _ _ _ _ _ _ _ _ _  +117 56 46.9 44.6 
Gum-Lat _ _ _ _ _ _ _ _ _ _ _ _ _  37 04 24.8 21.9 - 2 24.1 24.1 
Lat-Gura _ _ _ _ _ _ _ _ _ _ _ _ _  217 02 00.7 57.8 

+6c _ _ _ _ _ _ _ _ _ _ _ _ _ _  4-60 10 27.4 26.6 
Lat-Mond _ _ _ _ _ _ _ _ _ _ _ _  277 12 25.1 24.4 + 4 14.3 14.3 
Mond-Lat _ _ _ _ _ _ _ _ _ _ _ _ _  97 16 43.4 38 7 

Mond-Enter _ _ _ _ _ _ _ _ _ _ _  2 46 32. 6 28.9 - 15.S 15.8 
Enter-Mond _ _ _ _ _ _ _ _ _ _ _  182 46 16. 8 13. 1 

+8c _ _ _ _ _ _ _ _ _ _ _ _ _ _  4-63 50 33. 1 34.4 
Enter-Flores (computed) 240 36 49. 9 47. 5 
Enter-Flores (fised) - _ _ _ 246 36 47. 5 47. 5 

+ 2. 4 0. 0 

- 7 ~  _ _ _ _ _ _ _ _ _ _ _ _ _ _  -94 30 09. 8 09.8 

-- 

9. 0=+2.4-(1c)+ (2c)-(3c)+ (4c)+ (5c)+ (6c)-(7c)+ (&) 

Since there are two fixed lengths namely, Alberta to.Fish and 
Enter to Flores, there will be one length equation. This equation, 
which is shown below, is formed in exactly the same manner as if 
the direction method were used, except in the way the angles are 

0 I It 

57 22 26.5 
Y 54 029 
61 XI 46.7 
65 49 4 5 3  
61 35 02.7 
63 21 59.5 
49 08 03.4 
2 o s a . 5  

designated. 
Length eqzcalion 

3.BBBwn I _ _ _ _ _ _ _ _ _  / /  Enter-Flom I 3.388762 
l o  I #I 

9: 9254194 
9.6243321 
9.9453135 
9.9601516 
9.944244 
9.95128% 
9.8786625 
9.55a8388 

+1.3 l h  28 42 47.6 
4 4 . 5  2b r4 22 17.7 
+1.1 3b 54 33 58.8 
+.9 4b 75 41 13.8 

+1.1 5b 38 5i  l i . 8  
+1.1 6b 56 27 36.0 
+1.8 7b 36 21 46.8 
+L5 8b 95 14 37.7 

- - - -_ _ _  - 
H.5 +. 6 
+l. 5 +. 5 
+% 6 
+l. 4 
4-2 9 -. 2 

10. 0=+61.3+ 1.3(la)-3.8 (lh)+4.5(2a)-O.6(2h)+ 1.1(3a)-1.5(3b) + 0.9(4a) -0.5(4b)+ 1.1(5a) -2.6(5b)+ 1.1(6a)-1.4(6b) + 1.8(7a) -2.9(7b)+ 5.5(8a)+ 0.2(8b) 

1 The values in this column are 5114 in after the adjustment is Completed. 
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* 

b S!ll 
5 28.3 
5 26.1: 
5 27-01 
5 -01  
i P.65 
) 24.b1 
5 0.11 

tea 

0 1 .  
l6.6 I 

2:: 

+lo .l 
+ 0.9 
+ 2.1 - 2.3 - 2.3 - 5.B 
+ 0.4 

i (4 b) 

!I (4 1 

FIO. 37.-Formation of latitude and longitude equations, angle method of adjustment 
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Since the lines Alberta-Fish and Enter-Flores are fixed in position 
(latitude and longitude) there will be one latitude and one longitude 
equation. These equations, which are shown in Figure 37, are formed 
in esactly the smie nianner as when the direction method is used, 
except in the way the angles are designated. 

In the adjustment of this net of triangulation there will be 5 angle, 
1 azimuth, 1 length, 1 latitude, and 1 longitude equations, or a total 
of 12. 
As the correlate and nornial equations are fornied esactly as in 

the case of the direction method (see p. 84),  they are given below 
without esplanstion. 

Correlate equations 

-- 
-0.1 
+.8 

4-1.6 

-.4 
4-1.8 
+1.3 

-1.1 
+.7 
+.3 

-.9 
+ . l  
-.a 

-3.0 
- . 3  
-2.1 

-2.4 
+.3 
- .8  

-2.4 
$2.5 
0 0  

-6.4 
+1.8 
4-1.3 

rots]-- 

_- 
-a 102 +. 7iS 
I-1.623 

-. 425 
kl. 821 
kl. 302 

-Lam +. 697 +. 286 

-. yo2 +. W8 -. 192 

-2.964 
-. 324 
-2.114 

-2 400 +. 331 -. 831 

-2.370 
c.2.455 +. 014 
-6.470 
c.1.835 
c.1.337 

0.01 
.ffl 

1 5 6  

. I 6  
3.34 
1.69 

1.21 
.49 
.09 

.81 

.Ol 

.04 

9.00 
.09 

4.41 

5.76 
.c9 
.M 

5 70 
6.25 

43.96 
3.24 
1.89 - 
SM 

+4.15 
-5.52 
$4.37 
-4.75 
-4.39 

Normal equat.ions 

-2.3 +5.45 +0.8125 
-2.7 -3.56 +2 1131 
+.I +6.73 -.5449 
+LO +.86 +.6180 
+5.4 + 4 . E  -1.3028 

1-1-1- 

-2.91 
$2.75 

- _ _ _  
-5.7790 

+5.3065 
t72. 7274 

+2.9 +l .W - - .e05 
- . l  +4.04 - - .a87 

4-3.3 +13.00 +2.1475 
4-2.4 +12.40 -.S106 

+61.3 4-107.3230 -1.5670 

-12.3050 -9.0764 -1.4152 
-8.6359 +57.3693 +. 2360 



128 U. S. COAST AND GEODETIC SURVEY 

SOLUTION OF NORMAL EQUATIONS 

The solution of the nornials is much sinipler than when the direc- 
tion method of adjustment is used. This is due to the fact that no 
two angle equations involve the same 0’s and the first 8 equations in 
the exaniple below are eliminated by simply dividing by 3 in each 
case. There are only 4 equations which are much involved. 

&diition of iwrnral equations 
- 

9 I 10 

-2.5 ?. 333331 +. 83333 -- 
-1 +3.9 
-.33333 -1.3 
-1 -. 4 +. 33333 f. 13333 
k1 +. 4 -. 33333 -. 13333 
11 -1.5 
-.33333 +.5 
k1 -. 3 
-.33333 +.l 
-1 -1. 1 +. 33333 +. 3 m i  
I-1 +5.7 
-.33333 -1.9 

-- 
-- 
-- 
-- 
-- 
-- 
-- 

-1.3 -. 1333 -. 1333 +. 5 +. 1 -. 3667 
-1.9 

1 I -2.0833 
3 -5.07 
3 -.0533 
4 -.0533 
6 -.75 
0 -.03 
7 - - . a 3  
8 -10.53 
9 -3.1006 

1 
2 
3 
4 
5 
6 
7 
9 

10 

11 

4-4.13 - 1.37667 
-3.34 
4-1.08 
+. 66 -. D 
+. 21 -. 07 

+1.41 -. 47 
+l. 2s -. 42667 
+. 49 -. 16333 

~ - - - - - - - - 
- - - - - - 
~ i ~ ~ ~ ~ ~ -  
+l. 08 +. 22 -. 07 -. 47 -. 4287 +. 1633 

+l. 8733 -. 35121 
-48.7380 
+3.4417 
4-4 312 +. os -. 028 +. 705 +. 1260 +. 1797 

+1.4283 
-36. 5533 +. 50534 

-5.6856 
-3.4992 -. 1452 -. 0147 -. 6627 -. 5461 -. 0800 -. 6579 

-1s. 5965 
+9.W16 

. __ -__  --_- 

- 

41 

1 
2 
3 
4 
5 
6 
7 
9 

10 
11 

12 

f 4 . 1 5  - 1.38333 
-5.52 
t l .  $4 
f 4 . 3 7  
-1.45867 
--I 75 
+I. 58333 
-4.39 
t l .  46333 
-2.91 +. 97 
+ 2 7 5  -. 91667 
_ _  _ _  - _ _  - -, _ _  - - - - - - -, 
- - - - - - - - - .  
+l. 3833 
+l. w 
+l. 4567 
+l. 5833 
4-1.4033 +. 97 +. 9167 

4-9.6133 
-1.80240 
-5.7790 
+3.4583 
+7.176 +. 582 +. 6333 
-2.195 
-. 391 

+l. 0083 

4-7.3286 
tll. 8233 

_ _  _- - _- 

- - - - - - 

-. 16568 
+5.3063 
-5.7132 
-5.9616 - 9614 +: 3325 
+2.0633 
+1.2410 -. 4492 
-3.3784 
+a 0611 
-1.4565 +. 14814 
I-72.7274 
-5.7408 
-lo. 1568 
-6.3656 
-7.5208 
-6.4240 
-2.82?7 
-2 5208 
-17.3270 
-1. 9754 -. 2153 
tll. 6577 

(31 

-2.3 +5.48 +. 7666’11 -1.8667 

-3.7517 +a g o ~ g s o  +. Qm4l -. 76398 
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The back solution, as well as the forward solution, is niucli shorter 
than when the direction method is used, as only 4 of the 0’s are 
carried back through all the equations. 

Back solution 

+O. 2380 -1.4502 -0.8085 +O. 3135 -1.1 +O. 0333 -0 9667 

-. 7184 +.4971 _ _ _ _ _ _ _ _  +.=I1 +.6038 
-1.4152 - -1.1WQ +2 9773 -. 5746 -. 1567 

+.?702 -.?io2 +.no2 
+2 1475 -. 1867 -. Mo5 

+.- -.0391 -.42.54 _ _ _ _ _ _ _ _  -.2163 +:2289 - 

_. 8106 -- .- -1.5670 - 

The 6”s determined by the back solution are substituted in the 
correlate equations to determine the 0’6, which in this case are cor- 
rections to the angles and not to directions. The adopted v’s are 
obtained in much the same manner as when the direction method is 
used and consequently may not be the same as the computed values 
to the nearest tenth of a second. It is necessary to adopt w’s which 
may differ slightly from the computed values in order to make the 
triangles consistent. Compare the computed and adopted values for 
8a in the following table: 

Computation of corrections (0’s) 

+O.812 +O.812 H.812 
-2.037 +L955 +.Sll 
+.127 --6813 - 
+.QQ; -.017 +I .623  

-.lo2 +.m 
- . I  +.8 

+l. e -- 

-2.1 -- 
- 2 . w  -.a 
-3.0 1 -.3 I 

b l c l ~ l b l c  
+2.113 +2 113 +a113 -0.545 -0.545 -0.545 

+&la --.a +.637 -1.571 - -7.01 +.HO +.si1 -1.m +2350 +.si1 

--.(XI9 -.W +1.302 +.569 +.463 +.Xa 

-.425 +1.521 -1.063 +.m 
-.4 +1.s -1.1 +.7 

- 

+1.3 +. 3 -- -- 

6a b l c  7 a l b I c  

4a 

+o. 619 
-1.410 +. 481 -. 592 

+2. 148 -a 818 

-6.470 
-6.4 

b 

+O. 019 +. 784 -. 778 -. 529 

+2 148 -. 313 

+I. 835 
+1.8 

- 

- 

C 

+O. 619 
-.811 

-. 192 -. 2 

C 

+2.148 -. 811 

+l. 337 
+1.3 

COMPUTATION OF TRIANGLES 

The adopted 8’s or corrections are now substituted in the column 
headed “Corrections” in the triangles in Figure 34, and the triangles 
are computed in th0 manner already explained. If the computed 
length of the fixed line at the end of the scheme agrees with the fixed 
length, the length equation is satisfiod. 

Next the corrected angles are substituted for the observed angles in 
the formation of the azimuth equation (p. 125) to see if that equation 
is satisfied. 



130 U. S. COAST A N D  GEODETIC SURVEY 

After making sure that the angle, length, and azimuth equations 
are d satisfied, it is necessary to reconipute the geographic positions 
of the stations using the data of the corrected triangles. (See fig. 38.) 
This recomputation can usually be made quite easily and quickly by 
simply correcting the preliminary positions as explained on page 95. 
It is only after obtaining the corrected position of Enter and compar- 
ing it with the fised position that one can be certain that the adjust- 
ment is correct, that is, that the latitude and longitude as well as the 
other equations have been satisfied. 

CORRECTIONS TO DIRECTIONS 

The angle, length, azimuth, lat.itude, and longitude equations are 
now satisfied and the corrections can be applied to the directions in 
Figure 33. Since the correct,ions determined in the angle niethod of 
adjustment are corrections to angles and not to directions, the manner 
of applying then1 is somewhat more complicated. 

The sample below with the explanation following it shows in detail 
how the corrections are applied at  station Nan. The list of directions 
before adjustment is given in the first two columns. 

Bytation Nan 

Alberta _ _ _ _ _ _ _ _ _  
Fish _ _ _ _ _ _ _ _ _ _ _ _  
Fog _ _ _ _ _ _ _ _ _ _ _ _ _  
Dup; _ _ _ _ _ _ _ _ _ _ _ _  
aura 

Observed dim- za$ci Flnal 1 ‘tation 1 tlon I ends I seconds 1 
- 

0 00 00.0 00.0 59.0 
3 8 4 2 4 i . 6  4&.4 47.4 

1 0 0 2 6 2 4 . 4  26.5 25.5 
I29 52 16.6 _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _  
171 17 11.1 12.1 11.1 

-- I l o ,  I ,  I ,I I I, I 

The corrected directions which go in the colunin headed “Final 
seconds” are determined as follows: From the adjusted triangles, 
Figure 34, using the angles at  Nan, we have 

0 I I I  

Triangle 1, angle Alberta to Fish _ _ _ _ _ _ _ _ _ _ _ _  28 43 48. 4(A) 
Triangle 2, angle Fish to Fog _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  80 43 38.1 

Angle Alberta t o  Fog _ _ _ _ _ _ _ _ _ _ _ _  109 20 20. 5(B) 
Triangle 3, angle Fog t o  Gura _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  01 50 45. 6 

Anglc Alberta to Gura _ _ _ _ _ _ _ _ _ _ _  171 17 12. 1K‘) 

The values of the seconds for the angles (A), (B), and (a) are 
placed in the column headed “Preliminary seconds” in the table 
above. Opposite the initial station, Alberta, is placed 00.0. As the 
direction “DugJ’ was not included in the adjustment, there is no 
correction to be applied to it. 

In  this method of applying the corrections, the direction at  Alberta 
remains unchanged and so does not receive its share of the correction. 

(Text continued on p. 138) 
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F~Q. 88.-Final position computation, angle method of adjustment 
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FIG. 38.--Final position computation, angle method of adjustment-Continued 
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37.3 

01.7 

29.0 

55.3 

o o . * *  

34.3 
13.9 

34.709 

14.73 

Sin. 

A' 
rod 

Ab 

0.- 0.wOz 

# 

M . V  

52.3 

A L L  
0 0 . 0 0  

48.2 

56.d80 

llg5;L 

14.135 

E- G1 

0.0069 0.MOl 

1.891Z74 

1.808?33 

+64.11 
I- 

FIG. 38.--Binal position computation, angle method of adjustnentContinued 



a 

Sin a 

A' 
8oeJ 

Ah 

0.W8 0 . m  

i 

A0 

59 I l5.2+, 

19 I 14.7Z3 

FIG. 3S.--Binal position computation, angle method of adjustment-Continued 
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PIG. 38.-Final position computation, angle method of adjustment-Continued 
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46 
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Fm. 38.-Final position computation, angle method of adjustment-Continued 
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A mean correction is therefore coinputed by taking the differences 
between the directions in the column headed “Observed directions” 
and those in the column headed “Preliminary seconds.” 

At Alberta, the correction is _ _ _ _ _ _ _ _ _ _ _ _ _ _ - _ _ _ _ _ _ _ _ _ _ _ _ _  0.0  
At Fish, the correction is _ _ _ _  _ _ _ _  _ _ _ _ _  - _ _  - -. _ _  - - - _ _ _ _  _ _ _  4- 0. S 
At Fog, the correction is _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  + 2. 1 
At Gum, the correction is _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ - _ _ _ _ _ _ _ _ _ _ _ _ _  -k 1.0 

Total ________________________________________- -  +3.9 
Average. correction _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  -k 1.0 

The average correction +1!’0, 1vit.h sign changed, is then applied 
to each of the directions in the ‘‘Preliminary seconds” column to 
obtain the values in t,he “Final seconds” column. 

The rule to be followed, then, is: Keeping the seconds of the initial 
station 00.0, conipute the seconds of the 0the.r directions by adding 
the adjusted spherical aitgles of the t,riangles in the proper order. 
Place these values in a column headed “Preliminary seconds.” 
Take the algebraic sum of the differences between these values and 
the values in the preceding column and divide this sun1 by the nuniber 
of directions involved. Add algebraically wit-h opposite sign the 
merm thus obtained to each of the values in the column “Preliniinary 
seconds,” and place the resulting values in the “Final seconds” 
column. 

A 

FIG. 39.-Triangle 85 lettered for computa- 
tion using two sides and included angle 

In order to see whether the corrections have been applied properly, 
check these final seconds from the triangles. For esrtmple, the angle 
at Nan between Alberta and Fish as taken froni the “Find seconds” 
column is 25’ 42’ 48!?it, which checks the angle at Nan in triangle 1. 
Similarly, the angle at  Nan between Fish and Fog is 80’ 43’ 38!’1, 
which checks the angle at  Nan in triangle 2, and the angle at  Nan 
between Fog and Gura is 61’ 50’ 45!‘6, which checks the angle at  
Nan in triangle 3. 

CORRECTIONS TO DIRECTIONS OMITTED IN ADJUSTMENT 

After the final seconds have been determined for all directions in- 
cluded in the adjustment, the corrections to the directions for the 
diagonals omitted from the adjustment are computed. The three 
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diagonals omitted were Alberta-Fog, Nan-Dug, and Lat-Flores. 
Theso axe computed by the two-sides-and-included-angle method. 
(See pp. 141-143.) 

TRIANGLE COMPUTATION BY TWO-SIDES-ANbINCLUDED-ANGLE METHOD 

The diagonal Alberta-Fog is computed as follows. The forniulas 
used are 

tan (45’ + $) = %, where. a>b 

tan 1/2 (A-B)  = tan 4 tan goo-- ( 3  
C 1/2 (A+B)=90’-3 

in which a and b, the two sides, and C, the included angle, of the tri- 
angle are known, and 4 is an auxiliary angle. 

The logarithms of the sides Fish-Alberta and Fish-Fog (see fig. 31) 
are given in the triangles, Figure 34, as 3.669907 and 3.924344, 
respectively. The angle at  Fish between Fog and Alberta is the sum 
of the two adjusted angles between Fog and Nan, and between Nan 
and Alberta, namely, 24’ 54’ 02!5 plus 93’ 54’ 45!’3, or 11s’ 48’ 
4 71’8. 

The triangle, Alberta-Fish-Fog, is written as shown in Figure 40. 
The asterisk is placed opposite the fised angle and the logarithms of 
the fised lengths are placed in the last column. As there is Or1 
spherical excess, this is applied to the large angle iiialiing the plane 
angle a t  Fish 11s’ 48’ 47!’S-O!’lJ or 11s’ 45’ 47!’7. 

The problem then is to determine A, the angle at  Alberta; B, the 
angle a t  Fog; and c the line Fog-Alberta. The computation is shown 
in Figure 40. 

These angles A and B as thus determined are placed in the triangle 
Alberta-Fish-Fog on the lower part of the form (fig. 40) and the 
triangle is computed in the usual way. The logarithm of the 
length, Alberta-Fog, is thus obtained. The coniputed logarithm of 
the fised length, Alberta-Fish, should check the given value probably 
within one in the last place. 

The value of the final seconds for the direction on Fog a t  station 
Alberta is now obtained from the triangle by simply adding the angle 
at Alberta between Fish and Fog, 40’ 09‘ 09N1, to the fixed direction 
Fish, 0’ 00‘ OOI’O. -4t station Fog, the final seconds for the direc- 
tion on Alberta are obtained by subtracting the angle between Alberta 
and Fish froni the fised direction on Fish; that is, 203’ 47’ 1819 
-21’ 02’ 03!’2= 182’ 45’ 151’7. 

4586l0-34-10 
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In order that the length, Fog-Alberta, as determined from the two 
sides and included angle computation, may have a checli the triangle 
Fog-Nan-Alberta (see fig. 40) is also computed. The three angles 
of this triangle are fised by the computation of the first triangle and 
can be talien out directly froin the lists of directions a t  the three 
stations. The logarithm of the length, Alberta-Fog, should agree in 
the two triangles. 

In the same manner the diagonals Nan-Dug and Lat-Flores are 
computed, using first a triangle with two sides and the included angle 
known and then a second triangle, whose angles are fised by the 
computation of the first triangle, to check the length of the line in 
question. 

COMPUTATION OF THE LENGTH AND AZlMUTH OF THE OMITTED DIAGONAL BY THE 
METHOD OF APPROXIMATION 

If the diagonals omitted in the adjustment have been observed it 
may be advisable or expedient at  times to resort to the niethod of 
approximation in computing them after the adjustment has been 
completed. 

An example of this method is given on page 144. (See fig. 41.) In 
the quadrilateral Lat-Mond-Flores-Enter (see fig. 31) the diagonal 
Lat-Flores was 0niitte.d in the adjustment. It may be coniputed 
from the triangle Lat-Mond-Flores in the following manner: The 
logarithms of the lengths Mond-Flores and Lat-Mond and the angle 
at  Mond between Flores and Lat have been fised by the adjustment. 
The observed angles a t  Lat and Flores are obtained from the lists 
of directions. (See fig. 33.) The sun1 of the two observed angles at  
Lat and Flores and the adjusted angle at Mond equals 179’ 59’ 52!’0, 
so in order to close the triangle 4YO must be added to each of the angles 
at  Lat and Flores. 

Using the fised logarithm of the length Mond-Flores, 3.799236, the 
logarithm of the length Lat-Mond as computed to seven decimal 
places through the ayprosimate angles at  Lat and Flores is 3.7386565. 
This value differs froni the fised logarithm of Lat-Mond, 3.738667, 
by 10.5 in the sixth place of logarithms. The tabular differences of 
the logarithmic sines of the angles at  Lat and Flores for one second 
change in angle are + 3.03 and + 3.68, respectively. The discrepancy 
in the logarithms of the length divided by the algebraic sum of t-hese 

two tabular differences, that is, -=1Y6, is the correction which 

must be applied to the angles at  Lat and Flores which were used in 
the preliminary computation. 

This correction is applied with the negative sign to the angle at  
Lat and with the positive sign to the angle at  Flores. The triangle 
is then recomputed, using the corrected angles, and the h a 1  logarithm 

10 5 
6.71 
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2-3 Tish-Fog 3.924344 

1 Uberta 40 09 09.1 09.1 0.190559 
2 Fish 118 48 47.8 0.1 47.7 9.942603 

2 l  02 03.2 oa.2 9 . 5 W  ' 1-3 Nberta-Fog 4.057503 
1-2 Alberta-Fish 3.669907 

2-3 Ban- fiber ta 3.987264 

2 %an 109 26 26.5 0.1 26.4 '9.974506 

1-3 Pog-Alberta 4.0575c0 
1-2 rug-Ban 3.554387 

' mg 53 P 16.8 16.3 0.095733 

Alberta 17 13 17.S 17.3 9.471389 
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D I D ' T U W  Q C O M M I R S .  ..- mcmoIpc YI- 
rorm ces 

MANGLE CoNlPuTATlON USING TWO SIDES AND INCLUDED ANGLE 
ra-ten (450+4) (Caulmprsideu): b.+ (.4,-BJ-tandtao f U.+BJ: e-=]* 
La 

Logo 3.554307 &uyl A 
Lag si0 0. 9.887927 B m u d  
Colog sin Am 0.299m 
Log c 3.741347 c 0-Oo.J 

2-3 m0g-m 3.396W 
1 xan 20 25 51.5 0.0 51.5 0.457077 
2 -  129 3% 59.3 0.0 59.3 9.887927 

1-3 Nan-DUg 3.741541 
1-2 xan-mg 3.554387 

3 1 3 u 8  2.0 09 c9.a 0.0 G3.2 9.700967 

2-3 Gura-Nan 3.595463 
1 h r g  45 38 04.7 0.0 04.7 0.146500 
2 h a  93 03 (32.2 0.0 (32.2 9.999304 

41 24 54.1 0.0 54.1 9.820535 3 Man 
1-3 m-l?&Q 3.74l347 
1-2 Dug-Gura 3.562499 
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2-3 Llond-Blores 3.799236 
1 Lat 34 48 41.6 41.6 O.XM56 
2 bond 115 24 55.9 0.1 55.8 9.935793 
3 Flares P 46 22.6 22.6 9.695975 
1 3  Lat-Flores 0.1 3.998485 
1-2 4at-Ulond 3.7Z8667 

2-3 Enter-Lat 3.964337 
I Flares 65 S 16.9 16.9 0.041076 
2 Enter 100 12 23.7 23.7 9.993072 
3 Lat 14 19 19.4 15.4 9.893350 
1-3 mores-Lat QO 3.998485 
1-2 ETores-Enter 3.398763 
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of the length Lat-Flores is thus obtained. The coniputed logarithm 
of the length Lat-Mond should now agree with its fised value. 

The rule to be followed ifi this approsimation met.hod may be stated 
briefly as follows: Write the triangle which includes the omitted 
diagonal and fill in the data fixed by the previous adjustment; that is, 
the logarithms of the two sides and the value of the included angle. 
Put in the observed values of the other two angles as  obtained from 
the list of directions. If the sun1 of the three angles, after applying 
the spherical excess, does not equal 180°, apply one half of the triangle 
closure to each of the observed angles to close the triangle. Then, 
starting with the logarithm of one fixed length compute the logarithm 
of the other fixed length through the triangle, taking out the tabular 
differences with their proper signs for the logarithms of the sines 
corresponding.to a change of 1 second in the two angles yet to be fixed. 
Next divide the discrepancy between the computed and the fixed 

U. S. COAST AND GEODETIC SURVEY 

COMPUTATION OF TRIANGLES 

T?bUl3 
d i f .  

t3.031 Ls.t 34 48 39.2 41.6 & 0.2434518 
2-3 !?on&Flores 3.739236 

2 lond 115 25 02.3 -6.4 E 9  0.1 55.8 9.955793 
75 

+6.71 1-3 Lat-Flores 3.998435 
1-3 La t-xolld 3.7E8667 

41 6 6 - 
+3.683 Flores 29 46 17.0 22.6 9.6S59696 

565 

FIG. 41.-Triangle computation using two sides and included angle, method of approximation 

logarithm of the second fixed length by the algebraic sum of the tsbu- 
lar differences, and apply this quotient with the same sign as a cor- 
rection to the approximate angle which appears as the third angle in 
the triangle and with the opposite sign as a correction to the approxi- 
niate angle which appeal% as the first angle in the triangle. Finally,, 
recompute the triangle using the corrected angles. 

The probable error of an observed angle is determined by the same 
formula as that used to obtain the probable error of a direction. 
(See p. 107.) In the table'of correlates on page 137, 2v2=8S.84, and 
since there are 12 equations, 

p. e.= f0.674 Jy- - - *3!83 

After the adjustment has been conipleted and the omitted diagonals 
have been computed, the list of geographic positions is made out on 
form 28E in exactly the same manner as the list on page 108. (See 
fig. 42.) 
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1907 

pop 
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(kua 
1901 

oug 
1907 
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lSol 
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55 P 33.323 1Qao.5 
d.m 133 18 57.338 luQI.2 

56 26 42.336 1318.6 
da. 133 17 56.880 lC100.0 

55 21 02.583 79.9 
d.m. 123 2l 34.705 610.1 

5s I a5.249 1093.2 
dm. 133 19 11.733 259.1 

56 24 500.753 1569.6 
d.m. laB 24 a9.749 5i3.1 

Dmtilm north America? 

AZlYUTU BACK AZIYQTB. TU STATION. . , I . , I 

233 18 35.3 53 24 41.2 Alberta 
262 01 23.7 a2 07 44.6 Fimh 

GEOGRAPHIC POSITIONS 

FIG. 42.-List of geographic positions, angle method of edlustment 

2% 33 37.4 u 35 47.4 n= 
279 07 57.3 99 10 36.7 F w  
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255 59 15.2 A Oa 34.8 
ai2 01 06.0 132 06 51.8 nor.. 
3X P 25.4 14s W 29.0 mtm 
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Z.987264 
3.913697 

3.554s7 

4.057503 
3.9a344 

a.555463 
3.5d66W 

E. 56W95 
3.741347 
3.35143 

2.7c8290 

a.756668 

3.958435 
3.s61557 

3.799a6 
3.04433- 
3.7'2d667 
3.7ZS614 

US,.". 

(1711.0 
ai97.8 

'581.2 
11415.7 
0401.3 

2539.7 
3878.1 

3651.7 
5512.6 
aCSO.6 

5lc8.6 
5710.4 
9965.2 

SZll.6 

688.5 
w87.7 
5478.6 

5317.1 

P.".. 

3ldEO 
W 9 6  

11709 

37163 
a563 

12925 

lZ24 

11991 

urn6 
b172 

16760 
18735 
22694 
302.32 

20664 
339s 
17974 
17445 

0 r 
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I~iatisl ics shozi:iag accuracy oJ friafir~!tlaliott 

Total number of triangles _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  8 
Number of triangles with plus closures _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  3 
Number of triangles with minus closures- _ _ _ _ _ _  _ _  - _ _  _ _ _  _ _  5 
Number of concluded triangles _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  0 
Average closure of triangles without regard to sign- _ - - - - - - 3!2 
Masiinum closure of a triangle _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  5!4 
Mean error of an angle _ _ _ _ _  _ _ _ _  _ _  - - - _ _ _  - - - - - - - - - _ _  - - _ _  - f 1 !6 
Probable error of an observed angle _ _ _ _  - - -. - - - - - - - - - - - - - f 1 !S 

COMPARISON OF DIRECTION AND ANGLE METHODS OF TRIANGULA- 
TION ADJUSTMENT 

Coniparing the direction and angle methods of adjustments it is 
seen that each has its advantages and disadvantages. The direction 
niethod gives a more rigid adjustment by making use of all the direc- 
tions observed, and when the adjustment is completed the aziniuths 
and lengths of dl the lines are iniinediately available. There is no 
necessity for two-sides-and-included-angle computations. The dis- 
advantage of the niethod is that the solution of t8he nornials is more 
laborious, especially where the scheme of triangulation is much 
h-rolved. However, for first-order and second-order triangulations, 
the adjustment should be as rigid as possible, and the direction iiiethod 
should, therefore, always he used. 

The angle niethod of adjustment has the advantage that the nuiiiber 
of equations is reduc.ec1 considerably, there being one less angle 
equation in each full quadrilateral and no side equations at  all. The 
solution of the nornial equations is very simple as all the angle equa- 
tions are independent of each other, and the azimuth equation does 
not, ordinarily, involve the same zy’s as the length equation. The 
disadvantage of this method is that a number of two-sidesand- 
included-angle computations niust be inade after the adjustment is 
completed t o  obtain the aziniuths and lengths of the lines omitted 
in the adjustment. However, the advantages of this method far 
outweigh the disadvantages in the adjustment of third-order trian- 
gulation and it should ordinarily be used for this class of triangulation. 



CHAPTER 5.-COMPUTATION AND ADJUSTMENT OF ELE- 
VATIONS FROM ZENITH-DISTANCE OBSERVATIONS 

GENERAL STATEMENT 

In connection with the observation of horizontal directions for 
triangulation it is custoniary to observe zenith distances, in order that 
the elevations of the stations may be determined. These elevations 
are needed for reducing the horizontal directions to sea level and, in 
some cases, if precise elevations are not available, to reduce the base 
lines to sea level. As there are usually two or more lines observed 
to each station, a rigid adjustment of the observed differences of ele- 
vation should be made in order to remove the inconsistencies and 
obtain the best possible elevations from the observations. 

Cube 
Fio. 43.-Triangulation net used in ample computation of elevations 

A saniple computation and least-squares adjustment of elevations 
based on zenith distances is given on the following pages. The tri- 
angulation stations at  which the zenith distances were measured are 
shown in Figure 43. Arrowheads pointing away from each station 
denote the lines over which zenith distances were observed froni that 
station. Arrowheads at  both ends of a line indicete reciprocal 
observations or that zenith distances were observed in both direc- 
tions over that line. Where only one arrowhead appears on a 
line, zenith distances were observed only in the direction in which 
the arrowhead points. All the stations shown in Figure 43, except 
“Hastings high school,” are niain scheme stations. The elevation 
of Hastings high school is computed after the elevations of the other 
stations are fixed. 

All zenith distances are abstracted on Form 29 and checked in the 
field. The abstracts, Figure 44, therefore, contain the starting 
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data for the office computation. It is sometimes necessary, how6ver, 
to compute in the office the values in the column headed “Reduction 
to line joining stations.” This column is used only when the observa- 
tions are.reciproca1. Each value in the column is an angle which in 

I 1 being the height of the telescope above the b - 0  seconds equals - sin 
station niarli, o the height of the object above its station mark, and s 
the horizontal distance between the stations concerned. This really 
represents a vertical eccentric reduction which is applied as a correc- 
tion to the observed zenith distance to obtain the zenith distance 
referred to the station marks. Only four places of 1ogarit.hins should 
be used in computing the values. 

If the observations are nonreciprocal, that is, are niade in one 
direction only over a line, then the vertical eccentric reduction is not 
needed. In this case, the difference t--0, is applied as a correction 
to the computed difference of elevation, as indicated on Form 39 B 
(see fig. 47). 

As the development of the formulas for the computation of eleva- 
tions from reciprocal and nonreciprocal observations is fully shown 
in special publication No. 38, i t  is not given here. 

The formula for the coniputation of elevations from reciprocal 
observations is 

n,-n.,=s tan (*‘ , ‘ ‘ )AB - C (1 1 
in which hl is the elevation above mean sea level of station 1 and h2 
that of station 3; 8 is the horizontal sea level distance between the 
two stations; is the zenith distance of station 2 as observed from 
station 1; rP is the zenith distance of station 1 from station 3; and 
A, B, and C are correction factors whose values are close to unity 
and whose logarithms are given in the tables on pages 233. The 
station designated 1 is the station whose elevation is already coni- 
puted. 

The forniula for the computation of elevations from non-ieciprocctl 
observations is 

h,-h,=s cot j,- (0 .5 -m)  sin ] A B C  (3) [ 
in which ?& and A.l are elevations of the two stations, s the Horizontal 
distance between the stations, r1 the mean corrected zenith distance 
at  the station occupied, m the coefficient of refraction, p the radius 
of curvature of the earth’s surface in the mean latitude of the stations 
and in the azimuth of the line observed (see table on pp. 230-222), 
and A, B, and C the correction factors. 

All but three of the main-scheme lines in Figure 43 are observed 
from both ends and the differences of elevations for these lines are, 
therefore, computed by formula (1). The three lines Benton-Keele, 
Bailer-Thornberry and Thornberry-Gnmniill are observed from one 
end only and these differences of elevations niust be computed by 
fwmula (2). (Text continued on p. 159) 
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1 9 P  
5/19 1:16 

2: 19 
2: 23 

1: 24 
1: 25 

1:35 

1:39 
8 0 9  

lc42 

1:46 
1:49 
1: 51 
1:54 

2: 52 
2: 55 

Benton 

mtiq 

Eleelc 

Cupola of 
S C h o O ~ O  

Eastiw. 

. , "  . . "  I C M x U 1 - -  

1.17 2.115+0.945 -11.8 90 10 20.5 
90 10 19.0 
90 1 0 E  

18.2 90 10 06.5 

1.a 2.115+0.875 -8.6 90 08 4.7 
90 OB 05.0 

SO 08 12.6 
90 08 05.8 
90 OB= 

07.2 90 07 58.6 

1.92 2.115+0.196 -2.0 90 08 3 . 4  

90 OB 3 . 9  
90 08 25.2 
90 08 32.7 
90 OB= 

25.1 90 OB 23.5 

2115 90 0449.4 
90 04m 

53.8 

. . *  . . I  1928 Y c n I C M Y u r . .  

5/2l 1:14 &de i.9a 1 .m -0.w+7.4 90 01 56.7 
1:19 (Eelio) 90 02 02.5 
1: 24 90 01 56.2 
1129 90 01 59.0 

90 Q 58.4 90 02 05.8 

1:57 Cube 9.3%' lea75 -7.995i58.2 90 06 4.0 
a 0 9  (Eelio) 90 06 a5.6 

3 8 3  90 07 36s 
FIG. 44.-Abtract of zenith distanrss for sample computation of elevations 
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. . "  . . *  Ndm Udm Udni ' 1923 
5/28 a06 b e l o  1.92 9.575t7.655 -79.8 90 OQ 30.6 

a08 (Helio) 90 04 29.9 

2: 10 90 04 29.1 

a:= 90 OQ 08.9 

3:44 90 OQW 

5/29 3:33 90 04 16.2 

2l.6 90 Os 03.4 

5/28 a 1 8  Sere  
2:26 (Hello) 
a:a2 
3: ar 

5/a9 3:M 
a: le 
3: 6% 
a: 26 

3.61 9.575+5.965 -79.5 90 01 09.0 
90 01 M.3  
90 cn 04.1 
90 M 09.1 

90 01 07.0 
90 01 02.2 
90 00 55.2 
90 00 51.7 
90 01 03.2 89 59 43.7 

5/a8 2:s Pastings 1:24 9.575t8.335 -61.3 90 06 37.9 
3:21 (Hello) 90 06 34.5 
3:33 90 0630.1 
3: 45 90 06 57.4 

5/29 4:02 
4:lZ 
4: 22 
Q:34 

90 06 07.4 
90 06 M.0  
90 05 55.4 
90 06 01.1 

90 06 18.8 94 06 17.5 

FIG. ~.--.4bstract of zenith distan es for sample computation of elevations-Continued 
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DATE ROVE 

1923 
6/22 a06 

2: 09 

2: 12 

a16 
2: 20 
2:s 
a40 

a46 

3: 02 
3:lO 

4: u? 

OUUX 0 8 5 E l S D  

*re 
(Hello) 

k t - 6  

(Eello) 

Cube 
(Hello) 

Monument 
(gello) 

Cupola of 
Schoolhouse 
IIastlnga 

Ardm 

a.61 

1.24 

9.37 

1.91 

. # "  . I "  xgn h2kn 

2.125 -1.485 t20.2 90 01 3S.8 
90 01 36.4 
90 ol- 

34.4 90 01 64.6 

2.125 tO.885 -15.6 90 Oa 377.8 
90 Oa 30.0 
90 02 37.0 
90 02- 

34.3 90 02 u.7 

2.125 -7.245 +74.9 90 06 04.9 

90 06 52.8 
90 05 54.9 
90 05 57.5 90 0712.4 

2.125 *.a5 -2.2 90 02 03.4 
90 02 04.6 
90 01 58.6 

02.2 90 02 00.0 

2.125 90 00 32.8 
90 0026.rl 

29.6 

FIO. M.-Abtract of zenith distanfes for sample computation of elevations-Continued 



DATE Uaun 

1923 
5/24 1:n 

1:34 

1: 40 

1:47 

1:50 
1:52 

2: 06 
2:12 
2: 15 

2: 47 
2: 50 
2: 59 
3: 24 
3:40 
3: 37 

5/26 2:40 

a45 
3: 52 

5/24 8:22 
2: 25 

' 227 

5/26 2857 

3:w 
3:19 
3:30 

5/24 4 8 4  

5/25 3:26 
4: 54 

3:m 

ODrfZcI OmSWED 

ldomunent 
(&lib) 

Keele 

(Hello) 

Bailer 
(Eel io) 

Byers 

(Eel io) 

Cube 

Lee 

(Eelio 1 

cupola 
Schoolhouse 
Hastings 

Yam, Yam l f d w  . , "  . , "  
La1 1.W -0.%5t4.5 90 02 32.3 

90 02 41.5 

90 02 32.1_ 

35.3 90 02 39.8 
1.92 1.445 -0-475f8.4 90 03 26.1 

90 03 26.9 . 

90 0 3 u  

26.9 90 a 35.3 

1.n 1.445 N . 8 5  -2.7 90 04 37.9 
90 04 43.9 
90 04m 

42.0 90 04 39.3 

3.61 1.445 -2.165W.7 90 02 16.4 

90 02 24.9 
90 02 16.7 
90 02 13.4 
90 p2 03.4 
90 02 11.9 

90 02 23.2 

90 02 15.7 
90 0 2 1 3 . 5  

15.4 90 02 43.1 

9.37 1.445-7.925+58.3 90 07 41.3 

90 07 89.0 

90 07 47.6 
42.6 90 6e 40.9 

1.09 1.445to.355 -3.1 90 04 60.1 

90 04 53.6 
90 04 55.2 

90 04- 

54.8 90 04 51.7 

1.445 89 53 05.9 
89 52 59.0 
89 52 51.8 
89 52 53.5 

89 52 57.4 
FIG. 44.-Abstract of mnith distances for sample computation of elevations-Continued 



COMPUTATION AND ADJUSTMENT OF ELEVATIONS 153 

OBIZC? 

-0 
DATE 1100. O n r r c r ~ w r s w  .::& 

Hdnr 1923 
SI30 1:23 Cube 9.37 

1:U (Hello) 
1:37 
1: 43 

13% B a i l =  1.P 
a00 (Hello) 
2: 06 

2: ii 
al3 
ais 

5/31 1:35 
1:40 
1:45 

a27 Wrnberry S.Ol 

(Hello) 

614 1:55 
a00 
2 o p  

5/81 2:s h e l e  1.92 

(Hello) 

2 5 6  Hastiwe 1-24 

3:w (Hello) 

614 2:s Lee 8-12 
2:m ('Eop'pf s t d 6 . P  
2:44 .(Hello) 6.2l 

. o m  . . *  Huri  Jfdm 

3.815 -5.555t74.1 90 06 58.6 
90 01 05.7 
90 06 54.5 
90 06 66. 7 

90 06 S . 6  90 08 12.7 

3.815+2.605 -33.2 90 05 42.5 
90 05 33.4 
90 rn 25.8 

90 05 35.1 
90 05.30.4 

90 05 39.4 
90 05 44.4 

90 05 47.8 
90 0 5 4 5 . 6  

3.915 +o.a05 -9.0 90 04 a . 0  

38.2 90 05 06.0 

90 0436.7 
90 04 36.5 

90 04 20.5 
90 04 29.8 

90 0435.3 
32.0 90 04 Za.0 

3.815 4.896 -25.8 90 06 02.1 
90 06 06.3 

90 0OI.s 
03.3 90 M 37.5 

3.815 +2.575 -32.9 96 05 47.7 

90 05 48.2 

90 c6g& 
47.9 90 05 15.0 

3.815 -2.305 *ne0 90 04 40.7 90 05 01.7 

-2.395 +P.8 90 04 46.8 90 05 08.6 

90 04 51.8 90 05 

90 05 oB.0 

FIG. 44.-Abstract of zenith distances for sample computation of elevatiom+Continued 
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2342 BJrarr 
a46 (Helio) 
2: M) 

2855 Rastinga 
a00 (Helfo) 
a05 

3:12 Zee 

a 1 7  (Helio) 

3: 2 l  

Ydm B&W * . . *  

3.01 1.415 -1.595 425.7 90 01 16.8 
so a 18.1 
90 a&& 

18.1 so 01 43.8 

3.61 1 .45  -2.195 +28.0 90 W 24.6 

90 02 29.2 
90 O a E  

26.3 SO 02 64.s 

1.24 l.4l5%o.175 -2.0 90 05 01.5 

90 04 59.7 
90 04 55.1 
90 04 58.8 90 01 56.8 

1.09 1.815**325 -1Q.2 89 50 56.1 

89 58 51.8 
89 5048.9 

52.3 89 68 42.1 

FIO. 44.-Abstr& of zenith distances for sample computation of deV8tioM-Conthued 



Dam 

. . *  . . *  dmm YdmJ Y d m  1923 
6/5 a 1 0  Byers 3.61 6.415 +2.305 -25.6 90 06 15.5 

a 1 5  (Relio) 90 06 2l.3 
ala 90 06- 

19.2 90 05 53.6 

2:25 Bailer 1.B 6.415 t5.205 -164.0 90 07 53.2 
2:29 (Hello) 90 07 55.2 

a34 90 0759.4 
55.9 90 05 11.9 

2: 43 t~iil 9-25 6.415 -2.815 +45.7 89 58 47.0 89 59 32.7 
(Top of 8tand)g.M -2.725 C44.2 89 58 43.4 89 59 27.6 

2: 52 9 -14 89 58 35.5 89 59 19.7 
3: 00 9.14 89 58 23.5 89 59 07.7 

4:oo 9.14 89 583325 
33.5 89 59 2l.l 

.3:13 Wlllis 1.77 6.415 i4.645 -65.8 90 00 23.1 

8 : s  (Belio). 90 00 28.2 
a: 31 90 0029.4 

26.9 89 59 P e l  

3:50 m0rnb-Y 3:Ol 6.415 t3.405 -49.3 90 04 23.5 
3:52 (Rello) 90 04 31.1 

3: 56 90 04- 
29.4 90 03 40.1 

4 ~ 1 0  Bastings 1.24 6.415 t5.175 -4545.7 90 07 25.4 

4: 28 90 07 23.2 
4:13 ( B l i o )  90 07 33.3 

4: 34 90 07- 

29.3 90 06 43.6 

5:w School Rouse 6.- 90 05 41.4 

5:40 top, Hasting9 90 05 43.L 
42.2 

FIO. 44.-Abstract of zenith distances for sample computation of elevations-Continued 
4586lo-3L11 
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1923 
6/1 1 : s  Erere 

1:56 (Helio) 
2: 02 

2:07 Lee 
a 1 1  (Relio) 
2:19 

a29 Cashion 
2:34 (Hello) 
2: 37 
a48 
2cz3 

3:m Garmlill 
3:08 (Eelio) 

3:12 

3: 20 

3:30 Willls 
3:45 (Toil of stand) 

2c 50 

. . I  . . "  M m s  W a  Maem * 

3-61 3 .P5  -0.395t4.4 90 04 a4.4 

90 04 35.5 
90 04 &Q 

33.6 90 04 m.0 

1-09 3.215 +2.125 -30.0 90 04 47.4 

90 04 44.7 
90 0448.3 

46.3 90 DQ 16.0 

1.16 3.P5 +2.&5 -37.5 90 02 28.3 
90 02 34.0 

90 02 26.6 
90 02 35.3 
90 02 u.2 

28.6 90 01 31.1 

9.23 3.215 -6.015C71.8 90 00 01.3 

90 00 05.9 
90 M) 14.1 

90 00 
06.4 90 01 13.2 

89 55 37.5 
89 55 40.5 

39.2 E9 55 04.2 

FIG. 4.-Abstract of zenith distances for sample momputstion of elevations-ContinWd 
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. . *  . . I  1923 ydrn lmm YUI = 
6/6 1:56 Oannnill 9-23 1.975 -7.255 $147.6 90 01 2l.7 

2:Ol (Eello) 90 01 24.0 
2: 05 90 Qla 

23.7 90 03 50.3 

2:12 Lee 6.P 1.975 -4.236+60.0 90 06 48.1 
2:19 (Hello) 90 06 40.4 
3: 09 90 06 

48.9 9n 07 48.9 

2:55 Cashlon 1.16 1.975 H.815 -20.8 90 08 22.0 
2:s (Bello) 90 08 'Q.8 
3:02 90 0 8 2 2 . 8  

%.a g o '  08 OIR 
6/7 8:lO (Llat) 1.26 1.975 +Om715 -18.3 SO 07 56.7 

8:aO 90 07 50.9 
8:25 90 07 46.9 
9:15 90 0745.9 

50.1 90 07 31.8 
29.6 

8:40 '&omberry 3.11 1.975 -1.13M.9 90 07 54.1 
8:45 (Light) 90 08 01.0 
8:52 90 08 16.7 
9:oo 90 08 13.5 
9:05 90 08 13.6 
9: 08 90 08 08.8 

90 08 08.0 90 08 33.9 
29.6 

90 09 03.5 
- 

FIG. 44.-Abstract of zenith distances for sample computation 01 elevations-Continued 
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N&m UIlnl Xdm a . . "  . . *  1.23 
6/10 4:49 Lee 6.12 9.435t3.215 -53.8 90 07 26.0 

5: 14  90 07 
5:12 (Top of stand) $0 07 28.8 

29.0 90 06 35.2 

5:86 Willis J.6E 9.4354-7.755 -157.8 90 03 36.3 
5:30 (Top of stand)  90 03 36.2 
5:81 90 03 3a.8 

35.4 90 00 57.6 

11-81) 

DAIE HOUE 

1923 
6/%1 1:07 

1 : l O  
1:14 

1: 25 
1:35 
l:40 
1:49 

4: 26 
4:s 
4: 41 

on+rcr onsrrm, 

Willis 

(Helio) 

G d l l  
(Helio) 

Thornberry 
(Helio) 

1.77 1.865 -0.w10.3 09 56 21.3 

89 56 14.0 
89 56 16.0 

17.1 09 56 21.4 

9.23 1.365 -7.865+9a.z 90 01 4.1 
90 01 53.0 
90 G l  45.0 
90 01 36.0 

90 01 42.3 
-13.9 90 M 16.2 

3.01 1.365 -1.645+30.0 90 04 01.1 
90 03 59.6 
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FIG. 44.-Aixtract of zenith distance8 for sample computation of elevations-Continued 
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COMPUTATION OF ELEVATIONS AND REFRACTIONS FROM RECIP- 
ROCAL OBSERVATIONS 

Forni 29A is used in computing differences of elevation from 
rec.iproc.al observations. (See fig. 45.) The coefficient of refraction, 
m, which is needed in coniputing the nonreciprocal observations is 
also obtained on this forni. The computations for all the reciprocal 
lines are given in Figure 45. 
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FIG. 45.-Computatlon of elevations and refractions from reciprocal observations 
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FIG. 15.--Computation of elevations and refractions from reciprocal observations-Continued 
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FIG. &.--Computation of elevations and refractions Irom reciprocal observations-Continued 
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FIG. 45.-Computation of elevations and mfractions from reciprocal observations-Continued 



COMPUTATIOK AND ADJUSTMENT OF ELEVATIONS 163 
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FIQ. 45.--Computntion of elevations and refractions from reciyrod observations-continued 
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EXPUNATION OF COMPUTATION 

The mean corrected zenith distances, l1 and 12, are taken from 
Form 29. Log 8, the logarithm of the length of the 
given line, a, the azimuth of the line, and “niean 4” the niean latitude 
of the two stations concerned, are obtained from the list of geo- 
graphic positions. If the list of positions has not been made out, log s 
can be obtained directly froni the triangle coniputations and Q and 
“mean 4” from the position computations. 

The following rules should be observed: Carry all angles to tenths 
of seconds only, and all logarithnis to five decimal places only except 
“2 logs” and “9 - 2 logs” which should be carried to four decimal places 
only. If the zenith distance is to some indefinite object, such as a 
niountain peak for which there was no well-defined point on which to 
sight, the angles should be carried only to even seconds. The 
quantity b - h l  should be carried to centimeters only. Log (0.5-m) 
should be computed to five decimal places and (0 .5-m)  to four 
decimal places. The weights should be carried to two decimal places. 

To convert % (12 - SI) froni minutes and seconds, to seconds, use the 
tables at  the bottom of pages 2-185 of the Vega Logarithmic Tables. 
The logarithm of tshe value in seconds and the corresponding value of 
Tare found on the same page as the conversion, in each case, and 
should be taken out at  the same time. Log [s tan % (12-11)] is the 
sum of the three logarithms next above it. Log -4, log B, and log Care 
obtained from the tables on page 232, which are self-explanatory. 
The sum of these three logarithms and log 1s tan 92 (12- 11)] gives 
log (?& - hl). The elevation hl in each case is obtained from preceding 
computations. 

The relative weights to be assigned to the various values of h2-h1 
in the least squares adjustment are inversely proportional to s‘, and 
for convenience are computed by the forniula log p = 9 - 2  log s, as 
shown on the coniputation directly below ?&. By this formula a 
line 31.6 kilometers long is given unit weight. 

After the value of ha and its weight, p ,  have been determined, the 
coefficient of refraction is computed by the formula, 

(See fig. 44.) 

0.5-m= ( l l  + 12- 180°)p sin 1” 
2s 

in which m, the coefficient of refraction,is the ratio of the mean angle at 
the two stations, between the tangent to the line of sight and the chord 
joining the two stations, to the angle between the lines of gravity a t  
the two stations. The azimuth Q of the line and the mean latitude, 
4, of the two stations are taken out to the nearest tenth of a degree 
only. The radius of curvature, p, is taken from the tables on pages 
220-222 with a! and “mean 4” as arguments. The relative weight, 
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p, to be assigned to each determination of (0.5-m) is proportional 
to sa. The logarithm of s2 (or 3 log s) has already been taken out 
for use in computing the relative weights of (h2 - hl). As the numbers 
corresponding to (2 log s) would usually be large quantities, it is 
cus toniq  to divide them by a power of 10. For example, in the 
computations shown above they are all divided by lo8. The value 
of (0.5 - m) is only for use in computing elevations from nonreciprocal 
observations and need not be computed unless such observations are 
made. All values of (0.5 - m) which are greater than 0.5 or which are 
nearly 0.5 should be rejected. 

After the elevation of a given station has been determined from 
two or more stations, the weighted niean should be taken before it 
is used in determining the elevation of some other station. For 
exaniple, the elevation of Keele (fig. 45) as determined froiii Monu- 
ment is 311.11 meters with a weight of 3.45, and as deterniined from 
Cube is 310.88 with a weight of 3.51. The elevation to be used for 
Keele is found as follows: 

3.45 >(: 3 11.11 = 763.2195 
2.51 X 310.88 = 780.3088 
4.96 1543.5383 

1542'5383 =310.99 meters. 4.96 

This elevation is placed at  the bottom of the computation for Keele. 
The elevations of the other stations are obtained in a similar manner. 

After the elevations of the various stations connected by reciprocal 
.observations have been determined and the value of (0.5 - m) obtained 
at each, the differences of elevation for the nonreciprocal observations 
are computed. 

COMPUTATION OF ELEVATIONS FROM NONRECIPROCAL OBSER- 
VATIONS 

The formula; for computing elevations from nonreciprocal observa- 
tions is given on page 148. This formula may be rewritten in the 
forn1 

& - hl = s cot (rl - k) ABC'= s tan (90'- {I+ k) ABC 

(0.5-m) s where k= The quantity, rl, is the mean observed zenith 
distance of the object sighted, no vertical eccentric reduction being 
made in the case of nonreciprocal observations. The other quan- 
tities in the forniuls have already been defined. 

sin l,r. 
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Form 29B is used for computing differences of elevation from 
nonreciprocal observations. (See fig. 46.) The quantities cl and 
( t -0 )  are obtained from Form 39. (See fig. 44.) The quantities 
log s, a and mean are all obtained from the list of geographic 
positions, or from the triangle and position computations. Colog p 
is determined by subtracting the value of log p as taken froni the 
tables on pages 220-233 from 10. Log A, log 23, and log Care obtained 
from the tables on page 333. The value of (0 .5-m) is obtained 
from the computation of the reciprocal observations involving the 
same station. For example, for the Observations on station Keele 
from station Benton the (0.5-rn) used should be a weighted mean 
of the (0.5 - m)’s as determined in the computations of the reciprocal 
observations involving Benton. I t  happens in this case that the 
elevation of Benton was fixed to start with and as t,here were no re- 
ciprocal obsewations from this station there are no computations 
of (0.5-,m). The log value, 9.63346-10, given on page 63 of 
Special Publication No. 36, was therefore issued. 

In the c.omputation of the nonreciprocal observations on Thorn- 
berry froni Bailer, the log (0.5-m) is obtained as follows: In Figure 
45 it is seen that (0.5 -ne) was determined three times in the coniputa- 
tion of the reciprocal observations involving station Ba.iler. In  the 
Hastings-Bailer computation the value determined is 0.4923, and in 
the Bailer-Lee coniputation it is 0.5524. As the value is very close to 
0.5 in one of these computations, and in the other it is greater than 
0.5, these values are rejected. In the Byers-Bailer coniputation the 
value is 0.4573 and this is the one used, the logarithm being 9.66031. 

In the computation of station Ganimill from Thornberry, the value 
of (0.5--12) is obtained as follows: The value of (0.5--.m) for station. 
Thornberry is deterniined four times in the coniputation of the recip- 
rocal observations in Figure 45. For the Lee-Thornberry line tshe 
value of (0.5-m) is 0.5154 and for the Thornberry-Cashion line 
it is 0.5222. Both of these values are rejected since they are greater 
than 0.5. For the Byers-Thornberry line (0.5-m) is 0.4531 with a 
weight of 3.43, and for the Thornberry-Willis line it is 0.4337 with a 
weight of 0.82. The weighted mean value. is then 

(0.4531 X 3.43) + (0.4337 X 0.E) 
-= 0.4466. 3.43 + 0.82 

The log of this value, 21.64992- 10, is used in the computation of the 
elevation of Gamniill from Thornberry. 
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FIG. 46.-Computatiin of elevations from nonreciprocal observations 

LEAST-SQUARES ADJUSTMENT OF DIFFERENCES OF ELEVATIONS 

After all differences of elevations have been computed, both from 
the reciprocal and the nonreciprocal observations, and their weights 
determined, the nest step is the adjustment of these differences of 
elevation by the method of least squares. An esample of such an 
adjustment, from the formation of the equations to the determination 
of the final elevations, is given in detail on the following pages for the 
differences of elevation represented in Figure 43. 
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The adjustment of vertical observations is niade by means of 
observation equations. Elevations in even nieters approsimating the 
final values are first assunied for the different stations. To these 
assunied values axe added x’s to be determined by the adjustment. 
Then observation equations are formed by coniparing the differences 
of the sssuniecl elevations with the differences determined by 
computation. 

In the first one of the following tables are given the stations already 
fixed in elevation and their elevations. In tho second table are given 
the names of the stations whose elevations are to be fised by the 
adjustment and in the second column of this table their assunied ele- 
vations and correction symbols. The last two columns of this table 
are filled in after the adjustment is completed. 

If any of the stations of the scheme have been determined in ele- 
vation directly froin first-order leveling their elevations should be 
held fixed in the adjustment. The mathematician making the adjust- 
ment should be very careful at the start to ascertain whether there are 
any direct connections with first-order leveling. 

Fized elelutions 

Monument _ _ _ _ _ _ _  
Benton _ _ _ _ _ _ _ _ _ _ _  
Cube _ _ _ _ _ _ _ _ _ _ _ _ _  
Osmmill_________ 
Cashion _ _ _ _ _ _ _ _ _ _  

I I I Elevation 

329.90 
301.10 
295.80 
333.35 
324.65 

Station - 
Meters 

Keele .___________ 
Hastings _ _ _ _ _ _ _ _ _  
Eyers _ _ _ _ _ _ _ _ _ _ _ _  
Bailer-- _ _  _ _ _ _ _ _  - 
Lea _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Thornberry-.--.- 
Willis _ _ _ _ _ _ _ _ _ _ _  

dlrlrrs 
311+r1 
313-F.r~ 
319frr 
314+rr 
320-l-Is 
3?1+m 
339+n 

Feet 

1, W. 3 
ggs. 8 
9w. 3 

1.093. i 
1.065. 1 

Assumed  id adjusted eleaations 

Eleontion I 
I Adjusted 1 1 Assumed. Station 

plus cor- ~ I 1 MeWrs 

310.41 
312 81 
315.47 
313.80 
319. i 5  
319.90 
338.05 

Feet 

1,OlS. 4 
1,036.3 
1,011.8 
1, os. 9 
1,019.0 
1 019.5 
1: 109.1 

1 This column is filled in after the adjustment is completed. 

FORMATION OF OBSERVATION EQUATIONS 

There are just as many observation equations as there are computed 
They are tabulated in the form shown differences of elevation. 

below. 



Formation of observation equalions 

i 

Station 1 Station 2 

- 

- 
1 
3 
3 
4 
5 

6 
7 
8 
9 

10 

11 
12 
13 
14 
15 

10 
17 
IS 
19 
30 

31 

23 
24 

22 

- 

Weight 
P 

Monument __________.____ 
Benton 1 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Cube _ _ _ _ _ _ _ _ _ _ _  ._________ 
Monument _ _ _ _ _ _  _ _ _  ._ _ _ _ _  
Kee.le _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Cube _ _ _ _ _ _ _ _  _ _ _ _  _ _ _ _  ~ _ _ _ _  
Hastings _ _ _ _ _ _ _ _ _ _ _ _  ~ _ _ _ _  
keela _ _ _ _ _ _ _  _ _  _ _ _ _  ._.____ 
Cube _ _ _ _ _ _ _ _ _ _ _  _ _  _ _ _ _  _ _ _ _  
Hastings ___________._____ 

Byers ________. __________. 
Hastin- -.. . __. - _ _  - -. - _ _ _  
Bailer-.. __________.____._ 
Byers ... _ _  _______. _ _ _ _ _  _ _  
Lee-. _ _ _ _ _ _ _ _ _ _ _  ._____. _ _  
Bailer 1 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Byers ___________. -. ___. _ _  
~ e e  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Thornberry ________.____ - 
Lee . . . . . . . . . . . . . . . . . . . . . .  
Thornberry I - - -  - - - - _ _  - - _ _  
Willis ______________._____ 
Willis ______________.____ 
Thornberry ________._____ 

Keele ______.______________ 
Keele __._________ _ _ _ _ _ _ _ _  
Keele _ _ _ _ _ _ _ _ _  - _______. ~ _ _  
Hastinp _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _  
Hastings _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Hsstings .__. ________. - _ _ _  
Byers .____ _ _ _ _ _  _ _ _ _ _ _ _  _ _  - 
Byers _ _ _ _  _ _ _ _  _______._ _ _ _  
Byers .____. _ _ _ _  -. _ _ _ _ _ _ _ _  
Bailer _______________.-___ 
Bailrr .___ _ _ _ _ _  ~ 

Lee _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ____.___ I 
Lee _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ - _ - - _ _ _  
Lee.. _ _ _ _ _ _ _ _ _ _  _ _ _ _  .--___ 
Thornberry ._______ --__  _ _  
Thornberry .______-_-____ 
Thnrnberry . _ _ _ _ _ _  ._ - _ _ _ _  
willis ________________.___ 1 
Willis ._______ _ _  ._________' 
Oammill ... _ _ _ _ _ _ - - - - _ _ _ _  
Oammill.. _ _  - - - - - - - - - _ _  _ _  
Gammill. - _ _  - --- _ _ _ -  _ _  _ _  
Cashion _ _ _ _ _ _ _ _ _ _ _ _ - - _ _ _ _  
Cashion _ _ _ _ _ _ _ _ _ _ _ _ _ - _ _ _ _  

2 45 
1.45 
2.51 
2.35 
7.30 

1. n 
3. 85 
4. s-4 
4.1s 
3.05 

3.83 
1. & s. 33 
1.96 
4.94 

2. w 
2.93 
4.72 

12.23 
6.19 

1. 12 
9.73 

15.32 
7.82 

Lssumed 
.itTerence 

Of 
Jevation 

hr-hl 

-18.90 
+9.m 

+12.30 
-16.90 
+2.00 

4-14.29 
+6. co 
+8.00 

+l. 00 

-5.00 +zoo 
+6.00 
+l. 00 
+l. 00 

+7.00 
+3.w 

+IS. 00 +1s. 00 

+12.35 
-5.65 

-14.35 
4-3.85 

+?o. m 

4-13.35 

Ibserved 
iRerence 

Of 
ilevation 
hs-hl 

-1879 
-'.a. w 
t 12.08 - 10.29 
+?. 1; 

-. 

4-13.82 
+5.94 
+B 10 

+19. OB +. ii 
-5.13 
S6.34 
+e. I9 
+?. 50 
+l. 24 

+532 +. 67 
+17.92 
+ I 9  40 
+13.37 

+14.39 
-4.35 

-13.59 
+4.37 

Assumed 
minus 

observed 

-0.11 
$3.36 +. 13 -. 61 -. 17 

+. as +. 06 -. 20 
+ I .  11 +. 23 

+. 13 +. 06 -. I9 
-1. SO 
-. 2.4 

+l. 68 
+l. 33 
+I. o# -. 40 -. 02 

-3.04 
-1.40 -. 70 -. 73 

Symbol 

+XI 
+ I 1  
+TI 
+I2 

-n+rz 

+X2 
-xP+Is 
-n+n 

+n 
-z?+.T1 

-n+rr 

-n+x5 
-ra+rs 
-IS+IE 

-r,+ra 
--+In 
-z5+n 
-I@+T7 

-x5 

-X1  
-T i  
-Ti 
- I 6  

- I?+X5 

_- 
Ldlusted 
iRerence 

01 
devation 

hz-hi 

- 19.49 
+901 

+11.01 
-17.09 
+3 40 

+la 01 
+5.66 
+8 06 

+l0.67 
t. 7s 

-4.87 
+0.94 
+E. 15 
+I. 3s +. 15 

+6.30 
+l. 13 

+I& 30 
+IS. 1s 
+13.80 

4-13.45 
-4.70 

-13.40 
+4. 75 

Adjusted 
minus 

observed 
I? 

1 Computed from nonreciprocal observstions. Weight used here is one-third of that determined by the computation on p. 167. 

-0.70 
+?. 77 -. 47 -. so +. 23 
+. I9 -. 2s -. 14 +. 58 +. 03 

+. 20 +. 60 -. 01 
-1.33 
-1.09 

+. 98 +. 76 +. 38 -. 35 +. 23 

-. 94 -. 45 +. 19 +. 38 

- 

p s  

-1.72 
+4.0? 
-1.18 
-].YO 
+l. os 
+. 24 

-1.09 -. 61 
+?..I? 

+.OB 

+. w 
+l. 10 -. 63 
-2.39 
-5.35 

+2.00 
+ 2 . 2  
+I. 79 
-3. OB 
+l. 43 

-1.05 
-4.38 
+291 
+2.97 

- 

0.4800 
7.6739 
.m 
.8100 
.05% 

.0361 . om 

.0196 

.3361 

.ooo4 

.0676 

. 3 m  

.0010 
1 . 4 w  
1.1891 

.w 

.5770 

.I444 

.Of325 

.0?59 

. a 3 6  

.XI25 . W01 

.1w 

In pr? 
- 

1. m5 
L1.1357 

. 5 2 5  
1.4400 
.3s63 

,0459 
.301s 
.os51 

1.4061 
.0012 

.6624 

.03;3 
3.9173 
5.8693 

1.9593 
1.6866 
.@I% 
.;ti44 
.32i5 

.9S96 
1.97w 
.em1 

1.1392 

16.3529 

.2sa 

- 
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The data in the second, third, fourth, and sixth columns are 
obtained directly from the coniputations of the differences of eleva- 
tions in Figures 45 and 46, except that where the difference of ele- 
vation, ha - hl, is determined from nonreciprocal observations the 
weight, p ,  used in the adjustment is one-third of the weight determined 
in the computations. The quantities in the fifth colunm are obtained 
from the data given in the tables of fised and assumed elevations on 
page 16s. 

The observation equations are formed in the following manner: 
First, take the equation for the difference of elevation of Monument 
and Keele. 

(1) Monument, fised elevation =339.90 
(2) Keele, assumed elevation + correction = 31 1 +sl 

h., - hl (assumed) 
It., - h, (observed) 

assumed -observed 
~~ 

= -0. l l + s l - r l = O  
2*1= -0.llS;r.l (1) 

For the difference of elevation of Benton and Iceele, we have 

(1)  Benton, fixed elevation 
(2) Keele, assunied elevation -t correction = 31 1 

= 301.40 
+sl 

ha - hl (assumed) 
h2 - h1 (observed) 

assunied -observed 

The other 22 observation equations are formed in a siniilar manner. 
The constant terps of the equations (-0.11 in equation 1, 1-3.36 in 
equation 2, etc.) are placed in the colunin ‘‘Assumed minus observed” 
and the symbols for the unknown corrections (+zl in equation 1, 
+zl in equation 2, etc.) are placed in the column “Symbol.” 

After the first eight columna of the preceding table of observation 
equations are N e d  in, the table below in wliich the observation 
equations are written in horizontal lines with the c ’ s  in their respective 
columns is made out for convenience in forming the normals. In 
the second column of this table are given the weights, 21, and in the 
third column the constant ternis, N, of the observation equations. 
In the last column the products, p N ,  are given. 
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- 
1 
2 
3 
4 
5 

6 
7 
8 
9 
10 

11 
13 
13 
14 
15 

16 
17 
1s 
19 
20 

31 
23 
23 
24 
- 

1 
2 
3 
4 
5 
6 
7 

COMPUTATION AND ADJUSTMENT OF ELEVATIONS 

Data f o r  formation of iwrmnl cpicnliuns 

+la06 -7.30 -4 .a  _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _  _ _ _ _  ~ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _  +7.oin +13.4?37 
+19.56 -3.95 -3.05 -1.84 ____...-- - _ _ _ _ _ _ _ _ _ _  -4.2778 -.757S 

M1.07 -3.S? -l.% -2.93 _ _ _ _ _ _ _ _ _ _  +3.56% +6.7428 
W9.24 -23.33 -2.04 - - _ _ _ _ _ _ _ _  +?.2036 +2.?036 

+42.!% -4.94 -4.7? -9.9465 -3.7565 
+31.07 -12.B +lS.fBM +37.8724 

+43.00 +3.470S +50.5%38 
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P 

2 45 
1.45 

2.26 
7.30 

1. ?7 
3. a5 
4.34 
4.1s 
3.05 

3. s2 
1. M 
23.33 
1.9G 
4. lM 
3.01 
3. g:! 
4.73 
12.3 
6. 18 

1. l? 
9.73 
15.33 
7,s 

a. 51 

N 

-0.11 
+3.36 +. 13 -. 61 -. 17 
+. 3s +. OG -. ?O 

+l. 11 +. 23 
+. 13 +. G6 -. 19 
-1.50 -. 54 
+l. 68 
+l. 33 
+l. os -. 40 -. 0'3 

-2. n4 
-1. 4n 
-. it3 -. 73 

-0.24% 
$4. Si20 +. 3012 
-1.3735 
-1.2410 

+. 4s?6 +. 2310 -. 8680 
+1.6398 +. 7015 
+. 4906 
$1.2144 
-4.4337 
-?. 9400 
-1.1856 

+3.4?7? 
+3. as36 
+Lo976 
-4.8930 -. 1% 
-2. ?a43 
-13.6?20 
- 11.6432 
-5.6304 

FORMATION OF NORMAL EQUATIONS 

The nornials are formed in the same manner as for condition 
equations (see p. ll), esc.ept that the pi'? values are multiplied by 
the coefficients in each numbered colunin in turn and the sums taken 
for the constant ternis in the normals. For example, the constant 
term of the first nornial equation is (+ 1 >: - 0.3695) + (+ 1 X + 4.8720) 
+ ( t 1 X + 0.3013) + (- 1 X - 1.3410) + (- 1 X - 0.8680) = - 0.2695 + 
4.8730 + 0.3012 + 1.2410 + O.SGS0 = + 7.0137. 

a similar manner. 
below. 

The constant terms of the other qorninl equations are obtained in 
The complete set of normal equations is given 

Nornml cqttatioiis 

'I I 
45661"-34-12 
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SOLUTION OF NORMAL EQUATIONS 

These normal equations are solved in the same manner as the 
(See normal equations for the adjustment of horizontal directions. 

6 5 

-0.61255 +0. 22268 
-.07843 - . 2 W  -. 40920 -. 106% 

~ - - . l a  
-1.10017 
-1.10 -.%W 
r6 -. 25 

a 

p. 38.) 

3 2 1 

-0.20745 +0. 08r181 -0.33851 
--.10641 --.07308 -.12655 -. 1715 -. 02148 -. 07740 
-.03531 -.I7764 -. 59246 
-.53333 -.19139 -.59 -. 53 -. 19 I 1  
ra I? 

The complete forward and back solutions are given below. 
Solution of raormal equat;ons 

2 

-7.30 +. 40143 
-19.56 
-2.9523 

-16. BOn 

-- 

n 

1 
2 

4 

-0.39783 

-. 39783 -. 40 
I 4  

3 

-4.34 

-3.95 
-1.7552 

-5.6052 

-21.07 
-1.0435 
-1.8918 

-1% 1347 
z1 

2 
3 

+. 24044 

+. 33751 

7 

-0. $9674 -. 05794 

-. 9%63 -. 95 
R 

-1.84 +. 11079 
-1.96 
. - - - - - - - -. -. 6210 

-2.5810 +. 14232 
-42.9s -. 2039 -. 3673 

-42.4058 
I5 

3 
5 

-5.3533 -4.72 +. 1263 +. 11130 
-31.07 -12.23 -. 4702 _ _ _ _ _ _ _ _ _ _  
--.6764 -.5Wl 

-~ 

i+42 00 
5 1 -.5?.% 
6 -5.4976 I 

+35.9;71 
21 

a 
3 
5 
6 
7 

-3. o;, 

-3. $2 

-1.0294 

-4. 8494 

+. 13365 

._________ 

+. 28741 

-. 3379 -. 6902 

-24.3531 +. 57436 
-2. M -. 7808 
-3.0760 

-5. $968 

-23.33 

+. 19706 
_ _ _ _ _ _ _ _ _ _  
-2.7110 
-2 5275 

-5.2385 +. 14561 

-. .m1 
-1.296s 

- 1 3 . W  
-1.1620 -. 76% 

+14.4sso 

+32 24 

I 4  

rl 

+7.0127 -. 38851 
-4.277s 
+2 8361 

-1.4417 +. 08681 
+?. 5626 
+I. 6861 -. 481 
+3.7621 - ,20745 
-9.9465 -. 1597 +. 5354 

-5.4971 
+3.6120 
+4.6976 

+r 7573 -. 397% 

t13.4227 

-. %lW 

+l. 5iM 

t11.5464 

-3.7565 +. 5155 
4-1.6433 

- ,63670 

-1.595; 

i-27. 8 iW 
+l. 8592 -. 2015 

+. 03ioC 

-1 f12.6576 

+. 8578 
$3. OSi6 -. 9165 
+5. 8193 
+9.1733 

The values of the z’s obtained from the hack solution are the quan- 
tities to be added to the assumed elevations to give the adjusted 
elevations which are placed in the third column of the table on page 
16s. These elevations which are in meters are then converted to 
feet for the last colunin to the right of the same table. 

After the final elevations of the various stations have been deter- 
mined, the remainder of the columns in the table on page 169 are 
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filled out; that is, all the colunms to the right of the one headed 
“Synibol.” The column headed “Adjusted difference of elevation 
b- hl” is filled out froni the data in the tables on page 168. Each v 
in the nest column is simply the adjusted (h2-hl) minus the ob- 
served (h2 - h,) and is obtained by subtracting the quantity in column 
6 from the corresponding quantity in column 9. 

The column headed pv is obtained by multiplying colunm 10 by 
column 4, and the colunw. headed pv3 is obtained by multiplying 
column 12 by column 4. 

As a check on the coniputation the sun1 of all the pv’s for any st& 
tion in columns 2 and 3 should equal zero, except for a possible dis- 
crepancy of a few hundredths due to dropping decimal places in 
adopting values for the 5’s. In computing this check the sign of 
the z must be taken into account. For example, for station Keele, 
correction symbol zl, we have 

ZpV=(+lX-1.72) + ( + l X + 4 . 0 2 ) + ( + 1 X - l 1 . 1 8 ) +  (-1X + 1.68) + (- 1 X -0.61) = - 1.72 +4.02- 1.18- 1.68+ 0.61 = + 0.05. 

For station Hastings, correction symbol x2, we have, 

Zp= (+ 1 X - 1.80)+ (+ 1 X + 1.6S)+ (+ 1 X +0.24)+ (- 1 X - 1.08) + (- 1 X +0.06) + (- 1 X + 1.10) = - 1.80 + 1.68+0.24 + 1.08-0.06 
- 1 . 1 0 ~  +0.04. 

All the remaining 8’s can be checked in a similar manner. 
COMPUTATION OF PROBABLE ERROR 

The probable error of an observation of unit weight derived from 
the adjustment is determined froni the formula: 

Probable error= f 0.6745 ~ &v?;u 
in which 3, is the number of observed zenith distances, Nu is the 
number of unknowns, and S indicates as usual “the sun1 of.” 

2’ pv2=36.3529 (See p. .l69) 
N,-Nu=24-7=17 (See Fig. 43.) 

log 36.3529 = 1.56054 
CO~OE 17=8.76955- 10 

I 

P O  

log -pv = 0.33009 
No - Nu 

l o g 4 m u =  3pu? 0.16504 

log 0.6745=9.S2898- 10 
log probable error = 9.99402 - 10 

Probable error (observation of unit weight) = f 0.99 m. 
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This means that the reciprocal observations over a line 31.6 kilo- 
meters (1933/ miles) long, this being the length of line corresponding 
to unit weight, determined the difference of elevation of two points 
with such a degree of accuracy tahab it is an even c.hance whether the 
error is greater or less than 0.99 nieber. 

It is the general practice in the United States Coast and Geodetic 
Survey to compute the probable error of the elevation for that station 
of the net which is the farthest away from a fised elevation and whose 
elevation, therefore, is least accurately determined. The probable 
error of this elevation can be very readily determined if the equation 
involving it is eliminated last in the solution of the normals. For 
esaiiple, in the net here considered the elevation of station Bailer 
is msuined to be least accurately det>erinined. The correction to the 
elevation of Bailer is designated by x4 in the adjustment, so the equa- 
tion containing z4 is eliniinsted last. 

The forniula used in coniputing the probable error of the elevation 
of any particular station is 

(See p. 173.) 

in which (p. e.), is the desired probable error of the elevation, (p. e.)l 
is the probable error for an observation of unit weight and C, is the 
weight coac ien t  of the elevation for the station in question. 

The weight coefficient for anyz is the corresponding diagonal tmi 
before division in tlie solution of the nornial equations. For x4, the 
correction syinbol for station Bailer, it is + 14.465. (See p. 172.) 
The probable error of the elevation of Bailer is therefore 

log 0.99 = 9.99403 - 10 (See p. 173.) 
log (0.99) * = 9.9ssoi - 10 
log 14.468= l.lfN41 

(0 99)? log - =S.52763 - 10 14.465 

Probable error of elevation of Bailer = f 0.26 meter. 

COMPUTATION OF ELEVATIONS OF INTERSECTION STATIONS 

Figure 43 shows that Hastings High School was not occupied, but 
was sighted upon from four stations, Monunient, Keele, Hastings, and 
Lee. After the final elevations of these main scheme stations have 
been determined, the elevation of Hastings High School niay be coni- 
puted from the non-reciprocal observations on it from the four stations. 
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(See fig. 47.) The values of (0 .5-m) used in t.his coniputation are 
obtained in talie nianner esplained on page 166. For the final elevation 
of Hastings High School a weighted mean of the elevations deter- 
mined from the four stations is taken. 

COMPUTATION OF ELEVATIONS FROM NONRXIPROCAL OasEavnnOwa 

omrment 

upola H.S 

astings 
Top 

0 1  Y 

0 04 53.0 

6.0 34.2 

9.67403 

4.25195 
3.19485 

5 . 3  1 4  4 3 

2.43526 

z12t4 
- a t 4  

1.33041, 
4.68557 
4 . w 9 5  

0.26793, 

2 

0 
0 

0. .Z6795d 

-1.85 
329.90 
+2.12 
330.17 

0.4961 
3.13 

329.38 

Keelc 

kpola A.2 

%sting 
TOP 

0 1  Y 
1 0 0  29.6 

?.5 34.2 

9.67367 
4.19443 
3.19663 
6 . 3 1 4 1 3  

2.37916 

239:4 
+209:9 

2.3P31 
4.4558 
4.194431 

1.20132 

2 
0 
0 

1. a0134 

+15.92 
310.41 
+ 2.12 

328.45 

0.6111 
4.08 

Eastirys 

%gola E.S 

IIastiUg 

Top 

b 1 .  
89 sa 57.4 

20.8 34.2 

9.66502 

3.78252 
3.19660 
5 . 3 1 4 4 3  

1.95957 

90!9 
I 

+ 513.5 

2.71054 
4.68559 
3.78252 

1.17864 

2 
0 
0 

1.17866 

+l5.09 
312.81 
+ 1.44 

329.34 

1.4350 
21.a 

Lee 

C U 2 O l a  E.! 

mtings 
Top 

,oOos' 42:2 
8.9 34.2 

9.65706 

4.4427 
3.19491 
5 . 3 1 4 4 3  

2.58067 

383) 
+39.6 

1.58669 
4.68557 
4.41427 

0.68643 

2 
0 
0 

0.68645 

+ 4.96 
319.75 
+ 6.42 
381.03 

o . in5  
1.48 

5 . 3 1 4 4 3  

- 

5 . 3 1 4 4 5  

FIG. 47.--Computation of elevation of intersection station 

As the final step in the coniputation of elevations froin zenith dis- 
tances, a table is pxpared giving the elevations of the stations, both 
in meters and feet. The devations in feet should be given to one 
less place of decimals than the elevations in meters. The table should 
be placed a t  the end of the coniputation where it niay be readily found. 
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Monument 
Benton _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Cube _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Oammill_____________________________ 
Cashion _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

U. S. COAST AND GEODETIC SURVEY 

3 3 . 9 0  1.082.3 
3 0 1 . 1  6888 
?9&60 QKk3 
333.35 1.093.7 
324.65 1,065.1 

Table of elevations 

Elevation 

Meters I Feet 
Station 

Thornberry _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  319.90 1.049.5 
Willis _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  3S.05 1, IN. 1 
Hastings High School cupola _ _ _ _ _ _ _ _  1 339.4 1 1.081 



CHAPTER 6.-SPECIAL PROBLEMS CONNECTED WITH THE 
COMPUTATION OF TRIANGULATION 

LIST OF DIRECTIONS WITH SOME DIRECTIONS PREVIOUSLY FIXED 

It frequently happens that in making out a list of directions for 
B. particular station, some of the directions from the station have 
already been fised from previous adjustments. Care must be taken 
to correct these directions before they are used with the other 
directions in another adjustment, since the new adjustment will 
not be c.onsistent with tshe old one if the observed directions are used. 
Below is an example of the method used in applying corrections to 
the observed values of tshese adjusted directions to make them 
consistent. A t  station "Monument" trhe angle from Grande to 
Corpus as fised from a previous adjustment is 55' 32' 21!'88 and the 
angle from Corpus to Garcia is 99' 35' lGI'20. The observed values 
of the three directions involved are given in column 2 of Figure 48. 

Conapitlation o j  'iiiean correction, slation ilfo)iumetit 

1 

Station 

Grande _ _ _ _ _ _ _  
COrpW _------ 
Garcia _ _ _ _ _ _ _  - 

~~ 

3 

Observd 
direction 

0 I ,I 

35 00 37.23 
Br) 32 48.42 

179 58 03.72 

3 

Prelimi- 
nary 

corrected 
direction 

27.33 
49.11 
06.31 

. 1 I 5 l  

--l-I 

Using Grande as an initial and adding successively the two &Ted 
angles given above we obtain the values given in column 3. The 
differences between these values and the observed seconds are placed 

in colunm 4. The mean of the three differences is -= + 0!'76. 
This mean is then applied with opposite sign to each of the values in 
column 3 to obtain the final values in column 5,  which arc the values 
to be placed in the final seconds column of the list of directions at 
Monument. As a check on the computation the 
direction to Grande should be subtracted from the direction to 
Corpus and the direction to Corpus from the direction to Garcia, 

+ 2"28 
3 

(See fig. 48.) 

177 
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using the values in the final seconds column. The angles thus 
obtained should be identical with the fised values given above. 

The rule bo be followed 
Slde: __________------- I then in niakinp the direc- 

".FAE?E :LmGM::& 
PO"* mA - 

Station .Monulle*t Cornputad by ..AB~I~~D.-. tions already fixed consist- 
O b a e r v e r - - ' & - ~ d ~  Checked by -=!&--- ent with the new directions 

is as follows: Take the ob- 
DIREIZIONS AFTER FINAL &mons ossrpvsp 4 0 ~  A~~~~~~~ sPcorrva served direction at  one of 

0 I I, the fixed stations as an ini- 
tial and add the fised angles 

ailgola 0 00 00.00 in order to obtain a set of 
Or d e  zi 00 a . ~  26.47 preliminary corrected direc- 
&won 31 47 59.55 tions for tshe fixed stations; 

Take an algebraic mean of c o w  
the differences obtained by PanChO ll8 19 55.00 
subtracking the observed 

rected directions and apply 
it with opposite sign to the latter to obtain the values for the final 
seconds column. 

80 32 48.42 

Garcia 179 58 am72 W..55. 
FIG. 46.-List of directions. with wme directions previ- d'ecbions these 'Or- 

ously 5red 

NUMBER OF EQUATIONS IN ADJUSTMENT OF UNUSUAL FIGURES 

Itfrequentlyhappens that the niathenia- Marsh 
tician in forming equations for an adjustr 
nient niakes a niistalie in using either too 
riiany or too few. Figure 49 is an esanqde 
where the number of equations necessary 
to adjust, it  is not at  once apparent. 

There are only two triangles in this fig- 
we and both have one concluded angle. 
I t  would appear a t  first as if there were 
only one side equation and no angle eclua- 
tions. There is an angle equation, how- 
cvcr, due to the fact that the suni of the 
interior angles of a quadrilateral must 
equal 360' plus the spherical eScess of 

surf 

Rail 

tlie quadriLtera1. T k  e q 11 a ti on is 
ersmple Tie oI unusual 

fornied as follows: triancuhtion Beure 
0 I I I  

Angle at Tide, Surf to  Rail (fised) 61 09 52.0 
Angle at Rail, Tide to Marsh (+5) 135 09 30.6 
Angle at Marsh, Rail to  Surf (- 1+3) 53 44 33.5 
Angle a t  Surf, Marsh t.0 Tide (-4) 109 56 13.3 

hiin -(1)+(3)-(4)+(5) 360 00 09.3 
As there is no spherical excess in this quadrilateral, we have 

or 
360' 00' OO!'O = 360' 00' 09f3 - (1) + (3) - (4) + (5) 

O =  +9.3-  (1) + (3) - (4) + (5 )  
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station 

a -_____________  
D _ _ _ _ _ _ _ _ _ _ _ _ _ _  
B _ _ _ _ _ _ _ _ _ _ _ _ _ _  
A _ _ _ _ _ _ _ _ _ _ _ _ _ _  

Total-..- 

2 3  R a i l  - Tide 
-1+2 I k s h  16 25 20.7 
+ 5  3 hi1 135 09 30.6 

+1-2-13  Tide (28 25 cB.7) 
13 Marsh - T l b  

1 -2 Kmsh - R a i l  

Number of equations 
- 

-4ngle Bide 

1 0 
1 1 
1 0 
2 1 

5 2 

0.0 

2-3 Tide - Surf 

-2+3 1 Marsh 37 19 l2.S 

t 2  - 3+4 2 Tide (32 44 34.0) 
-4 3 surf 109 56 13.2 

13 Marsh - Surf 0.0 
1-2 liarah - Tide 

FIG. M.-Triangle computation for Figure 49 

3.437902 

Or the equation may be fornied in another way. The sum of the 
two concluded angles should equal the fixed angle a t  Tide. That is 

0 I I' 

Angle at Tide, Marsh to Rail (+ 1- 2- 5) 28 25 08.7 
Angle at Tide, Surf to Marsh (+&-3+4) 32 44 34.0 

Angle at Tide, surf t o  Rail ($1-3+4-5) 61 09 42.7 
Since the fixed angle a t  Tide, Surf to Rail, is 61' 09' 53'!0, we have 

61' 09' 43!7+(1)- (3) +(4)- (5)=61° 09' 52'!0 

O =  +9.3 - (1) + (3) - (4) + (5) 
In Figure 51 is given another example, occasionally encountered, 

in which the proper nuniber of equations for the adjustment is not 
very apparent. Ordinarily one would thinli that there are two angle 
and one side equations in the quadrilateral C D F E and two angle 
and one side equations in the quadrilateral A B D C, or a total of 
sis equations. However, if the figure is built up point by point, it is 
seen that there are seven equations, as shown bejow: 

or 
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The additional angle equation is obtained by the closure of either 
of the two quadrilaterals A D F Cor A D E C. If the latter one is 
used then the equation is, angle C A D +angle A D E + angle D E C + angle E C A - the closure = 360' +spherical 6scess. 

Pro. 5l.--Seeond example of unusual 
triangulation flgure 

SIDE EQUATION IN FORM OF LENGTH EQUATION 

It frequently happens in the acljustiiient of an intersection station 
from three k e d  points, that the length and azimuth between two 
of the fixed points axe not known. In this case the side equation 
will take the forni of a length equation. An esample of such an 
adjustment is given below. (See fig. 52.) 

Fm. 52.-Trlsngulation figure mquiring length eqna- 
tion instead of ordinary side equation 

Side apitatiori 
.- 

I I I I 1 

0 s  -79.3-3.06(1)+ 6.94(2j -10.58(3) 
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Correlate eqiration 

Solut.ion of normal equation 

0-- 79.3-k 169.4636 C 
C-+ 0.4074 

COMPUTATION OF TRIANGLES 

23 Eastern Polnt-Bdcer LIT. 
1Ma-golis flag pole 159 14 06.0 1 . 5  

+l 2-te1-n Point 13 44 18.9 -1.4 
-3 3B3ker L.B. 7 O l  35.1 +4.9 

%agnolia flag ..?ole-B&er b.H; 
1-2 bgno l ia  nee pole-aastern Point 

4.045264 

02.5 0.450320 
17.5 9.375637 
40.0 9.091606 

3.57132l 

2.5a3190 

2-3 Halfww Rock-Sabf L.B. E. 588491 
1 lleppolia flag pole 22 43 22.5 -8.1 14.4 14.4 0.48144 

+2  2HajfwayBock 47 46 55.1 +3.a 58.3 58.3 9.859536 
-3 3 B h  L.H. 109 29 142.5 +4.9 47.4 0.1 47.3 9.974356 

1 3  Magnolia f l g  pole-Baker L.H. 0.1 3.871221 
1-2 Lbagnolia flag pole-iielfwey Rock 3.975991 

FIG. S.-Triangle computation for Figure 52 

IDENTICAL EQUATIONS 

One must be very careful in the selection of equations for an 
adjustment, especially if the scheme is much involved, to avoid what is 
known as an “identical equation,” which often is not discovered until 
the solution of equat,ions is made. In the solution, the diagorial term 
of the identical equation will become zero, or nearly so, and the error 
in selecting the equation thus becomes known. 
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9.6701159 
9.462M23 
9.7s.32437 

a 9162219 

Below is given an illustration of R set of five equations, three angle 
and two side, in which one of the side equations is an “identical 
equation.” The solution of the equations is carried as far as the 
diagonal term of the. identical equation. It is seen that the diagonal 
term of the fifth equation is practically zero, and this means that 
the fifth equation is not an independent, equation. 

~~ 

4-3.98 +6 

E 

FIG. 54.-Triangulation figure for which ”identical ecpatlon’’ 
was Sehted 

h g 2 e  equat.ions 

1. O= +3.7- (1) + (2) + (5) - (6) 
2. 0=--3.4-(2)+(3)+(6)-(7) 
3. 0=+1.1-(3)+(4)+(7)-(S) 

Side equations 
~ 

0 , ,I 

25 67 28.1 

59 13 35.2 
, 12 39 55.0 

~ 

9.6911898 
9.3409195 
9 . w m  

8.91E318 

4. 

~~~~ 

+4.32 
+9.37 
+1.% 

-7 
-6 
-8 

0 I ,, 
21 53 43.7 
16 52 35.5 
37 22 43.1 

O= -9.9- 11.%1(6) -5.23(7) - 13.13(S) 

RyeChamcook 44395047 _ _ _ _ _ _ _ _ _ _ _  Rye-Collins 4.31458.11 _ _ _ _ _ _ _ _ _ _  [ i-i-5 /I 4-2-4 I 150 27 31.0 1 9.6W: 1 -3.72 1 [ t: 2; 1 -7 27 53 43.7 9.0701159 +3.% 
1 . +8 

I I  1 3.6776051 1 II I 1 3.677821 1 1 
5. O= +13,0+5.26(3) -1.54(3) -3.72(4) 4-3.98(7) +9.37(8) 
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Correlate equatioms 

1 
2 
3 
4 
5 

183 

1 2 3  4 5 'I 2. 

+4 -2 _ _ _ _ _ _ _  +ll.zs +5.% +3.7 +22.13 
$4 -2 -6.03 -1275 -2.1 -19.21 

+4 +LW -,.57 +1.1 +3.43 

---___ 

+301.2774 -133.4735 -9.9 +169.0339 
+147.5149 +13.0 4-12.9514 

Norrnal equatioris 

-6.03 -10.7s 

-. 40 -8.15 +. 13333 $2.71667 

+& 90 -7.57 
-.%e7 -5.4333 

+?I 6333 -13.0033 
-2.4575 +4.57835 

-2.4 
+I. 65 

-. 55 +. IS333 

+I. I 
-. 3667 

+. 7333 -.nm 

r~O11Lt~O7b of iiormal equabioiis 

1 
-__ 

+3. 7 -. 925 
I 5  4 

+11 ?J 
- i s 1 5  I ??:5 

+301.2774 - 131.4735 -9.9 
-31.6069 -14.8069 -10.4155 

-1b5003 +32.3356 -1.8342 
-.0533 1 -1.OS67 1 -.0733 

+253.0%9 I -1lS.0215 I -2.2130 
c4 +.a644 I +.osm 

-1.4041 

3. 

$22 22 
-5.555 

-19.21 
+11.11 

-a io 
+2 70 

2; 2 
-2 97 
+1.11375 

+169.0339 
-62.5493 
-1. o800 
+7.%7a 

+112.7924 -. 44577 

+la. 9514 
-29.2193 
-22.0050 
-14.4825 
+a6104 

-. 1450 
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COMPUTATION OF TRIANGLES 

2-3 Coo~r-8ye 

-1+2 1 Mag E4 29 20.9 

-6 3 Rye 119 38 27.5 
+5 2 Cooper 25 52 15.7 

13 t3.7 

1-2 mcooper  

2-3 COO? m-Colline 

-1+3 1 160 38 06.0 
t 5  2 copper 6 09 35.8 
-7 3 Collins 13 12 19.7 

1 3  kg-Collins -1.3 
1-2 .&-Cooper 

2-3 Rye-Collins 
-24 1 Mag 126 08 45.1 

25 57 29.1 +6 2 Rye 
-7 3 Coll ins  27 53 43.7 

1 3  Keg-Collins M.4 
1-2 %&-Rye 

2-3 Colline-e-chamcook 
-3+4 1 MBg 83 .?3 43.9 

YI 2 Collins 59 13 35.2 
-8 3 !hemcook 37 22 42.4 

1 3  y[ag-Chamc0ok -1.1 

23 chemcook-coo~er 
1-2 Mag-Collins 

+l-4 1 b!ng 115 58 10.1 
29 11 30.8 

-5 3 Cooper 24 50 17.6 
3-8 2 chamcook 

13 Mag-coOpBr +2.4 

1-2 Meg-chemc~~k 

2-3 C h . ¶ l C O O b ~  

+a4 1 bs 150 2? 31.0 
+8. 2 chpmcook- 12 39 55.0 
.-6 3 Rye 16 52 35.5 

13 w-m -1.3 

1-2 vgg-ok 

0.1 
0.1 
0.2 
0.4 

0.1 

0.1 
0.2 

0.1 
0.1 
0.1 
0.3 

0.2 
0.1 
0.1 
0.4 

0.3 
0.3 
0.8 
0.9 

0.1 

0.1 

0.2 

4.190720 

4.186319 

4.3145841 

4.2S24.672 

4.5z99291 

4.4295047 

FIG. 55.-Triangb computation for Figure 54 
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A careful inspection of the side equations on page 182 will show 
that both equations relate to the quadrilateral Rye-Mag-Chamcook- 
Collins, and they differ only in that Mag is the pole in the fourth 
equation and Rye in the fifth. The fXth equation should have been 
formed for the quadrilateral Mag-Chamcook-Cooper-Rye, with the 
pole at Mag. Although it is easy to see in a simple figure such as the 
one above when an “identical equation” is selected, it is much more 
difficult to see in the case of more complicated figures and all equa- 
tions should therefore be selected very carefully. 

ADJUSTMENT OF QUADRILATERAL WITH POLE AT INTERSECTION 
OF DIAGONALS 

In the adjustment of quadrilaterals it frequently happens that it is 
impossible to include the two smallest angles in the formation of the 
side equations by taking the pole at  any one of the four vertices. 
In such a case the pole should be taken at the intersection of the diag- 
onals. An example of such an adjustment is given below. (See 
fig. 56.) 

The angle equations are formed in exactly the same manner as 
in the ordinary quadrilateral. (See p. 35.) The side equation is 
formed as follows: Call the intersection of the diagonals 0. (See 
fig. 56.) 
Then 

x 0-RidgexO-StumpXO-Muketeo L. H. = 1. 
0 - Muketeo L. H. 0 -Tall 0 -Ridge 0 -Stump 
Substituting the sines of the angles opposite the sides for the sides 
we have 

0 -Tall 

sin ( -3+4)Xsin (-6+7)xsin (-9+10)xsin (-2) 
sin ( -5+6)  sin (-8+9) sin (-1+2) sin ( + 3 ) = l ’  . .  

The equation is then tabulated as esplained on page 36 except in 
one particular. In the example given there the designation of the 
angle in the denominator appears on the same horizontal line in the 
tabulated equation as the designation of the angle in the numerator, 
and the angles corresponding to these designations are taken from 
the same triangle. In the example given here, however, this is not 
true, that is, the angle designated by (-5+6) is not in the same 
triangle as the angle designated by (-3+4),  etc. It is best, however, 
to arrange the tabulated side equation so that the two angles from 
the same triangle are on the same horizontal line. This can be done 
as follows: With the pole at the intersection of the diagonals there 
will be 4 lines for the tabulated equation. Put the designation of the 
angles in the numerators of the first, second, third, and fourth frac- 
tions on lines 1, 2, 3, and 4, respectively, of the left side of the equa- 
tion, and the designations of the angles in the denominators of the 
same fractions in lines 4, 1, 2, and 3, respectively, of the right side 
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0 I It 

-3+4 139 28 08.8 
-6+7 7 28 41.4 

-9+10 76 04 52 1 
-2 11 37 25.5 

of the equation. That is, in the example given here (-3+4), 
(-6+7), ( -9+10) ,  and (-2) are placed in lines 1, 2, 3, and 4, 
respectively, of the left side of the equation, and (- 5 + 6), (- 8 + 9), 
( -1+2) ,  and (+3) are placed in lines 4, 1, 2, and 3, respectively, 
of the right side of the equation. The two angles in the same 
horizontal line in the side equation can then be taken out of the 
same triangle. 

0 I ,, 
9.8131113 -2.5 -8+9 18 03 51.3 9.44#K(28 4-7.3 
9.llWnL5 + V . l  -1+3 80 24 45.5 9.gsG8914 +.4 
8.9870570 +.5 4-3 11 53 01.8 0.3137158 +10.0 
0.3012404 +lU.!d -5+6 17 W 24.9 (r.4873165 +6.9 

s. 2imisz 8.2169564 

Muketo 1. H. 
FIG. 56.-Quadrllatenl with pole at interseetin of diagonals 

The remainder of the adjustinent of the quadrilateral is similar 
to the one previously adjusted on pages 29-41. 

Angle eqTiations 

1. 0 ~ 4 - 4 .  9-(1)$(3)-(9)+(10) 
2. O=-2. 0-(2)+(4)-(5)+(6) 
3. 0=+3. 4- (3)+(4)- (5)+(7)-(8)+(9) 

Side eqtcaliora 

- 
1 a 
3 
4 
6 

0 
7 
8 
9 

10 

4. 0=-35. 3+0. 4(1)-10. 6(2)-7. 5(3)-2. 5(4)+6. Q(5)-23. 0(6)+16. l(7) 
+7.3(8) -7.8(9) +0.5(10) 
entering it in the table of correlates.) 

(This equation should be divided by 5 before 

Correlde equations 

---- I I IAdOfMl 
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N0rrna.l equations 

4 I ' I  
_ ~ _ _ _  

+O.M 4-4.8 
-4.38 -3.0 
- .I8 +3.4 

+ 4 5 . m  -7.64 

187 

E" 

+6. W 
-.36 

+9.z 
+ 3 2 . m  

1 

+4 
01 

C 

- 
n 2 3 4 'I I" 

_______-  -2 +o.m +1.9 +e.% 

-4.36 -2.0 -. 36 

--- 
+.5 -.03 -1.225 -1.745 -- 

-2.1752 
+1.8162 
-1.8869 +. 343 

I +A +2.5 +1.09 

Xolutiori of normal equations 

+. 5 +. 09 

-1.7125 
-.1744 

-1.8869 

-. 18 +3.4 +9.23 1 A: I 1 I 

1 --%& 
+.w34 -.9434 - 
+l. 8163 -2.1752 

Back solution 

I- 

45861'-3~13 

4 

4-1. 816 
-1.887 -. 171 

Computation of v's 

-. Y 2  -. 3 - 
+. 543 -.8 +3.4 +. 6 

9 

+3. 175 
-l. 887 -. 533 

-. 1 5  -. 2 

10 

-2.175 +. 034 
-3.141 
-2 1 
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- 
NO. 

2-3 

-w 1 

1 t3 2 

-1 3 
1 3  

13 

2-3 
-5n 1 

a +4 2 
-2 3 

13 

13 

2-3 
-5f7 1 

3 -34-4 2 

-8+9 3 
1 3  

13 

2-3 

COMPUTATION OF TRIANGLES 

state: - . * r e a k t a  ________.... . . . ._______.._. _ _  

W t e o  1. E. - Stump 
R f d g e  76 04 52.1 -1.9 
Ulketeo L.H. ,11 53 01.8 -0.8 

Ridge - Stump -4.9 
stump 92 .02 11.0 -2.2 

Ridge - YbrLetm L A  
04.9 

k k e t e o  L.H. - stumjl 

Tall 17 Oa 20.9 -0.3 
hlwteo L.H. 151 19 l l . 6  -0.8 

stump 11 37 25.5 t2.6 
Tall - Stump M.0 

. Tal: - &&eteo L.E. 
58.0 

U e t e o  L.E. - Ridge 

Tall a4 30 02.3 -1.3 
W e t e o  L.H. 139 26 09.8 +0.5 
Ridge 16 03 51.3 -2.6 

Tal - R i d g e  -3.4 

TM1 - W e t e o  L.E. 
03.4 

S.526870 

50.2 O.@l2944 

01.0 9.812708 
08.e 9.999726 

2.e53522 
3.539840 

3.526970 
a0.6 0.12685 
11.3 9.581169 
28.1 9.304267 

3.740724 
3.363822 

3.539540 
01.0 0.2822M 
10.3 9.ai3iio 
48.7 9.442014 

3.7S918 

3.363822 

Stamp - Ridge 2.85’3522 

-6ff 1 Tall 7 26 41.4 -1.0 40.4 0.887506 
4 -1+2 3 stump 00 24 45.5 -4.0 40.7 9.993690 

13 Tal1 - Ridge -103 3.734918 
1-2 T a l l  - savnp 3.7407% 

- W O 3  Ridge 92 08 43.4 4 . 5  38.9 9.999696 

10.3 
FIG. 57.-Trisngle computation for Figure 56 
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ADJUSTMENT OF QUADRILATERAL HAVING ONE TRIANGLE WITH 

TWO CONCLUDED ANGLES 

It sometimes becomes necessary to make an adjustnient of a 
In  such 

--,-Ten Pound Island 1. H. 

quadrilateral in which one triangle has two concluded angles. 
an adjustnient the thing to be particdarly 
careful about is the proper designation of 
the angles. In the following esample (see 
fig. 58) the trimgle, Ramparts flag-Bond 
Hill-Ten Pound Island L. H. has two con- 
cluded angles, one at Ramparts flag and 
the other at Ten Pound Island L. H. In 
triangle No. 4, Figure 59, the angle at  Ten 

Eastern Point L. H. 
Pound Island L. H. is the sum of the two Fro. 58.-Quadrilateral having one 
angles a t  Ten Pound Island L. H. between . triangle with two conduded 

Eastern Pt. L. H. and Bond Hill, and be- 
tween Rainparts flag and Eastern Pt. L. 14. In triangles Nos. 1 and 3, 
+3-5 (Ten Pound Id. L. H. between Eastern Pt. L. H. and O ’ ” 

-1+2 (Ten Pound Id. L. H. between Ramparts flag and 

Bond Hill 

\,, 
‘\ ’ 

UI I’ 

,\ Ramparts flag 

Bond Hill) =lo4 53 11.1 

Eastern Pt. L. H.)= 16 09 19. 0 

0 I I# 

121 oa 30.~ 
13 58 30.0 
40 43 19.0 

- 1 + 2 + 3 - 5 (Ten Pound Id. L. H. between Ramparts flag and 
Bond Hill) = 121 03 30. 1 

The angle at  Raniparts flag in triangle No. 4 is obtained by sub- 
tracting from 180’ 00’ OO”.O plus the spherical excess (which in this 
case is O!’O) the sum of the angles a t  Bond Hill and Ten Pound Island 
L. H., using the proper designations as shown below. 

0 ’ I‘ 

-3 f4  (Bond Hill) = 30 52 03.6 
-1+2+3-5 (TenPoundId. L. H.)=131 02 30.1 

-1+2+4--5 (sum of 3 angles) 151 54 32. 7 

+1-2-4+5 (Ramparts flag) 2s 05 27.3 

180 00 00.0 . --- 

After these angles have been compu tea and properly designated, the 
adjustment of the quadrilateral is esactly the same as that of any 
other quadrilateral, and so no further explanation is necessary here. 

Side equah‘on 

0 , f ,  

9.93B758 1 I -344 30 52 OB6 
9.3839144 +6 70 59 35.3 

-14-2 16 09 19.0 9.8145084 

9.13029f3t I +2.4 I 
-l+2+3-5 

-4 
-5+6 

9.7101630 

0.4444218 
9.8756521 

4-3.5 

4-7.3 
+b7 

I I 

I I I II I I I 

0=+60. 5+8  6(1)-8 6(2)+2. 2(3)-12. O(4)-1. 1(5)+1. 7(6) 
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1 
3 
3 
4 
5 
6 
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Correlate epication 

! D A d o p a  

+Y.6 -1.73 -1.7 
4.6 +I. i 3  +I. 7 
+53 -.u -. 4 
-12.0 $2.41 +3.4 
-1.1 +.22 +. 2 
+1.7 -.34 -. 3 

---___ 

Solution of nortnal. equation 

0=+60.5+300.86C 
c=-0.2011 

1.3 Eastern P t .  L A -  Bond H i l l  

+3-5 I T e n  Pound 1d.L.H. 104 53 11.1 -0.6 

-3 3Bond H i l l  44 50 32.6 +0.4 
1. + 5  ZEastern Pt.L.A. 30 16 16.3 +0.2 

1-3 Ten Pound 1d.L.H.-Dond H i l l  

1-2 Ten Pound 1d.L.H.-Eastern Pt.L.B. 

23 Eestern % . L A  - 2and H i l l  
+4-6 1 RarnpMts flag 95 01 54.7 M . 7  

2. + 6  t Ess tern  Pt.L.R. 70 59 35.3 -0.3 

-4 3 Bond H i l l  13 56 30.0 -2.4 

13 
1-2 

Ramperts flag - Bond Hill  

Biuports f leg  - Eastern Pt.L.E. 

2-3 Eastern Pt.L.H.-Ten Pound 1d.L.H. 
+l-2 
+W 1 Ramparts f l eg  (123 07 22.0 1 -2.9 

3.  -5b6 2 Eastern Pt.L.H. 40 43 19.0 -0.5 
-1+2 3 Ten Pound Ib.L.H.16 09 19.0 +3.4 

13 Ramparts flsg.Ten Pound 1d.L.H. 
1-2 Rempartr flag-?aasrern PD.L.E. 

2 3  Bond H i l l  - Ten Pound 1d.L.B. 
+1-2 
-4t5 1 R a q a r t s  flng (28 . 05 27-31 -5.6 

4. -3+4 2 Bond H i l l  30 52 02.6 +2.8 
-1+2 
+3-5 3 Ten Pound Id.L.H(l21 02 30.1) +2.8 

13 Bsmgarts fla&Ten Pound 1d.L.H. 
1-2 ’ Raqparts flwBond H i l l  

FIG. 59.-Triongle cornpubstion for Figure SS 

3.517770 

10.5 0.014816 

16.5 9.702512 
33.0 9.848288 

3.380334 

3.P5108 

3.517770 

57.4 0.001677 

55.0 5.575652 
27.6 9.~82894 

3.495099 

2.902341 

3.3a0384 
19.1 0.G77MO 
18.5 9.814505 
22.4 9.444447 

3.272399 

2.902341 

3.235109 

a . 7  0.327119 
05.4 9.710172 

32.9 9.932872 
3.272399 

3.495099 
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THREE-POINT PROBLEM 

A triangulation station is sometimes determined by means of 
directions observed at that station to the three fised points of n 
triangle, the sides and angles of which are either known or can be 
computed. 

The computations are made on Form 655 as shown in Figure 61. 
Three cases are illustrated on this 
form, clepencling upon the location 
of the point, designated P, with 
reference to tlie sides of tlie triangle. 
If P is on the circumference of the 
circle which passes through the 
vertices of the fised triangle, the 
p ro  bleni is indeterminate, since 
any point on this circ.uniference 
would have the same values of the 
angles P' and P" (or the supple- 
ment of one of the angles). 

The formulas used in the com- 
putation are as follows: From the App\e 

angle A of the triangle ,4 B C, 
and the observed angles A P C= P' and A P B = P", the probleni 
is to find the angles A B P and A c! P. 

For cases 1 and 2, let S= lSOo-1/2 (A  +P' +P"), 

This is called the " tliree-point probleni." 

laown sides a, 4 c, and tile known 
Fro. 80.--Q"ndrilsteral, p r o b ~  

and for case 3,  let S = (A - P' - P"); 
c sin P' Let tan z=b sin p', 

and tan €=cot (2 +45O) tan S 

Then angle A B P = S +e, and angle A C P = S - E if tan e is positive, 
and angle A B P = S - e, and angle A C' P = S + E  if tan E is negative. 

After the angles A B P and A C P are computed all the angles 
of the triangles can be obtained, and since the length of one side in 
each t,riangle is known all the remaining lengths can be computed. 
As cadi coniputecl length is obtained in two different triangles, tlie 
agreement of the two values for the logarithm of each length within 
one, or possibly t,wo, in the last place of decimals gives a c.heck on 
the computation. 

In  tlie 
triangle Tide-Apple-Surf all tmhe angles and sides are known and at  
Edwards the angles Apple to Surf and Surf to Tide are observed. 
The starting data are: P'=3l0 38' 061S, P"=S4' 13' 5719, 
A=86' 39' 42'!3, log e = 4 . 1 0 9 2 1 ,  and log b=3.644409. The 

The esaniple given below is for case 1 on Form 655. 
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problem is to fmd the angle a t  Apple between Surf and Edwards 
and the angle a t  Tide between Edwards and Surf. After these 
angles have been determined, the logarithms of the lengths are 
computed on Form 25. 

COMPUTATION OF THREE-POINT PROBLXM 

Case 1 Case 2 case 3 

Carre# 1 nnd 4 
P' I 38 06.8 
p" 84 12 57.9 
A 86 29 42.3 

Sum 192 20 47.0 
jsSum 96 10 2a.5 

s-1800-xjsum- 83 49 36.5 
A-sum 

5- !4 (A-sum) - 
Logo - 4.109221 

Log Sin P' - 9.566668 -10 
COb6.b 9 6.355591 -10 

&log Sin P"- 0.06a7 

Suln-logtsnZ- o.oQ8891 

2- 87 l4!0 
2 + 4 5 O -  92 13 14.0 

LOg cot @+46') - 
Log tan s- 

Sum-log tm e- 

a 
8 

C- a 
P' 
P' 

8.s8855Sm:-lo 
0.96599 --- 
.9.554486-10 (d 0 

0 1  " 
19 43 21.1 
83 49 36.5 

64 06 15.4 
103 32 57.6 

(Tan a-) 
8-#-angle ABP 
S+c=-mgle ACP 

BPA 84 La 57.9 APC 21 38 06.8 PCB 29 18 51.3 

PAB 3l 40 46.7 CAP 54 48 55.6 
U P  64"B W.4 PCA 10Q 32 57.6 CBP 44 50 04.0 

BPC 105 51 04.7 

@or *atJon d this form aw Speclsl Publlcatlon Na %,ad edlUon. pragnph 108, pnge 67) 
--n* I l - a m  

FIO. 61.-Computstion of thm-point problem 
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DEPARTMENT OF COUMWUC. 
LLUl lUoUO.nKYIIm.  Ya,n 25 COMPUTATION OF TRIANGLES 

2-3 Apple-Surf 
1 Ti& 74 14 10.9 
2 Apple 19 16 12.3 
3 Smf 86 29 45.9 

13 Tide-SIPP 
13 Ti&-&plo 

2-3 typ1c-Sux-f 

1 EdAsKzs 84 12 57.9 
2 Apple 64 06 
3 surf ala 
13 Edwards-surf 
1-2 Edrarbs-Wle 

w &le-- 
1 Edwards 105 5 l  04.7 

2 &?le 4 4 5 0  

3 Tide 2918 
1.3 Ednarde-TidB 
1-2 Wrerae-lrpple 

2-3 Surf-nbc 
1 Edwards P 38 06.8 

2 surf 5 4 4 8  

3 Tide 100 32 
13 Fdwarda-ride 
1-2 %wards-surf 

4 . 6  

-0.9 
-3.5 42.4 0.1 

-9.0 Or1 

15.5 0.1 
46.8 0.1 

0.2 

m.1 0.1 
51.4 0.1 

0.2 

57.7 0.1 
0.1 

4.109231 
06.8 0.016651 
11.4 9.518537 
42.3 9.999187 

3.644409 

4.125059 

4.10922l 

57.9 0.0022l7 
15.4 9.954045 
46.7 9.720299 

4.065433 
a.831737 

4.125059 
04.7 0.01ma7 
00.0 9.848226 

51.3 9.689841 
8.990122 
3.8317Z7 

no. 6'A-Triangle computation for three-point problem 
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ADJUSTMENT OF A FIGURE WITH AN 2-CORRECTION ON ONE 
DIRECTION 

In  tlie adjustment of triangulation, cases soinetinies arise where it 
is possible to obtain an approsinlate value for an unknown direction 
which is needed in the adjustment. By designating the correction to 
this direction as 9, ” it  is possible to make an adjustment in which 
tlie z is eliininaked and new values of the observed directions are 
obtained which will nirtke the lengths consistent, as c.oniputed in the 
different, t,riangles. An esaniple of such an adjustment is given below. 

In Figure 63 the triangles Tide-Apple-Surf and Rail-TideSurf 
(see triangles 1 and 2, fig. 64) are &xed and the angles and lengths 
are known. A t  station Edwmds directions have been observed on 
stations Apple, Surf, Rail, and Tide, but no directions on Edwards 
have been ohserved at any of the four fised stations. I t  is desired 

FIG. G3.-Trixngulation flgure for which an “z” 
direction is used 

to make an adjustment of the 
figure so that all the lengths will 
be consistent. 

The triangles Edwards-Apple- 
Surf, Edwards-Apple-Tide, and 
Edwards-Surf-Tide (triangles 3, 
4 , and 6) are first solved by means 
of the three-pointl probleni (see 
p. 191). Nest the directions at 
Edwards are numbered as in an 
ordinary adjustnient and one of 
the unobserved directions at  one 
of the &sed stat,ions is designated 
< l X . 9 9  In this esample, the direc- 
tion to Edwards from Surf is des- 
ignated “2.” By using the fixed 

angles of the triangles Tide-Apple-Surf and Rail-Tide-Surf and the 
angles in triangles 3, 4, and 6 computed by the three-point problem, 
it is possible to obtain the angles of the triangles Edwards-Surf-Rail 
and Edwards-Rail-Tide. Care must be taken in computing these 
angles to obtain their proper designations. 

The angles of die triangle Edwards-Suri-Rail are computed as 
follows : 

0 I I1  

Angle at Surf, Tide to Apple, S6 29 42.4 
Angle at Surf, Rail to Tide, 37 52 36.0 

Angle at Surf, Edwards to Apple ( -J) 31 40 46.8 
Angle at Surf, Rail to Edwards (+x) 92 41 31.6 
Angle at Edwards, Surf to Rail (-2+3) 1 Y  1s 16.0 

Angle at Surf, Rail to Apple, 124 22 1s. 4 

Sum (-2+3+.c) 110 59 47.6 
180° +spherical excess, 180 00 00.1 
Angle at Rail, Edwards to Surf (+3- 3-J) 69 00 1 2  5 



SPECIAL PROBLEMS 195 

COMPUTATION OF TRIANGLES 

w &?le-Smf 4.339232 
1 Tijs 74 14 10.9 -4.6 06.3 0.016651 

1. 2 4 p i e  19 16 12.3 -0.9 11.4 9.518537 
3 surf 86 2b 45.9 -3.5 42.4 0.1 42.3 9.999187 
13 Tide-Surf -9.0 0.1 3.644409 
1-2 Tide-Apple 4.125059 

w Tih-SUrf  
1 'M1 80 57 35.0 

2.  2 Tide 61 09 53.5 
3 =f 27 5 2  36.7 
1-3 Rail-surf 
1-2 'Rail-Ti& 

23 b l e - s u r f  

-1+8 1 Edwrrds 84 12 57.9 

3. +l-% 3 &le 64 06 15.5 
-x 3Surf 31 40 46.5 

1.3 Edwards-Surf 

1-2 Edwards-Azle 

2-3 A - q l e - T i h  
-1t4 1 Edwards 105 51 04.7 

+ 2 - 4 x  3 Tide 29 l a  51.4 
4. C1-2hx 2 . &ple 44 50 04.1 

1 3  EdnL-ds-Tlde 
1-3 Fdnards-&ple 

23 sU=f-Rail 

-24.3 1 Er0r.is l a  18 16.0 
5. + x  2Surf 92 41 21.6 

+2-3-x 3 Rail 69 00 12.5 
1-3 Edc&rds-P.ail 
1 3  EdTtWds-hf 

-3.0 
-1.5 
-0.7 

-5.a 0.0 

+0.1 58.0 

+ a s  13.4 0.1 
-3.0 43.9 0.1 

0. a 

-0.2 04.5 
+2.9 07.0 0.1 
-2.7 43.7 0.1 

0.2 

0.0 16.@ 
t3.0 34.6 0.1 
-3.0 09.5 

0.1 

3.644409 
32.0 0.005430 
52.0 9.942508 
36.0 9.788143 

a.437982 
3.592347 

4.109222 
58.0 0.0022l7 

18.3 9.954048 
43.7 9.720Ea9 

4.065486-1 
a . 8 m i v  

4.125059 

04.5 o.nm37 
06.9 9.348223 
49.6 9.M9831 

3 . 9 9 0 1 ~ ~ 1  

3.331721 

3.59%347 
16.0 0.502579 
34.5 9.565520 
09.5 9.070159 

4.094846 

4.OG5435 

FIG. M.-Triangle computation for Figure 63 
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CoMPUTATlON OF TRIANGLES 

Stab: ..&&inn 

NO. ETATION OBSERVED ANOLE 

w Su-f-?ide 

-2+4 I Edwsrds 2 l  38 06.8 
E. + x  2 surf 54 43 55.6 

W-4-x 3 TIde 103 82 57.7 

1-2 ZdwSds-SUrf 

13 Edwcrds-Tide 

2-3 Bail-Tide 
-ac4 1 Edwards 3 19 50.8 

7* -&E+% 2 Rail 11 57 19.5 
M-4-x 3 Tide 164 42 49.7 

IS Edwards-Tide 
1-2 EdWads-pail 

3.s.yr409 

-0.B 06.5 06.5 0.433333 
+3.0 58.6 58.6 9.912386 

-2.7 55.0 0.1 54.9 9.987743 
0.1 3.9901a8 

4.0654% 

3. a7982 

-0.2 50.5 1.235822 

4.0 22.5 9J lQ16  
-2.7 47.0 9.4Zl033 

0.0 3.990130_~ 
4. 0948474 

FIG. 64.-Triangle computation for Figure &Continued 

The angles of the triangle Edwards-Rail-Tide with their proper 
designations may be obtained in the same manner. In this triangle 
the angle at  Edwards is an observed angle, the angle at Rail is ob- 
tained by subtracting the angle at Rail in triangle No. 5 from the 
fixed angle at Rail in triangle No. 3, and the angle at Tide is obtained 
by adding the angles at Edwards and Rail, and subtracting this sum 
from 180' plus the spherical excess of the triangle. 

To make sure that the angles of the triangles have been correctly 
taken out they are checked as follows before the adjustnient is made. 
The angles in triangles 3, 4, and 6, determined by the three-point 
probleni, are checked by computing the lengths. (See fig. 64.) 
The other two triangles are checked by adding the angle at  Tide in 
triangle No. 6 to the Lied amgle at  Tide in triangle No. 2 to obtain 
the angle at.Tide in triangle No. 7. 

0 t I t  

Angle at l'ide, Surf to Rail, 61 09 52.0 
Angle at Tide, Edwards to Surf (+2-4-x) 103 33 57.7 

Angle at Tide, Edwards to Rail (+2- 4-z) 164 42 49. 7 

This checks the angle obtained by the computation of triangle 7, 
and as triangle 5 was used in computing triangle 7, both triangles are 
verified by this check. 

After the angles in the triangles have thus been checked the ad- 
justment can be made, the "z" correction being treated just the 
same as the numbered corrections in forming the equations. Since 
there are four lines from station Edwards, there will be two side 
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equations, one involving directions 1,2,4, andx, the other 2,3,4, and 2. 
As both these equations contain 2, it  is possible to eliminate the x 
and combine the two equations into one equation involving direc- 
tions 1, 2, 3, and 4. From this point the adjustment 
is siniilar to that of any other quadrilateral and so no further mplla- 
nation is needed. 

Side equations 

(See below.) 

1 
2 
3 

z 
4 

1. 0=-0.3-2.33 (1)+11.39 (3)-9.06 (4)-0.95 (z) 
Or (z) = -0.3061-2.3775 (1) + 11.6234 (2) -9.2449 (4) 

-201 -am3 0.0 
4-831 +.I36 +. 1 
44.61 +.076 +. 1 

-10.91 -. 179 -.a 
4-3.0118 +3.0 

Tide-Rail 3 . 4 3 m  ____-  ---- - Tide-Surf 3.644409 - - -_____-_  
-3+3+2 I 11 57 19.5 9.316SO 3 19 50.8 8.7841184 i-36.18 

- 2 U  31 38 06.S I 9.5666085 I 11 -% I 54 48 55.6 I 9.9123816 I 4-1.45 I 
3. 0=-32.5-15.35 (3)+46.12 (3)-3O.S7 (4)+5.46 Q) 

S 46 Multiplying equation 1 by o.ss (= 8.633) and adding to equation 

2 we obtain the combined equation with the x eliminated. 
O= - 2.59-20.11 (1) +9S.32 (3) -78.31 (4)-8.46(~) 

2. O=-32.5 - 15.25 (3) +46.13 (3) -30.S7 (4) +8.46 (z) 
O= -35.09-20.11 (1) +53.07 (3) 4-46.12 (3) -109.08 (4). 

shoud be dvided by 10 before entering it in the table of correlates.) 
(This equation 

Correlate equatioti 

Solution of .normal equation 

C= +0.0164 
0=213.3764 C-3.509 

If an approximate value for the direction designated by “x” in 
Figure 63 c.an be obtained by inverse computation from the fixed 
data and the field computations it is not necessary to solve the 
three-point problem. For asample, if a field position were available 
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for Edwards, the approsiniate direction for Surf to Edwards could 
be obtained by an inverse position c.omputation between Surf and 
Edwards instead of by the three-point problem. It, is only necessary 
to h o w  this direction closely enough so that the tabulsr difference 
of the logarithm of the sine will be prac.tically talle same for the appros- 
h a t e  angle as for the final angle. If the z-correction obtained by the 
adjustment is large, it is no indication taliat the observations are 
poor but only that the computed direction is c,onsiderably in error. 
In some cases involving very sniall angles it may be necessary to 
make a second adjustsnient unless tshe c.hanges in the small angles 
nec,essary to make tshe lengths cliecli are estimated ttncl the tabular 
differences are corrected accordingly before the solution of the q u a -  
tions. 

ADJUSTMENT OF INTERSECTION STATIONS 

Observations axe sometimes made upon nn intersection station 
from four or inore niaiu scheme stations. Only three of the observed 
lines slioiild be used in the. acljustnient but these three should be 
selected to  give t,lie strongest intersection n t  t,lie new station unless 
tlie field computation indicates that a niore accurate result can be 
obtained by using soiiie other combination of three lines. In forniing 
the side equation the pole should be so selected as to iiiclude the two 
smallest angles hi the acljustnient. In Figure 65 are shown four 
examples of intersection stations. The way in which the pole is 
selected in each is esplained below. 

In case No. 1, the smallest, two angles being P A C and P B C, the 
pole should be taken at  P. In case No. 3, A P B and A B P are the 
smallest angles, and so the pole should be talien at  A, the fLsed 
lengths A C and A B being used in the formation of the eyuat,ion. 
In case No. 3, C P A and C A P are t9he smallest angles and so the 
pole should be taken at  C, tlie &xed lengths C B and C ,4 being used 
in the forniation of the equation, as in case No. 3. In case No. 4, 
the smallest angles are P B C and P A B, and so the pole should be 
talien at  P. 

It should, be noted that in all esainples like cases 3 and 4, where 
one of the four points is inside the triangle forniecl by the other tllree 
points, the pole should always be taken at, the inside point, since the 
snidest angles will tshen be included in tho equation. 

The size of the corrections to tslie angles to be espected in the 
adjustment of intersection stations depends largely upon the instru- 
ments used, the manner in which the field worli was done, a d  upon 
the size and definiteness of the point observed. For esaniple, in the 
coniputation of mountain peaks from angles observed by sesta.nts, 
large corrections must he expected. The number of decinial places 
used for the angles and logmitlims in the adjustnicnt will depend 
upon the nature of the work. 
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SOLUTION OF NORMAL EQUATIONS INCLUDING TERMS USUALLY 

OMITTED 

In the forward solution of norinal equations a check on the work 
is obtained each time an equation is eliminated. The column 
headed Z is for this purpose done. For esaniple, in the second line 
of the solution on page 301, the quantity - 1.33 in the Z colunin should 
equd the algebraic suni of all the other ternis in that line, that is, 
- 1 - 0.33333 + 0.33333 - 0.11667 - 0.20333 should equd - 1.32, which 

case 1 
6 

C 

P 

Case 2 
E 

Case 3 
B 

A 

Case 4 

FIG. I . -Typid Egures in adjustment of intmection stations 

it does, esactly. When making this check for the “divided” line, 
or the last line in t h e  solution of each equation, one niust always 
renieiiiber to include the - 1 obtained by dividing the diagonnl term 
by itself and changing the sign, as this quantity is never set down in 
the solution. 

In the solut8ion of the second equation of the following example 
the line containing the sunis of the ternis in the various coluinns 
should be checked before it is divided by the diagonal term. The 
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sum of + 5.3333 +2.6667 - 16.0433 - 0.8767 should equal the -8.92 
in the E column, which it does; exactly. In the next line, after 
division by the diagonal term, we have - 1-0.50001 + 3.00814 + 
0.16438, which equals + 1.67251 and checks esactly the value in the 
e column. 

If the line containing the sum ternis does not check exactly but the 
discrepancy is so sniall as to indicate that no blunder has been made in 
the coinputstion then the quantity in the Z colunin should be made to 
agree exactly with the sum of the other terms before the line is divided 
by the diagonal term. For esample,in the eliiiination of the fourth 
equation in the line containing the sum terms we have + 54.5519 + 
4.3660 and their sun1 equals +58.9179. But as the quantity in the 
S column is +50.9180 this should be changed to +68.9179 before 
the division is made. In the same way the quantity in the Z column 
of the divided line should always be made to check the sum of the 
other ternis in the line. 

In  a great niany cases when a blunder has been made and the solu- 
tion fails to check it is possible to h d  the trouble by inspection, 
especially if the niistake is a wrong sign on some term or the trans- 
position of a decinial point. Sometimes, however, an error is difficult 
to find. In  such cases, each line in the elimination of an equation 
can be checked. To illustrate this let us take the solution of the 
fourth equation on page 201 where all the usually omitted terms are 
shown in bold-faced type. In  the second line of the solution we h d  
that the sum of - 0.70 - 0.2333 + 0.3333 - 0.0817 - 0.1433 = - 0.9240 
which checks the value in the E column. Likewise, in the third line, + 16.0433 + 5.0217'-48.2605 -2.6372 = - 26.8337 which checks the 
value in the Z column within 1 in the last decinial place. In the fourth 
line, - 7.7150 - 14.8803 + 2.0155 = - 30.5798 which checks esactly 
the quanty in the Z column. 

It should be carefully noted that all the quantities shown in bold- 
faced type on page 301 appear in the solution as ordinarily carried out 
and that i t  is not necessary to carry dong this part of the solution 
to get the check on each line. For esaniple, in the second line of the 
elimination of the fourth equation, the term +0.2333 appears also in 
column 4 in the second line of the elimination of the third equation; 
- 0.2333 appears also in column 4 in the second line of the elimination 
of the second equation; and - 0.70 is - 1 times the tern1 + 0.70 in 
column 4 and equation 1. It is seen, therefore, that all the terms 
used in the checking of the individual lines in the elimination of 
equation 4 are given either in the lines themselves or in column 4. 
For the first line of the solution of equation 4 all the omitted terms 
except one are given in colunin 4 in the first lines of the solution of the 
other equations. The one exception is the quantity in column 4 in 
the first equation which niust be multiplied by -1. 
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'In the same way, for the second line of the solution of equation 4, 
all the omitted ternis escept one will be found in column 4 in the sec- 
ond line of the solution of the other equations. The esception is the 
quantity in the sum line of equation 2 which must be niultiplied by 
-1. The omitted terms for the third line of the solution of equa- 
tion 4 are obtained in a similar manner. 

Particdar care should be taken in the solution of normal equations 
to guard against compensating errors since they usually cause a 
great deal of trouble and may not be found until the triangles are 
computed. For esample, if a mistake is niade in one of the constant 
teiins in the 7 column and a counterbalancing mistake in the 2 col- 
umn, the solution will check and the errors will not be discovered 
until the triangles are solved. 

Solution of norind equntiotis, incliiding ternrs .tts~ially ottiitted 

+r (1) 

0 
0 

+!.6f367 . 

+53333 
-1 C, 

0 
0 I :  
+.70 -16.81 
-.70 I --.2333 
0 +16.0433 
0 0 

-2 I +0.70 f l .  32 +7.% +. 83333 - .11W I -.%Boo33 1 -1.32 1 -15.81 1 1::k7 I -6.28 -. 2333 -2 84 
+2 +. 6887 

+2. (5887 -16.0433 - . w ~  -a% -. m1 4-3. @IS14 +. 18488 4-1.87251 

+6 -. 54 -1.89 +3.57 

-1.3333 +a m i 7  44.46 
- . m 7  I +.m I $:&% I +asl 1 +7.7150 -1.0450 1 +la67 5 Ca -1.92875 I +.28125 -2.8875 

+117.7744 + l a .  2544 

+Sa217 2) -48.82605 -28379 - - 3 6 . ~ %  
-1.7160 (3) -14.sLUx( -30.5703 

Ti t33  [l) 1 -.OB17 1 :F: 1 -. 9x0 

0 +54.5519 +4.9860 +5&918879 
0 1 -1 c4 I -.o8003 1 -1.o8003 

INVERSE POSITION COMPUTATION 

It sometimes becomes necessary in the adjustment of triangulation 
to compute the azimuths and length of a line joining two stations 
which are fixed in posi.tion, but which have not been directly con- 
nected by the observations. In order to compute this line an inverse 
or back computation must be made. This computation can be made 
on Form 26 or Form 27 (see Special Publication No. S, p. 14), but 
it can be made more easily and simply on Form 662. 

An example of an inverse position computation on Form 662 is 
given in Figure 66. The formulas for the computation are given a t  
the top of the form. The table for the correction of arc to sine is given 
on the back of the form. (Do not confuse this table with the table 
given on page 17 of Special Publication No. 8, sixth editmion, which is 
an entirely difTerent table.) Triangulation stations Spencer and 
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Peterson are fised in position (latitude and longitude) and it is de- 
sired to determine the azimuth, back-azimuth, and length of the line 
Spencer to Peterson. The form is self-explanatory and needs no 

DEPARTMENT 6~ eOu*rexe 
INVERSE POSITION COMPUTATION " .LW* IT I .OWOOLncS"Rnl  

Form E81 

wmcti i  for arc to sin'. 
' NAME OF STA'l7ON 

15 '8.789 

14 49.504 
1897.5713 AX (SeM.) 

3.2781997 
- 15 

3.2781S82 
3.9995997 
1.4898748 

L767672l (oppoalte In o b  to  L 

L502Z966, 
-S17.%8 

0.00 , 
-Z17,9a 

- 3 38.99 

- p . s 9  , 

l Z 3  05 41.248 
122 58 05.637 - 7 35.711 

- 3 47.856 

# 

-45.711 

2.6586896 ,,, 
- 1  

2.616995 ,,, 
1.4905902 
9.2551177 

4.0047974 nl 

4.7676721 

9.%712$3 , 

9.232307483 

9 .O936=0 

4.7740491 
-k 16 

4.7740507 

59436.15 

189 47 40.69 

lag 47 40.69 .Ul0 the tobls on tlur back dtblr form for ranNond 

189 45 01.70 
u o 2 o . l a  

+ 5 17.98 

9 50 19.68 

BO 

N~zTs.-For1og~upto4.5?and firrb+orAX (orboth) upto l O ' , o m l ~ d l ~ b e l o w  theheavylineezraptthorPriUt6d 
In heavy type or those unrlerseod, if using logarithms t o  6 dalmJl places. 

FIG. OO.-Invene position eomputatbn, Form 662 

detailed explanation. It should be noted, however, tshat the quadrant 

in which the angle a+- occu~s depends upon the algebraic signs 

of the quanti ties sin (a + $) and COS (a +%)a In the following m- 

( 7 )  
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ample the sine and cosine are both niinus and therefore the angle is in 
the third quadrant. Logs, is obtained in two ways, first by subtracting 

log sin (a +?) from and second by subtracting 

Table of arc-sin corrrrliom for invms position compul&nr 

log 8, 

4 177 
4.327 
4.415 
4.178 
4. 520 

4.560 
4.599 
4.038 
4.054 
4.077 

4.097 
4.710 
4.734 
4.750 
4.765 

4.779 
4.792 
4.304 
4.827 
4. 857 

4.870 
4. 893 
4.915 
4.030 
4. 965 

4.972 
4.988 
6.003 
5.017 
8.035 

8.081 
5.082 
6.010 
6. 090 
6.102 

5.114 
5.128 
5.139 
0.161 

6. 111 
5. 183 
6.193 
6.205 
6. 214 

8. i6a 

drc-aiu 
corml ion  
111 units of 

seventh 
decimal ol 
logarilhrm 

1 
2 
3 
4 
5 

0 
7 
8 
9 

10 

11 
12 
13 
14 
15 

10 
17 
18 
20 
23 

26 
27 
30 
33 
30 

39 
42 
45 
4.8 
52 

Ea 
59 
03 

71 

75 
80 w 
89 
94 

98 

108 
114 
119 

67 

loa 

log A+ 
or 

log Ah 

2.686 
2.836 
2.921 
2.9s7 
3.035 

3. 075 
3.108 
3.137 
3. 103 
3.180 

3.200 
3.225 
3.243 

3. 274 

3.288 
a. 301 
3.313 
3.336 
3.360 

3.385 
3.401 
3.424 
3.445 

3.481 
3.407 
3.612 
3.620 
3.544 

3.500 

3.585 

3.011 

3.623 
3. 637 

a. 259 

a 404 

a. 571 

a. 699 

a. 648 
a 660 
a 072 

8.681 
3.092 
3. 7M 

b7a3 
a. 714 

log st 

5.223 
5.234 
5.243 
5.253 
5.260 

5.369 
5.279 
5.287 
5.291 
5.303 

5.311 
5.318 
5.320 

6.311 

5.319 
5.350 
5.363 
5.369 
6.376 

5.3s3 
6.390 

6.403 
6.409 

6.415 
5.422 
6.428 
5.434 
5.440 

5.440 
5.451 
5.457 
6.402 
5.408 

5.473 
5.479 
5.484 
5.489 
6.496 

6.600 
6.605 
6.610 
6.615 
L 5m 

5. a31 

5.396 

Arc-sin 
cormLion 
in unita of 

seventh 
decimal of 
logarithms 

121 
130 
130 
142 
117 

153 
160 
166 
1 72 
179 

186 
192 
199 
206 
213 

221 
228 

243 
251 

259 
267 
275 
284 
293 

300 
309 
318 
a37 
336 

315 

364 
313 
383 

393 
403 
412 
422 
433 

443 
453 
464 
474 
480 

2a6 

a s  

log A+ 
or 

log AA 

3.732 
3.743 
3.753 
3.763 
3.709 

3.778 
3.788 
3. ID0 
3. SO3 
3.812 

3.820 
a s 2 7  
3.835 
3. 5.13 

3.85s 
3.865 
3.873 
3.878 

3.892 

3.912 

a 850 

a 885 

a. 809 a 905 

3. 91s 

a 924 

a 949 

3.931 
3.937 
3. 913 

3.955 
3.960 
3.966 
3.971 
3.977 

3. 082 
3.9S8 

4 004 

4.009 
4.014 
4.019 
4. 014 
4.029 

a 003 am 

1% 111 

5.525 
5.530 
5.534 

:: 3 
5.54s 
5.653 
5.557 
5.561 
5.560 

5.570 
5.575 
5.579 
5.583 
5.557 

5.591 
5.595 
5.800 
5.604 
6.008 

6.612 
5.010 
6.0W 
6.024 
5.628 

5.632 
5.636 
5.040 
5.044 
6.648 

6.053 
6.051 
5.060 
5. 063 
5.067 

5.071 
6.074 
R 078 

Arc-sin 
comction 
iii units of 

neventI, 
decimd of 
logaritlints 

497 
503 
519 
530 
51 1 

553 
565 
577 
5ss 
0uU 

613 
625 
037 
650 
603 

071 
ea7 
702 
716 
729 

743 
757 
171 
785 
800 

811 
829 
8.45 
861 
877 

893 
W9 
925 
941 
957 

973 
989 

1005 

log A+ 
or 

log Ah 

4.031 
4.030 
4.013 
4.048 
4.052 

4.057 
4.005 
4..060 
4.070 
4.075 

4.079 
4.084 
4. ass 
4.092 
4.090 

4. 100 
4. 104 
4. 109 
4.113 
4.117 

4. 121 
4.125 
4 129 
4. 133 
4 137 

4. 141 
4. 145 
4. 149 
4.153 
4.157 

4.161 
4.165 
4. 109 
4.172 
4.170 

4. 180 
4.183 
4 187 

FIG. 67.-Arcdine corrections for inverse position computation, back of Form BBa 

The values of a and log s determined by this inverse computation 
niay be checked in the following manner. Starting with the aziniuth, 
Peterson to Spencer, 9' 50' 191'68, the logarithm of the length, 
Peterson to Spencer, 4.7740507, and the fised latitude and longitude 
of Peterson, 44' 30' 381y293 and 133' 55' 05!'537, the latitude and 
longitude of Spencer are computed on Form 26. (See fig. 68.) 
The values thus obtained should check the fised values of the latitude 
and longitude of Spencer within one in the last place of decimals. 

4 5 8 6 1 " - 3 5 1 4  
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a 

L 
a 

Aa 

* 

POSITION COMWTATION, FIRST-ORDER TRIANGUL.4TION 

0 I " 
to 

c. h 

2. Peterson h'i. Spencer 9 50 19.68 
- 5 17.98 

190 

1. Spencer to 2. Peterson 189 45 01.70 

First Angle of Triangie 

0 ,  ll # I 

59 05.537 
7 I 85.711 I 

4-1-3397.2359 
+0.2571 

+-1997.4929 

+la97 3787 

44 14 49.53 

4.7740507 

si:; 1 9.23268. 

8.5090166 

eeolp' 0.1429454 

2.6p6558 

+ 455.7114 A A  

1 8.9439 7.4986, 1 ( ~ 2 ) '  1 7.976 
I B I 7.343 

FIG. (IS.-Position camputation to check inverse computation 

LAPLACE AZIMUTHS 

A triangulation station a t  which both astronomic longitude and 
astrononiic azimuth observations have been made is called a Laplace 
point, and the aziniuth is called a Laplace azimuth. 

The geodetic determinations of latitude, longitude, and azimuth 
at a station are referred to the point on the celestial sphere defimd 
by the normal to the Clarke spheroid at the station; while the astro- 
nomic determinations of latitude, longitude, and azimuth at the 
same station are referred to the point on the celestial sphere defined 
by the plumb line at  the station. These points of reference on the 
celestial sphere are called the geodetic and astronoiiiic zeniths, re- 
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spectively. By a coniparison of the astrononiic and geodetic deter- 
minations of latitude, longitude, and azimuth at  a station, it is 
possible to determine the deflection of the plumb line from the 
nomial to the Clarke spheroid. This deflection of the vertical niay 
be espressed by the angular distance between the geodetic and the 
astronomic zeniths and the aziniuth of the h e  joining them, or by 
tlie coniponents of the deflection along the meridian. and the prime 
vertical. 

At each Laplace point the prinie vertical coniponent of the deflec- 
tion of the vertical should be the sanie, escept for errors of observa- 
tion, whether derived froni the observed longitude or from tlie 
observed azimuth. This relation may be espressed as follows: If 
4, is the geodetic latitude; A, and h-, the astronomic and geodetic 
longitudes respectively; a, and cu, the astronomic and geodetic 
azimuths, respectively, then 

cos & ( A A - h O ) =  -cot &(@*-e), 
or ( a A - ( y ~ ) + s i n  & (XA-X,)=O, 
or a, = sin 4, (AA - A,) + a,, 

which is known as the Laplace equation, since it was first used by 
Laplace. (For full development of this equation see Spec. Pub. 
No. 110, pp. 90-91. ) 

The accuracy of all the data used in determining the true geodetic 
aziniuth at  a Laplace point has been thoroughly considered in the 
various investigations of the figure of the earth and isostasy. It 
is shown from these investigations that the astronomic longitudes 
and the astronomic aziniuths are each subject to probable evors 
which are, upon an average, not greater than f0!'50. The geodetic 
longitude anywhere in the United States is subject to a probable 
error of less than f 0!'50, due to all causes other than errors in geodetic 
azimuth. However, the, geodetic azimuths as computed through 
the triangulation are subject to probable errors as great as f5." 

It is clearly seen then that a t  each Laplace point all the quantities 
used in the formula for coniputhig the true geodetic azimuth are 
known with a much higher degree of accuracy than the geodetic 
azimuth at that point is known. Therefore the true geodetic azimuth 
computed by the formula above is niore reliable than the geodetic 
azimuth as coniputed though the triangulation, and consequently 
is the one held fixed in t8he adjustment of the triangulation. 

If there were no deflections of the vertical or station errors, as they 
are sometmimes called, the determination of the correct relative posi- 
tions of different points on the surface of the earth would be a simple 
matter and could be done by astronomic observations alone. 

However, the relation between the difference of astronomic and 
geodetic longitude and the difference of astronomic and geodetic 
azimuth, as espressed by the Laplace equation, makes it possible to 
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correct for the deflection of the vertical and to determine the true 
geodetic azimuth at a Laplace station, and hence to obtain the 
accumulated error in the geodetic azimuth as carried through the 
triangulation. 

The method followed by the United States Coast and Geodetic 
Survey in deterniining the true geodetic azimuth is to establish 
Laplace stations; that is, nialre astronomic observations for both 
longitude and aziniuth a t  various stations along the continuous arcs 
of triangulation. Then at each Laplace station the observed aziniutli 
is correcked for tslie deflection of the vertical by nieans of the Laplace 
equation, and the true geodetic aziniuth obtained. The true geo- 
detic aziniuth is then held fked in the adjustment of the triangulation, 
and in each case the discrepancy between the true geodetic aziniutli 
and the geodetic azimuth as carried through the tiiangulation is 
distributed by nieans of an azimuth equation. 

An esainple of tslie computation necessary to obtain the true 
geodetic azimuth from the observed aziniuth and longitude is shown 
below. The astronomic longitude of triangulation station Parlrers- 
burg and the astronomic azimuth of the line Parkeisburg to Denver 
have been determined by star observations, and the geodetic longitude 
of Parlrersburg and the geodetic azimuth of the line Parkersburg to 
Denver have been c.omputed through the triangulation. It is desired 
to obtain the true geodetic aziniuth of the line Parlrersburg to Denver, 
and hence determine the accumulated error developed in the geodetic 
azimuth as computed through the triangulation from the next pre- 
ceding Laplace azimuth. 

The observed astronomic azimuth of the line Parkersburg to Denver 
is 143' 16' 15155; the observed astronomic longitude of Parlcersburg 
is 88' 01' 48W30; the geodetic longitude (that computed through the 
trian'gulntion) of Parkersburg is 88' 01' 49100; the geodetic latitude 
of Parlcersburg is 35' 34' 51152; and the geodetic azimuth of the line 
Parlrersburg to Denver is 143' 16' 16Y64. 

The computation necessary to obtain the true geodetic azimuth of 
the line Parliersburg to Denver can best be arranged as follows: 

Astronomic. longitude of Parkersburg, A, = S8 01 48.30 
Geodetic longitude of Parkenburg, XG = 88 01 49.00 

(See p. 68.) 

0 '  ' I  

-0.70 - - XA-AG 
Sine of geodetic latitude of Parkemburg, sin +G = + O .  624 

-0.44 - - sin +G (A, - X d  
Astronomic azimuth, Parlrersburg to Denver, aA= 143 16 15. 55 

Laplace azimuth, Parkersburg to Denver, aG = 143 16 15. 11 
Geodetic azimuth, Parlrersburg to Denver = 143 16 15.64 

Correction to geodetic azimuth = -0.53 
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The true geodetic, or Laplace, azimuth of tlie line Parkersburg to 

Denver, 143’ 16’ 15111, is the azimuth to be held in the adjustnient 
of the triangulation, and -0153 is the accuniulated error developed 
in computing the azimuth through the triangulation, or the discrep- 
ancy which must be distributed through the triangulation by the 
azimuth equation in the least-squares adjustment. (See p. 63.) 

COMPUTATION OF LONG DISTANCES 

The formulas on Form 662 (see fig. 66) may he used in computing 
distances up to approsiniately 300 miles between points whose lati- 
tudes and longitudes are known. When it is necessary to conipute 
distances Inuch greater than this, such as distances between widely 
separated cities, the following method should be used. (See pp. 33 
and S9 of the Figure of the Earth and Isostasy from Measurements 
in the United States.) Let 4, X, and 4’, X’ be the latitudes a i d  longi- 
tudes of tlie given stations. It is required to find the distance, 8, 
in meters between the stations (0 being the arc distance) and the 
azimuth aF and the back azimuth aE of the line joining the stations. 
Let, u=90°-+, c=90°-+‘,z=+ (a-c) e2 sin2 3 (a+c),  

tan 3 (A’- 0’) =sin 3 (a’-c’) csc 4 (a’ +e’ )  cot 4 B, 
tan t (A’ + 0’) =cos 3 (a’ -c’) sec 3 (a’ + c’) cot 3 B, 

a’ = a , - ~ ,  C’ =c+x, B=X’-X, 

sin b = sin B sin a’ csc A’ = sin B sin c‘ csc C’, 
and b = 0  

ThenaF=18O0-C’, 
ag= l8Oo+A’, 

and s (in meters) = (0 in seconds) - (3 
or 8 (in miles) = (0 in seconds) ( a x  0.00062137 

In the forniulas above e is tlie eccentricity of the spheroid flog e2= 
7.S3050), and A is a factor whose logarithm is tabulated for each 
minute of latitude in Special Publication No. 8. Log A should be 
taken out for the mean latitude of the two stations. 

In  nialiing the computation the work should be arranged in a 
convenient form as shown in the example below. Taking the latitude 
and longitude of Mesico City as 19’ 37‘ 23YO and 99’ OS’ 37Y0, 
respectively, and the latitude and longitude of Washington, D. C., 
as 38’ 53‘ 3310 and 77’ 00’ 34Y0, respectively, the distance and 
azimuths between the two cities are computed as follows. 
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Raniple covtputation. of long distance 

0 I I’ 

d, 19 27 20.0 
x 99 os 37.0 
d;’ 3s 53 33.0 
A’ 77 00 34.0 
a=90°-+ 70 32 40.0 
c= 900 -4’ 51 06 37.0 
W ( a + e ) = ~ ( a ’ + c ’ )  GO 49 38. 5 
% (a-4 9 43 01.5 

% B  -11 04 01.5 

log sin 2 36 (a +c) 

B=A’-A -32 OS 03. 0 

% (a-c) in seconds 34981.5 
log % (a-c) i n  seconds 4. 54381 

9. SS2lS-10 
log e3 7.53050-10 

log x 2.25652 
5 18015 

a’=a-x 70 29 39.5 
c’=c+z 51 09 37.5 
M (a’-c‘) 9 40 01.0 
log sin $6 (a’-c’) 9.33510-10 
log CSC ,16 (a’ +e’) 
log cot 34 B 0.70SG4, 

o r I I  

0. 05891 

9. 99265 ,,- 10 log tan 36 (A’--’) 

log sec 36 (a‘+c’) 0.31205 
log cot M B 0.70864, 

log tan % (.4’+C’) 1.01451, 

log cos ,q (a‘-C’) 9.99379-10 

56 (A‘-C’) 
/1Q (-4’+C’) 
-4 ‘ 
C’ 

uB=1SO0+A’ 
log sin B 
log sin a’ 
log csc A‘ 

log sin 8 
log sin B 
log sin e’ 
log CSC C‘ 
log sin e 

cUF= 180° - cr 

8 
8 (in seconds) 
log (0 in seconds) 
colog A 

log s (in meters) 
log O.OOOG2137 

log s (in miles) 
s (in meters) 
8 (in miles) 

o r it 

-44 30 55 
-S4 28 33 

-12s 59 2s 
-39 57 38 
219 57 3s 
51 00 32 

9.5760Sn-10 
9.97433-10 
0.10944, 

9.05935-10 
9.55GOSn-10 
9. S914S=-lO 
0.19229, 

9.65985-10 
0 I I’ 

27 11 31 
97881” 

4.99070 
1.49063 

6.48132 
6.79335-10 

3.27467 
3029145 
1882.2 

SIDE EQUATION TEST 

Frequently in the adjustment of triangulation it is found that 
although the triangle closures in some particular quadrilateral are 
very small, the side equation for that quadrilateral has a large dis- 
crepancy. This indicates that one or more of the directions must 
be in error and that the s n i d  triangle closures may be due to errors 
that counterbalance each other. By testing the quadrilateral by 
means of the side’equation one is usually able to find the direction or 
directions which should be rejected in the adjustnient. 

The side equation test should be niade in the following manner: 
Add toget,her the coefficients of the ternis of the side equation, clis- 
regarding their signs. Divide the constant term of the equation by 
this sum. The result is the approsiniat*e average correction that 
niust be applied to a direction to eliminate the discrepancy in the 
figure and should not be greater than 0!4 for first-order work. 
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For the following exaniple the quadrilateral used (fig. 69) is one 
talien from an arc of first-order triangulation executed in 1925, and 
it illustrates very clearly the value of the side equation test. 

The four triangles in this quadrilateral (see fig. 70) have closures 
of 0105,0115, 0'!49, and 0139, or an. average of 0127, disregarding 
the signs. These small closures seemed to indicate accurate values 
for the angles. In  forniing the side equation for the office conipu- 
tation, however, it  was noticed that the constant term was very 
large in relation to the coefficients of the various ternis. In order to 
see just what, corrections would be required to elininate the dis- 
crepancy in the side equation, the quadrilateral was adjusted. (See 
p. 312.) It was found that the angles at Anarchist between Gillespie 
and Spur and between Spur and Oroville required corrections of 
-3138 and +3137, respectively, and that the angles at Spur be- 
tween Anarchist and Gillespie and 
between Oroville and Bnarcl~ist 
requhed corrections of + 3 178 and 
-3151. This was sufficient proof 
that sonie of the angles in the 
quadrilateral were in error, since 
the small triangle closures did not 
justify such large corrections to 
the angles to eliminate the side 
discrepancy. Had the side equa- 
tion test been made in the field 
the error could have been found 
and corrected. 

quadrilateral (see fig. 69) are at 
Spur between Oroville and Anarchist and between Anarchist and 
Gillespie, so in writing the side equation the pole should be talien at  
Anarchist. The constant terni of ,the side equation is then 38.3, 
and the sum of the coefficients without regard to sign is 30.9. Di- 
viding 3S.3 by 30.9 we obtain 194, which is the approxiniate average 
correction that must be applied to a direction in order to eliminate 
the side equation discrepancy. This is entirely too large considering 
that the average closure of the four triangles is only 0127, and that 
the niaximuni is only 0149. 

Although the side equation test as made in this manner shows that 
some angle or angles must be in error, it does not show which ones 
are wrong. It is possible, however, to apply the test further by tak- 
ing the pole of the side equation at sonie other vertes and bringing 
in some angles not used in the first test. If the side discrepancy is 
within the limit in this second test, then the angles used in it are 
probably correct and the error must be in some of the angles used 
in the first test, but not in the second test. 

Anarchist 

The two in the FIG. 69.-Quadrilateral used in side equation test 
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If necessary, the test limy be further extended by using the third 
and fourth vertices as poles in forming other side equations. In 
most cases, however, especially if only one direction is in error, it 
can probably be located by the second test. 

COMPUTATION OF TRIANGLES DCCARTMM OF cou*IERce 
mrm as U L -nmyoom( m- 

state: ...YMhinsta ..-,,-- 
NO. R'ATIOLLI OBSERVED ANOLE 

24 Gilles?le- 

-54 1 Oroville 77 58 50.51 
-10+11 2 Gillesgie 54 50 54.68 
-74-9 3 s p  47 10 15.78 

1-3 0.-oville - S p r  

1-2 Oroville - Gillespie 
00.97 

2-3 Glllespie - Spur 
-1+2 1 Anarchist 35 39 53.10 
-1O+12 2 Glllespie 123 44 21.67 

-8+3 3 S w  20 55 40.14 
1-3 An;irchlst - S m  
1-2 Anarchist - Glllesoio 

00.91 

2-3 Cilbsple.  - Oroville 
-14 1 Anarchist 64 31 19.4 
-11+122 Gillespie 69 53 32.99 

-44 3 Oroville 46 35 08.71 
1-3 Anarchist - Orovillo 
1-3 llnarchist - Glllespie 

01.13 

2-3 Spm - Oroville 
-2+3 1 Aaarckist 28 51 26.33 
-74 2 SlJlV 26 34 35.64 
-44 3 Oroville 124 a3 59.22 

1-3 Anarchist - Orovllle 
1-2 Anarc2llst - spur 

01.19 

-0.05 

-0.15 

-0.49 

-0.39 

0.92 

0.76 

0.64 

0.80 

FIG. 'IO.--c)bserved angles and closures for triangles used in side equation test 

In  exeptional cases the side equation tests will show that some 
angles are in error, but will not indicate which ones. The esaiiiple 
given here is such a case. As shown above the first test with the 
pole at Anarchist gave an approsiniate average correction to a direc- 
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0 I ,I 

-7+9 47 10 15.79 9.8G53329 +1.95 -5+6 
-4+5 46 35 oP.71 9.8611781 +1.99 I -14-3 
-14-3 35 39 53.10 9.7056995 +294 -S+9 

9.492105 

38 3 tion of -2 = 1124. The second test with the pole at  Gillespie gave 30.9 

an approximate average correction of 5 r o =  1152, the third with the 

pole at  Spur, a correction of ;=1!10, and the fourth with the pole 

at  Oroville, a correction of - = 1 '!45. In  this example, therefore, 

all four tests show large average corrections to the directions, incli- 
cating that some of the angles are in error, but they do not disclose 
the erroneous angles. 

It happens that this quadrilateral appears in an arc of triangulation 
through which a length equation was carried. 'It was found that if 
the length was carried through the triangles, Oroville-Gillespie- 
Spur and AnarchistrGillespie-Oroville, the discrepanc,v in length was 
1 part in 400,000, but if the Iength equation was carried through the 
triangles AnarchistrGillespie-Spur and Oroville-AnarchistSpur, the 
discrepancy was 1 part in 13,000. This test indicated that the line 
AnarchistrSpur was probably in error, and by about the same 
amount a t  both ends. Either direction 2 (at Anarchist) or direc- 
tion 8 (at Spur) appears in all four side equations and consequently 
all four equations have large discrepancies. 

This esample, however, is an exceptional case as both ends of a 
line are seldom in error by appiasimatcly the same amount. Ordi- 
narily the side equation test will indicate which angles are in error. 

Side  eqitation with pole at Aiiarchist 

33.4 

25 5 
23.1 
30 4 
30.6 

0 I I, 

77 5S 50.51 9.9903732 +a45 
64 31 1U.43 9.9555679 +1.W 
20 35 40.14 9.Er16a3Nl +LgO 

9.4921771 

I l o  , I ,  I I II l o  I I ,  I I 
-lO+l2 1% 44 27.67 1 9.819Y919 -1.41 a0 35 40.14 O.Mf323Nl 

% 34 35.64 9.6506895 I +4.21 11 I t g  I 124 33 59.22 I 9.91564771 1 I I 46 35 0571 I 9.8611781 4-1.99 -11+12 6s 53 32.99 9.9698381 +.81 I 9.43175LJ5 I (1 I I 9.4317312 I 
0=+35.3-3.44(4) + 1.99(5) +1.15(.6) -4.31(7) +g.Sl(S) -5.60(9)+1.41 

(10) +os1 (11) -2.23 (12) 
-= 38'3 1124 
30.9 

Side  equation with pole at Gillespie 

O= +33.4- 1.94(1) +2.94(2) -1.00(3) -1.99(4) +3.44(5) -0.45(6) - 1.95 
(7) +5.60(5) -3.05(9) 

-= 33'4 1652 
22.0 
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Side equation with pole at Spur 

0 I ,I 

64 31 19.4 
54 50 M.OS 
2i 34 35.64 

-4+6 
-1+2 

-10+11 

9.9555679 +1.M 
9.8125583 +1.& 
9.6506695 +4.31 

0.5155157 

D I  If I I II 

0 ,  , # I  

124 33 59.23 9.9150.171 -1.45 
35 39 63.10 1 9 . 7 6 W 5  I +294 I( -,% 
M 50 5P.W 9.9115583 +1.W I -54-8 

I 

0 ,  I, I I I 

64 31 19.4 
54 50 M.OS 
2i 34 35.64 

O= +35.5-2.94(1) +6.76(2)-3.S2(3) +1.45(4) +0.45(5) -1.90(G)-a.S9 
(10) +1.45(11) + 1.41(12) 

25.5 - -- 23.1- 190 

1 9.9555679 1 +1.M 
9.8125583 +1.& 
9.6506695 +4.31 

Side equation with pole at Oroidle 

I 0.5155157 I 
-14-3 

- l o p  -,+s 
-11+12 

-7+0 
-3+3 

0 I ,I 

6s 53 32.99 
47 10 15.7s 
38 51 36.33 

8.989s3s1 I +o.Sl 
‘J.s.53329 +1.85 
9.W6143 +3.m 

9.5157853 I 
~ 

O= +30.4-1.00(1)+3.S2(2) -2.82(3)-2.26(7) +4.21(8)-1.95(9)-1.48 
(10) +9.99(11) -0.Sl(l2) 

Anarchist 

FIG. 7l.-Quadrihteral used in side equation 
test with directions renumbered for office 
computation 

The following adjustment of the quadrilateral shows what large 
corrections are required to make it consistent if all observed direc- 
tions are used. The numbers on the directions are those used in 
the office adjustment of the arc. 

Aiigle equations 

1. 
2. 
3. 

O= +O. 05- (207) + (208) - (210) + (212) - (210) (220) 
O= +O. 39- (210) + (211) - (216) + (317) - (21s) + (220) 
O= +O. 49- (205) + (209) - (315) + (217) - (318) + (219) 



.m-- 

NO. ITATIOX'S OMEPV8D AN0L6 

~~ 

D I I, 0 I I I  

-207+208 64 50 54.88 -2l9+220 77 58 50.51 
-210+?11 26 34 35.M -218+217 aS 51 26.33 
-218+219 46 35 Os71 -20$+2G9 6s 53 32.W 
-215+216 35 39 53;lO -211+312 20 35 40.14 

9.1W12536 

2-3 Gi l l eg ie  - SF 

219- Oroville 77 58 50.51 
-2G7+208: Gillespie 54 50 54.68 

-21otzla s* 47 10 15.78 
1-3 Oroville - Spur 
1 4  Oroville - Gillespie 

9.KQ37327 $0.45 
9.69361433 +3.82 
9.QGW380B $0.81 
9.%8?3598 +a60 

9.190081ffl 

2-3 Oilleapie - Sm 
-207+- Gillespie 123 44 21.67 

-ala# spur 20 35 40.14 

-2l5ia61 Anarchist 35 39 53.10 

1-3 Anarchist -spur 

1-2 Anarchist - Gillespie 

*-3 Gillespie - Oroville 

-2l5+zl71 Anarchist 64 zil 19.43 
-208+a052 Oilleapie 68 53 32.99 
-2l8+2l93 Oroville 46 35 08.71 

is Anarchist - Oroville 
14 &archis t - Gillespie 

2-3 Spur - 'Oroville 

- 2 l 6 + z l P l  barchi st 28 51 26.S 

-2lOr2ll2 spur a6 34 35.& 
-ne+& Oroville 124 33 59.22 

1-2 &archist - spur 1-3 &archist - Oroville 

&.Sa 51.45 0.31 
-1.26 53.42 0.31 
&ZI 16.05 0.30 
-0.05 0.92 

-3.Z&9.32 0.25 
-0.6537.02 0.25 

G.7843.92 0.26 

-0.15 0.76 

.ro.o919.52 0.a 
+0.61Z3.60 0.21 

-1.1907.52 0,aa 
-0.49 0.64 

4.3729.10 0.27 
-3.5132.3.3 0.27 

-0.2558.97 0.26 
-0.39 '0.80 

4.3372461 
51.14 0.0096264 
53.11 9.9125560 

15.75 5.3653328 
4.3~4338 
4.2622056 

4.3a7wbl' 
49.57 0.2343109 

26.77 9.9198931 
43.66 9.5462557 

4.5414504 

4.1678130 

4.2623056 
19.31 0-04M32l 
33.39 9.5698304 
137.30 9.8611753 

4.2164761 
4.1678130 

4.3094288 

29.43 0.3165738 
31.86 9.6506736 
58.n 9.9156473 

4.2164762 

4.5414504 

FIG. 72.-l'nangle computation for quadrilateral used in side equation test 

Side equation 

4. O= +63.72-1.48(207) +2.29(208) -0.81(209)-4.21(210) +9.81(211) 
-5.60[313) - 2.94(215) + 6.7(3(216) -3.53(217) - 1.99(218) + 2.14 
(219) -0.45 (220) 
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Correlate equat,ions 

3 1  4 rl 2. c 
.- 

-3 -0.51 +.OS +a54 -0.21998 
+3 *.a +.39 +15.37 +.a195 
+6 +.A5 +.49 +fi.fu -.%I24 

4-232.1606 +G3.72 +301.lOoB -. 28102 

1 1 1 3 1 3 1  
-2.48 
+2.29 +. 19 
4 . 2 1  
+lo. SI 

-4. GI1 

+5.7D 
-1. s2 
-3. w 
+2 4.4 
+I. 55 

-3.y 

v 

-_ 
+o. eaa -. 613 -. 014 
+l. 081 
-2.435 

+l. 354 
+l. 067 
-3.221 
+I. 154 +. 47s 
-. 707 f. 2% 

Adapted 
U 

-to. 64 -. Q -. 01 
+l. OS 
-2.43 

+l. 35 
+LO6 
-2. n 
+l. 15 +. 48 
-. 71 +. 23 

RECTANGULAR COORDINATES 

The results of the triangulation computed by the United States 
Coast and Geodetic. Survey are always given in geographic coordi- 
nates, since the triangulation usually covers a large area, and must 
necessarily be computed by means of geographic coordinates (lati- 
tudes and longitudes) on account of the curvature of the earth. 

For the survey of a relatively small area, such as a city or sniall 
county, it is much more convenient to use plane c.oordinates, since 
the compiit,ations are simpler. If in the sniall area being surveyed, 
however, there are triangulation stations, these should be used to 
control the local survey and to connect it to the triangulation of the 
country. 

In order to malie its results of value to city and county surveyors 
using plane coordinates the United States Coast and Geodetic Survey 
has issued Special Publication No. 71, entitled “Relation betsween 
plane rectangular coordinates and geographic positions,” in which 
tables are given that make the c.oniputations for transforming 
geographic to plane rectangular coordinates or vice versa very 
simple. This publication can be purchased from the Superintendent 
of Docunients, Wasliington, D. C., for 10 cents. 



CHAPTER 7.-GENERAL RULES AND SUGGESTIONS 

All coniputations can be made much more rapidly and can be 
checked niore easily if the work is arranged in a systematic manner. 
This bureau has printed forms for nearly all triangulation computa- 
tions and these should be used whenever possible, as they espedite 
the work and lessen considerably the chances for errors. 

The mat,hematician should bear in niind that accuracy is desired 
above everything else. Of course speed is desired also, but accuracy 
should not be sacrificed to it. Not8hing is gained if a piece of work is 
done in an unusually short tinie, if as a consequence it afterwards 
needs considerable revision. 

For a great many computations no &sed rules can be laid down, but 
the proper procedure depends upon tlie judgiiient of the mathema-’ 
tician doing the work. For instance, it is impossible to specify the 
number of decimal places to be used for tlie numbers and logarithnis 
in all the various computations. This depends upon the particular 
piece of work being computed. 

All work should be done neatly and all figures should be written 
carcfully and legibly. Either 
erase entirely the one which is superseded, or draw a line through it 
and write the correct figure above it. 

Every computation, unless self-checking, should be checked by a 
mathematician other than the one who made the original computation. 
The niathematician who does the checking should first iiiake his 
changes in pencil, and then he and the mathematician niaking the 
original computation should agree on the proper values before the 
final corrections are made in ink. 

An inespeiienced mathematician should feel free at all times to 
consult the nian under whom lie is working or, in an emergency, 
any of the more esperienced mathematicians in regard to the work. 
It is well to make sure you are right before carrying a computation 
too far. This consultation suggestion should not be abused, however. 
Beginners should proceed upon their own initiative in the work 
assigned them, unless there is doubt as to the proper method. Knowl- 
edge obtained by study and hard work is much more easily retained. 

In all triangulation coniputations meters are used, but the final 
results are converted to feet, and both meters and feet are published. 

In an adjustment of a large net of triangulation the selection of 
the equations, as well as the formation, should be checked before the 
work is carried ahead, as often an “identical” equation (seep. 1Sl) will 

Do not write one figure over another. 

215 
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not become apparent until the forward solution of the normals is 
made, and considerable recomputation will then be required to sub- 
stitute the proper equation. 

Intersection stations, that is, unoccupied points, unless tmhey are 
niain schenie stations, should be adjusted by using only the three 
lines which give the strongest angles at  the vertex 

The mathematician making the first check of a list of geographic 
positions should also check the angles in the triangles for all “no- 
check ” points. 

In those adjustments in which the logarithms of certain lengths 
each appear in only one triangle these logarithnis should be carefully 
checked before the list is made out. 

The niatheniatician making out a list of geographic positions and 
the one doing the checking should scan it carefully for errors that may 
easily be discovered by inspection. For esample, it is easy to see 
whether the azimuth and back azimuth differ by approsiniately 180’ 
as they should, or whether the nuniber of figures in a length corre- 
spond to the characteristic of the logarithm from which it is taken. 

All final lists of geographic positions should be checked by two 
nitbtheniaticians, who should put their initials at  the bottoni of each 
sheet. As soon as a list has been properly checked, a photostat copy 
of it should be obtained for the files of the division of geodesy. If 
the triangulation is along the coast, another photostat copy of the list 
should be obtained for the files of the division of charts. 

Pages of geographic positions and cards of descriptions of the sta- 
tions should not be taken out of the files of the division of geodesy 
without leaving a nienioranduni of such withdrawals with the mathe- 
matician in charge of the files. 

In  the adjustInent, of a central point figwe where there is niore 
than one side equation, one of these equations should be written 
with the pole at  the center and carried completely around the figure. 

In an adjustment having several side equations, if the closure for 
one is large the directions used in that equation should be investi- 
gated. If the closure can be improved considerably by omitting a 
certain direction that should be done. 

Whenever a field computation of triangles is available it is not 
necessary to make a preliminary office computation of triangles, but 
the logarithms of lengths from the field computation can be used to 
conipute the spherical escess. 

In the adjustment of triangulation by the angle method the azi- 
niuth equation should always be formed by using the c or azimuth 
angles, as then the azimuth equation will notl ordinarily involve the 
same 0’8 as the length equation, and the solution of the normal 
equations will be simplified. 
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In using the Shortrede logarithmic tables, the tables of propor- 
tional parts at  the right of each page and the tabular difference for 
one second at  the bottom of each minute column should be used 
except for very small angles. For small angles, where the tabular 
difference for one second is changing rapidly, tlie difference should 
be taken out for the particular second used. 

In forming the correlate equations, the coefficients of some of the 
equations should, in some cases, be divided by 5,10, or 100 to make 
them of approsiniately the same size as those in the other equations. 
This nialies it possible to obtain a given accuracy with a smaller num- 
ber of decimal places in the solution of the nornial equations. 

In the computation of a geodetic position for which the signs of 
tlie AX'S as computed over the two lines are the same, and the two 
values are approsiniately the sanie size, the resulting values of X 
niay check and yet the computation be wrong. This is due to the 
fact that the values of A' and sec 9' are the same for both lines used 
in the coniputation, and if there is an error in either of these ternis, 
it will affect both AAJs by about the same amount. The error will 
not be apparent until this position is used in computing some other 
position for which the longitude will necessarily fail to check. 

In the computation of a geodetic position all signs, whether plus 
or minus, should be indicated for all the ternis. This saves much 
time and avoids confusion. 

Eternal (true black carbon) ink should be used for making out all 
lists of geographic positions since this permits much better photostat 
copies to be made. 

The last mathematician to leave a room, in which t-here are com- 
puting machines, a t  the end of a day should see that all the machines 
are covered. This prevents dust from entering and injuring tho 
delicate parts of the machine. 

In making out lists of geographic positions, the niatheniatic.ian 
should always insert at the top of each sheet, in the blanks provided, 
the locality and State in which the triangulation is located, and also 
the datum on which tlie work is computed. This will avoid con- 
fusion if the sheet should become misplaced from the files or computa- 
tion cahier. 

Before starting the adjustment of a net of triangulation, the mathe- 
matician should find out just how the net is connected in position, 
length or aziniuth to previously adjusted triangulation. If any of 
the points or lines of the new net are identical with points or lines of 
previously adjusted triangulation, they should be held fised in the 
new adjustment, in order that the new triangulation niay be made 
consistent with the esisting fixed triangulation. Occasionally, how- 
ever, a station already adjusted may be allowed to take a new posi- 
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tion, if the old data on which its position was based are not con- 
sidered very accurate or reliable. The final decision in a matter of 
this kind should rest with tshe more esperienced judgment of the older 
mathematicians. 

In many of the operations in the computation of triangulation 
more decimal places are used in the course of the computation than 
are necessary when the final values are reached. In dropping the 
estra decimal places no question arises if the figures dropped represent 
either more or less than one-half a unit of the last decimal place 
retained, for if they are less the last figure retained reniains unchanged 
and if more it is increased one. For esaniple, if the two numbers 
02273 and 0.3366 are rounded off to three decimal places, then the 
adopted numbers should be 0.227 and 0.337, respectively. 

When the figures in the dropped decinial places, however, represent 
exactly onerlialf a unit of the last decinid place retained, then the 
number adopted may have two values both of which are equally 
correct. In  order to avoid confusion the United States Coast and 
Geodetic Survey has arbitrarily adopted the plan of using the nearest 
even figure for the last decimal place retained. For exaniple, in 
rounding off to three decimal places, the numbers 0.4315 and 0.6345, 
the adopted numbers should be 0.423 and 0.624, respectively. 



CHAPTER &-CONSTANTS, FORMULAS, AND TABLES 
CONSTANTS AND FORMULAS 

Dimensions of the earth according to Clarke's spheroid of reference 
(1866) : 

Equatorial radius, a, = 6378306.4 meters 

Polar semi-ah, 6, = 6356583.8 meters 
log a = 6.80469857 

log b = 6.80322378 - 
az - bS Eccentricity, e, 

e* = 0.006768658, 
log e' = 7.83050257 - 10 

Base of Naperian logarithms, E, =2.71828183 
log e = 0.43429448 

Modulus of common logarithms, M, = 0.43439448 
log M = 9.63778431 - 10 

re3.14159265 
log r=0.49714987 

log sin 1" ~4.68557487 - 10 
loa tan 1" = 4.68557487 - 10 

kilometer = 0.621370 statute mile = 0.539593 nautical d e .  
meter = 0.000621370 statute mile = 0.000539593 nautical d e .  
statute mile = 1609.35 meters = 1.60935 kilometers. 
nautical mile- 1853.25 meters = 1.85325 lidometers. 
nautical mile- 1.151553 statute miles. 
statute mile = 0.868393 nautical mile. 
meter=39.37 inches (law of July 28, 1866). 
meter = 3.28083333 feet. 

foot = 0.30480061 meter. 
log. 3.28083333 =0.51598417. 

log. 0.30480061 =9.48401583 - 10. 

Probable error of an observation, r =0.6745 

dG r - 0.6745 dn$& 
Probable error of result, r, = - - 

Probable error of an observation of unit weight, pl = 0.6745 n-1 

Probable error of an observation of weight p l ,  r1 = -E = 0.6745 JG 
Probable error of an observed direction,d = 0.6745 ,/?where 3d = sum 

of squares of corrections to directions, and c is the number of 
conditions. 

Mean error of an angle, a = dz, - 
where EA' is the sum of the squares of the closing errors of the 
triangles, and n is the number of triangles. 

45861°--34-15 219 
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361 
385 

427 
444 
458 
489 
475 
477 

Laga9-ithna.s of radii of curvature of the earth's surface (in mstsr$) 
[Based upon Clarke's spheroid of 1866 as expressed in meters]. 

I Latitude 

- 

3M 
387 

4 0 7 4 0 9  
429 
448 
460 
470 
476 
478 

I I 

I 

m 
296 
316 
338 
380 
382 
404 
424 
443 
459 

is0188 6.801% 
l88 190 
194 197 

219 223 
237 239 
257 280 
a80 282 
304 306 
329 331 
354 356 
379 380 
401 403 
422 423 
440 441 

a05 m 

a82 
300 
320 
341 
364 
3% 
407 
427 
445 
461 

-- 
j.80313 6.80217 

215 219 
2 2 1 2 2 5  
231 235 
a 4 4 3 4 8  
a1 285 
3 8 0 %  
301 305 
324 337 
347 350 
371 373 
394 396 
416 417 
434 436 
451 453 
M 4 # 3  
474 476 
480 482 
482 484 

I 

6. SO176 
178 
l85 
198 
210 

- 
110 

8.80191 
193 
200 
210 
224 
242 
383 
Zs4 
309 
333 
35s 
382 
404 
424 
4.La 
450 
487 
473 
475 

- 

- - 

190 

6.80272 aw 
230 
a39 
252 
268 
287 
308 
330 
353 
376 
398 
419 
438 
4E-I 
46% 
47a 
683 
48s 

- 

- 

- 
40 

L BO177 
179 
186 

211 
a29 
250 
273 

324 
349 
374 

418 
436 
451 
482 
468 
471 

- 

im 

as8 

307 

- - 
Latitude - 

1 8  

3.80194 
190 
202 
213 an 
244 
284 
a57 
310 
335 
359 
383 
406 
436 
443 
457 
468 
474 
476 

Latitude 

2oD 

6.80226 
2% 
234 
244 
257 
273 
292 
312 
334 
357 
379 
401 
4% 
440 
450 
4m 
479 
485 
487 

- 

- - 
- 

- 

- 

L 80178 
180 
lS7 
ls8 zia 
230 
251 
274 

324 
ase 

350 
374 
3M 
418 
437 

a 80180 
182 
189 
199 
314 

6.80181 
184 
190 a1 
ai5 

I I 

313 315 
337 339 

I 

I 

- 
16' 

5.80304 
206 
213 
223 
a36 
a54 
a73 
295 
318 
342 
366 
389 
411 
430 
447 
481 
471 
478 
480 

- 

- - 
- 
230 

6.80242 
244 
250 
250 
271 
251 
305 
324 
345 
367 
369 
410 
430 
448 
463 
476 
485 
490 
493 

- 

- 

- 
SO 

b 80183 
i56 
192 
203 
217 
235 
256 
278 
303 
328 
353 
377 
400 
421 
439 
453 
464 
470 
473 

- 

- - 
- 
18' 

3.80208 
210 
217 
327 
240 
257 
276 
298 
321 
344 
388 
391 
413 
432 
449 
463 
473 
479 
481 - - 
- 
240 

3.80348 
250 
255 
1 4  
277 
292 
309 
329 
350 
371 
392 
413 
432 
450 
485 
w 
487 
492 
494 

- 

- 
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3.80272 
274 
27s 

298 
a13 
330 
348 
367 
387 

Logarithms of radii of c u w h r e  of the earth's surface (in meters)-Continued 

'6.S0279 
m 
?85 

2 8 8 2 9 4  
305 
319 
335 
353 
372 
391 

Latitude 

407 
426 
445 
461 
475 

2; 
501 

411 
4 0  
448 
464 
45% 
489 
498 
503 

5 0 3 5 0 4  

314 
319 
326 
337 
349 
364 
380 
397 
414 
432 
449 
465 
480 
482 
502 
510 
514 
510 

323 
328 
333 
343 
355 
370 
385 
402 
419 
436 
453 
489 
485 
496 
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512 
517 
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O 
6 . . . . . . . . . . . . . . . . . . . .  
10 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
15 
20 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
25 _______.____-_____- 
30 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
35 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
40 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
45 _--_-_-________----  
60 _- -________________  
55 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
60 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
65 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
70 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
75 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
80 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
85 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ - -  
90 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

6.80357 6.80365 
359 366 
363 370 
369 378 
378 385 
388 395 
401 407 
414 420 
429 434 
444 449 
4 s  464 
474 478 
487 491 
Wb 503 
510 514 
519 5?!2 
5?5 528 
529 532 
631 633 

LBO411 
412 
415 
420 
427 
436 
448 
4.56 
'w 
480 
492 

514 
5?4 
532 
539 
5w 
546 
w 9  

6.8M19 
4% 
423 
428 
434 
443 
45? 
462 
474 
4.95 
496 

5 0 3 5 0 8  
518 
528 
538 
642 
547 
550 
551 

3.80396 
397 
400 
406 
413 
433 
433 
444 
457 
470 
482 
495 
506 
517 
526 
534 
539 

544 
692 

6.80404 w 
405 
413 
4% 
4 3  
439 
450 
482 
475 
487 
499 
510 
52l 
529 
536 
542 

516 
wi 

3.80380 
38? 
395 
391 
399 
408 
4 3  
432 
448 

6.ms3 
389 
393 
398 
406 
415 
438 
438 
451 

473 
486 
499 
510 
5?0 
528 
534 
537 
538 

478 
480 
502 
514 
523 
531 
538 
540 
541 

- 
270 

6.80288 
2% 
273 
282 
293 
308 
3?4 
343 
363 
383 
403 
4% 
442 
458 
473 
4ry1 
483 
498 
500 

- 

- - 

300 31° 320 

-I- 
8.80255 

287 
292 
300 
311 
335 
340 
3% 
377 
390 
415 
434 
451 
467 

' 481 
492 
500 
505 
5w - - 

L m92 
2M 
298 
306 
317 
331 
346 
383 
383 
400 
419 
437 
455 
470 
4% 
494 
502 
507 
509 
- - 

- 
3v 

8.80350 
351 
355 
362 
371 
382 
394 
405 
433 
439 
4% 
489 
454 
490 
507 
510 
52( 
527 
5?8 

- 

- - 

iso?gB 
300 
305 
313 
324 
337 
352. 
389 
386 
405 
4 3  
441 
458 
473 
486 
497 
505 
510 

. 511 
- - 
- 
400 

3.90357 
359 
303 
369 
378 
388 
401 
414 
429 
44.4 
459 
474 
487 
500 
510 
519 
535 
538 
531 

- 

- 

297 3oa 
314 319 
333 33s 
354 358 
375 370 
398 399 
418 420 
435 438 
453 455 
468 470 
480 483 
499 491 
494 496 
498 498 

Latitude 
Azimuth (degrees) - I 3g 

330 
-I- 

880306 
307 
312 
320 
8 0  
343 
358 
374 
392 
410 
4% 
445 
462 
470 
489 
500 
507 
512 
514 
- - 

6.80327 
329 
333 
840 
350 
363 
370 
391 
407 
424 
441 
457 
472 
486 
498 
508 
515 
519 
521 
- - 

Lao335 6.80343 

I/ 348 E 355 

357 364 
337 
352 
389 
388 
405 
423 
441 
458 
473 
480 
497 
505 
510 
511 

5?2 q 5% 

Latitude 
Azimuth (degrees) 

400 I 41' 430 430 I 440 
-- 450 I 4G0 

470 48' 

-I- -I- 

6.80373 
374 
373 
3% 
392 
40? 
413 
4% 
440 
454 
485 

485 
507 
517 
525 
531 
534 
530 

482 

- 

459 I 464 
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476 
484 
493 
601 
510 

5% 
537 

651 
557 
561 
563 
564 

Logarithms of radii of cuwature of the earth's surfuce (in meters)-Continued 

I 

482 
480 
4% 
506 
515 

m 5 2 4  
633 
541 

6 4 5 6 4 8  
554 
559 
563 
566 
566 

501 
512 
622 a1 

550 

506 
516 
625 
534 

5 3 9 5 4 2  
5 4 5 5 4 8  

553 
5 5 3 5 5 5  
5 5 4 5 5 8  

1.80500 
500 

506 
508 
514 
519 
625 
532 
539 

552 

504 
560 
573 
576 
578 
5'18 

Lao506 
507 m m  
511 
615 
520 
525 
531 
537 
543 

6 4 6 5 5 0  
556 

5 5 8 5 8 3  
567 
572 
575 
578 
580 
580 

~80m 
530 
6-24 
627 
531 
636 
641 
540 
652 
558 

573 
577 
580 

584 
585 

563 
568 

683 

&a0528 ~ 8 0 ~ 3 2  
525 532 

5 2 2 6 2 a 5 3 . 4  
580 536 
633 53s 
537 542 
541 646 
646 551 
651 556 
556 580 
662 585 

576 179 
580 582 
583 585 

586 588 
587 589 

667 510 
672 575 

585 m7 

Azimuth (degreees) - I - 
560 

6.80479 
479 
481 
665 
489 
495 
502 
509 
51 7 
525 
533 
541 
548 
555 
580 
585 
588 
570 
571 

- 

- 

- 
51' 

6 . m 2  
443 
445 
450 
455 
463 
471 
4ao 
490 
500 
510 
530 
530 
538 
645 
561 
655 
558 
559 

- 

- - 

- 
5 P  

1 W 9  
450 
453 
457 
402 
469 
477 
488 
496 
505 
615 
524 
533 
541 

554 

560 
561 

- 

s a  

558 

- - 
Latitude 

- 
550 

8. W 7 1  
472 
474 
478 
483 
489 
496 
503 
612 
520 
528 
537 
644 
551 
657 
582 
560 
568 
569 

- 

- -- 

-- 
=O I 54a 

I1 479 !!! 4% 
reo 495 

4Qa 
508 
518 
528 

'536 
542 
547 
550 
551 

Azimuth (degees) 1 560 I 5P 610 

5.80483 
493 
495 
488 
5oa 
508 
514 
m 
527 
534 
542 
548 
555 
661 
588 
670 
573 
575 
576 - - 

8.80513 
514 
515 
518 
521 
525 
630 
556 
543 
548 
554 
560 
585 
570 
574 
578 
S O  
592 
5a3 
- - 

Latitude 

67' 

B.80550 
650 
551 
553 
555 
558 
581 
561 
568 
572 
576 
5&0 
584 
587 
590 
692 
593 
594 
595 

- 700 71' 77? 

6.80575 
575 
576 
577 
578 
580 m 
581 
588 
592 
5Ja4 
596 

6.80598 a 80eQo 
801 
601 
803 
603 

- -1-1- 
6.80570 

570 
571 
572 
574 
676 
578 
531 
583 
588 
588 
591 
594 
596 

6.w 
6. moo 

601 
601 
602 

3.80555 
555 
550 
558 
580 
M12 
605 
569 
572 
576 
579 
583 
5% 
539 
592 

6.m 
561 
562 
563 
565 
667 
670 
573 
576 
579 

6.80565 
566 
566 
568 
670 
573 
574 
677 
580 
553 

547 

5s 
551 
556 
580 
564 

553 
556 
580 
554 
€88 

81 !!! 
5 9 2 5 9 4  
ss4 596 



0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
1 
2 
3 
4 
5 
6 
1 
8 
9 

20 
1 
2 
3 

' 4  

5 
6 
7 
8 
9 

30 
1 
2 
3 
4 

5 
6 
1 
8 
9 

40 
1 
2 
e 
4 
I 

i 
i 
! 

0.0 
0.30480 
0. Bog00 
0.91440 
3.31910 

l . M  
1.82380 
2.13300 
2.43540 

3.04m 
8.35381 
3.05701 
3.W41 
4.28121 
4 . m l  
4.87681 
6.l8101 
6.48841 
879l2l 
bOBBOl 
&4ml 
6.10581 
7.01041 
7.31521 
7.62001 
7.92482 
8. Mge2 
8.53442 
8. 

9.144a 
9.448% 

10.06% 
lo.3833: 

10.0tW 
10.9728: 
11. ma: 
1 l . S  
11.8513: 

la. l W  
la. 490s 
128016: 
13.1084: 
l3.4lu 
13.7laO: 
14.oaoS: 
14.3258: 
14.0304 
14. 

2.7- 

9.7y 

'eet - 
50 
1 
2 
3 
4 
5 
6 
7 
8 
9 

EJJ 
1 

' 2  
3 
4 
5 
6 
1 
8 
9 

70 
1 
2 
3 
4 
5 
6 
1 

9 

84 
I 
2 

a 

4 
I 
1 
I 

s 
91 

1 
i : 
4 

t 
1 
I 
I 

l5.m 
15.64483 
15.84983 
10.15r143 
10.469!23 

1 0 . M  
17.08883 
17.37383 
17.07844 
17.- 
18.28504 

19.!30!244 
19.50734 
19.8lm 
m.11w 
20.42le.4 
20.72044 1.m 
9.33801 
8.84084 
8.94584 
2 a M  
22.55525 

22.86005 
23.1MS5 
23. 46905 
23.77445 
24.07925 

w.3sm 
24.w 
24.99365 
%.!as45 
25.60325 
25.90805 as. 2E85 
26.51765 as. m45 
a?. m 
27. rn 
27.m 
%.04166 
%.3464&pB 
28.m 
a8.w 
9. m 
29.5858E 
9. m 
m1752t 

l a m  ia ma 

= 
?eet 

100 
1 
2 
3 
4 
5 
6 
7 
8 
9 

110 
1 
2 
3 
4 
5 
6 
7 
8 
9 

120 
1 
2 
3 
4 
5 
6 
1 
8 
9 

130 
1 
2 
3 
4 

5 
6 
7 
9 

140 
1 
2 
9 
4 
5 
6 
1 

- 

a 

: 

30.48MlS 
So. 78458 
31.08968 
31.39440 
3l.69920 
32.00408 
32.80858 
32.01367 
32.91847 
33.z327 
33.53807 
33.83287 
34.13767 
34.44247 
34.74727 

35.m 
35.35887 
35.88167 
35.96&17 
86.2Il27 

80.57m 
30.65087 
37.18507 
37.49041 
37.19538 

88.10008 
88.404s8 
38.70968 
39.01p19 
39.31W 
39.0W 
39.92SSE 
40.233G 
40.53848 
40.6433 
4l.lM 
41.45% 
41.7S70f 
42. rn 
4a.3072 
42. 0?ao( 
42.9763 
43.a818I 
43.m 
&&ll!i!I 
44.1wIoI 
44.m 
44.w 
45.11041 
&W 

- - 
'eet. - 
150 
1 
2 
3 
4 
5 
6 
7 
8 
9 

160 
1 
2 
3 
4 

5 
6 
1 

9 

170 
1 
2 
3 
4 
5 
6 
7 
9 

180 
1 
2 
3 
4 
5 
6 
1 

9 

190 
I 
2 
3 
4 

t 
3 

a 

a 

a 

C 

I 

M0tel-S - 
%E! 
40.32909 
46.63449 
40.83929 
47. a4409 
47.64890 
47.85370 
48.15550 
48.46330 

48.18810 
4 9 . 0  
49.37770 
49.- 
49.%730 
60. amlo 
60.59690 
60.90170 
6 1 . m  
6l.m 

61.81610 
62.m 
62.42Sm 
62.73051 
53:00531 

~ . s 4 M I  
63.64491 
63.94971 
54.25451 
M.55931 

54.88411 
55.16891 
55.47377 
55.77851 
66.05333 
58.38511 
58.69291 
sB.99m 
61.30251 
67. 

67.91%; 
1.2m 
68.5217: 
b8.m: 
€&1813: 
b. 4am 
69.7409: 
80.0457: 

8% 

i 

'eet 

200 
1 
2 
3 
4 
5 
6 
V 
8 
9 

2 l O  
1 
2 
3 
4 

5 
6 
7 
9 

220 
1 
2 
3 
4 
5 
6 
1 

9 

23c 
1 
2 

4 

t 

I 

- 

a 

a 

a 

C 

1 

7 
.. 
4 
I 

i 
I 
1 

- 
Btemra - 
80.m 
61.m 
01.6tBTd 

02.17w.J 

62.18583 
63.09373 
63.38853 
63.10333 
04.m 
04.3m 
04. 61773 
04.9!2253 
85.23733 

65.53313 
65.83893 
06.14173 
06.44655 
e4.75138 
67.05818 
67.98083 
67. a 7 4  
67.97054 
m.27584 
88.5ml4 
88.88484 
69. m 4  
69.49454 
69.7m4 
10.10414 
70. r10894 
70.7l374 
7l.01855 
71.m 

71.- 
72.23774 
72.54255 m. 84735 

Q. l52ls 
73.- 
73.76175 
w.00055 

9 4 . m  
94.98m 
75. as615 
75.59055 
Vh- 

61. ansa 

m. Mia 

n.m14 

94.am 

233 



224 

4al 
1 
2 
3 
4 
5 
6 

9 

410 
1 
2 
3 
4 
5 
6 
7 
8 
9 

420 
1 
2 
3 
4 
5 
6 
7 
8 
9 

430 
1 
2 
3 
4 
5 
6 

9 

440 
1 
2 
3 
4 
5 
6 
7 

: 

T 

8 

- - 
Feet 

250 
1 
2 

- 

3 

z 
5 
6 

0 
Bso 
1 
2 
8 
0 

5 

0 
B 
8 

Y 
2 
8 
4 

5 
6 

B 
1 

T 
2 
8 
4 

5 
6 P 
8 
B 

F 
2 
8 
4 

5 
6 
I B 

l2l.eaoar 
maaMu 
m.53985 
12z.83485 
121.13946 
m.44425 
123.74905 
1%. 053s 
124.35865 
m.66345 
124.88835 
l25.m 
Ia5.57785 
135.85285 
m.lS745 
1%49!2?5 
138.79705 
127.1.10185 
127.40886 
l27.71146 

128.01828 
123.m06 
138.83558 
135.93088 
I29.2W6 

.m.M028 
l20.84508 
l30.14988 
l30.45488 
130.75!H6 

131.06428 
131.56906 
131.67386 
131.97860 
l32.23346 
132.5&327 
13a.S!3307 
133.1975'1 
133.50287 
l33.w47 

la4.11227 
134.41107 
134.T4l87 
l35.02867 
l35.33147 

la5.m 
135,94107 
130.W5S7 
136.55067 
13&86bl1 
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Lengthtt-Ftzt to pnstsrs @rn 1 to 1000 u&)--continaea 

80.17216 
81.07696 
81.38176 
81.88858 
8l.wl36 
82.%9616 
83.m 
83.90577 
83.9057 
83.51537 

83.82017 
89.12497 
84.42977 
84.73457 
85.w937 

85.34417 
85.64597 
85.85377 
86.25857 
88.66337 

77.72418 
78.0!%96 
75.33376 
18.83858 
n.94330 
79.248l8 nm9a 
Z3.85776 
80.16258 
a40738 

5 
6 
7 
8 
9 

320 
1 
2 
3 
4 
5 
6 
7 
8 
9 

330 
1 
2 
3 
4 

310 
1 
2 
3 
4 95.70739 

96.m9 
88.316% 
88.82178 
96.92859 
97.23139 

97.84100 
9514580 
95.45060 
9575540 

9D.o8(Mo 
99.38500 
99.66960 
9D.97460 

1W27940 

1oo.i%420 
1OO.ssBOO 
101.193SO 
101.49560 
1 0 1 . ~  

102.10520 
102.41300 
102.7l751 
103.02361 

103.83221 
103.93701 
104.24181 
104.54661 
104.55111 

105.46101 
1M78581 
1W.07081 
1C&875u 

97.53830 

100.32741 

i o 5 . i m  

4 110.94742 

5 111.25232 
6 111.55703 
7 111.8615a 
8 lllkl6WZ 
9 ll2.41143 

1 113.03103 
2 113.355s3 
3 113.89063 
4 113.99543 

5 114.3lYJ23 
6 114.60503 
7 114.- 
8 115.21483 
9 1l5.51943 

380 115.8!2423 
1 116.12903 
2 116.43383 
3 116.73533 
4 117.06343 

5 117.34833 
6 117.65301 
7 117.95784 
8 118.26261 

390 1158rn 
1 119.17704 
2 119.4Sl161 
3 119.75661 
4 120.09144 

6 1?0.70101 
7 11.00554 
8 11.31M4 
9 J2lm61614 

3m 11277e.23 

9 iiatim 

5 im.am 

86.56517 
57.17397 
87.47777 
87.75258 
88.08738 

88.38218 
88.69895 

89.30655 
69.81138 

s s . 0 0 1 ~  

5 
6 
9 
8 
9 

9)o 
1 
3 
4 

'a 

450 
1 
2 
3 
4 
5 
6 
7 
8 
9 

460 
1 
2 
3 
4 
5 
6 
7 
8 
9 

470 
1 
2 
3 
4 
5 
6 
7 
a 
9 

480 
1 
2 
3 
4 
3 
6 
7 
8 
9 

490 
1 
3 
4 
5 
6 
7 
8 
P 

a 

1 3 7 . 1 m  
137.46507 
137.7t.W 
138W469 
m 3 m  

13868428 
138w908 
138. a9385 
139.5WB 
l30.90348 
140. aa828 
140.51308 
140.81788 
141.12288 
lU.42748 

l41.732!23 
14203709 
ll.34u188 
343.64669 
14a.96149 

148. a58as 
143.58109 
143.88588 
144.17089 
144.47'549 

144. ?soas 
146.- 
145.3S989 
145.69469 
145.89949 

!2E! 
146.91398 
147.21%9 
147.52160 

147.83880 
145 13310 
14&431w) 

149.04750 

149.65710 
149.96M 
150. m70 
EO. 67150 

145 74270 

149. am 



CONSTANTS, FORMULAS, AND TABLES 

hp&-Feat b metas (jam 1 to lam units)--Continaed 

650 
1 a 
3 
4 
5 
6 
7 
8 
9 

660 
1 
2 
3 
4 
5 
6 
7 
8 
9 

670 
1 
2 
3 
4 

5 
6 
7 
8 
9 

680 
1 
2 
3 
4 
5 
6 
7 
8 
9 

690 
1 
a 
3 
4 
5 
6 
7 
8 
3 

- 
Metess 

152.4OWO 
l52.70511 
153. m 1  
i53.314n 
158.81851 

l!j3.9!2431 
l54.22911 
154.63391 
154.83511 
155.14351 

155.44831 
155.75311 
158.05791 
156.36271 
158.66751 

158.97231 
157.27711 
157.55192 
157.85872 
159.19m 

158.49032 
158.80112 
159.1a59a 
159.41072 
l59.71552 

160.oao31i 
160.82511 
1tW3!29E 
160.a4a 
16l.m 
161.54435 la. 84915 
162.15395 
162.45m 
162.76353 

163. m 
163.37313 
168.61793 
1 6 8 . 9 m  
164.2875? 

164.6971, 

165.5067: 
186. am 
16tl.1163: 
188.4Xl: 
166.7wK 
167.030X 
u7.8355i 

lSe69!23j 

iwi misl 

1 9 8 . 1 m  
198.43520 
1(#L730oo 
199.03480 
ma3880 
199.64440 
199.94930 
m.wo0 
ao0.65380 
200.88380 
201.16840 
201.47320 
201.71800 mom 
m.38160 

202.69241 
202.9921 
2 0 3 . m 1  
203.80881 
203.91181 

204.21641 
204.52121 
204.S2l301 
105.13081 
2 0 5 . w 1  

205.74041 
2@8.l'l4531 
208.35901 
aOB.ws1 
m.85961 

m.m1 
2w.66932 
2w.87492 
2 o g 1 m  
mW62 
208.75&43 
209.G9.322 
209.39503 
m.70282 
310.00762 

zl0.31242 
ZlO.61723 
210.92.m 
Z l 1 . m a  
m.63163 

211.83642 
312.14133 
!Z2.44803 
212.75083 
2uJuUil 

- - 
Fe44 

550 
1 a 
4 

5 
6 
9 
8 
9 

560 
1 
2 
3 
4 
5 
6 

9 

1 a 
8 
I 
5 
6 
P 
9 

580 
1 

4 
5 
6 
9 

9 

590 
1 

3 
4 
5 
E 
1 

- 

a 

B 
510 

a 

a 
a 

a 

a 

!i 

1 
2 
3 
4 

5 
6 
7 
8 
9 

167.6403rl 
167.94514 
16824994 
188.55474 
l6as5w54 
m. 18434 
16!?. 46914 
169.773% 
170.07874 
1 ~ ~ 6 4  

170.68834 
170.99014 in. 39194 in. m i 4  
in.8o1w 

1rnZl2.34 
172.61715 
172.52195 
173.12675 
173.43165 

173.73635 
174.M115 
174.34595 
174.65075 
174.95555 

175. aBw5 
175.58515 
176.S995 

:E% 
176.78435 
177.08915 
177.39395 
I .  8&s76 
118.00356 

118.30538 
118.61316 
178.91798 
179.23276 
370.627% 
179. m 
180.13ill) 
180.44190 
180.74676 
uL05158 
181.a5gJ6 
1S1.0Bll6 
181.M596 
IS2 27076 
W&57i%I 

98.86043 
ala.6652a 
2l3.m 
2 1 4 . z m  
2l4.51988 

214.88u8 
2I5.1- 
215.494M 
2l5.m 
!a6.10363 

- - 
?e& - 
600 

1 a 
3 
4 
5 
6 
7 
8 
9 

610 
1 
2 
3 
4 
5 
6 
7 
8 
9 

620 
1 
2 
3 
4 

5 
6 
1 

9 

63c 
1 
2 

a 

3 
5 
6 
1 e 
9 

64C 
1 
I 

i 

5 

I 

t 
B 

5 
6 

8 
9 

no 
1 
2 
3 
4 

5 
6 
7 

9 

7 

a 

182.88061 
1 8 3 . 1 ~ 7  
183.48997 
183.79477 
ls4.08851 

1sp. 40437 
1 8 4 . m 7  
185.01397 
185.31877 
ls5.Ba357 

185.(12837 
1%. 1317 
ls6.53797 
1sB. a277 
187.14757 

187.45337 
187.75715 
18% 0619s 1s. 36678 
15s. 67158 

188.97638 
159.a8118 
lb.5S59S 
189.89019 
190.19558 

190.5ow8 
190.5051s 
191. low 
191.41478 

192.02438 
392.32915 
192.63399 
192.93319 
193.24359 

193.54839 
100.95319 
IN. 15769 
194.46279 
Isn. 76759 

195.m 
195.37719 
195. WSS 
195.986RI 
196.29156) 

198.59639 
196.90119 
197.2O.W 

191. nm 

E= 

317.- 
ZlS.23724 na51aop 
218.84w 
Zl9.l5l64 

219.45844 
2l9.76124 
m.08WH 
220.37084 
230.67584 

m.98044 
22l.23524 
2a.m 

a1m 
~ . E W  

790 
1 
2 
3 
4 
5 
6 

9 
! 

225 

m . w  
aaasoB!% 
223.11m 
223.41835 
a23.72365 
m.02805 
!2%4.33323 m. 63505 
224.9422 
225.24765 

-- -I - 
al& 40843 

217.01803 
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950 
1 
2 
8 
4 

5 
6 
I 
8 

960 
1 
2 
3 
4 
5 
6 
7 
8 
9 

970 
1 
2 
3 
4 

5 
6 
7 
8 
9 

980 
1 
2 
8 
4 

5 
6 
7 
9 

1 
2 
9 
4 

5 
6 
7 
8 
9 

9 

a 

990 

- 
Feet 

950 
1 
2 
3 
4 
5 
6 
P 
8 
0 

- 

=: e 
B 
4 
5 
6 

B 
1 
T 
! 
2 

5 
6 
9 
8 
9 

78: 

2 
3 
4 

5 
6 
I 
9" 
9 

2 
S 
4 

5 
6 
1 

9 
a - 

889.56058 
259.56538 
29o.liOls 
380.47488 
29o.m 
20l.05458 
291.38938 
891.094ls 
291.99898 

.m.a.60869 
292.91338 
293.21819 
293.52asg 
aQ3.m 

294.13258 
29543739 
m.1mg 
295.oassa 
295.35179 

205.85659 
295.96139 
296.26619 
296.5?088 
aBs.87570 

291.1SQ56) 
297.45539 
21yl.;gMo 
a98.095Co 
a9839980 
2 D s . M  ass.oosna 
299.314Zl 
899.01900 m.mw 
3M).3mo 
3W.53340 
8oo.fl36m 
801.44m 

8oa.05749 
m . 3 m  
502.66701 
m.97l8 l  

m . 2 7 m  
803.58141 
303.SsB21 
3M.19101 
m.495a 

Ba.a.303n 

soi.i4300 

m.rm 

- 
Met8ra 

!m.60046 
225.805a8 
339. no06 
339.51436 
2a9.8lgSs 

B0.w 
m.42920 
m.73408 
331.lBBS0 
a31.34368 
231.84848 
231.853% 
232.25806 
232.582s7 
m.Sg567 

853.17247 m. 47737 
233.75207 
2 3 4 . m 7  
234.39107 

236.22047 
236.62537 
%So07 
237.13457 
237.43907 

237.74449 a. 0493 
238.35109 
23s. 65858 
23898x8 

238.!xiw 
239.57325 a. 67so9 
240.1~ 
240.48m 
240. m 
241.007B 
241.4020e 
241.10682 
!242.011@ 

242.31841 
242. m12( 
242.EWX 
243. Z ?  
243.- 

- - 
Feet 

800 
1 a 
9 
4 

5 
6 
I 

- 

8 
m0 

1 a 
9 
4 
5 
6 
7 
8 
9 

820 
1 
2 
3 
4 
5 
6 
7 

9 

830 
1 
2 
3 
4 

5 
6 
1 
8 
9 

84m 
1 
2 

1 
5 
f 
1 e 
9 

a 

a 

- 

243.84049 
244.14529 
24.45009 
244.75489 
M.EM9 
!245.86449 
?45.wa9 
245.97m 
240.21859 
240.58Jgs 

M.8.88849 
247.19329 
2 4 7 . 4 m  
247.60280 
248. lono 
24s.4l2.a 
245. 71730 
249.02nO 
249.9.32890 
249.63110 

249.93850 
250.24130 
250.54010 
250.85090 
251.15570 
2j1.48O.w 
251.78530 m. 07010 
252.37480 
?SZ. 0'Ml 

252.03m w. m1 
w.59411 
253.S9S91 
2s4.m 

w.50551 
254. st331 
2%. 11811 
2%. 42291 
255.72771 

258.03351 
256.33731 
258. m1 
258.9.Ieel 
257.25171 

a57.556ja 
257.86133 
258.16612 
258.4iw- 
ajs. 77573 

- - 
Feet - 

850 
1 

3 
4 
5 
6 
7 
8 
9 

860 
1 a 
3 
4 

5 
6 
7 
8 
9 

870 
1 
2 
3 
4 

5 
6 
7 
8 
0 

880 
1 
2 

4 

5 
6 

9 

890 
1 a 
3 
4 

5 
6 
I 
8 
9 

a 

a 

i 

- 

259.osaM 
259.35533 m. 89012 
259.ggpga 
2eo.m 

aB0.m 
260.90933 
281.31412 
281.51692 

282.12852 
283.43333 
203.73813 
283.04m 
a83.34773 
263.65253 
263.95is3 
204. ,26213 
264.5689B 

285.17853 

285.18613 
266.09093 
m.30573 

268.m 
267.00533 
267.31013 
267.61W 
207.91974 

288. !ma 
ao8.52934 
268.S3414 
209.13894 
2.69.44374 

ass. 74854 
m.03335 
270.3S1.1 
27o.lw91 
m.90774 

2n.m 
271.57734 
271.55214 
m.18094 
272.49174 

213.79655 
273.10135 
273.40oBl5 
273.71095 
274. 0l575 

~ i . m 7 a  

m . 8 m  

aaj.$?l33 

- - 
E b t  

900 
1 
2 
3 
4 

5 
6 
7 

9 

910 
1 a 
3 
4 
5 
6 
7 
8 
9 

920 
1 
2 
3 
4 

5 
6 
7 

9 

930 
1 a 
8 
4 
5 
6 
7 
8 
9 

910 
1 
2 
3 
4 
5 
6 
7 
8 
9 

- 

a 

a 

- 

274.3m55 
27462535 
274.93015 
2753495 
276.6397b 

275.84455 
216.14035 
ZIB. 45415 
216.75595 
277.08375 

317.38855 
277.67336 an. 9m1e 
27% 25% 
278.58778 

278.89.m 
279.19i36 
279.60210 
2 7 9 . m  
280.11156 

230.41656 
280.8136 
!Bl.o2816 
!Z1.33096 
2Sl.63570 

251.94056 
2S2.24536 
283.55017 
252. w97 
283.15911 
m.40457 
253. m 7  
284.07417 
284.37a97 
a84.853'17 

284.95851 
285.29337 
285.58817 
7s. m 
2 s 6 . m  
236.51257 
286.51737 
287.12217 
m . 4 m  
287.73178 

~.~~ 
255.34139 m. 04618 m. m9 
2s. 25578 



- 
Feet - 
8.asos3 
6.66167 
9.84350 

1 3 . m  

16.4Ml7 
19.88500 
!a. gs5s3 
28. a4881 
aa.6mo 
83.808321 
36.08817 
88. m 
43.85053 
45.98l67 

49. 
1.48333 
65.77417 
69.QSMw) 
02.335s 
BI). 61667 
68.89150 
12.17833 
75.45917 
w74000 

8a.oaog9 
05.90167 
88.58350 
w.86333 
95.14417 

w.4zm 
101.70553 
104.88887 
10836750 
lll.56838 
114.8!Ull7 
118.11000 
121.3!3083 
124.67167 
121.95250 
131.!23333 
134.51417 
137.78500 
141.0753 
144.35667 

147.63750 
150.91833 
154.199ll 

E% 

Y 
I: 

I 
Y 

0 

a 

5 
! 

2 

5 
6 
! 
9 

CONSTANTS, FORMULAS, AND TABLES 

Leng&-&tm to fee2 (jmn I to 1000 unitr) 
[Reduotlopl factor: 1 m€lt8r=3.a80833838 ioetl 

858.16867 
e59.44760 
0e.a.77833 
886.00917 
888.a8oOo 
812.m 
675. S167 
679.13350 
m . 4 m  
885.89411 

8 8 8 . m  
e.92.25583 
695.53667 
6% 81750 
m.ogs33 

105.8191') 
?oB.6WW 
7l1.94083 
715.a3167 
718.5(3350 

227 

2 
3 
4 

5 

8 
9 

as0 
1 
2 
3 
4 

8 

50 
1 
2 
3 
4 
5 
6 
9 
8 
D 

Eo 
1 
2 
3 
4 

5 
6 v 
8 
0 

T 
2 
3 
4 

5 
6 
9 
8 
B 

80 
1 
2 
3 
4 
5 
6 
7 
8 
9 

Y 
2 
3 
4 
5 
6 
1 

i! 

72l. m 
725.06417 
728.34500 
731.m583 
734.00067 

788.18'150 
741.46533 
744.14917 
748.00000 
751.31083 

764.6m67 
757.81350 
761.16333 
764.43417 
767.11500 

Feet 

8 

1 
D 

7 

! 
2 

164.04167 
167.33350 
173.88417 

180.44588 
183.73667 
187. W50 
loo. 25833 
1W569l7 

196.85ooo 
200.13083 
ao3.41107 
ao8.6u!xIo 
308.073a3 
2l3.254l7 
216.53600 
219.51583 
x43. owwl 

229.65833 
!232.=17 
m.a?ooo 
239.50083 
24278l67 

246.0Ba50 
249.34333 
752.62417 w . m  
zl9.18553 

262.46667 
265.74750 
aSe.oma 
m.30811 
n5.m 
278.87083 
283.15167 
m.43m ars. 71333 
291.W2 

a95.nm 
298.55583 
901.83667 
305.11750 
305.39833 
311.67911 
314.86wE 
318.24W 
az4.m 

i m .  80333 

in. im 

aaa.3n50 

3ai. 52163 

m.88583 
n7.55750 
180.83833 
784.ll917 

787.40(3oo 
190.88083 
483.96167 
997.a4w) 
800.52333 

114.nar  

100 
1 
2 
3 
4 
5 
6 
1 
8 
9 

110 
1 
2 
3 
4 
5 
6 
7 
8 
9 

120 
1 
2 
3 
4 
5 
6 
7 
8 
9 

l30 
1 
2 
3 
4 
5 
6 
1 
8 
9 

l? 
2 

4 
. s  

6 
1 

a 

8 

Feat 

823.mm 
331.36417 
834.84500 
837.93583 
0 4 l . r n 7  
844.48750 
847.76333 
351.04917 
354.a3ooo 
857.61083 

360.89167 
364.17293 
367.45323 

374.ol5w 

877.29585 
380.67667 
883.55750 
887.13533 
390.41917 

993.70000 
896. gso83 
400.26167 
4a3.54250 
408.82m 
4lO.lO417 
413.38500 
416.66583 
419.94&7 
423.aa76a 
4!&50839 
429.78917 
433.07000 
436.a5os3 
439.63167 

4 4 3 . m  
446.1%33 
449.47411 
4 5 2 . 7 m  
456.m583 

459.31681 
4Ba.59lS 
465.87832 
469.15011 
472.44ooE 

4 7 5 . m  
479.0016i 
482.2825( 

*BaBL 

310.73417 

485.56335 

- - 
b% 
ma - 

150 
1 
2 
3 
4 

5 
6 
1 
8 
9 

160 
1 
2 
3 
4 
5 
6 
7 
8 
9 

174 
1 
2 
9 
4 
5 
6 
7 
8 
9 

1Iw) 
1 
2 
3 
4 
I 
6 
1 
9 

190 
1 

4 
5 
E 
1 

a 

a 
a 

B 

- 
Feat - 
492 13500 
495.405s 
4 9 5 . w 7  
601.96750 
M)5.24€33 

508.53911 
611.81000 
615.09083 
618.37167 
62l.65250 
s24.90333 
628.214l7 
631.49500 

638.05667 

641.33750 
644.61833 

65l.18ooo 
654.48089 
657.74181 
581.0!2250 
664.30833 
667.58411 
670.88500 

6 7 4 . 1 m  
677.42667 sso. 70750 
683.05833 
587. !XI17 

6m.m 
593.83083 
6%'. 11167 
800.3935(3 
603.6m 
608.85411 
610. !235a 
613.51s  
6 1 6 . W  
6m.Onx 
m . m  
628.63911 
629.m 
633. m 
lX8.4816i 

699.m 
646.3241r 

m.nm 

547.89817 

643.- 

Ea 
tW.80417 

810.365% 



228 

250 
1 
2 
8 
4 

S 
6 

0 
x 
2 
8 
4 
5 
6 
0 
8 
B 

a? 
2 
8 
4 

5 
6 

B 
f 
1 

2 
8 
4 
5 
6 
P 
8 
8 

290 
1 
2 s 

I 

II 

i 
1 

U. S. COAST AND GEODETIC SURVEY 

Lengt;lra-Metere to feet ($zona I to 1000 ecnits)-Continued 

Feet 

82O.m 
823.4S917 
838. m 
m.05085 
833.&138'1 
838.61250 
839.88(33 
E43.17417 
846.45500 
849.78583 

853.01667 
858.29750 
859.57833 
883.85917 
8M.14ooo 
8 8 9 . 4 m  
872.70167 
875. W250 
879.28333 
882.64411 

885.825Kl 
888.10553 
892.35087 
895.86750 
s88.04s33 
wM.22Dl7 
LW5.51oOO 
90s. 79083 
912.07167 
935.35250 
918.83333 
92l.91417 
925.19500 
928.47553 
931.75667 

S3S. 31833 
041.59917 
944.58000 
048.1S(M3 

951.44167 
w.7m 
g 5 s . m  
961.25417 
984.56600 

967.54583 
971.12667 
974.407m 
977.m.w 
BBo.QgQ11 

935.a37m 

900 
1 
2 
8 
4 

5 
6 

D 
310 

1 
2 

x 

0 
6 
6 
9 
8 
D 

320 
1 
2 

0 
5 
6 
9 
8 
D 

1 a 
8 
4 
5 
6 
9 
8 
D 

T 
0 

; 

2 

5 
6 
1 

Feat 

gsl.a5ooo 
w.53083 W. 81187 
994.09350 

1 m.054l7 
1 o M P 5 8 3  
1'010: 49667 
l:OI3.77750 
101705833 
1'030:33917 
1'023 62000 

w . a n 3 3  

1:003.aWw, 

l ' O Z e : ~  
l ; ~ . l 8 l t V  
103348350 
1'036: 74333 
1:010.02411 
1043.305oO 
1:096.55583 

1 049 86661 
1'053'14750 
1'056'42533 
1'059:70917 
1 : o S Z . ~  

1 082 67500 
la0S5:955S3 
1'OS9.g.p667 
1:W. 51750 
l'OKJ.7983 

1 ODD m 1 7  
1'103'36000 
1'105'64Os3 
1' 10s' 9'167 
1:1l3:&250 

1 115 48333 
l'115:7G117 
1: m. 09500 
1 135.3W 
1;las.soSS;i 

113l8876c 
1'135'18833 
1' 1%' 44x7 
1' 141: m 
1;1*.0W 

SO 
1 
2 

0 
5 
6 
7 
8 
9 

Y! 
2 
3 
4 
5 
6 
7 
8 
9 

370 
1 
2 
3 
4 
6 
6 
7 

9 

380 
1 
2 
3 
4 
5 
6 
I 
9 

a 

a 

T 
a 
3 
4 
5 
6 
1 
8 
9 

Feet 

1 148 a167 
1' l51'5iw) 

1'155:13417 

1164 
1: 167:97667 
1 1  25750 

1,111.81917 

1 181 loo00 
1:184:38083 
1,W.ffilG'I 
1 190.94250 
1:l94.a233a 

1 197 50417 
I'm' 78500 
1'204'06553 
1: 207: 34667 
1,210.83150 

121390833 
1'211' 18917 
lJm)'470W 
lJ22S:75053 
l:m.a0167 

1 31250 
1:!238. $7417 
1 3 0  155w 

l'l54'S5333 

1:16l.usoo 

1 : 1 h 3 s 3 3  

1'233:5933 

1;243:43583 

1 w 11667 
1: 249: 9975a 

1' 256: &ll 
1:%9.8Moa 

1253Q-S33 

126312083 
1'266'40167 
1:2d6S2Sa 
1272.96333 
1; 276.24U1 

12705!5Ot 

1 289.367% 

128582917 

1'34:77165 

1'"s" fio583 
1: 5G: 0866i 

1:zSaSaSaS 

lJ399'2100(: 
1'3W'4908? 

1;;xw.pSw 

- - 
Me- 
ters 

400 
1 
2 
3 
4 

5 
6 
1 

9 

410 
1 a 
3 
4 

5 
6 
7 
9 

420 
1 
2 
3 
4 

5 
6 
1 

9 
430 

1 

3 
4 
5 
6 
1 

9 

MC 
1 
2 

a 

a 

a 

a 

a 

4 
5 
6 
1 
8 
a 

Feet 

1312.33333 
1'315 61417 
1'318' 89500 
1'333:17583 
1)JZ5.45681 

gg.gg 
1:335:?8817 
1 33s 58OO0 

1 345.14167 

1'354:W17 

1 361 54583 
1:364:82667 
1 36s 10550 

1:374:66917 

1 377 95ooo 
1:3S1:33053 
1 3S4 51107 
lJ3S7:W%0 

1 394 35417 

1'404: 19667 
1:407.47750 

1 410 75?33 
1'414'03917 
i'4i7'33000 
1:43O: 80065 
1,423.85181 

1 421.16350 
1:M. 44333 
1433.724117 
1'437 00500 

1 443 56667 
1'44i a750 
1 453 4OQ17 
1:45&3000 

1:34l:8eos;l 

1'348 42w) isim 
1;35RaS500 

i"I'3s.m 

1;3Ql.o7333 

1'39'1' 89500 
1'400'91583 

1:4&%f23 

1 : m : 1 m  

?%E 
1' 466' sw) 
1'469:81333 
1;4T3.W7 

- - 
Mb 
tess - 
4s 

1 a 
3 
4 
5 
6 
I 
8 
9 

460 
1 a 
B 
4 
5 
6 
I 
9 

470 
1 
2 
3 
4 
5 

a 

8 a 
9 

4&l 
1 
2 
3 
4 

5 
6 
7 
8 
0 

490 
1 a 
3 
I 
6 
6 
7 

e" 

1525.58750 
1'538 sas3a 
1'532: 14811 
13535.43oOo 
1'538.11088 

1'515'2m 
l15K1'5S13a 

1:555.11500 

1:55!3.23S33 

1 541 99181 

1'551:53417 

1 m.39589 
1:561.6?es.r 
1564.95750 

1,671.51917 

1 674 8wao 
1' i ' s i a i 6 7  578 05083 

1,557.9333 

1 5 9 l a 7  
1'594:48500 
1'597.76583 

1:5.¶4:8.l?50 

1'm 04667 
I:tlO4k~ 

1607.60833 
1:610.0.88917 
1 614.17000 
1'617.45083 
1:620.73l67 

16!24Ol!?B3 
1'627'ZWil 1' 630.5741'1 

1 # 3 7 n l U 3  
1 : 6 P : W  



- 
Me- 
tam - 

500 
1 
2 

f 

s” 
T 

5 
6 D 

2 a 
4 

4 
6 
.P 
8 
S 

a 2 0  
1 
2 
S 
4 

t 
f 

D 
i 

9 

2 
B 

9 
i8ao 
1 
2 

P 
8 
9 

2 
9 
4 

P 

650 
1 
2 

4 
5 
.6 
7 
8 
9 

a 

CONSTANTS, FORMULAS, AND TABLES 

LengtLdfe terS  to&t vion, I to IO00 unik)-Continnecl 

2 183 64167 700 
2’1381~X33 2 
a ’ d r m w ,  1 
a’ira:38ai7 3 
2:146.ae600 4 
21489459 5 
2’l53’aacls7 6 
2’l55:50754 7 
2’155.78833 8 
2;162.&3917 9 

1 840.41687 

1:646.87833 
1650.%917 

1868.83083 
1~ssO.10167 
166388250 

1:W.944l7 

1: 679: -7 
1 883.007ao 

1 w . m 7  

1 696 1- 
1’ 699: 47167 
1:702.75230 
I m.mm 
1’109.31417 
1’713 69500 
1’715:87553 
1: 719. EM7 

1,W2.43750 
1,725.11833 
1 723.99917 

1’643.88750 

1:WaaooO 

1’688:g6333 

1:686.84833 

1:ssa.91lmO 

1’732. asooo 
1:735.56083 

1 788 84167 
1’742: 122.50 
1: 745.4W3 
1 748.88417 
1:761.98500 

1 7 E 5 m  
1’75!3:saaS7 
1:761.80150 
1765.08533 
1:%.3Wl7 

177l85ooo 
1:774:8cos3 
1 778 2l167 
1:751:49250 
1,784.77333 

500 
1 
2 
3 
4 
5 
6 
7 
8 
9 

610 
1 
2 

4 

5 
6 
7 
8 
9 

620 
1 
2 
3 
4 
5 
6 
7 
8 
9 

690 
2 
9 
4 
5 
6 
7 
8 
9 

1 
2 
3 
4 

3 

a 
7 
8 a 

- - 
Me- 
ters - 

550 
1 
2 
3 
4 
5 
6 
9 
8 
9 

560 
1 
2 
3 
4 
5 
6 
7 
8 
9 

1 
2 
3 
4 

5 
6 
7 
8 
9 

MI 
1 
2 
3 
4 
5 
6 
7 
8 
B 

570 

1 
I 
5 
6 
7 
8 
9 

196s.wooo 
l’971.7s083 
1’875.06167 
1’97s.34350 
1:98l.62333 

l’S91’465s3 

1:eSs:m50 

2’ool:sm 
2’011.m33 

1W80417 
1’8s8’18500 

1’994‘74667 

200180893 
2’o(u’58817 

&Il4.43167 
2Ol77l250 
2’oao‘W333 
2’024’27417 
2’0”7’55500 

2 W I l a 6 7  
2’031:39750 
2’040.61833 
2’043.95917 
2:C47.aaooO 

2050.5aos3 
2:053.80167 
2057.osaso 

2:W.Cl417 

1 2 0 7 0 2 0 5 5 3  
2’07345667 
2’076:76750 
2)xlI.w 
208332917 
2’056’61000 
2’0S8’8m3 
2’093:17167 
2;m- 

Eul2099.73333 
2:lM 01417 
2 1 0 6 m  
2’109:57583 
2;U.85667 

2;&I:a3583 

2’060.88333 

2,oss.sww, 

P:LE! 
2’123.69917 
2 : 1 ? S . m  
4uatuu 

Feet 

180445833 
1’807:73917 

1’814:4:3aoSs 
1:817.58181 

1’811 m 

1 P37 a8867 
1’840’64750 

1’ 847: lOgl7 

185367083 
1’856:95167 

1’863:5l333 
l:Sae.794l7 

1870075M) 

1:8i663667 
1 879 91750 

1 886 47?3l7 
1’889’7W.M 

lJSSe:32l67 

l’W’83833 

1:aSO.aeWa 

1’880 23250 

1’873’35583 

1:SS3:39833 

1’893’ou)83 

1:ssS.eoasO 

660 
1 
2 
3 
4 
5 
6 
7 
8 
9 

1 919.28750 
1:923.5&33 
1 9?.5 84917 
1’939: 13ow 
1:!232.43063 

1935.69167 
l’Q38 97260 
1’042:!%333 
1:945.63417 
l,Q4S.s15w 
1 mo9583 
1’955 37667 
l’oSs’65750 
1’961’83533 l;aoS;ua 

2lss35MW) no 
d171.91167 2 
2’175.lazsO 3 
2il78.47838 4 
2 181 15417 5 
2’185:Oi(500 6 

2’191:59667 8 

2’lss:e3083 1 

2 ’ 1 s  31583 7 
2:1Sn.87750 9 

670 
1 
2 
3 
4 
5 
6 
7 
8 
9 

219815833 720 
2’301:43917 1 
2’ao4.7aooO 2 

2:Ul.2Sl67 3 
2 211 E8350 5 
2’217:S4333 6 
2’221.12417 7 
2’Z?a.405W 8 

2’aDs.ooos3 

2:aa?.Ss58a 9 

229 

Fuet 

2m8668388 
2’299:&?4l7 
2’303.lr15M) 
2’306.435613 
2:m.m 

a m.98150 

2’822.83mo 2;5m 

2’316 28833 
2’319:Sa917 

a a5.m 
2’349 07667 
2’359’35750 
2’3&:63B3 
2i358.91917 

2 378.60417 
2’381 8R500 
2’388: 44667 
2’385’16583 

2; 381.727a 

2’401 51000 
2’404:Ws3 

3%:E! 
2 i W l 3 l 6 7  

2 411 41350 
2’414am33 
2’4l7197417 
2’42l.35500 

2 427 51687 

2’4?4:3’833 
2’ 4 7 .  k 7  
2:440.aaOaa 

2;m.53583 

2’431’09750 
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Lengtb-X'tera to fMt ( jhn 1 to io00 units)--(lantinued 

346003500 
i4m-90583 i 467: 1s687 4 470.46750 
2,473.74833 
2 477.02917 
i490 31000 
a'4sa:saos3 
)I 486.87167 
a:4gO.l5250 

2 a.43333 
$496.71417 
$469.89500 
2'503.27533 
2:m.55667 
a 608.82760 
$513.11833 
$516.89917 21 519.6sooO 
2;Saa.eeo89 

2 5%.U167 
4529.52350 
a 553.80333 
2'536.08417 
Z;sla.36500 
2 542.84553 
2'545.82667 
2'549.20750 

2i555.76917 

2 559.05(3oO 

2'565 61167 

2i572.17333 
2 575.45417 
2'578 73500 

2:588.5775C 

2591 85533 
2:595:l3Ql7 
2 593.4200(! 

2: 604.98167 
2 608.28a5C 
Z'Gll.54333 
2'614.82417 
2'61s 1050( 
3: 621: 38523 

2'552.45833 

2'582.33053 

2'588: w?50 

a'm: 01583 
!issS.zSse? 

2 ' 6 0 1 . m  

800 
1 
2 
3 
4 
5 
6 
7 
9 

1 
2 
3 
4 
5 
6 
7 
8 
9 

820 
1 
2 
3 
4 
5 
6 
7 
8 
D 

a30 
1 
2 
3 
4 
5 
6 
7 
8 
9 

840 
I 
2 
3 
1 

f 
1 
B 
9 

a 

ai0 

3 

Feat 

1624.88887 

1631 !m33 
1; 637.04750 

1)634'50917 
(Ga7:18ooo 

I'647-63m 
):650:913?3 

,'m 75593 

!64lo7a?3 
(644'35167 

!,@A19417 

l657.41500 
2664: oC667 
(667.31750 
(670.59?33 
3 678.87817 
i677 16KlO 

?683'7!2l67 

369038333 
a'693'5oal7 

31001?583 

2 706 68750 

2,716.5300a 

2 7!Z3 09161 

a'732.Saal7 
2 : l a e . m  
273949583 

2' 746' 057s 

2;752.610li 

2755wMo( 
2'759:lSW 
2:762. 4816i 
2 765.74w 

27723041; 
2:775:5850( 
2778865S 

,)680'44053 

(687:omsa 

a:696:m 

57m:40881 

a'7C9:96E33 
4 n a . ~ ~ i 7  

2, 7l9.81088 

Z'm'37m 
a'7m:a5333 

2' 742' nm 
!i749:3333? 

4m.m 

2'783'1486; 
2:7S5:4!Z75( 

- - 
Me- 
el3 - 

850 
1 
2 
3 
4 
5 
6 
7 
8 
9 

860 
1 
2 
3 
4 
5 
6 
7 
8 
9 

870 
1 
2 
3 
4 
5 
6 
7 
8 
9 

880 
1 
2 
3 
4 
5 
6 
7 
8 
9 

890 
1 
2 
3 
4 
5 
6 
7 
8 
9 

Feet 

a 7s8.10533 
2'791 98917 a' 795: 27ooO 

$sol.S3l67 
280511350 

a'811:67417 4 814.85500 

2 W.51667 

ZSZS07833 
a'S31:35917 

28379ao83 
!i&11' 2O167 
2'844:48!250 

2,851.Wl7 

2 854.3?500 
2 860 86667 3' 864' 167% 
2:&67: 46633 
2 870.73917 
2'874 OlooO 
1'877'2sos3 
2'850:57167 

2 887.13533 
2: 890.41417 
28B9389500 
2'S96:97533 

2903m50 
2'910'09917 
Z'913:3sooO 
2:010.6CW 

a'798.m 

$805'39333 

2,Sl8.23533 

4824.79760 

$raa.slaoo 

2: M7.76333 

$857.60583 

2:w.- 

3:m.ases.r 
2'QC0°S1833 

900 
1 
2 
3 
4 
5 
6 
7 
8 
9 

910 
1 
2 
3 
4 
5 
6 
7 
8 
9 

920 
1 
2 
3 
4 
5 
6 
7 
8 
9 

930 
1 
2 
3 
4 
5 
6 
7 
8 
9 

Y 
3 
2 

5 
6 
7 

9 
a 

-I 

Feet 

qasa7woO 

a'saa'59w) 

2:873.43500 

gssa.27750 

q985.55833 
2 988 83917 des2 1 m  
2'995: 40081 
Z:eSs.esl67 
3oM967.50 
3'005'24333 
3'008:52417 
3~011.80500 
3 , o l 5 . m  

3 M8 38887 
3'021' 64750 
3'oW'Qz33 
3'023:%917 
3:w.m 
3 w m  
3:038:05167 
3 041 33w) 
3'044:61333 
3:047.86417 

3 051 17500 

3'061:01750 

3 067 57917 

3:On. 42187 
8#0.?mSa 

305398333 
$W:%17 
3 ow).545w 

3;091.10887 

3'103:66833 
3'108 04917 
3'110'a3ooo 8: 1l3:51083 

295Gocos3 
2'959'31167 

2:965:87333 
2 969.W17 

2,975.715S3 
2 978.90687 

3'054'45583 
3'057'73667 

3;osa.zes33 

3 ' m : m  
3'074.1m 

3'093.82583 

3 im 387511 

= 
Me 
teas - 

950 
1 
a 
3 
4 
5 
6 
7 
8 
9 

960 
1 

3 
4 
5 
6 
7 
8 
9 

970 
1 
a 
3 
4 
5 
6 
7 
8 
9 

980 
1 
2 
3 
4 
5 
6 
7 
8 
0 

9w 
l 
3 
I 
s 
6 

9 

a 

a 

i 

8 116 19167 
8'1%1°'07350 
3' l!U: 35133 
3: 1%. 63417 
31129.91500 
3 133 18583 
8'136' 47667 

8'143:lBSS 
3~146.31917 

8 149.8o0(10 
8:l52.88@3 
8 156 16167 

3: 162.72333 
3 168 00417 
3' 169: .2WM 
3:172.565%3 
3 175 84667 
3: 179: E4750 
3 1m.40553 
3'185 68917 
3:lan's?ouo 
3 192 2-3 
3: lk. Xi167 
3 198 Sa50 

a' 139' 75750 

a' l59:44250 

3:m:os3s3 

2f.z 
s:2l1:93563 

31m31'71833 

3:239:34000 

3:244.74a7 

3:?51:3c&3 

3' 257: 86750 

3 m.5.31667 
3'2l8 49750 

3'225'05917 

3 !2316= 
3'234'WllW 
3'235' 18250 
3' W: 46333 

3!245mW 

325458681 

8:asl.llsss 
3 a64 42611 
3'%7:71000 
3'270 WX3 
3'274'2716'1 
3:277:55240 



3.3760 
3.5280 
3. 6140 
3.6770 
3.7250 

3.7650 
3.7980 
3.8270 
3.8530 
3.8760 

40260 
4 1140 
4.1770 
4. z250 
4.2050 

4.2880 
4.3270 
4.3530 
4 3760 
4.3960 

4.4150 
4.4?30 
4.4490 
4.4640 
4.4780 

4.4910 
4.5030 
4 5360 
4.5560 
4 5750 

4.5910 
4.6140 
4.6350 
4 6540 
4 6710 

4.6870 
4 7020 
4 7180 
4 7340 
4 7500 

4 7610 
4.7750 
4.7890 
4.8010 
4. 8130 

LS850 
40350 
2.1230 
21880 
2.2340 

CONSTANTS, FORMULAS, AND TABLES 

Corrections to log 8 and log Ah joor difference in arc and .sine 

48270 
48380 
48500 
4.8820 
48710 

Log dif- 
ferenca 
:units 01 
eighth 
decimal 
Place) - 

1 
2 
3 
4 
5 

6 
7 
8 
9 

10 

30 
40 
50 
60 

70 
80 
90 

100 
110 

la0 
130 
140 
150 
180 

170 
180 
ZOO 
230 
250 

270 
300 
9 0  
380 
390 

420 
Bw) 
480 
521 
561 

590 
629 
671 
709 
750 

m 

4025 
4119 
4215 
4333 
4434 
4537 
4643 
4751 
4862 
4975 

5091 
5186 

3.8870 
3.6920 
3.6970 
3.7030 
3.7080 

3.7130 
3.7180 
3.7230 
3.7280 
3.7330 

3.7380 
3.7420 

2.5350 
2.6230 1 
2.6860 
2.7340 
2.7740 

2.8070 
2.8360 
2.8820 
2.8850 
2.9050 

29240 
2.9420 
2.95Ro 
2.9730 
2.9870 

4.L30 
49420 
49520 
49580 
49680 

4.9'180 
4 w 3 0  
4.9930 
5 . m  
5.OlOO 

6.0170 
5.0250 
5.0330 
Logo0 
5.0480 

5880 
5765 
5872 
8009 
6121 

Log dit- 
@UC8 
,units of 
eighth 
l e e i d  
Phm) 

3.7610 
3.7650 
3.7690 
3.1740 
3.7780 

7% 
841 
889 
939 
918 

1030 
1078 
1140 
1 1 s  
1238 

1303 
1358 
1422 
1468 
1530 

lBoc 
1663 
1717 
1790 
1857 

1918 
1990 

2132 
2212 

2285 
2359 
24% 
2505 
2587 

2672 
2747 
2837 
2916 
2998 

3006 
3183 
3 m  
3364 
3458 

3538 
3 6 7  
3Z' 
3826 
3916 

mtlrl 

6283 

64ga 
6819 
6742 

6388 
7158 
7291 
7427 

7505 
7705 

7995 
8143 

6a80 

71327 

me 

3. 3360 
3.3470 
3.3590 
3.3710 
3.3800 
3.39lo 
3.4010 
3.4130 
3.4222 
3.4310 

3.4420 
3.4510 
3.4610 
3.4680 
3.4770 

3.4!m 
3.4950 
3.5020 
3.5110 
3.6190 

3.5260 
3.5340 
3.5m 
3. !A90 
3.5570 

3.5840 
3.5710 
3.5770 
3.5840 
3.5810 

3.5980 
3.m 
3.6110 
3.6170 
88x10 

3.6300 
3. 6360 
3. 6420 
3.6480 
3.6540 

3.6590 
3.6650 
3.6Mo 
3.6780 
3.6810 
- 

3.7830 

3.1910 
3.7950 
3.7990 

3.8030 

3.8120 
3.8160 
3.8u)o 

3.8240 
3.8280 
3.8360 
%a00 

a.7870 

aao80 

3.8320 

b g  8 
(4 

- 
5.1780 
5.1830 
5.1880 
5. W O  
5.19so 

5.2040 
5. 2090 
5.2140 
5.3190 
5.z240 

5.2290 
5.2330 
5.2380 
5.2420 
5.2470 

5.m 
5.2560 
5.m 
6.3850 
5. as90 

5.2740 
5.2780 
5.2820 
5.2860 
6.2900 

6.2940 
6.2990 
5.3030 

5.3110 

5.3150 
5.3190 
5.3230 
5.3270 
5. 3310 

5.3350 
6.3390 
5.3430 
5.3470 

6. aom 

3.1000 
3.1230 
3.1440 
3.1830 
3.1800 

231 

5.0880 
5.0950 
5.1028 
5.1080 
cr1140 

3.1960 
3.2110 
3.2250 
3.2430 
3.2580 
3.2700 
3.2W 
3.2880 
3.3100 
3.3220 

5.1210 
5.1270 
5.1330 
5.1390 
5.1450 

5.1500 
5.1560 
5.1610 
5.1670 
5.1720 

8295 
8449 
8806 
8766 

3.8440 
3.8480 
3.8520 
3.8580 
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0.0 
. 5  

1. 5 
2.5 
3.5 

FACTORS USED IN THE COMPUTATION OF ELEVATIONS FROM RECIP- 
ROCAL AND NONRECIPROCAL OBSERVATIONS 

The unit of length throughout these tables is the meter. 
Log A 

hietrr8 
3000 
3150 
324x3 
3449 
3,598 

Elevation 
3f occupied 
station hi 

Meters 
0 

73 
220 
367 
514 

661 
507 
954 

1101 
1248 

1394 
1541 
ltjgg 
1835 
1%' 

212s 
2 i 5  
24?2 
2569 
2i15 
?M2 

4.5 
5.5 
6.5 
7. 5 
R S  

.os spprox- 
imate 

4ifferenF 
If elevation 
=log 8 tan (?)* 

3743 
3890 
40% 
4183 
6330 

2.167 
2.644 
2.880 
3.011 

3.121 
3.208 
3.281 
3.343 
3.397 

3.445 
3.4.9 
3.52s 
3.565 
3.588 

3. e9 
3.658 
3.685 
3. ill 
3.735 

3.75s 
3.779 
3. SM) 
3. Lxl 
3.339 
3.857 
3.874 

Log B 
unitsof 
5th place 

Elevation 

station hl 

Logs 

2.5 
3.5 

4.5 
5.5 

6 5  

9.5 
10.5 
11. 5 
12.5 
13.5 

14.5 
15.5 

0-5 
I .  5 

5.224 
5 . m  

5 . m  
5.395 
5.432 
5.463 

14.6 5?11 

5651 ia 5 5x35 
19. 5 5915 

16.5 
17.5 
1S.5 

Log B alul log C 

I 
I 

19.5 

21.5 
2 . 5  
23. s 
?1.5 
?5.5 

I 

~ 

.qg A units 
if fifth plwe 

20.5 
21.5 
??. 5 
23.5 
?4.5 

25. 5 
26.5 
27.5 

29. 5 

31.5 
32.5 
33.5 
34. 5 

35.5 

67.5 
38.5 
39. 5 

?a 5 

30.5 

p. 5 

40.5 

Log c 

- 
0.0 
.5  

1. 5 
2.5 
3.5 

4.5 
5.5 
6.5 
7.5 

"Or log a cnt [ h - ( 0 . 5 - 7 n ) p h , ]  for nonreciprocal observations. 

Log B has the same sign as the approsimate difference of elevation. 
Log C is alwgys positive. 
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COMPUTATION OF SPHERICAL EXCESS 

The spherical excess of a triangle is computed by the formula, 

alhl sin Cl(l --e2 sin3 +)S 
c=  ad(1 -e2) sin 1” =albl sin Cl xm. 

In  this formula B is the spherical escess; a1 bl and Cl are two sides 
and the included angle, respectively, of the corresponding triangle; 
e2 is the square of the eccentricity, and a the niajor semiaxis of the 
spheriod of reference; and C$ is the mean latitude of the three vertices 
of the triangle. That part of the above espression which depends 
only on the lstitude and the dimensions of the spheroid may be 
designated by a single letter, m, as shown. In  the following table 
the logarithms of m are given with the latitude as an argument. 

The above formula gives the spherical escess too small by one one- 
hundredth of a second for an equilateral triangle witmh 300-kilometer 
sides, or for a noneyuilateral triangle of the same area. For an 
equilateral triangle of 100-kilometer sides, or an equivalent nonequi- 
lateral triangle, the excess as given by this formula is too small by 
less than one onerthousandth of a second. 

In cases where a more accurate value of the spherical excess is 
required the formulas given on page 51 of Special Publication No. 4, 
The Transcontinental Triangulation, may be used. These formulas 
give a slight’ly unequal distribution of the spherical excess among 
the three angles of the triangle. 
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548 -10 
544 -10 
539 -10 
534 -10 
530 -10 

62s -10 
5aO -10 
516 -10 
511 -10 
600 -10 

Latitude 

I 

O I  

0 0 0  
0 30 
1 0 0  
1 30 
2 0 0  

2 30 
3 0 0  
3 30 
4 00 
4 30 

5 0 0  
6 30 
6 0 0  
6 30 
7 0 0  

7 30 
8 0 0  
8 30 
9 0 0  
9 3 0  

10 00 
10 30 
11 00 
11 30 
12 00 

12 30 
13 00 
13 30 
14 00 
14 80 

15 00 
15 30 
16 00 
16 30 
17 aa 
17 3C 
18 o(1 
18 3c 
19 01 
19 3( 
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Table of log na 

[Computed for the Clarke spheroid of 1866 as expressed In meters] 

Log tlr Latitude 11- 
1.40695 -10 

695 -10 
695 -10 
694 -10 
694 -10 

694 -10 
693 -10 
693 -10 
692 -10 
691 -10 

690 -10 

687 -10 
686 -10 

I 
685 -10 
883 -10 
683 -10 
680 -10 
679 -10 

677 -10 
675 -10 
673 -10 
871 -10 
669 -10 

887 -10 
665 -10 
663 -10 
660 -10 
658 -10 

655 -10 
653 -10 
650 -10 
647 -10 
644 -10 

1.40629 -10 

0 ,  

m o o  
2030 
21 00 
21 30 
2 2 0 0  

22 30 
2 3 0 0  
B 30 
I00 
I 30 

25 00 
25 30 
2 8 0 0  
28 30 
27 00 

2730 
28 00 
28 30 
29 00 
29 30 

3000 
3030 
31 00 
Sl 30 
32 00 

32 30 
33 00 

34 30 

36 00 
35 30 
3 00 
36 30 
37 00 

37 30 
38 00 
?8 30 
39 30 

E: 

"a 00 

..40626 -10 
6a1 -10 
819 -10 
616 -10 
812 -10 

806 -10 
605 -10 
601 -10 
597 -10 
584 -10 

590 -10 
5% -10 

5i8 -10 
573 -10 

669 -10 
565 -10 

556 -10 
552 -10 

680 -lo i 

501 -10 
496 -10 

. 491 -10 
486 -10 
482 -10 

477 -10 
472 -10 
467 -10 
462 -10 

1.40457 -10 

a i  

40 00 
4030 
41 00 
41 30 
42 00 

42 a0 
4 3 0 0  
43 30 
44 00 
44 30 

46 00 
45 30 
4600 
46 30 
47 00 

47 30 
4 8 0 0  
48 30 
49 00 
49 30 

5 0 0 0  
5030 
51 00 
51 30 
1 0 0  

52 30 
5 3 0 0  
E 3 3 0  
54 00 
5 4 3 0  

6 5 0 0  
55 30 
5 6 0 0  
56 30 
57 00 

5 7 1  
5 8 0 0  
58 30 
5 9 w  
59 30 

I. 40452 -10 
446 -10 
441 -10 
438 -10 
431 -10 

4% -10 
421 -10 
416 -10 
411 -10 
406 -10 

400 -10 
395 -10 
3 w  -10 
385 -10 
380 -10 

375 -10 
369 -10 
361 -10 
359 -10 
354 -10 

349 -10 
311 -10 
339 -10 
324 -10. 
329 -10 

324 -10 
319 -10 
314 -10 
309 -10 
304 -10 

299 -10 
295 -10 
290 -10 
as5 -10 
280 -10 

276 -10 
271 -10 
286 -10 
282 -10 

1.40257 -10 

Latitude 

0 ,  

60 00 
Bo 30 
81 00 
61 30 
6 2 0 0  

6230 
63 00 
8330 
64 00 
64 30 

65 00 
65 30 

66 30 
67 00 

67 30 
68 00 
68 30 
69 00 
69 30 

70 00 
1030 
71 00 
71 30 
72 00 

fin oo 

Logm 

I. 40253 -10 
249 -10 
2.14 -10 
240 -10 
235 -10 

231 -10 
22i -10 
2.23 -10. 
219 -10 
215 -10 

210 -10 
a07 -10 
a03 -10 
199 -10 
195 -10 

192 -10 
188 -10. 
185 -10. 
181 -10. 
178 -10. 

174 -10. 
lil -10 
168 -10 
164 -10. 

1.40161 -10 
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COMPUTATION OF STRENGTH OF FIGURE 

In the following table the values tabulated a.re 16A2+6A6B+8s4J. 
The unit is one in the sixth place of logarithms. The two arguments 
of the table are the length angles in degrees, the smaller length 
angle being given at the top of the table. The length angles are 
the angles in each triangle opposite the known side and the sire 

6, and BB are the logarithmic differences corresponding to 
1 second for the lengtmh angles A and B of a triangle. 

Jequired. 

Table for determining ~elatiue strength of jigtires in tm'ailgdation 

- 
0 

10 
12 
14 
16 
18 

?2 
24 
26 
28 

30 
35 
40 
45 

50 
55 
60 
85 

70 
75 
80 
85 

90 

95 
1W 
105 

115 
1% 
1 2  
13( 

13: 
14( 
14: 
1X 

15: 
1% 
13 
15I 
lfil 

1s: 
1& 
161 la 
171 

a0 

i i a  

- 

- 
100 
- 
4% 
359 
315 
2&1 
282 

245 
232 
231 
213 
208 

198 
183 
ITS 
172 

167 
162 
150 
155 

152 
150 
147 
145 

143 

140 
138 
136 
134 

132 
129 
127 
125 

122 
1 19 
116 
113 

111 

109 
107 
107 

107 
10s 
113 
121 
143 

1 i a  

- 

- 
120 
- 
359 
295 
253 
225 
204 

189 
177 
167 
160 
153 

148 
137 
126 
1% 

119 
115 
112 
109 

106 
10l 
102 
100 

08 

96 
95 
93 
91 

89 
88 
86 
84 

53 
MI 
77 
75 

75 
74 
74 
74 
74 

56 
79 
88 
88 

- 
40 
- 

!53 
114 
87 
68 

53 
.43 
.34 
.26 
120 

115 
LO6 
89 
93 

89 
&a 
83 so 
7s 
76 
74 
73 

71 

70 
68 
67 
65 

64 
62 
61 s 
58 
56 
55 
54 

53 
53 
54 
51 
5e 

56 
63 
71 

- 
160 
- 

.87 

.62 

.43 

.30 

.19 

.11 

.o( 
99 

94 
85 
79 
74 

70 
67 
tl4 
62 

60 
58 
57 
55 

€4 

53 
51 
50 
49 

4s 
46 
45 
44 

43 
42 
41 
.1o 

40 
41 
42 
43 
45 

4.5 
54 

- 
180 
- 

.43 
26 

.13 
03 
95 
89 
83 

79 
71 
65 
60 

57 
54 
51 
49 

48 
46 
45 
43 

42 

41 
40 
39 
3s 

37 
36 
35 
34 

33 
32 
33 
33 

32 
33 
34 
35 
3s 

42 

- 
DO 

- 

13 

Do 
91 
83 
77 
72 

68 
80 
54 
50 

47 
44 
42 
40 

38 37 

36 
34 
33 

31 
30 
30 

29 

46 

28 
I 
I 
a8 

27 
!a 
3c 
33 

39 

2a 27 

m 

- 
220 

- 

91 
81 
74 
68 
83 

50 
52 
47 
43 

39 
37 
35 
33 

32 
30 
29 
2a 

27 

26 
25 
35 
24 

23 
22 
22 
21 

21 
20 
21 
21 

22 
!a 
25 
21 

- 
7.40 
- 

74 

61 
57 

53 
46 
41 
37 

34 
32 
30 
28 

n 
25 
24 
23 

27. 

22 
21 

19 

19 
18 
18 
17 

17 
17 
17 
1s 

1s 
21 
22 

e7 

a0 

- 
10 

- 

1 
6 
1 

8 
1 
6 
2 

9 
7 
5 
4 

3 
'1 
0 
9 

9 

8 
7 
7 
6 

5 
5 
4 
4 

4 
.4 
15 
16 

7 
.9 

- 
93' - 

51 
47 

43 
37 
35 s 
a 
24 
22 
21 

11 
11 
15 
1f 

1f 

1: 
14 
14 
1: 

1: 
1: 
1: 
1: 

1: 
1: 
1: 
1: 

1( 

- 
00 

13 

IO 
I3 
P 
5 

13 
31 
19 
I8 17 

I3 13 

16 
15 
14 

12 
12 
I1 

I1 
10 
10 
10 

10 
10 
11 
13 

- 
50 
- 

I3 
37 
?3 
D 18 

16 
14 
13 

12 
11 
IO 
LO 

9 

9 
8 
8 
7 

7 
7 
7 
7 

7 
8 
9 

- 
Do 
- 

13 
19 
16 

I4 
I2 
I1 
LO 

9 
8 
7 
7 

6 

6 
6 
5 
5 

5 
5 
5 
5 

5 
6 

- 
50 w 
-- 

le 
13 11 

I1 9 
LO 8 
9 7  
7 6  

7 6  
6 4  
5 4  
5 3  

4 3  

4 3  
4 1  
3 1  

4 a  

! 
i 
i 

L 
I 
I 
z 
3 

2 
a 
1 

a 
a 
3 

a 

Y 

5 
I 
4 

3 

2 

1 

1 
1 
1 
1 

1 
1 

a 
a 

45861'-34-16 
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HOW TO USE THE TABLE 

To compare with each other two alternative figures, either quadri- 
Iaterds or central-point figures, in so far as the strength with which 
the length is carried is concerned, proceed as follows: 

(a) For each figure take out tlie length angles, to the nearest 
degree, for the best and second-best c.haiiis of triangles through the 
figure. These chains are to be selected at  first by estimation, 
and the estimate is to be checked later by the results of comparison. 

(6 )  For each triangle in each chain enter the table with tlie 
length angles as tvhe two arguments and take out the tabular value. 

(e) Por each chain, tshe best and second best,, through each figure, 
take the sum of the tabular values. 

(d)  Multiply each sun1 by tlie factor D$ for that figure, where 

D is the number of directions observed and C is the number of con- 
ditions to be satisfied in the figure. The quantities so obtained, 

namely, - [6n2++A+B-/-+B2], will for convenience be called Rl 
and B2 for tahe best and second-best chains, respectively. (Examples 
of various triangulation figures with the correspoiidiug \-slues of R, 
and R2 may be found iq SDecial Publication No. 93, PP. S-13.) 

(e) The strength of the figure is dependent ma.inly upon the 
strength of the best c.hain through it, hence the smaller tlie Rl the 
greater the strength of the figure. The second-best chain con- 
tributes somewhat to the total strength, and the other weaker and 
progressively less indepenclent chains contribute still snider &mounts. 
In deciding between figures they should be classed according to their 
best chains, unless said best chains are very nearly of equal strength 
and their second-best chains differ greatly. 

D - C ,  



I N D E X  

Page 
Abstract, directions, sample _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  3,4 

horizontal angles _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  16 
horizontal directions _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  2 4  
zenith distances. _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  149-158 

3 5  
necessary, computations _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  215 
tri.mgulation, statistics _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  107 

Adjusted elevations, computation of zenith 
distances _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  168 

Adjustment, by angle method, &etch-..-. 110,111 
elevations, formation of observation equs- 

tions _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  16s-lia 
from zenith distances _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  147-176 
observation equations. - _ _ _ _ _ _ _ _ _ _ _ _ _  16S-liO 

figure with r correction _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  1M-lBS 
flrst-orrler triangulation--- _ _ _ _ _ _  _ _ _  _ _  _ _ _ _ _ _  50 
Intersection stations . . . . . . . . . . . . . . . . . . . . .  198,216 
least-squares, differences of elevations- _ _  167-173 
local _______________________________________ 8-18 

list of directions after . . . . . . . . . . . . . . . . . . . .  16. IS 
net, angle method . . . . . . . . . . . . . . . . . . . . . . .  110-148 

computation of triangles _ _ _ _ _ _ _ _ _ _ _ _ _ _  5+58,%5 
conditions involved . . . . . . . . . . . . . . . . . . . . . .  5031 
direction method . . . . . . . . . . . . . . . . . . . . . . .  50-109 
list of directions. _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  5243 
number of equations . . . . . . . . . . . . . . . . . . . . .  51,59 
sketch _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  50 

quadrilateral _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  24-49 
pole at intersection of diagonals..-.-..- lS5-lSS 
triangle with two concluded angles---- 1S9-1W 

station, angle method . . . . . . . . . . . . . . . . . . . . . .  161s 
direction method _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  S-16 

third-order triangulation _ _ _ _  - _ _ _ _  _ _  _ _ _ _  110 
traverse ___________________________________  1 

Adoption, u corwct.ions _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  E,37 
Advantaw, angle methal of adjustment.-.- 146 

direction method of adjustment _ _ _ _ _ _ _ _ _ _ _ _  146 
Angle, and direction methods of adjustment, 

comparison 1% 
equation, unusual flgure _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  liS-li9 
equations, angle met.hod of adjustment--.. 113 

definition ________________________________  34 
identical _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - _ _ _ _ _ _  35-38 
in net, formation . . . . . . . . . . . . . . . . . . . . . . . . .  60 

number _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  51.59 
number _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  34-36 
selection _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - _ _ _  _ _ _  _ _ _ _ _ _ _ _  3636  

mean error _________________________________  ?19 
method, adjustment, sketch _ _ _ _ _ _ _ _ _ _ _ _ _  110,111 

azimuth equation - - - - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  216 
back sclution of n ~ r m l  equations. _ _ _ _ _ _  129 
computation of P corrections _ _ _ _ _ _ _ _ _ _ _ _ _  129 
correlate equations- - - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  127 
formation of equations _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  112 
lettering sketch _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  111-112 
net adjustment _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  110-146 
normal equations __________._____________ 127 

Accuracy, data, Loplace station _ _ _ _ _ _ _ _ _ _ _ _ _  

PEW 
119 

of adjustment, advantages _ _ _ _ _ _ _ _ _ _ _ _ _ _  146 
angle equations _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  112 
azimuth equation _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  11?,m 
corrections to directions _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  130 
final position computation _ _ _ _ _ _ _ _ _ _ _  131-137 
list of directions _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  113 
list of geographic positions _ _ _ _ _ _ _ _ _ _ _ _ _  145 
triangle computation _ _ _ _ _ _ _ _ _ _ _ _  114-115, 129 

omission of diagonals . . . . . . . . . . . . . . . . . . . .  111 
solution of normal equations _ _ _ _ _ _ _ _ _ _ _ _ _  1% 
station adjustment _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  16-18 

observed, probable error _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  127, 144 
32 

horizontal, abstiact . . . . . . . . . . . . . . . . . . . . .  _ _ _  16 
closure, correction . . . . . . . . . . . . . . . . . . . . . . .  8 

of horizon _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  8,9 
list of directions _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  8 
sample list of directions _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  S 

Application of corrections to directions, im- 
portance ______-____________________________ 41 

Approximation, computation of omilted 
diagonal by _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  140, 144 

dmsine correction, explanation-- _ _ _ _ _ _ _ _ _ _ _  6 
Inverse position computation _ _ _ _ _ _ _ _ _ _ _ _ _ _  203 
length equation _--________________________ 64 
table ______________________________________  231 

Arrangement, cornputation _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  215 
Azimuth, angles, symbol . . . . . . . . . . . . . . . . . . . .  66 

hack, explanation.- - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  6263 
equation, angle method of adjustment--. 112, 1?5 

angle method, rule . . . . . . . . . . . . . . . . . . . . . .  216 
computation _--_________________________ 02-03 
explanation _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  61-63 

true geodetic, computation- _ _ _ _ _ _  _ _  _ _ _ _ _ _  ?OB 
Azimuths, extra, geographic positions-- _ _ _ _ _  47-48 

Laplace _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _  ?04-207 
probable error _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  205 

Bark, azimuth, crplmation. - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  62-63 
solution, normal equations- _ _ _ _ _ _ _ _ _ _ _ _  13-15,18 

angle method _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  129 
net adjustment _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  03 
quadrilateral__________________________ 38 

tions _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  200 

Central-point figure, adjustment _ _ _ _ _ _ _ _ _ _ _ _ _  216 
Check, by side equation test, quadrilateral- 2OS-214 
on lengths, triangles . . . . . . . . . . . . . . . . . . . . . . .  40 

Checking, closures, triangles _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  34 
computations _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  915 
flnal seconds, list of directions _ _ _ _ _ _ _ _ _ _ _ _ _  41 
geographic positions _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _  44 
inverse position computation _ _ _ _  - .-. ~ _ _ _ _ _  ?04 
spherical ewes .  triangles _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  33 
z corrections, elevations _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  173 

Angle, method, number of equations _ _ _ _ _ _ _ _  

Angles, derivation from directions _ _ _ _ _ _ _ _ _ _ _  

Blunders, locating, solution of normal equa- 

237 
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Closing correction. (See closure.) 
Closure, correction, horizontal angles- _ _ _ _ _ _ _  8 
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from zenith distances _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  147-176 
number of decimals . . . . . . . . . . . . . . . . . . . . . .  184 
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long distances _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  37-% 

formulas _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  3 7  
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