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M E T H O D  FOR DETERMINING NUMBER OF 
EQUATIONS IN  AN ADJUSTMENT 

by B. K. Meade 

In  th  adjustment of a triangulation net the total number of equatio 
given by the formula, 

number of equations=v-3S,+SU 

involved is 

i n  which v is the total number of V I S  excluding those on lines fixed by previous adjust- 
ment, S, is the total number of new stations, and S, is the total number of unoccupied 
new stations. 

With 
any Laplace azimuths or base lines in the net, one equation is added for each condition 
introduced thereby. In  case of a fixed station, that is, position t ie  only, this should be 
considered a new station, then two equations are added, one for latitude and one for 
longitude. When a fixed station is connected to  any other fixed station, with directions 
observed to  new stations only, then the fixed station should be considered a new station 
and two equations should be added to  the number obtained by the above formula. 

This method of determining the total number of equations in  a net wi l l  serve as a 
check against the number derived by  the usual procedure of building up the figure point 
by point. 

- 
- 

This formula takes care of azimuth, length, latitude, and longitude equations. 



FOREWORD 

The purpose of this publication is to e sp im the methods used in 
the United States Coast and Geodetic Survey in the computation 
and adjustment of triangulation. I t  will not only serve as ta guide 
to the younger mathematician just learning to make triangulation 
computations but will tend to standardize the methods of computa- 
tion and adjustment of triangulation so that greater efficiemy and 
economy will result. 

Beginning on page 315 will be found a nuniber of suggestions and 
general rules which have been formulated as the result of many years 
of experience in the adjustment of triangulation. Those just starting 
work on such computations will find it helpful to study these rules 
and suggestions before attempting to study the volume as a whole. 

Acknowledgment is gratefully made to C. H. Swick, Dr. 0. S. 
Adams, mathematicians, and 0. P. Sutherland, associate mathemati- 
cian, of t,lie division of geodesy of this bureau, and to R. N. Ashniun, 
mathematician of the International Boundary Commission, who 
have carefully reviewed the entire manuscript and offered many 
valuable suggestions. 
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MANUAL OF TRIANGULATION COMPUTATION 
AND ADJUSTMENT 

By WALTER F. RSYNOLDS, Mathematician, United States Coast and Geods2ic 
S u r i q  

GENERAL STATEMENT 

For many years most of the computations and adjustments of 
triangulation in the United States Coast and Geodetic Survey have 
been niore or less standardized, but, as there have been no printed 
instructions for the work, the standard niethods have not been used 
as consistently as i s  desirable. This publication, giving the methods 
of coniputation resulting from years of experience by the various 
nistheniaticians, will tend to niore consistency and thus to greater 
accuracy and speed. 

The theory of least squares as applied to the adjustment of tri- 
angulation is not covered in this publication, since that is fully 
treated in Special Publication No. 28, Application of the Theory of 
Least Squares to the Adjustment of Triangulation. Instead, there 
is shown, step by step, how the computation of the triangulation is 
carried on from the time the field observations are received in the 
office until the final results are published. Esaniples of each part of 
the coniputation are given. The methods used in the computation 
and adjustment of traverse are not shown in this publication, since 
they are contained in Special Publication No. 137, Manual of First- 
Order Traverse. 

1 



CHAPTER 1.-PRELIMINARY COMPUTATIONS 

ABSTRACT OF HORIZONTAL DIRECTIONS 

The instructions for field work require that the lists of directions 
giving the observed horizontal directions or angles shall be made 
out and c.hecked in the field, so that ordinarily the office coniputations 
should begin with the checked directions, and the mathematician 
should not have to go bacli to the original field rec0r.d books. 

But occasionally, due to a rush of work or a shortage of personnel, 
the field directions are not checked in the field, and this must be done 
in the office. The method of computing the list of directions is 
therefore shown here. As the methods of forming the lists of direc- 
tions for triangulation of the first and second order (foi*merly precise 
and primary) and for triangulation of the third order (formerly 
secondapy) are somewliat different, esamples of both methods are 
given. 

Below IS given a sample abstract of observed directions on tri- 
angulation of the first order, as received in the office, from which 
the list of directions is computed. This abstract and the instructions 
for making out the list of directions for first-order triangulation are 
taken from Special Publication No. 120, Manual of First-Order 
Triangulation. 

I t  is important that this form be made out carefully, because the 
mean directions derived from the abstract of horizontal directions 
constitute the basis for all the later computations. Every position 
observed at  a station, escept observations on objects where only one 
or two positions are talien, should appeax on the abstract, the rejected 
readings being indicated by the letter R. Sample fornis are shown 
in Figures 1 and 2. 

Where more than one station is used as an initial, there will fre- 
quently be diflerent ways in which the observations can be combined 
to give the directions from some one initial station. Figures 1 and 
2 will illustrate the proper way to form the combined direction in 
a nuniber of typical cases. 

At station Granite both South Base and Westedge were used as 
initials in the observations, but South Base was chosen as the initial 
for the list of directions. A supplemental abstract of directions, 
Figure 3, was first made out for the observations in which Wqstedge 
was used as initial, and the abstract, shown in Figure 1, was then 
made out for such observations as had South Base for initial. It was 
then necessary to transfer the observations made with Westedge 

2 



PRELIMINARY COMPUTATIONS 3 
as initial to-equivalent values with South Base as initial, marking such 
transfersed directions with the letter T on the abstract to show their 
origin. For emmple, in Figure 2 the direction of Floyd from West- 
edge, position 1, is 371O 11' 441y0, while the direction of Westedge 
from South Base, position 1, is 17O 17' 49!'5, and the sum of the two 

.Loy..u-u.n -*nae-maq & S l R A ~  OF DIRECTION5 
Fetm 470 

9rlr ........-... A ~ i x ~ n s s  .... ..-.- __ 
s ~ n  ... Gsanij. ......... c..~lll c .... &.Pd..-. Ddpm+adg$L4s- 
abrru .... c-.d& ...... &kcdrV .-.&->- .... I d  Ne. -_.___.___ w 

STATIONS O W V L D  

-I- 

%?= 

$aydMUra-&Geu 
. 6 # . . . , . , . , . .  

23- 
nrnro ",Po' i , , / 7  89,,SU 2M, 29 318,,34 326, 64 344, f2 

' Orno 49.5 01.3 3SSr fi,$R MO. 5 Z O  

Om 53.0 00.4 3d7t 44.6 53.07 545 
aoO 49.6 59.6 3U7 4 3  ,!WT 56.7 

81 Om 51.3 x8 3631 4 ~ 3  53.3 59s 
8 OXIO 50,8 02.2 Szfl &P 5 ~ 3  563 ;$p%4W (q$s)R -57.8 60.7 

0 8 om 50.4 om m 52.2 660 

aoo 51.0 028 - (5ZU?? ' Om 48% 58.S 32.8 M.6 526 565 

S 2 9 0.00 522 05.0 3.5.8 458 s o  545 

E Io O*O0 52.0 00.6 36% 4Zt 52.8 567 

5 12 om a 7  a m  Qss 44i3 s . 8  5.97 

1' 0.00 5o.r 036 J?M 473 546 5s 

4 8  39.2 342 4zo S2.a m 
'6 om 51.7 04.6 33.7 474 52.2 a 8  

E m #  8121 24.5 560.6 7- 836.3 923.0 
ym. sa76 o m  soa 4~19 5227 n.69 - 5a76 o m  Sot R I ~  52.27 mas 

5 11 0.00 50.S &h a 7  464 522 557 

8 
aOO 5 0 3  021 32.3 M.0 5 L O  566 

b.*m 00.26 

Fro. 1.-Sample abstractIof directions 

directions, 288' 29' 331y5, is the direction from South Base to Floyd, 
as shown for position 1, Figure 1. Sindarly, the values for the other 
positions for Floyd and Williams are transferred from the supple- 
mental abstract to the combined one, using for each position the 
corresponding value of the angle between South Base and Westedge. 
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It is not necessary to transfer Frisco from' the supplemental ab- 
stract shown in Figure 2 to the combined abstract for the reason that 
a complete set was observed on that station from each initial. The 
mean of the directions on Frisco, with Westedge as initial, viz, 326' 
55' 07!57, plus 17' 17' 50!76, the mean of the directions on Westedge 

AB!mAcl OF DmEcTIONs 

Sdh . s Z H h  ........... W h  ..&fp-& -....... h s . Z S = . & y 6 ,  

- r e  
ram am 

...c--- 

SI.* -..AxJzona ......-._.._____. 

m ._.. c.K& .-.....- cb(.rh ... td..Ek.... I&N-U&+~ -- 
-m- 8rAnoNm OICHLD 

q n r r , O # O . o # O * O J O r * #  

rn a 0. ,,a' m/,, I1 eo/* /7 aM dic 

' Om H.0 59.6 oaz 
" 0 

a Om 42.7 60.0 O M  

8 Om 42.8 61.6 07/ 

4 om 2$ 09.0 

5 am o m  

0- 
Fm. 2.--Sample abstract of Cictions for missing signals 

with South Base as initial, gives 344' 12' 581y33. The mean of this 
value of the direction to f i s c 0  and that obtained with South Base 
as initial, 344' 12' 57!69, is used in the list of directions shorn in 
Figure 3. If more than 10 or 12 acceptable positions are obtained 
on any one night for a direction, that night should be given unit 
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weight with any other night in determining the mean direction. In 
general, where 10 or more positions of a direction have been meas- 
ured on each of two or more nights no one night’s observations should 
be rejected unless it is more than one-half second from the mean of all 
the values for that direction. If the divergence from the mean is 
greater than one-half second, that night’s observaiions should be 
selected whic.h will best close the triangles, provided that at  least 12 
acceptable positions are available for the retained direction. 

It will be noted that since tmhe angles were measured from South 
Base to Westedge, from Westedge to Frisco, and from South Base 
to Frisco, the proper value of the direction from South Base to the 
other two points could be secured most accurately by a least-squares 
adjustment (see pp. 8-16). In most cases, however, the results 
obtained by this station adjustment do not justify the time required 
to make the computation, but a mean value for the sum angles can 
usually be obtained by arbitrary methods which will meet sufficiently 
well the final demands for accuracy. When a number of sun1 angles 
are measured, however, and especially when the means obtained by 
different combinations vary considerably, a station adjustment may 
be made. 

The direction to triangulation station Floyd, Figure 1, has two 
acceptable values for position 6. In such cases the mean is taken 
of all values for a position and that mean given unit weight in the 
ha l  mean, on the theory that a symmetrical distribution of the 
readings around the circle is essential to accuracy. With an accu- 
rately graduated circle it is probable that the variation due to the 
graduation is not quite so large as that due to errors in reading, but 
the rule of unit weight for each position is the safest to follow as a 
uniform procedure. 

REJECTION OF OBSERVATIONS 

The chief difficulty in making out the form lies in deciding what 
observations to reject. The usual forniulae for the rejection of 
observational quantities are too cumbersome to apply and are not 
satisfactorily applicable to ‘a short series of observations. It is, 
therefore, customary to apply an arbitrary limit of rejection, deter- 
mined empirically from previous experience with the instrument used 
or with one of similar qualities. For observations with the type of 
theodolite usually used on firsborder triangulation the rejection limit 
for the angular value of a direction on any one position of the circle 
may ordinarily be taken as four seconds from the mean. 

The following rules will be a sufficient guide to the rejection of 
observed directions: 

1. No reading should be rejected if it falls within the limit of 
retention (in the sample this limit is f4!0 from the mean) unless 
rejecten a t  the time of taking the observation. The observer’s 
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reason for rejection should then appear in the original record. 
This rule will not apply to the case where one set of observations of 
a direction is rejected in favor of another set of 12 or more positions, 
as provided for on page 5. 

2. If two or more readings have been taken for a single position, the 
mean should be used if all readings come within the limit of retention. 

3. If one reading of a position falls without the limit and one within 
the limit, do not use a niem even though the mean be within the 
limit. 

.4. If both readings of a position fall without the limit, reject the 
position entirely, using the remaining positions to compute the mean 
direction. 

5. In case the 1G readings seem to fall in two groups, the mean of 
one group differing considerably froni the mean of the other, estreme 
care is necessary in making the rejections. 

6. Before computing a trial mean any observations so far from the 
approximate niean as to he very evidently the result of blunders 
should be rejected. After a trial mean is obtained and the rejection 
limit. applied, the observations so rejected should not be again 
included even though the new iiiean would bring them within the 
limit of rejection. 

7. The results obtained by applying rigorously the limit of rejec- 
tion, even though the quantities rejected are just outside the limit, 
will prohitbly be but, little different from those derived after long 
consideration, and niuch time can be saved by a strict application of 
the rule. 

LIST OF DIRECTIONS 

Use instead the single reading. within the limit.. 

On the list of directions, Figure 3, the mean directions of all unre- 
jected observations are arranged in order of azimuth froni some one 
selected initial. Not only the niean directions to the principal 
stations as listed and computed on the abstract of directions should 
be shown, but also the directions to intersection points and reference 
marks. 

The data on this form constitute the material upon which the 
office computations are based, and these data should be so completely 
c.he.cked in the field that there will be no need in the office to resort to 
the record book or the abst,ract of directions. The only exception to 
this rule is where there is not suffic.ient time in the field to make all 
the eccentric reductions without delay to the progress of tlie party. 

On the back of the form for the list of directions are instructions 
for its preparation. Only two points covered by those 
instructions need be emphasized here, vb, the number of decimal 
places to be shown in the mean angle and the treatment of eccentric 
directions. As regards the first, on first-order triangulation the 
directions to main-scheme stations' should be carried to hundredths 

(See fig. 5.) 



PRELIMINARY COMPUTATIONS 7 

of a second, directions to second-order stations and to sharply defined 
permanently marked intersection stations to tenths of seconds, and 
directions to other points, such as mountain peaks, to seconds. Di- 
rections to near-by objects, such as witness or reference marks, need 
be taken to the nearest 10 seconds only. In general, two uncertain 
figures should be given; that is, the third digit from the right in the 

FIG. 3.-Sample list of directions from horizontal dimctions 

number denoting the direction should not be in error more than one 
unit. 

The second point to be eniphasized in the preparation of the list 
of directions is the computation of the eccentricity and the reduction 
of the observed directions to center. If a direction has not been 
reduced to center, the seconds pertaining to that direction should 
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not be written on the form in ink, but in pencil. This rule should 
be invariably followed, for otherwise an unreduced direction may be 
used for a reduced one. 

U. 8. COAST AND GEODETIC SURVEY 

LIST OF DIRECTIONS FROM HORIZbNTAL ANGLES 

For making out the list of directions from observed horizontal 
angles in third-order triangulation, the method is slightly different 
froni that used with observed horizontal directions. As shown below, 
the angles at the station are simply corrected for the closing of the 
horizon. Since each angle was observed in the sanie manner, its 
weight is unity, and the correction to each angle is obtained by 
dividing the difference between 360° and the sum of all the angles by 
the number of angles involved. 

Observed angles, Vatice Aft.  

Observed stations Angle 

l o ,  I .  

SprucehXt.-Mt. Henry _ _ _ _ _ _ _  
Mt. Henry-Brandy Hill _ _ _ _ _ _  
Brandy Hill-Oak _ _ _ _ _ _ _ _ _ _ - _ _  
Oak-Neal . . . . . . . . . . . . . . . . . . . . .  

116 54 37.1 
60 36 00.3 
45 23 46.2 
54 55 46.1 

380 00 03.2 1 -  

Corree 
tion 

-0.5 -. 5 -. 5 
-. 5 -. 6 -. 6 

-3. a 
- 

Final 
see 
onds - 
41.0 
11.5 

59.8 
45. 6 
45.5 

00.0 

&! 

- 
- 

The corrections to dose the horizon are usually applied in the 
Horizontal Angle Record Book, and the list of directions is made 

directly from that record on 

ure 4. Complete instruc- 
tions for making out the 
list of direc.tions, which are 

8r;:& given on the back of Form 

&!la&: .__._.._. k4-W -... h m 1  244 as d”ml in Fig- 

Computed by -0.P.s. 
Checked by wJ*R. 

e . 00 00 %A, are given in Figure 5. 

0 00 00.0 STATION ADJUSTMENT, DI- 
23 18 41.0 RECTION METHOD 

82 09 52.6 
199 04 29.1 
259 40 2a.9 
306 04 14.5 

Under the present system 
of observing, no local ad- 
justrnents are necessary, and 
all the computations, such as 
the taking of means and the FIG. 4.-Sample list of directlons from horizontal angles 

closing of the horizon, are made in the record ibook in the field. 
But as the mathematician has to deal occasionally with observations 
made a number of years ago, when it was the custom to measure aa 
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many angles as possible, including sun1 angles, the method used in 
computing the list of directions a t  a station where local adjustment 
is necessary is given here. 

As esplained on page 8, the aiigks a t  each station must be cor- 
rected for t,he dosing of the horizon. If no sum angles are observed, 
this is the only condition; but if sun1 angles are observed, new condi- 

checked, must be 'furnishcd by field 

White church apire, 8 milen ___ 
partiea. To 68 a&eptabb it mw6 contain 
mrg dwecrion obstrved. 

It is to be used for observations with 
repeating theodo'ites, as well as direction, Centn'--------- 

theodolites. 
Start each new stntion at the head 

of a now column. chpae M. E. church. white apire- 
If a repeating theodolite is used, do 

not nbstnrct angles in tmtiav tri- Little River __-.._._..__ --- 
mgulation. The local adjustment cor- ~ y ~ ~ ~ , a z l t ~ m t s ,  centerhokt-. 
rectiom (to dose horizon only) are 

Record, and the List of Directions is '! 
Choose as an initid for Form 54A I Lyona, while spire, dim _._._._ 

some station involved in the locd 

has been used as an initial for a round 
of dircctions on objccts not in the main sov~goI----------~- 

scheme. but one initid a t  n stn- Refemnee mprk diaiant  G5.C5 
tion. Call tho direction of the initial meters. 

, 
STATIONS OBSERVED i 

to be mitten in the Horizontal Angle Lyons, whitc aph, abmt--.... 

to be mado from record directly. 11 Lpms, c a u ~ o u l e  -.. 

adjustnicnt, and preferably one which Gilmm ..-.-.----.-------- 

0' o@ oo."oo, by applying .the cop 8ncBn S. T. "0 R. 10 W.. NIT. mt- 1 ncr stone, &int 252.6 meteis. to this' in opposite Baaainq 
station i k  direction reckoned cloc~wise . 

hcrL D I R E ~ O N S  A~~~~~~ AFTER 

M, 

--- 
0 , I, 

6 98 S6.4 

I8 10 11.9 

IS 20 10.18 

24 ss 59.0 

27 19 39.7 

27 55 34.2 

28 op 64.2. 

63 92 S9.44 

67*SZ 

,171 S I  

LW 37 36 

'314 52 83.61 -2 --_-- 

less of the dircction of graduation 6f the instrument. Tho clockwbe reckoning is necessnry for 
uniformity and to m n b  the directions comprnblc with azimuths. 

If a station has bcen occupicd ccccntricnlly. redueo to the center and enter in this form, in ink, 
the resulting dircrtions nt the centcr. 11 tho reduction is not made for mmc directions, thcy should 
bc cntcred in pencil, with n footnote to that effect. 

Directions in the mnin scheme should be entcrod to hundredths of scconds in primary triangullr- 
tion; otlierwisc, to  tcnths only. Points observed upon but onco, direct and reverse, should be carried 
t o  tcnths in primary nnd swondnry triangulation, and in tertinry triangulation to even seconds only. 
In  general; but two unecrtain fizures should be given. 

It is recommended that tho following simple plan of obscrving be used with a repenting instru- 
ment: Mensure each sing10 nil& in tho schcmo a t  cnch stntion and the outsido anglo necessary to  
dosc the horizon. Measure no sum nngles. Follow onch mcasuremmt of cvcry angle immediately 
by n niensurcment of its explement. Six repetitions nre to constitute a mensurcmcnt. The local 
adjustment will consist simply of the distribution of the error of clwurc of the horizon. 

C h m &  t o  llfirst-orber.N %ecom%ryil to %econd-order1I md "tertirry11 to 
@ tkir2-order. 11 

.......l-- 

In  Zert t o  tk.a last ?arsgra.-rh above the designat ion Kprimmy" should-be 

Ro. 5.-Bnck of Form WA, giving instructions for d i n g  lkt of directions 

tions are imposed on the station adjustment. If all angles are 
observed with the same accuracy, then the weight of each is unity; 
but when the angles are measured with different numbers of sets, 
they must be weighted accordingly. A set consists of six nieasures 
of the angle with the telescope, direct and sis measures of the exple- 
ment of the angle with .the telescope reversed. 
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In the esaniple below the angles Fere measured with different 
numbers of sets, and so are weighted. 

Obserrwd m g 1 m ,  Mag 

Chameook _ _ _ _ _ _ _ _ _ _ _  
Cooper _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Rye _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Anderson. - - _ _ _  _ _ _ _ _ _  
Moliannss. _ _ _ _ _ _ _ _ _ _  

Weight I p  Angle I Otserved station 

0 I ,# 

0 00 00.0 
115 I lO.l+n 
160 37 31.0+t'i+Pr 
154 44 30.7+t*i+P?+as-rv 
166 13 37.1+~1+u:+t% 

-- I-: , ,I I 

This column is filled out after the adjustment. is completed. (See p. 16.) 

List of diwcdions, Mag 

Ohserved station Direction 
Adjusted 

5nal 
reconds I 

00.0 

3 a 9  
31. 6 
37.2 
59.3 
16. 1 

io. 1 

Ldjustec 
5nd 

aconds : 
- 

lo. 1 

!XLS 

2a4 

16.8 

08.3 

05.6 

43.9 

45.2 

27.7 

389 
- 

I This column is filled out after the adjustment is completed. (See p. 16.) 

The complete list of directions has been formed using s k  of the 
angles, the remaining four not being necessary. As each of these 
angles not used gives rise to a c.ondit.ion, there will be four conditions. 
The equations espressing these conditions axe formed as follows: 



PRELIMINARY COMPUTATIONS 11 
Q I  n 

Angle Collins-Chamcook, observed, - S3 33 43.9-k w 
Angle Collins-Chamcook, from list, - S3 33 ~ ~ . O - - ~ I - V Z - - ~ J S - - Y ~  

1 1  a 

1 3 +I _ _ _ _ _ _ _  
P 

a 4 +I _ _ _ _ _ _ _  
3 6 4-1 -1 
4 6 +I -1 
5 6 _ _ _ _ _ _ _  _ _ _ _ _ _ _  
6 6 _ _ _ _ _ _ _  _ _ _ _ _ _ _  
7 4 + I .  
8 4 _ _ _ _ _ _ _  +1 
9 6 _ _ _ _ _ _ _  _ _ _ _ _ _ _  
10 6 _ _ - - - _ _  _ _ _ _ _ _ _  

Condition 1, o= -0.1+ S't v2+ ua+ VI+ IJ7 

Angle Rye-Collins, observed, 126 08 4 5 . 1 - k ~ ~  
Angle Rye-Collins, from list, - 1% 0s 45.0+tJ&E'4 

I 
3 4 no v' 

_ _ _ _ _ _ _  _ _ _ _ _ _ _  +I -0.024 

--------- 

- - - -__-  _ _ _ _ _ _ _  +1 -.(a3 
-1 -1 -2 - - . a 2  _ _ _ _ _ _ _  -1 -1 +.510 
4-1 + I  +2 f.169 

-1 _ _ _ _ _ _ _  -1 --.Sa 
______-.--_____ _ _ _ _ _  +1 -.w2 

______._______ +1 f.W 
4-1 _ _ _  _ _ _ _  +I +.S52 

__.__.- I +l +l I --.Iw 

~~ ~ 

Condition 2, o s +  O.l-ZJa-V4+ tJ8 

Angle Anderson-Middlerniss, observed, = 41 44 26.8-k ZJ@ 

Angle Anderson-Middlemiss, from list, = 41 44 29.O-k v8-1J5+ 

Condition 3, O= -2.3-~~a+~s-t,e+~p 
Angle Mohannas-Collins, observed, = 109 52 39.64- VIO 

Angle Mohannas-Collins, from list, = 109 53 38.9-k t d -  t!4-tJ6 

Condition 4, O = + O . ~ - V ~ - V ~ + V ~ +  010 

After the condition equations are formed, they are tabulated in 
correlates as shown below. 

Corrciate equations 

Adopted 
U t  

0.0 -. 1 -. 3 +. 5 

.o  +. 1 

a 
1' 

In the second colunin above, headed -, a is some constant, and 
p is the weight of a given 2,. It is best to take cc as the least coni- 
mon multiple of all the weights, 50 as to nialre all the values in this 
colunin integers, provided this can be done without making the 
qunntities too large. The val- 
ues of the p's are given in the table on page 10. The quantities in 
the column headed 2, are obtained by adding across algebraically 
the quantities in columns 1, 3, 3, and 4, in the same horizontal line. 

After forniing the correlate equations, the normal equations are 
formed as shown in the table below: 

Thus, in the example above a.=13. 

Normal equations 

Sea p. 13 for values in this column. 
640737"--15--4 
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The normal equations are obtained by taking the algebraic sums of 

For a 
- times the products of the various columns in the correlates. 
P 
esaniple, nornial equation No. 1 may be cypressed as: 

2e- 1.1) + P - 1-2) + E(; - 1-3) + Z(i - 1.4) +vl+ 

[.(% 1.x.) +VI], normal equation NO. 2 as E(: - 2.2) + 
E (i 2-3)+2 (f - 2-4)+7,+p e - 2-&)+7,] ,  normal equation 

No. 3 as 2 (E - 3-3) + Z (i - 3-4)+q8+ [. . 3.2.) + q 8 ] ,  and 
~~ 

normal equation NO. 4 as z (i - 4.4) +q,+ [E (% -4.2,) +..I: 
in which the 3 before each parenthesis indicates the sum of the 
products in the parentheses and should be distinguished from the 2, 
and the 5, of the preceding tables. 7 is the constant term for 
the corresFonding condition equation. 

In each symbolized normal equation above, the part in the square 
brackets should equal the corresponding E, in the preceding table, 
the Z, being the s u m  of the values in columns 1,2, 3,4, and 7,  in the 
same horizontal line, including the omitted tcrms as explained 
below. In  
obtaining the 2, it must be remembered that due to symmetry, 
as esplained below, certain coefficients have been omitted in the 
preceding table of normal equations and that these must be taken 
into consideration. The terni in square brackets of the first nor- 

This gives a check on the formation of the normals. 

nial equation is [. (: - 1 - ic)+ v l ] =  - 7.1. Adding the.coefficients 

of the terms in the fir& normal equation as given in the table we have 
+ 23 - 18 - 6 - 13 - 0.1 = - 7.1, which checks the formation of this 
equation. 

In  the same way the term in square brackets of the second normal 

equation [E (i - 2-2.)+ 72]=p?.1, and this checks the sum of the 
coefficients of the terms in this equation, - 12 f 16 + 6 + 12 + 0.1 = 
+22.1. The third and fourth normal equations are checked in the 
same way. 

In  the preceding table of nornial equations the coefficients occur- 
ing before what is called the “diagonal term” are omitted, as the 
equations are symmetrical with regard to the diagonal line shown 
in the table below. Thus the table above, if written in full, would 
be as follows: 
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Normal equations i n  f i d l  

13 

It can be readily seen from this table that all the coefficients to the 
left of the diagonal line may be omitted and each equation may be 
read from the top down to the diagonal term and then across the 
page. 

SOLUTION OF NORMAL EQUATIONS 

In  the solution of the normal equations the Doolittle method is 
used. As a full discussion of this method is given in Adjustment of 
Observations, by Wright and Hayford, second edition, page 114 et 
soq., no attempt is made here to discuss it or give any of the theory 
concerning it. A complete solution of the preceding normal equa- 
tions is given below, folloll.ed by an esplanation of the computation. 

Forward solution 

1 

+a3 

Cl 

1 

2 

-12 

+. 5217 

3-16 
-e. 260 
+Q.i40 

Q 

1 
2 

I +11.97:, I +1.3G -. 1140 

Back solution (conipictation of Cs) 

-i. 1 
6 +. 3087 

+22.1 
-3.7m 

+18.3W 
-1. ssss 

+33.8 
-1.852 
-5.419 

+%. 529 
-1.2287 

+36.7 
-3.703 

-10.812 
-8.821 

5 
+13.331 
-1.1140 
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EXPLANATION OF SOLUTION 

The forward solution is coniputed as follows: 
Nornial equation No. 1 is written down and divided. by its diagonal 

term, + 23, all the signs being changed. C;: is thus given in ternis of 
CZl C3, C4, and the constant term. Normal equation No. 2 is nest set 
down, and since it has a coeficient of - 12 for Cl, the divided coeffi- 
cients of equation No. 1 are multiplied by - 12, and the products are 
placed under equation No. 3. The quantities in each colunin are 
then added algebraically and are divided by the new diagonal tenn, 
+9.740, all the signs being changed. C2 is thus given in terns of 
4, C,, and the constant term. Normal equation No. 3 is then written 
down, and siqce it has a coefficient of - 6 for Cl and + 2.S69 for C2, 
the divided coefficients of equation No. 1 are niultiplied by - 6  and 
those of equation No. 3 by +2.S69, giving products which are set 
down under equation No. 3. The quantities in each column are 
added algebraically and these sums divided by the new diagonal 
terni, all the signs being changed. C3 is thus given in ternis of C\ 
and the c.onstant terni. Nornial equation No. 4 is then set down, 
'and since it has a coefficient of - 12 for GI, + 5.740 for C;, and 
+7.179 for C3, the divided coefficients of equation No. 1 are niulti- 
plied by - 13, those of equation No. 3 by + 5.740, and those of equa- 
tion No. 3 by + 7.179. The quantities in each column are then added 
algebraically and these sunis divided by the new diagonal term, all 
the signs being changed. 

As can readily be seen from the forward solution, C3 = - 0.33250; 
+ 0.1038; C2 = - 0.3946C3-0.5893Ch- 0.0049; and Cl = + 0.5217C2 
+0.2609c3+ 0.5317C4+ 0.0043. These C's can be obtained most 
conveniently by arranging tshe back solution in the forni shown on 
page 13. There will be as nian-y columns as there are C's to be 
determined, and they will be headed in reverse order from the for- 
ward solution. Thus, in this particular solution, the colunins will 
be headed 4, 3, 2, and 1. 

On the first line is written the constant term for each divided 
equation of the forward solution; that is, the quantities in the column 
headed 7. Then the value of C;, -0.1140, is multiplied into each 
of the. qumtities of the divided equations in tlie colunin hended 4 
of the forward solution, these products be.ing placed in the second 
line of the back solution beginning with the c,olumn headed 3. The 
quantities in the column headed 3 of the back solution are then 
added algebraically to give C3. The value of C3, +0.1417, is then 
multiplied into each of the quantities of the divided equations hi 
the colunin headed 3 of the forward solution, these products being 
placed in the third line of tlie back solution, beginning with the 
colunin headed 2. The quantities in the column headed 2 of the 
back solution are then added algebraically to give Cg. The value of 

The value of C; is thus obtained: 
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4, + 0.0206, is multiplied into the quantity of the divided equation 
in the colunin headed 2 of the forward solution, this product being 
placed in the fourth line of the back solution in the column headed 1. 
The quantities in the column headed 1 of the back solution are then 
added algebraically to give Cl. 

COMPUTATION OF V’S 

After the 19’s are determined, the nest step is to compute the v’s 
by substituting the values of the 6”s in the correlate equations 
tabulated on page 11, taking into account the weights as shown in 

the column headed E* It can be easily seen from this table that P 

6 (c3+ C4), v6= -6C3, q=4c1,  vS=4C2, v9=6G3, and ~10‘6C4. 
The v’s are best obtained by means of a table as shown below, 

which has a column for each v. The values of Cl, $, G3, and C4 are 
placed in the different columns to correspond with the set of corre- 
late equations on page 11. These are then added algebraically in 
each column, and each s u m  is then multiplied by the corresponding 
weight for that v to give the final v. 

As the constant terms of the condition equations are carried to the 
nearest tenth of a second, it is customary to round off the v’s to the 
nearest tenth of a second. Occasionally, when the v’s are substi- 
tuted in the condition equations, one or more equations may fail 
by a tenth of a second due to this dropping of hundredths of seconds 
in the 2)’s. 

For instance, if in condition equation (1) we substitute the values 
of the v’s computed to the nearest tenth of a skond, we have O =  
-O.l+O.O+O.O-0.3+0.5+0.0, or O= +0.1; and in equabion (3) 
we have O= -2.2+0.3+0.2+0.9+0.9, or O= +0.1. 

In  order that the equations may check exactly and.the results be 
consistent, it is customary to adopt a set of v’s, a few of which may’ 
not be the same to the nearest tenth of a second as the computed 
values. These adopted v’s are shown at the bottom of each column 
in the table of v’s below. In  this set of adopted v’s, va has been 
given the value -0.1 instead of 0.0, and v6 -0.S instead of -0.9, 
in order that equations (1) and (3) may be satisfied. 

Computation of v’s 

V i = 3 0 1 ,  %=4c;, ~ 3 = 6  (01- 0;- 03,- cd), ~ 4 = 6  (el- 03- cd>, V,5= 

5 1 4 1 5  
-1-1- 

6 

6- +. 168 

-.342 +.5 -. 3 

6 1 ’ 1 s  
- 

9 

+o. 142 
6 

+. 853 +. 9 

- 

lo 

-0.114 
6 

-. 884 -. 7 
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The adopted values of the v’s are substituted in the table of 
observed angles and in the list of directions on page 10 to give the 
values in the column headed “Adjusted final seconds” in each table. 

It will be found now that if the list of directions is formed from 
the corrected observed angles, it will be consistent; that is, the 
direction at each station will be the same no matter from which angles 
it is computed. 

The list of directions after the local adjustment should appear in the 
following form: 

List .of directions, Mag 

Chamcook _ _ _ _ _ _ _  
Cooper _ _ _ _ _ _ _ _ _ _  ~ 

Rye _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Anderson 
Mnhnnnas _ _ _ _ _ _ _  
Middlemiss 
Collins .__________ 

Direction nfter I Observed station 1 local adjustmen 

0 00 00.0 
115 58 10.1 
150 27 20.9 
154 44 31.6 
16f3 43 37.3 
196 23 59.3 
376 36 16 1 

I I D , # #  

STATION ADJUSTMENT, ANGLE METHOD, OBSERVATIONS OF EQUAL 
WEIGHT 

The method of station adjustment explained on pages 8-16 is used 
in cases of first-order triangulation, and particularly where the 
observations are of unequal weight and the adjustment is involved. 
When the observations are of equal weight and the number of s u m  
angles observed is not great, the adjustment can be niuch simplified 
by using the method shown in the esample below: 

In the record booli of horizontal angles, at  the end of the observt+ 
tions of angles for each station, there is always given an abstract of 
the observed angles. Where the station adjustment is made by 
the angle method, the corrections are applied directly to the observed 
angles in this abstract, and the list of directions is made directly 
from the abstract. 

The following example illustrates the method. The abstract 
below is found in the record book: 

Station Cora 

Observed stations 

~~ 

1 This column is filled In aftar the adjustment is completed 8ee 
p 18. 
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In the above table 4, q, Q, v4, v5, and v6 represent corrections to 
be applied to the angles to make them consistent in themsdves. 
Angles (2) and (3) are s u m  angles, and angle (6) gives a horizon 
closure with (2). There are, therefore, 3 condition equations, which 
are formed in the following manner: 

1st (1)- (2)+ (3) gives O =  + O . ~ + V ~ - V * + V ~ .  
2d - (3)+ (4)+ (5) gives O =  -o0.5-21a+V4+21s. 
3d (2)+(6) gives O =  -0.6+v2+u6. 

The correlate and normal equations below are formed in the same 
The normals are solved and manner, as explained on pages 11-13. 

the corrections computed in the manner esplained on pages 13-16. 

Correlate equdions 

Adopted 
u t  

-0.1 +. 3 -. 2 +. 1 +. 2 +. 3 

This column is filled in after the adjustment is completed. 
the explanation of this column on p. 15. 

Normal equations 

Solution of normal equations 

+3 I I -1 I 44.6 t1.6 
Q +.33333 -.a I -.53333 

I I- 

+2 6887 +a 03389 

+. 4 
1 +?.am +. 5333 

I 
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+L.%O!a +0.1126 
+.ox37 

+. 1462 
- 
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1 

-0.2 
+.os97 
+.oJS7 

-. 0616 

Contpiitatiot~ of correcl6ons (in's) 

I-- I- I- I- I 

After the final seconds are placed on the observed angles in the 
abstract in the record book, the directions are made out on form 
24A. (See fig. 6.) 

D U A R T M W  OC WYULIK. 

hll rn u e. CDIIT AND rmo~ric w m  
stu& :---.--.__.I.__. - 

Station - cor&- Computed b i  

Obmsmr-.C*agL- Cheekad by -w~&&.- 
BTAnoNa ossanvED L~CAI, AWUEZMSNT SECONDI 

a 
DIRECIION~ A ~ E R  FINAL 

0 I I, I. 

Decision 0 00 00.0 
Ma0 16 11 53.5 

Howarb 25 31 89.8 
Nation 99 42 50.9 

FIG. 6.-List of directions res+ting from 
station adJustment by angle method 

REDUCTION TO CENTER 

When a station is not occupied centrally, the direct+ms or angles 
observed at  the eccentric point must be corrected to what they 
would have been if the instrument had been centered over the station 
mark. Also, if the signal observed upon is eccentric, the directions 
and angles involving this station must be corrected to what they 
would have been if the station itself had been observed upon. The 
computation for the reduction to center is made on Forin 382. The 
inatructions given on that form are repeated below, and examples of 
the two different cases of eccentricity are shown. 

First are given a list of clirections for a station occupied eccentrically 
(fig. 7) and the computations necessary to obtain the corrections for 
reducing the directions to center. 
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INSTRUCTIONS 

d sin a The required reduction to center is, in sec.onds, c=- s sin 1"' in 
which d is the distance froni the eccentric station to the true station, 
and s is the length in meters of the line between the true stations 
involved, and, therefore, log s is taken directly from the coniputation 
of triangle sides. CG is the direction of the distant station involved, 
reckoned in a clockwise direction as usual but referred to the direc- 
tion from the eccentric to the true station, or center, taken as zero. 
This definition of (c is true for the case in which the object pointed 
upon is eccentric, as well as for the case in which the instrument .is 
eccentric. 

~ m u r w s o y y . I I c I  LlST OR DIEBcFlolsB 
8- :-.----.------ 

L L cmrl Am .aomc urn 
I I Y .  

st.tion Ken ECS. Compubdby 0-P.s. Stab-,-- Compuudby 0.p.S. 

ObnmrA.!!- Chshdby - O b u w  =&- Checked by a- 

chepp 
'l& west of A oulcs 
Ken (center) 3.469 m. 
Forest Glen Standpipe 
mue 
Bu. of Stand. wireless 

RenO 
pole 

FIG. i.--lits of directions before and a m  reduction for eccentric station 

Carry a to niinutes only and all logarithms to five decinial places 
only. Do not in any case carry the derived reductions to more than 
two decimal places. There is no advantage in carrying them to 
more decimal places t8han the directions to which they are to be 
applied are carried on Form 24A. 

REDUCTIONS FOR AN ECCENTRIC INSTRUMENT 

If the instrument is eccentric, the first column of Form 383 should 
contain the names of the stations observed from that eccentric 
position of the instrument. 

The values in the fifth column are derived by subtracting those 
in the fourth column from those in the third. The values in the 
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...? 
5 . 4  
5.ssoL 
6 . d  

5.649B 

4.zoodQ 
4.90167 

fourth column may need to be derived by successive approximations 
from the triangle side computations if the eccentric reductions am 
large. The values in the sixth column are obtained from those 

in the fifth by adding log m s  derived ‘as indicated in the heading 

of the form, if d is expressed in meters. If d is expressed in feet, to 
the other two logarithms add also 9.48402 to convert to meters. 
To obtain a direction as shown on Forni 24A, subtract the reduction 
c for the station which is the initial on Form 24A from the reduction 
c for the required direction and apply the difference to the observed 
direction. Similrtrly, the correction to any angle is the difference 
of the reductions on this form to tlie two directions involved in that 
angle. 

a 

REDUCTION TO CENTER D R A W M K N I T  OF COUYIRCL 
“...~r.*..ID.mS.Y“,. 

10.. ..I 

L p ” m I  0. 
W C S I O I  

INSICD~D. - 

0.8 
1.8 
8.m 

06 

1.d 
0.75630 
o.& 

Lao SI” “ 
-- 

8.7Mn6 
9.7a863 
9.8364) 
9.70115 
8.88654 

8.1rnl 

h. 

3.7a 
a.73& 
3.43* 
4.0516&. 
3.98487 
a.9d 

FIG. 8.-Reduetion to canter of emi ,ic station 

R.DDcIIoI -. 
- 7 s  

e.71 
-1.16 

In ,order to conipute the corrections to the directions due to 
eccentricity, it is necessmy to know tlie logarithm of the distance 
from the station itself to each of the other stations. For this purpose 
preliminary triangles are computed. (See fig. 9.) The logarithms 
of the distances from Ken to Home, Reno, and Chevy are coniputed 
from the triangles Ken-Home-Reno and Ken-Home-Chevy. In  
coniputing these triangles it is not necessary to use the angles at Ken 
eccentric, as in each triangle tlie other two ringles are known, and 
the coiiclrided angles at  Ken may be coniputed and used. This 
niethod of coniputing the logarithms of the lengths will give values 
which are more nearly @e true values than if the eccentric angles 
were used. 

However, as the other t h e  stations obse.rved from Ken eccentric, 
namely, “Tank near Dulce,” “Forest Glen Standpipe,” and “Bureau 
of Standards wireless pole,” were not occupied, it is necessq  to use 
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the eccentric angles at  Ken for the preliminary triangles used in 
computing the logarithms of the lengths. 

After the logarithms of the lengths have been computed, all the 
data necessary to compute the eccentric corrections are known, and 
the computation can be made as shown in Figure 8. 

The corrections thus determined are now applied to the corre- 
sponding directions observed at  Ken eccentric, as shown in Figure 7. 
As it is desired to keep the initial direction (in this case to station 
Chevy) 0’ 00’ OO!O, the correction a t  Chevy is subtracted algebraii 
c d y  from each of the other corrections and these differences applied 
to the other directions. The following corrections are therefore 
applied: At Chevy, O!OO; a t  Tank, west of Dulce, -69186- 
(-7!’31)= -62!5; at Forest Glen Standpipe, +181!’26 -(-7!31) 
= +188!6; a t  Home, +31!91- (-7131)= +39!’23; at Bureau of 
Standards wireless pole, + 5!71- (- 7!31) = + 1310; at  Reno, 
- 1116 - (- 7131) = + 6115. The corrected directions are shown 
in Figure 7. 

When the eccentric corrections are large, the logarithms of the 
lengths computed by the use of the eccentric angles are usually not 
sdEciently accurate to give the esact corrections. In this case the 
triangles must be recomputed by using the corrected list of directions 
(see p. 19) and more accurate logarithnis of the lengths obtained. 
These logarithms are then used to compute new eccentric corrections 
which are applied to the directions in the list of directions to give the 
final corrected directions. Ordinarily the first computation of the 
eccentric corrections is sufficiently accurate, but occasionally two and 
sometimes three computations are required. 

REDUCTIONS FOR AN ECCENTRIC OBJECT OBSERVED 

If the object observed is eccentric the heading “Eccentric station 
- ” on Form 383, should be changed to “Eccentric observed 
object at  station -,” the first column should contain the names 
of the stations froni which this eccentric object was observed, and in 
each case a is the direction from the eccentric object to the distant 
station involved, reckoned in a clockwise direction as usud but 
referred to the direction from the eccentric object to the true station, 
or center, taken as zero. (No distinction need be made between the 
direction from the eccentric object to the distant station and the 
direction from the true station to the distant station acep t  when the 
eccentric reduction is more than one minute.) ’The remainder of 
the computation on Form 382 is made in the manner indicated 
above with reference to an eccentric instrument. The reductions to 
directions are, however, to be applied to observed directions, at  the 
stations named in the first column, to the eccentric object at  the 
station nanied in the heading. The directions to which these reduc- 
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DLPAITYENT OF COMURSC u L LDUT u r-r ,"nVI" COMPUTATION OF TRIANGLES mrrn as 

2-3 lsorle:aeno 8.772a4 
c 1 xan 30 56 & 4.5 48.8 0.288888 

8 Bell0 1d.l 53 06.7 4 . 4  10.1 9.9905& 

45 3 31 

a Rome '47 09 57.7 +3.4 61.1 9.865% 

1-3 Xen-Beno 

1-2 I(en-HOm0 4.0516- 
3 - 9 4  

49.7 

2-3 Home-Chq 
c 1 Ken 33 a +2.3 52.9 

2 Homc 25 20 54.6 G.2 56.8 
3 C h v y  l2l ll 08.1 +2.2 10.3 
1-a Xa-Chm 
1-1 xea..&rne 

50.6 

53.3 

2-3 X e n - R m  
c 1- mor Mce(il1 

2 Ken 31 
3Reno 37 18 26.6 
1-3 lbk-Ren0 

1-2 2 d - K -  

2-3 RaO-Xm 
lForest 01 49 22.6 

2REM 16 09 44.2 
st&ipe 619 - . I  

am 44%uB- 
1-3 

1-2 
Forest @la Staudpipe - K e n  
Forest Glen Standpipe - Reno 

2-3 Rtm-lten 
Su. of  Stand. 14.8 

c 1 nirelerr polo (31 22 -1 
t a m l o  l43 26 24.2 
3 -  5 11 8.M - _  
I S  lfirelear poleKen, 
1-2 Mre leer  polbaeno 

3.860903 
15 

0.259- 

9.6315t  
9.93apk 

96 
3.7509- 
4.051& 

3.9263 

9 . 7 1 m  
9.782538 
3 . 6 7 a  

119 
3.739856 

0.m0 41 

49 
3 .9263s  
0 . 0 6 1 a  

9.444605 
1887 

9.8- 

3.%@ 
3.8sEW 

49 
3.926aee- 

17 
0.2835% 
9.775001 
8.956& 

7 
3.9648k 
3J6& 

FIG. g.-Preliminary computation of triangles for reduction of eccentric station 
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tions are to be applied are therefore found in various of the lists of 
directions on Forni 24-4, not all in one list, as is the case when the 
instrument is eccentric. 

On page 24 is given an example of ‘a computation for reduction to 
center, when the observed objeck is eccentric as seen from several other 

D u m o m  A r r m  Rxu D a m m  A m  RUAL 
IWU. A~~~~~ 8goorm kAmM8 (hmrBD lac& A w u a s m  am- 

. , , #  ” . , I, ,I 

0 00 00.0 Cedar 0 0000.0 
47 QI 49.6 walsffie 44 Is54.8 
187 42 15.9 116 24 a8.6 
152 2542.7 116 26 12.1 
222 5620. Beno 173 3a2a.9 

Staim .&E&- cmpukd by -- Station- Compu(sd by -&PA..-- 
ob-&&.@. Chwkodby --- Obwwnr Checked by -- 

Du~enow~A?ma F ~ A L  
8 I A O x l  ODBEBVED , ~ ~ ~ m ~ g ~  ~E$B 8rAQONa Om8BEVZD A W U ~ M ~ R  L w m  

v , I, I ,  . , , ,  ## 

0 0000.0 0 .  00 00.0 
62 58 17.2 
62 6 l 1 . 9  

4s 2068.2 Stenton 68 4oog.c 
POtomao 93 11 08.1 

{E- Oarfielb 
stenton 12 13 22.0 

46 2l38.0 -%Q (E sps 
FIG. lO.-Lists of directions for eccentric observed object 

stations. Station Home is eccentric as seen from stations Park, 
Cedar, Gerst, and Garfield. 

In Figure 10 there is given a list of directions at station Home, 
showing directions to stations Park, Cedar, Cerst, Garfield, and 
Home eccentric, and also lists of directions a t  stations Park, Cedar, 
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STATIONE 

Center  . 
' Qedar 

W l e l d  

Park 

Gerst, and Garfield, at which station Home is seen eccentrically. 
The computation is made in the same way as where the station is 
occupied eccentrically. The directions used in the computation are 
obtained from the lists of directions at  station Home, using Home 
eccentric as initial, remembering, however, that lSOo must be added 
to these directions, since the directions are taken at the station itself 
and not a t  the ecc.eati<c station. 
As in the case of an eccentric instrument, the approsimate loga- 

rithms of the lengths are obtained by a preliminary computation 
of triangles. As the details of this computation are given on pages 
20-21, it is not necessary to repeat them here. 

After the eccentric corrections are determined, they are applied, 
not to the directions observed at  station Home, but to the direction 
Home eccentric in each of the lists of directions for stations Park, 
Cedar, Gerst, and Garfield. (See fig. 10.) 

DEPARTMENT .... COLn U. or .mo.n,c CoMmcncz .""" REDUCTION TO CENTER 
10.1 ,.* 

. 
0 0 0  
4 12 
9446 
109 a0 
317 06 

observed object at 
j%€mbi&piom:  Rome 

d =  2.79 meterm 

8.86474 
9.99850 

9.97485 

9.83297 

4.1P89 
4.1068a 
4 . M  
3.63200 

Logd=O. 445 6 0  
Colog sin 1"= 6.3 1 4 4 3 

Sum=5.76003 

5.89167 1.65170 
5.9504) 1.71011 

FIG. 11.-Reduction to  center of eccentric observed object 

REDUCTION OF HORIZONTAL DIRECTIONS TO SEA LEVEL 

In case the elevation of a triangulation station is very great, a 
correction must be applied to the observations upon that station 
to reduce them to sea level. I t  is only necessary to conipute this 
correction for triangulation of the first order, as it usually amounts 
to only a few hundredths of a second. The correction, expressed in 
seconds, is 

e2h sin 2a cod 4 
2 p  sin 1" ' 

where e 2 = a x ,  h= the height of the stat8ion observed and a=i ts  

azimuth reckoned in a'clockwise direction from south, p = the radius of 
curvature of the earth in a plane normal to the meridian a t  the station 
from which the direction is measured, and rb = the latitude of the 
station from which the direction is measured. 

a,* 
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Below is given an esmple of the computations required to obtain 
the ‘corrections by means of the formula. The computations are 
arranged in a table for convenience. 

Coniputat.ion of sea-level corrections using formula 
[Station Bull, latitude 48O W ]  . 

Observed statiou ?I a 2 a  

O f  m. O 

Snake _ _ _ _ _ _ _ _ _ _ _  813 50 45 101 30 
Gladys _ _ _ _ _ _ _ _ _ _  761 331 52 83 44 
Bonctrail_______ 740 239 31 118 43 
Williston _ _ _ _ _ _ _ _  723 %3 57 227 5L 
Buford _ _ _ _ _ _ _ _ _ _  756 353 42 3I7 24 

Lcg Log 

~ p s i n  1” tion 
LTtin L o g h  , E c o R ~ +  corrcc- 

8, 

9.991 2.810 5.654 8.555 +O.M 
9.997 2bSl 5.634 8562 +.04 
9.943 2.M9 5 . W  8.4% f.03 
9.870 3.859 5.654 8.413 -.03 
9.339 2.879 5.654 7.902 -.01 

Since cp is a constant for a particular station, e2 does not vary, 
and p does not vaiy enough for any given latitude to affect the 

can be used for all the result, the sanie value of the factor 2p 

directions at  any given station. The values of h are obtained from 
the vertical angle computations, and the values of 4 and a! are 
obtained from the geographic position computations which, neces- 
sarily, must be made before the sea-level corrections can be deter- 
mined. To obtain the corrections to the directions it is necessary to 

e2 cos2 cp 
11/ 

ea cosa cp add the sun1 of log h and log sin 2a for each direction to log 3p sin 1 / 1  

which, as was stated, is the sanie for all directions at  any given station. 
The sign of each correction is deteimiined by the sign of sine a. 

Since the sea-level correction is always sniall and since a large part 
of the above forniula may be considered a constant for a given 
station, it is possible to malie use of a table which greatly facilitates 
the computations. Such a table is given on page 26. 
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Correet.ion to horizonta.? direction for elevation of mark 
e: h [ C ~ r r . = + ~  1,, eo# 9 sin ?a; cos2 +:sin 2a is tabulated below for the skth derimal place. It ia 

to be multiplied by h !u meters. The sign of the cormtion is + for azimuths in the E d  and third quad- 
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PRELIMINARY COMPUTATIONS 27 

The arguments used in this table are the latitude of the station at  
the left and the azimuth of the direction a t  the top. For conven- 
ience the computation should bo made in tabular form as shown 
below. 

Compzitation of sea-level corrections zcsing table 

[Station Bull, latitilde 48' ?CUI 

Snake _ _ _ _ _ _ _ _ _ _ _ _ _  
Gladys _ _ _ _ _ _ _ _ _ _ _ _  
Bonotrail__________ 
Willlston _ _ _ _ _ _ _ _ _ _  
Buford _ _ _ _ _ _ _ _ _ _ _ _  

m. O ' 
761 231 52 .woo48 +.tu 
740 238 21 . m 2  +.a 
723 293 57 .000036 -.03 
756 353 42 . m 1 1  -. 01 

,# 

813 50 45 0 . ~ 1 0 ~ 7  +aw 

In the first and second colunins are given the nanie and height of 
the station observed, in the third column the azimuth of the observed 
station from the occupied station, in the fourth column the factor 

e2 sin 2 a  COS2 t#J 

2p sin 1" 
- as taken froni the table on page 26, and in the last 
column the sea level correction which is obtained by multiplying the 
factor in the fourth column by the height in the second column. 
The correction is plus for aziniuths in the first (0' to 90') and third 
(180' to 270') quadrants ana minus for azimuths in the second (90' 
to 180') and fourth (170' tc 360') quadrants. 

After the sea level corrections have been determined, they are 
applied to the corresponding directions at station Bull. The lit  of 
directions is then rewritten to make the reading of the initial station, 
Williston, 0' 00' OO!'OO. 

The sea-level corrections may also be determined by nieans of the 
nomogram shown in Figure 13 which was designed by H. S. Rappleye, 
associate mathematician of the division of geodesy of this bureau. 
Directions for using this nomogram are given on the figure. 

(See fig. 12.) 

640737"--45----3 



28 U. S. COAST AND GEODETIC SURVEY 

LIST OF DIRECTIONS, ALL PRELIMINARY CORRECTIONS APPLIED 

After all corrections have been applied to the observed directions 
or angles as the case may be, the list of directions is made out on 
form 24A, as shown in Figure 12. The directions are arranged by 
giving the initial direction a value of 0' 00' OO?OO and continuing 
in a clockwise direction around the horizon. 

The list of directions should then be checked and initialed by the 
checker before it is used in taking out the angles for the triangles. 
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CHAPTER 2.-ADJUSTMENT OF A QUADRILATERAL 
SKETCH 

Before starting the adjustment of a net of triangulation the 
mathematician should make a good clear sketch showing all the lines 
over which observations were made. The unobserved directions 
should be shown by dotted lines. A sketch of a typical quadrilateral 
is shown in Figure 14. In  this figure C and A can not be seen from D. 

TRIANGLES 

After the figure is drawn the triangles should be written.out in 
cZoc2iOjs~ order on Form 25. In the quadrilateral above with the 
line AB fised the four triangles should be written as follows starting a t  
station C: CAB, DAB, DAC, and DBC; or starting with station D, 
DAB, CDA, CDB, and CAB. That is, a t  each 
station not on the &sed line all the triangles 
fornied by connecting it with stations on the 
fised line or previously nanied stations should 

D 
be written in clockwise order. 

After the 1oc.d condit,ions, that is, t8hose aris- FIG. 14.--Ty~iicaI clusdriIaleM1 

ing from the relations of the angles a t  each 
station to one another, are satisfied (see pp. 8-18) there are general 
conditions arising from t.he geometrical relations of the various parts 
forming a closed figure which must be sa.tisfied. 

To illustrate the niethod of adjusting triangulation, it seems well 
to start with a simple quadrilateral, and give in detail the variou! 
steps of tlie adjustment. The adjustment of a larger figure or net 
of triangulation, involving all the various conditions which enter 
into such an adjustment, is shown on pages 50-109. 

In the saniple given below, a quadrilateral of first-order triangula- 
tion was selected for illustrating the methods. The adjustment of 
triangulation of tlie lower orders is similar except that the angles, 
lengths, and logarithms are not carried to as many decinial places. 
In the adjustment of triangulation of the f i s t  order, the angles are 
carried to hundredths of seconds, and tlie logarithms are carried to 
eight places in the equations and to seven places in the final lengths 
used in the triangles. 

There are given below the lists of directions for stations Roman, 
Spencer, Yellow, and Fairview, the four stations making up the 
saniple quadrilateral. These directions are assumed to have been 
corrected for sea-level reduction and for any local adjustment re- 
quired and to have been checked. In  the adjustment, the method of 

Bpqc 
----- A '  

29 



30 U. S. COAST AND GEODETIC SURVEY 

directions is used; that is, an angle is considered as the difference of 
two directions. The geographic positions (latitudes and longitudes) 
of stations Roman a.nd Spencer are considered fised and also the 

length and aziniut8h of the 
line joining them. 

The sketch showing the 
relative positions of the 

Fainriew stations is drawn and the 
directions n u m b e r e d  as  
shown in Figure 15. It is 
not necessary to spend much 
tinie in making the sketch 
absolutely to scale, dthough 

it should he npprosiinately correct in order to give an idea of the 
relative size of the angles, the sketc,h being used as an aid in fornling 
the equations. 

Spencer 

Yellow 
FIG. l5.-Q1sdrilsterd used for sample adiustment 

-- OT soyla- LLST OF DIURCl’IOBs ULCOICTm- w m  
mnr .y 

Slde:-.-k~KQZ2 _..__._.____._.____.__.___.___ 
Ste l ion .&! !  _.-_. Cohwutad by ~&&....., Stelion- _____ Computed by .i!&8,.--.- 
O b u r v a r - o > % & s  C k h d b y  &LS- O b m e r  Qd.%ae..- Clucked by 0.P.s. __ 

mamox.  Armn FQIAL 
I OCAL AWDIIYEN? 8ZWWDS 

e I ,I ” 
0 00 00.00 
1 08 19.38 

131 12 05.83 04.91 
197 25 26.30 a8.80 
25l 4638.49 38.31 
210 37 26.91 

wi11rwette south Bu. 3ll  51 09.89 

318 12 Ol.16 
319 15 00.47 

;nllamette Jlortb Base 328 26 41.12 

?kite 
Bomsn 
SDcnCW 

Fairvien 
sco tt 

Computed br ... x& ...- 
Checked b, .. A.&% 
Drn~cnoxe ARER RNAL 
LOCAL AwUsTYmr SrWrDa 

0 I I. 

0 00 00.00 
23 26 03.35 
54 53 23.69. 23.22 
81 39 24.54 34.90 

110 00 45.96 46.06 
310 44 55.62 

FIG. 16.-Lists of directions for stations of quadrilateral 

The triangles are then written out in clockwise order on Form 25 aa 
described on page 29. (See fig. 17.) 
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EXPLANATION OF TRIANGLES 

In the first column of Forni 25 is given the designation of the angle, 
in the second t.he name of the station, in the third the observed angle 
at the station, in the fourth the correction to the angle as determined 

COMPUTATION OF TRIANGLES D-ARTU- OF COMMdUg 
CL (urr y.EmulcyIIIII mnu SI 

8 state: .__. Qrzm .____._____.__.__.. 
1 3 4 5 6  7 

'-- 

OmERVED ANom COBR,N smm% #mu% PLA~R m o m  - - ANDDWTANCEE *ffmmy NO. STATIOSU 

2-3 Roman-Spencer 
-4+5 1. Yellow 6 0 2 6  
-14 a Roman 65 12 

-1ltlp 3 spencer 5 4 P  

1-3 Yellow-Qencer 
1-2 Yellow-Romsn 

2-3 Yellow-Bornen 

-?+e 1 Fairview 2 6 4 6  
- 4 6  2 Yellow 119 05 

-243 3 Boman 3 4 0 8  
1-3 Fairvien-Roman 
1-2 #airview-Yellow 

2-3 Yellow-Spencer 
- 7 6  1 Fairview 55 07 
- 5 6  2 Yellow 58 39 

-1o+ll 3 spencer 6 6 x 3  

09.17 -0.34 08.83 i.95 
45.72 -0.20 45.52 1.96 
12.19 -0.68 ll.51 1.95 

-1.22 5.86 

07.a 

00.85 4.83 01.68 2.19 
31.11 4.16 31.27 2.19 
34.14 -0.52 33.62 2.19 

4.47 6.57 

06.10 

22.21 4.57 22.84 2.39 
P.94 4.50 22.44 2.39 

P.07 4.82 P.89 2.39 

06.88 
43.56 
m.56 

- 
59.49 
29.08 

31.43 

a.4 
20.05 

19.50 

1-3 

1:2 

2-3 

-84 1 

-14 2 

-1Drl2 3 

1-3 

1-2 

Fairview-Spencer +la9 7.17 
fair view-Yella 

, 

05.28 

Bonan-Syencer 

Fdrview 28 P 21.42 -0.2622.16 2.15 19.01 
mllen 31 04 11.58 4.3P1.90 2.15 09.75 

Spencer 120 34 33.26 4.1433.40 2.16 31.S 
Pairvier-Spencer 4.20 6-46 

Fairview-Romn 
06.36 

FIG. 1i.-Triangle computation for stations of quadrilateral 

4.)11763oI 
0.0605811 
9.958oa.a 

9.9098872 
4.736aaa8 
4..6880992 

4.6880992 

0.3464443 
9.9414345 
9.7491536, 
4.9759770 
4.7836sn 

4.736aaa8 
0.0859876 
9.9314862 
9.9614757 
4.7537076 
4.78369n 

4.7176307 

0.3a636 
9.nnlaa 
9.9aqo8a5 
4.7537076 
4.9759778 

by the adjustment, in the fifth the adjusted spherical angle a t  the 
station, in the sisth the spherical escess or difference between the 
plane and spherical angle, in the seventh the plane angle, and in the 
eighth column the logarithms of the distances and the logarithms of 
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the sines of the plane angles (cologarithm of the sine of the first 
angle). 

It is apparent that to begin with, we have only the data in the h t ,  
second, and third columns. The other colurnns are filled in after the 
adjustment is completed. The first and second columns can be filled 
in directly from the sketch. The'observed angles in the third column 
are obtained from the lists of directions, an angle being the difference 
of two directions. For example, the angle at  Yellow, between Roman 
and Spencer, is obtained from the list of directions for station Yellow 
(fig. 16) by subtracting the direction to Roman from the direction 
to Spencer. 

To obtain the angle at Roman between Peterson and Fairview, it 
is necessary to add 360' to the direction to Fairview before subtracting 
the direction to Peterson; (31' 04' 11!'58+360')-3331' 25' 23!53 
=69' 38' 48N05. In other words, if a direction is less than the one 
which is to be subtracted from it, then 360' must be added to it 
before the subtraction is made. 

As an angle is obtained by subtracting the direction to the left hand 
station from the direction to the right hand station, it is designated 
by the two numbers representing these directions on the sketch, the 
number of the left hand direction having a minus sign because that 
direction is subtracted from the other. For esaniple, the designation 
of the angle a t  Yellow between Roman and Spencer is - 4 + 5, 4 and 
5 being the designations of the directions from Yellow to Roman and 
to Spencer, respectively. 

SPHERICAL EXCESS 

The total spherical excess for each triangle as given on Form 35 
is obtained by the formula (see Special Publication No. 8. p. 7) 

where €.is the spherical escess; al, 61 and 4 are the two sides and the 
included angle, respedvely, of the corresponding triangle; e is the 
eccentricity and a the semimajor axis of the spheroid of reference; and 
4 is the mean latitude of the three vertices of the triangle. The 
letter m is used to designate that part of the expression above which 
depends only on the latitude and the dimensions of the spheroid and 
the values of log m are given with the latitude as an argument in 
the table on page 234. 

To compute the spherical excess of a triangle it is necessary to make 
a prelinhary computation of the triangle to obtain the logarithms 
of the sines of the angles and the logarithms of the lengths. In this 
preliminary computation, the logarithms need be carried out to only 
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4 places of decimals. As an example, the spherical 
excess of the triangle, Yellow-Roman-Spencer, is computed in the 
following manner: 

In this triangle the length Roman-Spencer may be called al, and 
YellowSpencer bl. Log m is 
taken out of the table for latitude 43' 49', which is appro-xhstely the 
mean latitude of the three vertices. 

(See fig. 17a.) 

Then the angle at  Spencer will be Cl. 

We then have 

log a1 = 4.7176 
log bl = 4.7363 
log sin CI = 9.9099- 10 

1m 

logm = 1.4041-10 

2-3 Romi-Speficer 
1 Yellow €0 26 q9.17 
2 Roman 65 12 45.72 
a spencer 54 m 12.19 

1-2 Yellon-Boilan 
1-3 Yellor;-S?encer 

TRIANGLES 

LOGARlTUld 

4.7176 
0.0606 
9.9580 
9.9099 
4.7382 
4.6891 

FIG. 17a.-Preliilnary triangle computation to obtain lengths for spberical ex- computation 

One third.of the total spherical excess for the triangle is applied to 
each of the three angles as shown in the sixth column of the triangle 
coniputation in Figure 17. In like nianner the spherical esckss for the 
other three triangles of the quadrilateral can be obtained and applied. 

The total spherical excess of a quadrilateral should have the same 
value when coniputed by adding together the sperical escesses of 
either pair of triangles which cover its area. In the preceding ex- 
ample, the sum of the spherical excesses of the two triangles, Yellow- 
RomanSpencer and Fairview-Yellow-Spencer, should equal the 
sun1 of the spherical excesses of the two triangles Fairview-Yellow- 
Ronian and Fairview-Roman-Spencer, that is, 5.86 + 7.17 = 6.57 
+ 6.46. 

In computing the spherical excesses, it is sometimes found that these 
sums fail to check by O!Ol, due to the dropping of the third decinial 
place. They should always be made to check by arbitrarily changing 
the spherical excess of one of the triangles by O!Ol. 

1 This s u m  can be obtained directly from the triangle computation without recopying the individual 
TlSlUeS. 
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CLOSURES OF TRIANGLES 

The s u m  of the three angles of a triangle should equal 180° plus the 
spherical excess of the triangle. This rarely happens when the ob- 
served angles are used, and consequently a triangle closure arises. 
The triangle closure (c.losing correction) is obtained by subtracting the 
sum of the three angles of the triangle from 180° plus the spherical 
excess. For esample, the sum of the three angles of the triangle 
Yellow-RomanSpencer is lSOo 00' 07!08, and lS0' plus the spheri- 
cal excess is 180' 00' 05186, so the triangle closure is 180' 00' 05936- 

In a similar manner the closures are obtained for the other three 
triangles of the quadrilateral. The closure for the whole quadrilateral 
should be the same when computed by adding together the closures of 
either pair of triangles which cover its area. For example, the alge- 
braic. s u m  of the closing corrections of the two triangles, Yellow- 
RomanSpencer and Fairview-Yellow-Spencer should equal the 
algebraic sum of the closing corrections of the two triangles 
Fairview-Yellow-Roman and Fairview-Ronian-Spencer, that is, 
- 123+ 1.89 = +0.47 +0.20. This check should always be applied 
before beginning the adjustment. 

180' 00'07108= - l"2. 

NUMBER AND SELECTION OF EQUATIONS 

After the first, second, third, and sixth colunins of the triangle 
computation (see fig. 17) are filled in as already explained, the quad- 
rilateral is ready to be adjusted. The first thing to be done is to 
determine the number of equations in the adjustment. In  a simple 
quadrilateral where the length and azimuth of only one line are fixed, 
we have two kinds of equations, angle and side equations. 

Condition equations must be included in the adjustment to elim- 
inate the closing errors of the triangles, that is, to make the sum of the 
angles of each triangle exactly 180' plus the spherical excess of the 
triangle. These axe. called angle equations. A condition equation 
niust also be included to insure that the lines a t  the pole (the point 
around which the equation is formed) pass through the same point 
(see Special Publication No. 3s)  p. 14). This is called a side equation. 

The formulas to be used in computing the number of equations in 
the adjustment of a triangulation net are 

number of angle equations =n' - S' + 1, 
number of side equations = n- 25 + 3, 

in which n is the total number of lines, n' is the number of linas sighted 
over in both directions, S is the total number of stations, and S' is 
the number of occupied stations. In using these formulas allowanco 
must be made for lines or triangles fixed by previous adjustments. 
(See p. 59 for another method of determining the number of 
equat,ions.) 
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In the quadrilateral Roman-Spencer-Fairview-Yellow (see fig. 15 
n = 6, n' = 6, S = 4, S' = 4. Therefore 

number of angle equations = 6 -4 + 1 = 3, 
number of side equations = 6 - 8 + 3 = 1.  

The number of equations in a net having been determined, it is 
iuxessery tc carefully select the equations so that d discrepancies 
will be eliniinated by the adjustment. In forming the side equations 
it is necessary to select the pole so that the small angles will be used 
in the equation, as their tabular differences are proportionately niuch 
less affected by the dropping of decimal places than those of the larger 
angles. On the other hand, the triangles with the large angles should 
be used in forming the angle equations. (This rule in regard to angle 
equations need not be followed for a simple quadrilateral.) 

The corrections to directions are designated by vl, v,, . . . . . v,,, but 
for convenience it is customary to drop the v's, and simply write 
( l ) ,  (2), (3). . . . etc., in which the numbers are not quantities but 
subscripts of the corresponding v's. 

ANGLE EQUATIONS 

The angle equations then for the quadrilateral shown in Figure 15 

- (1) + (3) - (4) + (5) - (11) + (12) = - 1.22, or 

are formed as follows: 

Angle equation 1, 

angle equation 2, 
angle equation 3, 

Since there are four closed triangles (see fig. 17), one might suppose 
that there could be four angle equations. However, by studying 
the forniation of the angle equations, it can be seen that the fourth 
equation would not be independent but would be a combination of 
the' other three. For example, the fourth angle equation of the 
quadrilateral would read 

But equation 1 is, 
and equation 2 is 
Therefore equation 1 -equation 2 is, 

as usually written O =  +1.22-(1)+(3)-(4)+(5)-(11)+(12), 
0 = - 0.47 - (2) + (3) - (4) + (6) - (7) + (8)j 
0 = - 1.89 - (5) + (6) - (7) + (9) - (10) + (11). 

o =  -0.20-(1)+(2)-(s)+(9)-(10)+(12). 
O =  +1.22-(1)+(3)-(4)+(5)-(11)+(12), 
0 = - 0.47 - (2) + (3) - (4) + (6) - (7) + (8). 

O =  + 1.69- (1) + (3) + (5)- (6) + (7)- (8) 
- (11) + (12). 

But equation 3 is, 

therefore equation 1 - equation 2 +equation 3 is, 
O =  -1.89-(5)+(6)-(7)+(9)-(10)+(11), 

0 = - 0.20- (1) + (2) - (8) + (9) - (10) -1- (12) 
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which is identical with the fourth equation above. This shows that 
the fourth equation is simply a combination of the first three and so 
will necessarily be satisfied by any values of the v’s that satisfy the 
other three. 

SlDE EQUATIONS 

In order to include in the side equation the sninll angles of the 
quadrilateral, designated by - 7 + 8 and - 8 + 9, respectively, the 
pole must be taken at  Roman. The equation is formed by expressing 
the condition that the lines Roman-Spencer, Roman-Fairview, and 
Roman-Yellow meet in a point; that is, 

Roman-Spencer Roman-Fairview ~ Roman-Yellow - 7 .  . 

Roman-Fairview ‘ Roman-Yellow Roman-Spencer - 1. 

For the sides of the triangles the sines of the opposite angles may 
be substituted, and the equation beconies 

sin[ - 8 + 91 sin[ - 4 + 61 sin[ - 1 1 + 121 
sin[ - 10 + 131 sin[ - 7 

Or for computation by logarithms we have 

log sin[ -8+ 9)+logsin[ -4+ 61 +log sin[ - 11 + 121 =log sin[ - 10+ 131 
+ log sin[ - 7 + 81 + log sin[ - 4 + 51 

For convenience in computing, the equation is arranged in tnbular 
form as shown on page 37. The designations of the angles are placed 
in the first and fifth colurims, the angles themselves in the second 
and sisth columns, the logarithms of the sines of the angles in the 
third and seventh columns and the tabular diffcrcnces of the loga- 
rithms of the sines for 1 second of the angles in the fourth and eighth 
colunms. The sunis of the logarithms in the third and seventh 
columns are then talien, and the constant term of the side equation 
is obtained by subtracting the sum in column 7 from the suniin 
column 3 and pointing off this dserence in units of the sixth decimal 
place. The quantities in colunms 4 and 8 are the coefficients of the 
quantities in columns 1 and 5, respectively, and the rest of the 
equation is formed by multiplying together the quantities in columns 
4 and 1 and those in columns 8 and 5, and changing the signs of the 
latter products. 

The designations of the angles in the first and fifth colunins are 
taken directly from the sketch (see fig. 15), and the angles tlieni- 
selves in the second and sixth columns are obtained from the triangle 
coniputation (fig. 17). Each value in the fourth and eighth columns 
is the amount of change in the logarithm of the sine of the angle 
corresponding to a change of 1” in the angle and this multiplied by 

1 It Is customary in all the computations to designate logarithm by log, sine hy sin and mine by mu. 
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the v applying to the angle gives the change in the logarithm of the 
sine of the angle produced by the v. I n  the work of the United 
States Coast and Geodetic Survey, the tabular differences of the 
logarithms are taken in units of the sixth place of decimals. 

Side equation 

1 2 3 1 5 1-1 0 ,  ,I I-1-11- 
4 + 9  28 21 21.42 9.676845% +3.90 -1Ofl2 

119 05 31. 11 I 9.94143%S I -1. IS 11 -7+S 1 -i$% I 54 21 12.19 9.909S9120 4-1.51 -4+5 

0 

0 I I ,  

1% 34 33.26 
1 16 00.85 
80 26 09.17 

4. o= + 5.13 + 3.37 (4) - 1.19 (51 - 1.18(D) + A.lS(7) - S.OS(8) + 3.90(9) 
- 1.24(10) -1.51(11)+3.75(12) 

EXPLANATION OF COMPUTATION 

The equations can now be entered in the table of correlates as 
shown on page 38. This table is arranged like that shown on page 11, 
escept that there is no column for weights as all the directions were 
considered as observed in the same manner and therefore of equal 

. weight. The formation and solution of the normals and the coni- 
putation of the ZI’S are also made in tlie same manner as shown on 
pages 11-16. After the 2,’s are determined, the estra decimal places 
are dropped to give the adopted values. I n  first-order work the 
adopted 27’s are taken to hundredths of a second. 

As a check to insure that the C‘s were properly substituted in the 
correlates in computing the D’S, the’u’s on all directions around a 
point are added together. The sum should equal zero, unless there 
is at  the point a fised direction to which no correction is applied. For 
example, a t  Roman the corrections on directions ( l ) ,  (2), and (3) are 
(see p. 3s) - 0.039 + 0.234 - 0.245 = 0; a t  Yellow on (4), (5) ,  and (6) 
they are + 0.056 - 0.382 + 0.226 = 0; a t  Fairview on (7), (S), and (9) 
they are -0.466+0.362+0.104=0; and a t  Spencer on (lo),  ( l l ) ,  
and (12) they are -0.317+0.498-0.181 =O. 

As was the case for the station adjustment (see p. 15) the adopted 
V’S are not siniply the computed u’s taken to the nearest hundredth 
of a second. I n  order to satisfy all the angle equations esactly, it 
is necessary on some of the directions to adopt the hundredth above 
or below the computed value. I n  doing this it is well, if possible, to 
change those values which involve the smallest change in tlie thou- 
sandth decinial place. 

The full solution, both forward and backward, of the four normal 
equations, is given on page 38. The computation of the 1,’s is given 
on page 39. As a solution similar to this was fully esplained on 
page 14, it is not necessary to esplain this one. 

. 

(See the adopted value of v6 on p. 38.) 
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Correlate equations 

Nomial squat ions 

-0.039 -0.04 
+.os4 +.28 
-.N5 -.24 
+.Os6 +.OB --.?e 7 %  

+.,a +.2 
- .JM -.47 

--.317 -.32 

+. --.1s11 498 I 

Solution of normal equations 

-.33333 +.33333 -- +? I --? 
+e 
-.8667 I y.6667 

I 
1 
2 
3 

4 

-0. a9003 

4 

+O. 70 -. 11607 

-15.81 -. 2333 

- 16.0433 
+3.00814 

-. M +. 2333 
+S. 0217 

+i. 7150 - 1.92875 

+Hi. 7744 . -.0817 
-IS. 2605 
- 1 4 . m  

+M. 5519 
0 

Back solution 

-. 47 -6.35 
-.4067 -264 

-.8767 1 -8.92 I +. 16438 +1.87251 

I -1.0450 1 -1-10.67- +. 26125 -2 8615 

4-5. 13 -. 1423 
-2.6372 +a. 0155 

4-4.3680 ' -. 08003 

+107.2544 -. 9240 
--26.83?6 
-20.5iW 

59 +ss. 9lsB 
-1. (Moo3 

4-0.28125 +O. 16438 -0.20333 

-. 20781 +. 13854 +. OW74 

+.15130 I -.Mi9 I +. oo(M3 

+. a3828 
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In the forward and back solutions of the normal equations for a 
simple quadrilateral it is not necessary ordinarily to use as many 
decimal places as are used in the example above. Three decimal 
places for the multiplied terms, four for the division terms, and four 
for the back solution are usually sufficient. In some cases two, three, 
and three decinial places, respectively, may be used and the desired 
accuracy still be obtained. 

C'onipntation of corrections (e'e) 

-0.039 
-.04 

+0.284 +0.039 -0.039 +0.039 
+.% --.as4 +.W --.416 - -.I89 +.W5 

-.245 -- 
-.24 +.056 -.%2 

+.OB -.% 

----- e I I I &I I I lo 
-0.284 +O.% -0.284 4-0.416 -0.416 
+.4M -.416 .+.&e --.312 +.ooS +.om -.3w --- -- i I +.3G2 1 +.]Ill 1 -.3E 
+.226 -.4GG +.36 +.lo -.32 

I I  +.22 ] -.47 I 

- 
11 
- 
-0.039 +. 416 +. 121 
+. 4Bs +. 50 

- 
q -. 181 

COMPUTATION OF TRIANGLES 

Aftor adopting values for the v's the next step is to substitute 
these values in column 4 of the triangle computation. (See fig. 17.) 
For instance, in the triangle Yellow-Roman-Spencer, the correction 
to angle Yellow is -4+5=  - (+0.06)+ (-0.28)= -0.34; the cor- 
rection to angle Roman is - 1 + 3 = - (- 0.04) + (- 0.24) = - 0.20; 
and the correction to angle Spencer is - 11 + 12 = - (+ 0.50) + 
(-0.18) = -0.68. These three corrections should sum up to the 
closure of the triangle, -1182, and we find this to be the case for 
- 0.34 - 0.20 - 0.68 = - 1.22. Likewise, the corrections to the angles 
in each of the other three triangles should sum up to the closure of that 
triangle. The corrections should always be written in the triangles 
in pencil until it is certain that all the results will check. 

DISTRIBUTION OF SPHERICAL EXCESS 

The spherical angles in column 5 (see fig. 17) are nest computed. 
The spherical excess of each triangle is then distributed among the 
three angles, one-tl~ird of it being placed on each angle. If it is not 
exactly divisible by 3, the spherical excess is so distributed that the 
sniall angles will have their correct share as nearly as possible, since 
changes in the small angles affect the lengths to a greater degree 
than changes in the large angles. That is, if the spherical excess of 
the triangle were only 0102, then 0101 should be placed on each of 
the two smaller angles and Or00 on the largest. If the total spherical 
excess were 0104, then 0102 should be placed on the largest angle, 
and 0101 on each of the two smaller angles; or if the spherical excess 
were 0105, then 0102 should he placed on each of the smaller angles 
and 0101 on the largest angle. 
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COMPUTATION OF LOGARITHMS OF LENGTHS 

The plane angles in column 7 (see fig. 17) can now be computed 
and finally the logarithms (or co-logarithms) of the sines of these 
angles are placed in column 8. (In the case of the first angle of each 
triangle the co-logarithm of the sine of the angle is used.) In  each 
triangle, the logarithm of the length 3-3 is added to tlie co-logarithm 
of the sine of angle 1 and tlie logarithm of tlie sine of angle 2 to give 
the logarithm of the length 1-3; and the logarithm of the length 3-3 
is added to the co-logarithm of the sine of angle 1 and the logarithm 
of the sine of angle 3 to give the logarithm of the length 1-3. 

After the logarithms of the lengths for each of tlie four triangles 
are computed, the logarithm of each length will appear in two different 
triangles. These should be the same except possibly for a difference 
of 1 in the last place of decimals, which may be due to accumulation. 
In  a flat triangle, however, having one or two very small angles the 
discrepancies in lengths may aniount to several units of the last place 
of decimals used. 

Where there is a difference of one or more in tlie last place of deci- 
mals in the adjusted logarithms of the lengths, the logaritlinis should 
he made consistent before going ahead with tlie work. The question 
naturally arises: To which logarithm should the correction be applied? 
Other things being equal, the correction should be applied to that 
logarithm which was computed through the snirtllest angles. How- 
ever, in taking out the logarithms of tlie sines, one more decimal place 
than is necessary should be taken out and placed in small figures to 
the right of each logarithm. It can then readily be seen where the 
adding or dropping of units in this decimal place has accumulated 
enough to change any particular logarithm of a length one in the last 
decimal place used, and the correction can be applied accordingly. 

CORRECTIONS TO DIRECTIONS 

After the correctness of the 0’s has been checked by the closures of 
the triangles and the agreement of tlie lengths, the corrections should 
be applied to the’ directions and the final values placed in the list of 
directions. (See fig. 16.) 

The first step is to put the coniputed and adopted values of the 0’s 
in the columns intended for them in the table of correlates. (See 
p. 38.) Then using the sketch, Figure 15, for the designations of the 
directions, the corresponding correct-ions should be applied to the 
directions in the list of directions. 

If the 8 to be applied to a direction is negative it sometimes happens 
that the minutes of the,final direction will be one less than the minutes 
of the observed direction. Where this OCCUI’S R bar should be placed 
over the value in the final seconds column. For esample, in Figure 
16, in the list of directions at  Roman, the observed direction a t  
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Spencer is 0' 00' OOfOO and the final seconds are 59.96, that is, the 
final direction is 359' 59' 59!'96. 

A t  station Yellow the directions to Roman, Spencer, and Fairview 
are numbered 4, 5, and 6, respectively. In the table of correlates, 
page 38, we find the values of the adopted v's for 4, 5, and 6 are 
+0.06, -0.38, and +0.33, respectively. Then in the list of direc- 
tions at  Yellow, Figure 16, we apply these corrections to the direc- 
tions Roman, Spencer, and Fairview as follows: To Roman, 38f63 + 
Of06 = 38!'69; to Spencer, 47f80 - Of2S = 47?52; to Fairview, 09'374 + 
0 9 3  = 0996. 

The values of the final seconds in the list of directions should be 
checked by using them to verify the corrected angles in the triangle 
computation. The directions at  Yellow should be checked, therefore, 
by the adjusted angles at Yellow in the'various triangles. In the 
triangle Yellow-Roman-Spencer, Figure 17, the spherical angle at  
Yellow is 60' 36' 08!'83. From the list of directions at  Yellow the 
final angle between Roman and Spencer is 239' 06' 47f52-178O 
40' 38?69=60° 36' OS183 which checks the adjusted angle in the 
triangle. In  the triangle Fairview-Yellow-Roman, the adjusted 
spherical angle at  Yellow is 119' 05' 31f27. From the list of direc- 
tions at Yellow the h a 1  angle between Roman and Fairview is 
297' 46' 09'!96-178' 40' 38169=119' 05' 31127 which also checks 
the angle from the triangle. In the triangle Fairview-Yellow- 
Spencer the adjusted angle a t  Yellow is 58' 39' 23144. From the 
list of directions at  Yellow the hal angle between Spencer and 
Fairview is 297' 46' 09196-239' 06' 47'!52=58' 39' 22'344, which 
again checks the adjusted angle from the triangle. 

In the same manner all the adjusted angles at  Roman, Spencer, 
and Fairview in the triangles will be found to be checlied by the 
angles from the lists of directions, and this shows that all the angles 
are consistent. 

It is important not to omit the placing of the corrections in the 
list of directions after an adjustment is completed. The find values 
in the list show that the adjustment has been made, and they am 
the values of the directions that must be used if other adjustments 
are made depending on this one. 

COMPUTATION OF GEOGRAPHIC POSITIONS 

After the adjustment is conipleted and all the triangles am com- 
puted and niade consistent, the geographic positions of the two new 
points, Yellow and Fairview, can be computed by starting from the 
fised pcisitions of Roman and Spencer and the &xed azimuth, Roman- 
Spencer. 

Since all the angles and lengths in the quadrilateral are now con- 
sistent,due%o the adjustment, any triangle may be usedl ,in the com- 
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putation and the position of the point computed should be the same. 
It is best, however, to use the triangle with the shorter lengths, as 
there will be less trouble in making the computation over the two 
lines to the new point agree. 

The positions for first-order triangulation are computed on form 
26. The forniulas used in the computation of geographic positions, 
the developnient of these formulas, and the tables used in the position 
computation, are found in United States Coast and Geodetic Survey 
Special Publication No. S, and are not repeated here. 

The computation of the geographic positions of stations Yellow 
and Fairview are given on pages 42 and 43.? 

It should be noted that t,he angles used in the computation of the 
geographic positions are tlie spherical angles, the seconds of which 
appear in column 5 of the table of triangles (fig. 17). The first 
angle of the triangle, although not used in the actual computation 
of the position, should always be written down in its proper place 
on the form since it is used as’a check on t-he computed azimuth. 

For esaniple, in computing the geographic position of station 
“Yellow,’J the angles used are 60’ 36’ OS!S3, 65’ 13’ 45!52, and 
54’ 31’ 11!’51. After the computation is finished the azimuth 1 to 
2 plus the first, angle of the triangle should equal the azimuth 1 to 3 ; 
that is, 146’ 31’ 33!’27+60’ 26’ OS!’S3 should equal 206’ 57’ 41!’10, 
which they do. 

Care should be taken to make sure that the latitude and longitude 
of the new station as computed from the two different stations 
check and that, the aziniuths as computed from tLe two stations 
differ exactly by the amount of the first angle of the triangle. Occa- 
sionally these iralues will fail to che& by one unit in the last place 
of decimals used, due to accumulation in tslie nest decimal place, 
but if the discrepancy is greater than one the computation should be 
checked over to see whether a mistake has been made. 

If no error has been made in the coniputation and the latitudes 
(or longitudcu) fail to clieclr by one unit in the last place of decimals 
used, then the two values should be made to agree by adding one 
unit of the last place of decinials to one value or by subtracting one 
unit from the other value. Which value should be corrected depends 
upon which one should be changed to make the next position com- 
putation check. (See p. 77.) 

In the same manner if tlie azimuth of station 1 to station 2 plus 
the first angle of tlie triangle fails to check the azimuth of station 1 

(See fig. 18.) 

2 Alter the manuscript of this publicatian was prepared new forms with the same numbers (26 and 27) 
as the old forms were prepxed Ior the computation of geographic positions of the Erst and third orders. 
Although there has been no change in the formulas used for the computation, the difIerent term of the 
formulas have been rea:ranged in a mom compact form, which, it is beliered, will espdite the computa- 
tions. These new fornis h s w  not yet been finally adopted hy this bureau, but are at present bring tried 
out in the division of gpwlesy A copy of each of these forms with sample computations of geographic 
pmitions are shown in Figure: 19 and 20. 
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to station 3 by one unit in the last decimal place, a correction must 
be applied to one of the azimuths to make the result consistent before 
proceeding with the nest position. 

LIST OF GEOGRAPHIC POSITIONS 

(See p. 43.) 

After tmlie geographic positions of the stations are coniputed a list 
of these geographic positions, together with the aziniuths and loga- 
rithms of the distances to tlie other stations, is niade on Form 28B. 
(See fig. 31.) The azimuths from each station to the other stations 
should be arranged in dockwise order. The names of the stations 
in tlie first and sistli columns of the list of positionscan be filled in 
most easily in proper order from the sketch, since this shows the 
arrangement of the stations in regard to azimuth. For each station 
the aziniuth and logarithm of the distance to each of two stations 
can be obtained directly froni tlie position coniputstion and sliould 
be written in the list before the other azimuths and logarithms of 
distances which are obtained from the tables of triangles are entered 
on the form. In  case tlie quadrilaterals are complete, that is, all 
the lines are included, it is possible to get a check on the computation 
of d estra azimuths in tlie list. 

A t  station Fairview, for esaniple, tlie azimuths and back azimuths 
to Yellow and Spencer are obtained directly from the position coni- 
putation, but the azimuth and back azimuth to Roman niust be com- 
puted froni the triangles by using the two triangles Fairview-Yellow- 
Roman mid Fairview-Ronian-Spencer. They are coniputed in the 
following nianner: The aziniuth, Fairview to Yellow already in the 
list (fig. 21) is 86' 08' 05105 and the angle at Fairview from Yellow 
to Roman in the triangle Fairview-Yellow-Roman is 26' 46' 01 Y68, 
so the azimuth of Fairview to Roman as derived from the first 
triangle is 86' 08' 05105+2G0 46' 01168=112' 54' 06173. In  a 
sindar manner the azimuth Fairview to Spencer already in the 
list is 141' 15' 27189, and the angle at  Fairview from Roman to 
Spencer ia the triangle Fairview-Roman-Spencer is 38' 31' 21116, 
so the azimuth of Fairview to Ronian as derived from the second 
triangle is 141' 15' 37189-28' 31' 31'!16=113' 54' 06'!73, which 
checks the value above. 

The back azimuth Roman to Fairview is coniputed as follows: The 
azimuth Roman to Yellow already in the list (fig. 21) is 326' 17' 
39!0l, mid the angle at Roman from Fairview to Yellow in t8he triangle 
Fairview-Yellow-Roman is 34'08' 33163, so the azimuth of Ronian to 
Fairview as derived from the fiist triangle above is 336' 17' 39101 
-34' 08' 33'163=292' 09' 05'139. Again, the azimuth Ronian- 
Spencer already in the list is %lo 04' 53149, and the angle at  Roman 
from Spencer to Fairview in the triangle Fairview-Roman-Spencer 
is 31' 04' 11190, so the azimuth Ronian to Fairview as derived from 
the second triangle is261' 04' 53149+31' 04' 11190-292' 09' 05r39, 
which checks the ot.her value. 
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The extra azimuths, that is, those coniputed from the triangles, 
should a.8.w ys be checked in every possible triangle, as this will show 
whether or not the adjustment has made all the angles consistent. 
I t  should be bornein niind that the angles used in the coniputation 
of the azimuths are the splwical angles. One can readily tell whether 
to add or siihtrack the angles in the computation of the azimuths by 
referring to the triangulation sketch on which the relative positions 
of the stations a.re shown. 

After all the azimuths and logarithms of distances have been 
entered in tlie list of positions, the other columns are filled out. The 
quantities in the column headed “Seconds in meters” 8.18 obtained 
by mea,ns of the tables in Special Publication No. 5,  entitled “Tables 
for a polyconic projection of maps,” in which the value in nieters 
corresponding to 1 sec.dnd of either latitude or longitude is given for 
all latitudes from 0’ to  90’. Next, under the general heading 
“Distance,” the colunm headed “Meters” is filled out by talcing the 
antilogarithms of trlie vdues in the preceding column, and finally the 
one headed “Feet” is obtained by conversion of tlie meter ‘values. 

In the first. colunin of tlie list of positions, in addition to the name 
of the station, there should be given the year of the first establish- 
nient of the station, the date when the station was last visited, and 
letters to indicate whether tlie station is described and niarked or not. 
If the station is desciibed but not niarked the letter “cl” is used; if it 
is. marked and not described the lettem “ni. n. d.” are used; and if 
it  is described and marked the letters “d. ni.” are used. Other letters 
used in this column are: “n. d.” which means that the station is 
not described, but whether or not it is marked is not known; “1” 

which means that the station was recovered but no desc.ription was 
furnished of its condition; “r. d.” w1iic.h means that the station 
was recovered a~ id  described; and “r. d. ni.” which means that the 
station was recovered, described, and marlxd. 

The column headed “Seconds in nieters” is ordinarily not filled 
out for first-order triangulation. The values in this column are 
coniputed for the convenience of the draftsman in constructing charts 
along the coast but as first-order triangulation is mostly in the 
interior of the country it is not used in making the charts. 

The adjustment of the quaclrilaterd which has been given in detail 
on pages 29-41 , fully illustrates the various steps that are necessaiy 
in an adjustment when only the geographic positions (latitudes and 
longitudes) of two initial stations, and tlie distance and azimuth 
between these stations are fised. Where a number of connected 
triangles and quadrilaterals are to be adjusted, but the only fised 
conditions are those given above, the steps in the adjustment are 
exactly the same a.s slio.cvn for the single quadrilateral, the only 
difference being in the number of equations, both angle and side. 
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FIG. !a.-Ust of geographic positions for new stations of quadrilateral 
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CHAPTER 3.-ADJUSTMENT OF A NET OF TRIANGULA- 
TION BY. THE DIRECTION METHOD 

CONDITIONS INVOLVED 

In the adjustment of the single quadrilateral just considered, only 
angle and side equations were required. The adjustment of B net 
of triangulation is given on the following pages for which are required 
riot only angle and side equations, but condition equations to elinii-. 
nate the closing errors in length, aziniuth, latitude, and longitude. 
The direction method will be used, as first-order triangulation is 
always adjusted by that, met.hod in this bureau. On pages 110-1.16 
is shown a net of third-order triangulation adjusted by the angle 
method. 

FIG. 23.-Trianylation net used in sample adjustment 

As shown in the sketch of this net (fig. 2 9 ,  the lines Garcena- 
Gorgora and Palo-Pedro are fised in length and aziniuth and the 
stations Garcena, Gorgora, Palo, and Pedro are fised in position 
(latitude and longitude). The angle and side condition equations 
for this net are formed in the s b i e  manner as esplained on pages 
35-37 for the single quadrilateral. 

The length equation is formed by starting with the fiied length 
Palo-Pedro and computing through the observed angles of a single 
chain of triangles the length of the line GarceneGorgora. This 
coniputed length will usually differ from the fised length of the line 
and the length condition is thus obtained. 

The azimuth equation is fornied by starting with the fixed azimuth 
of the line Palo-Pedro and computing through the observed angles 
of the triangles an aziniuth for the line Garcena-Gorgora. This 
computed aziniuth will usually differ from the fised aziniuth of the 
line and the azimuth condition is thus obtained. 

The lat,itude and longitude equations are formed by starting with 
the fixed position (latitude and longitude) 'of either Palo or Pedro 

50 
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and computing through the observed angles of a single chain of 
triangles the geographic position (latitude and longitude) of Garcena. 
This computed position of Garcena will usually differ from the fixed 
position and the latitude and longitude conditions are thus obtained. 

All the steps in the adjustment of this net of triangulation are 
given in detail on the following pages. Although the net is only a 
small one all the conditions that would appear in a large net are 
present, so that an understanding of this small adjustment will 
enable one to adjust a large net. 
’ The formation of the equations representing all the conditions 

considered above are shown below in detail. If the lists of directions 
at the various stations have not been made out in the field they are 
made in the form shown on page 7, with the column “Final seconds” 
left blank. 

A sketch (fig. 23) is then drawn showing the relative positions of 
the stations and all the observed directions between the stations, full 
lines representing directions observed from both stations a t  the ends 
of the line and lines dotted at  one end representing directions observed 
from the station a t  the full end of the line but not from the other 
station. The directions are numbered in clockwise order on the 
sketch as shown in Figure 22. The triangles (fig. 24) are next written 
out and the angles filled in from the list of directions in Figure 23. 
Particular attention should be paid to the order in which the tri- 
angles are written. 

As full instructions for determining the spherical excess and triangle 
closures, and for checkingethe triangle closures are given on pages 
32-34 for the single quadrilateral, they will not be repeated here. 

(See p. 39.) 

NUMBER OF EQUATIONS 

After the closures of the triangles have been determined, the next 
step is to determine the number of equations in the net. The 
forniulas for coniputing the number of equations to be used in the 
adjustment of a triangulation net are given on page 34. In the net 
considered here, n = 29, n.’ = 29, s = 13, and s’ = 13. The nuniber of 
angle equations is therefore n’ - s’ + 1 = 29 - 13 + 1 = 17, and the 
number of side equations is n- 2s + 3 = 29 - 26 + 3 = 6. Since there 
are fixed azimuths and lengths a t  the two ends of the net, there will 
also be one azimuth and one length equation. In addition to these, 
due’ to the fixed position (latitude and longitude) at  each end of the 
net, there will be one latitude and one longitude equation. Alto- 
gether then there are 17 angle, 6 side, 1 azimuth, 1 length, 1 latitude, 
and 1 longitude equations, or a total of 27 equations. 

Another way of determining the number of angle and side cyuations 
in a net is to build up the figure point by point, starting from the 
fixed line at  one end, and count the number of equations a t  each 

(Text continued on p. 59) 
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Pcdro 
m w  
ELtoro 

o 0090.0059.95 mr-0 
61 27 31.53 31.n Btoro 
99 37 25.05 24.93 PdA 

00000.00 00.29 
26 37 19.81 1 9 . a  
70 32 l8.94 18.86 

- 
0 00 00.00 59.99 Pal0 

93 51.54 81.75 Pedro 

l40 50.SS.52 53.16 mi? 
188 61 03.46 03.08 P.nOh0 

76 47 59.67 60.01 F O 2 4 y O s  

0 00 00.00 00.43 

36 27 36.43 36.47 

77 47 14.58 14.28 

149 39 01.51 Ol.57 
194 18 20.42 20.19 

Lomumnt 0 00 00.00 00.46 LltOM 
corps 51 15 33.50 33.51 Pordyoc 

P.nOh0 89 53 49.28 49.12 C a r o l 8  
bltOM 160 46 1 4 . 8  14.39 anWnt 
mrdyor , 192 06 27.73 27.35 corpur 

0 00 00.00 00.43 
20 23 46.79 46.52 
64 28 16 .U  16.92 

92 56 19.84 19.79 

142 14 BY.23 58.83 

- 
0 00 00.00 $9.64 ?pncbo 0 00 00.00 00.68 

31 47 59.55 69.97 mmment 52 54 15.91 16.83 

26 00 27.23 27.85 G a r c i a  63 36 03.71 03.37 

139 I2 15.04 15.26 
186 42 58.48 58.00 

80 a 48.42 48.61 CrMde 

118 19 66.00 64.61 Hebron 
179 58 03.72 03.26 

FIG. 23.-Lits of directions for statlons of net 
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Rl-ld 

Kebmn 
corpla 
;lonunant 

Corgora 
Eamena 

Bebmn 
G r a d e  

maormmsnt 

0 00 OQ.00 00.09 OOrplS 

63 08 11.31 11.49 L@mment 

152 41 08.92 08.87 Crande 
230 50 49.05 48.82 Ringold 

wrgora 
(isrcena 

0 00 00.00 00.55 

37 26 30.56 ZO.03 
42 66 20.48 20.61 

90 19 02.33 02.02 
161 52 16.28 16.58 
173 35 47.89 47.73 

0 00 00.00 00.03 hebron 0 00 00.00 00.16 
41 19 43.99 44.21 Ringold 67 18 20.19 20.26 

70 44 38.44 38.50 Corgora 162 14 05.66 05.43 
140 13 45.67 45.85 
166 04 06.90 06.45 

Galwetla 0 00 00.00 00.57 
liebron 602 24.09 Z4.M 
R i n g o l d  43 44 92.07 91.41 

no. =.-Lists of directions for stations of net-Continued 
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2-3 Pal0 - Pcdro 

-1w61 Forme 48 00 09.94 -0.01 09.93 0.a 

-w 2 Palo 61 ZI 31.53 t O . 3  31.76 0.09 
-lM 3 Pedro 70 22 18-94 -0.31 18.57 0.09 

-0.15 0.36 1 3  Fordyce - Pedro 
1-2 rordyce - Pal0 

00.41 

2-3 Palo - Pedro 

-74 ,l Eltoro 36 27 36.43 -0.39 36.04 0.09 
-w 2 Palo 95 37 25.05 -0.07 24-96 0.09 

-acS 3 Pedro 43 58 59.13 tO.12 59.25 0.09 

13 Ptoro - Pedro -0.84 0.27 
13 Ptoro - Palo 

00.61 

2-3 Palo  - Fordyce 
-7+9 1 Eltoro 77 47 14.53 -0.73 13.85 0.07 
;5+6 2 Pal0 38 09 53.52 -0.30 53.22 0.07 

-14+15 3 Pordyce 64 02 53.85 -0.71 53.14 0.07 

1 3  Eltoro - Fordyce -1.74 0.P 
1-2 Eltoro - Palo 

01.95 

23 Pedro - Fordyce 
-8+9 1 Elton 41' 19 38.15 -0.34 37.8i 0.07 

-1+2 2 Pedro 26 37 i3.81 -0.49 1522 0.06 
-14t16 3 Pordyee 112 03 00.79 -0.72 03-07 0.M 

13 Eltoro - mrdycr -1.1 0.20 
1-2 Eltoro 7 Pedro 

01.75 

23 Eltoro - Wrdyce 

-X%l 1 Garcia 31 20 13.41 -0.45 12.96 0.09 

-%lo 2 Eltoro 7l 51 46.93 +0.36 47.29 0.09 

-1q14 3 I 'ordy~e 76 47 59.67 M.35 60.02 0.09 

1 3  Garcia - Fordyce + O . D  0. n 
1-2 Gercia - Eltor.0 

m.01 
FIO. ZA-Trlangle computation for stations of net 

3.a781520 

09.85 0.12%9079 
31.67 9.9437288 
18.49 ,9.9744497 

4.0507887 
4.0815096 

3.9781520 
35.95 0.2260226 
2429 9.9938449 
59.16 9.8411144 

4.1980195 
4.0452890 

4.0815096 
13.78 0.0099416 
53.15 9.7909358 
53.07 9.9538377 

3.8825870 
4;045Zae$l 

4.0507887 

37.74 0.1303208 
19.26 9.6513775 
00.00 9.9670100 

3.8823670' 

4.1980195 

3.8823670 
12.87 O.ZS39387 
47.20 9.9778678 
59.93 9.9883711 

4.1441935 
4.154139,963 
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COMPUTATION OF TRIANGLES 

23 Eltoro - Fordyce 

-2aC231 Pancho 20'  23 46.79 -0.70 46.09 0.08 

-3+112 Eltoro 116 31 05.84 + o m  05.91 0.09 

-1Zt14 3 Fordgre 43 05 08.33 -0.07 08.26 0.09 

13 Pancho - Fordyce -0.70 0.1 
1-2 Pancho - Eltoro 

00.96 

2-3 Eltoro - Garcla 
-22la1 Pancho €4 9 16.62 -0.13 16.49 0.13 
-1OW12 EZtoro 44 39 18.91 -0.29 18.62 0.12 

-1Sp33 Garcia 70 52 25.04 M.23 25.27 0.12 
13 Pancho - Ga-cia -0.19 0.38 
1-2 PeaC50 - Eltoro 

00.57 

2-3 Pordyce - Omcia 
- a 2 4 1  Pa?ic!:o 44 04 29.83 + 0 . 9  30.40 0.13 

102 1 2  38.45 -0.22 m.3 0.13 

1 3  P a h o  - &cia iQ.77 0.39 

- 1 W 3  2 hriyce 23 42 5l.34 4 - 4 2  51.76 0.13 

-1w 3 a-zcis 

P&o - Fordyce - 1-2 
59.62 

2-3 P s c ? b  - GmCia 
-3l+321 Lmraent 61 38 08.72 -0.08 08.64 0.M 

-a252 Pancho 28 28 03-22 -0.35 02.87 0.05 

-l7+l93 Omcia 89 53 49.28 -0.6248.66 0.06 
13 Lnu!nent - Garcia -1.B 0.17 

1-2 xomamnt - Pencho 

01.22 

3.3823870 

46.01 0.4577866 

05.82 9.951721 
08.17 9.8244781 

4.2918957 
4.1746517 

+I 

4.1546968 

16.36 0.0446159 
18.50 9.8468552 

25.14 9.9753391 
4.0461679 
4.1746518 

4.1441935 
30.21 0.1576402 

51.63 9.744ZH2 

38.30 9 . 9 9 m a  

4.0461679 
4.2918957 

4.0461679 
08.59 0.0555446 

02.92 9.578782092 

QB.60 9.9999993 
3.77952W 

4.3337118 

2-3 Paac!io - Garcia 4.0461679 

- 3 M 4  1 c o w  63 35 03.n '-1.02 02-69 0.07 02.62 0.0478917 

-&+E62 Pancho 77 46 42.61 -0.70 41.91 0.W 41.34 9.9900438 
-18t193 Garcia 38 38 15.73 -0.17 15.61 0.07 15-54 9.7954581 

13 Corpia - Garcia -1.89 0.P 4.0341034 
13 Corpka - Pancho 3 . e m i 7 7  

02.13 
Fro. W.-Triangle computation far stations of net-Continued 
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w Psncho - Momsent 
-3-25 1 Cor-%' 92 54 15.91 -0.76 15.15 0.- 
-25+ES 2 P.-ncho 49 13 39.39 -0.35 39.04 C.06 

-5OWl 3 !bcu.ent 37 47 06.5'8 -0.53 06.00 0.06 

13 Corss  - Xonnent -1.59 0.19 
1-2 Corwrus - Pancho 

01.98 

2 3  Garcia - Monument 
- 1 w 5 1  c o q s  29 19 12.a) M.26 12.46 0.05 
-17+18 2 G S c h  51 15 33.50 -0.45 33.05 0.05 

-30+32 3 bnwnent 99 23 15.30 -0.66 14.64 0.05 
1 3  Corps - Xomrtent -0.85 0.15 
1-2 C o r ~ u r  - k c i t s  

01.00 

23 Corps - LIonuqent 
-401411 Grade 78 09 40.13 -0.ia39.95 0.06 
-35t362 Corw0 46 17 59.13 +0.3059.43 0.04 
-2&-303 Xolonumcqt 55 32 3.19 -0.43320.76 0.05 

13 Orandm - &ament -0.31 0.14 

1-2 l r d e  - Corps 
00.46 

23 Corpa - Monument 
- 4 * ~ 1  .&bron 37 26 m.55 -1.q a.43 0.09 

-35i872 Corys 93 48 42.57 -0.40 42.17 0.10 

-29+303 Monument 4 44 43.37 -0.33,48.64 0.10 
1 3  Hebron - Moment -1.70 0.29 

Xebron - C O T  1 3  
01.99 

Corpus - S r d e  23 
-43441 Hebron 42 56 20.48 -0.42 20.06 0.06 

- 3 W 7 2  C o r p  47 30 43.44 -0.70 42.74 0.06 
-39+403 Grande 89 32 57.61 -0.23 57.38 0.06 

13 BeLron - G r a d e  -1.35 0.13 

13 Xebron - Corps 
01-53 

4.1017118 

15.08 0.0005531 

30.90 9.8798168 
05-94 9.7872478 

3.9820367 
3.sa95177 

?. 7799207 
12.41 0.3100800 

33.00 9-9920860 
14.59 9.994lOa 

3.5820867 

4.0841035 

3.98k-67, 
39.90 0.0093379 

59.39 9.8391173 
20.71 9.9161972 

3.8505419 

3.9O76a8 

3.9820867 
29 .39 0.2161314 
42.07 9.9990382 
48.54 9.a76iwa 

4.1972563 
4.074aZa 

3.5076318 

20.00 0.1667139 
42.68 9.8677132 
.57.32 9.9999866 

3.9420439 

4.074322a 

Fio. %.-Triangle computation for stations of net-Contlnued 
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23 Monument - Grande 

-MI mixon 5 29 49.93 40.65 50.58 0.01 

-28+292 tdormment 6 47 32.32 -0.20 32-12 0.01 

- 3 M 3  Grade 167 42 37.74 -0.41 37.33 0.01 
13 Eebron - Orande *.oo 0.m 
3-2 Eebron - Mommmt 

5- 

2-3 Ilebron - Or- 

-5oM1 1 Riagold 69 29 0l.P +0~1oW~330~09  
-44+452 hbron 47, 22 41.85 -0-4441.41 0.04 

--93 ornude 63 08 11.31 +3.0911.40 0.06 

1 3  R i n g o l d  - Oranda -0.25 0.14 
14 Rlngold - sebron. 

00.39 

?.-3 Hebron - Monument 
-50)521 R i n g o l d .  95 19 28-46 -0.5327.95 0.09 

-43445 2 Eebrrm ’ 62 52 31.78 +O.P3l.99 0.09 
-2w293 Yonumeat 31 47 59.55 +0.7860.33 0.09 

1 3  Rlngold - Monument W.48 0.27 

- 1-2 Ringold - lbbron 
59.79 

2-3 Orande - Yomnnent 
-5l3-521 Riagold 25 50 2l.a -0.61 0.620.03 

+39-41 2 Or& 128 09 10.95 +OX52 11.27 0.04 
-z;yas3 Atommeat 2s 00 21.23 +0.98 28.P 0.03 

13 Rbgold - Monument W.69 0.10 

13 Ri-old - Orand. 
K z l  

24 H . b r ~ - R b g o l d  
-5a-541 OarceM 67 18 0.19  -0.10 a0.09 0.03 

-w? 2 xebron. 83 16 45.561 M.15 45-71 0.m 
-4scsO 3 Rlngola 29 24 54.45 -0.16 54.29 0.03 

13 Garcia.- Iliagold -0.11 0.09 

13 0arc:s - lbbron 
00.20 

3.8505419 

50.9 i . a a 6 w  

32.11 9.0728735- 
37.32 9.3280810 

3.9420488+1 

4.1972563 

3.9420489 
W.28 0.0284539 
41.37 9.8667918 

11.35 . 9.9504063 
3.8373856 
p.9zososz 

4.1972563 

27.86 ’ 0.0018779 
31.90 9.9016961 
6o.a 9.7237750 

4.100770 
,3.9209092 

3.8505419 

0 . 5 9  0.3606682 
11-23 9.8895602 
a.18 9.6260755 

4.1007703 

a.a37a56 

. 3~.9mS002 
P.06 0.934e980 
‘45.68 9.9970055 
54.26 9.6911991 

3.9529127 
a.6471068 

FXQ. %.-Triangle computation for stations of net-Continued 
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COMPUTATION OF TRIANGLES 

23 Garcons - Hebron 

-561-57 1 Qorgra 6 02 24.09 -0.48 25-61 0.01 
-53$65 2 GarceM 162 14 05.66 -0.39 05.27 0.03 
-4W7 3 Hebron 11 43 31.61 -0.46 31.15 0.01 

1-3 Gorgora - Xebron -1.33 0.m 
1-2’ Gorgora - Garcena 

01.36 

23 Garcena - Bingold 
-56t58 1 Gorgora 43 44 32.07 -1.P 30.84 0.07 
-%52 k c a u r  94 55 45.47 -0.29 45.18 0.07 

-48+49 3 Rinsld 4 19 43.99 4.19 44.18 0.06 
rJ Gorgora - Bingolb -1.33 0.20 
1.2 Gorgora - Oercena 

0 3 . 8  

2-3 Hebron - Ringold 
-57ty58 1 lorgora 37 42 07.98 -0.75 07.23 0.06 

-4M6 2 Hebron 71 33 13.95 +0.61 14.56 0.09 
-43+50 3 Rlngold 70 44 38.44 .+O.Oa 38.47 0.09 

.lJ hrgora - Ringald -0.11 0.26 

1-2 Gorgors - Bearon 
00.37 

23.60 
05.26 
31.14 

30.77 
45.11 
44.12 

07.11 
14.47 
38.38 

mamtrnai 

3.6471363 

0.977aga3 
9.4344655 
9.3079664 
4.1094711 
3.9329710 

3.952912? 

0.1602639 
9.9983908 
9 .8197944 
4.1115674 
3.9329710 

3.9209093 

0.P35649 
9.9770934 
9.9749970 
4.1115675 
4.1094711 

-1 

FIG. X.-Triangle camputation for stations of net-contlnwd 
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Station 

. 

point. The rules to follow in this case are: At each point the number 
of angle equations is one less than the number of full lines (observed 
at both ends) and the nuniber of side equat,ions is two less than the 
total number of lines, counting both the full lines and those dotted 
at one end. 

For esaniple, in the net to be adjusted, start at the fired line 
Palo-Pedro. Then at stat,ion Fordyce there are 2 full  lines to s t e  
tions already considered and 50 there are one angle and no side 
equations; at  station Eltoro there are 3 full lines to stations already 
used and so there are 3 angle and 1 side equations; at Garcia there are 
2 full lines and therefore 1 angle and no side equations; at Panc.ho there 
are 3 full lines and therefore 2 angle and 1 side equations. Continu- 
ing this process of building up the figure point by point until the final 
point, Gorgora, is reached, we have the following number of angle 
and side equations: 

Number of angle nlld aide equations in net 

Equstions 

Angle 1 Side 
-- 

Oorgora _ _ _ _  _ _  - _ _ _  
Totsl- - _ _ _ _ _  I- 

0 
1 
0 
1 
0 
1 
0 
1 
1 
0 
1 

6 
- 

A total of 17 angle and 6 side equations is thus obtGned and this 
agrees with the number of equations determined by means of the 
formulas. In R complicated figure for which it is difficult to deter- 
mine the correct number of equations .the number should be checked 
by using both methods. 

FORMATION OF CONDITION EQUATIONS 

The angle equations, which are shown on page 60, are obtained 
in the same manner as in the adjustment of the single quadrilateral. 
(See p. 35.) The side equations are also formed in the sanie manner 
as the one used in the adjustment of the single quadrilateral. . One 
should be careful at all tinies to choose the pole in each side equation 
so that the two sniallest angles will be included for, otherwise, the 
final adjusted logarithnis of the distances in the triangle computation 
may not check. 

640737"45-6 
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‘ f i e  angle and side equations should be formed by building up 
the figure point by point in the same manner as for counting the 
equations and writing out the equations at each new point as the figure 
is built up. In  tshis way not only will the correct nuniber of equations 
be obtained, but the introduction of “idenbic.al” equations will be 
avoided. ‘‘1de.ntical ” equations . axe sornetinies introduced acci- 
dentally and not discovered until the solution of the normals is 
considerably advanced. (An illustration of an “identical ” equation 
is given on p. 1S1.) 

-1H16 
-8+9 
-54-6 
-2+3 

1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 

10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 

4-8 00 09.94 
41 19 38 15 
3.5 OI, 53.52 
43 54 59.13 

Angle tlqirntioo,ts 

O=+O. 15- (1)+ (3)- (4)+ (5)-(15)+(16) 
O=+O. 34- (3)+ (3)- Ct)+ (6)- (7)+ (8 
O= + 1. 74- (5) + (6)- (7) 4- (9)- (14) + (15) 
o=- 0. 36- (9) + (10)- (12) + (14)- (a0) + (21) 
o=+o. 19-(10)+(11)- (19)+~20)- (~~~+(34)  
0=- 0. 77- (19) + (13)- (19) + (21)- (23) + (54) 
O= + 1. 05- (17) + (19)- (24) 4- (25)- (31) + (32) 
0=+1. S9- (lF+)+(19)- (34)+(36)- (33)+(34) 
O= + 1. 69- (35) + (36)- (30) + (31)- (33) + (35) 
O= +O. 31- [2S) + (30)- (3s) 4- (.36)- (80) 4- (41) 
O=- 0. 69- (37) + (2s) + (39- (41) - (51) + (52) 
O= + 1. 70- (29) + (30)- (35) + (37)- ($2) (43) 
o= + 1. 35- (36) + (37)- (39) + (40)- (42) + (44) 
O= +o. 35- (3s) + (39)- (44) + (45)- (50) + (51) 
O=+O. 11- (49)+(50)- (45)+(47)- (53)+(54) 
O= + 1.33- (4s) + (491- (54) + (S5)- (56) + (5s) 
O=+O. 11-(,45)+(46)-(4S)+(50)-(57)+(55) 

-20+21 
-23+W 
-1Wld 

I Symbol I Angle 

31 XI 13.41 9.71606319 -i2+ia 76 47 59.67 9 . m 3 7 m  +a49 
64 28 16.(12 8.95.WS6 -19+20 70 52 25.04 9.97533904 +.73 
43 05 (8.33 9.8347S46 -‘22+23 20 23 46.79 9.512?177li +L66 -- 

9.5059-21 8. M5(M79 

I-‘ I ) O f , #  

dlRerence Symbol Angle. Logarithm 
---- 
Logsrithm’ Tabillar 

9.87109231 4-1.90 -4+5 61 27 31.53 D.W37?563 +1.15 
9.8197SO15 +a40 -14-2 26 37 19.81 9.651379S +.La 

+2.67 -14+15 M 03 53.85 9.9SJs35.55 +LO3 
+?. 15 -7+8 36 27 36.43 9.77097SiS 4-2.86 

9.22262352 9.32292576 - 

19. O=- 1.78+0.49 (12)-2.35 (13)+1.76 (14)+0.73 (19)-4.19 (30)+3.46 
(21) +4.66 (Y2)- 5.66 (23) + 1.00 (34) 

1 This equation is formed with the pole at thc intersection of the two diagonals. (See explanation on 
p. 185.) 
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Side. e.qi~aLions-Continued 

-444-42 
-364-37 
-2S-l-30 
-514-52 

61 

47 22 41.85 4-1.93 -50+51 69 29 07.23 9.97154607 4-0.78 
47 30 43.44 4-1.93 - 4 2 M  42 56 20.48 9.83328715 4-2.27 
55 32 21.19 +1.45 -354-36 46 17 59.13 9.85911081 4-2.01 
25 50 21.23 +4.34 -274-3 3 00 27.23 9.6?607119 4-4.53 

9.29002152 

I l o ,  . I I I i o ,  , I  I I 

20. 0=-2.S1+3.44 (24)-3.59 (25)+0.$5 (26)-0.34 (30)- 1.13 (31)+1.47 
(33) + 1.05 (33)- 4.79 (34) +3.74 (35) 

& 57899546 K 57896988 

' 21. 0=+25.5S+4.52(27)-233.20(2S) +17.6S(29) +21.S8 (43)-23.S1(44) 
+ 1.93(45) +0.7S(50)- 5.13(51) +4.34(.52). (Thisequationshould be divided 
by 5 before entering it in the correlates.) 

~ ~ ~ 

' 23. O=+ 1.19-0.25(45)+ 10.14(46)-9.S9(47) -2.39(48)+ 6.13(49) 
-3.74(50) - 17.70(56)+ 19.90(57) -2.30(55). (This ecjuation should 
be divided by 5 before entering it in the correlates.) 

1 The coetRclents of the different rqualioiis of n iiet ~houlll he approximntelv the same size. If the coef- 
flcients of an e uation are too largc. thry shuulri he dividrd by a fartor to b h g  Wieni l o  the proper size. 

2 In a r e n d  point flgure with one diagonal observed, whirh requires 2 side rquations, one of the sldb 
equations should bc written with the polr at thc center and should be carrird entirely around the Egure. 

EXPLANATION OF AZIMUTH EQUATION 

In the formation of the. aziniutli equations differences between 
forward and hack azimuths are used and it is necessary, therefore, 
to make a preliniinary coniputation of the geographic positions of the 
various stations to determine these azimuths. This same compu- 
tation is used in determining the latitude and longitude closures 
and an explanation of it will be found on pages 66 and 69. We shall 
consider here that these positions have already been computed. 
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Starting with the fised azimuth, Palo-Pedro, and using the observed 
directions and the differences between the azimuths and back azi- 
muths through the shortest route, the azimuth of the line Garcena- 
Gorgora is determined. It is well to go through the angles in a 
clockwise direction, wherever possible. The angles will then be 
added instead of subtracted. 

Conipiitntion of azimuth equation 

seconds 
Palo-Pedro (fisedazimuth) _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  12 02 25.00 25.00 

$99 37 25.05 24.98 
Palo-Eltoro _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  111 39 50.05 49. 98 

2 45.12 45.11 
Eltoro-Palo _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  291 37 04.93 04.87 

4-194 18 20.42 19.76 
Eltoro-Pmcho _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  125 55 25.35 24.63 

- 3 14. 32 14.32 
Pancho-Eltoro _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  305 52 11.03 10. 31 

- 22+26~_____---__________________________ +142 14 59.23 58.40 
Pancho-Corpus _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  88 07 10. 26 OS. 71 

- 2 04. 55 04. 55 
Corplis-Pancho __________________: _ _ _ _ _ _ _ _ _ _ _ _ _ _  368 05 05.71 04. 16 

+186 42 58.48 57.32 
Corpus-Hebron _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  94 4s 04. 19 01.48 

- 3 10.09 10.09 
Hebron-Corpus _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  274 44 54. 10 51.39 

+173 35 47.89 47.18 
Hebron-Garcena _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  88 20 41.99 38.57 

- 1 11. 31 11.31 
Garcena-Hebron _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  268 19 30. 6 s  27. 26 

+ l e 2  14 05.66 05.27 
Garcena-Gorgora (computed azimuth) _ _ _ _ _ _ _ _ _ _ _ _ _  70 33 36. 34 32. 53 
Garcena-Gorgora (,fised azimuth) _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  70 33 32. 53 32. 53 

Closing error- _ _ _ _ _ _ _ _ _ _ _  _ _ _ - - - - _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _  +3. 81 0.00 
O= +3.81t- (4) + (6)- (7) + (11)- (22) + (26)- (33) + (37)- (43) + (47) 

0 I I I  Final 

- 

-- 

24. 
- (53) + (55) 

The azimuth equation above is made up as follows (see p. 50): 
Starting with the azimuth Palo-Pedro, 12' 02' 25100, and adding 
the angle at  Palo from Pedro to Eltoro (designated by -4+6), 99' 
37' 25105, we get 111' 39' 50!'05, which is the azimuth of 
the line Palo-Eltoro. Now in order to carry the azimuth ahead, it 
'Is necessary to obtain the back azimuth of this line or the azimuth 

This column is 0lled out after the adjustment is completed. 
tThe azimuth constant should be corrected by the amount slnqh (An-An'), where& is the mean latitude 

and A.-A.' is the discrepancy in longitude. 
&p28' 20' 49' and Am-An'= -01006 

log 0.006- 7.7iS2-10 (negative). 
9.6472-10 log sin 28' 20' 49'= 

log correktion- 7.4254-10 (negative). 
correction= -01003. 

This correction is not large enough to affect the azimuth constant. 
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Eltoro-Palo. This is obtained by adding 180° and (algebraically) 
the difference of azimuth due to convergence of meridians as com- 
puted on page 71, to the azimuth Palo-Eltoro. That is, 

O f  f I  

Azimuth, Palo-Eltoro = 11 1 38 50. 05 
180 00 00.00 

45. 13 Difference of azimuth and back azimuth=/ - 

Azimuth, Eltoro-Palo = 291 37 04.93 

Then using the azimuth Eltoro-Palo as given above, and adding the 
angle at  Eltoro from Palo to Pancho, we obtain the azimuth Eltoro- 
Pancho. 

In  this manner, as shown on page 62, the azimuth is carried along 
until the aziniuth Garcena-Gorgora is determined. It must be 
remembered that the observed angles are used in forming the azimuth 
equation. They can be obtained from either the list of directions 
or the triangle coniputation. The designation of each angle used 
should be placed to the left of the corresponding angle as shown on 
page 62. At the end of the equation the fixed aziniuth-of Garcena- 
Gorgora should be placed directly under the computed azimuth. 
The azimuth equation may then be written by placing the fixed 
azimuth equal to the computed azimuth plus all of the v's denoted 
by the designations of the angles in the coniputation of the azimuth 
equation. For convenience all ternis are transferred to the right side 
of the equation, and the difference of the two azimuths (computed 
minus fixed) is. used as the constant term of the equation. 

EXPLANATION OF LENGTH EQUATION 

The specifications for horizontal control for first-order triangula- 
tion (see Special Publication No. 120, p. 2) require that the closure 
in length upon a measured base or a line of adjusted triangulation 

must not exceed that represented by an error of k0 after the 

angle and side equations have been satisfied in the adjustment. The 
closure in length can easily be expressed as a ratio by dividing the 
discrepancy in the logarithm by 0.4343, which is the niodulus of the 
coinnion system of logarithms. For instance, in the following length 
equation the discrepancy in length is 3.37 in the sixth place of loga- 
rithnis and therefore the closure in length before adjustment is 

After the angle and side 0.00000337 -- 0.4343 Or approfimateb 1 m '  
equations are satisfied in the adjustment the discrepancy in length 
is 7.25 in the sixth place of logarithms (see p. 91), that is, the closure 

1 or approximately -a 60000 
0.00000735 

o.4343 in length after adjustment is 
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The length equation is formed as shown in the table on page 65. 
It diflers from a side equation in that it involves the logarithms of 
two lengths. Starting with the line Palo-Pedro the length is 
computed through the best chain of triangles (see fig. 22) until the 
coniputed length of the line Garcena-Gorgora is obtained. The 
angles turned through in carrying the length through the sc.henie are 
indicated by small arcs near the vertices of the triangles in Figure 25. 

In  most cases it will not be necessary to compute the ER (see 
p. 236) in order to get the best chain of triangles. An esperienced 
matheniatician will be able to tell froni an inspection of the triangles 
which is the strongest chain. The beginner, however, when in doubt 
about the best triangles in any particular quadrilateral of the chain, 
should compute the ZR for that quaclrilateral. A good general 
rule to follow is to avoid the small angles in the formation of the 
length equation. 

Fro. ?5.-Triangulation net, showing triangles used in forming latitude and longitude equations 

The logarithms of the fised lengths are written hi khe first line of 
the length equation computation in the columns headed “logarithm.” 
The logarithms of the fised lengths used in the length equation must 
be corrected for the difference between arc and sine. A table of 
these corrections is given on page 231, This correction is - 16 in the 
eighth place of logarithms for the length Palo-Pedro and -13 for 
the length Garcena-Gorgora. These corrections should be placed 
just above the logarithms of the lengths themselves. 

The arc-sine correction may be esplained as follows: In  the fornia- 
tion of a length equation it is assumed that small arcs are proportional 
to their sines. Similarly, in the derivation of the position computation 
formulas it is assumed that small arcs, 8 and Ah, are proportional to 
their sines. As this assumption introduces a slight error in the com- 
putations a correction must be applied to take account of the error. 
I n  the length equations we are concerned only with the corrections 
corresponding to log s, which are always negative. In  the case 
of the position computation, however, the differences are taken out 
for both the arguments log s and log AA, the .first with a negative, 
the second with a positive sign, and their algebraic sum is applied 
as a correction to log Ah. A table similar to the one on page 231 is 
given on page 17 of Special Publication No. 8, sisth edition, but as 

(See p. 65.) 
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1 
Symbol 

-- 

it is only carried to seven places of decimals it can not be used for 
first-order work, which should be carried to eight places of decimals. 

Colunins 1 and 5 of the length equation, headed “synibol,” can be 
filled out directly from Figure 22. After determining through which 
triangles the length is to be carried, the following rule can be used 
in filling out these colunins: In the first column is placed the desig- 
nation of the angle adjacent to the starting length but opposite the 
side through which the length is nest carried, while in the fifth 
column is placed the designation of the angle opposite the starting 
length. For instance, in Figure 25 tvhe line Palo-Pedro is the starting 
length and the line Palo-Fordyce is the line through which the length 
is to be carried nest, so - 1 + 3  is placed in the first coluinn, and 
- 15 + 16 in the fifth column. Palo-Fordyce now becomes the start- 
ing line and Eltmo-Fordyce becomes the nest line through which 
the 1ength.k carried so - 5 + 6 and - 7 + 9 are placed in the first and 
fifth colunins, respectively. In  a similar manner, the rest of the first 
and fifth columns are filled out. 

The remainder of the computation is handled in esactly the same 
manner as for a side equation. The constant term for the length 
equation is obtained by subtracting the suni of the quantities in the 
seventh column froni the sun1 of the quantities in tlie.third column. 
The quantities in the fourth and eight,li colunins are the coefficients 
of the quantities in the first and fifth columns, respectively, as in a 
side equation. It must be remembered that the coefficients from 
the eighth colunin change sign, the right side of the table being 
subtracted from the left side. 

Coniputatiota of lsngtli equation 

3 
Angle 

.~ 
.t% 

4-1.81 
+1.45 
+l.% 
+LO6 

+.25 
+2.39 

-1+3 
-5+fi 

J 2 + U  
-10+11 
-17+19 
-25+?6 
-2s+30 
-36+37 
--35+39 
-45+47 
-48+49 

I -31/32 61 35 OS. 72 9.9144513 
-33+35 82 54 15.91 9. !29944177 
-40+41 78 09 40.13 9.9W%?23 
-424-44 42 56 20.4s 9. €a329715 
-50+51 69 29 07.23 9 .97 lM07  
-53+54 87 18 30.19 9.9R500?09 
-564-58 43 44 32.07 9.83973894 

3.00670332 

70 3? 18.94 
38 09 53.52 
76 47 50.67 
14 39 lir91 
89 53 49.2s 
49 18 39.39 
55 32 21.19 
47 30 43.44 
63 OS 11.31 
I 16 4 5 %  
41 19 4Bog 

I I 

* See p. 64. 

a 
Logarithm 

-10 
3. Oi8lrn 

9. ei44XN4 
9. 4 w m 7 5  
9. (rgW70911 
9. p . I m s  

9. mL31749 
9.9161bW 
9.8077146s 
9.95010Fr2 
9. wmOM4 
9. 81979114 

3.00970105 

9. a g w m o  

+0.74 -15+1& 48 00 G9.W 9.S7109231 
+Z. 67 11 

-7+9 I ii :7 14.58 1 9.99oCY371 
+.49 -20+2l “0 13.41 9.71606319 

4-2 13 -22-k24 M 2.9 16.62 9.9553S436 

- 
8 

rahular 
differ- 
ence 

._ _ _  - - - - .  

+I. 90 +. 45 
+3.46 
+1.00 
+I.  13 -. 11 +. 45 
+227 +. 7s +. 8s +’. 20 
- 

25. 0=-2.27-0.74(1) +0.74(3)- 2.67(5) +3.67(6) +0.45(7)- 0.45(9) 
- 2.13(10) +2.13(11)- 0.49(12) +0.49(14) +1.90(15)- 1.90(16) 
+3.46@0)- 3.46(21) +1.00(22)- l.OO(34)- l.Sl(35) + l.Sl(36) 
- 1.45(25)+1.45(30)+1.13(31)- 1.13(32)-0.11(33) +0.11(35) 
- 1.93(36) +1.93(37)- 1.06(38) + 1.06(39) +0.45(40)- 0.45(41) 
+2.37(42)- 2.27(44)- 0.35c-15) +0.35(47)- 2.39(45) +2.39(-19) 
+0.78(50)- 0.75(51) +0.8S(53)- O.S8(54j +2.20(56)- 2.20(58) 
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LATITUDE AND LONGITUDE EQUATIONS 

The angle, side, azimuth, and length equations having been 
Iornied, the latitude and longitude equations should now be formed. 
The development of condition equations for latitude and longitude 
closures is given very fully in Special Publication No. 28. Only 
the actual mechanical operation of forming these e.quations will be 
given here. 

Until a few years ago the usual practice was to adjust a net of 
triangulation for only angle, side, length, and azimuth conditions 
at first and'then, using the adjusted angles and lengths, to compute 
the geographic positions and determine the latitude and longitude 
closures. A new adjustment was then made to eliniinnte the dis- 
crepancies in latitude and longitude. In this second adjustment, it  
was necessary to hold the constant terms of all the equations, except 
the latitude and longitude equations, to zero, since all closing errors 
escept in latitude and longitude were eliminated by the first adjust- 
ment. 

The present practice is to adjust, the latitude and longitude equa- 
tions along with the other equations. Whe.n this is done. it is neces- 
sary to compute preliminary positions through a selected c h i n  of 
triangles in order to deteiniine t,he latitude and longitude closures. 

In this chain of t&mgles the observed angles are used for the length 
angles (the angles in each triangle through which the length is carried). 
The azimuth angle. in each triangle is concluded by subtracting the 
siini of the two length angles froin 180' plus the spherical escess. 
This angle should in every case be placed in parentheses to show 
that it is concluded. However, if one of the length angles is not 
observed, then the observed azimuth angle must be used, and the 
unobserved length angle concluded. 

The chain of triangles through which the preliminary positions are 
computed is shown in Figure 26. It should be noted particularly that 
since the azimuth angle is concluded, it should he designated by the 
concluded c.orrection symbols. For instance, in the triangle Fordyce- 
Palo-Pedro (see fig. SG), the' angle at Palo and its correction symbol 
are obtained as follows: 

0 I I 1  

- 15+ 16 Fordyce 4s 00 09:94 
-1+3 Pedro 70 33 18.94 

~ ~ ~ 

- 1+ 3- 15-k 16 sum of Fordyce and Pedro anglea 11s 33 2s. 85 ' 
lSOo +spherical escess 1SO 00 00.3G 

+ 1-3+ 15-16 Palo 01 37 31.38 

The concluded ctziniuth angles of all the triangles and their corre- 
These sponding correction synibols are obtained in a similar nianner. 

triangles are given in Figure 26. 
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COMPUTATION OF TRIANGLES 

2-3 ?alo-lJe&o 

6- 1 W w o e  48 00 09.94 

c 2 Palo (61 27 31.38) 

p - 1 t 3  3 Pedro 70 32 18.94 

1-3 Fordyce-Pedro 
1-2 Fordyoe-Pelo 

2-3 Polo-Fowoo 

0 -74 1 Y l t O N )  77 47 14.58 
A -54 2 ?el0 98 09 53.58 

C 3 Ford@. (64 02 52.11) 

1-3 Eltoro-ForQce. 
1-2 El toro-Polo 

2-2Eltoro-Fordgce 

BiQler 1 mi. 31 ZO 13.41 

C a xltoro ( T l  51 47.19) 

A-EA4 3 FcrQoe 76 47 59.67 

1-3 GMIcl-Fordyce 

1-2 Gamia&ltOrc 

2-3 ~1 toro-l;araia 
0-4 1 Pancho 64 28 16.62 

c . 3 0nrOh (70 52 24.85) 

A-loJl 2 BltOrO 44 39 18.91 

1-3 PPnoho4arOi. 
1*2 P ~ - E l t O E O  

2-3 P8tlCho-DsrOia 
6-1 Jlp-nt 61 39 08.72 

2 PDllcho (28 28 02.17) 

A-I't+B 3 G m i .  89 63 49.88 

1-3 ~ m m e n t - ( i a r o l ~  
1-2 2&mrmnt-Ppncllo 

3.978 1620 

0.08 09.86 0.128 9079 

0.09 31.29 9.943 7283 
0.09 18.85 9.974 4600 

0.26 4.050 7882 
4.081 5099 

4.081 5099 

0.07 .14.51 0.009 9 . u  
0.07 53.46 9.790 9366 
0.07 62.04 9.953.8366 

0.21, 3.882 3879 
4.046 2879 

0.09 

0.09 
0.09 

0.27 

0.13 

0.12 

0.13 
a. 38 

0.06 

0.06 
0.06 

0. 17 

3.802 3879 

13.32 0.283 9371 

47.10 9.977 8678 
59.56 9.988 3710 

4.144 1928 

4.154 6960 

4.154 6960 
16.49 0.044 6158 
18.79 9.846 8559 
24.72 9.975 3388 

4.046 1677 

4.174 6606 

4.046 1677 
08.66 0.055 5444 
02.12 9.678 2055 
49.22 9.999 9993 

3.779 9176 

4.101 7114 

FIG. %.-Triangle computation to obtain latitude and longitutle closures of net 
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0.07 
0.06 

0.06 

0.19 

0.05 
0.04 
0.05 

0.14 

0.06 

0.06 

0.06 
0.18 

0.06 
0.04 

0.06 

0.14 

4.101 7 l l 4  

15-84 0.000 6688 
3 9 . S  9.879 8174 

048s 9.787 2448 

3,988 0870 
9.889 5144 

3.982 0870 
40.08 0.009 5878 

58.78 9.859 iui 
2l.14 9.916 1978 

3.860 6409 
3.907 6286 

. 9.907 6326 
a0.u 0.166 7190 

43.38 9.867 7146 

66.20 9.999 9866 
3.948 0502 

' 4.074 3&?1 

3.942 0502 

07.18 0.028 46% 

4 1 6 6  9.866 7831 

11.86 9.950 COM 

3.837 8878 
49-20 9106 

2-8 RebronBlmld  -3.920 9105 

6- i Gercenr 67 18 zo.is 0.08 80.16 0,034 9979 

A46447 a liebron 83 16 45.56 0.03 46.63 9.997 0064 

C 3 Bingold [29 24 54.34) 0.03 64i31 9.691 1998 
14 Csroena4iWold 0.09 3.952 9158 

1-2 GaroerrclrIlebmn 3.647 1076 

FIG. %.--Triangle computation to oblsiu latitude and longitude closures of net-COnthUed 
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After the preliminary triangles have been computed, the preliminary 
geographic positions are computed to determine the latitude and 
longitude closures. As bhe full explanation of the computation of 
geographic positions and the developnient of the formulas for com- 
puting them are given in Special Publication No. 8, it will not be 
necessaxy to repeat the explanation here. The actual computation 
of the positions are shown in Figure 27. 

FORMATION OF LATITUDE AND LONGITUDE EQUATIONS 

The formation of the latitude and longitude equations from the 
preceding preliminary positions is shown in Figure 28, forni 496 
being used for this purpose. 

The formulas for the latitude and longitude equations are as follows 
(see Special Publication No. 28, p. 31): 

Latitude: 0 =7238.24 (4n - 4,i)” + 2[ (+, - &)’ 
b (%)I + [ * a,l (A, - X J ’  ( d l  

(VA)  - (4, - 4‘)’ 

Longitude: 0=7235.24 (X,-hx,~)”+Z[(X,-Xx,)’ 6 A  (oA)  - (X,-XxL)’ 

In these equations vA, us, and vC are replaced by their crmection 
symbols, care being taken to use vc= - v A - t , B ,  if the azimuth 
angle has been concluded in carrying the position computation through 
the chain. For convenience in computing, it is important to arrange 
the computation in the form of a table as shown on page 81. 

s B ’ ( h ? ) ] + E : [ * a ~ 2  (4n-4~)’ (%>I 

EXPLANATION OF COMPUTATION, LATITUDE AND LONGITUDE EQUATIONS 

In the column headed “station” is placed the name of the station 
corresponding to the C angle of each triangle of the preliminary set 
of triangles. The values in the colunins headed & and 
1, are obtained directly from the position computations, as also the 
values for c $ ~  and X, in the upper right-hand corner of the form. 
The columns headed 4, - In the 
column headed bA is placed the tabular difference of the length angle 
adjacent to the starting length in each triangle, and in the column 
-aB is placed the tabular difference, with minus sign, of the length 
angle opposite .the starting length in each triangle. ’ If the position 
computations are carried through the same triangles as the length 
equation, as they should be, then the values in the colunins headed 
bA and - b B  can be taken directly from the columns headed tabular 
difference in the length equation computation (see p. 6s) by simply 
changing the signs of the quantities placed in the column headed - bB. 

In the colunins headed A, B, and C are placed the designations of 
the angles of the various triangles passed through in forming the lati- 

(Text continued on p. 80) 

(See p. 67.) 

and X, - X, are self-esplanatory. 
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tude and longitude equations. In  columns A and B are placed the 
designations of the length angles, that of the adjacent angle in A and 
that of the opposite angle in B, and in colunm C is placed the desig- 
nation of the azimuth angle. It should be noted particularly that the 
designat,ions in column C are of the concluded angles. (See p. 67.) 
The symbols in columns A m d  B may be taken directly froni the 
column headed symbol in the length equation computation. The 
signs of the symbols in column C depend upon whether the aziniuth 
angle is turned to the light or to the left in computing through the tri- 
angles. If it is turned to the right, then the symbols in column C are 
the combined symbols of columns A and B but with opposite signs. 
If the azimuth angle is turned to the left the symbols in colunm C are 
the same as in columns A and B combined and with the same signs. 

As a guide in obtaining the correct signs for the symbols in column 
C, it is well to indicate to the left of each name in the “station” 
column the direction in which the aziniuth angle is turned, denoting 
the right or clockwise turn by f, and the left or anti-clockuise turn 
by - . The directions of the turns are easily obtained from Figure 25. 

and a2 are obtained from the table on the right- 
hand side of form 496, using as argument the computed latitude, 4,,, 
of the &sed point at  the terminal of the arc, which in this c.ase is 
36O.45. 

The quantities in the three columns headed “Lat. equation” and 
in the three colunins heeded “Long. equation,” in Figure 28 are, as 
indicated in the headings, simply products of quantities in other 
columns previously filled out. The three columns headed Lat. 
equation (+,,-+,) an, Lat. equation (&,-+,) (- 8,) and Long. equation 
( 4 n - ~ c )  u2, respectively, should be filled out at  the same t h e ,  since 
each of the three products contains the multiplier (+,,-+J, which 
can be set up on a mult;iplying machine and used without change for 
the three. multiplications. In  a similar manner the %ee columns 
headed Long. equation (A,,- A,) SA, Long. equation (A,,- A,) (- 6,) and 
Lat. equation (A,,- A,) al, respectively, should be filled out at  the same 
time, since they contain the multiplier @,,-Ac). 

This completes the table on form 496 and the latitude and longitude 
equations themselves can now be formed. 

1n.forming the latitude equation from the table it should be noted 
that tmhe quantities in the column headed Lat. equation (+,,-+,) S A  are 
the coefficients of the symbols in column A, the quantities in the 
colunln headed Lat. equation (+n-+c) ( - a B )  are the coefEcients of 
the symbols in column B, and the quantities in the column headed 
Lat. equat;ion (A,-A,) az are the coefficients of the symbols in the 
column headed C. 

The quantities 
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Correlate equations 



In the Zf column the sum of the values for all directions around each point (except the points at which some of the directions are not numbered, due to havin been flred by 
a previous adiustment) is equal to zero. For example, (1)+(2)+(3)=+3.43-7.39+3.96=0. The same thing applies to the e column, in which the compon&ng valuea are E 

d 
E 
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+0.287-0.zOl -O.OBB=O. 
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In the same way in forming the longitude equation the quantities 
in the column headed Long. equation (A, - A,) ar are the coefficients 
of the synibols in column A, the quantities in the column headed 
Long. equation (A.-A,) ( -6,)  are the coefficients of the symbols in 
colunin B, and the quantities in the colunin headed Long. equation 
( + n - ~ c )  as are the coefficients of the symbols in colunin C. 

The absolute terms for the latitude and longitude equations are 
obtained by taking the products 7338.34 (cpn-4,’> and 7338.24 
&-An’), respectively, as shown on page 69, 4, and X, denoting the 
computed latitude and longitude, and 4,’ and A,’ the fised latitude 
and longitude of the terniinal point. 

If there is room on form 496 the latitude and longitude equations 
should be written on it directly below the table. 

FORMATION OF CORRELATE AND NORMAL EQUATIONS 

After all the equations have been formed they are tabulated as 
shown on pages S2-S3. In order to have the coefficients in the differ- 
ent equations of about the same size, i t  is usually well to divide some 
of the equations by a constant factor before entering theni in the cor- 
relates. For esaniple, equation 21 on page 61 is divided by 5, and 
equations 26 and 37 on page 81 are divided by 10. When dividing 
B correhte equation by a constant factor, one should be careful to 
divide the constant term of that equation by thc same factor before 
using it in the nornial equation. 

The table of correlate equations should be checked by another 
mathematician, especially if the set is large, before it is used for 
forniing the nornial equations. The normal equations are formed 
in the same manner as for the station adjustnient on pages 11-13. 
As stated there the equations are checked automatically by the 
values in the 2,  column. This does not apply, however, to the 
constant ternis in the. “7”  column which should be checked by 
another mathematician. It should be remembered that the con- 
stant term of a divided equation (see p. 61) must be divided by 
the same factor before entering i t  in.the table of normal equations. 
The table of normals is given on the folded page facing this page. 

SOLUTION OF NORMAL EQUATIONS 

The solution of the nornial equations is shortened considerably if 
the equations are taken in the proper order. In a net of triangulation 
composed of simple quadrilaterals, the rule is to eliminate the three 
angle equations and the one side equation of each quadrilateral in 
order. If the net is more involved, the order of solution should be 
such that each succeeding equation will introduce the fewest new 
terms. 
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ADJUSTMENT OF NET BY DIRECTION METHOD 85 

The solution of the normal equations is given in full on pages 86-92. 
The niethod used is the same as for the adjustment of the quadri- 
lateral on page 38, and it is therefore unnecessary to describe each 
step of this solution. 

The die& furnished by the Z column in the forward solution make 
any errors comparatively easy to find. However, there is no corre- 
sponding check on the back solution, and an error is not likely to be 
detected until the v’s are substituted in the triangles. As consider- 
able recomputation is then required to correct for the error, it is well 
worth while, especially in the case of a large set of equations, to be 
particularly careful with the back solution. The back solution, or 
computation of the @s, is shown on page 93. 
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0 

a s s  
+.3798 -. 1791 

-.4893 
+.M1170 

+1.35 +. 37% 
-1.0749 
--.@a47 

+.m -. 14717 

+.25 
-.lSM +. 3513 

+. 4119 -. 11016 

13 SI 

-1.04 
+1.4649 
-1.2217 

-.76685 
+.15416 

+3.w 
4-1.4649 
-7.3209 
-.1542 

-2.0783 +. 54624 

4-6.10 
-.3m 

-1.3039 

+4.48789 
-1.303587 

_____-_ - - -  
-a 8000 -. m 

+. 18355 
-1.0 

-1.29 
+.@SIB -. 1011 

- 1 . m 3  
+.25051 

-1.29 
+.osf% 
--.I3068 
-.2m. 

-2.ww5 
C.54133 

+zs 
-.5010 

-1.2923 

+.7808 -. 21101 

t 6  -. 8 
-1.2 -. 1936 

+3. m 4  
GI3 

11 
13 

-~ 
+4.% 
-a. 1918 
-.2612 

+1.2010 
--.23245 

+ 6 . S  
-3.1918 
-1.8032 
+.2334 

+2.8774 
- . 5 W l  

-2.94 
+.4M9 

+1.4%2 

-1.oL69 

5__- 

-- 

+. 2Wi6 

14 

--.5013 
--.0755 
+.2473 -.a 
+.?wa 
- - . O M  

4-6 -. 7742 
-1.4970 

+ 3 . 7 m  
ClC 

9 
20 
10 
12 
11 
13 
14 

+.- 
+?.7767 
+.e534 
+.0587 
-.3205 
+.1316 

23 

-1.03 +. ow0 +. 0815 

-. 25?5 +. 04887 

+: 6960 +. a91 -. 0189 

+. 23 -. 0977 +. 3363 

+. 408R -. 12-567 

tl53.63sR -. 0784 -. 9087 - rxk5.5 . __.. -. 1993 -. 0123 -. 0755 -. OB9 

t151.7000 
GI? 

I- I- 1-1- 

4-3.08 I -2 I -2 I -I-0.70 1 _ _ _ - _ _ _ _ _ _ _  
,6461 _ _  _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _  .oooO 

2 . W  _ _ _ _ _ _ _ _ _  ~ .___ ~ . . . . . . . . . . . . . . . . . . . . .  +.627l 
- - 

+4L115p, + 7959 
-.on5 I --:Go- 

+4aR407 +3.29?4 
-.28822 -.M170 

x 
27 

-1.25 +. 71S3 +. 0728 
-. 4589 +. os33 
+. 7183 +. 4368 -. 0588 

-2.5337 +. 66564 
+3.30 -. li76 
-1.58s9 

+I. 5335 

-3.60 

-. 41126 
~~ 

t 2 S  7425 +. 4(u6 +. 9558 -. 6247 -. 1'180 -. 0224 +. 3569 -. lQz7 

t29.4418 -. 19408 

-.3301 -1.2744 
.+.A380 +2.%73 
-.m9 -.@I89 
--.OB9 +.m 
-.0518 -.a40 , 

+9.7536 +zol. 178810 -.wo -1.9393940 



Sblution of rbonnal egrcatiom-Continued 

.____________ 
-2 +. 40715 

+.ooia 

-3.53i9 +. ?Bo31 

-- 
x 

2i  1 2 3  10 I 21 
17 

1 
25 

6 
ati 

-- 
-9.3613 
+7.0558 +. a337 +. 3550 
+l. 1 1 3  +. 3585 
-1. m 
-. 8311 +. 01x08 

(1 

24 

. - - - - - - -. - - .  
-0.4440 +. mu0 
.m +. 8612 -. 2150 +. 1513 

+. 3825 -. Wl 

3. 

+lc;S. 4373 
-3.2521 +. 17&3 -. s i 3  
-1.7900 

-113.4315 -1. 5;(R3 

+49.34430 
-1.07235 

'I 

4-5.116 -. !?A31 +. 0259 -. 1591 +. 4524 -. ilia 
-3. so00 

+. 6sl9 -. Ol4S2 

+. 11 +. a209 +. 05% -. 0118 

+. 3709 -. 07679 

-I- 
4-16. a583 -. 1923 +. 0146 -. 4153 
-1.7745 -. m97 

-15.9102 

-. 4923 +. O l O i O  

____-______ -0.1320 +lS. -1.5345 oooo 
-. 0105 -. 1483 

-2.1820 -. 5254 
-11.4096 

+2.06b5 

-4. 30 

-. 04197 

+. 8225 +. 1744 
-. 035s 

-3.2359 +. mo 

4-76. 7818 
10 -3.w28 
12 -.o007 
I1 -..!a3 
13 -2.6231 
14 -.4Sl 9 

? 1 -.0723 
+.00157 

~ 

2:. Oi27 -. 0053 -. 013s 

+4. m 2  
Cl6 

14 
a2 
21 
15 

+2 
-1. oi2i 
-. 0053 -. 0138 

+. m2 -. 18504 

+2 +. 33M 
-.om -.ow 

+2.3375 -. 4i421 

-2.87 +. 4210 +. 2119 +. 0085 
-3.19i0 +. 4474 

+l. 63 -. 3315 +. 0195 +. 0144 

+l. o m  -. 32357 

-4.64 
+2.40?1 
+1.7250 -. 8520 
-1. m 1 2  +. 277333 

14 
22 ai 

+n - 1.0727 -. 0053 -. 0135 -. 1651 

4-4.7401 
C17 

15 
17 

+I .  23 +. 4220 
+.2419 +. 0055 +. 40% 

+n 2990 -. 45501 

+l. 03 -. 5615 +. 0195 +. 0114 -. 2021 

+. 3003 -. OX335 

-. i 0  +. 8225 +. li4C -. 0359 +. 5993 

+. 8001 -. 1m' j  

+. 11 

+. 0578 -. 0118 -. 0.597 

+. 3072 -. OA81 

+. m a  
+5. MI 
+2.40il 
+l. im -. 8529 +. 2519 

+II. i m m  
-1.92Gs 

-2.61 

-.Wj 

-I-2.3701 I -1.5533 
-.5ooo1 .+.3&02 

+1 +. 9454 +. 0510 

+2. M) -. 5 

+l. ail -. 8955 
-1.1495 

-. 7.950 +. 19625 

-. 03 +. 4451 
-..1501 

+. 2650 -. om25 

+l. 23 
-1.3189 -. 4003 

-. 49 +. 1225 

+15.60 -. 5540 
- 4 . m  

-2 62 
+ia a 

+4. s1 4-1.33 +. 15-36 -. 1536 

-. 3325 +l. 33 
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Solution of normal eqitations4ontinued 
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- 

4 
2 
!1 
.5 
.7 
.6 

23 

+3& 9152 -. 1314 -. 0039 -. o001 
- 2 . 5 m  -. 5289 
-4.3284 

+31.3743 
Csa 

1 
3 

4 
5 
6 

19 
7 
8 
Q 

18 3 

zo 10 

12 
11 
13 
14 
22 
21 
15 
17 16 

23 

a 
24 

-1. gs -. 1177 -. oo20 +. OOOB 
+1. 6777 -. w 5  
-2.08 

-25358 +. 0905;1 
k13 -. 1667 
-1.3334 -. 2500 -. 0393 -. M50 -. 9238 -. 6111 -. OoxI -. a92 
-1.1987 -. 2500 
-.m -. 05m 

-1. m 
.m -. 2627 -. 1055 -. 0010 -. 0032 

-1.1037 -. m2 
-1. 00Do -. 2050 

+3. -2269 
C¶C 

1 
2 
3 

18 
4 
5 
6 
19 
5 
8 
9 

20 
10 
13 
11 
13 
14 
22 
21 
15 
17 
10 
23 
24 

1 
25 

-3.8006 -. 1477 +. 372 -_ m ..... 
-1.5841 +. 7679 +. 8104 

-3.7417 +. 11936 

+4. 30 +. 8317 
-23117 -. 4885 +. 0543 +. 6361 
-1.2869 
-1.0976 
--.0111 +. 2844 
-1.W -. 1312 -. 0019 -. 0217 -. 8068 . 0000 +. 5113 -. 1323 +. 1045 +. 0041 
4-1.0121 +. 0501 +. 3925 -. 30% 
-. W S  +. 02611 

tll6.2130 
-4.1500 
-4.007s -. 8789 -. 0748 
4 . 8 7 0 3  
-1.7916 
-2 3572 -. 0977. - 1. 4198 
-3.1033 -. oryI9 -. 2765 
-. Mgp . ._._ -. 3068 -. 3243 

-1.1154 -. 1000 
-10.9951 
-. 0053 -. W O  

-1.1150 -. 1541 -. 4402 -. 0031 

+i3.4932 
CII 

4 
M 

-1.39n +. 1965 +. 0167 -. 0013 +. 7874 +. 1003 -. 2756 

-. 5739 +. 01s29 

tn. 3 
+ 4 . w  
-7.4iS5 
--3 WE -.om 
+l.  9371 
-5.0111 
-1.2538 -. 0113 
+1.1@7 
-3.1101 
-1.5250 +. ooo2 +. m79 . . .... 
-1. a' .aooo -. 5(183 +. 1761 +. lns4 +. 0069 -. 5190 +. 0085 -. 1325 -. 04M 

+7.512d 
- 2 . m  

t117.4082 
-34. 2930 
-12 91158 
-6.1997, +. 1m 

-27.0137 
-& w5 
-2.7141 -. 0771 
-6.4156 
-5.0032 -. 8008 +. 0281 +. 3402 -. 8108 +. 3008 
+l. 231 +. 2209 -. 8582 -. m9 +. 4891 -. 1456 +. 05% -.ow +. 1887 

+25. RsI1 -. 35369 

x 
27 

+l. 7284 -. 2879 +. 1493 +. 0033 
-2.33i7 +. 2674 +. 5080 

+. 0334 -. 00106 
-5. ss +. 53 
-2.5950 +. 3512 -. 0430 +. 6913 -. mo 
-1. Ro88 -. 0633 +. 1674 -. 0047 +. 7 2 5  +. 003Cl -. 1796 +. 4w .oooo +. 0658 -. 2559 +. 0753 -. 0172 
+l. 5359 +. 0174 +. x50 +. m 7  

-6. 0799 
+1.84413 

4-121.6126 
-2. 59s 
-4.4991 +. 7145 +. 0593 
-9.6399 -. 2884 
-3.4509 -. 6126 -. 8988 
-1.0884 +. 3783 +. 5271 -. 0779 

?%I . .-__ 
-1.3716 -. 32.90 
- 7 . m  +. 0231 
-1.4502 -. 3882 -. 09Ba +. 0010 -. 1527 

+z: 

rl 

4-0.33 -. oi73 +. 0495 +. 0011 +. 2717 +. 1026 
-1.3832 

-. 79i6 +. 03543 
-_. 
t b  81 -. 025 -. 1450 
-.4112 -. 0384 -. 0516 -. 1713 -. 4487 +. a033 -.om -. is55 -. 3175 +. 0015 -. ow9 

-1.0745 .oouo -. 148 -. 08% +. 039  -. m 7  -. 1787 +. 0067 -. 6650 -. OM5 

-. 9395 +. %96 

-2.27 +. 1248 -. 2511 -. 7711 +. 0544 +. 7194 -. 2386 -. 9637 
+.om +. 6884 

-1.2637 -. 1667 +. 2198 
- .a32 -. 5434 ~ ~.__ -. 1228 +. m2 -. os09 

-2.8361 +. 0013 +. 1688 -. 1490 +. 2810 
-.OW1 -. OM8 

-7.2452 +. 088% 

:v 
.-n 

+31.8776 -. 8435 
4-1.4770 +. 0775 

-.8811 
+3.0498 

-10.8992 

+47.52 
+5.3883 

-19.2237 
- 4 . 1 m  
+ 2 . 1 w  
+l. 9196 
-a 4820 
-1.3053 +. 3580 
+l.  3851 
-8.0474 
-3.7138 -. 0219 -. 3683 
-7.3299 .oooo +. 5462 -. 7518 +. 7447 -. 41@2 +. 6155 +. 1988 
--h 2400 
+l. 8?03 
+3.5M771 
-1.134423 

-7.7250 
-3.0289 

--2fl7707 . .. 
-11.8154 
-2. tux34 
+l. 7775 
-7.4380 

-12 9458 
-1.9497 
-3.2506 -. 1589 
-3.7063 
-. lYg5 . .... 

-1.1255 -. sl70 
-78. 3896 +. 5279 -. 0064 
-4.4% 
+2.0587 
+2 8334 +. 0931 

+180.79024 
-a 48001 
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,901 ittion of norind eqiccrtiou.u-Coiitinued 

- 

- 
1 
2 

4 
5 

19 6 

7 
8 
9 m 

11 
13 
14 

18 3 

12 10 

L2 "1 

I 25 

16 
17 16 

23 

.- 

+451. 5182 - 112.2039 
-41.4146 
-43. i25? -. 1603 
-82. 26iQ 
-27. 1819 
-3. 1251 -. 0611 

-%A By3 
--8.0691 
-9.3025 -.am 

-12.7344 
-2.1419 -. "rn 
-1.36?6 -. 3 3 9  -. 0714 -. 0150 -. 2431 
-. Olgo -. 0176 -. 0105 

-1% 11W 
-9.1930 

+21. 0089 
CSE 

1 
' 2  

3 
15 
4 
5 
6 

19 

s 
9 

13 
11 
13 
14 
22 
21 
15 
17 18 

23 
24 
25 
26 

20 10 

x 
27 

+9l. 8144 
-15.1892 
- 14.5548 
+5. W?O -. 0869 

-3.3573 
-1. E30 
-3.934 -. 5091 
-4.0614 
- 1 . Z 4 i  ~. 
+4.m2 -. 0535 
+?. 6656 +. m 5  +. 1067 
+l. 5150 +. 4305 
-. 6 3 8  +. 03i4 +. i209 -. 0507 +. 035 +. rn 

+13.853$ 
--81.3?11 

+lS. 76BF -. 893'27 

t a 5 . w  
-1. G224 
-5.0505 -. 5514 -. 0171 

-10.4iR3 -. 04M 
-5.0519 
-4. Wi6 -. 56w -. 36s1 
-2.0880 
-1.0048 -. 8149 -. 15w -. olos 
-1. w5 -.mi 
-5. 7141 
-. m1 . _.__ 

-2. 13i4 -. 1352 -. o600 
- . W O O  

-11.3121 
-106.7017 
-16.7636 

+sS. 1364 
cn 

1 

+3. ljl9l +. T.02 -. XI33 
-5.4% 
- 0iM 

-. 9292 
+4 1" 
-1.1097 +. Oiso 
+".19ii 
-2.038Il 
-1.93Gs -. 023 
4-1.5151 
-1.4159 +. 1137 -. 3352 +. 1156 -_ 2117 ~~~ +. 0123 -. a539 -. 0195 -. os1 -. 0146 
+?. 1407 
+a. 56% 

+. 6592 -. 03138 

-4.3429 +.om -. 2322 +. e272 -. OL31 +. 7815 -. ME4 
-l..lloB +. 1505 +. 3079 -. 4356 +. 9176 -. 4189 
-. 3509 +. 3913 -. 0435 
f. 3i29 -. 16% - 1.8931 
-. nw7 . +. 24s7 -. 0519 +. 1629 +. m 
- 1.7325 
+K E%i -. 190 
+. WE -. 01629 

P ". 
+MI. 83 
-15i. 3931 
-107.8199 
-54.48iO 
+4.4353 

-81.5m 
-46. m" 
-3. ni9 
+l. 4Wl 

-33. m92 ~. -..~ 
--20.8i8i 
-22.0539 +. mc 
4-5. si45 
-9. 793u +. 1851 
+1.2440 
+l. "Goo 
-6.3194 +. 8915 +. 303 -. 5i.S 
-. 8913 +. 43i6 
-K 44i3 

-113. 4165 

+40. 432947 
-1.92465 

+4%. 2015 
-16.8116 
-32 413i 
+a 2s30 

-29.0933 
- 1 . m  

+ll. ,459 
-4.7087 
-4.16% 

+IO. i327 
+ & 1 W  
-1.3152 
+?.66i8 -. OiO7 
-1. &%IO 
-1. a 5 7  

--58.5100 
-2.2193 -. 8 9 s  
-1.5115 
+I.%% 
-. 0253 

+R. 83M 
-217. M71 
-33.1191 

t?. 4w 
-4. '010 

+.W. 08196 - 1.016% 
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Back solution 
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I 

27 25 24 3 18 17 

-a oiaas -0.03138 +. 01454 +o. 0885s +. UlSti2 +. 00596 

+o. a3488 -. 03002 +. Ma37 +. 00313 
-1-0. om4 +. OOOO2 -. om31 +. c1*1 +. 023% 

-0.06481 +. 00275 +. 00107 -. 06022 +. 00645 

-0.3325 -. 00lss +. 00112 
. +. Ow37 -. 14Y23 -. oBgp6 
-. 52368 

-. 01684 +. 12416 +. 29643 +. 02134 +. 28185 +. 08380 

+. 16843 
15 ‘ 2l 2a 14 13 11 12 

-0.07679 -. 01074 +. 00375 +. 05559 -. 14057 

-0.01482 +. WOi3 -. O0030 +. 00133 
-0. ow30 +. OM18 +. 00037 -. 0334 +. 00076 

-0.14717 -. 0 1 w  +. 0100s +. 08721 -. OiiSS 

+o. 09470 -. 0014.5 +. 00391 +. 03110 
-0.4692 -. 00x4 +. 01125 -. Oa139 

-0.11046 +. 00670 -. 00473 
-. 04985 -. O l r n  +. 089MI -. 19899 +. 00411 +. 011% 

-. oa6m -. oo!M6 +. o0010 -. 00291 +. 00835 
0 -. a0387 -. w s  -. 11206 -. o m 9  

-. 14822 - 00014 -. 018% +. 168% +. 00479 
+. 04606 -. 21339 -. 03117 

i. 00032 +. 00100 
--.MI217 +. 00467 

-. 01032 +. 012432 -. 18155 
-. 36738 -. 01198 -. 33765 -. osw -. 05iM -. 46382 -. 23950 

10 9 8 7 19 6 

-0.3175 -. 01176 +. 0256s -. 01630 -. 07411 +. 01 2% -. 23191 -. 13474 -. 14408 

-. 89215 
-- 

-0.32767 +. 00451 +. 03185 -. 099% -. 1#23 +. 08383 +. 44608 

-0.16271 -. 00550 -. OM59 +. 06622 -. om4 +. 04121 -. 35751 +. 00189 

-0.00919 
-.00422 -. IN052 +. o m 7  

, +.OolS -. 00470 
-.m11 -. a0604 

+O. ffii94 -. 00265 -. MI015 
--.ninf,i 

+o. 3 m  -. 01906 -. 01550 +. rnlQ27 

-0.15888 +. 00535 -. 03688 -. 001*19 -.om +. 01084 +. 03119 -. 13514 -. 03398 +. 09276 

-. 2Ws 

. _ _ _  .. 
-.ooO17 +. 01369 +. m +. m 8  

i. 11036. --.om: -. 00238 -. lml +. 03114 -. 00951 +. 06951 -. M84 -. 01813 +. 37423 

5 4 18 2 3 

-0.41185 
-.ma1 +. c556.3 -. 05520 -. 07411 -. 00602 -. B!B8 -. m 7  

-. 73456 

1 

-a. amif -0.10817 
-.OZ3fdJ -. 06840 +. 16560 -. Ow36 +. om44 -. 15010 
-.?$117 

+o. 01m -. m -. 00057 -. 0028s +. 00499 +. oo@A -. 00459 
+. 01377 -- 

-0.05438 +. 01564 +. 04723 -. 1071 -. 14822 -. (30702 +. 38729 
+. 11311 

-0.025 
-. 00847 -. 08198 +. 103% -. 04941 

-. 00770 
-. 33919 
:%: 

+. taiW +. a1951 -. 07%2 -. 12497 -. 04600 -. wJ86 -. 19486 -. 01875 -. 20175 -. 46475 
-. 70lW 

After the 0’s are determined, the nest step is the computation of 
the v’s, that is, the corrections to t8he directions. These corrections 
are obtained, as is the case of the single quadrilateral, by substituting 
the values of the C‘s in the table of correlates. A set of v’s is then 
adopted to make all the equations consistent. (See p. 15.) 
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-0.0723 
+.I131 

+.olos 
+.04 

U. S.  COAST AND GEODETIC SURVEY 

Computation of corrediom (v’s) 

-- 
+O.OXl 
--.Om -. 0559 
+.a30 +.Ma -. 73443 

-- 
’ 1  

l i  

t0.0013 
-.0460 +. 5064 

+. 4617 +. 46 

26 

-0.0070 
-.ow 
+.2%7 +. 2064 

2 

18 
-~ 

+0.0085 
+.01 

‘ 2 7  
-~ 

-0.4051 
-.0108 
+.05i4 

3 

t O . O l a a  
-.0318 
+.0137 
-.I801 +.m 
+.4638 

4 

+0.001)3 
+.a10 
-.a396 
+.3531 
+.3378 
-.a695 

5 

H. M61 
-.0006 
-.a818 
+.3764 
+.05iO 
+.2895 
-.33m 

6 

‘-0.0160 
+.0089 
-.a10 
-.ow2 -. 1730 
-.OW6 
-.la34 

7 

-0.0880 -. 1131 -0.0614 +. 0788 +. 0818 +. 0302 +. 1131 -. 3392 

to. om +. lOi9 -. 3315 -. 05% +. 7346 -. 3392 

- 0 . m  -. 1079 +. 3315 +. 2964 +. a368 -. 7346 +. 1131 

-0.O.Wl +. 05% +.om -. 2964 +. Ma +. 7346 -. 1131 

+o. 0614 -. 0798 -. 0919 +. 0578 +. 3392 
+. 2867 +. 29 

-a +. 0159 

+. 3392 
-. 0515 -. 05 

-. 1131 -. mil -. a0 
-. 0858 -.os +. 1755 +. 18 -. 3024 I -.30 -. 1210 -. 12 

15 

+. 4300 +. 43 
1G 

to. 0586 +. 1122 -. 2359 +. 092 -. 3392 

10 11 12 13 14 

+o. 0221 +. Mu5 -. 2815 +. 7010 -. 4648 

+o. 0386 -. 0650 -. 0608 -. 0089 -. 3742 +. 4648 

-0.0360 +. 0850 +. 0608 -. 0321 +. 0110 -. 4648 +. 7346 

-0.0% -. 1122 +. 2359 -. 0402 -. 7346 +. 3392 

+o. 0410 +. 3742 
+. 4152 +. 41 

22 

-0.0454 +. 0317 +. 12d2 
-. 2664 -. os49 +. 7010 

-0.0221 -. 0815 +. 2645 
-. IO10 
-. 2267 -. 23 

+. -w 
+.ow 
+.OB 

I9 
-- 
-0.0013 +. ayx) -. 0133 -. 0085 -. 5064 -. 3742 +. 7010 
-. 1577 -. 16 

-. 3791 -. 38 

25 
-- 
to. 0070’ +. om -. 2217 -. 2704 +. 8922 -. 5064 

-. 0075 -. 01 -. 3i05 -. 37 

24 

to .  0454 -. 0317 -. 1242 +. 2391 -. 0182 +. 0085 +. 5064 +. 3742 -. 7010 
+. 2995 +. 30 

+. 3409 +. 34 
23 

to. la31 -. 3i42 
-. 3ill -. 27 
- 

a0 

-0.1031 -. 0987 +. 4296 +. 0763 -. 7010 +. 4648 

21 

+o. 1031 +. 0987 -. 4298 -. Of330 +. 3742 -. 4648 

+. 0879 +. 07 -. 3814 -. 38 +. 4302 +. 43 -. 0543 --. 05 I 
29 30 31 32 33 34 

35 I 36 
as 

-0.0424 +. 4838 -0.3350 -. m 5  
to. ow 
-. 1.103 +. IO22 -. 5084 

-. 4725 -. 47 

+. 0486 
-0. ow0 +. o300 +. 1m 
-.lass -.om -. 4638 -. 2895 +. 8922 

+. 1905 +. 19 

-0.0254 -. 04Bg +. 1u13 -. 07&3 -. 8922 +. 5064 
-. 3961 -. 39 

-0.019 +. 0318 -. 0137 -. 2964 +. 0730 +. 899 +. 0095 
+. 6765 +. 69 

+. 4214 +. 42 -. 342.5 -. 34 
+.m5 -- 
--.8922 I +.a191 +. 6152 +. 62 

37 
-- 
-0.0063 -. 0310 +. 2396 +. 2964 -. 1730 -. 3378 
-. 4638 

38 39 40 41 42 43 44 1 45 

+0.0031 +. 0315 -. 0559 +. 05i4 -. %Q5 

-. 2311 -. 23 
-- 

-0.0361 +. Go66 +. 2319 
-. 25&4 

+. 33% +. 4838 

-. 2034 

-0.0524 -. 4638 

-. 5162 -. 52 

+o. 0044 
-. 0086 -. 1316 +. 2885 -. 0574 
+. 0963 +. 09 

-n. 0044 +. 0086 +. 1316 -. m 5  +. 3378 
+. 1‘541 +. 18 

-0.0054 -. 0315 +. 0559 -. 3378 +. 2685 

-. c4m -. 05 +. 36i3 
-. 3095 -. 31 

+. 5511 +. 55 -. 4750 -. 48 



- 
40 

+o. +. 16&4 

+. 2981 +. 30 
-- 

48 

-l-O.29s7 
+.0786 
-.5337 
+.a73 

+.a 
--- 
+.ais9 

ADJUSTlldENT OF NET BY DIRECTION METHOD 

Computation of corrections (u’s)-Continued 

50 51 53 - ~ ~ -  
-0.0036 $0.0038 -0.3890 
-.W +.COW --.0104 +.m -.m -.a74 
-.0479 +.4589 - 
-.06w +.0123 --.4568 

+.le& +.05i4 
-.36;3 - 
- .GU~Y - .a95 -.45 

+ . m 5  +.]%a 
+. 0 5 1  
+.OB 

+. 16 

47 

to. 0180 

+. 0310 +. 2964 -. la65 -. 3673 

-. 

-. 1593 -. 16 

48 

-0. %57 -. 0307 
-. 1884 +. 5237 

+. 0379 +. 03 

53 

-a om +. 0005 +. 1093 -. E64 +. 3673 

+. 1607 +. 16 

95 

54 

+o. om -. 0005 -. 1093 +. 5237 -. 3673 

+.om +. 06 

I I I I 

As a check on the coniputation of the v’s they should be summed 
up around each point to make sure tliab each sum equals zero (except 
where one, or niore.directions at  the point are not numbered, see p. 37). 

COMPUTATION OF TRIANGLES 

The adopted values of the 27’s can now be substituted in column 4 of 
the triangle computation (see fig. 24) and the final triangles can be 
computed as explained on page 39. 

In a coniplete quadrilateral each line is a part of two different 
triangles. The logarithm of each length appears therefore in two 
different triangles. The agreement of these two values in all cases 
furnishes a check on the adjustment and computation. Another 
check on the work is that the length as carried from the first fised 
line to the second fixed line of the arc must agree with the fixed value 
of the latter. The elimination of the azimuth discrepancy can be 
checked before the positions are recomputed by substituting the 
adjusted angles for the corresponding observed angles on page 62. 

When it is certain that all the angle, side, azimuth and length 
equations are satisfied, it is necessary to recompute all the geographic 
positions, beginning with the fised line Palo-Pedro and ending with 
the fixed position Garcena. These recomputed positions are shown 
in Figure 29. 

If the latitudes of the various stations have been only slightly 
changed by the adjustment, then in the recomputation of the geo- 
graphic positions the second, third, and fourth terms of the AI$ may 
be taken directly from the preliminary computation of the positions 
and only the first terni need be recomputed. In a great many cases 
the recomputation of positions may be made by merely correcting 

(Text continued on p. 107) 
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FIG. B.-Final position computation for stations of net 
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FIG. 29.-FInal position computation for stations of net-Continued 
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FIG. 29.-Final position computation for statlons of net-Continued ' 
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A. 
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(10 36.27 
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POSITION COMFVTATION. FIRST-ORDER TRIANGULATION 
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FIQ. 2D.-Final positbn computation for stations of net-continued 
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POSITION COMPUTATION. PIRST-ORDER TRIANGUUTION 
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FIG. 29.-Final position computation for shtionv of net-Continued 
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FIG. %.--Final position computation for stations of net-Continued 
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FIG. %.--Final position computation for stations of net-Continued 
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the preliminary computation. Compare the positions in Figure 29 
with those in Figure 27. 

The.coniputed position of Garc.ena should agree with the fised 
position. Such being the case all the equations are now satisfied. 
The values of the C s  should now be placed in the proper colunin in 
the table of nornials, facing page 84. The values of the v’s and the 
adopted vJs are now conipletely checked, and they should be entered in 
the proper columns in the table of c.orrelates, pages 52-83, Next, using 
the sketch for the designations of the directions, the corresponding cor- 
rections should be applied to these directions in the list of directions, 
Figure 23. The find seconds in the list of directions should be 
checked by the angles in the triangles. (See p. 41.) 

PROBABLE ERROR OF A DIRECTION 

In  the table of correlates, pages 83-83, the last colunin to the right 
contains the squares of the adoptscl v’s. The probable error of an 

observed direction is coniputed from the formula, p. e. = f 0.6745dq, 

where Z va is the suni of the squares of the corrections to the dire+ 
tions, and (r is the number of condition equations used in the adjustr 
meiit. For the arc here given, 

Sua = 5.9667 

Therefore the probable error = f 0.6745 

The last operation in the adjustment of an arc is making out the 
list, of geographic positions with the azimuths and logarithms of the 
distances on form 28B. The colunins headed “Sta- 
tion” and “To station” are filled out first by using the sketch to 
pick out the proper order of the stations in regard to azimuth. The 
list of geographic positions for the present arc is given in Figure 30. 
For the method of computing the azimuths which can not be obtained 
directly from the position computation see pag0 47. 

- 

c=37 
5 9667 - f 0.“32. dG- 

(See fig. 30.) 

Statistics showing accuracy of triangulation 

When a net, of triangulation has been finally adjusted a table of 
statistics similar to the one below should be prepared, showing the 
accuracy of the observations: 

Total number of triangles _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Number of triangles with plus closures _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Number of triangles with niinus closures- _ - - - _ _ - - - _ - - _ - 
Number of concluded triangles--_ _ _  _ _ _ _  _ _ _ _ _ _ _ _ _ _  - _ _ _ _  
Average closure of triangles without regard to sign--_ - - - _ - 
Maximum closure of a triangle _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Mean error of an angle _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _  -_: _ _ _  
Probable error of an observed direction _ _ _ _ _ _ _ _  _______-_  
640737’46-8 

23 
5 

18 
0 

0232 
1939 

kOY59 
A0132 



Eltwo 

1917 

Ouci. 
1917 

RrnCM 

1917 

Moment 
1317 

STATION. 

d.m. 

a.m. 

d.n. 

d.m. 

a.m. 

d.m. 

LATITUDE AND 
LONBITUDB. . I .I 

GEOGRAPHIC POSITIONS 

26 17 47.434 
98 34 45.238 

26 21 51.9513 
9s ,34 00.305 

26 20 41.270 
98 42 29.279 

26 26 3t.792 
98 41 17.285 

26 21 16.682 
98 46 02.965 

26 26 28,446 
9s 45 56.994 

hhan north American 

s ~ o a m  AZIYUTB BACK A l l M U T U  m STATION. Urn.". . I I, . I ,I 

149 .s 
129.9 

199 .o 
8.5 

1270.1 
811.8 

1132.3 
478.9 

513.4 
82.2 

875.4 
1579.1 

2j3 26 51.93 73 29 S.76 Falo 
y ~ i  27 01.86 121 29 34.78 mdro 

291 37 04.87 111 39 49.98 hlo 
328 04 40.91 148 06 54.10 Bdro 
9 24 18.72 W 23 5S.79 Fordgce 

261 12 20.06 81 16 06.01 m o m  
292 32 33.02 112 35 58.77 Fordsee 

305 1~.31 125 55 24.63 ntwo 
326 15 56.b 146 18 50.53 Fordyco 
10 XI 26.Q 190 19 9.79 Oarcia 

218 46 22.65 38 4s 29.67 Pancho 
280 24 31.29 1M) 26 06.1) brei* 

268 05 04.16 88 07 08.71 Paneb 

331 40 06.85 151 41 B.18 Osrcia 
o 3 19.31 im 3 16.65 yonmnant 

4.196968 
4.1441935 

4.17465U 
4.291957 
4.0461679 

4.1017118 
3.7799207 

3 -8895177 
4.0841034 
3 .gsa867 

8-n.. 

1ZOS4.51 
11240.53 

11099.13 
15776.82 
7627 -58 

14275.97 
13937.7g 

14950 -37 
195I33.P 
11121.62 

12638.97 
6024 : 50 

7753.85 
12136.78 
995.92 

F..r. 

39m. 6 
36878. j 

34414.4 

29?4.8 

46846.9 
45727.5 

51761.1 

$049 -7 
6429 .O 
36bS6.2 

41455.4 
19765.4 

25439.1 
398E3.8 
31482.6 

FIG. 30.-List of geographir positions for stations of net 



h d i &  Pi0 Srande River 

STATION. 

Gramla 
1917 

Hebron 
1917 

a.m. 

d.m. 

Riagold 
1917 a.m.  

Oorcem 
1917 

GorKora 
1917 

d.m. 

a.m.  

LATlTUDB UID 
LOWQITUDB. 

D I >I 

26 2;) 30.225 
98 49 31.291 

26 27 00537 
93 53 03.821 

26 22 3 0 . 7 3  
93 53 30.364 

swmm I" nmu. 

930.2 
867.3 

16.5 
,105.8 

9k6.5 
841.7 

1734 .O 
i n 6 . 7  

725.6 
9 4 . 9  

h h U n  lorth American 

GEOGRAPHIC POSITIONS 

FIG. 30.-List of geographic positions for stations of net-Continued 

AHMUTX BACK AZIMUTIS TO STATION. 

. I I . I #I 

227 15 43.40 47 17 lC.74 Corprm 
305 25. 23.35 125 26 55.89 x-at 

274 44 51.39 94 48 01.48 Corpus 
312 11 P.87 152 14 28.03 Monument 
317 41 11.45 137 42 46-02 Crmb 

268 * 19 27.26 88 20 38.57 Eebron 
335 37 47.35 155 38 46.76 Binsold 

250 31 22.70 70 33 32.53 G a r C e n a  

256 33 46.31 76 37 07.b2 Hebron 
294 15 8 . 5 4  114 19 02.58 Pingold 

3 -9209092 
3.83728956 
4.1007703 

3 .a71063 
3 -9529127 

8 0 4  .?2 
70S8 .30 

11866.49 
15749.12 
8750.82 

s335-07 
m5.20 

12611.60 

4637.17 
s912.49 

8569.81 
W66.82 
12929 -07 

26522.0 
23255.5 

38932.0 
51570.2 

26710 .O 

27346.0 

41376.6 

1459.6  

22556.4 

29437.2 

28116.1 
42213.9 
42418.1 . 



CHAPTER 4.-ADJUSTMENT OF A NET OF TRIANCULA- 
TION BY THE ANGLE METHOD 

EXPLANATION OF METHOD 

In the adjustment of triangulation of the. first and second orders it 
is the prac,tice in the United States Coast and Geodetic Survey to use 
the direction method, and to include all the observed lines of the main 
scheme. As these classes of triangulation serve as control for all 
other surveys, it is necessary to make the adjustment of them as 
rigid as possible. 

Alberta 

Nan 

Mond 

FIG. :il.-Trizngulation net used in sample adjustment by angle method 

However, for third-order triangulation which is fitted in between 
fixed points and lines of triangulation of the first and second order 
such a rigid adjustment is not required. Consequently in adjusting 
third-order triangulation the angle method should ordinarily be used. 

A sample adjustment by the angle method of the arc of third-order 
triangulation shown in Figure 31 is given on the following pages. 
This small scheme requires d l  the different kinds of equations needed 
for a complete a.djustinent, and if these are understood, a larger 
scheme, which differs from this only in the number of equations, can 
be readily adjusted. 

110 
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For the angle method 
of adjustment, however, it is custoniary to oiiiit one diagonal in each 
quadrilateral and use only a chain of triangles, those of the best shape. 
In the esaiiiple given, the diagonals Fog-Alberta, Dug-Nan, and 
Lat-Flores are omitted. The lines actually used in the adjustment are 
shown in Figure 33. After the chain of triangles has been adjusted 
and all the condit,ions are satisfied, then each omitted diagonal is 
computed by using the two sides and included angle of the triangle in 
which it occurs (see p. 139). Instructions for field work call for the 
observing of both diagonals of each quadrilateral in order that there 
niay be a check on all lengths. 

In Figure 31, all observed lines are shown. 

Alberta 

5 . .  

Gura / 

-1.- . 

Enter Flores 
7 6 

FIG. 32.-Triangulation net showing the triangles used in adjustment by angle method 

The lines Alberta-Fish and Enter-Flores are fixed in length and 
azimuth, and the four stations at  the ends of these lines are fked in 
latitude and longitude. 

The lists of directions for the various stations are given in Figure 
33. The column headed. “Final seconds ” is filled out after the adjust- 
ment is completed. If the lists of directions have not been made out 
and checked in the field they should be computed froni the horizontal 
angle record books in the manner shown on page 8. 

The triangulation sketch (fig. 32) is numbered and lettered as 
follows: Starting with the fixed line Alberta-Fish and building up 
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the sketch point by point, each point added is given a consecutive 
number, Nan being 1, Fog 2, Gura 3, etc. In each triangle the angles 
are given the letters a, b, and c. The angle adjacent to the starting 
line hut opposite the line through which the length is next carried 
is called a and the angle opposite the starting line is called 6.  These 
are the length angles. The azimuth angle, or the angle between the 
two lines through which the length is carried, is called c. 

The following triangles (fig. 34) arc laid out in esactly the same 
manner as for adjustment by the direction method. 

As was the case for the direction method, it, is necessary to compute 
a set of preliminary triangles (fig. 35) in order to he able to compute 
the geographic positions (fig. 36) and deteimiine the latitude and 
longitude closures. To compute the positions properly the triangles 
should be closed and this is done by concluding the c or azimuth 
angle in each triangle. If one of the length angles is not observed, 
however, then the observed aziniuth angle must be used, and the 
unobserved length angle concluded. As the triangles and positions 
are computed in esactly the same nianner as when the direction 
method is used it is not, necessary to explain the coniputation here. 

NUMBER AND FORMATION OF EQUATIONS ' 

As the figure to be adjusted is simply a chain of triangles, it 
is obvious that there will be just 8s niany angle,cquations as there are 
closed triangles, 8 in this case, and that there will be no side equations. 

Angle eq u at io 

1. 
2. 
3. 
4. 
.5. 
6. 
7. 
S .  

O= - 2. 3+ (la)+ (11))s (IC) 
0 = - 2  7+ (a&)+ (2b)+ ( 2 ~ )  
0=+ 0. 1+ (3aj+ (3b)+ (312) 
O= +l. O+ (4aj-k ( 4 h H  (4c) 
0=+5. 4+ (5a)S (5b)+ (5c) 
0=+2. 94- @a)+ (6b)+ (64 
0=-0. 1+ (7a)+ (7bI-k (713) 
0=+3. 3+ (Sa)+ (Sb)+ (Sc) 

Since there are two fixed azimut,hs, namely, .the azimuths of the 
,lines Alberta-Fish and Enter-Flores, there will be .one azimuth equa- 
tion. This equation which is shown on page 135, is formed in es- 
actlg t,he same nianner as-if the direction niethod were used, except 
in the way the angles are designated. 

(Test 'continued on p 135) 
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0 00 00.0 00.0 Tog 
40 0939.1 09.1 nan 
57 22 26.5 26.4 Alberta 

0 00 00.9 59.7 
24 54 02.9 02.2 

118 48 46.6 47.5 

0 00 00.0 59.9 Lat 0 00 00.0 02.0 
54 3a 59.8 59.4 Qura 61 35 02.7 01.7 
93 00.7 01.1 ZM 1W 01 08.4 06.4 

109 08 46.2 46.9 Tog 137 16 16.5 15.6 
172 30 45.7 44.0 

0 00 00.0 01.1 norem 
a8 57 i7.a 18.6 Enter 
60 10 n . 4  n . 7  L8t 
94 59 06.5 09.3 Gura 

109 18 30.3 28.7 

0 00 00.0 04.7 
20 54 52.5 50.9 
115 26 02.3 00.6 
171 52 38.3 36.9 

Lat -0 00 00.0 '57.9 nlte 0 00 00.0 58.1 
uond 36 21 46.8 47.2 b t  65 28 20.7 16.0 
Florer . 100 12 19.9 21.6 yond 95 14 37.7 38.6 

FI6. %.-Lists of directions, angle method of adjustment 
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COMPUTATION OF TRIANGLES 

3 3  dlbWt8-PiSh 3.669907 

' 1 b  1 lan 28 42 47.6 +0.8 48.4 4 . 4  0.3iawi 
8 2 Albert8 57 22 26.5 -0.1 z . 4  26.4 9.925419 

c =ah 93 54 43.7 +la6 45.3 .0.1 45.2 9.998986 
1-3 Hm-Fiah 4 2.3 0.1 3.913697 

1-2 Uan-Ubuta 3.937264 
57.8 

23 

c 2 Our8 

a 3 Fog 

4 b  1 -  

1-3 

13 

Xa-PiSh 
74 22 17.7 

80 43 36.9 
24 54 02.9 

Pog-nmh 

Fog-Hsn 
57 ;4 

Xan-POg 

54 38 58.8 

61 50 46.7 
63 35 14.6 

aura-rog 
oyra-H8u 

00.1 

75 41 13.8 

38 29 01.9 

65 49 45.3 

W N o e  
%-*a 

01.0 

4-1.8 19.5 

+1.a 38.1 0.1 

w.7 0.1 
-0.4 02.5 

$0.7 59.5 

-1.1 45.6 
+0.3 14.9 
-0.1 0.0 

$0.1 13.9 
-0.2 01.7 

-0.9 44.4 
-1.0 0.0 

3.913697 
19.5 0.036360 

30.0 9.994a7 

02.5 9 . W O  
3.524344 

a. m a ? ,  

3.554397 

59.5 o.oda9es 

45.6 9.945312 
14.9 9.95212l 

3.568654 

9.595463 

3.89654 

13.9 0.013694 

01.7 9.793995 
44.4 9.960151 

3.39634 
3.562499 

FIQ. W..-Triangle computation, angle method 01 adjustment 
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COMPUTATlON OF TRIANGLES 

x3 
5 b 1 Lat 

2 &a 

a 3 D u g  
13 

1-2 

2-3 
7 b 1 Enter 

0 2 Lat 
c 3 Pond 

13 
' 1-2 

2-3 

*a-Ike 
38 57 17.8 -0.3 17.5 

79 2'7 45.0 -2.1 42.9 0.1 

61 35 02.7 -3.0 59.7 
I&-Dug -5.4 3.1 

Lat-Ours 
05.5 

Lat-Cura 
56 ZI 36.0 +0.3 36.a 
60 10 a.4 -0.3 26.6 

63 2 l  59.5 -2.4 57.1 

Mod-Qura -2.9 OSo 

Mod-Lat 
02.9 

Lat-Mond 
36 21 46.8 +2.5 49.3 

49 08 03.4 -2.4 01.0 

94 30 09.a 0.0 09.9 0.1 

mtst-uodond +0.1 0.1 

Enter-Lat 
00.0 

Enter-?bond 

3.562499 

17.5 0.201551 

42.8 9.892613 

63.7 9.944240 

3.756663 

3.708290 

3.708290 

36.3 0.079094 

26.6 9.938290 

57.1 9.951a83 
3.725674 

3.738667 

' 

3.738667 

49.3 0.221012 

01.0 9.87ma 

09.7 9.9%6% 

3.844337 

3.964337 

3.844337 

39.5 o.maaa 
34.4 9.853077 

46.1 9.55- 

3.759236 

3.3998762 

FIG. %.-Triangle cornputstion, angle method of adjustment~GntinU~ 
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2-3 

1 b  1 

a 2  
3 
13 
13 

State: ...Alaska . . 

Alberta-Pi& 
Barr 28 43 47.6 

Alberta 57 23 a . 5  
r m  (93 54 46.0 

Iaa-Fish 
lan-Albrta 

2-3 l?m-rish 

2 Pan . (80 48 39.5) 

a 3 Fish a4 54 02.9 
1-3 nag-nnh 
1.2 rog-nm 

2 b  1 l b g  74 17.7 

2-3 nan-mg 
3 b  1oUra 54 33 58.8 

a 2 wm 61 50 46.7 
3 rog (I 25 14.5) 
1-3 hrra-FOg 

1-2 OUra-Ian 

2-3 Gura-Bag 

2 OlPa (38 a 00.9) 
a 3 me; 65 49 45.3 

13 Dw-mz 

4 . b  1 Due 75 41 13.8 

1 3  DPg-(;.Ya 

3.669907 

o.na374 
9.925419 

0.1 45.9 9.998987 
0.1 3.913700 

3.98726a 

3.9137 00 
0.016361 

0.1 89.4 9.994288 
9.624333 

0.1 3.924349 
3.554393 

3.554393 
0.038456 

9.945314 
9.95211 
3.533663 

3.595470 

3.588663 
0.013694 
9.752593 
9.OSOlB2 
3.596350 

3.562509 

FIG. %.-TriSngle computation to obtain lat.itude-and longitude dosurea of net, W k  method 
of adjustumt 
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2 3  0Yra-W a.562509 

2 hzra (79 27 39.6) (1.1 , 39.6 9.99a11 

a 3 %  61 35 02.7 9.944244 

6 b 1  LA^ a8 57 17.8 0.201550 

13 Lat-Dug 0.1 3.756670 
a.708308 1-2 h t - h ' A  

2-3 Lat-@us 

6 b 1 Mod 56 a7 36.0 

3 Lat (60 10 24.5) 

3 pura 63 P 59.5 

13 M ~ n d - ( x l r ~  

13 Nod-LAt 

3.708308 

0.079094 
9.938287 

9.951285 
3.725684 

3.738682 

3.733682 

7 b lata 36 P 46.9 0.227019 

a z ~ a t  49 OB 03.4 9.873662 

3 ?:old (94 30 09.9) 0.1 09.S 9.998658 
13 E.nter-?bd 0.1 3.344363 

w LAt-xOd 

1 -2 En t er-Lst 3.964359 

FIG. 35.-Triangle computation to obtain latitude and longitude closures Of net, a& method 
of adjustment-Continued 
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+1.3 
U . 5  
+1.1 

+.9 
+l. I 
+1.1 
+1.8 
4-55 

125 

l b  
2b 
3b 
4b 
5b 
6b 
7b 
8b 

9. 

Azimuth epication 
Final 

o r  ” seconds1 
Fish-Alberta _ _ _ _ _ _ _ _ _ _  176 02 29.9 39.9 

I C  _ - - - - _ - _ _ _ _ _ _ _  -93 54 43.7 45.3 
Fish-Nan _ _ _ _ _ _ _ _ _ _ _ _ _  82 07 46.2 44.6 - 6 20.9 20. 9 
Nan-Fish _ _ _ _ _ _ _ _ _ _ _ _ _  362 01 25.3 23.7 

+2c - _ - - - _ - _ - - - - - -  +so 43 36.8 35.1 
Nan-Fog _ _ _ _ _ _ _ _ _ _ _ _ _  3-13 45 02. 1 01.8 + 49. 8 49. 8 
Fog-Nan _ _ _ _ _ _ _ _ _ _ _ _ _  163 45 51.9 51.6 

3~ _ _ _ _ _ _ _ _ _ _ _ _ _ _  -63 35 14.6 14.0 
Fog-Gura _ _ _ _ _ _ _ _ _ _ _ _ _  99 10’ 37.3 36.7 

- a 59.4 59.4 
Gura-Fog _ _ _ _ _ _ _ _ _ _ _ _ _  279 07 37.9 37.3 

+4c+5c _ _ _ _ _ _ _ _ _ _  +117 56 46.9 44.6 
Gum-Lat _ _ _ _ _ _ _ _ _ _ _ _ _  37 04 24. S 21.9 

Lat-Gura _ _ _ _ _ _ _ _ _ _ _ _ _  217 02 00.7 57.8 
f 6 c  _ _ _ _ _ _ _ _ _ _ _ _ _ _  4-60 10 27.4 26.6 

Lat-Mond _ _ _ _ _ _ _ _ _ _ _ _  277 13 28.1 24.4 
+ 4 14.3 14.3 

Mond-Lat _ _ _ _ _ _ _ _ _ _ _ _ _  97 16 42. 4 38. 7 
- 7 ~  _ _ _ _ _ _ _ _ _ _ _ _ _ _  -94 30 09. 8 09.8 

Mond-Enter _ _ _ _ _ _ _ _ _ _ _  2 46 33. 6 2s. 9 - 15. S 15. S 
Enter-Mond _ _ _ _ _ _ _ _ _ _ _  183 46 16. S 13. 1 

Enter-Flores (computed) 246 36 49. 9 47. 5 
Enter-Flores (fised) - _ - _ 246 36 47. 5 47. 5 

+ 2. 4 0. 0 

- 

- 

- 2 24.1 

+sC _ _ _ _ _ _ _ _ _ _ _ _ _ _  +63 50 33.1 34 4 

-- 

O=+a.4-(lc)+ (3~) - ( .3~)+  cki+ (5c)+ (6c)-(7c)+ (80) 

Since t..ere are two %sed lengths namely, Alberta to Fis,, and 
Enter to Flores, there will be one length equation. This equation, 
which is shown below, is formed in exactly the same manner as if 
the direction method were used, except in the wa.y the angles are 
designated. 

10. 

sh-Alberta 
0 , I ,  

57 22 2F*5 
24 54 02.9 
GI 50 46.7 
65 49 4L3 
61 35 0 2 7  fa 21 59.5 
49 08 03.4 
20 54 52.5 

3.669907 

9.9254184 
9.67A3321 
8.9453135 
9.9601516 
9.9442410 
9.951 3853 
9.8786625 
9.5526385 
~ 

2.4519542 

Length equation 

iter-Flores 
0 , I ,  

28 42 47.6 
i 4  22 17.7 
54 33 58.8 
75 41 13.8 
38 57 17.8 
56 27 36.0 
36 21 46.8 
95 14 37.7 

3.398i62 

8.6816205 
9.0836394 
9.9110442 
9. ~ 0 0 0  
9.798449; 
e. Yz09058 
9.7729807 
9.8951736 

2.4518929 

- 
. - - - _ _  
+3. 8 +. 6 
+l. 5 +. 5 
+a 6 
+1.4 
+2 9 -. a 

- 
O=+ 61.3-k 1.3(1a)-3.8 (1b)S 4.5(3a)-00.6(2b)+ l.l(3a)- 1.5(3b) + 0.9(4a) -0.5(4b)+ 1.1(5a) -2.6(5b)+ 1.1(6a)-1.4(6b) + 1.8(7a) -2.9(7b)+ 5.5(Sa)+ 0.2(8b) 

I T h e  values i n  this column are 511pd in after t h e  adjustment is completed. 
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5.0 
6.8 
0 *9 

4 a) 

.m ma- 
A. - hh 

+lO.l 
+ 0.9 

2.1 - 2.3 - 2.3 
-5.1 
c 0.4 
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FIG. 37.-Formatiin of latitude and longitude equations. angle method of adjustment 
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Since the lines Alberta-Fish and Enter-Flores are fised in position 
(latitude and longitude) there will be one latitude and one longitude 
equation. These equations, which are shown in Figure 37, are fornied 
in exactly the same manner as when the direction niethod is used, 
escept in the way the angles are designated. 

In  the adjustment of this net of triangulation there will be S angle, 
1 azimuth, 1 length, 1 latitude, and 1 longitude equations, or a total 
of 18. 

As the correIate and nornial equations are foiiiied esactly as in 
the case of the direction method (see p. 84), they are given below 
without explanation. 

Correlate equat.ioiu 

- 
-0. loa +. 778 
11.633 

-. 425 
I-1. &21 
1-1.303 

-1.063 +. 887 +. 286 

+. 096 -. 192 

-a 864 -. 32.4 
-2 114 

-2.400 +. 331 -. 831 

-2 370 
I-2.455 +. 014 

-8.470 
I-1.835 
I-1.337 

-. wa 

- 
-0.1 +. Y 
4-1.8 

-. 4 
+l. 8 
+l. 3 

-1.1 +. 7 +. 3 

-. 9 +. 1 -. a 
-3.0 - . 3  
-2 1 

-2 4 +. 3 -. 8 

-2 ‘I 
+a 5 

0 

-8.4 
+l. 8 
+l. 3 

Totd.. 

0.01 .a 
458 

.18 
3. a4 
1.69 

1.21 
.49 
.m 
. R 1  . 01 
.01 

9.00 
.09 

4.11 

5.76 . c9 
.GI 

5.76 

0 

IC. 96 
3. w 
1.69 

184 

a 25 

- 

1 +3 
3 
3 
4 
5 

6 
7 
8 
9 

10 

11 
12 
- 

-2.5 +4.13 +4.15 -2.3 +5.48 
+ i 9  -3.24 -5.52 -2.7 -3.56 
-.4 +.66 4-4.37 +.l +6.53 
+.4 +.21 -4.75 +LO +.a 

-1.5 +1.41 -4.39 +5.4 w.92 

-.3 +I.% -2.91 +2.9 +4.97 

+5.7 - i - _ _ _ _ _ _ _ _ _ _ _  +3.3 +la00  
-1.1 +.49 +2.75 -.l +404 

_ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _  +2.4 +12.40 
- +Sa. 34 -48.7380 -5.7700 +6l. 8 +IO?. 3230 

+39.7198 +5.3068 -12.3050 -9.0764 I 1 1+n.?p74 1 -s.ss591 +57.%93 

I C I  
-I - 1 

+0.8125 1 
+?. 1131 -. 5449 +. 6188 
-1.3028 

-. OM5 -. 7967 
+41475 -. 8108 
-1.5670 
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SOLUTION OF NORMAL EQUATIONS 

The solution of the nornials is niuch simpler than when the direc- 
tion method of adjustnient is used. This is clue to the fact that, no 
two angle equations involve the same 21's and the first 8 equations in 
the esaniple below are eliminated by siiiiply dividing by 3 111 each 
case.' There are only 4 equntions which are niuch involved. 

Solution of nortnal cquatioiie ' 

9 
- 
-1 +. 3333 - & 
-1 +. 3333 
I-1 -. 3333 

- 
- 
t".. 3x33 - & 
-1 +. 3333 
I-1 -. 3333 
t 8  -. 3333 -. 3333 -. 3333 -. 3333 -. 3333 -. 3333 -. 3353 -. 3333 
t5.3136 

- 
- 

CP 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

-2.5 +. =:E 
f3. Q 
-1. 3 
-. 4 +. 1333: 

- 
- 

+. 4 -. 1333: 
-1.5 +. 5 

- 
- -. 3 +. 1 
-1. 1 +. 3 m :  
t 5 . 7  
-1. 9 

-. a333 
-1.3 -. 1333 -. 1333 +. 5 +. 1 -. 3667 
-1.9 
-1. O W J  +. 762& 
94.34 
-2.0531 
-5.07 -. 0533 -. 0533 -. 75 -. 03 -. 1033 
-10.83 
-3.1M)6 
-71.98t13 

- 
- 

- - - - .  

- 

GO 

1 
2 

5 
6 
7 
9 

10 

: 

11 

4-1.13 - 1.37fi65 
-3.24 
+l. 08 +. e4 -_ 22 
+. 21 -. 07 

$1. 11 -. 17 
+l. 2a -. 4280; 
+. 49 -. 1633: -- 

. - - - - - - - - . 

._ -_____-.  

. - - - _ _  - -. 
-I-1.3767 
+l. 08 +. 22 -. 07 -. 17 -. 4267 +. 1633 

+l. a733 -. 3612: 
-46.7360 
+3.4417 
+4.21? +. om -. mn +. 705 +. 1280 +. 1797 

+l. 4283 
-38.5833 +. w33 

-5. AS5rl 
-3. a x 2  -. 1152 -. 0147 -. 6627 -. 5461 
-. os00 -. 6579 

-18.5968 
+9.8316 

- - - - - - - - - 

- 

GI 

1 
2 
3 
4 
5 
0 
7 
9 

10 
11 

12 

+4.15 
- 1 . 3 w 3  
-5.53 
+l. &1 
+4.3i - 1 . 1 M i  
-4.75 
+l. 58333 
-4.89 
+l. 16333 
-2.91 +. 97 
+?. 75 -. 91667 

- - - - - - - . - 
- - - - - - - - - 
+1.3833 
+l. 81 
+1.4567 
+l. 5833 
+l. 4633 +. 97 +. 9167 

+9. 6133 
-1. SE40 
-5.7790 
+3.15&3 
4-7.176 +. 5837 +. 6333 
-2.195 
-. 291 

+I. 0053 

+ 7 . L ?  
tll. 9232 -. 165s 
+ 5 . m  
--5. 7132 
-5.9616 -. 9611 +. 4325 
+2.0833 
+I. 2416 -. 4492 
-3.3764 
+a. 0611 
-1.4505 +. 14814 

-5. rm 
-10.1505 
-8.3633 
- 7 . m  
-6.4240 
-2.8227 
-2.5208 

-17.3270 
-1.9754 
-. 2158 

t n .  6577 
Cll 

- _ _  - - - - -_ 

~ 

t72. 'i274 

r) 

-2.3 +. 76667 
-2.7 +. Y +. 1 -. 93333 
+l. 0 -. 3330 
+5.4 
-1. 8 
$2.9 -. uf366i 
-. 1 

+3.3 
-1. 1 

+. nwx 

+2.2, -. rb67 +. 8 +. Q333 -. 3333 
-1. Y -. 9f67 -. 0333 
-1. 1 
-1.66437 +. 4124s 

t a l .  3 - 1.9167 
4-3.51 +. 0133 -. 13% 
+2.7 +. 3ooo -. 0367 
-6. 27 
-1.27W 

t5a 1858 -. 8085: 
-12.3050 
+ 3 . 1 w  
-2.916 -. 022 -. 070 
-2.538 
-1.2373 +. 0103 +. 5854 +m. 5783 

f14.25110 
-1.4502 
-& 6s5fl 
+3.1817 
-4.968 -. 1456 
+l. 5833 
+7. 902 
$2.813 +. 0817 
+3.0041 
-9. Moa 
4-2.1 123 
-2.7517 +. ?360 

+5.48 
-1. $2667 
-3. w 
+I.  1MR7 
+6.73 
-2.313514 
+. SB -. 21633 

+ 4 . E  
-1. w 
+4.M 
-1.65607 
+4. w - L 34667 

+13.00 

+12.40 
-4.33333 

+1. Mli7 
+1.1867 
+2.2433 -. 2&17 
-1. 64 
-1.6567 
+l. 3467 
-4.3333 

$11.06679 
-2.07MS 
Fizxr 

+4.5667 
+4.6?so +. &73 - 1147 

+. 4970 
+1.1813 

+2: M 

+a 
-24.70 

I-105.49189 - 1 . 4 6 S O  
-9. MU 
-7.5441 
-3.8418 
-1.4508 -_ m . _._- 
-2.3124 
-2.1205 -. 6599 
-3.8940 

+53.6260 
+22.6331 

-2. m 
+57.2693 
-7.5807 
--A 5.5M 
-5: 8034 
+7.19% 

-19.9a30 
-17. 4717 
+3.3530 

$1.3616 

2: E 

+s. goS960 -. 70396 
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The back solution, as well as the forward solution, is much shorter 

than when the direction method is used, as only 4 of the C‘s are 
carried back through all the equations. 

Back solution 

+0.513 
-2.037 +. 137 
+.W$ 

-. 102 
- . I  

-- 

5a 

-1.303 
-1.24 
+.lis 
-.Ro3 

-3.964 
-3.0 

__.- 

The 0’s deterniined by the back solution are substituted in the 
correlate equations to determine the v’s, which in this case are cor- 
rections to the angles and not to directions. The adopted d s  are 
obtained in much the sanie manner as when the direction method is 

. used and consequently may not be the same as the coniputed values 
to the nearest tenth of a second. It is necessary to adopt v’s wliich 
niay differ slightly from the coniputed values in order to niake the 
triangles consistent. Conipare the coinputed and adopted values for 
8a in the following table: 

Computatioti of corrcctiotzs (v ’s)  

b c b / b ( c l 3 8  b c 48 b ( c I  
______.--------__. 

+O.SlZ 4-0.812 +2.113 +2.113 S2.113 -0.545 -0.545 -0.545 +0.619 +0.610 +O.G19 

-5.972 - +5.1?3 -.18 - +.637 -1.571 -- +.481 --.778 - 
-.a17 +1.13 -.609 -.W +1.302 +.a9 +.la3 +.?I% -.592 --.529 --.Is? 

CLW +.Sll -7.052 +.%O +.Sll -1.7. +2.350 +.811 -1.110 +.7M -.811 

4-1.6 -- +1.3 -- +.3 -- -.-I .., 
+.775 -.425 +1.821 -1.083 +.sw -.m +.OM 
+.S 7 . 4  +l.S -1.1 +.7 -.9 +.l 

b c 8s b c 78 b c Sa b C 

--__-__-___---_____ 
-1.303 -1.303 -0.020 -0.03 -0.030 -0. iQ7 -0.7Q7 -0.797 +?. 118 +3.148 +2.148 
+4.074 -.811 -1.724 +21M -.811 -2.8’11 +4.M4 +.R11 -&US --.313 -.811 
-2.661 - -.170 -1.W2 - +.SO6 -1.509 ---- 
-.W -2114 --.M -.201 -.B1 + . a 2  +.a7 +.014 -6.470 +l.W fl.337 

-2.1 -- --.8 --- .O -6.4 4-1.8 +1.3 --.a -3.4W +.331 -2.3% +2.455 
-.3 -2.4 +.3 -2. 4 +2.5 

COMPUTATION OF TRIANGLES 

The adopted 2,’s or corrections are now substituted in the column 
headed “Corrections” in the triangles in Figure 34, and the triangles 
are coniputed in the manner already .esplained. If the computed 
length of the fised line at the end of the scheme agrees with the fised 
length, the length equation is satisfied. 

Nest the corrected angles are substituted for the observed angles in 
the forniation of the azimuth equation (p. 125) to see if that equation 
is satisfied. 
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After niaking sure that the angle, length, and azimuth equations 
are all sdisfied, it is necessary to recompute the geographic positions 
of the stations using the data of 6he corrected triangles. (See fig. 38.) 
This recomputation can usually be niade quite easily and quickly by 
simply c.orrecting the preliiiiinary positions as esplained on page 95. 
It is only after obtaining the corrected position of Enter and compar- 
ing it with the fised position that one can be certain that, the adjust- 
nient is correct, that is, that the latitude and longitude as well as the 
other equations have been satisfied. 

CORRECTIONS TO DIRECTIONS 

The angle, length, azimuth, latitude, and longitude equations are 
now satisfied and the corrections can be applied to the directions in 
Figure 33. Since the corrections determined in the angle method of 
adjustment are corrections to angles and not to directions, the manner 
of applying them is soniewhat more complicated. 

The sample below with the esplanation following it shows in detail 
how the corrections are applied at  station Nan. The list of directions 
before adjustment is given in the first two columns. 

Station Nan 

Final 
seconds 

, 
58.0 
47. 4 
1 . 5  

11. 1 
, _- - - - - - - 

The corrected directions which go in the colunin headed “Final 
seconds” are determined as follows: From the adjusted triangles, 
Figure 34, using the angles at  Nan, we have 

0 I I1 

Triangle 1, angle Alberta to  Fish _ _ _ _  :-- _ _ _ _ _  38 43 4s. 1(A) 
Triangle 2, angle Fish t o  Fog _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  SO 43 38.1 

Angle Alberta to Fog _ _ _ _ _ _ _ _ _ _ _ _  109 20 20. 5(B) 
Triangle 3, angle Fog to Gura _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  61 50 45. 0 

Angle Alberta to Gura _ _ _ _ _ _ _ _  _ _ _  171 17 12. 1(C) 

The values of t,he seconds for the angles (A), (B), and (C) are 
placed in the column headed “Preliminary seconds” in the table 
above. Opposite the initial station, Alberta, is placed 00.0. As the 
direction “Dug” was not included in the adjustment, there is no 
correction to be applied to it. 

In this method of applying the corrections, the direction at  Alberta 
remains unchanged and so does not receive its share of the correction. 

(Test continued on p. 138) 
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A mean correction is therefore computed by takfng the differences 
between the directions in the colunin headed “Observed directions” 
and those in the column headed “Preliminary seconds.” 

At Alberta, the correction is _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ~ _ _ _ _ _ _ _ _  0.0 
At Fish, the correction is +O. 8 
At Fog, the correction is _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  -f- 2. 1 
At Gura, the correction is _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  -k 1. 0 

Total ________________________________________- -  +3. 9 
Average correction- _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _  + 1.0 

The average correction +l!O, with sign changed, is then applied 
to each of the direction5 in the “Preliminary seconds” column to 
obtain the values in the “Final seconds” column. 

The rule to be followed, then, is: Keeping the seconds of the initial 
station 00.0, compute the seconds of the other directions by adding 
the adjusted spherical angles of the triangles in the proper order. 
Place t.hese values in a column headed “Preliniinary seconds.” 
Take the algebraic sum of the differences between these values and 
the values in the preceding column and divide this sum by the number 
of directions involved. Add algebraically with opposite s ign  the 
mea.n thus obtained to each of the values in the column “Preliminary 
seconds,” and place the resulting value.s in the “Final seconds” 
colunm. 

A 

FIG. 39.-Triangle as lettered for cornpub 
tivn using two sides and included angle 

In order to see whether the corrections have been applied properly, 
check these final seconds from the triangles. For example, the angle 
at Nan between Alberta and Fish as taken from the “Final seconds” 
column is 28’ 42’ 4854 which checks the angle at Nan in triangle 1. 
Siniilarly, the angle at  Nan between Fish and Fog is SOo 43‘ 385,  
which checks the angle at Nan in triangle 2, and the angle at Nan 
between Fog and Gura is 61’ 50’ 45!’6) which checks the angle at 
Nan in triangle 3. 

CORRECTIONS TO DIRECTIONS OMITTED IN ADJUSTMENT 

After the final seconds have been determined for all directions in- 
cluded in the adjustment, the corrections to the directions for the 
diagonals omitted from the adjustment are computed. The three 
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diagonals omitted were Alberta-Fog, Nan-Dug, and Lat-Flores. 
These are conipu ted by the two-sides-and-included-angle method. 
(See pp. 141-143.) 

TRIhNCLE COMPUTATION BY TWO-SIDES-AND-INCLUDED-ANGLE METHOD 

' The diagonal Alberta-Fog is computed as follows. The formulas 
used are 

tan (45' + 4) = :, where. a>b 

tan 1/2 (A-B)=tan 4 tan goo-- ( 3  
C 1/2 (A+B)=90"-- 2 

in which a and 6, the two sides, and C, the included angle, of the tri- 
angle are known, and 4 is an auxiliary angle. 

The logarithms of the sides Fish-Alberta and Fish-Fog (see fig. 31) 
a.re given in the triangles, Figure 34, as 3.669907 and 3.924344, 
respectively. The angle at Fish between Fog and Alberta is the sum 
of the two adjusted angles between Fog and Nan, and between Nan 
and Alberta, namely, 24' 54' 025 plus 93' 54' 45f3, or 118' 48' 
47%. 

The triangle, Alberta-Fish-Fog, is written as shown in Figure 40. 
The asterisk is placed opposite the fixed angle and the logarithms of 
the fixed lengths are placed in the last column. As there is ON1 
spheikal e&cess, this is applied to the large angle making the plane 
angle a t  Fish 118O.45' 47!'8-0!'1, or 11s' 48' 47". 

The probleni then is to determine A, the angle at Alberta; B, the 
angle at  Fog; and c the line Fog-Alberta. The computation is shown 
in Figure 40. 

These angles A md .B  as thus determined are placed in the triangle 
Alberta-Fish-Fog on the lower part of the form (fig. 40) and the 
triangle is computed in the usual way. The logarithm of the 
length, Alberta-Fog, is thus obtained. The computed logarithm of 
the fixed length, Slberta-Fish, should check the given value probably 
within one in the last place. 

The value of the final seconds for the direction on Fog a t  station 
Alberta is now obtained from the triangle by simply adding the angle 
at  Alberta between Fish and Fog, 40' 09' 09N1, to the fixed direction 
Fish, 0' 00' OONO. -4t station Fog, the final seconds for the direc- 
tion on Alberta are obtained by subtracting the angle between Alberta 
and Fish from the fised direction on Fish; that is, 203' 47' 18!9 
-21' 02' 03!'2=182' 45' 15f-7. 

640737"-45-10 
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In order that the length, Fog-Alberta, as determined from the two 
sides and included angle computation, may have a check the triangle 
Fog-Nan-Alberta (see fig. 40) is also computed. The three angles 
of this triangle are fised by the computation of the first trisngle and 
can be haken out directly from the lists of directions at  thc three 
stations. The logarithm of the length, Alberta-Fog, should agree in 
the two triang1e.s. 

In  the sanie manner the diagonals Nan-Dug and Lat-Flores are 
computed, using first a triangle with two sides and the included angle 
linown and then a second triangle, whose angles are fised by the 
computation of the first triangle, to check the length of the line in 
question. 

COMPUTATION OF THE LENGTH AND AZIMUTH OF THE OMIlTED DIAGONAL BY THE 
METHOD OF APPROXIMATION 

If the diagonals omitted in the adjustment have been observed it 
may be advisable or espedient a t  tinies to resort to the method of 
approsiniation in computing them after the adjustment has been 
completed. 

An esample of this method is given on page 144. (See fig. 41.) In  
the quadrilateral Lat-Mond-Flores-Enter (see fig. 31) the diagonal 
Lat-Flores was omitted in the adjustment. It may be computed 
from the triangle LatrMond-Flores in the following nianner: The 
logarithms of the lengths Mond-Flores and Lat-Mond and the angle 
at Mond between Flores and.Lat have been fixed by the adjustment. 
The observed angles at  Lat and Flores are obtained from the lists 
of directions. (See fig. 33.) The sum of the twq observed angles at  
Lat and Flores and the adjusted angle at  Mond equals 179' 59' 52'0, 
so in order to close the triangle 410 must be added to each of the angles 
at Lat and Flores. 

Using the fixed logiritlim of the length Mond-Flores, 3.799236, the 
logarithm of the length Lat-Mond as computed to seven decimal 
places through the approxiinate angles at  Lat and Flores is 3.7386565. 
This value differs from the fixed logarithm of Lat-Mond, 3.738667, 
by 10.5 in the sixth place of logarithms. The tabular differences of 
the logarithmic. sines of the angles at Lat and Flores for one second 
change in angle are +3.03 and f 3 . 6 S J  respectively. The discrepancy 
in the logarithms of the length divided by the algebraic. sum of these 

' 10 5 
two tabular differences, that is, 2 = 1 1 6 ,  is the correction which (3.71 
must be applied to the angles a t  Lat and Flores which were used in 
the preliminary computation. 

This correction 'is applied with the negative sign to the angle a t  
Lat and with the positive sign to the angle at  Flores. The triangle 
is then recomputed, using the corrected angles, and the final logarithm 



ADJUSTMENT OF NET BY ANGLE METHOD 141 

2-3 Flsh-mg 3.92#344 
1 Alberta 40 09 09.1 09.1 0.190556 
2 riih 118 48 47.9 0.1 47.7 9.942601 
3 m P 02 03.2 03.2 9.555004 
1-3 Albmta-mg 4.0575oa 
1-2 Alberta-Fish 3.669941 

2-3 Xm-Albmkr 3.987264 
1 -g 53 P 16.3 16.3 0.095733 
2 Nan 109 26 26.5 0.1 26.4 9.974506 
3 Alberta 17 13 17.5 17.3 9.471389 
1-3 mg-Alberta , 4.057503 

., 1-2 k&Nan 3.554387 
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2-3 fie= 3.39- 

2 %  129 24 59.3 0.0 59.3 9.ea7921 

s 9 u g  
1-3 x-w 3.743347 
1-2 u-w 3.554387 

1 xan 20 25 n ; 5  u.0 51.5 0.457077 

20 09 09.2 0.0 09.2 9.700967 

w 0ur.clPan 3.595463 
' h r g  45 32 04.7 0.0 04.7 0.146500 
2 aura . 93 c0 01.2 0.0 cp.2 9.999384 
3 Nan 41 24 54.1 0.0 54.1 9.820535 
1-3 ou%aran . 3.741347 
1-2 , 3.562499 

'The wba0tipb.a and p on thia lono Mer to apMc.l sad plane an& mwotively. 

FIG. lO.-Triangle computation using two sides and included angl*COntba 
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w Uond-norer 3.799236 
I Lat 34 48 41.6 41.6 0.243456 
2 UOBd 115 24 55.9 0.1 55.8 9.955793 
3 Floras 29 46 22.6 22.6 9.695975 
1-3 Let-Flores 0.1 3.998435 
1-2 4byond 3.738667 

2-3 Enter-Lat 3.964aa7 
16.9 0.041076 I Flnres 65 ZB 16.9 

2 Enter 100 12 28.7 i j .7  9.993072 
3 Lat 14 19 19.4 19.4 9.393360 
1-3 Flores-Lat QO 3.998485 
1-2 mores-Enter 1.398762 

*The ~b.orlpt. I and p om this form Mer to sphrricsl md plane mpctively. 

FIG. rO.-Triangle computation using two sides and included anple-COntiaued 
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of the length Lat-Flores is thus obtained. The computed logarithm 
of the length Lat-Mond should now agree with its fixed value. 

The rule to be followed in this approsimation method may be stated 
briefly as follows: Write the triangle which includes the omitted 
diagonal and fill in the data fised by the previous adjustment; that is, 
the lognrithnis of the two sides md the value of the included angle. 
Put  in the observed values of the other two angles as obtained from 
the list of directions. If the sum of the three angles, after applying 
the spherical escess, does not equal 180°, apply one half of the triangle 
dosure to each of the observed angles to close the triangle. Then, 
starting with the logarithm of one fised length compute the logarithm 
of the other fixed length through the triangle, taking out the tabular 
differences with their proper signs for the logarithms of the sines 
corresponding to a change of 1 second in the two angles yet to be fised. 
Next divide the discrepancy between the computed and the fixed 

D C P A R T H I N I  Or COMMERCE 
L L C U I 1  L*o -IC WU*l, 

mrm I S  COMPUTATION OF TRIANGLES 

P:pUl?r 
aif. 

+3.03 1 Lab 34 48 39.2 41.6 & 0.24245s 
2-3 :.!onC-Flor ea 3.739286 

41 6 6 - 
2 Xond 115 25 02.3 -6.4 E 9  0.1 55.8 9.955793 

4.71 1-3 Lat-Flores 3.998495 

22. b 75 - +3.683 Flores P 46 17.0 22.6 81ro 9.6959696 

565 
1-2 Lst-Mod 3.7E8667 

FIG. IL-Triangle computation using two sides and induded angle. method of approximation 

logarithm of the second fised length by the algebraic sum of the tabu- 
lar differences, and apply this quotient with the same sign 8s a cor- 
rection to the approsinlate angle which appears as the third angle in 
the triangle and with the opposite sign as a corsection to the approxi- 
niate angle which appears as the first angle in the triangle. Finally, 
recompute the triangle using the corrected angles. 

The probable error of m observed angle is determined by the same 
formula as that used to obtain the probable error of a direction. 
(See p. 107.) In the table of correlates on page 127,Zu2=88.84, and 
since there are 12 equations, 

p. e. = f 0.674 JY - - - *1?83 

After the adjustment has been completed and the omitted diagonals 
have been computed, the list of geographic positions is made out on 
form 28B in exactly the same manner as the list on page 108. (See 
fig. 42.) 
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1901 
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ht 
1901 
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1907 

STATION. 

GEOGRAPHIC POSITIONS 

s is 33.m 1mo.s 
d.m. 133 18 57.338 1041.2 

56 z6 42.a iaia.6 
d.D. 133 17 56.880 1WO.O 

55 21 02.583 79.9 
d.m. 123 P 54.709 610.1 

55 a5 35249 109s.2 
d.m. 1% 19 1 4 . 7 s  xB.1 

56 24 50.752 1569.6 
d... 1Zd a4 29.749 5i3.3 

P 24 28.4al 878.9 

d.m. 123 19 aO.a56 367.0 

D&m larch Amerlcnn 

FIG. 42.-List 01 geographic positions, angle method of adjustment 

3.507213 
3.513697 

. 3.554387 
4.057503 
a.9- 

3.535463 
3.536654 

3.562499 
3.741E47 

s . a g m a  

3.708290 
3.7566a 
3.9s-  
3 . ~ ~ 3 7  

a . 7 ~ 9 ~ 6  
3.84MV 
3.758667 
a . 7 ~ 6 7 4  

9711.0 
8197.8 

3584.2 
11415.7 
w . 2  

3559.7 
am.* 

3651.7 
5512.5 
2490.8 

5lca.s 
5710.4 
9966.2 

9213.6 

m.5 
6987.7 
5178.6 

5517.1 
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Stat.istics showing acctwacy of triangu/ation 

Total number of triangles _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Number of triangles with plus closures _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Nuniber of triangles with minus closures- - - -. - - . - - - - - - - - 
Number of concluded triangles--- - - - - - - - - - - - - - - _ _  - - - - - - - 
Average closure of triangles without regard to sign- - - - - - - - 
Masiinum closure of a triangle _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Mean error of an angle _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Probable error of an observed angle _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

8 
3 
5 
0 
313 
5n 4 

&116 
f 118 

COMPARISON OF DIRECTION AND ANGLE METHODS OF TRIANGULA- 
TION ADJUSTMENT 

Comparing the direction and angle methods of adjustments it is 
seen that each has its advantages and disadvantages. The direction 
method gives a more rigid adjustnient8 by making use of all the direc- 
tions observed, and when the adjustment is completed the aziniuths 
and lengths of all the lines are immediately available. There is no 
necessity for twoaides-and-included-angle computations. The dis- 
advantage of the method is that the solution of the normals is more 
laborious, especially where the scheme of triangulation is much 
involved. However, for first-order and second-order triangulations, 
the adjustment should be as rigid as possible, and the direction method 
should, therefore, always be used. 

The angle method of adjustment bas the advantage that the number 
of equations is reduced considerably, there being one less angle 
equation in each full quadrilateral and no side equations at  all. The 
solutio6 of the normal equations is very simple as all the angle equa- 
tions are independent of each other, and the azimuth equation does 
not, ordinarily, involve the same v’s as the length equation. The 
disadvantage of this niethod is that a nuniber of two-sides-and- 
included-angle computations must be made after the adjustment is 
completed to obtain the azimuths and lengths of the lines omitted 
in the adjustment. However, the advantages of this method far 
outweigh the disadvantages in the adjustnlent of t.hird-order trian- 
gulation and it should ordinarily be used for this class of triangulation. 



CHAPTER 5.--COMPUTATION AND ADJUSTMENT OF ELE- 
VATIONS FROM ZENITH-DISTANCE OBSERVATIONS 

GENERAL STATEMENT 

In connection with the observation of horizontal directions for 
triangulation it is customary to observe zenith distances, in order that 
the elevations of the stations niay be determined. These elevations 
are needed for reducing the horizontal directions to sea level and, in 
some cases, if precise elevations are not available, to reduce the base 
lines to sea level. ’ As’ there are usually two or more lines observed 
to each station, a rigid adjustment of the observed differences of ele- 
vation should be made in order to remove the inconsistencies and 
obtain the best possible elevations from the observations. 

Benton 

cube 
ha. 43.-Triangulstion net used in sample rornputstion of eleptions 

A sample computation and least-squares adjustment of elevations 
based on .zenith distances is given on the following pages. The tri- 
angulation stations at  which the zenith distances were nieasured ,are 
shown in Figure 43. Arrowheads pointing away froni each station 
denote the lines over which zenith distances were observed from that 
station. Arrowheads at  both ends of a line indicate reciprocal 
observations or that zenith distances were observed in both direc- 
tions over that line. Where only one arr0whea.d appears on B 

line, zenith distances were observed only in the direction in which 
the arrowhead points. All the stations shown in Figure 43, except 
“Hastings high school,” are niain schenie stations. The elevation 
of Hastings high school is coniputed after the elevations of the other 
stations are fixed. 

All zenith distances are abstracted on Form 29 and checked in the 
field. The abstracts, Figure 44, therefore, contain the starting 

147 
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data for the office computation. It is sometimes necessary, however, 
to compute in the office the values in the column headed “Reduction 
to line joining stations.” This column is used only when the observa- 
tions are reciprocal. Each value in tmhe column is an angle which in 

8 t being the height of the telescope above the b - 0  seconds equals - 
station mark, o the height of the object above its station mark, and s 
the horizontal distance between the stations concerned. This r e d y  
represents a vertical eccentric reduction which is applied as a correc- 
tion t.0 the observed zenith distance to obtain the zenith distance 
referred to the station marks. Only four places of 1ogarit.lims should 
be used in computing the values. 

If the observations are nonreciprocal, that is, are made in one 
direction only over a line, then the vertical eccentric reduction is not 
needed. In  this case, t,he difference t-0, is applied as a correction 
to the computed difference of elevation, as indicated on Form 29 B 
(see fig. 47). 

As the clevelopnient of the formulas for the coniputation of eleva- 
tions from reciproc.al and nonreciprocal observations is fully shown 
in special publication No. 35, it is not given here. 

The formula for the coniputation of elevations from reciprocal 
observations is 

8 S k  1“ 

in which hl is the elevation above-mean sea 1eve.l of station 1 and 71, 
that of station 3; s is the horizontal sea level distance between the 
two stations; is the zenith distance of shation 2 as observed from 
station 1;  c3 is the zenith distance of station 1 from station 2; and 
A,  B, and C are correction factors whose values are close to unity 
and whose logarithms are given in the tables on pages 232. The 
station designated 1 is the station whose elevation is already coni- 
puted. 

The formula for the computation of elevations from non-reciprocal 
observations is 

hz-hl=scOt r 5 1 - ( 0 . 5 - m )  sin ] A B 0  (3 
in which ha and h, are eJevations of the two stations, s the horizontltl 
distance between the stations, 5; the mean corrected zenith distance 
at  the station occupied, m the coefficient of refraction, p the radius 
of curvature of the earth’s surface in the mean latitude of tile stations 
and in the azimuth of the line observed (see table on pp. 220-222), 
and A,  B, and C the correction factors. 

All but three of the main-scheme lines in Figure 43 are observed 
from both ends and the differences of elevations for these lines are, 
therefore, computed by formula (1). The three lines Benton-Keele, 
Bailer-Thornberry and Thornberry-Gamniill are observed from one 
end only and these differences of elevations must be computed by 
fwniula (2). (Text continued on p. 159) 
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192a 
5/19 1:16 Baton 

2: 19 
2:s 

1:24 Hartillgs 
1:B 
1:s 
1: 39 
a09 

1:42 Keele 
1:46 
1:49 
1:5l 
1:s 
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. . *  . . I  ma, Yda. 41uI - 
1.17 2.ll5+0.945 -11.8 90 10 20.5 

90 10 19.0 
90 1015.4 

18.3 90 10 06.9 

1.24 2.115+0.875 -0.6 90 08 OS.? 
90 08 05.0 

SO 08 12.6 
90 OB 05.8 

90 0 8 1 1 . 1  

07.2 90 01 58.6 

1.92 2.115+0J96 -2.0 90 OB 2a.4 

90 08 23.9 
90 08 25.2 
90 08 32.7 
90 OB= 

25.5 90 08 23.s 

90 04 49.4 
90 04- 

53.8 

l u I I l z u a * v l l n '  . . *  . . *  1923 
5/P 1:14 Xeellr i.ga a m 5  -0.545+7.4 90 01 56.7 

1:lS (Belio) 90 02 02.5 
1: 24 so M 56.2 
1:29 90 (YI 68.0 

90 O1 58.4 90 02 05.8 

1:s Cube 9 . a  l o a 7 5  -7.99St58.2 90 06 41.0 
-2:m (Eelid 90 06- 

28.3 90 07 as& 
FIG. 44.-Abstract of zenith distances for saniple computation of elevations 
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2:06 ma10 

ace (Hslio) 
2: 10 
3: as 
3: ae 
3:44 

2856 mti.llgr 

a: 3a 
3: 45 

4: 02 
4: 12 
4: 22 

a34 

3:a  (-110) 

. . "  . . *  YMI Ydm Y d N  * 
1.92 9.575t7.656 -79.2 90 OQ 80.6 

90 04 ag.9 
90 04 29.1 
90 04 16.2 
90 04 08.9 
90 0 4 u  

21.6 90 03 02.4 

3.81 9.575+5.965 -79.5 90 01 09.0 

90 01 M.3 
90 01 04.1 
90 a 09.1 
90 01 07.0 
90 a 02.2 
90 00 66.2 
90 00 51.7 

90 W Oa.2 89 59 43.7 

1824 9.575W.385 -61.a 90 06 37.9 
90 06 34.5 
90 W30.1 
90 06 37.4 

90 06 07.4 

90 06 07.0 

90 06 55.4 
90 06 01.1 

90 06.18.8 90 05 11.5 

Fia. 44.-Abstract of mnith distances Cor sample computation of elevations-Continued 
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2116 htw I e a Z  2.125 tO.885 -15.6 SO 02 S7.8 

2820 (Bello) 90 OQ 80.0 
2:s 90 02 87.0 
2: 40 90 02- 

34.8 90 02 u.7 

2:46 me 9.w 2.125 -7.246 +74.9 90 06 04.9 

(Helio) 90 05 52.8 

90 05 54.9 

SO 06 57.5 SO 07 12.4 

a:O2 Monument 1.91 2.125 M.P5 -2.2 90 02 03.4 

3:lO (Hello) 90 02 04.6 

02.2 90 02 00.0 

4:W Cupola of 2.125 so 00 a2.8 
School~r 90 00- 

BartlDgs 29.6 

ho. 44.-Abtmct of Eenith distaneas for sample wmputation of elevations-Continued 
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1923 
5124 

5/ 26 

51 24 

5/26 

6/24 

5/25 

uou. 

1: 27 
1:34 

1:40 

1:47 

1:50 
1: 52 

2 0 6  
2:12 
2: 15 

22 47 
2: 50 

2: 59 
3: 24 
3:40 
3:37 

2: 40 
2: 45 

3: 52 

2: 22 
2: 25 
2: 27 

2857 

3: 04 
3:19 
3:m 

4 : 1  

4:s 
3: 26 

3:m 

O D n n  on5z.w 

Monument 
(Helio) 

Keele 

(Helio) 

Bailer 
(Helio) 

Byer s 
(Eello) 

Cube 

Lee 

(Helio) 

' Cupols 
Schoolhoueo 
Hastings , 

Nda# 

1.91 

1.92 

1.P 

3.61 

9.37 

1.09 

. . "  . . I  Y&# xdm ' 
1.4% -0.465+4.5 90 02 32.3 

90 02 41.5 
. 90 02 32.1 

35.3 90 02 39.8 
1.W -0.47W.4 90 03 26.1 

90 03 26.8 
90 0 3 u  

26.9 90 CQ 36.3 

1.445 N.235 4 . 7  90 04 37.9 
90 w 43.9 
90 04e4.2 

42.0 90 04 39.3 

1.445 -2.165.(e7.7 90 02 16.4 
90 ai? 24.8 
90 02 16.7 
90 02 13.4 
90 ,oa 03.4 
90 02 11.9 

90 02 23.2 

90 02 15.7 
90 0 2 1 a  

15.4 90 02 43.1 

1.445-7.925 e . 3  90 07 41.3 

90 07 39.0 

90 0747.6 
42.6 90 6e 40.9 

1.445iO.355 -3.1 90 04 60.1 

90 0453.6 
90 04'56.2 

90 04m 

1.445 89 53 05.9 
89 52 59.0 
89 52 51.3 
99 62 53.5 

89 sa 67.4 

54.8 90 04 61.7 

FIG. 44-Abstract of mnith dlstances for sample computation of elevatiom-Conthued 
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. . .  . . *  Xdm xuri Ye, - 1923 
5/30 1 : 1  Cube 9.37 3.811 -5.555t74.1 90 06 58.6 

1:a (Hello) 90 07 05.7 
1: 37 90 06 54.5 
I: 43 

90 06 98.6 90 08 12.7 

1 : s  Bailer 1.P 3.815+2.605 4.2 90 Q5 42.5 
2:oo (Rcllo) 90 05 aa.4 
28 06 90 Q 25.1 

2: ii 90 OB 35.1 
2313 90 05.30.4 

a: 15 90 0 39.4 

S/3l  1:35 90 03 44.4 

1:40 90 05 47.8 
1:45 so 0545.6 

38.2 a0 05 05.0 

2:m l?hornbary 3.ol 3.915 tO.805 -9.0 90 04 33.0 

(Eello) 90 04-36.7 

90 04 a6.5 

614 1 : s  90 04 a . 5  . 

2: 04 90 04u 
a00 90 04 P.8 

32.0 90 04 a.0  

5/31 2:s Keel@ 1.92 3.816 4.895 -25.8 90 06 02.1 
(Hbllo) 90 06 06.3 

9 0 0 6 m .  

03.3 90 05 37.5 

2:s Hastings 1.24 3.815 +2.575 -32.9 90 O5 47.7 

3:w (Belio) 90 05 48.2 

90 06- 
47.9 90 06 15.0 

614 233 Leo 6.12 3.815 -2.305 c2l.O 90 04 40.7 90 05 01.7 

at38 (TOP .Of  8taad)S.P 4.395 +2l.8 90 04 46.8 90 05 06.6 

90 05 08.0 
2:44 (Hello) 6.P 90 04 51.8 90 05 

FIO. 44.-Abstrsct of d t h  distaness for sample computation of elevatins-Conthued 
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a 5 5  Hastings 
3:00 (Belio) 
3: 05 

3:12 Lea 
3:17 (Halio) 

3: 1 

H e .  

3.01 

3.61 

1.24 

1.09 

. . I  . . *  JMm H e 8  

1 - 4 5  -1.595 +as7 90 01 16.9 
90 olle.1 
90 a= 

18.1 90 a 43.81 

1.415 -2.195 428.0 90 02 a . 6  

90 02 29.2 
90 0225.2 

26.3 90 02 54.3 

lAl5*.175 -2.0 90 05 01.5 
90 04 59.7 
90 04 55.1 

90 04 58.5 90 04 56.8 

1.415m.325 -102 89 58 56.1 
89 58 51.8 
89 58- 

52.3 89 58 42.1 

FIO. 44.-Abstract 01 mnith distances fa sample computation nf elnvati-Continued 



. . *  1923 llvr M t l m  Udm * 
615 a 1 0  Byere 3.61 6 - 4 5  +2.305 -25.6 90 06 15.5 

a 1 5  (Helio) 90 06 21.3 
ala 90 06 a 

19.2 90 05 53.6 

2:Z5 Bailer l e a  6.415 +6.205 -164.0 90 M 53.2 
(Helio) 90 07 55.2 

a34 90 0159.4 
55.9 90 05 11.9 

9-25 6.415 -2.815 +45.7 89 58 47.0 89 59 32.7 
-2.725 +44.2 89 58 43.4 89 59 27.6 

2: 52 9.14 89 58 35.5 89 59 19.7 
3:oo 9.14 89 58 23.5 89 59 07.7 

4.00 9 -14 89 58 38.5 89 59 17.z 
33.5 89 59 21.1 

2:43 @?:if 
(Top of etard)9.14 

.&13 Willir 1.77 6.415 44.645 -65.8 90 00 23.1 

S:25 (Helio). 90 00 P . 2  
3: 31 90 0029.4 

26.9 89 59 21.1 

3:50 Thornberry 3:Ol 6.415 t3.405 -49.3 90 04 29.5 
3:52 (Helio) 90 04 31.1 

3: 56 90 04- 
29.4 90 03 40.1 

6:33 School €hue  6 . 4 s  90 05 41.4 
5840 top, Hastingo 90 05Ba.L 

42.2 
Fie. Y.-Abstract of mnith distance? for sample computation of e l e v a t b m c o n t h d  
640737'-46-11 
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1923 
611 '3353 

1:56 
2802 

a07 
2: 11 
2:19 

2: 29 
a34 

2: 37 
2: 45 
3: 25 

a:oo 
3:M 
3:12 

3: 20 

3:30 

6 n m  O ~ r r m ~  

Byers 
(Hello) 

Lee 
(Helio) 

caeaion 
(Helio) 

G a m i l l  
(Hello) 

Willis 
3:45 (To2 of S t R M )  

3: 50 

. . I  . . I  unnr m u 8  Man: - 
3.61 3.16 -0.395t4.4 90 04 34.4 

90 04 35.5 
90 0 4 u  

Z3.6 90 04 38.0 

1.09 3.P5 +2.126 -30.8 90 04 47.4 

90 04 44.7 
90 04- 

46;s 90 04 16.0 

1.16 3.Zl5 t2.oSS -37.5 90 08 23.3 

90 02 34.8 
90 02 26.6 
90 02 35.3 

90 02 l a  
aB.6 90 01 51.1 

9 . a  3.P5 -6.015f71.8 90 00 01.3 

90 00 05.9 

90 00 14.1 
90 00 Q+& 

06.4 90 0113.2 

1.68 3.P5 +1.535 -35.0 89 55 39.1 

89 55 37.8 
89 5 5 4 0 . 9  

39.2 89 55 04.2 

FIG. 44.-Abstract of zenith distances for sample comyutalion of eIevationS-Contln110d 
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1923 
616 1:55 Qemmill 

2 : O l  (Helio) 
2: 05 

2:12 Lee 

2:19 (8elio) 
3:09 

2:55 Cashion 
2358 (Helio) 
3:02 

617 8:lO (Light) 
8:ao 
8:25 

9:15 

. . *  . . *  Ydm Jmr# YUI * 
9-23 1.976 -7.256 $147.6 90 01 21.7 

90 01 24.0 
90 61 

22.7 90 C0 50.3 

6.21 1.975 -4.236+60.0 90 06 48.1 

90 08 40.4 
90 06 . 

49.9 90 07 48.9 

1.16 1.975 +Os815 -aO.8 90 08 22.0 

90 08 'k1.8 
90 0 8 2 2 . 8  

22.2 90 08 old4 
1-26 1.975 +O.'IlS 48 .S  90 07 56.7 

90 07 50.9 
90 07 46.9 
90 07- 

50.1 90 M 318 
29 -6 

S:40 Thornberry 3.11 1.975 -1.136425.9 90 07 54.1 
8:45 (Li@lt) 90 08 01.0 
8:52 90 08 16.7 

9:10 . 90 08 13.5 
9:05 90 08 13.6 
9: 08 90 08 08.8 

90 08 08.0 90 OB 33.9 
29.6 

. 90 09 m.5  
- 

FIO. 44.-Abstract of zenith distaneas for sample computatlon of elevations-Continued 
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Ilou. 

. . I  . I *  lW.3 miIlJ, WI YIm. 

6?U 4:49 Lee 6.12 9.435t3.815 -53.8 90 O? 26.a 
5:12 (Top of stand) 90 07 28.3 
5: 14 90 07 31.7 

29.0 90 06 a1.2 

5:26 Wlllls 9.435y1.755 -157.8 90 03 36.3 
5:ao (20p of stand) 90 03 36.2 
5:ai 90 03 a3.8 

35.4 90 00 57.6 

11416 

DATE HOUE 

1923 
6/11 l:07 

1:lO 
1:14 

1: z.5 
1:35 
1:40 
1:49 

4:s 
4:s 
4: 41 

Wllll~ 1.77 1.W -0.~l0.a 89 56 2l.2 

(Hello) 89 56 14.0 
89 56 16.0 

17.1'89 56 a7.4 

-11 9.23 1.365 -7.865+93.2 90 01 43.1 
(Eello) 90 01 53.0 

90 01 46.0 
90 01 36.0. 
90 01 

4a.9 90 Oa 16.2 

nornberry 3.01 1.365 -1.645*30.0 90 04 01.5 
(Eello) 90 os 59.6 

90 04 00.7 
90 04 00.6 90 0430.6 

Fla. 44.-AMtract of zenith distances for sample Computation of elewtions-Continued 
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COMPUTATION OF ELEVATIONS AND REFRACTIONS FROM RECIP- 
ROCAL OBSERVATIONS 

Form 29h is used in coniputing differences of elevation from 
reciprocal observations. (See fig. 45.) The coefficient of refraction, 
m, which is needed in computing the nonreciprocal observations is 
also obtained on this form. The computations for all the reciprocal 
lines are given in Figure 45. 

Keel. .Keele 

. I "  

r, 90 08 a . 3  

t* 90 02 C0.c 

r r t ,  - 6 2S.E 
4 (r,-rd - a 11.8 
fU*-tJin-. 

2.79484 
1% P 6.80394 

5.69450 

- 
kg (0.5-m) 9.677782 
(0J-r) 0.4762 
p d (0.5-rn) I 4.08 

0 I ,I 

0 03 02, 
0 07 12, 
+ 4  10, 
4 2  06, 
+ 1254 

2.09691 
4.68567 

4.29977 

1.08225 

+ a  
0 
0 

1.08m 
+12.06 
298.80 
80.88 
8.5995 
0.4006 

2.51 
* D  

3.5 84; 
Id 14: 

614. 

2.78878 
6.80334 
5.700a 

I , .  ' . I  Y . , I '  

07 58.6 0 0617.5 90ml8 . i  

5 18.8 + a a .4  + 116.1 
Q a9.a i 0 ce 40.9 90 oa aSd 

aas.4 + i a . 7  + o m  
159.4 t lOl.7 + BB.2 

2*20a48,+ 2.ool32 1.58aaO 

1.Pzo1, 1.14039 'OS717 

1.2lm,+ 1.14041 0.m19 
-16.29 +=e82 +am17 
339.90 ase.80 a10.99 
311.61 Q2.62 al3.16 
8.6479 8.8950 8368 
0.SP 0.1ow 0.8632 

2.a ~ 

7i.6, 34;2 2'.2 
10 a8.4 l3 

630.4 

2.8ow9 2.92345 2.54900 I 6.80496 I &0314 I 6.80694 
5.67606 5.45250 5.98l60 
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- _- 
Keele Cube Rant- 

I 
Bmrn I Byem Byere 

I .  0 I 
! 

i 01 'L6' 89.59 43.7 90 02 i3.1 
1 05 37.61 90 @ 12.7 90 05 15.0 
+ a  42.9 + 8  2n.o t 2  31.Q 
+1 51.4 +4 14.6 +1 16.0 
+ 111.4 t' 25rL.5 + 76.0 

2.04689 2.40569 1.88081 
4.69557 4.68558 4.68557 
4.18110 4.18949 4.;Wa 
O.9l356 1.1076 0.77376 

+ a  + a  + a  
0 0 0 
0 0 0 

0.91a58 1.28078 0.77a78 
+8.ao +19.09 4-5.94 
QO.99 298.80 Q3.19 
Q9.19 Zl7.89 QS.l3 
8.3623 8.3790 8.4218 
0.6378 0.680 0.5852 

4.34 4.10 3.86 
I:e 34:1 30:3 34;o 247 G.1 

452.1 4778:'4 4 d l  
7' 322 07' 56.4 07' d 1  

2.6551 2.67797 2.67952 
6.80488 6.80566 6.8- 
6.81890 6.81051 I 5*79%2 
4.3~454 4.28154 i 4.28464 I 

- ~ - 
B7err HPstings 

B a i l e r  Bailer 

90.05 so'oc'~: 
90 02 64.8 90 04 SS, - 2 10.7 + 0 17. - 1 a5.4 + 0 a. - 65.4 + 8. 

1.815s, 0.94448 

4.68557 4.69557 
4.20906 4.25792 

FIG. 15.-Computatlon of elevations and refractions from reriprocal observations-Continued 
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- -- 
WlCr 

Lee 

59'S'd. 
30 08 11.9 
t 6 a9.8 
+ 3 14.9 
+ 194.9 

3.28981 
L.68557 
5.81606 
3.79144 

+ 2 /  0 

. 

0.79146 
-t 6.19 

3l8.76 
319.95 

7.63P 
1.3679 

a.m 
56% 34:2 

0a'W:'O 

a'; 0 

2.36922 
6.80455 , 

6.18394 
4.28464 

- -. ..I______== 

BIcrr 

ThorBberx 

36 04 'za:c 
PO 04 38.( 
+ 0 15d 
+ 0'or.e 
+ 7.; 

0.87506 
4.68557 
4.26766 
9.82529 

+ a  
0 
0 

9.82Sl 
f 0.67 

3l8.78 
319.40 
8 . 5 3 s  
0.4647 
2.92 

16:2 %:I 
oa'ak 
' 54l:c 

2.73a20 
6.80515 
5.73334 
4.28454 

9.6662a 
0.462l 
a.4a 

320.56 

Lw 

2hOrnberr 

90.a hd:1 
90 04 16.0 
+o 35.9 
+ o  18.0 
+ 9.0 

1.26527 
4.88567 
4.1- 

o.oa4i2 

+ a  
0 
0 

0.09414 
+1a4 
=.a 
ap.26 

8.3066 
0.69% 
4.94 . 

I.; 34.1 
01 '56:l 

476:1 
2.6777q 
6 . 8 a 7  
5.84672 
4.a8454 
9 .?12l3 

2.a 
0.5154 R 

rr*- 
- 

FIG. 45.--Computation of elevations and refractions from re&roral observations-Continued 
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I 

19'59 h:1,89*55 'd:2 

~ 

Lee 

#amill 

$9- a '2l:'I 
30 06 35.: 
j. 7 14.1 
+ 3 37.t 
+ a7.t 

2.33646 
4.68558 
4.10401 
1.12605 

+ a  
0 

' 0  
1.12601 
+13.37 
3 0 . a  
333.38 

8.2080 
0.790 
6.19 

17-.l 34;: 
05'56.2 

II 
356.1 

2.50lE2 

6.90515 
5.89599 
430454 

9 A3750 
0.4360 
1.61 

3 .  .__< 

will4r 

0.mPill . I I. 

to Oa 50.2 
to 00 57.t - 2 52.1 - 1 26.4 - 86.4 

1.95853, 
4.68557 
4.00605 
0.62813, 

+ 2  
0 

0 
0.6a816, - 4.25 
338.67 
324.42 

8.011 
0.9879 

9.73 
.4.7 34.1 

04'47:s 
#I 

287.9 

2.459% 
6.803% 
6.99395 
4.38454 

9.64099 
0.4376 
1.W 

FIG. 45.4omputation of elevations and refractions Irom recipwcal observations-Continued 
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347.0 

2.54c0aM 
4.68558 
3.907aB 
1.13a19 4 
+ a  

0 
0 

1.1332l,! - 13.59 
W.67 

32.5.08 

7.81% 
1.1854 
13.32 

16:2 g.1 
op' aB.8 

268 5 

3.42h3 
6.80329 

4.38454 

0.52aB P 

---- ._______- 

Station 1, -.e. 

0" 01' 51t1 
0 04 30.6 
c 2 39.5 
t 1 19.9 
+ 79.8 

1.90200 
4.68557 
4.05335 

0. Wx4 
+ 4.37 
320.56 
324.93 

8.1067 
0.8933 
7.83 

1 

381.7 

2.58173 

FIQ. 45.-hmputation of elevations and refractions h i n  reciprocal observations-contiuued 
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EXPLANATION OF COMPUTATION 

The mean corrected zenith distances, ll and 12, are taken from 
Form 39. Log s, the logarithm of the length of the 
given line, a, the azimuth of the line, and “mean 4” the mean latitude 
of the two stations .concerned, are obtained from the list of geo- 
graphic positions. If the list of positions has not been &de out, log 8 

can be obtained directly from the triangle computations and a and 
“mean 4” from the position computations. 

The following rules should be observed: Carry all angles to tenths 
of seconds only, and all logarithnis to five decimal places only except 
“2 logs” and “9 - 3 logs” which should be carried to four decimal places 
only. If the zenith distance is to some indefinite object, such as a 
mountain peak for which there was no well-defined point on which to 
sight, the angles should be carried only to even seconds. The 
quantity h-hl should be carried to centimeters only. Log (0.5-m) 
should be computed to five decimal plac.es and (0.5-m) to four 
decimal places. The weights should he carried to two decimal places. 

To convert W (c2- l,) from minutes and seconds, to seconds, use the 
tables at  the bottom of pages 3-185 of the Vega Logarithmic Tables. 
The logarithm of tslie value in seconds and the corresponding value of 
Tare found on the sanie page as the conversion, in each case, and 
should be taken out at  the same time. Log [s tan W ({2-11)] is the 
sum of the three logarithms nest above it. Logit, log B, and log Care 
obtained from the tables on page 233, which are self-explanatory. 
The sun of these three logarithms and log [s tan W (c2 - {,)I gives 
log (ha -hJ. The elevation h, in each case is obtained from preceding 
computations. 

The relative we.ights to be assigned to the various values of h2-hl 
in tlie least squares adjustment are inversely proportional to 2, and 
for convenience are computed by the formula log p = 9 - 2 log 8,  as 
shown on the computation directly below ha. By this formula a 
line 31.6 kilonieterslong is given unit weight. 

After the value of h and its weight, p ,  have been determined, the 
coefficient of refraction is computed by the formula, 

(See fig. 44.) 

(rl + 5;- 180°)p sin 1” 
2s 0.5-m= 

in which m, the coefficient of refraction, is the ratio of the mean angle a t  
the two stations, between the tangent to the line of sight and the chord 
joining the two stations, to tlie angle between the lines of gravity a t  
the two stations. The azimuth a of the line and the mean latitude, 
4, of the two stations are taken out to the nearest tenth of a degree 
only. The radius of curvature, p, is taken from the tables on pages 
220-222 with a! and “mean 4” as arguments. The relative weight, 
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p, to be assigned to each deterniination of (0.5 m) is proportional 
to s2. The logarithm of sa (or 3 log s) has already been taken out 
for use in computing the relative weights of (h2 - hl).  As the numbers 
corresponding to (3 log s) would usually be large quantities, it is 
customary to divide them by a power of 10. For example, in the 
coniputations shown above they are dl divided by lo9. The value 
of (0.5 - m )  is only for use in computing elevations from nonreciprocd 
observations and need not be computed unless such observations are 
made. All values of (0.5 - m) which are greater than 0.5 or which are 
nearly 0.5 should be rejected. 

After the elevation of a given station has been determined from 
two or’niore stations, the weighted mean should be taken before it 
is used in determining the elevation of some ot,her station. For 
esample, the elemtion of Keele (fig. 45) as determined from Monu- 
ment is 311.11 meters with a weight of 3.45, and as determined from 
Cube is 310.8s with a weight of 8.51. The elevation to be used for 
Keele is found as follows: 

3.45 ;.: 3 11.1 1 = 763.2195 
3.51 Y 310.8s = 780.3088 
4.96 1543.52s3 

1543.5283 
4.96 =310.99 meters. 

This elevation is placed at the bottom of the computation for Beele. 
The elevations of the other stations are obtainkd in a similar manner. 

After the elevations of tthe various stations connected by reciprocal 
observations have been determined and the value of (0.5 - m) obtained 
at  each, the differences of elevation for the nonreciprocal observations’ 
are computed. 

COMPUTATION OF ELEVATIONS FROM NONRECIPROCAL OBSER- 
VATIONS 

The formula for computing elevations from nonreciprocal observa- 
This formula may be rewritten in the tions is given on page 148. 

form 
h2 - hl = s cot (SI - k )  ABC= 8 tan (90° - + k) ABC 

where k= (Om5.- ”), ’- The quantity, SI, is the mean observed zenith 
p sin 1 

distance of the object sighted, no vertical eccentric reduction being 
made in t8he case of nonreciprocal observations. The other quan- 
tities in the formula have already been defined. 



166 u. s. COAST AND GEODETIC SURVEY 

Form 39B is used for computing differences of elevation from 
nonreciprocal observations. (See fig. 46.) The quantities l1 and 
( t - 0 )  are obtained from Fonn 29. (See fig. 44.) The quantities 
log s, a and mean 4 are all obtained from the list of geographic 
positions, or from the triangle and position computations. Colog p 
is deterniined by subtracting the value of log p as taken from the 
tables on pages 220-322 from 10. Log A, log B, and log Care obtained 
from the tables on page 333. The value of (0.5-m) is obtained 
from the coniputation of the reciprocal observations involving the 
same station. For example, for the observations on station Keele 
from station Benton the (0.5-m) used should be a weighted mean 
of the (0.5 - m ) ' s  as determined in the coniputations of the reciprocal 
observations involving Benton. I t  happens in this case that the 
elevation af Benton was fised to start with and as there were no re- 
ciprocal observations from this station there are no computations 
of (0.5-m). The log value, 9.63246-10, given on page 63 of 
Special Publication No. 26, was therefore issued. 

In the computation of the nonreciprocal observations on Thorn- 
berry from Bailer, the log (0.5 -m)  is obtained as follows: In  Figure 
45 it is seen that (0.5 - m) was determined three times in the computa- 
tion of the reciprocal observations involving station Bailer. In the 
Hastings-Bailer computation the value determined is 0.4923, and in 
the Bailer-Lee computation it is 0.5524. As the value is very close to 
0.5 in .one of these computations, and in the other it is greater than 
0.5, these values are rejected. In the Byers-Bailer computation the 
value is 0.4573 and this is the one used, the logarithm being 9.66021. 

In the computation of station Ganimill from Thornberry, the value 
.of (0.5-m) is obtained as follows: The value of (0.5-m) for station 
Thornberry is determine.d four times in the computation of the recip- 
rocal observations in Figure 45. For the Lee-Thornberry line the 
value of (0.5-m) is 0.5154 and for the Thornherry-Cashion line 
it is 0.5222. Botli of these values are rejected since they are greater 
than 0.5. For the Byers-Thornberry line (0.5-.m) is 0.4531 with a 
weight of 3.43, and for the Thornberry-Willis line it is 0.4337 with a 
weight of 0.82. The weighted mean value is then ' 

(0.4521 X 3.43) + (0.4237 X 0.82) =o.4466. 
3.43 + 0.82 

The log of this value, 9.64992- 10, is used in the computation of the 
elevation of Gammill from Thornberry. 
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ihtian 1. oa. Benton 

i m t h  2. ob. Xeele 

Ibject +ted H.110 

I 90 01 59.4 
.kaadmm+ 88.1 34.1 

0 , "  

kg (0.5-m) 

log (tin mh) 

t i n  m. 

[W-f,+k)inaca. 

9 . 6 W  
4.18146 
3.19486 
6 . 3 1 4 4 3  

2.32320 
a<:5 

+ 92:1 

I 

Bailer 

IhornMq 

Heiio 

10- d u:1 
a.9 34.1 

9.66021 
4.10702 
3.19620 
8 . 8 1 4 4 5  

2.27786 
189:'6 

b l11:5 

2.0472? 
4.68557 
4.10702 

0.83986 
+ 2  
0 
0 

0.83988 

+ 6.92 

-1.60 

+ 5.32 

0.7860 
6.11 

bmberrr 

Q a u ~ ~ i l l  

Hello 

,d 00 '0;:4 
s . 9  34.1 

9.64992 
4.2375s 
3.19606 

5 . 3 1 4 4 3  

2.39797 

+ M y 6  
2!50:'0 

2.38668 
4.69558 
4.225756 

1.50982 

+ 2  
0 
n 

1.50984 

+ 2o.a 

-6.02 

+14.39 

0.5249 
3.35 

- 

5 . 5 1 4 4 s  

FIQ. 4tL-Computstion of elevations from nonreciprocal observations 

LEAST-SQUARES ADJUSTMENT OF DIFFERENCES OF ELEVATIONS 

After all differences of elevations have been computed, both from 
the reciprocal and the nonreciprocal observations, and their weights 
determined, the next step is the adjustment of these differences of 
elevation by the method of least squares. A n  esaniple of such an 
adjustment, from the forination of the equations to the deterniination 
of the final elevations, is given in detail on the following pages for the 
differences of elevation represented in Figure 43. 
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The adjustment of vertical observations is made by means of 
observation equations. Elevations in even meters approximating the 
final values are first assumed for the different stations. To these 
assumed values are added 2 8  to be determined by the adjustment. 
Then observation equations are formed by comparing the differences 
of the assumed elevations with the differences determined by 
computation. 

I n  the first one of the following tables are given the stations already 
fixed in elevation and their elevations. In the second table are given 
the names of the stations whose elevations are to be fised by the 
adjustment and in the second colunm of this table their assumed ele- 
vations +nd correction symbols. The last two columns of this table 
are filled in after the adjustment is completed. 

If any of the stations of the scheme have been determined in ele- 
vation directly from first-order leveling their elevations should be 
held fised in the adjustment. The mathematician making the adjust- 
ment should be very careful at  the start, to ascertain whether there are 
any direct connections with first-order leveling. 

Fixed elellations 

Station 
Elevation -~~ 

Meters I Feet 

Monument ....--- 
Benton ...--. _ _ _ _ _  
Cube _..._________ 
Osmniill_________ 
Cashion _ _ _ _ _ _ _ _ _ _  

- 

I Elevation 

328.90 1,@S2.3 
301.40 M . 6  
296.W W . 3  
833.35 1,093.7 
%24.65 1,065.1 

Assumed, 
plus cor- 
rection 

Station 

I 

310.41 
312.81 
318.47 
313.60 
319.75 
319.90 
336.05 

1.01s. 4 
1,0?113 
1 044.6 
1:03a9 
1.M9.0 
l.oJ9.5 
1,100.1 

Adjusted I 

Keele .___________ 
Hastings _ _ _ _ _ _ _ _ _  
Byers _ _ _ _ _ _ _ _ _ _ _ _  
Bailer _ _ _ _ _ _ _ _ _ _ _  
Lee _ _ _ _ _ _  _ _ _ _ _ _ _ _  
Thornberry----.- 
Willis _ _ _ _ _ _ _ _ _ _ _  

Meters I Feet 

blrkrs 
311+ri 
313-1-r2 
319+ra I 314+zr 
3?0+r5 
331+r6 
339+h 

1 This column is filled in after the adjustment is completed. 

FORMATION OF OBSERVATION EQUATIONS 

There are just as many observation equations as there are computed 
They are tabulated in the form shown differences of elevation. 

below. 



Formation of oberzmfion sqirnfioras 

PO, 

1. moo3 
11.1?17 

.s545 
1.4400 
.3s6?, 

.M53 

.3018 . Os51 
1.1003 
.001? 

.5Q2 

.66% 

.0373 
2.9173 
5.8692 

1.9593 
1. @66 
.6S1G . iM4 
.32i5 

1.9103 
.5531 
1. Lrn 

38.3529 

.9sga 

-- 

- 

- 
1 
2 
3 
4 
5 

6 
7 
S 
9 

10 

11 
12 
13 14 

I5 

I6 
17 18 

19 
20 

21 
2l 
23 
2.4 

- 

I 

I 

-- 
Station 1 Station 2 Weight 

Cube _ _ _ _ _ _ _  _ _  _ _ _ _ _ _ _  _ _ _ _ _  
Ha-tings---. _ _ _ _ _ _ _ _  _ _ _ _ _  
Keele _______._____________ 

Monument __..__ _ _ _ _ _ _ _ _ _  I Keele .______ _ _ _ _ _ _ _  _ _ _ _ _ _ _  
Benton 1- ___ .____________ I  Keele. .______ .___________ 
Cube _ _ _ _ _ _ _  ~ ______.______ Peek ...________________ _ _  
Monument ... . - - - -. - _ _  _ _ _  Hastings - -. - _ _  _ _  - _ _  - -. . . - 
Eeele _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ~ ._-__ Hastings ._.--____.__ ~ .___ 

Hastin@.-. . _ _ _ _ _ _ _ _  - _ _ _ _  
Byers.. _ _  .______. . . _ _ _ _ _ _  
l3yers .__________...______ 

Byeis ______. ______. . _ _ _ _ _  
Hastings .___________..___ 
Bailer .___________. .. _ _ _ _ _  
Byers _________.._________ 
Lee. - _ _ _ _ _ _  ~. -. -. ______. . 

Bailer 1 _ _ _ _ _  _ _ _ _  _ _  _ _  ____. . 
Byers _ _ _ _ _  ~ ________. . . __. 
Lee _ _ _ _ _ _ _ _  _ _ _  -. - - - - - - -. - 
Thornberry ... . -. . ______. 
Lee _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - _ _ _ _  
Thornberry -. - _ _  - - -. - 
Willis ___________. . ______. 
Willis-- _ _ _ _ _ _ _  ____. _ _ _ _  
Thornberry.. . _____. _ _ _ _ _  

Bailer ... . ________._____ --! 
Lee ____.._________________ 
Lee. - . . . . . . . . . . . . . . . . . . . .  
Lee. - __________._____.___ 
Thornberry. _ _ _ _  ._____ _ _ _  
Thnrnbcrr\, ... _ _ _ _ _ _ _ _ _  
Thnrnberrk _ _ _ _ _  _ _ _  -. _ _ _ _  I 
Willis-- - - _ _  - - -. .__ . - -. .._I 
Willis 
Cammill.'________ _ _  _ _ _ _ _ _  1 
Gsmmill. ._ - - - - - - _ _  - _ _  -. - 
Gsmmill ... . - ---(--- _ _ _ _ _ _  
Cashion _.___ _ _ _ _ _ _ _ _  _ _ _ _ _  I 
Cashion _._______. ._ _ _ _ _ _ _  j 

2.45 
1.45 
2.51 
2.25 
7. 30 

1.27 
3.85 
4. 34 
4. 1s 
3.05 

3.83 
1. s1 
23.33 
1.96 
4.04 
3.04 
2.93 
4. 72 

12 23 
6.19 

1. 12 
0.73 
15.32 
7.83 

Assumed 
lifference 

of 
elevation 

h - h l  

-18.90 
+9.40 
+I220 
- 16.90 
+300 

+ I 4  23 

+s. 00 
+20. m 
+I. 00 

-5.00 
+7.00 
+6.00 
+I. 00 
+I. 00 

+7. 00 
+P 00 
+IS. M) 
+IS. 00 
+13.35 

+I?. 35 
-5.65 
-11.35 
+3.65 

+a. co 

3hserved 
lifferencc 

of 
elevation 

hr-hi 

-18.79 
?62.4 
+I2 
-10.29 
+?. 17, 

+19. e 
+13.S? +s. 94 
+8. 20 

+ . I #  

-5.13 
4-6.34 
+6.10 
+P 50 
+I.  w 
+5.32 +. 67 
+l7. 92 
+lL 40 
4-13.37 

+14.39 
-4.25 
-13.59 
-fJ. 37 

Assumed 
minus 

ohserved 

-0.11 
$3.30 +. 13 -. 61 -. 17 
+. 3s +. 06 -. 20 

+ I .  11 +. 23 
+. 13 +. 66 -. 19 
-1.50 -. 34 
4-1.68 
+1.33 
+l. @? -. 40 -. 03 
-2.04 
-1.40 -. 76 -. n 

Symbol 

+TI 
+ I 1  
+rr 
+r: 

-n+n 
+I? 

-I2+I3 
-r1+rs 

+a -a+n 
-rs+r4 
- I?+I~  
-u+rs 
-n+rr 
-rs+xo 

--It+& 

-rY+rb 
-n+r7 
-n+n 

-.I2 

--*e 
- I 1  
--I; 
-X6 

-- 
Adjusted 
lifferenre 

01 
elevation 

h2-hl 

- 19.49 
-i9.01 

4-11.61 
-17. OQ 
+2. 40 

+ I 4  01 
+5.66 
+4.06 

+19. 67 +. is 
-.I. s i  
+6.% 
+6.15 
+l. 2s +. 15 
4-8. 30 
+l. 4s 

+IS. 30 
+19.15 
+13.80 

+13.45 
-4.70 
-13.40 
+A75 

4djpsted 
minus 

3hserved 
I' 

-0.70 
+2. ii -. 47 
-.so +. 23 

+. 19 -. 28 -. 14 +. 58 +. 02 

+. 3 +. 00 -. 04 
- 1 . 2  
-1.09 

+. % +. 76 +. 38 -. 25 +. 23 

-. 94 -. 45 +. I9 +. 35 

1 Computed from nonreciprocal observations. Weight usel here is one-third of that determined by the computationon p. 1G7. 

-1.72 
+s. @2 
-1. IS 
-1.80 
+I. I 

+. 24 
-1.08 -. b! 
+?. 42 +. 06 

+. 99 
+I. 10 -. 9.3 
-2.39 
-5.38 

+?. 00 
+?. 32. 
+I.  m 
-3. OR 
+I. 42 

-1.05 
-4.38 +e 91 
+2 97 

0.4900 
7.6729 
.2m9 . Dl00 
.05% 

.0361 

.0iS'l 

.0196 

.33M 

.m 

. W76 

.3600 
,0016 
1.4w 
1.1851 

.m 

.5776 

.I444 .om 

.0529 

. R836 

.325 . M61 

.I444 

E prr 2 
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The data in the second, third, fourth, and sixth columns are 
obtained directly from the computations of the differences of eleva- 
tions in Figures 45 and 46, escept that where the difference of ele- 
vation, - h,, is determined from nonreciprocal observations the 
weight, p ,  used in the adjustment is one-third of the weight determined 
in the computations. The quantities in the fifth column are obtained 
from the data given in the tables of fised and assumed elevations on 
page 16s. 

The observation equations are formed in the following manner: 
First, take the equation for the difference of elevation of Monument 
and ICeele. 

(1)  Monument, fised elevation =399.90 
(2) Ke+, assumed elevation + correction = 3 11 +rl 

h,? - hl (assumed) 

assumed - observed 

= - 1s. 90+$1 
h2 - hl (observed) =-18.79+271 

= -0. l l + q - v , = O  
1‘1 = - 0. 11 +z, (1) 

For the difference of elevation of Benton and ICeele, we have 

(1) Benton, fised elevation 
(3) Keele, assumed elevation + correction = 31 1 

= 301.40 
+SI 

h - h1 (assumed) 
h2 - hl (observed) 

= + 9.60 +rl 
= + 6. 3.1 + 

assumed - observed = 4-3. 36+Zl-P2=0 
P.= + 3 . 3 6 + ~ 1  (2  1 

The other 22 observation equations are formed in a siniilar manner. 
The constant ternis of the equations (-0.11 in equation 1, +3.36 in 
equation 3, etc.) are placed in the column “Assumed minus observed” 
and the symbols for the unknown corrections (+zl in equation 1, 
t x1 in equation 2, etc.) are placed in the column “Synibol.” 

After the first eight columns of the preceding table of observation 
equations are filled in, the table below in which the observation 
equations axe written in horizontal lines with the x’s in their respective 
columns is made out for convenience in forming the nornials.. In 
the second column of this table are given the weights, p ,  and in the 
third column the constant ternis, N, of the observation equations. 
In  the last column the produch, p N ,  are given. 
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Data for formafioo,& of normal equations 

_ _ _ _ _ _ _ _ _  
1.84 

-1.96 
-23.33 
+43.08 

- 

171 

-- I-- 
_ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _  +7.0127 +13.4227 _ _ _ _ _ _ _ _ _ _  - ______- -_  -4.2778 --.7578 

-3.92 _ _ _ _ _ _ _ _ _ _  +2.%26 H7426 
-3.04 _ _ _ _ _ _ _ _ _ _  +3.2036 +2.2036 
-4.94 -4.73 -9.9465 -3.7665 
4-31.07 -13.23 +1$.9324 +27.872A 

I +42.00 +%.4708 +ML5aos 

P 

1 
2 
3 
4 
5 

6 
7 
8 
9 
10 

11 
12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 
23 
24 

2.45 
1.45 
3.51 
2. 25 
7.30 

1.27 

4.34 
4.18 
3.05 

3.63 
1. a4 
?3.33 
1.96 
4.94 

2.04 
3.93 
4.72 
12 23 
6. 19 

1. l? 
9. i3 
15.33 
7. a2 

3. a5 

-0.3005 
4-4.5720 +. 3012 
-1.3725 
-1.2410 

+. 48?6 +. 2310 -. 8680 
+4. e398 +. 7015 
+. 4800 

+l. 2144 
-4.4327 
-2.8400 
-1.1556 

+3.4273 
+3.8836 
+LO976 
-4.8930 -. 1 s  

-3. a848 
-13.6320 
-11.6432 
-3.6304 

FORMATION OF NORMAL EQUATIONS 

The normals nre formed in the sanie manner 8.5 for condition 
equations (see p. 11), escept that the p N  values are niultiplied by 
the coefficients in each numbered column in turn and the sums taken 
for the constant terms in the norIllals. For example, the constant 
term of the first normal equation is (+ 1 X - 0.2695) + ( + 1 X + 4.5720) + (+ 1 X + 0.3012) + (- 1 X - 1.2410) + (- 1 X - 0.8650) = - 0.2695 + 
4.8720 + 0.3012 + 1.2410 + 0.5680 = + 7.0137. 

The constant terms of the other normal equations are obtained in 
a similar manner. The coniplete set of normal equations is given 
below. 

1 1 2 1 3  4 

- -_  
-3.05 
-3. a2 
4-3224 

6 1 6 1 7 1  rl I = 
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SOLU~ION OF NORMAL EQUATIONS 

These nornial equations .are solved in the same manner as the 
(See normal equations for the adjustnient of horizontd directions. 

- 
4 

-0.39193 - 
-. 39793 -. 40 
a 

p. 3s.) 

5 3 : I 6  --___ 
-0.89674 -0.61255 +O. 2256s -0.3745 +O. 08051 -0.3Ss51 
-.057H -.07$42 -.?2SW --.1W1 -- .07W --.I2655 

-. 409% -. 10626 -. 17715 -. 02748 -. ai740 
-.954M -- -.13894 -.@3531 -.l7764 -- -. 95 -1.10017 -- -. 59246 
I7 -1.10 -.%so5 -.52G3? -. 19139 -.59 

. I 6  -. 25 -. 53 
TS IS 

- 
1 - 

4-18.05 
A 

1 

The complete forward and back Yolutions are given below. 
Solution of nornml equations 

3 

-7.30 +. 4M43 
-19.56 
-2.9523 

-16. do77 
ZI 

1 
2 

3 

-4.34 +. 24044 
-3.85 
-1.7553 

-5.6os2 +. 33751 
-21.07 
-1. w35 
-1.8915 

-1% 1347 
n 

2 
3 

-- 

-5.3556 -4.73 
-?-.12W +. 11130 

.31.07 - E 2 3  -. 4702 ___.______ -. 6761 -. 5961 

-- 

-3.05 

-3.82 

-1.0294 

+. 18365 

- - -___--__. 

-4.8194 +. 26i41 
-23.33 
-. 3379 
-. 6902 

-31.3.581 
-t ,57436 

~~ ~ 

-2. 04 -. 7saS 
-3.Oi60 

-5.2335 +. 14.Wl 
+34 24 -. 5m1 

-1.2963 
-13.9903 
-1.1620 -. i628 

+ 1 4 . m  
XI 

9 

+7. 0127 
-. 35851 -- 

-4.3iiS 
+'2.8361 

-1.4417 +. N6S1 
+ 2 . W 8  
+I. 6861 -. 4566 
-- 

+Xi621 -. 2074s 
-9.9409 -. 15rji +. 53.54 

4-18.3295 -. 61355 
+?S. 470s - 1. om3 
+i. 8568 

+35 2622 

+2. ?a'6 

-5.4971 
+3.61?0 
+1.6K6 

-. 89674 

-. -x+8 
+I. omn 

$5.7573 -. 39793 

c 

4-13.4237 -. 74364 
-. 7578 

+5.4286 

+4.6708 -. 261% 
4-6 7426. 

4-1. 5761 
+3! 2 7 4  

tll. 51lM -. 63670 
-3.7565 +. 51i5 
+l. 64x3 

-1.5057 +. W i t 8  
+27.s:2-I 
+l. 5592 -. 2015 

t50.5m -. 1776 
f 12.6576 

4-63. px 
-1. ,5113 

-. 9165 
$-5. SI93 
+9.li33 

4-30.22213 
-1.39753 

Back solzction 

The values of the z's obtained from the hack solution are the quan- 
tities to be added to tlie assumed eleva,tions to give the adjusted 
elevations which are placed in the third column of the table on page 
16s. These elevations which are in nieterv are then converted to 
feet for the last column to the right of the same table. 

After the final eleva.tions of the various stations have been cleter- 
mined, the remainder of the columns in the table on page 169 are 
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filled out; that is, all the colunins to t,he right of the one headed 
“Symbol.” The column headecl “Adjusted difference of elevakion 
l&-hl” is filled out from the da.ta in the tables on page 16s. Each v 
in the nest colunin is simply the adjusted (h2-hl) niinus the ob- 
served ( 7 ~ ~ - h ~ )  and is obtained by subtracting the quantity in column 
6 from the corresponding quantity in column 9. 

The column headed pv is obtained by multiplying column 10 by 
column 4,. and the c . o l m  headed pv3 is obtained by multiplying 
column 12 by column 4. 

As a check on the coniputation the sum of all tslie pds for any sta- 
tion in colunins 2 and 3 should equal zero, except for a possible dis- 
crepancy of a few hundredths due to dropping clecinial places in 
adopting values for the 2’s. In coniputing this check the sign of 
the x must be taken into account. For exaniple, for station Keele, 
correction synibol zl, we have 

~ ~ ~ ( + l X - 1 . 7 3 ) + ( + l X + 4 . 0 2 ) + ( + 1 X - 1 . 1 S ) +  ( - l X + l . 6 8 )  + (- 1 X -0.61) = - 1.73+4.02- 1.18- 1.68+0.61= +0.05. 

For station Hastings, correction synibol x2, we have, 

E p =  (+ 1 X - 1.80)+ (+ 1 X + 1.6S)k (+ 1 X +0.34)+ (- 1 X - 1.0s) 
+ (- 1 X +0.06) + (- 1 X + 1.10) = - 1.50 + 1.68 + 0.34 + 1.08- 0.06 

- 1.10 = + 0.04. 

All the reniaining .E’S can be checked in a siniilar manner. 
COMPUTATION OF PROBABLE ERROR 

The probable error of an observation of unit weight derived from 
the adjust,nient is determined froin the forniulit : 

sp’ Probable error = f 0.6745 ___ 
JN.- Nu 

in which No is the nuniber of observed zenith distances, Nu is the 
number of unknowns, and 2 indicates as usual (‘ the sun1 of.” 

Z pv2=36.3529 (See p. .169) 
N,-Nu=24-7=17 (See Fig. 43.) 

log 36.3529 = 1.56054 - 
C O ~ O ~  17 = 8.76955 - 10 

log -%!!!- =0.33009 No- Nu 
l o g d m u =  ZpzP 0.16504 

log 0.6745=9.83898- 10 
log probable error = 9.99403 - 10 

Probable error (observation of unit weight) = f 0.99 m. 
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This means that t,he reciprocal observations over a line 31.6 kilo- 
meters (19% miles) long, this being the length of line corresponding 
to unit weight, determined the difference of elevation of two points 
with such a degree of accuracy that it is an even chance whether the 
error is greater or less than 0.99 meter. 

I t  is the general practice in the United States Coast and Geodetic 
Survey to conipute tlie probable error of tlie elevation for that station 
of the net which is the farthest away from a fived elevation and whose 
elevation, therefore, is least accurately determined. The probable 
error of this elevation can be very readily determined if the equation 
involving it is eliminated last in the solution of the normals. For 
axample, in the net here considered the elevation of station Bailer 
is assunied to be least accurately deterniined. The correction to the 
elevation of Bailer is designated by z4 in the djustnient, so the equa- 
tion conttlining z4 is eliniinated l%@. 

The formula used in computing the probable error of the elevation 
of any particular station is 

(See p. 172.) 

in which (p. e.)8 is the desired probable error of the elevation, (p. 
is the probable error for an observation of unit weight and Ow is the 
weight coefficient of the elevation for the station in question. 

The weight coeffic.ient for any z is the corresponding diagonal term 
hefore division in the solution of the nornial equations. For 3c4, the 
correction synibol for station Bailer, it  is -t 14.468. (See p. 172.) 
The probable error of the elevatioii of Bailer is therefore 

log 0.99 = 9.99402 - 10 
log (0.99)2=9.9SS04- 10 

(SM p. 173.) 

log 14.468 = 1.16041 
(0’99)’- 8.82763 - 10 

log 14.468 - 
’ logJ-~=9.l1382- 10 

Probable eqor of elevation of Bailer = f0.36 meter. 

COMPUTATION OF ELEVATIONS OF INTERSECTION STATIONS 

Figure 43 shows that Hastings High School was not occupied, but 
was sighted upon from four stations, Monument, Keele, Hastings, and 
Lee. After tlie final elevations of these inain scheme stations have 
been determined, the elevation of Hastings High School may be com- 
puted from the non-reciprocal observations on it from the four stations. 
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(See fig. 47.) The values of (0.5-m) used in this computation are 
obtained in the manner esplained on page 166. For the final elevation 
of Hastings High School a weighted mean of the elevations deter- 
mined from the four stations is talcen. 

lUIior4 1. m. 

IULiOn 2. o h  

nUldmm* 6.0 34.2 

9.67- 
4.X5195 
3.19485 

6 . 3 1 1 1 3  

2.43526 

2?2.*4 
-at4 

1% dim 1.3304l- 
4.68557 

' IWJ I ' 4.25195 

2 
0 
0 

0.267954 

-1.85 
329.90 

t-0 +2.12 
c~natrd e~evuion 330.i7 

log A 

k B  
1% c 

k ( k h )  

lug p-9-2 log a 0.4961 
I, 3.13 
~*umnhlhIflb.*. 329.38 

9.67367 
4.19443 
3.19663 

5 . 3 1 4 4 s  

2.37916 
a9;4 

4-209.8 

-la H.9 

Eastingr 
Tog 

9.66502 
3.78252 
3.19660 
6 . 3 1 4 4 3  

1.95857 

90"s 
+ m1:5 

9.65706 
4.4427 
S.19491 
6.31113 

2.58067 

ad> 
+38.6 

2.3aai 2.71054 1.88669 
4.€8558 4.68558 4.68557 
4.194431 3.78252 4.41427 

1.20U2 1.17864 0.B643 

2 2 2 
0 0 . o  

0 0 0 -- 
i . a i a 4  1.17866 0.68- 

+15.92 + E A 9  +4.86 
310.41 3iz.ai 319.75 
a- +6& 

328.45 329.34 381.m 

0.6111 
4.m 

1.4390 
27.a 

o . in5  
1.48 . 

6 . 3 1 4 4 3  

. 

FIG. 47.4ompUtation of alevation of intmmtion station 

As the final step in the computation of elevations from zenith dis- 
tances, a table is pyepared giving the elevations of the stations, both 
in meters and feet. The elevations in feet should be given to one 
less place of decimals than the elevations in meters. The table should 
be placed at  the end of the computation where it may be readily found. 
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Table of elevations 

Thornberry _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ___ I  319.90 
Wlllis _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ~ 335.05 
Hastings High School cupola _ _ _ _ _ _ _ _ _  . 329.4 

1.062.3 
98s. s 
OsO. 3 

1,093.7 
1. OFS. 1 

1.015 4 
1.026.3 
1.0.14.8 
1.WS.9 

' 1,049.0 

1.049.5 
1. loo. 1 
1,081 



CHAPTER 6.-SPECIAL PROBLEMS CONNECTED WITH THE 
COMPUTATION OF TRIANGULATION 

LIST OF DIRECTIONS WITH SOME DIRECTIONS PREVIOUSLY FIXED 

It, frequently happens that in niaking out a list of directions for 
h. particular station, soiiie of the directions from tahe station' have 
already been fisecl from previous adjustments. Care must be taken 
to correct these directions before they are used with the other 
directions in another acljustnwit, since the new adjustnient will 
not be consistent with the old one if the observed directions are used. 
Below is an esaniple of the method used in applying corrections to 
the observed values of these adjusted directions to make them 
consistrent. At station "Monument" tlie angle from Grande to 
Corpus as fised from a previous adjustment is 55' 35' BI."SS and blie 
angle from Corpus to Garcia is 99' 35' 16!'20. The ohserved values 
of tlie three directions involved are given in column 3 of Figure 4s. 

C'ontplctution of tnean correction, dadion Monn.ttit:nd 

1 

Station 

3 3 

Pwlinii- 
Observed nary 
direction ccmerted 

direction 

I I o ,  , , I  I ,  

4 

Difference 
(3-3) 

0.00 +. Ijg 
+I. 59 

5 

Final 
corrected 
directian 

24.47 
48  35 
04.55 I 

Using Grande as an initial and adding successively the two fixed 
angles given above we obtain the values given in colunin 3. The 
differences between these values and the observed seconds are placed 

in colunin 4. The mean of the three differences is -= + 0!'76. 
This niean is then applied with opposite sign to each of the values in 
colunin 3 to obtain the final values in colunin 5, which are the values 
to be placed in the final seconds column of the list of directions at 
Monument. As a check on the computation the 
direction to Grande should be subtracted from tlie direction to 
Corpus and the direction to Corpus from the direction to Garcia, 

+ 3 9 8  
3 

(See fig. 48.) 

177 
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using the values in the final seconds column. 
obtained should be identical with the fised values given above. 

The angles thus 

The rule to be followed 

won. Monunent Compubd by .,a_- tions already fised consist- 
ent with the new directions 

Obwwr&V-8- is as follows: Take the ob- 
h A m x s 0 a - m  - AwsrTusur s ~ ~ ~ N ~ ~  served direction at  one of 

e # I# the. fised stations as an ini- 
tial and add the fixed angles 

Birrgold 0 00 00.00 in order to obtain a set of 
Oriwle a 00 =.a 26.47 preliminary corrected direcr 
&won 31 47 59.56 tioris for the fised stations. 

80 32 48.42 Take an algebraic mean of c o w  
Paucho 118 19 55.00 the differences obtained by 

subtracting the observed (iaroia 179 50 03.72 a4.55. 
F I ~ .  48.-List of directions, with some directions pnvi- directions froln these cor- 

rected directions and apply 
it with opposite sign to the latter to obt'ain the values for the find 
seconds column. 

NUMBER OF EQUATIONS IN ADJUSTMENT OF UNUSUAL FIGURES 

U. -urn h W T  AIID OF 6mDmC COY- IUlWZY 

State: _________...__-__._. then in illding the direc- roll* UI - Ch.cksdby ,mL 
DIRscnoua AFTER hulL 

ously fired 

Itfrequentlyhappens that themathema- Marsh 
tician in forming equations for an adjustr 
ment makes a mistake in using either too 
many or too few. Figure 49 is an example 
where tlie nunibey of equations necessary 
to adjust i.t is not at  once apparent. 

There are only two triangles in this fig- 
ure and both have one concluded angle. 
It would appear at  first as if there were 
only one side equation and no angle equa- 
tions. There is an angle equation, how- 
ever, due to the fact that the sum of the 
interior angles of a quaddateral niust 
equal 360' plus the spherical excess of 
the quadrilateral. This eyua t ion is 

surf 

Rail 

+Io, 4B.--F.irst ~~ixsmp,e Tide of ~~~ 

formed as follows: triangulation Agure 
0 t I t  

Angle at Tide, Surf to Rail (fised) 61 09 52.0 
Angle at Rail, Tide to Marsh (+5) 135 09 30.6 
Angle at Marsh, Rail to Surf (- 1+3) 53 44 33.5 
Angle at Surf, Marsh to Tide (-4) 109 56 13.2 

Sum - (1) + (3)- (4) + (6) 360 00 09.3 
As there is no spherical excess in this quadrilateral, we have 

360' 00' OOiyO= 360' 00' 0913- (1) + (3) - (4) + (5) 
Or 

0 = + 9.3 - (1) + (3) - (4) + (5) 
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COMPUTATION OF TRIANGLES 

23 R a i l  - Tibe 
-1+2 1 LYsh 16 25 20.7 

+ 5  2 R a l l  135 09 30.6 

+1-2-5 3 T i &  (28 25 08.7) 
13 Marsh - T i b  

1-a Ilar~h - Rdl 
0.0 

2-3 Tide - Surf 
-3t3 1 Marsh 37 19 12.9 

t 2  - 3+4 2 Tide (32 44 34.0) 

-4 3 surf 109 56 13.2 

13 Lbsh - Surf 0.0 
1-2 Ea-sh - Tide 

FIG. 50.-Triangle computation for Figure 49 

a.wo 

Or the equation inay be foriiied in another way. The sum of the 
two concluded angles should equal the fised angle a t  Tide. That is 

0 ' ' I  

Angle at Tide, Marsh to Rail (+ 1- 2- 5) 28 25 08.7 
Angle at Tide, Surf to Marsh (+2-3+4) 32 44  34.0 

Angle at Tide, Surf to Rail (+1-3+4-5) 61 09 43.7 
Since the fixed angle a t  Tide, Surf to Rail, is 61' 09' 5210, we have 

61' 09' 43!7 +( l ) -  (3) +(+I)- (5)=61' 09' 52fO 

O =  +9.3- (1) +(3)-  (4) +(5) 
In Figure 51 is given another esample, occasionally encountered, 

in which the proper number of equations for the adjustnient is not 
veiy apparent. 
and one side equations in the quadrilateral C D F E and two angle 
and one side eqiiations in the quaddateral A B D C, or a total of 
six equations. However, if the figure is built up point by point, it is 
seen that there are seven equations, as shown below: 

or 

Ordinarily one would think that there are two angle ' 

Number of equations 

dngle 1 Side 
1 station 1 
I I I 
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The additional angle equation is obtained by the closure of either 
of the two quadrilaterals A D F Cor A D E C. If the latter one is 
used then the equation is, angle C A D + angle A D E + angle D E C + angle E C A - the closure = 360' + spherical excess. 

B & ~ L . H . - H ~ ~ w ~ R o c ~  
0 # n 
47 46 55.1 

-1+3 +' 158 14 06.0 

FIG. 51.4econd e.rample of unusual 
triangulation Egure 

SIDE EQUATION IN FORM OF LENGTH EQUATION 

It frequently happens in the adjustment of an intersection station 
from three fixed points, that the length and aziniuth between two 
of the fised points are not known. In this case the side equation 
will take the foim of a length equation. An esaniple of such an 

3,588491 ----I----- BalrerLH.-EasternPoinl 

9.8695797 +1.91 -!3+3 22 43 22.5 
9.5496601 -5.55 +1 13 44 l a 9  
3.0077308 

0 # I# 

adjustment is given below. (See fig. 53.) 

FIG. 52.-Triangulation &gum requiriig length equa- 
tion instead of ordinary side equation 

Side equation 

3.0078100 I I 
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Correlate equation 

I I 

Soliitiow of normal equation 

O= -79.2-k 169.4636 C 
C=+ 0.4674 

COMPUTATION OF TRIANGLES 

2-3 Eastern ?oLnt-3?kef L.H. 
1 ~ 0 1 1 ;  flag pole 159 14  06.0 4 . 5  

+1 2 Eastern m i n t  13 44 18.9 -1.4 
-3 3B3ker L.X. 7 01 35.1 +4.9 

1 d w l i a  fkag wle-3dcer L.H; 
1-2 -alia f l ~ e  pole-%stern Point 

4,045264 

02.5 0.450320 
17.5 9.375637 
40.0 9.097606’ 

3.3712P 

8.5a3190 

2-3 H a l f w a y  Rocb-Snker L.H. 2. 5a8491 

l w o l i a  flag pole 22 43 22.5 -8.1 14.4 14.4 0.413144 
+B 2Ralfway Rock 47 46 55.1 +3.2 50.3 58.3 9.859536 

-3 3Baker L d L  109 29 3 42.5 +4.9 47.4 0.1 47.3 9.974356 

1-3 Magnolia f l x  ?ole-Baker L-8. 0.1 3.873223 

1-2 Isagnolia fla pole-Ealfw Rock 3.975991 
FIG. 53.-Trhngle eomputatlon for Figure 52 

IDENTICAL EQUATIONS 

One must be very careful in the selection of equations for an 
adjustment, especially if the scheme. is much involved, to avoid what is 
known as an “identical equation,” which often is not discovered until 
the solution of equations is made. In the solution, the diagonal tern1 
of the identical equation will become zero, or nearly so, and the error 
in selecting the equation thus becomes known. 
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-7 
-6 
-8 

Below is given an illustration of a set of five equations, three angle 
and two side, in which one of the side equations is an “identical 
equation.” The solution of the equations is carried as far as the 
diagonal term of the identical equation. It is wen that the diagonal 
term of the fifth equation is practically zero, and this means that 
the fifth equation is not an independent equation. 

* # n 0 t 11 

a(r 58 43.7 9.6701159 +3.@ I 
16 52 35.5 9.4828823 
37 22 42.4 9.7832.137 

+6 25 57 28.1 9.6411899 +4.32 
$8 12 39 55.0 9.3406185 +9.37 . 
+I 59 13 35.2 9.9340924 +1.25 . 

8.9162318 
I 

a ~ 1 ~ ~ 1 9  

Ckamcook 

Rye-Chamcook I 4 4285047 -I3 1 _ _ _ _ _ _ _ _ _ _ _  
12 39 55.0 9.3409495 +a37 

-2:; I 128 08 4 6 1  , 9.9071.522 -1. 54 

3.677R051 I 
-8 

- 7 1  3.6775921 

RyeCollms 4.314a1 _ _ _ _ _ _ _ _ _ _  
4-2-4 150 27 31.0 9.6918928 -3.m 

27 53 43.7 9.6701159 +3.% 

5. 0=+13.0+5.26(2)-1.54(3) -3.72(4) +3.98(7) +9.37(8) 
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Correlate eqicalions 

2 a  4 5 
-- -- 

+ll. 26 +5.26 

+&90 -7.57 
--Ii-- -6.03 -10.78 

+4 +301.2774 -134.4735 
+147.5149 

11.- 5 

- 
‘I 

+3.7 
-2.4 

4-13.0 

_______..__ 
-11.I -___-.... 
-12.13 +9.37 
-5.23 1 +3.9s 

Zn 
-~ 

+22.23 
-19.21 

4-12.9514 
+$E39 

Normal equations 

~ 

4 

+n. 26 
-2.815 

-6.03 
+5.63 

5 

+5.% 
-1.315 

-10.75 
+2.63 1 

2 
- 
-2 +. 5 - 
2: 
+3 

Ca 

2 

Soolzctioii of normal equal iotis 

3 

2:. 3333 
+%I3067 

Ca 

1 
2 
3 

-7.57 
7 2 6 7  I -5.4533 

+&6333 I -13.0033 
-2.4875 +4.87625 

‘I 

$3. 7 

-2.4 
+I. 85 

-. 56 +. 18333 

-. 925 

+I. 1 -. 3667 
+. 7333 -. 2750 

+la 0 
-4.8855 
-1.4w1 +a 5759 
-10.3611 

-. 1448 

183 

-1.00 
+o. 26 
-1.54 
-2.72 

+LOO 
-11.26 
-1.25 
-a. 76 

+mi. 2774 -134.4735 
-31.6989 -14.8089 

-16.5003 +32.3458 
- . O W  1 -1.0881 

+25a.OzsS I -118.0215 
c4 +. 46644 

+147.5149 
-6.9169 
-22 1409 

-Q Q 
-10: il55 -. 0733 
-1. M42 

--2?.2130 +. 08779 

x. 

$22. 22 

-19.21 
+11.11 

-5.555 

-a io 
+2.70 1 
+2.43 

-2.97 
+I. 11375 

+l89. 0339 
-62.5193 

+7.3878 
-Lo800 1 
+E 9514 
-29.2193 

r14.4825 
+52 6104 

-.I450 I 
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DUARTYEWT OF COMMERCE 

P L L - Y D ~ S ~ C .  
YDrm s COMPUTATION OF .TRIANGLES 

state: __.. wne 
--"a9 

no. ITATION ODSERVID ANGLE 

23 Coorr-Rye 

-1w 1 b6 24 29 20.9 

-6 3 Rye 119 38 21.5 
+5 2 .Cooper 25 52 15.7 

1-3 -Rye 
1-2 Mag-cooper 

2-3 COO? a-Collins 

-1+3 1 !&! 160 38 06.0 
t5 2 cooper 6 09 35.8 
-7 3 COllillS 13 12 19.7 

13 Mag-Collins 
1 3 .ga&-cooper 

23 Rye-Collin6 
-243 1 Mf3g 126 OB 45.1 
+6 2 We 2.5 57 29.1 
-7 3 Collins m 53 43.7 

13 Meg-Collins 

1-2 . Yae-RUe 

zj Collins-Chamcook 

-3+4 1 Mag 83 73 43.9 
w 2 Collins 59 13 35.2 
-8 3 pamcook 37 22 42.4 

13 MPg-ChemeOOk 

1-2 Mag-Collin6 
23 ~ o o k - c o o ~ e r  

+1-4 1 !l- 115 58 10.1 

+a 2 Chamcook 29 11 30.8 
-5 3 cooper 24 50 17.6 

13 &-Cooper 
1-2 M g - C h m O o k  

4.1907Z70 
0.1 
0.1 
0.2 

f3.7 0.4 

-1.3 

e.4 

4.5286319 
0.1 

0.1 
0.2 

4.3145841 

0.1 
0.1 
0.1 
0.3 

.4.2624892 

0.2 
0.1 
0.1 

-1.1 0.4 

4.5299291 
0.3 
0.3 
0.3 

t2.4 0.3 

23 Chamcoobnyb 
1.24 1 u 150 ?7 31.0 0.1 

.-6 3 Rye 16 52 35.5 0.1 
+8 2 clwBc4ok 12 39 55.0 

13 Ilsg-8y. -1.3 0.2 

1.a ~ C h . 9 U l C O O k  

FIG. S . - T ~ b g b  ~ ~ ~ U t s W a n  fa F W  54 

4.4225047 
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A careful inspection of the side equations on page 182 will show 
that both equations relate to the quadrilateral Rye-Mag-Chamcook- 
Collins, and they differ only in that Mag is the pole in the fourth 
equation and Rye in the fifth. The fifth equation should have been 
formed for the quadrilateral Mag-Chamc.ool&ooper-Rye, with the 
pole a t  Mag. Although it is easy to see in a siniple figure such as the 
one above when an “identical equation” is selected, it is much more 
difficult to see in the case of niore complicated figures and all equa- 
tions should therefore be selected very carefully. 

ADJUSTMENT OF QUADRILATERAL WITH POLE AT INTERSECTION 
OF DIAGONALS 

In the adjustment of quadrilaterals it frequently happens that it is 
impossible to include the two smallest .angles in the formation of the 
side equations by taking the pole at  any one of the four vertices. 
In such a case the pole should be taken at  the intersection of the diag- 
onals. An example of such an adjustment is given below. (See 
fig. 56.) 

The angle equations are fornied in’esactly the sanie manner as 
in the ordinary quadrilateral. The side equation is 
fornied as follows: Call the intersection of the diagonals 0. (See 
fig. 56.) 
Then 

(See p. 35.) 

0 - Tall 0 - Ridge ~ 0 - Stump ~ 0 - Muketeo L. H. 
0 - Muketeo L. H. ’ 0 -Tall 0 - Ridge 0 - Stump - = l. 

Substituting the sines of the angles opposite the sides for-tho sides 
we have 

sin ( - 3 + 4 )  sin (-6+7) sin. (-S+lO),sin ( -2 ) - l .  
sin (-5+6)Xsin ( -8+9)  X sin ( - 1 + 2 )  “sin (+3) -  

The equation is then tabulated as esplained on page 36 except in 
one particular. In  the exaniple given there the designation of the 
angle in the denominator appears on the same horizontal’line in the 
tabulated equation as the designation of the angle in the numerator, 
and the angles corresponding to these designations are taken from 
the same triangle. In  the example given here, however; this is not 
true, that is, the angle designated by ( -5+6)  is not in the sanie 
triangle as the angle designated by (- 3 + 4), etc. It is best, however, 
to arrange the tabulated side equation so that the two angles from 
the same triangle are on the same horizontal line. ’ This can be done 
as follows: With the pole at the intersection of the diagonals there 
will be 4 lines for the tabulated equation. Put the designation of the 
angles in the numerators of the first, second, third, and fourth frac- 
tions on lines 1,2, 3, and 4, respectively, of the left side of the equa- 
tion, and the designations of the angles in the denominatom of the 
same fractions in lines 4, 1, 2, and 3, respectively, of the right side 
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of the equation. That is, in the example given here (-3+4), 
(-6+T), (-9+10), and ( -2)  are placed in lines 1, 2, 3, and 4, 
respectively, of the left side of the equation, and (- 5 + 6), (- 8 + 9), 
(-1+3), and (+3)  are placed in lines ?, 1, 2, and 3, respectively, 
of the right side of the equation. The two angles in the same 
horizontal line in the side equation can then be taken out of thc! 
same triangle. 

Muketo 1. H. 
FIG. 56.-Quadrilateral with pole at intersection of diagoesLo 

The remainder of the adjustment of the quadrilateral is simiiar 
to the one previously adjusted on pages 2 9 4 1 .  

Aiigls equations 

1. 0=+4. 9-(1)+(3)-(9)+(10) 
2. 0=-2. O-i2)+(4)-(5)+(6) 
3. 0=+3. 4-(3)+(.li-i5,+(7)-rS)+(9) 

S i d e  eqiiution 

0 I I ,  

11 37. 25.5 9.3043404 

8.9169182 8.3169564 

4. 0=-3S. 2+0. 4(1)-10. G(2)-7. 5(3)--3. 5(4)+6. 9(5)-23. 0(6)+16. l(7) 
+7.3(S) -7.8(9) +0.5(10) 
entering it in the table of correlates.) 

(This equation should be divided by 5 before 

Correla.tt! eq uatioiu 

4 

- 
+am 
-2 13 
-1.50 -. 50 
+l. 3s 

-4 60 
+3.33 
+l. 40 
-1.56 +. 10 - 

2 0  

- 
-0.92 
-3.12 
-1.50 
+l. 50 -. 62 

-3.60 
+1. 32 +. 46 
-1.33 
+l. 10. - 

D 

4-2 202 
-3.541 -. 801 -. 212 +. 543 

+. 243 -. 788 
+2.m -. 245 
-2.141 -- 

- 8  

-2 1 

+a 4 
- . a  
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Norwaal epications 

3 2 '  
~~- 
-1.7125 +O.S 
--.174a +.371 

+.MS 
-1.8868 -- 

+l. 6182 

187 

1 

-1.225 
-.MRS 
-.m 
-2.1752 

-4.36 

-- 

-1.818 +1.816 
+1.687 -1.573 
+.472 -- +.% +.w '+.2 +. 6 

Solution of normal equations 

-1.887 
+l.lOl 

-.786 
-.8 

1 2 
2 -1 

+1 
C a  

1 
2 
3 

I I2 +o. 3420 

4 

+l. 816 
-1. a7 -. 171 
-. 242 -. 3 

4 

+o. 0.3 -. 03 

-4.36 
+1. (19 

-- 

-. 1% +. (Ij 
+?. 18 

+2.04 -. 51 

+45. om3 -. 0016 
-4.7524 
-1.0404 

+39.2144 
C4 

7 

+4.9 
-1.225 

-2.0 +. 5 

+3.4 
+2 45 
+l. 00 

-7.64 -. 09s 
-?. 190 
-3.4935 

-13.4115 +o. 3 4 m  

-. 
+B. ss 
-1.745 

-. 36 +. 09 

-- 

+9. 22 
+3.49 +. 18 
+E. 89 
-3.2225 

-1-32. SoS8 -. 13% -. 3924 
-6.6i3D 

+25.8029 -. 65900 

Conqmtation of v 's  

+1.$87 4-2 175 -2 175 
+.499 I -1.687 I +.M1 

-.533 - 
+2386 - -2.141 
+2.4 I -.w I--21 

I - - .2 I 
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2-3 Weteo 1. E. - Stump 

-9Ho1 Ridge 76 04 52.1 -1.9 

1 -1-3 2 Weteo L.X. . 11 53 01.8 -0.8 
-1 3 stump 92 .02 11.0 -3.2 

13 Ridge - Stump -4.9 

1-2 Ridge - W t e o  L.H. 
04.9 

2 3  Muketeo L.H. - Stung 

-sc6 1 T a l l  i 7  o 20.9 -0.3 

2 +4 2 Weteo L.H. 151 19 11.6 -0.8 

-2 3 stump 11 37 25.5 +2.6 

1 3  T a l l  - Stump e . 0  
1-2 . T a l l  - kketeo L.H. 

58.0 

23 hketeo L.E. - Ridge 

-5+7 1 Tall 24 30 02.3 -1.3 

3 - 3 t 4  2 U e t e o  L.H. 139 26 09.8 +0.5 

1 3  T a l l  - Rid&e -2.4 
-8 f9  3 Ridge 16 03 51.3 -2.6 

1-7. T a l l  - lbrketeo L.H. 
m.4 

2-3 Stump - Ridge 

-6+7 1 T a l l  7 26 41.4 -1.0 

4 -1+2 2 ssump 80 24 45.5 -4.8 

-&LO3 Ridge 92 OB 43.4 -4.5 
1 3  T a l l  - Ridge -10.2 

1-2 T a l l  - Stump 
10.3 

FIG. W.-'J!riangle computation for Figure 54 

3.626870 

50.2 o.a iW4 

01.0 9.313708 
OB.@ 9.989726 

2&535X2 

3.539540 

3.526870 

20.6 0.532685 

11.S 9.681169 

28.1 9.304267 

3.740724 
3.36a822 

3.539540 

01.0 0.2a22Ga 
10.3 9.ai3i io  

48.7 9.442014 
3.734918 

3.363822 

2.853522 

40.4 0.887506 

40.7 9.993890 

38.9 9.999696 
3.734918 
3.7407% 
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ADJUSTMENT OF QUADRILATERAL HAVING ONE TRIANGLE WITH 

TWO CONCLUDED ANGLES 

It sometimes becomes necessary to make an adjustment of a 
quadrilateral in which one triangle has two concluded angles. In such 
an adjustment the thing to be particularly 

-,--Ten Pound Island 1. H. 

the other a t  Ten Pound Island L. H. In \, VI I’ Y Ramparts flag 

careful about is the proper designation of 
the angles. In  the following example (see 
fig. 58) the triangle, Ramparts flag-Bond 
Hill-Ten Pound Island L. H. has two con- 
cluded angles, one a t  Ramparts flag and 

triangle No. 4, Figure 59, the angle a t  Ten 
Pound Island L. H. is the sum of the two ,,ne 
angles a t  Ten Pound Island L. H. between triangle with two ~nclu*d 

Eastern Pt. L. H. and Bond Hill, and be- 
tween Raniparts flag and Eastern Pt. L. H. In triangles Nos. 1 and 3, 
4-3-5 (Ten Pound Id. L. H. between Eastern Pt. L. H. and 

-1+2 (Ten Pound Id. L. H. between Ramparts flag and 

Bond Hill 

\ \  
‘\ \ 

\ \  

e 
Eastern Point 1. H. 

FIG. ss,gusarilateral 

ang’es 

I‘ 

Bond Hill)=104 53 11.1 

Eastern Pt. L. H.)= 16 09 19.0 

-1+2+3-5 
-4 

-5+6 

~ 

-1+2+3-5 (Ten Pound Id. L. H. lietween Rniiiparts flagand 
Bond Hill) = 131 02 30. 1 

The angle at  Raniparts flag in triangle No. 4 is obtained by sub- 
tracting from 180’ 00’ OO”.O plus the spherical escess (which in this 
case is O!’O) the sun1 of the angles a t  Bond Hill and Ten Pound Island 
L. H., using the proper designations as shown below. 

0 I 1 1  

-3+4 (Bond Hill) = 30 53 03.6 
-1+3+3-5 (TenPoundId. L. H.)=121 03 30.1 

0 , I ,  0 I I ,  

191 02 30. I 9.9328756 -1.5 -3+4 30 53 02.0 9.ilOlBXl +3.5 
13 5$ 30.0 9.3d2914-4 +S.5 +6 i o  59 35.3 9.9i56521 +0.7 
40 43 19.0 9.814% +2.4 -1+9 10 09 19.0 9.4448315 +7.3 

9.1- 9.130959 
II I 

-1+3+4-5 (sum of 2 angles) 151 54 32.7 
180 00 00.0 

+1-3--4+5 (hniparts flag) 28 05 27 .3  

After these angles have been computed and properly designated, the 
adjustment of the quadrilateral is esactlg the same as that of any 
other quadrilateral, and so no further esplanation is necessary here. 

Side epiiatiorz 
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Coirelate equation 

Sol ntiot~ of nor mal cpunf ion 

0=+60.5+300. S6C 
c= -0.2011 

DEPIRTMENT oc COMMWCL 
LI L LM5rUI.- sum, 

POrm %?s COMPUTATION CF TRIANGLES 

Stater . . . ~ ~ ~ .  e t t r  ................. .. .. ...... 
_.I-- 

NO. 

+3-5 
1. f 5  

-3 

i4-6 

2. t 6  
-4 

+l-2 
+w 

2.3 

1Ten Pound 1d.L.E. 104 53 11.1 -0.6 

26astern Pt.L.H. 30 16 16.3 +0.2 
3Bond Hill 44 50 32.6 +0.4 

1-3 Ten Pound 1d.L.H.-Dond Hill 

1-2 Ten Pound 1d.L.H.-Eastern Pt.L.H. ' 

Eastern P t .  L.H.- Bond Hill 

2 3  

1 Reniparts flag 95 ffl 54.7 
2 Enstern Pt.L.H. 70 58 35.3 -0.3 
3 Bond Hill 13 53 30.0 -2.4 

1-3 
1-2 

Eestern Pt.L.H. - Bond Hill 

Samperts flag - Bond Hill 

R.&arts fleg - Eastern Pt.L.E. 

W Fastern Pt.L.H.-Ten Pound 1d.L.H. 
1 Ramparts'flag (123 07 '  22.0 1 -3.9 

3. -5t6 2 Eastern Pt.L.H. 40 43 19.0 -0.5 
-1+2 3 Ten P o d  Id.L.X.1'6 09 19.0 +3.4 

1 3  Ranqarts flag-Ten Pound 1d.L.H. 
1-2 m a r t s  flag-?astern Pt.L.H. 

3.517770 

10.5 0.014826 

16.5 9.702512 
33.0 9.848288 

3.235108 
3.280284 

3.517770 
57.4 0.001677 

55.0 9.575652 
27.6 9.332394 

3.495099 

2.902341 

3.280384 
19.1 0.G77010 
18.5 9.814505 
22.4 9.444447 

3.272393 

2.9-1 

24 Bond Hill - Ten Pound 1d.L.H. 3.235108 
+1-2 
-4+5 1 Rmnpartm flsg (a . 05 21.3) -5.6 Zl.7 0.327119 

4. -3+4 2 Bond Hill a0 52 02.6 +2.8 05.4 9.7l0172 
32.9 9.932872 -1+2 

+3-6 3 Ten Pound Id.L.H(121 02 30.1) +2.8 
1 3  Ramperto flag-Ten Pound 1d.L.B. 3.272399 

1-2 ' Rm-Wts IlWBonb Hi11 3.495099 

F I ~  %.-Triangle computation for Figure 58 
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THREEPOINT PROBLEM 

A triangulation station is sometimes determined by means of 
directions observed at  that station to the three fised points of a 
triangle, the sides and angles of which are either known or can be 
computed. 

The coniputations are made on Form 655 as shown in Figure 61. 
This is called the " three-point problem.'' 

Three case; are illustrated on this 
form, depending upon the location 
of the. point, designated P, with 
reference to the sides of the triangle. 
If P is on the circumference of the 
circle which passes through the 
vertices of the fised triangle, the 
p rob lem is indeterniinate, since 
any point on this circumference 
would have the same values of the 
angles P' and P" (or the supple- 
ment of one of the angles). 

The formulas used in tlie coiii- 
putation are as follows: From the 
known sides a,, b, c, and theknown 
angle A of the triangle ,4 B 0, 

Apple 

FIG. 60.-Quadrilntenl, three-point problem 

and the observed angles A P C= P' and ,4 P B = P", the problem 
is to find the angles A B P and A C P .  

For cases 1 and 8, let S= 180'- 1/2 (A +P' +PI'), 
and for case 3 ,  let S=l/, (A-P'-P");  

c sin P' Let tan Z = b  sin p , l  

and tan E =  cot (2 +45') tan S 

Then angle A B P = S + E ,  and angle A C P = S - E if tan E is positive, 
and angle A B P = S - E ,  and angle A c! P = S  +e if tan E is negative. 

After the angles A B P and A C P are computed all the angles 
of tlie triangles can be obtained, and since the length of one side in 
each triangle is known all the remaining lengths can be computed. 
As each computed length is obtained in two different triangles, the 
agreement of the two values €or the logarithm of each length within 
one, or possibly two, in the last place of decimals gives a check on 
tlie coniputatsion. 

In the 
tiiangle Tide-Apple-Surf all the angles and sides are known and at 
Edwards the angles Apple to Surf and Surf' to Tide are observed. 
The starting data are: P'=21' 3s' 06!8, P"=84' 13' 57!9, 
A=86' 89' 4X3, log c=4.109331, and log 6=3.644409. The 

The esaiiiple given below is for case 1 on Forni 655. 
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problem is to find the angle a t  Apple between Surf and Edwards 
and the angle a t  Tide between Edwards and Surf. After these 
angles have been determined, the logaritl1ms of the lengths are 
computed on Form 25. 

COMPUTATION OF THREE-POINT PROBLEM 

case 1 Cas 2 case 3 

Cases 1 and a case 8 
P' 2l 38 06.8 P' 
p" 84 12 57.9 P' 
A 86 29 42.3 

sum 192 20 47.0 x 
-- 

Sum 

-. %Sum 96 10 23.6 
A-sum 

~ - 1 ~ 0 - M ~ u m -  83 49 36.5 5- 34 (A-aum) - 
Logc - 4.109221 

Log P' - 9.566668 -10 
Colosb I 6.355591 -10 

Colog ah P"- O.OOm7 

Sum-log tan 2- 0.W897 

2- &r is 1410 
Z-f-45'- 9a 13 14.0 

Legcot (Z+459- 8.58855s,'-lO 
Log tm 8- 0.965928 -- -__. 

Sum-bg tan 4- .9.65448+-10 (.ign - 
19 4s 21.1 

s 03 49 36.5 

0 1  " 

(Tan e-) 
64 06 15.4 S-e-m*& ABBP 

8 -e- 4 0  ACP 103 32 57.6 S.+ e - angle ACF 
c r u r a + )  

~ + ~ - m g l e  ASP 

BPA 84, L8 57.9 APC 2l 38 06.8 PCB 29 18 51.3 
ABP 64 0 15.4 PCA lm 32 57.6 CBP 44 50 04.0 
PAB 3l 40 46.7 CAP 54 48 55.6 BPC 1 0 5  51 04.7 

(Fa aplanaUw d thim form IW SpecW Public.tlon Na 20, l d  edith, paragraph 108, pass 57) 

FIQ. 61.-Computation of threepoint problem 
-1-m I W U  
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W Apple-Surf 

1 Tide 74 14 10.9 

2 &le 19 16 12.3 
3 m i  I 86 29 45.9 

13 Tide-- 
13 Ti&e-&ple 

2-3 mle-lhui 

1 mwaras 84 12 57.9 

2 Apple 6 4 0 6  
3 surf 31 40 
13 Edwards-surf 
1-2 Edwards-&le 

23 JLpple-!Pl& 

2 w e  4 4 5 0  
3 T l b  2 9 2 8  
13 Edwards-Tide 
1-2 Edwerddpple 

1 Edward9 105 51 04.7 

2-3 surf-Ti& 
1 Edwards 2 l  38 06.8 

2 sxrf 54 48 

3 Tlde 103 32 
1 3  Edwerds-Tlde 

1-2 Edwards-surf 

4 . 6  
-0.9 
-25.5 42.4 0.1 

-9.0 Or2 

15.5 0.1 
46.9 0.1 

0. a 

.W.l 0.1 

51.4 0.1 

0.2 

57.7 0.1 
0.1 

4.109221 

06.3 0.016651 

11.4 9.518537 
42.3 9.999187 

3.y14409 

4.125059 

4.109221 

57.9 0.0022l7 

15.4 9.954045 
46.7 9.720299 

4.065493 
3.831737' 

4.125059 
04.7 0.016837 

04.0 9.848226 

51.3 9.689841 
3.980192 

3.831737 

3.644409 
06.8 0.- 

55.6 9 . 9 1 a 2  

B1.6 9.fWI7U 
3.980583 
4 .06wi  +I 

he. B?.-Trisngle computation for three-pnint problem 



, 
I I I 

I I 

IX I I 

figure so that a l l  the lengths will 
be consistent. 

The triangles Edwards-Apple- 
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DWAITUI*T OC COUULRCC 
L.. I M  mrnl2a M e-* YMI COMPUTATION OF TRIANGLES 

State: --.M&W __.____...__...._.._...______.__________.--- 
_I-- 

NO. IT AT ION OBSERVED ASGLB CORRSY smy2 ’= :@&??:\% u)ommnu 

23 mle-SL-f 4.13932-- 
1 Ti& 74 14 10.9 -4.6 06.3 0.016651 

1. 2 4 p i e  19 16 12.3 -0.9 11.4 9.518537 
3Quri 86 24 45.9 -3.5 42.4 0.1 42.3 9.999187 
1 3  Tide--surf -9.0 0.1 3..644409 
1-2 Tlde-Apple 4.125069 

23 Ti&.-SWf 
1 sril 80 57 95.0 -3.0 

2.  2 Tide 61 09 53.5 -1.5 
3 Surf 27 52 36.7 -0.7 

13 Rail-sur”f 4 . a  0.0 
1-2 ‘Rail-TI& 

23 4pie-hrri 

-1W 1 zlvrcrds 84 12 57.9 + O . l  58.0 
3. +I-* 2 k q 1 e  64 06 15.5 4-2.9 13.4 0.1 

-x 3Surf 31 40 46.5 -3.0 43.8 0.1 
1-3 Edw3dr-Surf 

1-2 Edwe=ds-&me 0.2 

2-3 A-ple-Ti&e 
-1+4 1 Ednardr 105 51 04.7 -0.2 04.5 

4.t-1-2hX 2 ,  &ple 44 50 04.1 12.9 07.0 0.1 
+ % e x  3 Tide 29 13 51.4 -2.7 48.7 0.1 

13 E&7ads-Tide 0.2 
1-2 Zdwezds-A-qle 

’ 2 - 3  surf-Rail 
-2MI 1 TXKarCS i a  l a  16.0 0.0 16.@ 

5. + x  2Surf 92 41 81.6 $3.0 34.6 0.1 
+ 2 4 - x  3 Rail  8 00 12.5 -3.0 09.5 

13 E h ~ d S - R d l  0.1 
13 EBYmrds-Surf 

FIG. M.-Triangle computation for Figure 63 

3.644409 
32.0 O.oOSna0 
52.0 9.9425cB 
36.0 0.78014S 

3.59147 
3.437982 

4.309323 

58.0 0.002p7 

18.3 9.954048 
43.7 9.72oa9 

4.065486-1 
3.am7.a 

4.125059 

04.5 0.016837 
06.9 9.348223 
49.6 9.639831 

3.990129-1 
3.332721 

3.59?3¶7 
16.0 0.502579 
34.5 9.569520 
09.0 9-??0159 

4.094846 

4.065435 
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COMPUTATlON OF TRIANGLES 

State: ..Pulm 

OBSERVED ASOLE 

23 Surf-Rde 

-2+4 1 Ewsrbe 2 l  38 06.8 
E .  +x 2 S-f 54 48 55.6 

+3-4-x 3 Tide 103 32 57.7 
13 Edwcrds-'?ide 

13 EdRmdU-Surf 

w Bail-?lde 
-3y1 1 Ednards 3 19 50.8 

-W+x 2 Rail 11 57 19.5 
424-% 3 'fide 164 42 49.7 

13 Edwards-Tide 
1-2 .Ed~~ds-Ib€l 

3.641409 

-0.E 06.5 06.5 0.433Z33 
+3.0 58.6' 58.6 9.3123X 
-2.7 55.0 0.1 54.9 9.987742 

0.1 3.990128 
4.065435 

3.437982 
-0.8 50.6 1.235832 

+3.0 22.5 9.316316 
-2.7 47.0 9.423033 

0.0 3.990330_~ 
4. c~34847-1 

FIG. 64.-Tri3ngle computation for Figure WContinued 

The angles of tlie triangle Edwards-Rail-Tide with their proper 
designations may be obtained in the sanie manner. In this triangle 
the angle a t  Edwards is an observed angle, the angle at Rail is ob- 
tained by subtracting the angle at Rail in triangle No. 5 froni the 
fixed angle at Rail in triangle No. 2 ,  and the angle at  Tide is obtained 
by adding the angles at Edwards and Rail, and subtracting this suni 
froni 180' plus the spherical ewes8 of the triangle. 

To make sure that the angles of the trittngles have been correckly 
taken out tshey are checked as' follows before tlie adjust,nient is made. 
The angles in triangles 3, 4, and 6, determined by the three-point 
problem, are checked by computing the lengths. (See fig. 64.) 
The other two triangles are checked by adding the angle at Tide in 
triangle No. 6 to the fised angle at  Tide in tiiangle No.,3 to obtain 
the angle at  Tide in triangle No. 7. 

0 t t l  

Angle at Tide, Surf to Rail, 61 09 5 3 0  
Angle at Tide, Edwards to Surf (+ 2- 4- z) 103 33 57. 7 

Angle at Tide, Edwards to Rail (+a- 4-2) 164 $2 19. 7 

This checks the angle obtained by the coinputation of triangle 7, 
and as triangle 5 was used in coniputing triangle 7, botsli triangles are 
verified by this check. 

After the angles in the triangles have thus been checked the ad- 
justment can be made, the "t" correction being treated just the 
sanie as the nunihered corrections in forniing the equations. Since 
there are four lines from station Edwards, there will be two side 
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Surf-Tide 
0 I It 

i-2 54 46 55.6 

-1+3 84 13 57.9 
4-3-4-2 39 18 51.4 

equations, one involving directions 1,2,4, and$, the other 2,3,4, and x. 
As both these equations contain x, it is possible to eliminate the x 
and c.ornbine the two equations into one equation involving clhec- 
tions 1, 2, 3, and 4. From this pointcthe adjustment 
is siiiiilax to that of any other quadrilateral and so no.further espla- 
nation is needed. 

Side eqztatioiis 

(See below.) 

I -3 
3.644.m _____-_-_. Surf- Apple 4.1m31 _ _ _ _ _ _ _ _ _ _  
9.91%16 +1.45 -2+4 21 38 06.R 9.5BFMnS5 +5.31 

9.W7834 +.21 -1 31 40 46.8 9.7?02W8 +3.41 

0 I ,I 

9.659S413 +3.15 +l--P+.r 44 50 04.1 g.W2?F7 +a12 

3. '3444153 3. i444155 

L~ 

Tide-Rail 

11 57 19.5 
31 38 05.8 

1. O=-0.3-2.33 (1) +11.39 (2) -9.06 (4) -0.98 (a) 
Or (.r)=-0.3061-2.3775 ( l )+l l .G24 (2)-9.2449 (4) 

I 
3.437982 _ _ _ _ _ - _ _ _ _  3. M4409 _ _ _ _ _ _ _ _ _  
9.316%?4 +9.94 -3+4 're3'" 50. S 8.7Mli€4 +%.IS 
9.5666055 +5.31 +Z 54 4S 55.6 9.91SSl6 fl.48 

2 . 3 m 5  3.3109690 

1 
3 
3 
4 
2 

S 46 
0.98 Multiplying equation 1 by (=8.633) mid adding to equation 

2 we obtain the combined equation with the x eliminated. 
O= - 3.59-20.11 (1)+93.32 (2) -7S.21 (4) - S . ~ G ( X )  

2. O=-33.5 - 15.25 (9) 4-46.12 (3) -30.S7 (4) +S.46 (x) 
O= -35.08-30.11 (l)+S3.07 (2) +40.13 (3)-109.0.S (4). 

shoud be divided by 10 before entering it in the table of correlates. j 
(This equation 

Cnrrekufe ey itutioic 

1 U 

-2.01 -0.033 
+8.31 +. 136 
+4.Sl +.076 

-10.91 -. 179 
+3.005: 

Adopted 
P 

0.0 +. 1 +. - 
+3: i 

' -  I ,  

Sokdiou of iiorinal eyitation 

0=213.3764 c-3.509 
C= +O.OlG4 

If an approsiniate value for the direction designated by "2" in 
Figure 63 can be obtained by inverse coniputation from the fixed 
data and the field computations it is not necessary to solve the 
three-point problem For esample, if a field position were available 
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for Edwards, the approsiniate direction for Surf to Edwards could 
be obtained by an inverse position computation between Surf and 
Edwards instead of by the three-point problem. It is only necessary 
to know this direction closely enough so that the tabular difference 
of the logarithm of the sine will be practically tlie same for the appros- 
iniate angle as for the find angle. If the 2-correction obtained by the 
adjustment is large, it is no indication that tslie observations are 
poor but only that the computed direction is considerably in error. 
In some cases involving very small angles i t  may be necessary to 
niake a second adjustment unless tlie. changes in the sniall angles 
necessaiy to make the lengths checli are estimated and the tabular 
differences are c.orrected accordingly before the solution of the equa- 
tions. 

ADJUSTMENT OF INTERSECTION STATIONS 

Observations are sonietinies macle upon an intersection station 
froni four or more mahi scheme stations. Only three of tlie observed 
lines should be used in the adjustment but these three should be 
selected to give the strongest intersection at the new station unless 
the field coniputation indicates tsliat, a niore accurate result can be 
obtained by using some other combination of three lines. In forming 
the side equation the pole should be so selected as to include the two 
smallest angles in tlie adjustment. In  Figure 65 are shown four 
esaniples of intersection stations. The way in which the pole is 
selected in each is explained below. 

In case No. 1, the smallest two angles being P A C and P B C, tlie 
pole should be taken a t  P. In case No. 2, A P B and 11 B P are the 
smallest migles, and so tlie pole should be taken a t  A,  the fixed 
lengths A C and A B being used in the forniation of the equation. 
In  case No. 3, C P A and Cr A P are the smallest angles and so the 
pole should be talren at  0, the fisecl lengths C B and C A being used 
in the forniatioii of the equation, as in case No. 2. In  case No. 4, 
the smallest angles are P B C and P A B, and so the pole should be 
talien at  P .  

It should be noted that in all esaniples like cases 3 and 4, where 
one of tlie four points is inside the triangle formed by the other tliree 
points, the pole should always be talien at  the inside point, since the 
srnallest angles will then be included in the equation. 

The size of tlie corrections to the angles to be espected in the 
adjustment of intersection stations depends largely upon the instru- 
ments used, tlie manner in which the field work was done, and upon 
the size and definiteness of the point observed. For esaniple, in the 
coniputation of niountain peaks from angles observed by sestants, 
large corrections must be expected. The number of decimal places 
used for the angles and logarithms in the adjustnient will depend 
upon the nature of the work. 
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SOLUTION OF NORMAL EQUATIONS INCLUDING TERMS USUALLY 

OMITTED 

In  the forward solution of noriiial equations a check on the work 
is obtained each time an equation is eliminated. The colunin 
headed S is for this purpose alone. For esample, in the second line 
of the solution on page 301, the quantity - 1.32 in tlie S column should 
equal the algebraic sum of all the other terms in that line, that is, 
- 1 - 0.33333 + 0.33333 - 0.11667 - 0.20333 should equal - 1.33, which 

Case 1 
B 

Case 3 
B 

A 

’ P  

Case 2 
C 

Case 4 
B 

FIG. 65.-Tppical Egures in adjustment of intersection stations 

it does, esactly. When making: this check for the “divided” line, 
or the last line in $he solution of each equation, one must always 
renieniber to include the - 1 obtained by dividing the diagonal term 
by itself and changing the sign, as this quantity is never set down in 
tlie solution. 

In tlie solution of the second equation of the following example 
the line containing the sunis of the ternis hi the various colunms 
should be checked before it is divided by the diagonal terni. The 
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sum of + 5.3333 + 2.6667 - 16.0433 - 0.S767 should equal the. -8.92 
in the 3 column, which it does, esactly. In the nest line, after 
division by the diagonal term, we have - 1 -0.50001 + 3.00814 + 
0.16438, which equals + 1.67251 and checks exactly the value in the 
S colunm. 

If the line containing the siim ternis does not check esactly but the 
discrepancy is so small a.s to inclicate that no blunder has been made in 
the computation then the quantit,y in the S column should be made to 
agree esactly with the sum of the other terms before the line is divided 
by the diagonal terni. For esample,in the elimination of the fourth 
equation in the line containing the sum terms we have +54.5519+ 
4.3660 and their sum equals +58.9179. But as the qumtity in the 
Z column is +50.9180 this should be changed to f58.9179 before 
the division is made. In the same way the quantit,y in the 3 column 
of the divide.d line should always be made to check the sun1 of the 
other terms in the line. 

In ti great many cases when a blunder has been made a.nd the solu- 
tion fails to check it is possible to &id the trouble by inspection, 
especially if the niista.ke is a wrong sign on some term or the trans- 
position of a decimal point. Sometimes, however, an error is difficult 
to find. In such cases, each line in the elimination of an equation 
can be checked. To illustrate this let us take the solution of the 
fourth equation on page 301 where all the usually omitted ternis are 
shown in bold-faced type. In the second line of the solution we find 
that t8he sun1 of - 0.70 - 0.3333 + 0.2333 - 0.0817 - 0.1423 = - 0.9340 
which checks the value in tslie S column. Likewise, in the third line, 
+16.0433+S.0317-4S.2605-2.6372= -26.S357 which checks the 
value in the 3 column within 1 in the last decinid place. In  the fourth 
line, - 7.7150- 14.S803 + 2.0155 = -20.5798 which checks exactly 
the quanty in the S column. 

I t  should be carefully noted that, all the quantities shown in bold- 
faced type on page 301 a.ppearin the solution as ordinarily carried out 
and that, it is not necessary to carry along this part of the solution 
tao get the check on each line. For esample, in the second line of the 
elimination of the fourth equation, the term + 0.2333 appears also in 
column 4 in the second line of the elimination of the third equation; 
- 0.2333 appears also in coluiim 4 in the second line of the elimination 
of the second equation; and - 0.70 is - 1 times the term + 0.70 in 
column 4.and equation 1. It is seen, therefore, that all the teims 
used iu the checking of the individual lines in the elimination of 
equation 4 are given eit,her in the lines themselves or in column 4. 
For the first line of the solution of equation 4 all the omitted terms 
except one are given in column 4 in the first, lines of the soluiion of the 
other equations. The one exception is the quantity in column 4 in 
the first equation which must be niultiplied by -1. 
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l n  the sanie way, for the second line of the solution of equation 4, 
all the omitted ternis escept one will be found in c.olumn 4 in the sec- 
ond line of the solution of the other equations. The esception is the 
quantit.y in the sum line of equation 2 which must be multiplied by 
-1. The oiiiitted terms for the third line of tlie solution of equa- 
tion 4 are obtained in a siniilar manner. 

Particular care should be taken in the solution of normal equations' 
to guard against compensating errors since they usually cause a 
great deal of trouble and may not be found until the triangles are 
computed. For esaniple, if a mistake is made in one of the constant 
terms in the q column and a counterbalancing mistake in the ;5: col- 
umn, the solution will check and tlie errors will not be discovered 
until the triangles are solved. 

Solution of iwrnial eqi~at.ioiis, including ternia ' ustially omitted 

1 

3 CI 

a 

+-?.33333 

+-?.6667 (1) 
-2.6667 (2) 

1 

+l. 22 
- - . ?a33  

-.2333 
+16.0433 

0 

v -m 

+7.m 
-1.32 

3 

-. 47 
- . m 7  

+. 16438 

+.do67 +.a383 

-.8707 

-1.89 

-2 +. 33333 

-6. I 
-2.64 

+L 67251 

i-3.57 
+2.61 
+4.46 

-aw 

+2 +. 6667 

$?.6G67 
-. 50001 

$6 -. 8687 
-1.3333 

3. ca 
-.54 
+.2333 (11 

-7.7150 (3) 
+8.0217 ni 

0 
0 

4 

+a 70 -. 11667 

-15.81 
-. 2333 

-16.0433 
+3.00814 

-. 54 +. r r n  
+9.0217 

+7.7150 
-1.92875 

+11;. 7744 -. 0817 
-4s. %a 
- 1 1 . w  

+54.5519 
-1 c, 

-1.0450 +la67 
+.%E5 1 -26875 

-. 1423 

+4.3660 +55.918879 
-.m -Lo8003 

INVERSE POSITION COMPUTATION 

It sometimes becomes necessary in the adjustment of triangulation 
to compute the azimuths and length of a line joining two stations 
which are fised in position, but which have not been directly con- 
nected by the observations. In order to compute this line an inverse 
or back coniputa.tion must be made. This computation can be iiiade 
on Form 26 or Form 37 (see Special Publication No. S, p. 14), but 
it can be made more easily and simply on Form 662. 

An esaniple of an inverse position computation on Form 662 is 
given in ,Figure 66. The formulas for the computation are given at  
the top of the forni. The table for the correction of arc. to sine is given 
on the back of the forni. (Do not confuse t,his table with the table 
given on page 17 of Special Publication No. S, sisth edition, which is 
an entirely different table.) Triangulation stations Spencer and 
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Peterson are fised in position (latitude and longitude) and it is de- 
sired to determine the azimuth, hack-azimuth, and length of the line 
Spencer to Peterson. The form is self-esplanatory and needs no 

INVERSE POSITION COMPUTATION 

44 30 38.93 I Pete 
+ 51 S7.578 

+ 15 58.789 

44 14 49.504 

+ 1857.578 - 
3.2781557 
- 15 

3.2781082 

9.5995597 
1.4894742 

4.7676722 (oppdle In iirn i o  4 

::::;:2 1;:AI ;:z 
O.OOOOO46 5.834 

2.502z9664 
-317.58 

0.00 , 
-317.28 

- 2 38.99 
189 47 40.69 

189 45 01.70 

+ 5 17.98 

9 50 19.68 

- js .59  . 

l80 

AX (m.) 

123 05 41.248 
122 58 05.337 - 7 35.711 

- 3 47.e56 . 
-455.711 

2.658196 "\ 
- 1  

2.6586995, 
9 -3551177 
1.49G5902 
4.po47974 ~ 

4.7676721m 

9 . 5 7 1 2 s  , . 
189 47 40.89 

9.2307483 

3.'25367ZO 

4.7740491 
-I- 16 

4.7740507 

59436.15 

NOTE.-For logeupto 4.51 and for A4 OT AX (or both) u p b  10'. omit dl trrrm below tbs bury  llne alp( t b a  PpinM 
h h v y  type 01 thwe udsneomd, If wing logarithm to 6 d c c i d  pLeer 

FIG. 66.--Inverse position computation, Form 662 

detailed explanation. It should be noted, however, that the quadrant 

in which the angle a + F  occurs depends upon the algebraic signs 

of the quantities sin (a+$) and cos (a+$)* In tahe following ex- 

( :j 
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ample the sine and cosine are both minus and therefore the angle is in 
the third quadrant. Logs, is obtained in two ways, first by subtracting 

from log I s1 sin (a + !$) 1. and second by subtracting 
I 

log cos a+- from log s1 cos a+ - ( yj I I ( 

log 8, 

4177 
4.327 
4.415 
4.478 
4. 520 

4.560 
4. 599 
4.028 
4.054 
4.077 

4.697 
4.710 
4.734 
4.750 
4.765 

4.779 
4.792 
4..804 
4.827 
4. 857 

4.870 
4.892 
4.915 
4.986 
4 955 
4.97a 
4.988 
5.003 
5.017 
5.035 

5.061 
5.002 
5.010 
5. Ow) 

5.114 
5. 138 
5.139 
5.151 
5.168 

5.188 
6. 193 
5.205 
A 214 

5. im 

5. in 

Arc-sin 
correction 
in units of 

seventh 
decimal of 
logarithm8 

1 
2 
3 
4 

6 
7 
8 
9 
10 

11 
12 
13 
14 
15 

10 
17 
18 
20 
23 

25 
27 
30 
33 
36 
39 
42 
45 
4s 
62 
50 
59 
63 
07 
71 

75 
80 
84 
89 
84 

98 
108 
108 
114 
119 

IO%;+ 

log AX 

2.6S6 
2.830 
2. 924 
2.987 
3.035 

3. 075 
3.108 
3. 137 
3.103 
3. 1% 

3.200 
3.225 
3.243 

3.274 

3.285 

3.313 
3. 330 
3.306 

3.401 
3.424 
3.445 

3.481 
3.497 
3.512 
3.526 
3.544 

3.560 
3.571 
3.585 
3.598 
3.611 

3.013 

8.048 

a 259 

3. aoi 

a. 385 

a 464 

a 637 
a e60 a 672 

a 081 

a m  

3. 692 
8. 7 M  
8.714 

log 111 

5.223 
5.234 
5.243 
5.253 
5.200 

5.209 
6.279 
5. ?87 
5. 294 
5.303 

5.311 
5.318 
5.320 
6.334 
6.341 

5.319 
5.356 
5.303 
5.3G9 
5.370 

5. 383 
5.390 
6.390 
5.403 
5.409 

5.415 
5.422 
5.428 
5.434 
6.440 

5.440 
5.451 
6.457 
6.402 
6.408 

6.473 
6.479 
5. 484 
5.489 
5.495 

6.600 
5. 505 
5.510 
5.515 
5.520 

Arc-sin 
curreelion 
in m i l s  of 

swenth 
decimal of 
logarithm8 

121 
130 
136 
142 
147 

153 
160 
lG0 
1 If 
179 

188 
192 
1P 
20s 
213 

221 
22s 
236 
243 
251 

259 
207 
275 
284 
292 

800 
309 
31s 
337 
330 

315 
351 
364 
373 
383 

392 
4oa 
412 
422 

443 
453 
404 
474 
486 

438 

log LU 
or 

log AA 

3.732 
3.743 

3.762 
3.700 

3.778 
3.788 
3.780 
3.803 
3.812 

8 820 
8827 
3.535 
3.843 
3.850 

3.858 
3.805 
3.852 
3.878 

3.892 
3.899 
3.905 
3.912 
3.918 

3.924 
3.931 
3. 937 
3.943 
3.949 

3.955 
3.960 
3.960 
3.971 
3.977 

3.952 
3.9s 
8993 
3.998 
4. 004 
4.009 
4.014 
4.019 
4. 024 
4 029 

a. 752 

a 885 

108 81 

5.525 
5.530 
5.531 

i 3 
5.548 
5.553 
5.557 
5.501 
5.500 

5.570 
6.575 
5.579 
5. 583 
5.587 

6.591 
5.595 
6.600 
5.604 
5.608 

5.012 
5.610 
6. 020 
5.624 
5. 628 

5.632 
5. 630 
5.840 
5.644 
6.048 

5.052 
5.650 
5. 000 
5.803 
5. e87 

5.071 
5.674 
5.078 

Arc-sin 
correction 
in units of 
sa~eiitli 

decimal of 
logarillinis 

497 
505 
519 
530 
54 1 

553 
505 
577 
585 
600 

013 
035 
637 
050 
063 

074 
057 
707. 
716 
729 

743 
757 
771 
785 
800 

814 
829 
845 
801 
877 

803 
909 
925 
941 
957 

973 
959 
1005 

log A+ 
or 

lag AX 

4.034 
4.039 
4.043 
4.048 
4.052 

4.057 
4.062 
4..066 
4.07U 
4.075 

4.079 
4. 084 
4.055 
4.002 
4.096 

4.100 
4. 104 
4.109 
4.113 
4117 

4.121 
4.125 
4.129 
4. 133 
4.137 

4.141 
4.145 
4.149 
4.153 
4.157 

4.101 
4.105 
4.109 
4.172 
4 176 
4.180 
4.183 
I 187 

FIG. 137.-Amine corrections Ior inverse position romputation, back of Form 662 

The values of a and log 8 determined by this inverse computation 
may be checked in the following manner. Starting with the azimuth, 
Peterson to Spencer, 9' 50' 19168, the logarithm of the length, 
Peterson to Spencer, 4.7740507, and the fised latitude and longitude 
of Peterson, 44' 30' 38!293 and 122' 58' 05!537, the latitude and 
longitude of Spencer are computed on Forni 36. (See fig. 68.) 
The values thus obtained should check tslie fixed values of the latitude 
and longitude of Spencer within one in the last place of decimals. 

640'737"45--14 
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POSITION COMPUTATION, FIRST-ORDER TRIANGULATION 

0 , " 
b 

& + 
2. Peterson t., 1. Spencer 9 50 19.68 

- 5 17.98 

180 

1. Spencer t., 2. Peterson lag 45 01.70 

First Angle of Triangie 

8 4.7740597 
cosa 9.9935651 
B 8.5105055 

h I- 3.21812l3 S' 

sin' a 

C 

ld tern. 

IL 

8 

sin a 

A' 

4.7740507 

9.126931 

8.5090166 

*' I + 455.7114 
hrr. $I- -59 

7.4936. 

B 
5.919 

A A  . 2.6586899 

FIG. 88.-Posltion computation to check inverse computation 

LAPLACE AZIMUTHS 

A triangulation station at  which both astronomic longitude and 
astronomic azimuth observations have been niade is called a Laplace 
point, and the azimuth is called a Laplace azimuth. 

The geodetic determinations of latitude, longitude, and azimuth 
at a station are referred to the point on the celestial sphere definsd 
by the normal to the Clarke spheroid at the station; while the astro- 
nomic determinations of latitude, longitude, and azinmth at the 
same station are referred to the point on the celestial sphere defined 
by the plumb line at  the station. These points of reference on the 
celestial sphere are called the geodetic and astronomic zeniths, re- 
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spectively. By a compxrison of the astronomic and geodetic deter- 
niinations of latitude, longitude, and azimuth at  a station, it is 
possible to determine the deflection of the plumb line from the 
nornial to the Clarke spheroid. This deflection of the vertical niay 
be expressed by tlie angular distanc,e bet,ween the geodetic and the 
astronomic zeniths m d  the azimuth of the line joining them, or by 
the components of the deflection along the nieridian and the prime 
vertical. 

A t  each Laplace point the prime vertical component of tlie deflec- 
tion of the vertical should be the same, escept for errors of observa- 
tion, whether derived from the observed longitude or from the 
observed azimuth. This relation niay be espressed as follows: If 
t$Q is the geodetic. latitude; XA and X, the astronomic and geodetic 
longitudes respectively; aA and cu, the astronomic and geodetic 
azimuths, respeckively, then 

c.os t$~(h~--X,)=-Cot +G(aA-&) ,  

or (aA--)+sin (hA-X,)=O, 
or %=sin t$G ( X A - X , ) + a A ,  

which is known as the Laplace equation, since it was first used by 
Lap1ac.e. (For full development of this equation see Spec. Pub. 
No. 110, pp. 90-91. ) 

The accuracy of all tlie data used in deterniining the true geodetic 
azimuth at  a Laplace point has been thoroughly considered in the 
various investigations of t,he figure of the earth and isostasy. It 
is shown from these investigations that the astrononiic longitudes 
and tlie astronomic azimuths are each subject to probable errois 
which are, upon an average, not greater tlian f 0!'50.. The geodetic 
longitude anywhere in the United States is subject to a probable 
error of less than f 0!'50, due to all causes other than errors in geodetic 

, azimuth. However, the geodetic azimutslis as computed through 
the triangulation are subject to probable errois as great as rt5." 

It is c.lear1-j seen then that at  each Laplace point all t8he quantities 
used in the forinula for computing the true geodetic azimuth are 
known with a much higher degree of accuracy than the geodetic 
aziinut8h at that point is known. Therefore the true geodetic azimuth 
computed by the forniula above is more reliable than the geodetic 
aziniuth as conipu tecl tshrough . the triangulation, and consequently 
is the one held fised in the adjustrments of the triangulation. 

If taliere were no deflec.tions' of the vertical or st.at8ion errors, as they 
are sometinies c.allcc1, tlie deterniination of the correct relative posi- 
tions of different points on tlie surface of the earth would be a simple 
matter and couild be done by astronomic. observations alone. 

However, the relation between the difference of astronomic and 
geodetic longitude a.nd tlie difference of astronomic and geodetic 
aziniutli, as expressed by the Laplace equation, makes it possible to 
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correct for the deflection of the vertical and to determine the true 
geodetic azimuth at a Laplace station, and hence to obtain the 
accumulated error in t4e geodetic azimuth as carried through the 
triangulation. 

The method followed by the United States Coast and Geodetic 
Survey in determining the true geodetic, azimuth is to establish 
Laplace stations; that is, make astronomic observations for bo tli 
longitude and aziniuth at  various stations along the continuous arcs 
of triangulation. Then a t  each Laplace station the observed aziniuth 
is corrected for tshe deflection of the vertical by means of the Laplace 
equation, and the true geodetic azimuth obtained. The true geo- 
detic azimuth is then held fised in the adjustment of the triangulation, 
and in each case the discrepancy between the true geodetic azimuth 
and the geodetic azimuth as carried through the triangulation is 
distributed by inesiis of an aziniuth equation. 

An esaniple of t81ie computation necessary to obtain the true 
geodetic azimuth froni the observed azimuth and longitude is shown 
below. The astrononiic longitude of triangulation station Parkeis- 
burg and the astronomic azimuth of the line Parkersburg to Denver 
have been determined by star Observations, and the geodetic longitude 
of Parkersburg and the geodetic azimuth of tlie line Parkersburg to 
Denver have been computed through the triangulatioil. . I t  is desired 
to obtain the true geoclet,ic azimuth of the line Parkersburg to Denver, 
and hence determine tlie ac.cumulated error developed in the geodetic 
azimuth as computed through the triangulation from the nest pre- 
ceding Laplace azimuth. 

The observed astronomic azimuth of the line Parkersburg to Denver 
is 143' 16' 15155; the observed astrononiic longitude of Parkersburg 
is 88' 01' 48Y30; the geodetic longitude (that computed through the 
triangulation) of Parkersburg is SSo 01' 49100; trlie geodetic latitude 
of Parkersburg is 38' 34' 51 152; and the geodetic azimuth of the line 
Parkersburg to Denver is 143' 16' 15Y64. 

The coniputation necessary to obtain the true geodetic azimuth of 
the line Parkersburg to Denver can best be arranged as follows: 

Astronomic longitude of Psrkersburg, X, = 8s 01 4S.30 
Geodetic longitude of Parkersburg, XG = 8s 01 49.00 

(See p. 68.)  

0 '  ' I  

-0.70 - X A - ~ G  - 
Sine of geodetic latitude of Parkersburg, sin & = . +O. 634 

-0.44 
Astrononiic. azimut.h, Parkeidxirg to Denver, aA= 143 16 15. 55 

Laplace aziniuth, Parkersburg to Denver, (YG = 143 16 15. 11 
Geodetic azimut.li, Parliersburg to Denver = 143 16 15.64 

- sin 4~ @A- A d  - 

-0.53 - Correction to geodetic azimuth - 
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The true geodetic, or Laplace, aziniuth of the line Parkersbug to 

Denver, 143’ 16’ 15’!11, is the azimuth to be held in the adjustnient 
of the triangulation, and -Or53 is the accumulated error developed 
hi computing the azimuth through the triangulation, or the discrep- 
ancy which must be distributed through the triangulation by the 
azimuth equation in the least-squares adjustment. (See p. 63.) 

COMPUTATION OF LONG DISTANCES 

The forniulas on Form 662 (see fig. 66) may be used in computing 
distances up to approsiniately SO0 d e s  between points whose lati- 
tudes and longitudes are known. When it is necessary to coinputc 
distances niuc.li greater than this, such as distances between widely 
separated cit,ies, the following method should be used. (See pp. SS 
and 89 of the Figure of the Earth and Isostasy from Measurements 
in the United States.) Let 4, X, and 4’, X’ be the latitudes and longi- 
tudes of the given stations. It is required to find the distance, 8, 
in meters between the stations (6 being the arc distance) and the 
azimuth aF and the back aziniuth aB of tlie line joining the stations. 
Let, a=90°-4, c=9O0-4’, z=$ (a-c> e.? sin2 ij (a+c), 

a‘=a--2, c’=c+z, B=X’-X, 
tan + (A’ - 0’) =sin + (a! - c’) CSC 3 (a’ + c’ )  cot + B, 
tan 3 (A’+C‘’)=cos 4 ( d - c ’ )  sec + (a’+c’) c.ot 4 B, 

sin b = sin B sin a’ csc 9’ = sin B sin c’ csc C’, 
and b = e  

ThenaF=lSOo- C’, 
(YB= lso’ +A’, 

(3 and 8 (in meters) = (0 hi seconds) 

or 8 (in miles) = (6 in seconds) ( $ ) X  0.00062137 

In the forniulas above e is the eccentricity of the spheroid (log e2= 
7.53050), and A is a factor whose logarithm is tabulated for each 
minute of latitude in Special Publication No. 8. Log A should be 
taken out for the mean latitude of the two stations. 

In making the computation the work should be arranged in 8 

convenient forni as shown in the esaniple below. Taking tlie latitude 
and longitude of hfesico City as 19O 27’ 29!0 and 99’ 08’ 37!’0, 
respectively, and the latitude and longitude of Washington, D. C., 
as 38’ 53‘ 23!0 and 77’ 00’ 34!’0, respectively, the distance and 
azimutlis between the two cities are computed as follows. 
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Suiiqde compututio~a of i‘oiig distance 

a I I I  

9 19 37 20.0 
A 90 os 37.0 
9‘ 3s 53 33.0 
A’ 77 00 34. 0 

c= goo -9’ 51 06 37.0 
a= 900 - 4 70 32 4a o 

4% (a+c)=M(a’+c’) 00 49 3 8 5  
% (a-4 9 43 01.5 
B=X’--X -23 OS 03. 0 
% B  -11 04 01.5 
4% (a-c) in seconds 349S1.5 
log $6 (a-c) in seconds 4. 543S-4 

9. ss31s-10 
log e2 7. S3050-IO 
log sin 2 M (a+c) 

log x 
2 

a’=a-x 
c’=c+z 
M (al-c‘) 
log kin $4 (a’-c‘) 
log csc % ( a ’ f c ’ )  
log cot 4% B 

8.25052 
1SOy5 

a I I I  

70 29 39.5 
51 09 37.5 
9 40 01.0 
9.33510-10 
0.05S91 
0.70SG4, 

log tan 4% iA‘-C‘) 9. 992Gsn-10 
log cos ;4 (a‘ - c’) 
log sec 36 (a’ + c’) 
log cot 4% B 

log tan 36 (-4’ + C”) 

9.99370-10 
0. 3130s 
0. 70SG4, 

1. 01451. 

$6 (&4‘-c’) 
;6 (.4’+C’) 
A’ 
C’ 
aF= lSOO - C’ 
a ~ =  1SOo+9’ 
log sin B 
log sin a’ 
log csc A’ 

log sin e 
log sin B 
log sin c’ 
lug CSD C‘ 
log sin e 
e 
0 (in seconds) 
log (0 in seconds) 
colog -4 

log s (in meters) 
log 0.00063137 

log s (in miles) 
s (in meters) 
s (in miles) 

0 I I’ 

-44 30 55 
-s4 2s 33 

-12s 69 3s 
-39 57 3s 
319 57 3s 

51 00 32 
9.576OSn-10 
9. 07433-10 
0.10944. 

9. 65985-10 
9. S7rj0Sn-lO 
9. s914s-10 
0. 19339. 

9. 0 6598F-lOIl 

27 11 21 
97851‘’ 

4.99070 
1.49062 

6.48132 
6. 79335-10 

3.274G7 
3039145 

1ss2.2 

SIDE EQUATION TEST 

Frequently in the adjustment of triangulation it is found that 
although tlie triangle dosures in some particular quadrilateral are 
very small, the side equation for that quadrilaterd has a large dis- 
crepancy. This indicates that one or niore of the directions iiiust 
be in error and that the small triangle closures may be due to errors 
that counterbalance each other. By testing the quadrilateral by 
means of the side equation one is usually able to find the direction or 
directions which should be rejected in tShe adjustment. 

The side equation test should be macle in the following nianner: 
Add together the coefficients of tlie terms of the side equittion, dis- 
regarding their signs. Divide the const,ant tern1 of the equation by 
this sum. The result is the approsima.te average correction that 
niust be applied to a direction to eliminate t,lie discrepancy in the 
figure and should not be greater than 0!’4 for.iirst-order work. 
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For the following exaniple the quadrilateral used (fig. 69) is one 
talren from an arc of first-order triangulation esecuted in 1935, and 
it illustrates very clearly the vdue of the side equation test. 

The four triangles in this quadrilateral (see fig. 70) have closures 
of 0105,0'!15, 0149, and 0!39, or an average of 0127, disregarding 
the signs: These s n i d  closures seemed to indicate accurate values 
for the angles. In  forming the side equation for the office compu- 
tation, however, it was noticed that the constant term was very 
large in relation to the coacients of the various ternis. In order to 
see just what corrections would be required to e1iniinat.e the dis- 
crepancy in the side equation, the quadrilateral was adjusted. (See 
p. 213.) It was found that the angles at Anarchist between Gillespie 
and Spur and between Spur and Oroville required corrections of 
-3% and +3137, respectively, and that the angles at  Spur b e  
tween Anarchist and Gillespie and 
between Oroville and Anarchist 
required corrections of + 3178 and 
-3t51. This was sufficient proof 
that some of the angles in the 
quadrilateral were in error, since 
the small triangle closures did not 
justify such large corrections to 
the angles to eliminate the side 
discrepancy. Had the side equa- 
tion test been made in the field 
the error could have been found 
and corrected. 

quadrilateral. (see fig. 69) are at  
Spur between Oroville and Anarchist and between Anarchist and 
Gillespie, so in writing the side equation the pole should be taken at 
Anarchist. The constant term of the side equation is then 38.3, 
and the sum of the coefficients without regard to sign is 30.9. Di- 
viding 38.3 by 30.9 we obtain 1124, which is the approsiniate average 
correction that must be applied to a direction in order to eliminate 
the side equation discrepancy. This is entirely too large considering 
that the average closure of the four triangles is only 0137, and that 
the maximum is only Ot49. 

Although the side equation test as made in this manner shows that 
some angle'or angles niust be in error, it does not show which ones 
are wrong. It is possible, however, to apply the test further by t&- 
ing the pole of the side equation at  some other vertes and bringing 
in some angles not used in the first test. If the side discrepancy is 
within the limit in this second test, then the angles used in it .are 
probably correct and the error niust be in some of the angles used 
in the first test, but not in the second test. 

The sndlest two angles in the 
69.--4usdrilsmd used in side wuation test 
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If necessary, the test may be further estended by using the third 
and fourth vertices as poles in forming other side equations. In  
most cases, however,' especialIy if only one direction is in error, it 
can probably be located by the second test. 

COMPUTATION OF TRIANGLES 
D-ARTYI I IT  OF COMMERCE 

u L (0111 uo .-It wU.IpI 
mrm as 

State: ...mnhlnaaA .____________..___________________ ..-,,-- 
NO. STATIOSI OBSERVED ANOLE 

2-3 Gillss?ie- Spur 

- 5 4  1 Oroville 77 58 50.51 

-10+11 3 Gillesgie 54 50 54.68 

- 7 4  3 s y r  47 10 15.78 

1-3 O.-oville - spur 
1-5 Oroville - Gillespie 

00.93 

2-3 Gillespie - Spur 
-1+2 1 Anarchist 35 39 53.10 

-10+12 2 Gillespie 123 44 27.67 

-8+9 3 S v  20 Z5 40.14 
1-3 Anarchist - S ~ W  

1-2 h z c h i s t  - Gillesaio 

00.91 

'A GiYespie. - Oroville 

-1+3 1 Anarchist 64 3l 19.43 
-11+122 Oillespie 68 53 32.99 

4-6 3 Oroville 46 35 08.71 
1-3 Anarchist - Oroville 
1-2 Anarchist - Oilleepie 

01.13 

a-3 S p  - Oroville , 

-2+3 1 Ilyrccbist P 51 26.33 
-74 a SPW 26 34 35.64 
- 4 4  3 Oroville 124 33 59.22 

1-3 Anarchist - Oroville 
1-2 Anarchist - S-mr 

01.19 

-0605 

-0.15 

-0.49 

-0.39 

0.92 

0.76 

0.64 

0.80 

Fio. 7O.--Observed angles and closures for triangles used in slde equation test 

In  esceptional cases the side equation tests will show that some 
angles are in error, but will not indicate which ones. The example 
given here is such a case. As shown above the first test with the 
pole at  Anarchist gave an approximate average correction to a direc- 
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~~ 

0 I ,, 
-1of12 123 44 27.67 9.9198919 -1.41 

-7+8 aS 34 35.64 9.6506885 4-4.21 
-4+5 48 35 08.71 9.8811781 +l.W- 

9.4317595 

38 3 
30.9 tion of . The second test with the pole at Gillespie gave 

an approximate average correction of - = 1152, the third with the 

pole at Spur, a correction of = 1 !IO, and the fourth with the pole 

at Oroville, a correction of - = 1145. In this csaniple,. therefore, 

all four tests show large average corrections to the directions, indi- 
cating that some of the angles are in error, but they do not disclose 
the erroneous angles. 

I t  happens that this quadrilateral appears in an arc. of triangulation 
through whic.11 a length equation was carried. It was found that if 
the length was carried through the triangles, Oroville-Gillespie- 
Spur and Anarchist-Gillespie-Oroville, the discrepancy in length was 
1 part in 400,000, but if the length equation was carried through the 
triangles Anarchist-Gillespie-Spur and OrovilleAnarchist-Spur, the 
discrepancy was 1 part in 13,000. This test indicated that the line 
Anarchist-Spur was probably in error, and by about the sanie 
aniount a t  both ends. Either direction 3 (at Anarchist) or direcr 
tion 8 (at Spur) appears in all four side equations and consequently 
all four equations have large discrepancies. 

This example, however, is an exceptional case as both ends of a 
line are seldom in error by approximately the same amount. Ordi- 
narily the side equation test will indicate which angles are in error. 

Side equation with pols at Ana.rcltist 

= 1134. 

33.4 
23.0 

25 5 
23.1 
30.4 
20.6 

0 I I #  

-8+9 30 35 40.14 9.54R2360 +LBO 
-4+6 1% 33 59.23 9.915G471 -1.45 

-11+12 6s 53 32.99 9.9898381 +.81 

9.4317212 

9.88533119 +1.95 -54-6 77 58 50.51 9.99w732 
9.8611781 +1.99 -1+3 I34 31 19.43 9.9555679 
9 . 7 W 5  +a94 -8+9 20 35 40.14 “ I  9.54d2360 

9.4% 22105 I 9.4931771 

+a45 
+1.00 
+5.60 

J 
O= 4- 33.4 - 1.94(1) + 3.94(;) - 1 . O O ( i )  - 1.99(i) + 2.44(5) - 0.45(6) - 1.95 

(7)+5.60(S)’-3.65(9) . 
-- :32::-1652 
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-1.45 -2+3 
+a94 -lO+l2 
+ 1 . a  -5+e 

2 12 

-4+6 
-1+2 

-10+11 

0 I I ,  

2.3 51 a33 9.8836143 w.82 
123 44 27.67 9.9195919 -1.41 
77 58 50.51 9 . W i 3 5  -I-.& 

9. Yd38iD4 

Side equation with pole at Spur 

0 , I #  

124 33 59.22 
35 39 53.10 
54 50 54.86 

9.9156171 
9.77R5lj9Y5 
9.9135583 

9.5v3YoQ 

0 I I ,  0 I I, 

-1+3 64 31 19 .B 9.9555679 +LOO -114-12 65 53 3400 
-10+11 54 50 54.65 9.9125553 + 1 . S  47 10 15.78 

-i+S 23 34 35.64 0.850695 4-4.21 1::; I 51 2G.33 

I 9.5188157 I 

O= +35.5-2.94(1)+8.76(2)-3.S2(3) +1.45(4)+0.45(.$-1.90(6)-2.S9 
(.io) + 1.4s (y j + 1.41 (13) 

35.5 - 
d 

-- 1 !lo 33.1 
Side equation ,with pole at Orosille 

9.SG98381 f0.81 
9.8W329 +1.95 
9.8838113 44.82 

9.5187853 

Anarchist 

FIG. 'Il.-QuadriIateral used in side e q u a t i i  
test with directions renumbered for office 
computation 

The following adjustment of the quadrilateral shows what large 
corrections are required to iiiake it consistent if all observed direc- 
tions are used. The numbers on the directions are those used in 
the office adjustment of the arc. 
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--- 
KO. STATIOSII OBSERVED ANN(IL8 

2-3 Gilles2ie - S - w  

-2(n+ZW Gillespie 54 3 54.63 
-210tzl1 s;rJr 47 i o  i ~ 7 a  

Pg+aaOl Oroville 77 58 50.51 

1-3 Oroville - Spur 
1-3 Oroville - Cillesple 

a-a Gillespie - spur 
-2l5+.36' AnSchist 35 39 53.10 
-207+2092 Gillespie 123 44 27.67 

-2ll+2lb spur 23 35 40.14 
1-3 Anarchist - spur 

Anarchist - Oillespie 

2-3 Gillespie - Oroville 

-Psa$ harchiSt 64 31 19-43 
-208+209a Gillespie 68 53 32.99 
-na+ma oroville 46 85 08.71 

1-3 Anarchist - Orovllle 

1-2 Anarchist - Gillespie 

2-3 Spur - Oroville 

-216+a7' Anarchist 28 51 26.33 

-210+a1a sljur 28 34 35.64 

-ne+& Oroville 124 33 59.22 
1-3 - Anarchist - Oroville 

1 3  -chist - Sp~r 

40.94 31.43 0.31 
-1.26 53.42 0.31 
4.27 16.05 0.30 
-0.05 0.92 

-3.2849.92 0.25 
-0.6527.02 0.25 

4.7843.92 0.26 

-0.15 0.76 

40.0919.52 0.P 

. 4.6133.60 0.n 
-1.1907.52 0.22 
-0.49 0.64 

+3.3729.70 0.27 

-3.5iaa.u 0.z 
-0.2558.97 0.26 
-0.39 0.80 

4.3a7243. 
51.14 0.0096264 
53.11 9.9125560 
15.75 9.3653328 

4.309438 
4.2623356 

4.32372464 

49.57 0.2343109 
26.77 9.9198531 
43.66 9.5462557 

4.5414504 

4.1678130 

4.2622056 
19.31 0.0444321 
33.39 9.9698~~4 
07.30 g . a a i 7 ~  

4.2764761 
4.1678180 

4.3094288 

P.43 0.3163738 
81.86 9.6506736 
59.71 9.9156479 

4.2764762 

4.5414504 

FIG. n.-Triangle computation for quadrilateral used in side equation test 

Side equation 

0 I I, 

54 50 54.05 
26 34 35.62 
46 35 08.71 
35 39 53.10 

9.9155583 
9.6506S9.52 
9.B3117LClO 
9.765tXXi45 

9.19012536 

I o ,  I ,  I 1 I 

J 4 
4. O=+G3.73-l1.4S(307)fi3.39(2OS) -O.S1(209) ~4 .~1 (210)+9 .81 (2~1)  

-5.60(312) - 2.94(315) + 6.7,6(316) -3.82(217) - 1.99(215) + 2.44 , 
(219) -0.45 (220) 
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Correlate equations 

n -c 

-2.46 
+?. 29 +. 19 
-6.21 

+lo. 81 

-3.94 
+5.76 
-1. E2 
-3.99 

+?. 44 
+l. 55 

-4. m 

0 

+o. 6% -. 622 -. 014 
$1.081 
-2.435 

+l. 354 
+I.OC;? 
-2.21 
+ I .  154 +. 47s 

-. 707 +. 229 

Adopted 
V 

+o. 64 -. 63 -. 01 
+1.08 
-2.43 

+l. 35 
+l. 06 
-2.23 
+l. 15 +. 48 

-. 71 +. 33 
-- 

Normal equations 

RECTANGULAR COORDINATES 

The results of the triangulation computed by the United States 
Coast and Geodetic Survey are always given in geographic coordi- 
nates, since the triangulation usually covers a large area, and must 
necessarily be computed by means of geographic c.oordinates (lati- 
tudes and longitudes) on account of the curvature of the earth. 

For the surrey of a relatively sinall area, such as a city or sinal1 
county, it is much more c.onvenient to use plane c.oorclinate.s, since 
the coinputations are simpler. If in the small area being surveyed, 
however, there are triangulation stations, these should be used to 
control the local survey and to c0nnec.t it to the triangulation of the 
country. 

In orcler to make its results of value to city and county surveyors 
using plane coordinates the United States Coast and Geodetic Survey 
has issued Special Pubhation No. 71, entitled “Relation between 
plane rectangular coorclinates and geographic positions,” in whkh 
tables are given that mabe the computations for transfoiniing 
geographic to plane rectangular coordinates or vice versa very 
simple. This public?ation can be purc.hased from the Superintendent 
of Documents, Washington, D. C., for 10 cents. 



CHAPTER 7.-GENERAL RULES AND SUGGESTIONS 

All computations can be made much more rapidly and can be 
checked more easily if the work is arranged in a systematic manner. 
This bureau ha.s printed forms for nearly all triangulation coniputa- 
tions and these should be used whenever possible, as they espedite 
the work and lessen considerably the chances for errors. 

The niat,liematician should bear in mind that accuracy is desired 
above everything else. Of course speed is desired also, but accuracy 
should not be sacrificed to it. Nothing is gained if a piece of work is 
done in an unusually short t h e ,  if as a consequence it afterwards 
needs considerable revision. 

For a great many computations no fixed rules can be laid down, but 
the proper procedure depends upon the judgment of the matlienia- 
tician doing the work. For instance, it is impossible to specify the 
number of decimal places to be used for the numbers and logarithms 
in all the various computations. This depends upon the particular 
piece of work being computed. 

All work should be done neatly and all figures should be written 
carefully and legibly. Either 
erase entirely the one which is superseded, or draw a line through it 
and wiite the coi-rect figure above it. 

Every computation, unless self-checking, should be checked by B 
mathematician other than the one who made the original coniputation. 
The mathematician who does the checkhg slwuld first malie his 
changes in pencil, and then he and the mathematician making the 
original computation should agree on the proper values before the 
final corrections are made in ink. 

An inesperienced matheniabician should feel free at  all times to 
consult the man under whom lie is worliing or, in an emergency, 
any of the more esperienced mathematicians in regard to the work. 
It is well to make sure you are right before carrying a computation 
too far. This consultation suggestion should not be abused, however. 
Beginners should proceed upon their own initiative in the work 
assigned them, unless there is doubt as to the proper method. Knowl- 
edge obtained by study mid hard work is much iiiore easily retained. 

In all triangulation computations meters are used, but the final 
results are converted to feet, and both meters and feet are published. 

In  an adjustment of n large net of triangulation tshe selection of 
the equations, as well as the formation, should be checked before the 
work is carried ahead, as often an “identical” equation (seep. 1Sl) will 

Do not, write one figure over another. 

215 
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not become apparent until the forward solution of the nornials is 
made, and considerable recomputation will then be required to sub- 
stitute the proper equation. 

Intersection stations, that is, unoccupied points, unless they are 
main schenie stations, should be adjusted by using only the three 
lines which give the strongest angles at  the vertex. 

The mathematician nialcing the first check of a list, of geographic 
positions should ‘rtlso check the angles in the triangles for all (‘no- 
check” points. 

In those adjustments in which the logarithnis of certain lengths 
each appear in only one triangle these logarithms should be carefully 
checked before the list is made out. 

The matheniatician making out a list of geographic positions and 
the one doing the checking should scan it carefully for errors that may 
easily be discovered by inspection. For example, it is easy to see 
whether the azimuth and back azimuth differ by approximately lSOo 
as they should, or whether the number of figures in a length corre- 
spond to the characteristic of the logarithm fl-om which it is taken. 

All final lists of geographic positions shoulcl be checked by two 
mathematicians, who should put their initials at  the bottom of each 
sheet; As soon as a list has been properly checked, a photostat copy 
of it should be obtained for the files of the division of geodesy. If 
the triangulation is along the coast another photostat copy of the list 
should be obtained for the files of the division of charts. 

Pages of geographic positions and cards of descriptions of the sta- 
tions should not be taken out of the files of the division of geodesy 
without leaving a memoranduni of such wit,hdrawals with the mathe- 
matician in charge of the files. 

In the adjustment of a central point figure where there is inore 
than one side equation, one of these equations should be written 
with the pole’ at  the center and carried completely around the fi, wre. 

In an adjustment having several side equations, if the closure for 
one is large the directions used in that equation should be investi- 
gated. If the closure can be iniproved considerably by omitting a 
certain direction that should be done. 

Whenever a field computation of triangles is available it is not 
necessary to make a preliminary office computation of t,riangles, but 
the logarithms of lengths from the field computation c.an be used to 
conipute the spherical excess. 

In the adjustment of triangulation by the angle method the azi- 
muth equation should always be formed by using tvhe c or azimuth 
angles, as then the aziniuth equation will not ordinarily involve the 
sanie 9’8 as the length equation, and the solution of the normal 
equations will be siniplXed. 
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In  using the Shortrede logarithmic tables, the tables of propor- 
tional parts at  the light of each page and the tabular difference for 
one second at the bottom of each minute column should be used 
except for very sinal1 angles. For small angles, where the tabular 
difference for one second is changing rapidly, the difference should 
be taken out for the particular second used. 

In  forming the correlate equations, the coefficients of some of the 
equations should, in some cases, be divided by 5,10, or 100 to make 
theni of approsiniately the same size as those in the other equations. 
This makes it possible to obtain a given accuracy with a smaller num- 
ber of decimal places in the solution of the normal equations. 

In  the coniputation of a geodetic. position for which the signs of 
the AX’s as computed over the two lines are the sanie, and the two 
values are approsiniately the same size, the resulting values of X 
may check and yet the computation be wrong. This is due to the 
fact that the values of A’ and sec 4’ are the same for both lines used 
in the computation, and if there is an error in either of these terms, 
it will affect both AX’s by about the same aniount. The error will 
not be apparent until this position is used in computing some other 
posit.ion for which the longitude will necessarily fail to c.hec.k. 

In  the computation of a geodetic position all signs, whether plus 
or Ininus, should be indicated for all the terms. This saves. much 
tinie and avoids confusion. 

Eternal (true black carbon) ink should be used for making out all 
lists of geographic positions since this permits much better photostat 
copies to be made. 

The last niatliematician to leave a room, in which t,here are coni- 
puting machines, at  the end of a day should see that all the machines 
are covered. This prevents dust from entering and injuring the 
delicate parts of the machine. 

In making out lists of geographic positions, the mathematician 
should always insert at the top of each sheet, in the blanks provided, 
the locality and State in which the triangulation is located, and also 
the datuni on which the work is computed. This will avoid con- 
fusion if the sheet should become niisplaced froni the files or coniputa- 
tion cahier. 

Before starting the adjustment of a net of triaagulation, the niathe- 
niatician should find out just how the net is connected in position, 
length or azimuth to previously adjusted triangulation. If any of 
the points or lines of the new net are identical with points or lines of 
previously adjusted triangulation, they should be held fised in the 
new adjustment, in order that, the new triangulation may be made 
consistent with the esisting fised triangulation. Occasionally, how- 
ever, a station already adjusted may be allowed to take a new posi- 
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tion, if the old data on which its position was based are not con- 
sideredvery accurate or reliable. The final decision in a matter of 
this kind should rest with the more aperienced judgment of the older 
mathematicians. 

In many of the operations in the computation of triangulation 
niore decinial places are used in the course of the computation than 
are necessary when the final values are reached. In  dropping the 
estra decinial places no question arises if the figures dropped represent 
either more or less than one-half a unit of the last decimal place 
retained, for if they are less the last figure retained remains unchanged 
and if niore it is increased one. For esaniple, if the two numbers 
0.3273 and 0.3366 are rounded off to three decimal places, then the 
adopted numbers should be 0.227 and 0.337, respectively. 

When tShe figures in the dropped decimal places, howcver, represent 
esactly onelialf a unit of the last decinial place retained, then the 
number adopted may have two values both of which are equally 
correct. In order to avoid confusion the United States Coast and 
Geodetic Survey has arbitrarily adopted the plan of using the nearest 
eeren figure for the last decimal place retained. For esaniple, in 
rounding off to three decimal places, the numbers 0.4215 and 0.6345, 
the adopted numbers should be 0.422 and 0.624, respectively. 



.CHAPTER &.-CONSTANTS, FORMULAS, AND TABLES 

Dimensions of the earth according to Clarke's spheroid of reference 
- CONSTANTS AND FORMULAS 

(1866) : 
Equatorial radius, a., = 6375206.4 meters 

Polar semi-axis, b, = 6356553.5 meters 
' log a = 6 A0469857 

log b = 6.80323378 - 

Eccentricity, e, 

I? = 0.006768658, 
log E' = 7.53050357 - 10 

Base of Naperian logarithms, E, =2.71S35183 
log E = 0.43429448 

Modulus of common logarithms, M, = 0.43439448 
log M ~9.63778431- 10 

R = 3.14159365 
log ~=0.49714957 

log sin 1" -4.68557487 - 10 
log tan 1" =4.68557487 - 10 
1 kilometer =0.631370 statute n d e  = 0.539593 nautical d e .  
1 meter =O.000631370 statute mile = 0.000539593 nautical mile. 
1 statute n d e  = 1609.35 meters = 1.60935 kilometers. 
1 nautical mile = 1853.35 meters = 1 A5335 kilometers. 
1 nautical mile= 1.151553 statute miles. 
1 statute mile =O. 868393 nautical mile. 
1 meter=39.37 inches (law of July 28, 1866). 
1 meter = 3.28083333 feet. 

1 foot = 0.30480061 meter. 

Probable error of an observation, r =0.6745 

log. 3.28053333 = 0.51598417. 

log. 0.30480061 =9.48401583 - 10. 

J'" n (n- 1 ) 
- r 

Probable error of result, .r, = - = 0.6745' 

Probable error of an observation of unit weight, pl =0.6745 ,/z J i  

PI Probableerrorof anobservationofweightp,, r1 = Jp = 0.6745 
1 . -  

Probable errorof an observed directionla = 0.6745 - where38 = sum 

of squares of corrections to directions, and c , is  the number of 
conditions. 

d7 
Mean error of an angle, a = - E' 

where EA2 is the sum of the squares of the closing errors of the 
triangles, and n is the number of triangles. 

ti.lrli3i'--1U- 15 219 
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L80181 
184 
190 
201 
315 
a33 
254 

301 
326 
352 
376 
399 
430 
438 
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6.80183 
186 
192 
203 
2 l i  
a35 
256 

303 
329 
353 
377 
m 
421 
439 

278 

Logadhma of radii of citrvatiae of the earth's swface  (in meters) 
[Based upon Clarke's spheroid of 1866 as expressed in meters]. 

~ - -  
I 

180176 
178 
185 
196 
310 

250 
273 
297 
3 9  
348 
373 
396 
418 
436 
450 
461 
4668 
470 

680177 
179 
186 
197 
311 

2 8 8 2 2 9  
a50 
273 
298 
324 
349 
3i4 
397 
418 
436 
451 
463 
468 
471 

0 . . . . . . . . . . . . . . . . . . . .  
6 . . . . . . . . . . . . . . . . . . . .  
10 __________-- -__-- - -  
15 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
20 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

6.80183 
186 
192 
303 
217 

2-44 
264 
387 
310 
335 
359 
383 
408 
426 
443 
457 
468 
474 
476 

247 
%7 
389 
313 
337 
361 
385 
407 
427 
444 
458 
469 
475 
477 

Latitude 
Azimuth (degrees) 17 

10 20 
-- 

30 I 4a 

50 6" -0  80 

380175 
177 
184 
195 
209 
228 
249 
272 
287 
332 
348 
373 
396 
417 
435 
450 
461 
468 
470 - - 

L 80175 
1768 
184 
195 
310 
2a5 
249 
272 
287 
322 
348 
3i3 
396 
417 
436 
450 
461 
468 
470 - - 

- 
100 

8.80188 
190 
197 
307 
232 
339 
260 
a82 
306 
331 
358 
380 
403 
423 

,441 
455 
466 
472 
474 

- 

- - 

5.80178 
180 
187 
1% 
213 
a30 
251 
274 
299 
324 
350 
398 
418 
437 
451 
462 
460 
471 

a74 

3 80180 
1682 
188 
199 
214 
9 2  
252 
276 
300 
325 
351 
375 
398 
410 
437 
452 
463 
469 
472 

I -- 
Latitude - 

16' 
- 
L 80208 

810 
217 
837 
240 
257 
276 
298 
321 
344 
3r1 
391 
413 
432 
449 
463 
473 
479 
481 - - 

- 
14' 
- 
9. soaol 

203 
209 
219 
333 
250 
Z i O  
292 
315 
339 
364 
387 
4oQ 
428 
446 
460 
470 
476 
478 - - 

- 
15' 

3 m  
208 
313 
2223 
236 
254 
273 
285 
318 
343 
366 
388 
411 
430 
447 
401 
47 1 
478 
480 

- 

- - 

6.80186 
188 
194 
205 
219 

1.80191 
193 
300 
210 
2% 
242 
362 

308 
333 
35s 
383 
404 
424 
442 
456 
467 
473 
475 

284 

- - 

i. 80194 6.80197 
196 199 

206 
313 216 
2 2 7 2 3 0  

Latitude 
- 

17' 180 I 190 300 210 220 9 0  

6,80213 
215 
221 
231 
244 
261 
as0 
301 
3-24 
347 
371 
384 
415 
434 
451 
464 
474 
480 
482 - 

L r n 7  
219 
225 
23.5 
248 

680232 
234 
239 
2-49 
a82 
277 
296 
316 
335 
360 
382 
404 
424 
443 
459 
472 
481 
487 
489 

380237 
9 9  
2-44 
254 
a66 

i. 80242 
24.4 
w) 
259 
271 

i. 80248 
2% 
355 
264 
277 
292 
309 
329 
350 
371 
392 
413 
432 

,450 
485 
478 
487 
492 
494 

6.8oaaa 6.80228 

9 9  ?A4 
.252 257 

269 273 

I1 330 E 334 

353 357 

282 
300 
320 
341 
z-4 
396 
407 
42/ 
445 
461 
473 
483 
689 
4w) 

287 
305 
324 
345 
367 
389 
410 
430 
448 
463 
476 
485 
490 
492 

M 
305 
327 m 
373 
396 
417 
438 
453 

470 

482 483 485 
484 487 

2 I j 479 
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8.80219 
280 
?85 

305 
319 
335 
353 
372 
391 
411 
430 
448 
464 
478 

Logarithms of radii of curvahtre of the earth's surface (in meters)-Continued 

6.80355 
287 
292 

2 9 4 9 4 3 0 0  
311 
325 
340 
350 
377 
396 
415 
434 
451 
467 
481 

Lati tude 

362 
376 
391 
407 
424 
441 
457 
472 
488 
498 
508 
515 
519 
521 

-4zimuth (degrees) - I No 

338 
382 
397 
412 
429 
445 
481 
476 
489 
€41 
610 
617 
522 

' 523 

- 
31' 
- 
6. SO292 

?84 
298 
306 
317 
331 
346 
383 
382 
400 
419 
437 
455 
470 
484 
494 
502 
507 
509 

-- - 

- 
3 2  

bS0299 
300 
305 
313 
324 
337 
352 
369 
388 
405 
423 
441 
450 
473 
45 
497 
505 
510 
511 

-- 

- - 

'25' 270 280 

Lm54 
256 
281 
270 
282 
297 
314 
333 
354 
375 
396 
416 
435 
453 
468 
480 
489 
494 
496 
- - 

6.80?80 
332 
3 7  
276 
2% 
302 
319 
338 
358 
37!3 
399 
420 
43s 
455 
470 
482 
491 
48R 
498 
- - 

- 
340 

6.80313 
314 
319 
3% 
337 
8449 
364 
380 
397 
414 
432 
449 
465 
480 
492 
m 
510 
511 
516 

- 

- _- 

- 
4 2  

6. so373 
374 
378 
3% 
393 
4G2 
413 
438 
440 
454 
468 
4a2 
495 
507 
517 
525 
531 
534 
536 

- 

6.80266 
268 
273 
233 
293 
308 
3% 
343 
362 
383 
403 
423 
442 
458 
473 
484 
493 

' 498 
5M) 
- - 

6.80272 
274 
279 
288 
288 
313 
330 
348 
367 
387 
407 
426 
445 
461 
475 
487 
495 
501 
502 
- - 

492 :I 504 E 507 

Latitude 
- 

350 

6.80320 
322 
3% 
333 
343 
365 
370 
385 
402 
419 
436 
453 
469 
483 
496 
505 
512 
517 
518 

- 

- - 

- 
380 -- 360 I 370 

390. 
- 

6.80342 
344 
348 
355 
364 
375 
389 
402 
418 
434 
450 
465 
480 
493 
M)4 

513 
520 
524 
5% 
- - 

5.80357 
350 
363 
369 
378 

5.so3Z 
329 
333 
340 
350 

8.80335 
336 
340 
348 
357 

6.80350 
351 
355 
362 
371 
3 E  
394 
408 
423 
439 
454 
469 
4&p 
496 
607 
516 
523 
527 
5 s  
- - 

388 
401 
414 
428 
414 
459 
474 
487 
500 
510 
519 
525 
529 
531 

__. 
Latitude 
- 

450 

6.80396 
397 
400 
406 
413 
4m 
433 
444 
457 
470 
483 
495 
5oB 
517 
5?6 
574 
539 
542 
544 

- 
46' 470 48' 

6.m 
404 
408 
413 
4.20 
428 
439 
450 
462 
475 
487 
499 
510 
520 
529 
536 
542 
545 
546 

6.80411 
412 
415 

4-7 
420 

6.80419 
420 
423 
423 
12.4 

405 
4 3  
432 
448 
4 s  
473 
48R 
488 
510 
520 
52s 
534 
537 
538 

415 
426 
438 
451 
464 
478 
490 
503 
514 
523 
531 
536 
540 
541 

442 
452 
462 
474 
485 

492 
503 
514 
524 
532 
539 
544 
W8 
548 

542 
547 
550 
551 
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1.80442 
443 
445 
450 
455 
463 
471 
480 
4m 

510 
530 

538 
545 

Logarithim of radii of curvature of the earth's surface (in nieters)-Continued 

6.80449 
450 
453 
457 
462 
469 
477 
486 
496 

5 0 0 5 0 5  
515 
524 

5 3 0 5 3 3  
541 
548 

489 
496 

512 
520 
5% 
537 

551 
557 
562 

568 

495 
503 

5 0 3 5 0 9  
517 
525 
533 
541 

5 4 4 5 1 8  
555 
560 
565 

5 8 6 5 6 8  
570 

- 
i. 804% 

480 
488 

4% 
601 
508 
515 
522 

537 

552 
558 
563 

-- 
6.80493 

493 
495 

m49a 
562 
508 
614 
520 
527 

5 3 0 5 2 4  
543 

5 4 5 5 1 8  
655 
561 
566 

576 
578 
581 
583 

539 
591 
594 
5% 

580 
58a 
5&4 
587 

5 8 6 5 8 9  
592 
594 
,598 

6Bo6MB 

- 
4w 

8.80428 
428 
40 
435 
441 
449 
458 
468 
479 
490 
501 
512 
522 
531 
539 
545 
550 
.m 
554 

- 

- -- 

-- - 
500 

3. m 4  
435 
438 
442 
448 
456 
465 
474 
485 
495 
506 
516 
528 
534 
543 
518 
553 
555 
556 

- 

- -- 

-- 510 I 530 

530 

6.80457 
458 
460 
464 
469 
476 
484 
492 
501 
510 
520 
538 
537 
545 
551 
557 
561 
rfi3 
56.4 

- 

- - 

540 

8. S@ili4 
465 
467 
471 
4i6 
482 
490 
498 
506 
515 
524 
533 
541 
548 
554 
<w 
563 
566 
jos 

- 

3.80471 6.84479 

478 485 

4 4  474 481 479 

554 El 559 561 

- - 
Latitude 
-_ 

Go" 

5.80506 
507 
509 
511 
515 
5% 
535 
531 
537 
543 
550 
656 
583 
587 
5i2 
575 
57s 
580 
530 

- 

- - 
Latitude 

_- 
590 

5. pO500 
500 m 
,505 
508 
514 
519 
525 
532 
539 
546 
552 
558 
564 
569 
573 
576 
578 
57s 

- 

- - 

- 
6.30 

8.805% 
528 
528 
630 
533 
537 
541 
646 
551 
556 
58'1 
567 
572 
576 
580 
583 
585 
536 
587 

- 

- - 

- 
640 

3.80532 
532 
534 
536 
539 
542 
548 
551 
556 
560 
565 
570 
575 
579 

- 
i. 80513 

514 
515 
518 
521 
528 
530 
536 
542 
548 

6.80520 
520 
522 
524 
527 
531 
536 
541 
540 
553 

57s 680 

El 593 t 585 

585 
587 
588 
588 

570 

Azimuth (deg-ree) - I - 
700 

6.80585 
566 
566 
568 
570 
572 
574 
577 
580 
583 
536 
589 
591 
%I4 
590 
595 

6.80599 
6.80600 

800 

- 

- 

- 
65' 

6.80538 
' 538 

510 
543 
M4 
648 
551 
556 
560 
564 
569 
674 
578 
582 
555 

'587 
588 
590 
591 

1.80544 
5 14 
515 
547 
550 
553 
656 
m 
564 
568 
573 
575 
581 
584 
587 
590 
591 
592 
593 - 

i. 80550 
550 
551 
553 
555 
568 
561 
564 
568 
672 
576 
580 
5&1 
Si 
590 
543 
593 
594 
595 

6.80555 
555 
556 
558 
5lw 
583 
565 
569 
572 
576 
679 
583 
586 
5%a 
592 
594 
595 
5wI 
591 

-- 

5.80560 
561 
562 
563 
5A5 
587 
570 
573 
5i6 
579 
5s 
558 
589 
593 
594 
6wI 
597 
598 
585 



- 
200 

1 
2 
3 
4 

5 
6 
I 
8 
9 

210 
1 
2 
3 
I 

5 
6 
7 
8 
9 

220 
1 
2 
3 
4 

5 
6 
7 
8 
9 

230 
1 
2 
3 
4 

5 
6 
7 
8 
9 

110 
1 
9 
4 
5 
6 
I 

a 

; 

- 
0 
1 
2 
3 
4 

5 
6 
7 
8 
9 

10 
1 
2 
3 
4 

5 
6 
I 
8 
9 

20 
1 
2 
3 
4 

5 
6 
7 
8 
9 

sa 
1 
3 
4 
5 
6 
7 
8 
9 

10 
1 

4 

f 

a 

a a 

0.0 
0 . W  
0.80960 
0.91440 
I.ZlSa0 

1.5uoo 
l.tU?SO 
2.13360 
a. m m  
a. 74321 

3.61801 
3.35281 
8.05701 
8. W24l 
4.2072l 

4 . 5 m  
4.07081 
6.18101 
6.48041 
6.79lal 
6.09801 
6.400N 
0.10501 
7.01041 
7.31533 

7.63003 
7. PAS2 
8.32902 

8. S3wa 
9.14402 
9.44882 
9.75362 

10.05842 
30.38331 
1 o . m  
1 o . m m  
11. m a  
11.5WG 
11.8813: 

u. 1m la. 49w 
l2.80161 
13. low 
13.4lrz 
13.71801 
14.- 
14.3358: 
14.8301: 
uga611 

8 . 5 ~ 2  

= 
MeteRs 

l6.24m 
15.54483 

-15.84963 
16.15443 
16.459!B 

16.7640a 
17.08883 
17.37363 
17.07844 
17.@324 

1838504 
1 s . m  
18.89i84 
19. m44 
19.50m 

19.81aol ao. 11651 
ao.42lo 
20.73641 
8.m2 
21.- 
%.W, 
8.9456 
23.2504 aa. 55521 

a2.86005 
23.16485 
23.48965 
23.7744 
a4.m 

24. w 
24.8888: 
24.9938! 
25.2954: 
25.8032 

25.m 
a6.21281 
a6.61761 
28. sa24 
a7.m 

a?. 4330 
27.7368 
!B.M16 as. 3464 
a865l2 

as. 8JBo as. m 
a9.5656 
a9. 8704 
80.17bl 

Feet 
- 

50 
1 
2 
3 
4 

5 
6 
7 
8 
9 

60 
1 
2 
3 
4 
5 
6 
7 
8 
9 

70 
1 

4 

5 
6 
7 
8 
9 

80 
1 

3 
4 

5 
6 
1 e 
S 

9( 
1 
i 

a 
a 

a 

4 
! 
i 
I 

ket - 
100 

1 
2 
3 
4 
5 
6 
7 
8 
9 

110 
1 
2 
3 
4 

5 
6 
7 
8 
9 

120 
1 
a 
3 
4 
5 
6 
7 
8 
9 

130 
1 
2 
3 
4 

5 
6 
7 
8 
9 

140 
1 
2 
3 
4 
I 
f 
1 
9 
e 

Meters 

30.48006 
30.78486 
3 1 . W  
31.39446 
31.88926 

3z00408 
33.308% 
32.01307 
83.91847 
33.2!2327 

33.5asM 
33.83257 
34.13767 
34.44247 
34.74737 

35 .mm 
35.35657 
35.06107 
35.96817 
%a7l21 
36.57801 
30.- 
3 7 . 1 W  
3 7 . m  
37. mz 
38.10085 
38.40458 
38.70988 
89.01448 
39.31W 

89.6- 
39.93885 
40. !23308 
40.53S48 
40. &13a8 

41.14809 
41.45% 
41.757g 
42. r n 8  
42307!2J 

42. rn 
4a. 976s 
43.aSlsI 
43.5064s 
4a.m 

4.18801 
U.m! 
44.805ffl 
45.llMI 
&W 

'eet 

150 
1 
2 
3 
4 

5 
6 
7 
8 
9 

160 
1 
2 
3 
4 

5 
6 
1 

9 

1 
2 

- 

a 

170 

4 
5 
6 
7 
8 
9 

180 
1 
2 
3 
4 

5 
6 
1 
e 
9 

1% 
I 
1 

4 
! 
i 
$ 

- 
Metm-9 - 

45.72008 
46.02489 
40.32969 
40.63449 
48.93m 

47.wog 
47.54890 
47.55370 
4s. 15550 
a . 4 m  

48.70810 
49. m 
4 9 . 3 m  
49.8825(3 
49.8b731 

60.292lC 
60.59M 

6l.a065( 
61.6ll3( 

51.8161( 
5a. im 
62.435X 
52.73051 
63.03531 

53 .34o lL  
53.64491 
53.85971 
64.25451 
54. Wl 
54.86411 
55.16891 
55.47373 
65.77551 
66.08331 
50.38811 
65.09291 
56. Wnn 
67.80251 
67.6073: 

67.912% 
bs.Zlw 
68.5217: 
bs. 8a651 
Ee.l3= 
69.4361! 
59.7m 
80.0457: 

m.wn 

&G 

- 
Me- - 
80.m e.l.!mm 
01.07451 

02. 484n 
02.78893 
63.m 
63.39853 
63.10333 
64.00818 
04.31W 

84.92253 
85.aa133 

85.53313 
85.83v23 
66,14173 
66.44853 
ea76l33 

67.05813 
07.36083 
87.68574 
07.97054 
0aa7534 
88.58014 
88.88494 
8.18974 
09.49454 
88.m 
70.10414 
10.4m4 
70.71374 
71.01554 
71.m 
7 1 . 0 ~ ~ 4  
71.- m.am 
72.54-255 
1284786 

18.l5m 

f4.06555 
04.ana5 
1.676Is 
94.88085 
75. a8575 

e i .ma 
02. ima 

04. 0 i n 3  

Em 
223 
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Length-Feet to mctsrs cfiam 1 to loo0 unifa)-Continued 

Metma 

70.20016 
76.50495 
70.80975 
77.11455 n.um 
77.7!2416 
7aMsgB 
78.33576 
1563856 
78.94336 
79. 24sl6 
79.55296 
79.85776 
80.1m 
80.48736 

80.772l6 
81.07698 
81.38176 
81.68658 
8l.99m 
82.20616 
83. m B 7  
83. so677 
83.21S7 
83.51537 

83. fa117 
84.12497 
84.42977 
84.73457 
85.03937 

85.34417 
85.64897 

8825Ss1 
86.68337 

8(Lm7 
87.17297 
87.47777 
87.7s258 
85.08735 

88.39315 
85.89895 
89.00178 
89.30858 
S9.81138 
S9.91818 
00.22m 
00.63518 

~ 5 . 9 5 ~ 7  

P a  

- - 
Feet 

3w 
1 
2 
3 
4 

5 
6 
7 
8 
9 

310 
1 
2 
3 
4 

5 
6 
7 
8 
9 

320 
1 
2 
3 
4 

5 
6 
7 
8 
9 

330 
1 
2 
3 
4 

5 
6 

9 

340 
1 
2 
3 
4 
5 
6 
7 

- 

I 

B 

91.4401t 
9 1 . 7 M  
92wn 
92.w 
9a.em 

92 98419 
03. m!x 
s . 5 7 3 n  
s.8m 
94.lsa3p 

04.48819 
94.m %.wig 
95.40259 
95.10139 
96. mal9 
96.31809 
96.83179 
OB. 9.%9 
97. a3139 

97.63620 
97.84100 
03.14580 
9845060 
gs. 75540 

99. OBOao 
99.38500 
99. e8980 
99.97480 

I c r 0 . m  

loo. $8420 
loo. sa900 
101.19380 
101.49880 
10LSO840 
1m.10820 
102.41300 
102.71781 
103.02261 
1lB.32741 

103.63321 
103.93701 
104.21181 
104.54661 
104.85l4l 
1 0 5 . 1 m  
105.46101 
105.76581 
1 o a m 1  ma7m 

9x 
1 
2 
3 
4 

5 
6 
7 

9 

36a 
1 
2 
3 
4 

5 
6 
7 
8 
9 

370 
1 
a 
9 
4 

5 
6 
7 
8 
9 

980 
1 
2 
3 
4 

5 
6 
7 
8 
9 

390 
1 
2 
3 
4 

5 
6 
7 

a 

!! 

108.6802 
108.9550. 
107. ma1 
107. m6: 
107.8994: 

108 3043: 
105. 5090: 
105.6138: 
109.1158: 
109. m 
109. .ma: 
110.0330: 
110.3375: 
110.6428: 
1M947a 

111.!&!a 
111.5570: 
111.861s 
Ila 18662 
l l a 4 7 M  

112 77833 
113.08103 
113.35j83 
113.69083 
113.99543 

1 1 4 . m  
111.605w 
114.gOgg3 
115.2l463 
115.51943 

115. 
l l6 .1-m 
116.43383 
116. 73863 
117.04343 

117.34823 
117.65304 
117.95751 

lls. 58744 

ll&872!N 
119.17704 
119.481% 
1 1 9 . m  
m.00144 

1m.39634 im. 70104 
121.00554 
121.aictx 
l!dI.w 

iia asaa~ 

- - 
Fest 

M 
1 
I 

- 

4 
5 
e 
1 
8 
9 

41C 
I 
2 
3 
4 

5 
6 
1 

9 

420 
1 
2 
3 
4 

5 
6 
7 
8 
9 

(30 
1 
2 
3 
4 
5 
6 
7 

' 8  
9 

440 
1 
2 
3 
4 
5 
6 
7 

a 

B 

htetem 

12l.9a(M 
123.23% m. 53981 
133. WS! m. w 
m. 444z 
123.7490! 
124.053s 
11.3586: 
m6634! 
m.9W m. m 
125.5778 
125. ml3! 
Ea. I874 
1% 49224 
l2e. 7970: 
137.1018: 
127.4068! 
m.7l14f 

1% 0 1 m  
123.32106 
128.6255[ 
1289306E 
129.!23@ 

129. 540% m. 84508 
130.14988 
130.45w 
l30.75848 
131.0642 
131. sG9ot 
131.6rn 
l 3 1 . 9 m  
132.25348 

134.11327 
l34.41707 
134.73187 
moa887 
l35.38147 

- - 
Feet - 

45! 

; : 
1 

I 

I 
i 
5 

46l 
1 
i 

i 

i 
I 

1 
8 
9 

4n 
1 
2 
3 
4 

5 
6 
1 

9 

w 
1 
2 
3 
4 

J 
6 
7 
8 
9 

490 
1 
2 
3 
4 

5 
6 
7 
8 
9 

a 

&teal 

137.1(WMI 
137.4m7 
137.16958 
138.07409 
138379&8 
135.63138 
138. m m. a9588 
l39.59888 
l39.80348 
140.- 
140.51308 
140.81788 
141. laasS 
141.42748 

141.73aaS 
142.03iM 
342.34Is 

E%! 
143. a5BaB 
143.58109 
143.- 
144. lMBg 
l44.1754!3 

144.18(Wg 
145.08508 
145.38988 
145.69409 
145.99049 

146.ao1as 
146.60908 
146.91358 
147.2l869 
147.62350 

147. &2830 
145.13310 
148.43790 
148.74270 
149.04750 

140.3!5!230 
149.65710 
149. WW) 
150. mm 
150.57160 

150.87830 
151. lalo 
151.48580 
151.78070 
16RcM5a 
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-Feet to mstcre urn 1 b lo00 units)--cantinaed 

l 5 2 . 4 m  560 
153.70511 1 
153.00991 2 
153.31471 3 
153.81951 4 

5 %%: 6 
151.53391 7 
l66.14353 9 

155.44831 580 
155.75311 1 
156.05791 2 
156.3627l 3 
158.66751 4 

iw.83~?1 a 

156.97211 s 
157.27711 6 
157.5SlW 1 m.mn a 
155.18153 9 
11.49632 S7C 
158.80112 I 
159.10592 

159.11553 4 

1 6 0 . m 2  
160.33513 i 
1 m . m  ! 
160.93472 I 
181.23853 ! 

159.411072 I 

163.06533 ! 
163.37313 
153.C7793 ' 
103.(rJm I 
1M.23753 I 

164.592.33 59 
164.89713 
165. a0193 
185.50673 
165.81163 

11633 
166.42113 la. 73560 
167.03073 
rn.8a658 

167.64034 600 
167.94514 1 
168.24994 a 
168.55474 3 
l68.85951 4 

169.18434 5 
169.46914 6 
169.77304 7 

170.3E35'l 9 

170.85534 610 
170.59314 1 
171.29794 2 
171.60274 3 

172.nm 5 
172.51715 f 
172.s?195 1 
173.12675 8 
173.43155 s 
173.73635 b2c 
174.lU115 1 
174.34595 I 
174.05075 
174.95555 4 

175.26035 : 
175.56515 I 
175. Sfi9D5 
176.17475 
176.47055 ! 

m . o m  a 

inma 4 

178.30536 
115.61316 1 

178.91798 

179.62756 

379.83!?% 64 
180.13716 
180.44196 
1so. 74676 
lSl.05168 

1x1. a m  

- 
htotars 

18.3. &m7 
183.1117 
lE3.4m7 

11.08957 

184.40431 
1M.70917 
185.0l397 
195.31577 
185.62357 

185.92S37 
156.23317 
1%. 53797 
1%. 84277 
lS7.14757 

1s:. 45237 
187.7571s 
1s. M19S 
153.366iS 
158.67l58 

185.97638 
159.25118 
1%. m s  
190.19558 

190.5OwE 
19o.So518 
191.1ogss 
191.41172 
191.7l95t 
192024% 
192.3?918 
192.6339! 
192.93m 
193.2435l 

193. 54s3! 
193. W l !  
im. ism 
194.4627! 
184.76751 

195. rn 
195.3771' 
195.6519 
195.9587 
196. as13 

1 J .  5963 
198.901 1' 
197.2059 
197.5108 
m.815& 

1s. mn 

isg. sgwa 

650 
1 
2 
3 
4 

5 
6 
7 
8 
9 

660 
1 
2 
3 
4 

5 
6 
7 
8 
9 

673 
1 
2 
3 
4 

5 
6 
1 

9 

63m 
1 

3 
4 

t 
9 
I s 

691 
I : 

a 

a 

I 

1 

! 
1 

198.1mo 
1% 42520 
198 73ooo 
169.034so 
199. a3980 

' 199. e4440 
169.94920 
200.25400 m. 55sso 
m.S8380 
201.1wo 
201.473% 
201. m 
202 062% 
?02-3876( 

203. 6rnl 
202.99731 
203.30201 
203.00681 
203.91161 

204. n641 
201.52121 
204. sm1 
205.13081 
205.43561 

205.74041 
%BOB. 04521 
206.35001 
206.65181 
206.95951 

m. awl 
207.5883: 
207.874% m. 1758: 
ao8r1838: 
209.7854: 
209. m 
209.39501 
209.70381 
no.ow8: 
ZlO.31241 
210. elm 

au. 5318 
aio. 9 m  
ai.23oa 

- 
- h t  

7a1 
1 
2 

0 
5 
6 
7 
8 
9 

1 
2 
3 
4 

5 
6 
7 
8 
9 

720 
1 
2 
3 
4 

5 
6 
7 
8 
9 

130 
1 
2 
3 
4 

5 
6 
1 
9 

74a 
1 
2 
3 
4 
5 

no 

a 

f 
1 a 

- 
Metem 

213.36043 
al3.66523 
n 3 . m  
al4.27483 
n4.57988 

2l4.88441 
n 5 .  lsza 
zl5.49403 
a l5 .7w3 
ala. 10363 

2M. 40843 

Zl7.01803 
n7.32283 
zl7. a764 
17.93244 na33734 i s .  -4 
218.8a884 
zl9.15164 

n9.45644 
319.78124 
m.06604 
m.370&1 
230.67564 

330.98044 m. m4 
221.5w104 
331.89484 
a221998rl 

ale. m 



226 

243.Mo49 
244.14529 
24.4m 
244.75489 
%owwg 

345.86449 
295.66929 
w.97409 
246.m 
246.5&wyg 

w.88549 
2 4 7 . 1 m  
247.49801) 
247.Smo 
.24s8.1o110 

950 
1 
2 

4 
5 
6 
I 
8 
D 

a 

T 
0 
2 

5 
6 
g 
B 
9 

270 
1 
2 

0 
5 
6 
9 
8 
B 

T 
2 
8 
4 
5 
6 
9 
8 
9 

9 
2 
8 
4 
5 
6 
7 
8 
9 - 

850 
1 
2 
8 
4 

5 
6 
7 
8 
9 

860 
1 
2 
3 
4 

U. S. COAST ANI) GEODETIC SURVEY 

LagtirtiFat 20 mCW8 I to 1000 UWik)4htinUed 

950 
1 
2 
3 
4 

5 
6 
7 
8 
9 

y 

: 

2 
3 
4 

5 

8 
9 

970 
1 
a 
3 
4 

5 
6 
7 
8 
9 

22.3.80048 m. w526 aaa. 21006 
!229.61486 
838.81986 

m. 12445 
230.42928 
230.73406 
B l .  as88 
m.343M 

B l .  84648 
231.953% 
233. a5806 m. 58357 
232.86767 

233.17!?47 
233.47737 
233.7s307 
m.05657 
!234.39167 

!234.69817 
235.OOl27 
235.30607 
235.61051 
235.0l567 
B6.22047 
P6.52527 
236.m 
237.134S7 
237.43w.7 

231.74445 
1S.04923 
2 3 S . M  a. W 8  
ps.g6388 

m. a6848 
2339.57324 
239.67sos 
240.ls2ss 
240.48788 
240.78388 
241.09738 
241.40208 
!a4L 70845 
242.01188 

242.31tW 
243.83138 
%.gZB(i8 
243. a3069 
a95.53588 

a89.58058 
m.S6536 
290.11018 
290.474s 
290.77978 

m.o&455 
291.35938 
B l . W l 8  
2gl.ggggs 
!292.30378 

!m.80858 
m.91339 
293.21818 
a83.52299 
2a3.m 

284.13258 
294.43739 
#)4.742l9 
!295.04W 
295.35119 
B5.65858 
a95.96138 
396.aMla 
396.51098 
296.s7579 

297.1s(wB 
297.48539 
2 9 7 . m  
299.095W 
298.39980 

8M) 
1 a 
3 
4 

5 
6 
Q a 
D 

810 
1 
2 
8 
4 

5 
6 
7 
8 
9 

820 
1 
2 
8 
4 

5 
6 
7 
8 
9 

1 
2 
3 
4 

5 
6 
7 
8 
9 

84a 
1 
2 
3 
I 
5 
6 
1 
8 
9 

a30 

- 

298.41250 
24S.71730 
249.m10 
249.3!B90 
249.9.63170 

250.24l30 
350.54610 
25o.soDo 
351.15570 

351.46050 
2jl.iG530 
25?.07010 
S3.37490 
23.6797l 

a4g.s~~) 

5 
6 
7 
8 
9 

1 
2 
3 
4 

5 
6 
7 
8 
9 

870 

980 
1 
2 
3 
4 

m.m@l 
m.Oo840 
m.31-  
288.61900 
m.92380 

252.984b1 
253.3s831 
253.59411 
253.s9ml 
254.m 

254.M1cu1 
254.51331 
255.11s11 
255.42ml 
w.m1 

25Q.Ow5!2 
259.55533 
259.69012 
w.89493 
28o.ass?a 
260.6045a 
260.9oB3 
261.2l413 
261.5159a 
m.82372 

263.32853 
262.43333 
262.73m 
263.04293 
363.34773 
363.65253 
263.Q5i33 
2&1.3%!13 
W . 5 W  
W. 67173 

%. 17653 
265.48133 
265. %13 
268. o(1093 
206.39573 

268.70053 
2G.00533 
287.31013 
21i7.01494 
a7.9l974 

2 6 8 . M  
26!3.5%4 
%S. 83414 m. 13599 
289.44374 

m. 7 w  
270.n5334 
270.35814 
270. &% a7o.ssm 
E:% 
271.85211 m. 1 w  
272.4w74 

m.79855 
273.10135 
273.40615 
273. no95 
274.01515 

880 
1 
2 
3 
4 
5 
6 
7 
8 
9 

900 
1 
2 
3 
4 

5 
6 
7 
8 
9 

910 
1 
a 
3 
4 

5 
6 
7 
8 
9 

920 
1 
a 
3 
4 
5 
6 
7 
8 
9 

930 
1 
2 
3 
4 

5 
6 
7 
8 
9 

940 
1 
2 
3 
4 
5 
6 
7 
8 
9 - 

5 
6 

' 7 
8 
9 

990 
1 
2 

B 

: 
5 
6 

9 

a74.3?055 
274 62535 
274.93015 
275.23495 
275.63976 

a75.54455 
276.14935 
276.4.5415 
276.7595 
277.06375 

317.58555 
277.67330 
277.97SlG 
27s. %% 
278.55778 

278.%3254 
279.13736 
279.50216 
279. 80896 
280.11178 

230.41656 
280.73136 

251.33096 
251.63576 

B1.9405E 
253.u53fi 
B2.55O17 
as?.%5497 
2s. m 
283.46457 m. 7 m 7  
m.07417 
m . 3 m  
m.88371 
284.95851 
255.29337 
255.59817 
%. m7 
2 s 8 . m  
a86.51257 
296. S1737 
287.122l7 
as7.12881 
237.7311 

288.0385e 
a35.3413E m. 64618 
a 5 5 . m  
299.25578 

zsi.mie 

300.!22800 
W.53340 
800.E38aO 
301.14300 
801.44180 

801.75260 
803.05740 
8 0 3 . 3 m  
3oa. 66m 
802.87181 

303.21661 
8oc.5814I 
303. sea! 
m.19lOl 
801.aBl 

258.9Wl 
357.W71 

asI.55652. 
!2&7.S6132 
a68.16612 

258.7757z 
zs.4ma 

a 
4 

5 
6 
7 
9 
8 



= 
Feet 

%a8083 
6.56187 
9. s1wl 
13. E333 
16.404l7 
19.68500 
P. 86553 
28.24687 
2% 5zi50 

86.08917 

4Z.ms3 
45.93187 

49.nw) 
I. 49333 
66.77417 
a. a5500 
8.3358 

85 61667 
8888750 
72.21833 
78.45917 
78.74000 

8a.o!m3 
85.30187 
88.58250 
91.80333 
05.14417 

w.4m 
101.10583 
104.98667 
10s. 28750 
111.M 

114.82917 
118.11Ooo 
131.89089 
W. 87167 
121.95250 

1 3 I . m  
134.51417 
137.78500 
141.07583 
144.35887 

147.83750 
150.91833 
159.1Wl7 

az. 80838 

89.37000 

E= 

COXSTANTS, FORMULAS, AND TABLES 

Leng&--dlitcrs 1 fect @ma I ta 1000 unitr) 

= 
Me 
ters - 

M 
1 a 
3 
4 

5 
6 
7 
8 
B 

€4 
1 
2 
3 
4 
5 
6 
7 
8 
B 

90 
1 
2 
3 
4 
5 
6 
1 
8 
D 

80 
1 
2 
3 
4 

5 
6 
1 
8 
9 

90 
1 
2 
3 
4 
5 
6 
1 

t 

Feet 

164.Oh7 
187.32350 
170.80333 
173.88417 
177.10 

180.44583 
183.72867 
197.00750 
190.25533 
193.56917 

1%. 85ooo 
m.13w 
2w. 51107 
206.69w) 
209.97333 
n3.25417 
218.535W 
219. s1583 
2a3.09667 
226.37750 

339.65833 
233.93917 m. 22OOo 
!239.50083 
242.18167 

248.08350 
u9.34333 
2SZ. 02417 
2 5 5 . m  
259.18583 

363.46667 
285.74750 
!&os33 
m . m 7  
m 5 . m  
m. 8 r n  
282.15187 
2s. 43m 
285.71333 
m . m 7  

2 9 5 . m  m. 55533 
301.83667 
305.11750 
iws.39833 
311.67917 
814.98000 
318.24W 
321.52167 
WmYI 

- - 
Ye- 
tars - 

1cO 
1 
2 
3 
4 

5 
6 
7 
8 
9 

110 
1 
2 

. 3  
4 

5 
6 
I 
8 
9 

120 
1 
2 
3 
4 

5 
6 
7 
8 
9 

m 
1 
2 
3 
4 

5 
6 
7 
8 
9 

140 
1 
2 
3 
4 

5 
6 
7 

t 

h t  

8 B . m  
331.36117 
234.645cHl 
837.92583 
8 4 l . m 7  

a44.48750 
347.78833 
851.04917 
354.33ooo 
357.61083 

860. (99187 w. 17250 

370.73417 
874.(woo 

877.169553 
880.57667 w. 85750 
367.13833 
8W).m7 

393.70000 
396.Ssm 
400.28187 
403.51250 
rloA.8233a 
410.10417 
413.38500 
418. €85S3 
419.94867 m.mm 
4!26.50833 
429.18917 
433.07000 
436.m 
439.63181 

442.91m 
448.19333 
449.47417 
453.75500 
458.08589 

459.31667 
463.59750 
485.87833 
489.15917 
4 7 2 . m  

475. ?aoB9 
479.00167 
41.28350 
455.56333 &,rw 

867. 45x1 

150 
1 
2 
3 
4 

5 
6 
7 
8 
9 

1M) 
1 
2 
3 
4 

5 
6 
I 
8 
9 

1 a 
im 

0 
5 
6 
1 
8 
9 

180 
1 
2 
3 
4 
5 
6 
7 
8 
9 

190 
1 
2 
3 
4 
5 
6 
7 

B 

- 
Feat - 
492la5oE 
495.40583 
(88.68667 
501.m 
606.24833 
m.629l7 
611.81000 
615.09083 

m.B5w1 

624.93333 a. 21417 
631. 1m 
634.77583 
639.06667 

W1.33750 
644.81833 
647.89917 
6 5 1 . 1 m  
654.480&1 
557.74le-7 
681. Mw) 
581.m 
667.58417 
870.88500 

674.14583 
677.42687 
580.70750 
683.96833 
687.28917 

580.55oOo 
693.83083 
591.11187 
6 0 0 . 3 m  
BOB. 87333 

808.951l7 
610.2(500 
813.515% 
618.78887 
m.01750 

6!u.m3s 
828.63817 
629.9?oOo 
683.20083 
638. a 6 7  

839.m 
843.04333 
646.32417 

6is.3n6'1 

E a  

m 
1 

4 
s 
6 

9 

alc 
1 

4 
5 
6 
1 
9 

220 
1 
2 a 
4 

5 
6 
1 
8 
9 

230 
1 
2 
3 
4 

5 
6 
7 
8 
9 

uo 
1 
2 

a a 

a 

a a 

a 

0 

8 
5 
6 
I 

227 

Feet 

658.lsSsl 
669.44750 e&. 7!2!333 
868.00917 
66g.m 

072.m 
675.85167 m. 13a50 
882.41338 
88s.694l7 

688.97m m. !25m 
695.53867 W. 81750 m.aasaa 

- 

7zl. 7m3 
725 W17 
138.35500 
7 3 1 . 8 W  
734.90687 

135.18150 
741.40S33 
744.74917 
748.03000 
751.31083 

754.59187 
757.81250 
761.15333 
764.43417 
767.71500 

110.88583 
774.27687 
777.55750 
180.83833 

767.4am 
790.68083 
198.96167 
087.z4250 
ma383 
SB.80417 
8w.085oo 
810.38583 

184.11917 

pi4L?W$ 



228 

- - 
Ye- 
tara 

250 
1 
2 
8 
4 

5 
6 
9 

- 

8 
1 

i 

2 
8 
4 

0 
8 
0 

W 
1 
2 

4 

5 
f 
8 
f 
6 

a 

1 
i 
i 

29: 

1 

I 
I 
I 

, 

U. S. COAST AND GEODETIC SURVEY 

Lq&-Xeeters to feet (jim I to’ io00 units)-Continued 
-- 
mt 

820. #w33 
823.48917 
826. m 
830.- 
833.33167 

838.61350 w. m33 
843.17417 
&16.45500 
849.7359 

853. Me437 
858.29750 
856). 57833 
862.85811 
886.14ooo 

869.42083 
872.70167 
875. faxl 
879.26333 
883.644l7 

885.8!mO 
E 8 9 . 1 m  
893.3m7 
895.66750 
898.84833 

eoa. m7 
805.51M)o 
908. m 
912.07167 
915.35350 
918.63333 
021.91417 
025.19500 
928.47583 
93l.75881 

w.m75c 
038.31853 
941.58917 
944.8500( 
9 4 8 . 1 m  

051.4416i 
054.72w 
w.ooo3: 
061.a841; 
964.565m 

887. M5g 
071.1m 

- - 
Me 
ters - 
300 

1 
2 
3 
4 
5 
6 
1 

D 
310 

1 
2 
3 
4 
6 
6 
9 
8 
9 

a 

9 
2 
3 
4 

5 
6 
9 
8 
0 

990 

3 
4 
5 
6 
7 
8 
9 

i 

1 
2 
3 
4 
s 
6 

9 
1 

L OM) 65417 

1 010.48887 

1017 05833 

La26.90083 
1~030.18167 

103346250 
I:W6: 74333 
I 010 02417 
1 ’ 0 4 3 : W  
1~046.58583 

104986667 
(053: 147% 
1 056 42533 
1’059: 70917 

1W.m 

1’076.113X 
1&9.394li 

1 082 67XN 
1’055’9555: lam: z3w 
1: Osa. 5l7a 
1 , 0 9 5 . ~  

1 w . m r  
1: l03.3WC? 
1 105.6405 
1’108.9218’ 
1:112.20W 

1’125.3258 
1:laS.eOaa 

1’135 1683 

a , w u  

L1003’93500 
1:m: 21583 

i;olil.n7m 

i020:33917 
l : ~ . s a o o O  

1;Oaa.swwW 

1’009: 5516 
1’072.8335( 

11l5.4S33 
1: 118.75l1 
1122.0450 

1131.8815 

1’ 138’ 4491 
1:141:7Ml 

- - 
Me- 
ters 

350 
1 
2 
3 
4 
5 
6 
7 
8 
9 

960 
1 
2’ 
3 
4 
I 
6 
7 
8 
9 

370 
1 
2 
3 
4 

6 
6 
7 

9 

380 
1 
2 
3 
4 
5 
6 
‘I 
8 
9 

390 
1 

a 

a : 

: 
5 
t 
1 

Feet 

1 148 aW67 i m: 55250 
1: 154.85333 
1 155.13417 
1;16l.U500 

1 164 695s i 16f97667 i 17 ’25750 
lt 1 4 :  53853 

177.81811 

1 181 1ooM) 
1’184’35083 i 187’ wei i 190: 84w) 
1:194.22?33 

1:204.06553 
1 a07 34867 
1: 2lo: 62750 

1 lQ7 EO417 
1’2& 78500 

1 213 9os33 
1 ’ 2 l i  18917 
1:pO~47000 
1 m . 7 m  
1:227.00167 

1 230.31250 

1,236.8i417 
1 240.15500 

1 246 7l567 

1 250.55917 

1 m 1 m  
1”GGli’ 40167 

1 272.86333 
1: 276.244l7 

1279525Ot 

1,286. m 
1 289.367s 

la959!2W 

l’3lL5:7716 

1:!B3.59333 

1;243.435K4 

1’!24999750 
1;253:Z33 

1:258.8400(1 

1;k:tSZX 

1: 232: 805% 

1:29264& 

I’a9’21W 
1’303‘4908: 

1;3llUWii 

- - 
blo- 
ers - 
4w 

1 
2 
3 
4 
5 
6 
1 
8 
9 

410 
1 
2 
3 
4 

5 
6 
7 
8 
9 

420 
1 
2 
3 
4 

5 
6 
1 

9 

43c 
I 
2 
3 
4 

t 
1 
1 
5 

VI( 
1 
i 
: 
4 

a 

I 

! 
i 
I 

Feet 

’ 3l2.33333 
i’315 61417 
t318’89500 
[) 312: 17583 
L:3i5.15887 

I 345 14167 
<a48:4aa50 
i35i.mo333 
1:354.98417 
1,358.asSaa 

I 861 54589 
im:s2667 im. 10ia  
I: 37l.3S833 
1,374.66917 

I 377 95ooc 
1’3Sl’23(w3 
i384.51167 
i 3 a r : m  
1 ; 3 9 1 . m  

1 3 3 9 7 : m  

1’404.1m 

1394 35417 

1500.91553 

1;407.4775( 

1,410.75W 
1,414. W l i  
1 417 3200( 
1’4rn:am 
1;423.8816i 
14311635( 
1’ 1:433.7!2418 430: 4433: 
1,437.005M 
1,440.asSs: 
14435688: 
1: 446: M75I 
1 4 5 0 1 m  
1’ 453: 4091’ 
1;458.& 

1459-  1’463‘ 2516 

1’4636’53351 

I;r.lS;aere 
1’48’81381 

150 
1 
2 
9 
4 

5 
6 
7 
0 
9 

4 a  
1 
0 
9 
4 
5 
6 
1 
9 

470 
1 
2 
3 
4 

5 
6 
7 
8 
9 

4FLi 
1 
2 
3 
4 
5 
6 
1 
8 
9 

490 
1 
2 
9 
4 

6 
6 
1 

a 

I 

= 
Fee0 - 

1 476 35500 
1’479’Q5583 
i m . w 4 7  
r‘dse:n7bO 
1:488.4Q&B 

1492.1791’1 
1:4$0.- 
1 489 aaos9 
1’502:62167 
1:605.€IUZ?lO 

1 m 1 m  
1’5l2’46417 
1:515:74500 
1 519 Ozjsg 
1;522:30681 
153558750 
1’5as:&P33 
(532. 14917 
1 535 43ooo 
1: 538: 71083 

1 541 99167 

1 551 B417 

155539583 

1’545’27350 
1:Crls:55339 

1:555:Wl 

1’ 561’ ~ 6 0 7  
1’ m: 95760 
1:568.23Wd 
lJ671.i51917 

I 614 80000 
1: 578 08053 
1 581 36167 

1;5Si’.W8a 

1 5Ol2041’1 

1*601.04887 

1 B(n.80833 
1: 610.88911 
1 614 17ooo 
1’617:r15083 

1624Ol!Z3 

1;@7;1368D 

1’5S4:5la50 

1’594.4‘48500 
1’597:lasSs 
1:604.32760 

1:620.73l67 

1’fB333’85500 

1’627’2V333 1’ W’57417 



CONSTANTS, FORMULAS, AND TABLES 

rh@h-&t4??8 tofeet ( jhn I to 1000 un;its)-Continned 

19885woo 
1'971'76083 
1'955'06167 
1'978'34- 

1%490411 
1'9%3~8'8500 
1'991'465x1 

1:9sl:m33 

i'wi744aa7 
1:Q!w!m 

2'011.l.lsos3 

200130833 
2:004:58817 
2W7.87000 

2:0l4.43167 

$017.11350 
202099333 
2'Cna'27417 
2'02'1'55500 
23030:- 

Fe0t 

650 
1 
2 
3 
4 

5 
6 
7 

9 

660 
1 
2 
3 
4 
5 
6 
7 
8 
9 

a 

1 840.41667 
1:643.W.50 
I 646.WS33 
L)W.26917 
1:aSa.wOaO 

I &%.as3 
1:SaO. 10167 
1683.88250 
I'm. 66333 
1:W.M7 

187322Ml 
1:676:605s3 
I 679.78661 
1: 683.0673 

16698Q917 

1 699.47167 
1: 702.75250 

1708CB?3 
709.31417 

1'713:59500 
1: 718.87% 
1,719.l5667 

1 722.43750 
1:725.71833 
17a8.89917 
1'7.32.28000 
1:735.%OKi 

1' 745: 40333 

1,888.34853 

1'692:!3lOOO 1:m. 1 9 0 s  

1 725.84167 
1'742 12250 

1:74&6S417 
1,761.96500 

1 765 a4583 
1' 753' 62867 
1'761:s0;150 

1:768.36917 

l77lawOO 

1'778.21167 
1'781.49360 

1'7lXo5833 

i'nis3Osa 

I:7&ns33 

200978383 
2'103'01417 

2:ll2.85667 
2'106a8500 2'109:57583 

- - 
M e  
;ers 
- 

550 
1 
2 
3 
4 

5 
6 
9 
8 
9 

560 
1 
2 
3 
4 

5 
B 
7 
8 
9 

570 
1 
2 
3 
4 

5 
6 
7 
8 
9 

580 
1 
2 : 
5 
6 
7 
8 
B 

1 
5 
5 
6 
I 
8 
Q 

680 
1 

4 
3 2 

Feet 

180445333 
1'807:73917 
1'811 OWYJ 
1'814'30053 
1:817:58167 

1820.86?50 
1'824 14333 
1J82721'42417 
i830:7a500 
1:833.95583 

il743:82S33 

1,860.39oOo 

1:S60.!23%0 

1 837 a8867 
l'W*54750 

1: 847.1oB17 

185361083 
1'856:95167 

1863.61333 
1:866.79417 

1870.07500 
1'873 3553 
1:67&3M7 
1 879 91750 

1 888 41917 

1'893'04083 
1' SSS: 32l67 

1:853:1Qw 

1'899'78ooo 

1:S9D.a0250 

1 9l9 ma 
1'925'S4917 
1'923*56833 

1 ' m :  1 m  
1;932.41083 

l : ~ S l 6 O i l  

1'955 37687 

1'961'€s3lXl3 I;&lsLlQlz 

1 836 a 6 7  
1:938:97250 
1942.25333 
1'945.53417 

1952.08Ss3 

1'858'65150 

600 
1 
2 
3 
4 
5 
6 
7 
8 
9 

610 
1 
2 
3 
4 
5 
6 
7 
8 
9 

620 
1 
2 
3 
4 

5 
6 
7 
8 
9 

1 
2 
3 
4 
5 
6 
7 
8 
9 

640 
1 
2 

3 
s 
7 
8 
Q 

II- 
Feet 

2 183 64167 

2 l39.1W3 
2'142.38417 

2 145.91583 

2:lsiiI82259 

2:145.6f3500 

2' 152. m 7  
2'155.50550 
2' 15s. 75933 
2: 16% 069l7 

2 1 6 5 m  
2' 168: 63oy 
2'171.91167 
2' 175.19250 
2: 178.47333 

2 181 75417 

2'1SS:31% 

2; 194.85750 

2198lss3s  
2'301'43917 

2: 2ll .  2s167 

2 214 56250 

2 ' 1 S 5 ' w  

2' 191.59337 

2 ' m : m  
2'!208.m 

2"11'81333 2'&1:1%l17 

2'224.- 
2:m.assSzr 

22303(\9seg7 
2'234'24750 
2: B7: 62833 
2 240 80917 

2 a47.31083 
2: 2-50. S167 
2,253.€3250 
2 S7.21333 
2:zSa4%l7 

2 m n m  
2'267:09583 
2'~70.330137 
2 ' h .  617% 
2:276.8es33 

2 : 2 4 4 : m  

- 
Ye- 
ters - 
m 
1 
2 
3 
4 

5 
6 
7 
8 
9 

1 
a 
3 
4 

5 
6 
7 
8 
9 

720 
1 

' 2  
3 
4 

5 
6 
7 
8 
9 

130 
1 a 
3 
4 

5 
6 
7 
8 
9 

740 
1 
a 
3 
4 
5 
6 
7 

no 

! 

229 

3 % 3  
2'303:14500 

2:m.m 
2'306.4m 

331398150 
2'318'?8838 
2'318' 54917 
2'322: 53ooo 
2:3!2&1lOsa 

a sa 'm87 
2'332'67250 
2'335195333 2:339.23117 

2,342.51500 

235519588 
2'348'07667 
2'352357% 
2'355:mW 
2:35% QlQl? 

2 3 6 2 m  
2: 3135: clsos3 
2 3W.76167 
2'373.04350 
2;375.32333 

2 378 8ou1 

2'35844667 

239500853 
2'388'!BQ17 
2'401'51000 

2:ilcw.l3l67 

2 411 41350 
2 ' 4 1 4 : m  
2: 417.97417 
2 421.35500 

2 427 81667 

2'35i.ssm 
2'3%: lW 

2:391.72760 

2'4o4:asos3 

2:.U4.535%3 

2'431:09150 

2:ano.saaOo 

2'437.65917 2'434. x833 



230 

2 7 ~ 1 3 ~ 6 3 3  
2’791’W17 
2’795:27OW 
2’79865053 
2:SOr:83167 
2 805 11250 
2’8W:39333 
2’811 6i417 
2’S14:95500 
2:8ls.23583 

Me 
tam 

750 
1 
2 
S 
4 
5 
6 
I 
6 
D 

- 

T 
2 
8 
4 
5 
6 r 
8 
9 

T 
2 
B 
1 
5 
6 
0 
8 
D 

T 
2 
B 
4 
5 
6 
f 
8 
0 

T 
2 

4 
5 
6 
B 
8 
9 

e 

- 

900 395275000 
1 2’956hOS3 
2 2:959.31167 
3 2962.5922 
4 2:965.67333 
5 2 960.15417 
6 2’972 43500 
7 2’0i5:71553 
8 2’8iS.90667 
9 fm.27750 

- 
Feet 

24606Ww) 

2’467’ 18667 

2; 473.74833 
2 477 029l7 
2’4R0’31OaO 

2’486.8’1167 

2’4e3’sa583 

2’ 413: 46750 

2’4s3: 58983 

2; 480.15350 

4 4 9 9 . m  

2483- 
2’496: 71417 

2 503.27553 
2:506.55a67 
2 509 83750 
2’5l3’1lS33 
2’618’ 39917 
2’519:gsMw) 

2 526 24167 
2’529:62250 

2’536.08517 
$539.36500 
2 542.645F3 
2:545.92687 
2.549.aM50 
2 552.48533 
2i655.76917 

2559Q5oM) 

2’565’ 61167 
2’€68:89!250 
2i572.17333 
2 575.45417 
2’578 i3XJO 

2’& 29667 
2&3:57750 

259185533 
2:595: 13917 
25984200(3 

&334:SSl62 
2ewraaasa 
2’611:54333 
2’614.82411 
2’618 lRyI(I 

&522.96oss 

2’532.60333 

2’682’33083 

2’559’01583 

2’aol’ rn 

2:su:aasss 

2 854 32SOLl 
9’S5<&35’3 

2 S64.16150 
2iS67.44533 

2’874.01000 

2’S50:57167 

i:sso:ss@7 

2813.12917 

a’sn 29063 

2;&33.s5250 

U. S. COAST AND GEODETIC SURVEY 

L6ag&?-af&?Ta la f&?t ( jbn 1 to lo00 units~cmtinued 

920 3 018.36667 
1 3’0Y.64750 

3 3’OaS:30917 
4 3:031.49000 

6 3’03S.05167 

8 3’044.61233 

2 3’& 93s33 

5 3034770s 

7 3 ’ 0 4 i : ~ m  

9 3:047.89411 

- - 
Me- 
ters - 

800 
1 
2 
3 
4 
5 
6 
7 
8 
9 

810 
1 
2 
3 
4 
5 
6 
7 
8 
9 

820 
1 
2 
3 
4 
5 
6 
7 
8 
8 

830 
1 
2 
3 
4 
5 
6 
7 
8 
9 

840 
1 
2 
3 
4 
5 
6 
7 
8 
9 - 

a m 5 3 7 5 0  
2’805‘81833 
2’9lO~OB917 
2’9l3.3sooo 
2:916.ssos3 

Feet 

2624B6867 

2’634:50917 
2:637. no00 
a 641 07085 
2’641‘35167 
2’647:63!60 

a’m’94750 
2’631~2x?3 

2’850.91533 a~wim 

a’660:755s3 
265741500 

2:f?84.03667 
2 687.31750 
4670.ssea3 
4872.81917 
2 617 16ooo 
2’6S0’440S 
2:6&72l67 
2,657.00250 

2690!233 
2:693:56417 
2 898.54500 
2’700 15.33 
2: 7& 40667 
2 708 65750 
2: 709: -3 
2 713 24917 
2’716 53&Hl 
2: 719: 81@3 

2 723 09167 
2:726:3750 
2 529.65333 
2’732.93417 

2 739 4959 

2 746 05750 
2’ 749 33833 
2: 752: 61917 

2:759:lsos3 
2 762 461G7 

2:%N).m 

2: 742: 77007 

a75590000 

a’ 765: 742% 
2:769.Ga333 
qm.30417 
2 775 55500 
2’778’8W3 
2’7S2‘ 14667 
2: 7%: WE4 

5 3,007.57917 
6 3070sBooo 
7 3’074:14083 
8 3’077.42167 
9 3:C%O.nmsO 

- - 
MO- 
ters - 

850 
1 
2 
3 
4 
5 
6 
7 
8 
9 

860 
1 
2 
3 
4 
5 
6 
7 
8 
9 

670 
1 
2 
3 
4 
5 
6 
7 
8 
9 

880 
1 
2 
3 
4 
5 
6 
7 

9 

890 
1 
2 
3 
4 
5 
6 
7 
8 
9 

a 

- 

29l994167 
2:923:aaasO 
2928.50333 
2’929.78417 
2:€33.MW 
2936345s3 
2’93962667 
2’94290750 
2’946’18s33 
2:MS: 46917 

940 308398333 
1 $W7:%17 
230330545m 
3 3’0kS25S3 
4 3~W.10667 
5 3100.38150 
6 3’1CB66s33 
7 3’106‘94917 
8 3’110:BWO 
9 3: ll3.51083 

= 
M@ 
ters - 

950 
1 
2 
3 
4 
5 
6 
7 
8 
9 

9M) 
1 
2 
9 
4 
5 
6 
7 
8 
9 

970 
1 
2 
3 
4 
5 
6 
7 
8 
9 

980 
1 
2 
3 
4 
5 
6 
7 
8 
9 

990 
1 
2 
9 
4 
5 
6 
7 
8 
9 - 

3 116 79lW 
3’120O’07%0 
3’1B:35333 
3: 126.1417 
3,las.9Wo 
313319533 

3’139: 157’50 
3’ 143. 03%3 
8~146.31917 

3 149 80000 
8 158.16167 
3: 159.44350 
3,lSa. 72333 
3 168 a 1 7  
3’ 169: a5500 
3’172 56583 
3’ 175 S4667 
3: 179: D750 
3 183 40853 
3’lS5:assl7 
3:lSa 97WO 
3,192.2.51W 
3,195.53167 
3 198 S l r n  

3’205‘37417 

3:2ll.93588 

3 !%.21667 

3’ 225: 05917 

3 231 tYm3 
3: W:SO167 
3 ?38.1m 
3’241.46339 

3 a4S.oa500 

3’ 138’ i7667 

3:l5a:sscw3 

3’303’09333 

3’208:65500 

3’2ls 49750 
3’2zl1’77Ss 

3:aas.34oao 

3:244.74u7 

3 ’ m  30583 
3’254’5luw 
3’257:S67’50 

3’270 9Km 
3’274.37181 
3:277:55150 

3:asl.l4833 
3 W 4 2 9 l 7  
3’267:71000 



3.3i60 
3. E60 
3.6140 
3.6i70 
3.72.50 

3.3360 
3.3470 
3.3590 
3.3710 
3.3800 

3.7650 
3.7980 
3. 6270 
3.8530 
3.8760 

5.1780 
5.1830 
5.1880 
5.1940 
5.1990 

3.3910 
3.1010 
3.4130 
3.42% 
3.4310 

3.4420 
3.4510 

4.41.W 
4.4.330 
4 44110 
4.4640 
4.4780 

5.340 
5.2090 
5. 21.10 
5.2190 
5.2240 

5.2290 
5.330 

4.4910 
4.5030 
4.5260 

4.1770 
4 .250  
4.2650 

4. a980 
4.3270 
4.3530 
4.3760 

4.5910 I 46140 
4.6350 i :E: 

2.W70 
2.s360 
2.s&r) 
9. BS50 
2.9050 

4.6870 
4 . 7 m  
4. i180 
4.7340 
4.7500 

4:9780 
4.9860 
4.9930 
5. m 
5.0100 

4 7610 
4.7750 
4.7890 
4.8010 
4.8130 

3.4S70 
3.4050 
3.5020. 
3.5110 
3.6190 

-- 

5 . 2 a  
5.2560 
5.m 
5 . 3 5 0  
5.2800 

CONSTANTS, FORMULAS, AND TABLES 

Correctiom to log s and log Ah for difference in arc and sine 

2 . ~ 4 0  
2.11120 
2.95PQ 
2.9730 
?.%io 

3.oooO 
3.01m 
3.0350 
3.0650 
%os40 

3.1000 
3.1230 

Log dif- 
I C ~ U e S  
!units 01 
eighth 
rlecimxl 
PI-) 

5.0170 
5.0250 
5.0330 
5.04NJ 
5.0480 

5.0550 
5.0620 
5.0680 
5.0750 
5.0m 

5.Os90 
5.0950 

1 
3 
3 
4 
5 

6 
7 
8 
9 

10 

20 
30 
40 
50 
60 

70 
' 8 0  

90 
100 
110 

130 
140 
150 
160 

170 
180 
200 
230 
250 

270 
300 
330 
360 
390 

4% 
4.w 
480 
521 
561 

,590 
629 
671 
iw 
750 

im 

3.1440 I 

2.5740 I 48820 
2.3070 1 4.8[r?o 
3.3300 4.9040 
2.3620 4.9130 
2.3850 4.9220 

5 .1m 

3.6300 
3.6380 
3.6420 
3.6480 
3.6540 

5.3350 
5. s390 
5.3430 
5.3470 

3.2700 5 . 1 m  
3.2W 11 5 . 1 W  
3 . m  5.1610 
3.3100 /I !.ll3;0 
3 .323  3.1,-0 

Log dif- 
ferenre 
.units of 
eighth 
lecimd 
place) 

799 
841 
sgg 
939 
979 

1030 
1078 
11.10 
1188 
1238 

1303 
1358 
1422 
14M 
1530 

1603 
1 W  
1717 
1790 
1!357 

1914 
1990 
2064 
2132 
2212 

3385 
2359 
!x5 
3505 
2.587 

262 
2747 
2837 
2816 
2995 

3096 
3183 
3272 
3364 

3538 
3w7 
3 7 2  
38% 
3918 

3?= 

- 

ll 

ll- 

3 . 5 2 ~  I 5 2740 
3.5340 5.2780 
3.5420 I b3320 
3.5400 5.wfi 
3.5570 5.2900 

3.WO 3.5980 15.. 5.3150 

3.6110 5.3230 
3.6170 5.330 
3. m 

3.6590 
3.6650 
3. 8700 

Log dif- 
IElWlC% 
inits df 
eighth 
lecirnal 
PhW) 
- 

4025 
4119 
4215 
433.. 
4434 

4537 
4643 
4751 
4862 
4975 

5091 
5186 
5306 
Ma5 
5531 

5660 
5765 
5872 
6009 
6121 

6% 
6380 
64% 
Bg19 
6713 

6365 
7027 
7 1 1  
7291 
7427 

7565 
7705 
7MY 
7995 
8143 

5 9 5  
8449 
8608 
5166 

231 

.os Ah 
(+I 

- 
3.6970 
3.6920 
3. 6970 
3.7030 
3.7081) 

3.2130 
3. rlSO 
3. 7230 
3. i?80 
3.7330 

3.1380 
3.7420 
3.7470 
3.7510 
3. 7560 

3.7610 
3.7650 
3.7690 
3.7740 
3.7780 

3.7830 
3. 7870 

3. ,050 
3. m 
3.8030 
3.8090 
3.813 
3.8160 
3 . m  

3.8w0 
3.8280 
3.8320 
3.9360 
3.8400 

3.8440 
3.8480 
3. 852Q 
3.8560 

3.5910 



232 U .  S. COAST AND GEODETIC SURVEY 

FACTORS USED IN THE COMPUTATION OF ELEVATIONS FROM RECIP- 
ROCAL AND NONRECIPROCAL OBSERVATIONS 

The unit of length tliroughout these tables is the meter. 
Log -4 

Elevation 
nf nwupird 
station h 

Alder8 
0 

73 
220 
365 
514 

661 
mi 
954 

1101 
1248 

1394 
1641 

1982 

I 912s 

I 

"6 nypros- 
illlate 

dilicrence 
f elevation 
=log 8 tan 
(?I) * 

3.167 
2. M4 
2.866 
3.011 

3. E1 
3. m 
8.281 
3.343 
3.397 

3.445 
3.489 
3.528 
3.5w 
3.5% 

3.629 
3.653 
3.685 
3.711 
3.735 

3.758 
8.779 
3. m 
3. 
3.839 
3.857 
3. si4 

.5  3150 
1. 5 3303 

3590 

4.5 
5.5 
6.5 
i. 5 
8. 5 

3543 
3890 
40% 
4183 
4330 

9.5 Uii 

1% 5 

14 5 5211 

17. 5 5051 
1s. 5 
19.5 5945 , 

Log B and log C' 

0.0 
. 5  

1.5 
2. 5 
3.5 

4 5  
5. 5 

I. 5 
K 5  

9.5 
10. 5 
11.5 
I?. 5 
13.5 

14.5 
15.5 
16.5 
15. 5 
IS. 5 

19.5 
20.5 
21. 5 a. 5 
23.5 
24.5 
25.5 

55 

4.875 
5.113 
5.224 
5.297 

5.352 
5.395 
c. 432 
5.403 

20.5 
21. 5 
22. 5 
13.5 
24. 5 

25.5 
26.5 
2;. 5 
2s. 5 
25.5 

30.5 
31. 5 
g2.5 
33.5 
34.5 

35.5 
36.5 
3;. 5 
38.5 
39. 5 
40. 5 

Log c 

0.0 
.5  

1. 5 
2.5 
3.5 

4.5 
5.5 
6.5 
7.5 

*Or log I cot[ h - 1 0 . 5 - m ) p ~ , ]  for nonreciprocal observations. 

Log B has the same sign as the approximate difference of elevation. 
Log C! is always positive. 
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COMPUTATION OF SPHERICAL EXCESS 

The spherical escess of a triangle is coniputed by tha formula, 

albl sin Cl(l - c2 sin? 6)’ 
%I?( 1 - 8)  sin 1” = albl sin C!, x m. c- 

In  this formula e is t,he spherical escess; a,, bl and 4 are two sides 
and the included angle, respectively, of the corresponding triangle; 
e2 is the square of the eccentricity, and a the major seniiasis of the 
spheriod of reference; and 4 is the niean 1a.titude of the three vertices 
of the triangle. Tha.t part of the above espression which depends 
only on the latitude and the dimensions of the spheroid may be 
designated by a single letter, m, as shown. In the following table 
the logarit,hnis of m are given with the latitude as an argument. 

The above formula gives the spherical escess too sniall by one one- 
hundredth of a second for an equilateral t.riangle with 300-1-il \ oniet,er 
sides, or for a nonequilateral triangle of t,he same area. For an 
equilateral triangle of 1OO-lcilometer sides, or an equivalent nonequi- 
lateral t,ria.ngle, the excess as given by this formula is too sniall by 
less than one one-thousandth of a second. 

In cases where a niore accurate value. of the spherical escess is 
required the formulas given .on page 51 of Special Publication No. 4, 
The Transcontinental Triangulation, may be used. These formulas 
give a. slightly unequal distribution of the spherical escess among 
the three angles of the triangle. 
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590 -10 
536 -10 
582 -10 
578 -10 
573 -10 
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Table of log m 

[Computed for the Clarke spheroid of 1866 as exprswd in meters] 

1 
1 

Latitude 

569 -10 
565 -10 
560 -10 
556 -10 
552 -10 

0 ,  

000 
0 30 
1 0 0  
1 3 0  
200 

2 3 0  
3 0 0  
3 3 0  
4 0 0  
4 3 0  
5 0 0  
5 3 0  
6 0 0  
6 3 0  
7 0 0  

1 3 0  
800 

9 0 0  
9 3 0  

10 00 
10 30 
11 00 
11 30 
12 00 

12 30 
13 00 
13 30 
14 00 
14 30 

a 30 

544 -10 
539 -10 
534 -IO 
530 -10 

= -I0 

15 oa 
15 30 
16 00 
16 30 
17 

1i 3C 
18 MI 
18 31 
19 oc 
19 3c 

I 

Log rn 11 Latitude 

1.40G95 -10 
695 -10 

GM -10 
694 -10 

' 

694 -10 

092 -10 
691 -10 

890 -10 
689 -10 
Bss -10 
G87 -10 
686 -10 

'685 -10 
683 -10 

(180 -10 
079 -10 

677 -10 

6i3 -10 
6il -10 
669 -10 

rxz -io 

1375 -in 

667 -10 
685 -10 
663 -10 
660 -10 
653 -10 

655 -10 
053 -10 
650 -10 
647 -10 
044 -10 

0 ,  

m o o  
m 3 o  
21 00 
21 30 
22 00 

3330 
2300 
2330 
24 00 
2430 

25 M) 
2530 
2600 
2i3 30 
E00 

27 30 
2800 
2830 
2900 
2930 

3G 00 
3030 
31 00 
;1 30 
32 00 

32 30 
33 00 

34 30 
35 00 
35 30 
I 00 
36 30 
37 00 

31 30 
38 00 
38 30 
29 00 
39 30 

5: 

.40626 -10 
623 -10 
619 -10 
616 -10 
612 -10 

608 -10 
605 -10 
001 -10 
595 -10 
594 -10 

525 -10 
520 -10 
516 -10 
511 -10 
500 -10 

501 -10 
496 -10 
491 -10 
488 -10 
482 -10 

477 -10 
472 -10 
467 -10 
462 -10 

1.40457 -10 

C I  

4000 
4030 
41 00 
41 30 
42 00 

42 30 
4300 
4330 
4400 
43 30 

4500 
45 30 
46 00 
46 30 
47 00 

47 30 
48 M) 
1 3 0  
49 00 
49 30 

5000 
5n30 
51 00 
51 30 
52 00 

52 30 
5300 
53 30 
5400 
5430 
55 00 
5530 
5 8 0 0  
56 30 
57 00 

57 30 
5 s w  
I 30 
5 v w  
53 3t 

-. . -- 
Log in 

I. 40452 -10 
446 -10 
441 -10 
436 -10 
431 -10 

430 -10 
421 -10 
410 -10 
411 -10 
406 -10 

400 -10 
395 -10 
390 -10 
385 -10 
3 w  -10 

375 -10 
369 -10 
3fA -10 
359 -10 
354 -io 

349 -10 
344 -10 
339 -10 
334 -10 

324 -10 
319 -IC 
314 -IC 
309 -1C 
304 -l( 

299 -1c 
295 -1c m -1c 
285 -l( 
%o -1( 

270 -l[ 
2il -l( 
266 -l( 
24x2 -l( 

1.40257 -l( 

329 -io 

Latitude Log m 

6000 
6030 
01 00 
01 30 
62 00 

02 30 
6 3 0 0  
6 3 0  
6 1 0 0  
ti4 30 

6500 
65 30 
I% 00 
1 3 0  
G i  00 

i o  00 
i o  30 
i l  00 
71 30 
i2 00 

.. 40253 -10 
249 -10 
344 -10 
240 -10 
235 -10 

231 -10 
227 -10 
223 -10 
219 -10 

210 -10 
207 -10 
203 -10 
199 -10 
195 -10 

192 -10 
188 -10 
185 -10 
181 -10 
178 -10 

174 -10 
l i l  -10 
16s -10 
1M -10 

1.40161 -1C 

215 -le 
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COMPUTATION OF STRENGTH OF FIGURE 

In  the following table the values tabulated are [6A2+6ASB+6B']. 

The unit is one in the sixth place of logarithms. The two arguments 
of the table are the length angles in degrees, the snider length 
angle being given a t  the top of the table. The length angles are 
the angles in each triangle opposite the known side and the side 
required. SA and SB are the logarithmic differences corresponding to 
1 second for the length angles A and B of a triangle. 

Table for dctcrmining rclalivs stretbgth of jgirres i n  triangulation 

10 
12 
14 
16 
18 

22 
24 
26 as 
30 
35 
40 
45 

50 
55 
Bo 
65 

75 
80 
85 

Bo 

95 
100 
105 
110 

115 
120 
135 

135 
14C 
145 
154 

I& 
151 
1# 
1% 
le( 
16: 
1&I 
ls( 
lI3 
17l 

a0 

m 

Bo 

- 

- 
Q 
- 
28 
59 
15 
& 
62 

45 
33 
21 
113 
06 

99 
88 
79 
72 

67 
62 
59 
55 

52 
50 
47 
45 

43 

40 
38 
36 .a 
132 
129 
127 
125 

123 
119 
116 
113 

111 
110 
108 
107 
107 

107 
109 
113 
122 
141 
- 

- 
120 
- 

I59 
D5 
!53 
!?5 
K 4  

189 
177 
167 
160 
153 

L I  
137 
La9 
124 

119 
115 
I13 
109 

106 
104 
lo2 
LOO 

gs 

96 
95 
93 
91 

89 
88 
86 
84 

89 
8c 
7i 
7: 

7: 
74 
74 
74 
74 

7i 
A 
8i 
Q 

- 
40 
- 

I 
114 
87 
68 

53 
43 
34 
38 

15 
06 
99 
93 

89 
&I 
83 so 

76 
74 
73 

71 

70 
68 
67 
65 

w 
62 
61 
68 

58 
56 
55 
M 

53 
53 
M 
54 
56 

69 
63 
71 

a0 

78 

- 
160 
- 

87 
62 
43 

30 
19 
11 
04 
99 

94 
85 
79 
74 

70 
B i  
04 
62 

60 
5s 
57 
55 

51 

53 
51 
50 
49 

48 
46 
45 
44 

43 
42 
41 
40 

40 
41 

43 
45 

54 

44 

49 

220 
- 

91' 
81 
74 
68 
63 

59 
52 
47 
43 

39 
37 
35 
33 

32 
30 
29 
38 

27 

7.6 
25 
33 
24 

23 
22 
22 
21 

21 
20 
21 
21 

a 
23 
I 
27 

- 

- 
z40 
- 

74 
87 
61 
57 

53 
46 
41 
37 

34 
32 
30 
2-3 

27 
25 
24 
23 

22 

32 
31 
XI 
19 

19 
1s 
1s 
17 

17 
17 
17 
18 

19 
21 
23 

- 

- 
Z6' 
- 

61 
56 
61 

48 
41 
36 
33 

29 
27 
25 
24 

I 
21 
?A 
I9 

19 

1s 
li 
1.i 
16 

15 
15 
14 
11 

14 
14 
15 
16 

17 
19 

- 

- 
B' 
- 

il 
I7 

13 
I7 
12 
I 
I 
?'I 
E 
11 

19 

17 
16 

I( 

I: 
14 
14 
13 

1: 
1: 
1: 
1: 

1: 
1: 
1: 
l! 

11 

ia 

- 

- 
l(r 
- 

43 

40 
33 
28 
25 

23 
21 
19 
18 

17 
16 
15 
14 

13 

13 
1: 
12 
11 

11 
1( 
1( 
1( 1( 

11 
11 
1: 

- 

- 
50 

- 

13 
k 
!3 a 
18 
16 
14 
13 

12 
11 
LO 
IO 

9 

9 
8 
8 
7 

7 
7 
7 
7 
7 
8 
9 

- 

- 
DO 

- 

B 
19 
16 

14 
12 
11 
IO 

9 
8 
7 
7 

6 

6 
6 
5 
5 

5 
5 
5 
5 

5 
6 

- 

- 
50 
- 

.6 
3 

11 
10 
9 
7 

7 
6 
6 
5 

4 

4 
4 
4 
3 

3 
3 
4 
4 

4 

- 

- 
(r 
- 

.1 

9 
8 
7 
6 

6 
4 
4 
3 

3 

3 
3 
2 
2 

1 

3 
3 

- 

! 
, 
1 

1 
1 
1 
Z 
1 

1 
z 
1 
E 
3 
3 
1 

Y 

5 
1 
1 

5 
1 
2 
2 

1 

1 
1 
1 
1 

1 
1 

r 

2 

E 
1 
1 
1 

1 

3 
3 
3 
1 

640537"-45---16 
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HOW TO USE THE TABLE 

To compare with each other two alternative figures, sither quadri- 
laterals or central-point figures, in so far as the strength with which 
the length is carried is concerned, proceed as follows: 
(a) For each figure take out the length angles, to the nearest 

degree, for the best and second-best chains of triangles through the 
figure. These chains are to be selected at  first by estimation, 
and the'estimate is to be checked later by the results of comparison. 

( 6 )  For each triangle in each chain enter the table with the 
length angles as the. two arguments and take out the tabular value. 

(e) For each chain, the best, and second best, through each figure, 
take the sum of the tabular values. 

(d)  Multiply each s u m  by the factor -D- for that figure, wher6 

D is the number of directions observed and C is the number of con- 
ditions to be satisfied in the figure. The quantities so obtained, 

namely, I: [6A2+6AA6B+6B2], will for convenience be called R, 
and R, for the best and second-best bhains, respectively. (Esamples 
of various triangulation figures with the corresponding values of R1 
and R2 may be found in Special Publication No. 93,-pp. S-12.) 

(e) The strength of the figure is dependent mainly upon the 
strength of the best chain through it, hence the smaller the R, the 
greater the strength of the figure. The second-best chain con- 
tributes somewhat to the total strength, and the other weaker and 
progressively less independent chains contribute still smaller amounts. 
In deciding between figures they should be classed according to their 
best chains, unless said best chains are very nearly of equal strength 
and their second-best chains differ greatly. 

D - 6' 

D - C' 
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Page 
Abstract, directions, 'iample _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  3,4 

horizontal angles _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  16 
horizontnl directions _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  2-6 
zenith disbances-- _ _ _  _ _ _ _  - - _ _ _ _  _ _ _ _ _ _ _ _ _ _  119-158 

3 5  
necessary, computations _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  215 
triangulation, statistics . . . . . . . . . . . . . . . . . . . .  107 

Adjusted elevations, computation of zcnith 
distances _.________________________________ 163 

Adjustment, by angle m e t h a  sketch---.. 110,111 
elevations, formation of observation equa- 

tions. - - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  168-170 
from zenith clistanrcs _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  147-1W 
observation equations. - _ _ _ _ _  _ _  _ _  _ _ _ _ _  168-li0 

figure with r correction _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  194-198 
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intersection stations . . . . . . . . . . . . . . . . . . . . .  198,216 
least-squares, differences of elevation% _ _  167-173 
local _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  8-18 

list of directions aftcr . . . . . . . . . . . . . . . . . . . .  10.18 
net, angle mcthod _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  110-146 

computation of triangles _ _ _ _ _ _ _ _ _ _ _ _ _ -  M-58,95 
conditions involved.. _ _  _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _  50-51 

'direction method . . . . . . . . . . . . . . . . . . . . . . .  50-109 
list of directions _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  5 2 4  
number of equations . . . . . . . . . . . . . . . . . . . . .  51.59 
sketch _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  50 

quadrilateral _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  29-49 
pole at intersection of diagonals.---.-.. 1S5188 
triangle with twc concluded angles.-.- 189-190 

station, an& method . . . . . . . . . . . . . . . . . . . . . .  16-18 
direction method _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  8-16 

third-order triangulation. _ _ _  - _ _  _ _  _ _ _ _ _ _ _ _ _ _  110 
traverse. - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  1 
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direction method of adjustment _ _ _ _ _ _ _ _ _ _ _ _  U6 
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comparison _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  116 
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number _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  51.59 
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computation ofi' corrections _ _ _ _ _ _ _ _ _ _ _ _ _  1% 
correlate equations- - - _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _  127 
formation of equations _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  112 
lettering sketch . . . . . . . . . . . . . . . . . . . . . . . .  111-112 
net adjustment _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  110-148 
normal equations _.....__________________' 127 

Accuracy, data, Laplace station _ _ _ _ _ _ _ _ _ _ _ _ _  

PSpe 
113 

of adjustment, Rdvantages _ _ _ _ _ _ _ _ _ _ _ _ _ _  146 
angle equations _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  112 
azimuth equation _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  112,125 
corrections to directions- - - _ _ _ _ _ _ _ _ _ _ _ _  130 
flnd position computation _ _ _ _ _ _ _ _ _ _ _  131-137 
list of directions . . . . . . . . . . . . . . . . . . . . . . .  113 
list of geographic positions _ _ _ _ _ _ _ _ _ _ _ _ _  145 
triangle computation _ _ _ _ _ _ _ _ _ _ _ _  114-115, 129 

omission of diagonals . . . . . . . . . . . . . . . . . . . .  111 
solution of normal eqmtions _ _ _ _ _ _ _ _ _ _ _ _ _  128 
statlon adjustment-- _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  18-18 

observed, probable error _ _ _ _ _ _ _ _ _  ~ _ _ _ _ _ _  127, 144 
32 

horizontal, abstract _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  16 
closure, correction . . . . . . . . . . . . . . . . . . . . . . .  8 

of horizon _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  S,9 
list of directions 8 
samylt. llst uf directions _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  8 
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portance _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  41 

Approximation, computation of omitted 
diagonal by _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  140, 144 

Arc-sine correction, explanation-- - _ _ _ _ _ _ _ _ _ _  6 
inverse position computation _ _ _ _  _ _  _ _ _ _ _ _ _  203 
length equation _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  01 
table -_____________________________________ 231 
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equation, angle method of adjustment-.- 112, 125 
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computation.- _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  82-63 
explnnution _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  61-63 

true geodetic, computation _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  206 
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Laplsce- _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  204-207 
probable error _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ,205 

Back, azimuth, explanation-- _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  61-63 
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angle method _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  129 
net adjustment _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  @ 
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tions ._____________________________________ 200 
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Check, by side equation test, quadrilateral- 208-214 
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Blunders, locating, solution of normal equa- 
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