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METHOD FOR DETERMINING NUMBER OF 
EQUATIONS I N  AN ADJUSTMENT 

by B. K. Meade 

In  the adjustment of a triangulation net the total number of equations involved is 
given.by the formula, 

number of equations= v-3Sn+ S, 

in which v is the total number of VIS excluding those on lines fixed by previous adjust- 
ment, s, is the total number of - new stations, and s, is the total number of unoccupied 
new stations. 

This formula takes care of azimuth, length, latitude, and lo,ngitude equations. With 
any Laplace azimu.ths or base lines in the net, one equation is added for each condition 
introduced thereby. I n  case of a fixed station, that is, position tie only, this should be 
considered a new station, then two equations are added, one for latitude and one for 
longitude. When a fixed station is connected to any other fixed station, with directions 
observed to new stations only, then the fixed station should be considered a new station 
and two equations should be added to the number obtained by the above formula. 

This method of determining the total number of equations in a net will serve as a 
check against the number derived by the usual procedure of building up the figure point 
by point. 
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FOREWORD 

The purpose of this publication is to expiam the methods used in 
the United States Coast and Geodetic Survey in the computation 
and adjustment of triangulation. It will not only serve as a guide 
to the younger mathematician just learning to make triangulation 
computations but will tend to standardize the methods of computa- 
tion and adjustment of triangulation so that greater efficiency and 
economy will result. 

Beginning on page 215 will be found a number of suggestions and 
general rules which have been formulated as the result of many years 
of experience in the adjustment of triangulation. Those just starting 
work on such computations will find it helpful to study these rules 
and suggestions before attempting to study the volume as a whole. 

Acknowledgment is gratefully made to C. H. Swick, Dr. 0. S. 
Adams, mathematicians, and 0. P. Sutherland, associate mathemati- 
cian, of the division of geodesy of this bureau, and to R. N. Ashmun, 
mathematician of the International Boundary Commission, who 
have carefully reviewed the entire manuscript and offered many 
valuable suggestions. 
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MANUAL, OF TRIANGULATION COMPUTATION 
AND ADJUSTMENT 

By WALTER F. REYNOLDS, iUa.themdician, U.t&ited S l a b  Coast and Geodetic 
Survey 

GENERAL STATEMENT 

For many years most of the computations and adjustments of 
triangulation in the United States Coast and Geodetic Survey have 
been more or less standardized, but, as there have been no printed 
instructions for the work, the standard methods have not been used 
as consistently as is desirable. This publication, giving the methods 
of computation resulting from years of experience by the various 
mathematicians, will tend to more consistency and thus to greater 
accuracy and speed. 

The theory of least squares as applied to the adjustment of tri- 
angulation is not covered in this publication, since that is fully 
treated in Special Publication No. 28, Application of the Theory of 
Least Squares to the Adjustment of Triangulation. Instead, there 
is shown, step by step, how the computation of the triangulation is 
carried on from the time the field observations are received in the 
office until the final results are published. Examples of each part of 
the computation are given. The methods used in the computation 
and adjustment of traverse are not shown in this publication, since 
they are contained in Special Publication No. 137, Manual of First- 
Order Traverse. 
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CHAPTER 1.-PRELIMINARY COMPUTATIONS 

ABSTRACT OF HORIZONTAL DIRECTPONS 

The instructions for field work require that the lists of directions 
giving the observed horizontal directions or angles shall be made 
out and checked in the field, so that ordinarily the office computations 
should begin with the checked directions, and the mathematician 
should not, have to go back to the original field record books. 

But occasionally, due to a rush of work or a shortage of personnel, 
the field directions are not checked in the field, and this must be done 
in the office. The method of computing the l i t  of directions is 
therefore shown here. As the methods of forming the lists of direc- 
tions for triangulation of the first and second order (formerly precise 
and primary) and for triangulation of the third order (formerly 
secondary) are somewhat different, esaiiiples of both methods are 
given. 

Below is given a sample abstract of observed directions on tri- 
angulation of the first order, as received in the office, from which 
the list of directions is computed. This abstract and the instructions 
for making out the list of directions for first-order triangulation are 
taken from Special Publication No. 120, Manual of First-Order 
Triangulation. 

It is important that this form be made out carefully, because the 
mean directions derived from the abstract of horizontal directions 
constitute the basis for all the later computations. Every position 
observed at  a station, except observations on objects where only one 
or two positions are taken, should appear on the abstract, the rejected 
readings being indicated by the letter R. Sample fornis are shown 
in Figures 1 and 2. 

Where more than one station is used as an initid, there will fre- 
quently be different ways in which the observations can be combined 
to give the direckions from some one initial station. Figures 1 and 
2 will illustrate the proper way to form the combined direction in 
a number of typical cases. 

A t  station Granite both South Base and Westedge were used as 
initials in the observations, but South Base was chosen as the initial 
for the list of directions. A supplenientnl abstract of directions, 
Figure 2, was first made out for the observations in which Westedge 
was used as initial, and the abstract, shown in Figure 1! was then 
made out for such observations as had South Base for initial. It was 
then necessary to transfer the observations made with Westedge 

2 



PRELIMINARY COMPUTATIONS 3 

as initial to equivalent values with South Base as initial, marking such 
transferred directions with the letter T on the abstract to show their 
origin. For example, in Figure 2 the direction of Floyd from West- 
edge, position 1, is 271' 11' 44!0, while the direction of Westedge 
from South Base, position 1, is 17' 17' 4955, and the sum of the two 
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directions, 288O 29' 33!'5, is the direction froni South Base to Floyd, 
as shown for position 1, Figure 1. Similarly, the values for the other 
positions for Floyd and Williams are transferred from the supple- 
mental abstract to the combined one, using for each position the 
corresponding value of the angle between South Base and Westedge. 
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It is not necessary to transfer Frisco from the supplemental ab- 
stract shown in Figure 2 to the combined abstract for the reason that 
a complete set was observed on that station from each initial; The 
mean of the directions on Frisco, with Westedge as initial, viz, 326' 
55' 07157, plus 17' 17' 50?76, the mean of the directions on Westedge 
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FIG. Z-Sample abstract of directions for missing signals' 

with South Base as initial, gives 344' 12' 58!33. The mean of this 
value of the direction to Frisco and that obtained with South Base 
as initial, 344" 12' 57!69, is used in the list of directions shown in 
Figure 3. If more than 10 or 12 acceptable positions are obtained 
on any one night for a direction, that night sh'ould be given unit 



PRELIMINARY COMP"I!A!I'IONS 5 

weight with any other night in determining the mean direction. In 
general, where 10 or more positions of a direction have been meas- 
ured on each of two or more nights no one night's observations should 
be rejected unless it is more than one-half second from the mean of all 
the values for that direction. If the divergence from the mean is 
greater than one-half second, that night's observat.ions should be 
selected which will best close the triangles, provided that at least 12 
acceptable positions are available for the retained direction. 

It wi l l  be noted that since the angles were measured from South 
Base to Westedge, from Westedge to Frisco, and from South Base 
to Frisco, the proper value of the direction from South Base to the 
other two points could be secured most accurately by a least-squares 
adjustment (see pp. 8-16). In most cases, however, the results 
obtained by this station adjustment do not justify the time required 
to make the computation, but a mean value for the sum angles can 
usually be obtained by arbitrary methods which will meet sufficiently 
well the final demands for accuracy. When a number of sum angles 
are measured, however, and especially when the means obtained by 
different combinations vary considerably, a station adjustment 'may 
be made. 

The direction to triangulation station Floyd, Figure I, has two 
acceptable values for position 6. In such cases the mean is taken 
of d values for a position and that mean given unit weight in the 
k a l  mean, on the theory that a symmetrical distribution of the 
readings around the circle is essential to accuracy. With an accu- 
rately graduated circle it is probable that the variation due to the 
graduation is not quite so large as that due to errors in reading, but 
the rule'of unit weight for each position is the safest to follow as a 
uniform procedure: 

. REJECTION OF OBSERVATIONS 

The chief difficulty in nialiing out the form lies in deciding what 
observations to reject. The usual formula? for the rejection of 
observational quantities are too cumbersome to apply and are not 
satisfactorily applicable to a short series of observations. It is, 
therefore, custoniary to apply an arbitrary limit of rejection, deter- 
mined empirically from previous experience with the instrument used 
or with one of similar qualities. For observations with the type of 
theodolite usually used on firstiorder triangulation the rejection limit 
for the angular value of a direction on any one position of the circle 
may ordinarily be taken as four seconds from the mean. 

The following rules will be a sufficient guide to the rejection of 
observed directions : 

1. No reading should be rejected if it  falls within the limit, of 
retention (in the sample this limit is f4!0 from the mean) unless 
rejected at  the time of taking the observation. The observer's 
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reason for rejection should then appear in the original record. 
This rule will not apply to the case where one set of observations of 
a direction is rejected in favor of another set of 12 or more positions, 
as provided for on page 5. 
2. If two or more readings have been taken for a single position, the 

mean should be used if all readings-come within the limit of retention. 
3. If one reading of a position falls without the limit and one within 

the limit, do not use a mean even though the mean be within the 
limit. 

4. If both readings of a position fall without the limit, reject the 
position entirely, using the remaining positions to compute the mean 
direction. 
5. In case the 16 readings seem to fall in two groups, the mean of 

one group differing considerably from the mean of the other, estreme 
care is necessary in making the rejections 

6. Before computing a trial mean any observations so far from the 
approxiniate mean as to be very evidently the result of blunders 
should be rejected. After a trial mean is obtained and the rejection 
limit applied, the observations so rejected should not be again 
included even though the new mean would bring them within the 
limit of rejection. 

7. The results obtained by applying rigorously the limit of rejec- 
tion, even though the quantities rejected are just outside the limit, 
will probably be but little different from those derived after long 
consideration, and much time can be saved by a strict application of 
the rule. 

LIST OF DIRECTIONS 

U. S. COAST AND GEODETIC SURVEY 

Use instead the single reading within the limit. 

. 

On the list of directions, Figure 3, the mean directions of all unre- 
jected observations are arranged in order of azimut8h from some one 
selected initial. Not only the mean directions 'to the principal 
stations as listed and computed on the abstract of directions should 
be shown, but also the directions to intersection points and reference 
marks. 

The data on this form constitute the material upon which the 
office computations are based, and these data should be so conipletely 
checked in the field that there will be no need in the office to resort to 
the record book or the abst.ract of directions. The only exception to 
this rule is where there is not sufficient time in the field to make all 
the eccentric reductions without delay tlo the progress of the party. 
On the back of the form for the list of directions are instructions 

for its preparation. Only two points covered by those 
instructions need be emphasized here, viz, the number of decimal 
places to be shown in the mean angle and the treatment of eccentric 
directions. As regards the first, on first-order triangulation the 
directions to main-scheme stations should be carried to hundredths 

(See fig. 5.) 
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of a second, directions to second-order stations and to sharply defined 
permanently marked intersection stations to tenths of seconds, and 
directions to other points, such as niountain pealis, to seconds. Di- 
rections to near-by objects, such as witness or reference nlarks, need 
be taken to the nearest, 10 seconds only. In general, two uncertain 
figures should be given; that is, the third digit from the right in the 

FIG. 3.--Sample list of directions from horizontal directions . 
humber denoting the direction should not be in error more than one 
unit. 

The second point to be emphasized in the preparation of the list 
of directions is the computation of the eccentricity and the reduction 
of the observed directions to center. If a direction has not been 
reduced to center, the seconds pertaining to that direction should 
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not be written on the forni k ink, but in pencil. This rule should 
be invariably followed, for otherwise an unreduced direction may be 
used for a reduced one. 

U. S. COAST AND GEODETIC SURVEY 

LIST OF DIRECTIONS FROM HORIZONTAL ANGLES 

For making out the list of directions from observed horizontal 
angles in third-order triangulation, the method is slightly different 
from thnt used with observed horizontal directions. As shown below, 
the angles at the station are simply corrected for the closing of the 
horizon. Since each angle was observed in the same manner, its 
weight is unity, and the correction to each angle is obtained by 
dividing the difference between 360' and the sum of all the angles by 
the number of angles involved. 

Observed angles, Vance Mt.  

-0.5 
-.5 
- .5 

-.e 
-.e 
-3.2 

- .5  

-- 

Ned-Tomah Mt _ _ _ _ _ _ _ _ _ _ _ _ _ _  22 18 41.5 
Tomah Mt.-Spmce Mt _ _ _ _ _ _ _  59 51 12.0 
Spruce Mt.-Mt. Henry _ _ _ _ _ _ _  I llfi 51 87.1 

41.0. 
11.5 
&e %.a 
45.6 
45.5 

00.0 

Gt. Henry-Brandy Hill _ _ _ _ _ _  
Brandy Hill-Oak _ _ _ _ _ _ _ _ _ _ _ _ _  
Oak-Neal . . . . . . . . . . . . . . . . . . . . .  

Bo 38 00.3 
45 23 48:2 
M 55 48.1 

360 00 fl3.2 

The corrections to close the horizon are usually applied in the 
Horizontal Angle Record Book, and the list of directions is made 

directly from that record on 

ure 4. Complete instruc- 
tions for making out the 

-.-.ILL list of directions, which are 
& ~ ~ ~ ; a ~ ~  iz$pM given on the back of Form 

0 I #I 24A, are given in Figure 5. 

s&l&:.-......-w~?x"- Form 2 4 4  as shown in Fig- 
Cornputedby -8. 

0 00 00.0 STATION ADJUSTMENT, DI- 
22.18 41.0 RECTION METHOD 

82 0s 52.5 
199 Q4 29.1 

306 04 14.8 

Under the present system 
of observing, no local ad- 
justments are necessary, and 
all the computations, such as 
the taking of means and the 

259 4b 2a.9 

FIG. 4.-Smple list of directions from horizontal angles 

closing of the horizon, are made in the record book in the field. 
But as the mathematician has to deal occasionally with observations 
made a number of years ago, when it was the custom to measure as 
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' DinrmoNl Amsu  STATION^ OBIISWED LOCAL AwuotXENT ---- 
e I ,I 

Whileeburehapire, 8mile3,- 6 98 66.4 

C h ~ e  Y. E. chureh. white upire-. l8 10 11.9 

LillleRiver _._-_-_-- 

i 
checked, must be 'furnishcd by field 
parti=. To )E nc&ptnbl it must contain 
rvny direction observed. 

It is to be used for observations with 

theodolites. 
Start each new station at the hcad 

of a now column. 
If a repeating theodolite is used, do 

not abstract tho nnglcs in tertiary tri- 

thmdo'itq M well 89 dimtion; Centnl---------- M, O0 

18 Po 10.78 

.ngulation. The local adjustment cor- ~yona.  r l t  work& center hoist--. 24 J9 53.0 

Record, and the List of Directions is 

Choose 08 an initial for Form 2 4 ~  

rectiona (to close horizon only) are 
be in the Horizontal Anglo Lyons, whit0 spire. mhort--..- 27 19 39. 7 

27 55 34.2 : 

to be mado ,rorom that record directly. 
I Lpnc,~urlhouw .._-..-....-.--. 

~ y o n s ,  white spire, slim-- .-- 28 op 64.4. 
wme station involved in the local 
adjuatmcnt, nnd preferably one which Gilmm --------------- 63 3' 3S44 
has been uscd M an initial for a round 
of dir~ctions on objects not in the main 
scheme. 'LiSe but one initid a t  a St@ Reference mark d i s t a n t  00.85 171 34 
tion. Call tho direction. of the initial metem. 
0' 00' oo.'y)o, m,i by applying .the cor- 
retted anglos to in opposite ~ o a s i ~ g  314 sz 23.61 
station its direction rccltoncd clockwise . 

Savage _-_..I_..__.----. 83' 59 67.32 ' 

Section 3. T. 9. R. 10 W.. NW. cor- 290 37 36 j ncr stone, batant 23 .6  melM. 

- 
RnAL 

SlCOND 

.= 
5 
c. .- 
2 
$ 

: 
9 r: 

I - 
6 

5 
5 

B . 
c .- 
.- .? 
E 
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In the esample below the angles were measured with different 
numbers of sets, and so are weighted. 

Observed angles, Mag 

Observed stution 

Angle Weight Ohserved station 

Adjusted 

seconds I 
Direction final 

m 

01 

a 

W 4  

4 

R 

Vl 

01 

DD 

VI0 

This column is filled out after the adjustment Is completed. (See p. 16.) 

L i n t  of 'direction-u, Mog 

00.0 
I ~ . I + I I ,  

I I I 

1 This column is Rllsd out after the adjustment is completed. (See p. 16.) 

- 
Idjustec 

And 
ieeonds 

yll 

X I 8  

2 8 4  

I& 8 

06.3 

05.6 

43.9 

45. a 

27.7 

3a 9 

- 

The complete list of directions has been formed using six of the 
angles, the remaining four not being necessary. As each of these 
angles not used gives rise to a. condition, there will be four conditions. 
The equations expressing these conditions axe formed as follows: 
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0 1  n 

Angle Collins-Chamcook, observed, = 83 23 43.9-k tv 

Angle Collins-Chamcook, from list, - 83 23 44.0-u~--q-us-v~ 

Angle Rye-Collins, observed, = 126 08 4 5 . l f s  
Condition 1, o= -0.1+ Ul+ 9+ ua+ u,+ y 

Angle Rye-Collins, from list, 126 08 4 5 . 0 + ~ & ~ 4  

11 

Condition 2, o=+ 0.1--a-u,+vs 
Angle Anderson-Middlemiss, observed, = 41 44 26.8-t ~0 
Angle Anderson-Middlemiss, from list, = 41 44 29.0-k ug--re+ uc 

Angle Mohannas-Collins, observed, = 109 52 39.6-k 110 

Angle Mohannas-Collins, from list, = 109 52 38.9-k s+ u4-US 

Condition 3, o= --2.2-us+u~-ua+ug 

Condition 4, 0=+0.7--2’~-u~+us+1’10 

After the condition equations are formed, they are tabulated in 
correlates as shown below. 

Comeiate equations 

Ldopted 
v t  

0.0 -. 1 -. 3 +. 5 +. 2 

-. 8 
. o  +. 1 +. 0 

-.’I 
- 

This column Is filled out after the adjustment is completed. (Sea p. 16.) 
t 8ee explanation of this column on p. 15. 

a 
P In the second column above, headed -, a is some constant, and 

p is the weight of a given v. It is best to take a as the least com- 
mon multiple of all the weights, so as to make all the values in this 
column integers, provided this can be done without making the 
quantities too large. The val- 
ues of the p’s are given in the table on page 10. The quantities in 
the colunin headed 2, are obtained by adding across’ algebraically 
the quantities in columns 1, 2, 3, and 4, in the same horizontal line. 

After forming the correlate equations, the normal equations are 
formed as shown in the table below: 

Thus, in the example above a= 12. 

Normal equations 

-- 
1 
2 
3 
4 

-- I 4 r  2. C*  

-12 -ai -7.1 -am6 
+12 +.l + a 1  +.om 
+24 +.7 + a 7  -.1140 

+%4 4-12 -2.2 +33.8 +. 1417 
4-16 

- 

-7. 1 +a. 1 
+33.8 
+ a 7  1 

C*  

-a 0076 +. om +. 1417 -. 1140 
I - 

8ee p. 13 for valuesin this eolllmn. 
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The normal equations are obtained by taking the algebraic sums of 
a - times the products of the various columns in the correlates. For P 
example, normal equation No. 1 may be expressed as: 

2 e  - 1-1)  + E(: 1.2) + 2(: - 1 3 )  + 2 6  - 1-4)  + V I +  

k(: - 1 . ~ ~ )  +VI], normal equation NO. 2 as 2 ( ~  - 2-2) + 
Z (: - 2 - 3 ) + 2  (f - 2 : 4 ) + q r + p  (s - 2-Xc)+q2], normal equation 

- ~~ 

No. 3 as E(: - 3-3)  + 2(: 3 - 4 ) + q , + p c  - 3 - ~ ~ ) + q , ] ,  and 

normal equation NO. 4 as 2 (E - 4.4) +qr+ [. (i - 4-z.) +q,J 

in which the 3 before each parenthesis indicates the sum of the 
products in the parentheses and should be distinguished from the 3, 
and the 2, of the preceding tables. q is the constant term for 
the corres?onding condition equation. 

In each symbolized normal equation above, the part in the square 
brackets should equal the corresponding 2, in the preceding table, 
the 2, being the sum of the values in columns 1, 3, 3, 4, and q, in the 
same horizontal line, including the omitted terms as explained 
below. In  
obtaining the E, it must be remembered that due to symmetry, 
as explained below, certain coefficients have been omitted in the 
preceding table of normal equations and that these must be taken 
into consideration. The term in square brackets of the first nor- 

This gives a check on the formation of the normals. 

mal equation is [E (: - l-&)+ql]= -7.1. Adding the coefficients 

of the terms in the first normal equation as given in the table we have 
+ 23 - 12 - 6 - 12 - 0.1 = - 7.1, which checks the formation of this 
equation. 

In  the same way the term in square brackets of the second normal 

equation [E (: - 2.2,)+ q2]=23.1, and this checks the sum of the 
coefficients of the terms in this equation, - 12 + 16 + 6 + 12 + 0.1’- 
+22.1. The third and fourth normal equations are checked in the 
same way. 

In the preceding table of normal equations the coefficients occur- 
ing before what is called the “diagonal term” are omitted, as the 
equations are symmetrical with regard to the diagonal line shown 
in the table b.elow. Thus the table above, if written in full, would 
be as folJows: 
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+ ~ ' ' - ~ 6 2 1 7  +16 1 ,  i2W0 
1 -6.180 2:.131 

+Q 740 
Q +:E6 

+I 
1 -1.565 
a -.&15 

+21.690 
0 

1 
a 
3 l 

13 

- 
4 

% +12 
-6.280 

8 +h740 
-.mna 

+12 
-3.130 
-1.881 

. 4-7.179 

+% 

--.3325 

-6.280 
-3.383 
-2.387 

+ll. 970 
Q 

Normal equations in full 

2 3 c  -m 

-12' -6 -12 -0.1 -7.1 

3 

It can be readily seen from this table that all the coefficients to the 
left of the diagonal line may be omitted and each equation may be 
read from the top down to the diagonal term and then across the 
Page. 

SOLUTION OF NORMAL EQUATIONS 

In the solution of the normal equations the Doolittle method is 
used. As a f d  discussion of this method is given in Adjustment of 
Observations, by Wright and Hayford, second edition, page 114 et 
seq., no attempt is made here to discuss it or give any of the theory 
concerning it. A complete solution of the preceding normal equa- 
tions is given below, followed by an explanation of the computation. 

'I 

-a 1 

+.OM3 

S n  

-7.1 
6 +.m 

-1- 

I +.w +la387 
-.WB -1.8888 

-.m - 1 o . w  -a mi 

4-1.365 +El.= -. 1140 -1.1140 

Back solution (computation of C's) 

I I 1 2 '  

-. 0117 iq 
-a 0075 
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EXPUNATION OF SOLUTION 

The forward solution is dmputed as follows: 
Nornial equation No. 1 is Lritten down and divided by its diagonal 

term, + 23, all the signs being changed. Cl is thus given in terms of 
C2, C3, C4, and the constant term. Nomal equation No. 2 is next set 
down, and since it has a coefficient of - 12 for 9, the divided coeffi- 
cients of equation No. 1 are multiplied by - 12, and the products are 
placed under equation No. 2. The quantities &I each colunin are 
then added algebraically and are divided by the new diagonal term, 
+9.740, all the signs being changed. C2 is thus given in terms of 
C,, C4, and the constant term. Normal equation No. 3 is then written 
down, and since it has a coefficient of - 6 for Cl and + 3.869 for Ca, 
the divided coefficients of equation No. 1 are multiplied by -6 and 
those of equation No. 2 by +2.869, giving products which are set 
down under equation No. 3. The quantities in each colunin are 
added algebraicdly and these sums divided by the new diagonal 
term, all the signs being changed. C3 is thus given in terms of C4 
and the constant term. Normal equation No. 4 is then set down, 
and since it has a coefficient of -12 for C;, +5.740 for C2, and 
+7.179 for C,, the divided coefficients of equation No. 1 are multi- 
plied by - 12, those of equation No. 3 by +5.740, and those of equa- 
tion No. 3 by + 7.179. The quantities in each column are then added 
algebraica.lly and these sums divided by the new diagonal term, all 
the signs being changed. 

As can readily be seen from the forward solution, C3 = - 0.3325c4 
+ 0.1038; C;: = - 0.29464- 0.5893C4- 0.0049; and Cl = + 0.5217C2 + 0.2609C3+ 0.5217C4+ 0.0043. These 0's can be obtained most 
conveniently by arranging the back solution in the form shown on 
page 13. There will be as many columns as there are C's to be 
determined, and they will be headed in reverse order from the for- 
ward solution. Thus, in this particular solution, the columns will 
be headed 4, 3, 2, and 1. 

On the first line is written the constant term for each divided 
equation of the forward solution; that is, the quantities in the column 
headed 1. Then the value of C4, -0.1140, is multiplied into each 
of the quantities of the divided equations in' the column headed 4 
of the forward solution, these products being placed in the second 
line of the back solution beginning with the column headed 3. The 
quantities in the c.olumn headed 3 of the back solution are then 
added algebraically to give C3. The value of 4, +0.1417, is then 
multiplied into each of. the quantities of the divided equations in 
the column headed 3 of the forward solution, these producB being 
placed in the third line of the back solution, beginning with the 
column headed 2. The quantities in the column headed 2 of the 
back solution are then added algebraically to give C2. The value of 

The value of C4 is thus obtained. 
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C;, + 0.0206, is multiplied into the quantity of the divided equation 
in the column headed 2 of the forward solution, this product being 
placed in the fourth line of the back solution in the column headed 1. 
The quantities in the column headed 1 of the back solution are then 
added algebraically to give 0,. 

COMPUTATION OF F’S 

After the 0’s are determined, the nest step is to compute the v’s 
by substit.uting the values of the C’s in the correlate equations 
tabulated on page 11, taking into account the weights as shown in 

a the column headed - 0  It can be easily seen from this table that P 

6 (c3+ c4), v6= -603, 2+=4c1, v8=4Ca, v9=6C3, and ~10=6C;. 
The v’s are best obtained by means of a table as shown below, 

which has a column for each v. The values of Cl, C2, C3, and C4 are 
placed in the different columns to correspond with the set of corre- 
late equations on page 11. These are then added algebraically in 
each colur’nn, and each sum is then niultiplied by the corresponding 
weight for that v to give the final v. 

As the constant terms of the condition equations are carried to the 
nearest tenth of a second, it is customary to round off the 2)’s to the 
nearest tenth of a second. Occasionally, when the v’s are substi- 
tuted in the condition equations, one or more equations may fail 
by a tenth of a second due to this dropping of hundredths of seconds 
in the v’s. 

For instance, if in condition equation (1) we substitute the values 
of the v’s computed to the nearest tenth of a second, we have O =  
-O.l+O.O+O.O-0.3+0.5+0.0, or O =  $0.1; and in equation (3) 
we have O =  -2.2+0.3+0.2+0.9+0.9, or 0- +0.1. 

In order that the equations may check exactly and the results be 
consistent, it is custoniary to adopt a set of v’s, a few of which may 
not be the same to the nearest tenth of a second as the computed 
values. These adopted v’s are shown at  the bottom of each column 
in the table of 9’s below. In  this set of adopted v’s, Q has been 
given the value -0.1 instead of 0.0, and v6 -0.8 instead of -0.9, 
in order that equations (1) and (3) may be satisfied. 

Coinputation of v’s 

Vi==3C;, ~2=4Ci ,  ~ 3 = 6  (Ci-CS-Cat-C4), ~ 4 = 6  (G’i-C2-C4), ~ 5 z  

. 

5 

+~. le  -. 114 

+.m 
6 

+. 163 +. 2 

4 i . 0 2 1  -.021 
-.I13 +.I14 

+. 085 
6 

6 
-- 

-0.142 
6 

-.w 
-.S 

-- 

7 

-0,008 
4 

-. 033 
.o 

- 

I 1-1- 
-I 

+O.OZl +O 142 -0.114 I 
4 1  . e !  e ,  
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The adopted values of the v’s are substituted in the table of 
observed angles and in the list of directions on page 10 to give the 
values in the column headed “Adjusted find seconds” in each table. 

It will be found now that if the list of directions is formed from 
the corrected observed angles, it will be consistent; that is, the 
direction at  each station will be the same no matter from which angles 
it is computed. 

The list of directions after the local adjustment should appear in the 
following form: 

List of d.ireetiom, Mag 

STATION ADJUSTMENT, ANGLE METHOD, OBSERVATIONS OF EQUAL 
WEIGHT 

The method of station adjustment explained on pages 8-16 is used 
in cases of first-order triangulation, and particularly where the 
observations are of unequal weight and the adjustment is involved. 
When the observations are of equal weight and the number of s u m  
angles observed is not great, the adjustment can be much simplified 
by using the method shown in the example below: 

In the record book of horizontal angles, at  the end of the observe 
tions of angles for each station, there is always given an abstract of 
the observed angles. Where the station adjustment is made by 
the angle method, the corrections are applied directly to the observed 
angles in this abstract, and the list of directions is mhde directly 
from the abstract. 

The following example illustrates the method. The abstract 
below is found in the record book: 

Station Cora 

(2) Decision-Nation _ _ _ _ _ _ _ _ _ _ _ _ _  99 42 50.6+a 
(3) Mac-Nation __.______________ 83 30 57.6+m 
(4) Howard-Nation _ _ _ _ _ _ _ _ _ _ _ _ _ _  1 74 11 11.O+V4 1 
(5) M e H o w a r d  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  9 19 46.l-I-m 
(6) Nation-Decision _ _ _ _ _ _ _ _ _ _ _ _ _  280 17 W8+a I 

~ 

‘Thk column Is fllled In aft81 the adjustment IS completed. Bee 
P la 
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+2% 1 ;$3 

1 -.3333 
2 -.0417 

In the above table 9, vp, pa, v4, vs, and v6 represent corrections to 
be applied to the angles to make them consistent in themsalves. 
Angles (2) and (3) are s u m  angles, and angle (6) gives a horizon 
closure with (2). There are, therefore, 3 condition equations, which 
are formed in the following manner: 

- (3) + (4) + (5) 
1st (1)- (2)+ (3) gives O =  +0.6+vl-%++. 
2d gives 0 = - 0.5 - q+ w4+ ~ 5 .  

3d (2)+(6) gives 0 = - 0.6 + ua + w6. 
The correlate and normal equations below are formed in the same 

manner, as explained on pages 11-13. The normals are solved and 
the corrections computed in the manner explained on pages 13-16. 

Correlate equations 

-.3 +203384 
+.I125 -.7626 

-. 6 +. 4 
+.a +. 5533 
-.a75 +.%a 

+1 
0 
0 

+1 
+I 
+1 

-a om +. 331 -. r#1 +. 146 +. 148 +. m 

-a 1 +. 3 
+. 1 +. 2 +. 3 

-. 2 

I I  I I I I I 

This column is fllled in alter the adjustment is completed. 
t8e.a explanation of this column on P. 16. 

Normal equations 

I I  I 
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4-0.26923 
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Back solution 

+0.1125 -0.2 
+.OS7 +.OS97 

+.14G2 -- -. 0616 

+. 0487 

-a0132 

-.m -. 1 

~ 

Conapntation of corrections (v 's)  

+o.om -0.062 I +O.M +0.14h +am 
+.I46 +.l.lr, +.m +. aR(r 

f.331 --.XIS 
t.3 -.2 

-- 

After the h a 1  seconds are placed on the observed angles in the 
abstract in the record book, t.he directions are made out on form 
24A. (See fig. 6.) 

Decision 0 00 00.0 
Milo 16 11 S.6  

Howard 25 31 39.8 
Nation 99 42 50.9 

station adjustment by angle method 
FIG. &-List of dlrectlons resulting from 

REDUCTION TO CENTER 

When a station is not occupied centrally, the directions or anglea 
observed a t  the eccentric point must be corrected to' what they 
would have been if the instrument had been centered over the station 
mark. Also, if the signal observed upon is eccentric, the directions 
and angles involving this station must be corrected to what they 
would have been if the station itself had been observed upon. The 
computation for the reduction to center is made on Form 382. The 
instructions given on that form are repeated below, and examples of 
the two different cases of eccentricity are shown. 

First are given a list of directions for a station occupied eccentrically 
(fig. 7) and the computations necessary to obtnin the corrections for 
reducing the directions to center. 

' 
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INSTRUCTIONS 

d sin a 
8 sin 1 The required reduction to center is, in seconds, C = ~ I  in 

which d is the distance from the eccentric station to the true station, 
and s is the length in meters of the line between the true stations 
involved, and, therefore, log s is taken directly from the computation 
of triangle sides. a is the direction of the distant station involved, 
reckoned in a clockwise direction as usual but referred to the direc- 
tion from the eccentric to the true station, or center, taken as zero. 
This definition of a is true for the case in which the object pointed 
upon is eccentric, as well as for the case in which the instrument is 
eccentric. 

D I y m m . - r o c a u ~  tlsT O? DIBEC?IOHE 
Nlde: -....-.----- --- L L SOYT u uom plm 

mul 

s ~ ~ -  Ken ECC. Ccmpubdby 0.P-s- - Won--- Conwtadby- 

Oburnr&- Chwkadby - O b u n n  m&-- Checked by A 

k m n s  O-~EB ~ A ~ A ~ u ~ ~ ~  S Z A ~ W  0mmnv.n f'A~zm-& 
al=T 0 00 00.00Keentr. ahely 0 0000.00 

. . I  " cor: "for . .  " 
9anL mat Of A M c O  29 Oa 37.0 -82.5 2 d t  = S t  oi A D&O 29 Oa aS.5 
Xen (center) 3.469 m. 176 43 rooreat alen studpipe 313 
yorent Glen Stmapipe 3~ a~ 63.0 +A 326 3 2 0 d  
BoLlb 326 31 3 0 A  +39.&%' fz$ai 352 17 33.8 
Bu. of S t a .  nke ler r  

Ban0 357 2848.63 6.M 
853 17 20.8 +l3.0 Reno BSR 28 64.78 polo  

FIa. 7.-Lista of directions before and after reduetion for eccentric station 

Carry a to minutes only and all logarithms to five decimal places 
only. Do not in any case carry the derived reductions to more than 
two decimal places. There is no advantage in carrying them to 
more decimal places than the directions to which they are to be 
applied are carried on Form 24A. 

REDUCTIONS FOR AN ECCENTRIC INSTRUMENT 

If the instrument is eccentric, the first column of Form 382 should 
contain the names of the stations obserIed from that eccentric 
position of the instrument. 

The values in the fifth column are derived by subtracting those 
in the fourth column from those in the third. The values in the 
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fourth column may need to be derived by successive approximations 
from the triangle side computations if the eccentric reductions are 
large. The values in the sixth column are obtained from those 

in the fifth by adding log derived as indicated in the heading 

of the form, if d is expressed in meters. If d is expressed in feet, to 
the other two logarithms add also 9.48402 to convert to meters. 
To obtain a direction as shown on Form 24A, subtract the reduction 
c for the station which is the initial on Form 24A from the reduction 
e for the required direction and apply the difference to the observed 
direction. Similarly, the correction to any angle is the difference 
of the reductions on this form to the two directions involved in that 
angle. 

DUAITYQIT ..L CDY."..-m,Ym w COMYEIUK REDUCTION TO CENTER 
10.. I N  

8.76015 
9.78611 
9.83608 
9.70115 
8.88654 

8.l3681 

h g  d =0.!%020 
Cologain1"=5.3 1 4  4 3 

Snm=5.8 5 463 

3.7a 
s.7& 

8 . 4  
4.051Q. 
3.98487 
3.9d 

laomma I -* 
I 

FIG. 8.-Reduction to center of ecmtric station 

In order to compute the corrections to the directions due to 
eccentricity, it  is necessary to know the logarithm of the distance 
from the station itself to each of the other stations. For this purpose 
preliminary triangles are computed. (See fig. 9.) The logarithms 
of the distances from Ken to Home, Reno, and Chevy are computed 
from the triangles Ken-Home-Reno and Ken-Home-Chevy . In  
computing these triangles it is not necessary to use the angles a t  Ken 
eccentric, as in each triangle the other two angles are known, and 
the concluded angles at  Ken may be computed and used. This 
method of computing the logarithms of the lengths will give values 
which are more nearly the true values than if the eccentric angles 
were used. 

However, as the other three stations observed from Ken eccentric, 
namely, "Tank near Dulce," "Forest Glen Standpipe," and "Bureau 
of Standards wireless pole," were not occupied, it is necessary to use 
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the eccentric angles at  Ken for the preliminary triangles used in 
computing the logarithms of the lengths. 

After the logarithms of the lengths have been computed, all the 
data necessary to compute the eccentric corrections’ are known, and 
the computation can be made as shown in Figure 8. 

The corrections thus determined are now applied to the corre- 
sponding directions observed at Ken eccentric, as shown in Figure 7. 
As it is desired to keep the initial direction (in this case to station 
Chevy) Oo 00’ OONO, the correction a t  Chevy is subtracted algebrai- 
cally from each of the other corrections and these differences applied 
to the other directions. The following corrections are therefore 
applied: A t  Chevy, WOO; a t  Tank, west of Dulce, -69!’86- 
(-7!’31)= -62!5; at Forest Glen Standpipe, +181!26 - (-721) 
= +158!6; a t  Home, +31!’91-(-7!’31)= +39!22; at Bureau. of 
Standards wireless pole, + 5N71- (- 7N31) = + 13!’0; a t  Reno, 
- 1N16 - (- 7N31) = + 6N15. The corrected directions are shown 
in Figure 7. 

When the eccentric corrections are large, the logarithms of the 
lengths computed by the use of the eccentric angles are usually not 
sufficiently accurate to give the exact corrections. In this case the 
triangles must be recomputed by using the corrected list of directions 
(see p. 19) and more accurate logarithms of the lengths obtained. 
These logarithms are then used to compute new eccentric corrections 
which are applied to the directions in the list of directions to give the 
final corrected directions. Ordinarily the first computation of the 
eccentric corrections is sufficiently accurate, but occasiondy two and 
sometimes three computations are required. 

REDUCTIONS FOR A N  ECCENTRIC OBJECT OBSERVED 

If the object observed is eccentric the heading “Eccentric station 
c_ ” on Form 382, should be changed to “Eccentric observed 
object at station -,I’ the first column should contain the names 
of the stations from which this eccentric object was observed, and in 
each case a is the direction from the eccentric object to the distant 
station involved, reckoned in a clockwise direction as usud but 
referred to the direction from the eccentric object to the true station, 
or center, taken as zero. (No distinction need be made between the 
direction from the eccentric object to the distant station and the 
direction from the true station to the distant station escept when the 
eccentric reduction is more than one minute.) The remainder of 
the computation on Form 382 is made in the manner indicated 
above with reference to an eccentric instrument. The reductions to 
directions are, however, to be applied to observed directions, at  the 
stations named in the first column, to the eccentric object at the 
station named in the heading. The directions to which these reduc- 
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2-3 xom-kno 
c I xen 30 56 

2Homo 47 09 57.7 
3 -  101 E3 06.7 
1-3 'KEZl-EEM 

1-2 

49.7 

2-3 HombcheQ 
50.6 

c 1 xen 3327- 
2 Home 25 20 54.6 
3 chew la 11 08.1 
1-3 xen-chevy 
1-2 X-mm 

53.3 

38eno 37 18 26.6 
1-3 T&REM 

1-2 T8Uk-K- 

2-3 REII0-K- 
IForest a1 49 22.6 

2R.?2lO 16 08 44.2 
st&ipe 619 -46-Ece) 

3- 44a-m- 
1-3 

1-2 
mrert men standpipe - xcm 
rorest Glen Standpipe - Reno 

a.naal4 
31 4.5 48.8 0.2888- 

4 . 4  61.1 9.865% 
4 . 4  10.1 9.99osl3& 

3.92434 
4.053638 

3.860903 
15 

4 . 3  52.9 0.2585637 

4 . 2  10.3 9.93apk 
96 

3.7509* 
4.0516g 

e . 2  56.8 9.631* 

9 . 7 1 w  
9.782536 
3.67& 

119 
3.7390H 

49 
3.9263%8 
0.061N. 
9.- 

m 7  
9.- 

3 * % i  
3.8- 

49 
3.926888 
0.283& 
9.775002 
8.956% 

7 
a.9848da 
&16& 

no. O.--Preliminary computation of triangles for reduction of eccentric station 
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tions are to be applied are therefore found in various of the lists of 
directions on Form 2-44 not all in one list, as is the case when the 
instrument is eccentric. 

On page 24 is given an example of a coniputation for reduction to 
center, when the observed object is eccentric as seen froni several other 

LIST OF DIEBCTIONE -1111- OI COYMmCR 
Y. L SOUI Am ocooInc 1"Ml 

nn" Iu 

. . - 8lat.:--d -.._.__.______.___-. 

t 

Cornpu*dbOIP.5.- 

C h r M b Y  - 
D m m n m  h m a  ~ N A L  
h& Am.rumrs 8mNm 

. r n  Y 

0 0000.0 
44 4654.8 
116 38.6 

116 a6 12.1 
173 2a 28.9 

FIG. 10.-Lists of directions for eccentric observed object 

stations. Station Home is eccentric as seen from stations Park, 
Cedar, Gerst, and G d e l d .  

In Figure 10 there is given a list of directions a t  station Home, 
showing directions to stations Park, Cedar, Gerst, Garfield, and 
Home eccentric, and also lists of directions a t  stations Park, Cedar, 
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Gerst, and Garfield, at  which station Home is seen eccentrically. 
The coniputation is made in the same way as where the station is 
occupied eccentrically. The directions used in the computation are 
obtained from the lists of directions at  station Home, using Home 
eccentric as initial, remembering, however, that lSOo must be added 
to these directions, since the directions are taken at  the station itself 
and not at  the eccentric station. 
As in the case of an eccentric instrument, the approsimste l o p  

rithnis of the lengths are obtained by a preliminary computation 
of triangles. As the details of this computation are given on pages 
20-21, it is not necessary to repeat them here. 

After the eccentric corrections are determined, they are applied, 
not to the directions observed at station Home, but to the direction 
Home eccentric in each of the lists of directions for stations Park, 
Cedar, Gerst, and Garfield. (See fig. 10.) 

DWAITYINT u. I. Qy1 L D  Or ..OlanC COMYCRCL 1.0.. REDUCTION TO CENTER 
ron 8 u  

BTATIONE 

OarilSld 

. 
-- 
0 0 0  
4 12 

9 4 4 8  
109 80 
317 06 

Logd=O.  445 8 0  
Cobgsin1"=6..? 1 4  4 il 

Sum=5.76003 

m..rT.Y 0. 
R-M, 
I. s-nm 

0.50a88 4.u 
1.65170 .84 
1.71011 .30 --I' 1.97100 93.54 

FIG. 11.-Reduction to center of ecrentric observed object 

REDUCTION OF HORIZONTAL DIRECTIONS TO SEA LEVEL 

In case the elevation of a triangulation station is very great, a 
correction must be applied to the observations upon that station 
to reduce them to sea level. . It is only necessary to compute this 
correction for triangulation of the first order, as it usually amounts 
to only a few hundredths of a second. The correction, expressed in 
seconds, is 

e2A. sin 3a cos2 e,  
2 p  sin 1" 

where e2='> bB, h = the height of the station observed and CY = its 

azimuth reckoned in a clockwise direction from south, p = the radius of 
curvature of the earth in a plane normal to the meridian a t  the station 
from whic,h the direction is measured, and +=the latitude of the 
station from which the direction is measured. 

a2 
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2a 
l a  

Observed station A 

m. a ’ ’ 
Snake _ _ _ _ _ _ _ _ _ _ _  813 5 0 4 5  1 0 1 3 0  

Bonctrail.. _ _ _ _ _  740 235 21 118 43 
Willisto~i ______._ 7?3 -% 5i 227 54 
Buford _ _ _ _ _ _ _ _ _ _  756 1 353 42 347 24 

Gladys _ _ _ _ _  ~ _ _ _ _  761 2.1 52 83 4 1  

LOP Log 

zpsin 1” tlon 
LOi:in m~ , ,+tOs~+ mrrec- Cgr 

-------- 
I f  

9.991 2.910 5.684 8 1 5  +a04 

Y.943 2.869 5.084 8.4% +.03 
9.870 BY59 5.654 8.413 -.03 
9.339 2.879 5.W 7.m -.01 

5.9% 2.881 L W  8.562 +.04 

e‘ cos2 4 
2 p  sln 1 result, the same value of the factor -7, can be used for all the 

directions a t  any given station. The values of h are obtained from 
the vertical angle computations, and the values of $J and a are 
obtained from the geographic position coniputations which, neces- 
sarily, must be made before the sea-level corrections can be deter- 
mined. To obtain the corrections to the directions it is necessary to 

ep cos8 4 add the sun1 of log h and log sin 2a for each direction to log 2p sin 

which, as was stated, is the.sanie for all directions at  any given station. 
The sign of each correction is determined by the sigh of sine a. 

Since the sea-level correction is always small and since a large part 
of the above formula may be considered a constant for a given 
siation, i t  is possible to make use of a table which greatly facilitates 
the computations. Such a table is given on page 26. 
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Correction to horizontal direction for elevation of mark 
e1 

2p sin ?,, cos2 +-sin 2u is tabulated below for the sulh decimal place. It h tCorr.=+*= cos) + sin ?a: - 
to be multiplied by h in maters. The sign of the correction is 4- lor azimuths in the first and thlrd quad- 
rants and - for azimuths in tha second and fourth quadrants.] 
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The arguments used in this table are the latitude of the station a t  
the Ieft and the azimuth of the direction a t  the top. For conven- 
ience the computation should bemade in tabular form as shown 
below. 

Computation of sea-level corrections using table 

[Station Bull, latitude 48' 20'1 

Snake _ _ _ _ _ _ _ _ _ _ _ _ _  
Gladys __________._ 
Bonotrail________I_ 
Willlston _ _ _ _ _ _ _ _ _ _  
Buford __________._ 

I l-l- I l- i 
m. ' 
813 50 45 0 . m 7  +am 
781 221 52 .ooM)48 +.cw 
740 239 21 .ooo(u2 +.a 
72( 293 57 .000038 -.a 
750 353 42 . OMIoll -. 01 

I, 

In  the first and second columns are given the name and height of 
the station observed, in the third column the azimuth of the observed 
station from the occupied station, in the fourth column the factor 

64 sin 2a cos2 4 
2p sin 1" as taken from the table on page 26, and in the last 

column the sea level correction which is obtained by multiplying the 
factor in the fourth column by the height in the second column. 
The correction is plus for azimuths in the first (0" to 90") and third 
(180" to 270') quadrants ana minus for azimuths in the second (90' 
to. 180') and fourth ($70' tc 360') quadrants. 

After the sea level correckions have been determined, they -,re 
applied to the corresponding directions a t  station Bull. The list of 
directions is then rewritten to make the reading of the initial station, 
Williston, 0' 00' OO!'OO. 

The sea-level corrections may also be determined by means of the 
nomogram shown in Figure 13 which was designed by H. S. Rappleye, 
associate mathematician of the division of geodesy of this bureau. 
Directions for using this nomogram are given on the figure. 

(See fig. 12.) 
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LIST OF DIRECTIONS, ALL PRELIMINARY CORRECTIONS APPLIED 

After all corrections have been applied to the observed directions 
or angles as the case may be, the list of directions is made out on 
form 24A, as shown in Figure 12. The directions are arranged by 
giving the initial direction a value of 0' 00' OO!'OO and continuing 
in a clockwise direction around the horizon. 

The list of directions should then be checked and initialed by the 
checker before it is used in taking out the angles for the triangles. 
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CHAPTER 2.-ADJUSTMENT OF A QUADRILATERAL 
SKETCH 

Before starting the adjustment of a net of triangulation the 
mathematician should make a good clear sketch showing all the lines 
over which observations were made. The unobgerved directions 
should be shown by dotted lines. A sketch of a typical quadrilateral 
is shown in Figure 14. In  this figure C and A can not be seen from D. 

TRIANGLES 

Bfter t-he figure is drawn the triangles should be written out in 
clockwise order on Form 35. In  the quadrilat,eral above with the 
line AB fised the four triangles should be written as follows starting at  
station C: CAB, DAB, DAC, and DBC; or starting with station D, 
DAB, CDA, CDB, and CAB. That is, a t  each 
station not on the &sed line all the triangles 
formed by connecting it with stations on the 
fised line or previously nanied stations should 

D 
be written in clockwise order. 

After the local conditions, that is, those aris- 14.-Typicaal qusdrilateral 
ing from the relations of the angles a t  each 
station to one another, are satisfied (see pp. S-1s) there are general 
conditions arising from t.he geometrical relations of the various parts 
forming a closed figure which must be satisfied. 

To illustrate the method of adjusting triangulation, it seems well 
to start with a simple quadrilateral, and give in detail the various 
steps of the adjustment. The adjustment of a larger figure or net 
of triangulation, involving all the various condition& which enter 
into suc.h an adjustment, is shown on pages 50-109. 

In the sample given below, a quadrilateral of first-order triangula- 
tion was selected for illustra.ting the methods. The adjustment of 
triangulation of the lower orders is similar except that the angles, 
lengths, and logarithms are not carried to  as many decimal places. 
In  the adjustment of triangula.tion of the first order, the angles are 
carried to hundredths of seconds, and the logarithm are carried to 
eight places in the equations and to seven places in the final lengths 
used in the triangles. 

There are given below the lists of directions for stations Roman, 
Spencer, Yellow, and Fairview, the four &ations making up the 
sample quadrilateral. These directions are assumed to have been 
corrected for sea-level reduction and for any local adjustment re- 
quired and to have been checked. In the adjustment, the method of 

Bpqc 
----- A 

29 
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directions is used; that is, an angle is considered as the difference of 
two directions. The geographic positions (lat,itudes and longitudes) 
of stations Roman a.nd Spencer are considered fixed and also the 

length and azimuth of the 
line joining them. 

The sketch showing the 
relative positions of the 

Fainriew stations is drawn and the 
directions n uni b er e d a s 
shown in Figure 15. I t  is 
not necessary to spend much 
time in making the sketch 
absolutely to scale, altliough 

it should be approximately correct in order to give an idea of the 
relative size of the angles, the sketch being used as an aid kfornling 
the equations. 

Spencer 

Yellow 
FIG. 15.-Quadrilaternl used for samille ndjustnient 

LIST OP DIBBCROI DuAnnlw w SOY"- 

lam" y. 
Y. L m.n AND Cmmr w.yn 

Stata : .____ Qcem33 ____._.___.________________.__.__._ 

Station - & ! !  cornputad by >T-&L--. Station A m f i m  ___._._ C ~ l p u u d  by -.?a __..__ 
Obwwar..ba.&Q?!&- Checked by -&%sL- Obierwr L?&@P&..-. C h d e d  by 0.p.s .__ 

& A O W #  OSSZDVED ~ t ~ ~ ~ u & ~  &:& &ATWYm ODOE=vrD f ~ ~ ~ ~ ~ ~ e ~ ~ T  B~G& 
I n D I ,I 

Spencas 0 00 00.00 59.96 Peteraon 0 00 00.00 
Fairvien 31 04 11.58 11.86 Twin 1 08 19.38 
Yellow 65 12 45.72 45.43 FRirview 131 12 05.23 04-31 

z 1 3 4  34.04 Yellow 197 25 26.30 Z . 0 0  
Peterson 
Twin 

?Ate 

Bornan 
spencer 

Fairview 
Scott 

321 25 P . 5 3  Roman 
330 41 33.42 Rgach 

251 4638.49 36.21 
a0 37 26.91 

Cornpuled by ..$&L 
Checked by -Q.&~A 

Dmn-nors A ~ F R  FINAL 
LOCAL Awvsrurur Srmsm 

0 , I .  

0 OJ 00.00 

178 40 38.63 38.69 
239 36 47.30 47.52 

297 46 iR.74 Os.% 
327 15 43.07 

I7illamtte South Bne.e 311 51 09.89 

k Y  318 12 01.16 
Ridge 319 15 00.47 
i'lillamette b r t h  Base 328 26 43.12 

7"i t e 
S C O t t  

Yellow 
R O m  

S2encer 
Slaclc 

Compute'd by ... 33.L ._.__ 
Checked b, Q . ! ~ . $ A  ._.___. 
DIREC%O::S Amsn FINAL 
Locrr A O I U S ~ I E I T  Srmsas 

0 # I. 

0 00 00.03 
P 26 M.35 
54 53 23.69 a3.22 
81 39 24.54 24.90 

110 00 55.96 46.06 
310 44 55.62 

FIG. 16.--ListS of directions for stations of quadrilateral 

The triangles are then written out in clockwise order on Form 25 as 
described on page 29. (See fig. 17.) 
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EXPLANATION OF TRIANGLES 

In the first column of Forni 25 is given the designation of the angle, 
in the second the name of the station, in the third the observed angle 
at the station, in the fourth the correction to the angle as determined 

COMPUTATION OF TRIANGLES DWaIITYm OF COHMRSL 
U ~ M  n m m x  urn mIpw 

2-3 Eomn-sp-= 
-44 1 Yellow 60’ a8 
-143 2 Bornan 65 12 

-11- a Spencer 5 4 P  

1-3 YellorS?encer 
1-2 Yellow-Roman 

2-3 Tellon-BOmsn 

- 7 ~ .  1 Mrview 2 6 4 6  

-44 2 Yellow 119 05 

-243 3 EO- 3 4 0 8  
1-3 Falrview-Romm 
1-2 #airview-Yellon 

2-3 Yellom-Spencer 
- 7 4  1 Pdrriew 55 07 
-546 2 Yellow 58 39 

-10+11 3 Spencer €6 13 
1-3 FairviewSpencer 
1-2 FairvierYella 

2-3 Bonan-Spencer 
-84 1 Pairview Z3 21 

-1+2 2 EO.- 31 04 

-1Dtl2 3 Spencer 120 34 
1-3 Pairrien-Spencar 
1-2 Pairview-hnan 

09.17 -0.34 08.83 1.95 
45.72 -0.20 45.52 1.96 
12.19 -0.68 11.51 1.95 

-1.22 5.86 

07.08 

00.85 4 . 8 3  01.68 2.19 
31.11 4 .16  31.21 2.19 
34.14 -0.52 33.62 2-18 

4 . 4 7  6.57 

06.10 

23.21 4.57 22.84 2.39 
P.94 4.50 22.54 2.39 

P.07 4.82 Zl.89 2.39 
+1.89 7.17 

05.28 

31.42 -0.26P.16 2.15 
11.58 4.3211.90 2.15 

33.26 4.l433.40 2.16 

4.20 6-46 

06.88 
43.56 

OY.56 

- 
59.49 
29.08 

31.43 

20.45 
P.05 

19.50 

19.01 
09.76 

31.24 

8 

MOABlTEX 

4.7176307 
0.060E8U 
9.9580218 

9.9098872 
4.7362338 
4 . ~ 8 0 9 9 a  

4.6880992 

0.3464441 
9.9414345 
9.74915a8 
4.9759778 
4.7836971 

4.756- 
0.0859876 
9.9314862 

9.96147% 
4.7537076 
4.7836971 

4.7176307 

0.3233638 
9.7311133 

9.9349818 
4.75a7076 
4.9759778 

06 .S  
FIG. I’l.-Triangle computation for stations of quadrilateral 

by the adjustment, in the fifth the adjusted spherical angle at  the 
station, in the sisth the spherical excess or difference between the 
plane and spherical angle, in the seventh the plane angle, and in the 
eighth column the logarithms of the distances and the logarithms of 



32 U. S. COAST AND GEODETIC SURVEY 

the sines of the plane angles (cologarithm of the sine of the first 
angle). 

It is apparent that! to begin with, we have only the data in the first, 
, second, and third columns. The other columns are filled in after the 

adjustment is completed. The first and second columns can be filled 
in directly from the sketch. The. 0bserve.d nngles in the third column 
are obtained from the lists of direc.tions, an angle being the difference 
of two directions. For esample, the angle at  Tellow, between Roman 
and Spencer, is obtained from the list, of direc.tions for station Yellow 
(fig. 16) by subtracting the direction to Roman froni the direct.ion 
to Spencer. 

To obtain the angle a t  Roman between Peterson and Fairview, it 
is necessaxy to add 360' to the direction to Fnirview before subtract.ing 
the direction to  Peterson; (31' 04' 11"s + 360') - 321' 25' 23!'53 
=60° 38' 48!'05. In other words, if a direction is less than bhu one 
which is to be subtracted from it, then 360° niusb be added to it 
before the subtraction is made. 

As an angle is obtained by subtract.ing the direction to the left hnnd 
station from the direction to the right hand station, it is designated 
by the two numbers representing these directions on the sketch, the 
number of the left hand direction having a minus sign because that 
direction is subtracted froni the other. For esaniple, the designatmion 
of the angle at Yellow between Roman and Spencer is - 4 + 5, 4 and 
5 being the designations of t,he directions from Yellow to Roman and 
to Spencer, respectively. 

SPHERICAL EXCESS 

The total spherical escess for each t,riangle as given onForm25 
is obtained by the formula (see Special Publication No. S. p. 7) 

where e is the spherical escess; a,, b1 and C!, are the two sides and the 
included angle, respec,tively, of -the corresponding triangle ; e is the 
eccentricity and a the semimajor asis of the spheroid of reference; and 

The 
letter nt is used to designate that part of the expression above which 
depends only on the latitude and the dimensions of the spheroid and 
the values of log .in are given with the latitude as an argument in 
the table on page 334. 

To compute the spherical esc.ess of a triangle it is necessary to make 
a preliminary computat,ion of the triangle to obtain the logarithms 
of the sines of the angles and the logarithms of the lengths. I n  this 
preliminary computation, the logarithms need bexarried out to only 

is the mean 1at.itude of the three vertices of the triangle. 
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4 places of decimals. As an example, the spherical 
excess of the triangle, Yellow-Roman-Spencer, is computed in the 
following manner: 

In this triangle the length Roman-Spencer may be called al, and 
Yellow-Spencer 6,. Log m is 
taken out of the table for latitude 43O 49', which is approximately the 
mean latitude of the three vertices. 

(See fig. 17a.) 

Then the angle at  Spencer will be 0;. 

We then have 

log ai = 4. 7176 
loa bl = 4. 7363 

_I-.".. 

KO. 61AIlON 

2-3 

1 Yel low 

2 Romen 

a Sgencer 

1-3 
1-2 

10i sin c; = 9.9099- 10 
1 m  

1og.m = 1.4041-10 

log e = 0.7678 
e = 5!859 

Roimn-Sgencer 

60 26 09.17 
65 12 45.72 

54 Zl 12.19 
YellowS?encer 
Yellorr-Ro.zlan 

4.7176 
0.0606 

9.9580 

9.9099 

4.7362 
4.6881 

FIG. I'la.--Preliminary triangle computation to obtain lengths for spherical excess computation 

One third of the total spherical escess for the triangle is applied to 
each of the three angles as shown in the sixth column of the triangle 
computation in Figure 17. In like manner the spherical excess for the 
other three triangles of the quadrilateral can be obtained and applied. 

The total spherical excess of a quadrilateral should have the same 
d u e  when computed by adding together the sperical excesses of 
either pair of triangles which cover its area. In the preceding ex- 
ample, the s u m  of the spherical excesses of the two triangles, Yellow- 
Roman-Spencer and Fairview-YellowSpencer, should equal the 
sum of the spherical excesses of the two triangles Fairview-Yellow- 
Roman and Fairview-Roman-Spencer, that is, 5.86 + 7.17 = 6.57 
+ 6.46. 

In computing the spherical excesses, it is sometimes found that these 
sums fail to check by O!Ol, due to the dropping of the third decimal 
place. They should always be made to check by arbitrarily changing 
the spherical excess of one of the triangles by O!Ol. 

~ ~~~ ~~ 

1 This sum can be obtained directly from the triangle computation without rscopying the individual 
values. 
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CLOSURES OF TRIANGLES 

The sum of the three angles of a triangle should equal 180' plus the 
spherical excess of the triangle. This rarely happens when the ob- 
served angles are used, and consequently a triangle closure arises. 
The triangle closure (dosing correction) is obtained by subtracting the 
sum of the three angles of the triangle from lSOo plus the spherical 
escess. For esample, the sum of the three angles of the triangle 
Yellow-Roman-Spencer is 180' 00' 07'!0S, and lSOo plus the spheri- 
cal escess is 180' 00' 05536, so the triangle closure is 180' 00' 05!86- 

In a similar manner the closures are obtained for the other three 
triangles of the quadrilateral. The closure for the whole quadrilateral 
should be thc same when computed by adding together the closures of 
either pair of triangles which cover its area. For example, the alge- 
braic sun1 of the closing corrections of the two triangles, Yellow- 
RomanSpencer and Fairview-Yellow-Spencer should equal the 
algebraic sum of the closing corrections of the two triangles 
Fairview-Yellow-Roman and Fairview-Roman-Spencer, that is, 
- 1.22 + 1.89 = + 0.47 + 0.30. This check should always be applied 
before beginning the adjustment. 

180' 00' 07'!08 = - 1'!332. 

NUMBER AND SELECTION OF EQUATIONS 

After the first, second, third, and sisth columns of the triangle 
computation (see fig. 17) are filled in as already esplained, the quad- 
rilateral is ready to be adjusted. The first thing to be done is to 
determine the number of equations in the adjustment. In  a siniple 
quadrilateral where the length and aziniuth of only one line are fised, 
we have two kinds of equations, angle and side equations. 

Condition equations must be included in the adjustment to elim- 
inate the closing errors of the triangles, that is, to make the sum of the 
angles of each triangle exactly 180' plus the spherical excess of the 
triangle. These are called angle equations. A condition equation 
niust also be included to insure that the lines a t  the pole (the point 
around which the equation is formed) pass through the same point 
(see Special Publication No. 2S, p. 14). This is called a side equation. 

The formulas to be used in computing the number of equations in 
the adjustment of a triangulation net are 

number of angle equations = n' -SI + 1, 
number of side equations = n.- 25 + 3, 

in which n is the total number of lines, n' is the number of lines sighted 
over in both directions, S is the total number of stations, and S' is 
the number of occupied stations. In  using these formulas allowanco 
must be made for lines or triangles fixed by previous adjustments. 
(See p. 59 for allother method of determining the number of 
equations.) 
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In the quadrilateral Roman-Spencer-Fairview-Yellow (see fig. 15 
n = 6, n' = 6, S = 4, S' = 4. Therefore 

number of angle equations = 6 - 4 + 1 = 3, 
nuniber of side equations = 6 - I) + 3 = 1. 

The number of equations in a net having been determined, it is 
i lecessq tc carefully select the equations so that all discrepancies 
will be eliminated by the adjustment. In forming the side equations 
it is necessary to select the pole so that the small angles will be used 
in the equation, as their tabular differences are proportionately much 
less affected by the dropping of decimal places than those of the larger 
angles. On the other hand, the triangles with the large angles should 
be used in forming the angle equations. (This rule in regard to angle 
equations need not be followed for a simple quadrilateral.) 

The corrections to directions are designated by 'vl, vp, . . . . . v,, but 
for convenience it is customary to drop t.he V'S ,  and simply write 
( l ) ,  (a), (3). . . . etc., in which the numbers are not quantities but 
subscripts of the corresponding 29's. 

ANGLE EQUATIONS 

The angle equations then for the quadrilateral shown in Figure 15 

- (1) + (3) - (4) + (5) - (11) + (12) = - 1.23, or 

are formed as follows: 

Angle equation 1, 

angle equation 2, 
angle equation 3, 

Since there are four closed triangles (see fig. 17), one might suppose 
that there could be four angle equations. However, by studying 
the formation of the angle eqhations, it can be seen that the fourth 
equation would not be independent but would be a conibination of 
the ot,her three. For esample, the fourth angle equation of the 
quadrilateral would read 

But equation 1 is, 
and equation 2 is 
Therefore equation 1 - equation 2 is, 

as usually written 0 = + 1.22 - (1) + (3) - (4 )  + (5) - (11) + (12), 
0 = -0.47 - (3) + (3) - (4) + (6) - (7) + (S), 
0 = - 1.89 - (5) + (6) - (7) + (9) - (10) + (11). 

O =  -0.20-(1)+(2)-(8)+(9)-(10)+(12). 
O =  + 1.32- (1) + (3) - (4) + (5) - (11) + (12), 
0 = - 0.47 - (2) + (3) - (4) + (6) - (7) + (5). 

0 = + 1.69 - (1) + (2) + (5) - (6) + (7) - (8) 
- (11) + (12). 

But equation 3 is, 

therefore equation 1 - equation 2 +equation 3 is, 
0 = - 1.89 - (5) + (6) - (7) + (9) - (10) + (11), 

o=  -0.20-(1)+(2)- (8)+(9) - (10) f (12)  
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which is identical with the fourth equation nbove. This shows that 
the fourth equation is simply a combination of the first three and so 
will necessarily be satisfied by any values of the 2)’s that satisfy the 
other three. 

SIDE EQUATIONS 

In order to include in the side equation the small angles of the 
quadrilateral,. designated by - 7 + S and - S + 9, respectively, the 
pole must be taken a t  Roman. The equation is formed by espressing 
the condition that the lines Roman-Spenccr, Roman-Fairview, and 
Roman-Yellow nieet in a point; that is, 

Roman-Spencer , , Roman-Fairview . Roman-Yellow 
Roman-Fairview Ronian:~ellow Roman-Spencer = 1. ._ .- ,, . ___.__ ,< 

For the sides of the triangles the sines of the opposite angles may 
be substituted, and the equa.tion becomes 

sin[ - S +  91 sin[ -4-k 61 sin[- 1 1  -I- 131 - 
sin[ - 10 + 121 sin[ - 7 + SI sin[ - 4 + 51 - 

Or for computation by logarithms we have 

log sin[ - S + 91 +log sin[ - 4 + 61 +log sin[ - 11 + 131 =log sin[ - 10 + 121 
+ log sin[ - 7 + SI + log sin[ - 4 + 51 

For convenience in computing, the equation is arranged in t.nhular 
form as shown on page 37. The designations of the angles are placed 
in the first and fifth colurnns, the angles themselves in the second 
and sisth columns, the logarithms of the, sines of the angles in the 
third and seventh columns and the tabular differences of the loga- 
rithms of the sines for 1 second of the angles in the fourth and eighth 
columns. The  sums of the logarithms in the third and seventh 
columns are then taken, and the constant term of the side equation 
is obtained by subtracting the sum in column 7 from the sum in 
column 3 and pointing off this difference in units of the sisth decimal 
place. The quantities in colu~nns 4 and S are the coefficients of the 
quantities in columns 1 nnd 5, respectively, and the rest of the 
equation is formed by multiplying together the quantities in colunins 
4 and 1 and those in columns S and 5, and changing the signs of the 
latter products. 

The designations of the angles in the first and fifth columns are 
taken directly from the sketch (see fig. 15), and the angles theni- 
selves in the second and sisth columns are obtained from the triangle 
computation (fig. 17). Each value in the fourth and eighth columns 
is the aniount of change in the logarithm of the sine of the angle 
corresponding to a change of 1” in the angle and this multiplied by 

1 It is customary in all the computations to designate logarithm by log, sine hy sin and coslne by cos. 
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the v applying to thc angle gives the change in the logarithm of the 
sine of the angle produced by the v. In  the work of the United 
States Coast and Geodetic Survey, the tabular differences of the 
logarithms are taken in units of the sixth place of decimals. 

Side  equation 

3 

9,67664586 
9.94143208 
9.9089DIP 

0 I I, 

4-3.80 -104-12 120 31 33.26 9.!%498097 -1.24 
-1.19 -74-S 26 46 mS5 8.65356160 4-4.18 
4-1.51 -4+5 60 26 09.17 9.93942144 4-1.19 

9.527N101 

4. O= +5.13+2.37(4) - 1.19(5) - l.lS(S)+A.lS(7) -S.OS(8)+3.90(9) 
-1.24(10) -1.51(11)+2.75(12) 

EXPLANATION OF COMPUTATION 

The equations can now be entered in the table of correlates as 
shown on page 3s.  This table is arranged like that shown on page 11, 
escept that there is no column for weights as all the directions were 
considered as observed in the mme manner and therefore of equal 
weight. The formation and solution of the normals and the com- 
putation of the v’s are also made in the same manner as shown on 
pages 11-16. After the v’s are determined, the extra decimal places 
are dropped to give the adopted values. In  first-order work the 
adopted v’s are taken to hundredths of a second. 

As a check to insure that the C’s were properly substituted in the 
correlates in computing the v’s, the v’s on all directions around a 
point are added together. The sum should equal zero, unless there 
is at  tlhe point a fised direction to which no correction is applied. For 
esample, a.t Roman the corrections on directions ( l ) ,  (3), and (3) are 
(see p. 38) - 0.039 + 0.384 - 0.246 = 0; a t  Yellow on (4), (5), and (6) 
they are + 0.056 - 0.352 + 0.236 = 0; a t  Fairview on (7), (S), and (9) 
they are -0.466+0.362+0.104=0; and a t  Spencer on (lo),  ( l l ) ,  
and (12) they are -0.317+0.498-O.lSl=O. 

As was the case for the station adjustment (see p. 15) the adopted 
v’s axe not simply the computed v’s titken to the nearest hundredth 
of a second. In  order to satisfy all the angle equations esactly, it 
is necessary on some of the directions to adopt the hundredth above 
or below the coniputed value. In  doing this it is well, if possible, to 
change those values which involve the smallest change in the thou- 
sandth decimal place. 

The full solution, both foiward and backward, of the four normal 
equations, is given on page 38. The computation of the 1)’s is.given 
on page 39. As a solution similar to this was fdly explained on 
page 14, it is not necessary to explain this one. 

(See the adopted value of v6 on p. 38.) 
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+a 
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Correlate eqriations 

1 2 3 4 

-2 +0.70 

+G +? -15.81 

3; '2.33333 +.33333 -. 11667 

1 --.I3667 +.6667 -.2333 

+5.3333 +2.6$67 -16.0433 
c': -. 50001 +3. oCS14 

+6 -_ 54 
1 -.6667 +. 2333 
2 -1.3333 +8.0!21i 

J-4. OOOO +7. ilW- 
c3 -1.92515 

+117. 7744 
1 -. W l i  
2 -45.?005 
3 -14.8303 

+Mt?i19 

-1-1-1- 

+I .  2? 
-.20333 
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In the forward and back solutions of the normal equations for a 

simple quadrilateral it is not uecessary ordinarily to use as niany 
decinial places as are used in the example above. Three decimal 
places for the multiplied ternls, four for the division terms, and four 
for the back solution a.re usually sufficient. In some cases two, three, 
and three decimal places, respectively, niay be used and the desired 
accuracy still be obtained. 

Compictation of corrections (u's) 
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COMPUTATION OF TRIANGLES 

After adopting values for the v's the nest step is to substitute 
these values in column 4 of the triangle computation. (See fig. 17.) 
For instance, in the triangle Yellow-Roman-Spencer, the correction 
to angle Yellow is - 4 + 5 = - (+ 0.06) + (- 0.28) = - 0.34; the cor- 
rection to angle Roman is - 1 + 3 = - (-0.04) + (- 0.24) = - 0.20; 
and the correction to angle Spencer is - 11 + 12= - (+0.50) + 
(-O.lS)= -0.68. These three corrections should sum up to the 
closure of the triangle, -1'!22, and we find this to be the case for 
- 0.34 - 0.20 - 0.68 = - 1.23. Likewise, the corrections to the angles 
in each of the other three triangles should sum up to the closure of that 
triangle. The corrections should always be written in the triangles 
in pencil until it is certain that all the results will check. 

DISTRIBUTION OF SPHERICAL EXCESS 

The spherical angles in column 5 (see fig. 17) are nest computed. 
The spherical escess of each triangle is then distributed among the.' 
three angles, one-third of it being placed on each angle. If it is not 
exactly divisible by 3, the spherical excess is so distributed that the 
small angles will have their correct share as nearly as possible, since 
changes in the s m d  angles affect the lengths to a greater degree 
than changes in the large angles. That is, if the spherical excess of 
the triangle were only 0'102, then 0'101 should be placed on each of 
the two smaller angles and 0'100 on the largest. If the total spherical 
excess were 0104, then 0102 should be plaked on the largest angle, 
and 0101 on each of the two smaller angles; or if the spherical excess 
were 0'105, then Of03 should be placed on each of the smaller angles 
and Or01 on the largest angle. 
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COMPUTATION OF LOGARITHMS OF LENGTHS 

The pla.ne angles in column 7 (see fig. 17) can now be computed 
and finally tht? logarithms (or co-logarithms) of the sines of these 
angles are placed in column 8. (In the case of the first angle of each 
triangle the co-logarithm of the sine of the angle is used.) In  each 
triangle, the logarithm of the length 3-3 is added t,o the co-logarithm 
of the sine of angle 1 and the logarithm of the sine of angle 2 to give 
the logarithm of the length 1-3; and the logarithm of the length 2-3 
is added to the co-logarithm of the sine of angle 1 and the logarithm 
of the sine of angle 3 to give the 1oga.rithm of the length 1-2. 

After the logerithms of the lengths for each of the four triangles 
are computed, the logarithm of each length will appear in two different 
triangles. These should be the same escept possibly for a difference 
of 1 in the last place of decimals, which may be due to accumulation. 
In  a flat triangle, however, having one or two very small angles the 
discrepancies in lengths may nmount to several units of the last place 
of decimals used. 

Where there is a difference of one or more in the last place of deci- 
mals in the adjusted logarithms of the lengths, the logarithms should 
be made consistent before going ahead with the work. The question 
naturally arises: To which logarithm should the correction be applied? 
Other things being equal, the correction should be applied to that 
logarithm which was computed through the smallest a.ngles. How- 
ever, in taking out  the logarithms of the sines, one more decimal place 
than is necessary should be taken out and placed in small figures to 
the right of each logarithm. It can then readily be seen where the 
adding or dropping of units in this decimal place has accumulated 
enough to change any particular logarithm of a length one in the last 
decimal place used, and the correction can be applied accordingly. 

CORRECTIONS TO DIRECTIONS 

After the correctness of the v’s has been checked by the closures of 
the triangles and the agreement of the lengths, the corrections should 
be applied to the directions and the final values placed in the list of 
directions. (See fig. 1G.) 

The first step is .to put the computed and adopted values of the V’S 
in the columns intended for them in the table of correlates. (See 
p. 38.) Then using the sketch, Figure 15, for the designations of the 
directions, the corresponding correct.ions should be applied to the 
directions in the list of directions. 

If the v to be applied to a direction is negative it sometimes happens 
that the minutes of the final direction will be one less than the minutes 
of the observed direction. Where this occurs a bar should be placed 
over the value in the final seconds colmn. For esample, in Figure 
16, in the list of directions at  Roman, the observed direction at 
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Spencer is 0' 00' OOWOO and the final seconds are 59.96, that is, the 
final direction is 359' 59' 59!'96. 

At station Yelloiv tohe directions to Roman, Spencer, and Fairview 
are nuillbered 4, 5, and 6, respectively. In  the table of correl,ates, 
page 35, we find the values of the adopted v's for 4, 5, and 6 are 
+0.06, -0.28, and +0.22, respectively. Then in the list of direc- 
tions a t  Yellow, Figure 16, we a.pply these corrections to the direc- 
tions Roman, Spencer, and Pairview as follows: To Roman, 3S!'63 + 
0!'06 = 3SWG9; to Spencer, 471'80 - 0% =47!5'53 ; to Fairview, 09!'74 + 
0!'22 = 09!'96. 

The values of the final seconds in the list of directions should be 
checked by using them to verify the corrected angles in the triangle 
coniput.at.ion. The directions a t  Yellow should be. checked, therefore, 
by the adjusted angles at  Yellow in the various triangles. In  the 
triangle Yellow-Roman-Spencer, Figure 17, .the spherical angle at  
Yellow is GO' 36' OS!'S3. Froni the list of directions at  Yellow the 
final angle between Roman and Spencer is 239' 06' 47W52-178' 
40' 38W69=6Oo 26' 08183 whic.11 checks the adjusted angle in the 
triangle. In the triangle Fairview-Yellow-Roman, the adjusted 
spherical angle a t  Yellow is 119' 05' 31!'27. From the list, of direc- 
tions a t  Yellow the h a 1  angle between Roman and Fairview is 
297' 46' 09'!96-178' 40' 35Y69=119' 05' 3 1 3 7  which also checks 
the angle froni the triangle. In  the triangle Fairview-Yellow- 
Spencer the adjusted angle at  Yellow is 55' 39' 22'144. Froin the 
list of clirections at Yellow the final angle between Spencer and 
Fairview is 297' 46' 09196-339' 06' 47'153 = 58' 39' 33144, which 
again checks the adjusted angle from the triangle. 

In  the same manner all the adjusted angles a t  Roman, Spencer, 
and Fairview in the triangles will be found to be checked by the 
angles from the lists of directions, and this shows that all the angles 
are consistent. 

It is important not to omit the placing of the corrections in the 
list of directions after an adjustment is completed. The final values 
in the list show that the adjustment has been nmde, and they are 
the values of the direcbions that must be used if other adjustments 
are made depending on this one. 

- 

COMPUTATION OF GEOGRAPHIC POSITIONS 

After the adjustment is completed and all the triangles are coni- 
puted and made consistent, the geographic positions of the two new 
points, Yellow and Fairview, can be computed by starting from the 
fixed pcjsitions of Roman and Spencer and the fised azimuth, Roman- 
Spencer. 

Since all the angIes and lengths in the quadrilateral are now con- 
sistent due to the adjustment, any triangle may be used! ,h the com- 
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putation and the position of the point coniputed should be the sanie. 
It is best, however, to use the triangle with the shorter lengths, as 
there will be less trouble in making the coniputation over tlie two 
lines to the new point agree. 

The positions for first-order t>riangulation are coniputed on forni 
26. The formulas used in the computation of geographic positions, 
the development of these formulas, and the tables used in the position 
computation, arc found in United States Coast and Geodetic Survey 
Special Publication No. S, and are not repeatcd here. 

The comput~at~ion of the geographic positions of stations Yellow 
and Fairview are given on pages 43 a.nd 43.‘ 

It, should be noted t1ia.t the angles used in the computation of the 
geogmphic positions are the sphe.ric,al angles, the seconds of which 
oppea.r in colunin 5 of the table of triangles (fig. 17). The first 
angle of the trixngle, although not used in the actual coniputation 
of the position, should always be writ.t.en down in its proper place 
on the forni since it is used a.s a check on the computed azimuth. 

For esample, in coniput,ing the geographic. position of station 
“Pellow,” the angles used are GOo 36’ OS!‘S3, 65’ 12’ 45!’52, and 
54’ 31’ 11!’51. Aft,er the c.oniputation is finished the aziniuth 1 to  
2 plus the first angle of the trin.ngle should equal the azimuth 1 to 3 ; 
that is, 14G0 31’ 33!’27+60’ 36’ 081’13 should equal 20Go 57’ 41!’10, 
which they do. 

Care should be taken to make sure that the latitude and longitude 
of the new stat-ion as computed from tlie two different, st-ations 
c,heck and t h t  the aziniut.hs 3s coiiipu ted from &e two stations 
differ exactly by the aniount of the first, angle of the triangle. Occa- 
sionally these vdues will fail to check by one unit in the last place 
of decinials used, due to accuniulst,ion in the nest decimal place, 
but if the discrepancy is greater than one the computation should be 
checked over to see whether a. niistalie has been made. 

If no e.rror 1ia.s hee.11 made. in the c.oniputation and the latitudes 
(or longitudes) fa.il to check by one unit in the last place of decimals 
used, tslien the two values should be made to agree by adding one 
unit of tslie last p1a.c.e of deciinds to one d u e  or by subt,ract,ing one 
unit from the other value. Wliich value should be correct,ed depends 
upon which one should be changed t40 make tlie nest position coni- 
putation c.1ie.c.k. (See p. 77.) 

I n  the sanie manner if the a.ziniuth of station 1 to station 3 plus 
the first, angle of the t,riangle fails to check the azimuth of sta.tion 1 

(See fig. 1%) 

a After the manuscript of this publicntion was prepared new forms with the wme numbers (36 and ?7) 
as the old forms were prep.trarl 6 w  the wmputntion of gevgrnphic positions of the first and third orders. 
Although there has been II,, clkinge in the formulas used for the computation, the difltxent terms of the 
formulas hsw heen re:irrsngeaI in n iuorc rompact form, which, it is helirred, will espeditc the cornputs- 
tions. These new Cnrnis h.iw not yet been finally :idopted by this burmu, but are nt present being tried 
out in the division of gensleay A copy of each of these form with sample computations of geographic 
positions are shown in Figure. 19 and 20. 





eDA-orcoumr. POSITION COMPUTATION. FIRS2-ORDER TRIANGUUTION 
m , .. . , I ,  

( L L D D . ” U D . . O D . I I C . U  
m a l  

FIG. aO.--Sample position computation, first-order triangulation. new form 

P 
P 

0 M 
0 
U 
M 

2 



ADJUSTMENT OF A QUADRILATERAL 47 

to station 3 by one unit in the last decimal place, a correction n u s t  
be applied to one of the azimuths to make the result, consistent before 
proceeding with the nest position. (See p. 43.) 

LIST OF GEOGRAPHIC POSITIONS 

After the geographic positions of the stations are computed a list 
of these geographic positions, together with the aziniubhs and loga- 
rithms of the distances to the other stations, is made on Form 28B. 
(See fig. 31.) The azimuths from each station to the other stations 
should be arranged in clockwise order. The na.nies of the stations 
in the first and sisth columns of the list of positions can be filled in 
most easily in proper order from the sket.ch, since this shows the 
arrangement of the stations in regard to azimuth. For each station 
the aziniutli and logarithm of tlie distance to each of two stations 
can be ob tnined directly from tlie position computation and should 
be written in the list before the other azimuths a.nd logarithms of 
distances which are obta.ined from the tables of trimgles are entered 
on t,he form. I n  case the quadrilaterals are complete, that in, a11 
the lines are included, it is possible to get a check on the cornputstion 
of a.11 estra azimuths in the list. 

At station Fairview, for example, the azimuths and back aziiiiuths 
to Yellow and Spencer are obtained directly from the posit.ion coni- 
putation, but the azimuth and back azimuth to Roman must be coni- 
puted from the triangles by using the two triangles Fairview-l'ellow- 
Roman and Fairview-Roman-Spencer. They are computed in the 
following manner: The azimuth, Fairview to Yellow already in the 
list (fig. 21) is 86' 08' 05105 and the angle a t  Fairview from Yellow 
to Roman in the triangle Fairview-Yellow-Roman is 26' 46' 01'!68, 
so the azimuth of Fairview to Roman as derived from the first 
triangle is 86' 08' 05'!05+36' 46' 01!68=113' 54' 06173. In  a 
siiiiilar manner the azimuth Fairview to Spencer already in the 
list is 141O 15' 37159, and the angle a t  Fairview from Roman to 
Spencer ia the triangle Fairview-Roman-Spencer is 2s' 21' 211 16, 
so the azimuth of Fairview to Roman as derived from the second 
triangle is 141' 15' 27189-28' 31' 31'!16=112° 54' 06173, which 
checks the value above. 

The back aziniuth Roman to Fairview is computed as follows: The 
azimuth Roman to  Yellow already in the list (fig. 31) is 336' 1'7' 
39101, and the angle a t  Roman from Fairview to Yellow in the triangle 
Fairview-Yellow-Roman is 34'0s' 33163, so the azimuth of Roman to 
Fairview as derived from the first triangle above is 326' 17' 39101 
-34' OS' 33163=392' 09' 05139. Again, the azimuth Ronian- 
Spencer already in the list is 361' 04' 53149, and the angle a t  Roman 
from Spencer to Fairview- in the triangle Ftlir\-iew-Roman-~pencer 
is 31' 04' 11190, so the azimuth Roninn to Fairview as derived from 
the second triangle is 261' 04' 53149 + 31' 04' 11 190 = 293' 09' 05139, 
which checks the other value. 
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The estra azimuths, that is, those computed from the triangles, 
should a.Zwu.ys be c.hecked in every possible triangle, as this will show 
whether or not the adjustment has made all the angles consistent. 
I t  should be borne in mind that the angles used in the computation 
of the azimuths nre the spherical angles. One can readily tell whether 
to add or subtract the angles in the computation of the azimuths by 
referring to the triangulation sketch on which the relative positions 
of the stations are shown. 

After all the nziniuths and logarithms of distances have been 
entered in the list of positions, the other colunins are filled out. The 
quantities in the column headed “Seconds in meters” are obtained 
by means of the tables in Special Publication No. 5, entitled “Tables 
for a polyconic projection of maps,” in which the value in niet,ers 
corresponding to 1 second of either latitude or longitude is given for 
all latitudes from 0’ to 90’. Nest, under the general heading 
“Distance,” the column headed “Meters” is filled out by taking the 
antiloga.rit1inis of the values in the preceding column, and finally the 
one headed “Feet” is obtained by conversion of the nieter values. 

In  the first column of the list of positions, in addition to the name 
of the station, there should be given the year of the first establish- 
ment of the station, the date when the station was last visited, and 
letters to indicate whether the station is described and marked or not. 
If the st,ation is described but not, marked the letter “ d ”  is used; i f  it 
is marked a.nd not described the letters “m. n. d.” are used; and if 
i t  is described and marked tlie letters ‘Id. m.” are used. Other letters 
used in this colunin are: “n.  d.” which Ineans that the station is 
not described, but whether or not it is marked is not known; “r” 
which niea.ns that the station was recovered but no description was 
furnished of its condition; “r. d.” w1iic.h means that tlie station 
was recovered and described; and “r. d. ni.” which means that the 
station was rec.overed, described, and marked. 

The colunin headed “Seconds in meters”, is ordinarily not filled 
out for first-order triangula.tion. The values in this column are 
computed for the convenience of the draftsman in constructing charts 
along the const but as  first-order triangulation is mostly in the 
interior of the country it is not used in making the charts. 

The adjustment of the quadrilateral which has been given in detail 
on pages 29-41 , fully illustrates the various steps tha t  are necessary 
in an adjustment when only the geographic positions (latitudes and 
longitudes) of two initial stations, and the distance and aziniuth 
between these stations are fised. Where a number of connected 
triangles and qua.drila.terals are to be adjusted, but the only fixed 
conditions are those given above, the steps in the adjustment are 
exactly the same LS shown for the single quadrilateral, the only 
difference being in the number of equations, both angle and side. 
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CHAPTER 3.-ADJUSTMENT OF A NET OF TRIANGULA- 
TION BY THE DIRECTION METHOD 

CONDITIONS INVOLVED 

In the adjustment, of tlie single quedrilrttersl just, considered, only 
angle and side equat,ions were required. The djustment  of a net 
of triangulation is given on the following p g e s  for which are required 
110 t only angle and side equations, hut condition equations to elinii- 
nate the closing errors in length, azimuth, latitude, and longitude. 
The direction method will be used, as  first-order triangula.tion is 
alwa.ps adjusted by that method in this bureau. On pages 110-146 
is shown a. net of third-order triangulation adjusted by the angle 
me t,liod. 

FIG. 2.--Triangulation net used in sample adjustment 

As shown in the sketch of this net (fig. 23), the lines Garcena- 
Gorgora and Palo-Pedro are fised in length and azimuth and the 
stations Garcena, Gorgora, Palo, and Pedro are fised in position 
(latitude and longitude). The angle and side condition equations 
for this net are formed in the same manner as esplained on pages 
35-37 for  the single quadrilateral. 

The length equation is fornied by starting with the fixed length 
Palo-Pedro and computing through the observed angles of a single 
chain of triangles the length of tlie line GarcentlrGorgora. This 
computed length will usually differ from the fised length of the line 
and the length condition is thus obtained. 

The azimuth equation is formed by starting with the fixed azimuth 
of the line Palo-Pedro and computing through the observed angles 
of the triangles an azimuth for the line Garcena-Gorgora. This 
computed azimuth will usually differ from the fised azimuth of the 
line and the aziniuth c,ondition is thus obtained. 

The latitude and longitude equations are formed by starting with 
the fixed position (latitude and longitude) of either Palo or Pedro 

50 
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and computing through the observed angles of a single chain of 
triangles the geographic position (latitude and longitude) of Garcena. 
This computed position of Garcena will usually differ from the fixed 
position and the latitude and longitude conditions are thus obtained. 

All the steps in the adjustment of this net of trinngulation are 
given in detail on the following pages. Although the net is only a 
small one all the conditions tha.t would appear in a large net are 
present,, so that an understa.nding of this small adjustment will 
enable one to adjust a large net. 

The forniat,ion of the equations representing all the conditions 
considered above are shown below in detail. If the lists of directions 
at the various stations have not been made out in the field they are 
made in the form shown on page 7, with the column ‘i Final seconds ” 
left blank. 

A sketch (fig. 23) is then drawn showing the relative positions of 
the stations and all the observed directions between the stations, full 
lines representing directions observed from both stations a t  the ends 
of the line and lines dotted at  one end representing directions observed 
from the station at the full end of the line but not from the other 
station. The directions are numbered in dockwise order on the 
sketch as shown in Figure 33. The triangles (fig. 24) are nest written 
out and the angles filled in from the list of directions in Figure 23. 
Particular attention should be paid to the order in which the tri- 
angles are written. 

As full instructions for deterniining the spherical emess and triangle 
closures, and for checkingethe triangle closures are given on pages 
33-34 for the single quadrilateral, they will not be repeated here. 

NUMBER OF EQUATIONS 

(See p. 29.) 

After the closures of the triangles have been determined, the next 
step is to deterniine the nuniber of equations in the net. The 
formulas for computing the nuniler of equations to be used in the 
adjustment of a triangulation net are given on page 34. I n  the net 
considered here, ,n=29, 11.’ =29, s= 13, and a’= 13. The number of 
angle equations is therefore - s’ + 1 = 29 - 13+ 1 = 17, and the 
nuniber of side equations is n- 2s + 3 = 29 - 26 + 3 = 6. Since there 
are fised azimuths and lengths a t  the two ends of the net, there will 
also be one azimuth and one length equation. I n  addition to these, 
due to the fised position (latitude and longitude) a t  each end of the 
net, there will be one latitude and one longitude. equation. Alto- 
gether then tshere are 17 angle, 6 side, 1 azimuth, 1 length, 1 latitude, 
and 1 longitude equations, or a total of 27 equations. 
. Another wa.y of determining the number of angle and side equations 

in a net is to build up the figure point by point, starting froni the 
fixed line a t  one end, and count the nuniber of equations a t  each 

(Text continued on p. 59) 
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Computed by .... Station G P m  . ... Cornpuled b y  ...A.:c. !& 
Ch.sbdby -Kr:&- Observer .Cd.?B!.-&9?7 ... Che.Led b y  ..A&& 
DIREC~ONS A m n  F I N A L  Dinrmmus A r r m  FINAL 
L ~ A L  Awusrrmrr SrmsDa srAnoNB oB'rnvrD Lack!, A O I U ~ ~ Y E I I  SEcoxDs . , I# . , .. 

0 00 00.00 ?Moho 0 00 00.00 00.68 
25 00 27.23 27.85 G a l a  63 36 03.71 03.37 
31 47 59.55 59.97 JbPlment 92 54 15.91 16.83 

80 a 48.42 48.61 Orande 139 Y 15.04 15.26 
118 19 55.00 64.61 Hsbron 186 42 58.48 58.00 

179 58 03.72 03.26 

FIG. 23.-Lists of directions for stations of net 
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A i n a l d  

Hsbron 
corpua 
xonument 

Corgora 
CarOena 

Bebron 
G r a d e  
!bmment 

0 00 00.00 00.09 GOrplS 

63 08 11.31 11.49 :.@numnf 

152 41  08.92 08.87 iirande 

2% 50 49.05 48.82 Ringold 
mrgora 
Gucena 

0 00 00.00 00.0.5 

4 1  19 43.99 44.21 

70 44 38.44 38.50 

140 13 45.67 45.05 

166 04 06.90 06.45 

0 00 00.00 00.55 

37 26 30.55 30.03 
42. 56 20.48 20.61 

90 19 02.33 02.02 
161 52 18.28 16.58 

173 35 47.89 47.73 

he bron 0 00 00.00 00.16 
Ringold 67 18 20.19 20.25 

Cordora 162 14 05.66 05.43 

Garoafla 
liabron 

R i n g o l d  

0 00 00.00 00.57 

6 02 24.09 24.18 

43 44 52.07 31.41 

FIQ. =.-Lists of directions for stations 01 net-Continued 
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COMPUTATION OF TRIANGLES 

23 Pal0 - Pcdro 
-1w61 Fordyce 49 00 09.94 -0.01 09.93 0.a  

-4+5 2 Palo 61 L"I 31.53 t0.X 31.76 0.09 
-1+3 3 Pedro 70 22 18.94 -3.W 13.57 0.m 

-0.15 0.26 13 Fordyce - Pedro 
1-2 rordyce - Pel0 

00.41 

2-3 Palo - Pedro 

-74 1 Eltoro 36 21 56.43 -0.39 36.04 0.09 -* 2 Pal0  99 S7 25.05 -0.07 24.98 0.09 

-243 3 Pedro 43 54 59.13 tO.12 59.25 0.09 

13 Eltora - Pedro -0.S4 0. n 
1-2 Eltora - Palo 

00.61 

2-3 Palo - Fordyce 
-?+9 1 EltorO 77 47 14-58 -0.73 13.85 0.07 
-546 2 Pal0 38 09 53.52 -0.30 53.32 0.07 

-l4+15 3 Fordyce 64 02 53-65 -0.71 53.14 0.07 
13 Zltoro - Forayce -1.74 0 . a  

1-2 Eltoro - Palo 
Ol.?5 

23 Pedro - Fordyce 
-8+9 1 Elton 41 19 38.15 -0.34 37.81 0.07 

-1+2 2 Pedro 26 37 i3.81 -0.49 1S.82 0.06 
-14+16 3 Fordyce 112 Oa 03.79 -0.72 03.07 0.07 

13 Eltoro - Fordyce -1.55 0.23 
1 3 Eltoro - Pedro 

01.75 

24 Eltoro - Fordyce 
-2oc21 1 Garcia 31 ;x) ia.41 -0.45 12.96 0.09 

-%lo 2 Eltoro 71 51 46.93 +0.36 47.29 0.09 

-12t14 3 Fordyce 76 47 59.67 +0.35 60.02 0.09 

1 3  Garcia - Fordyce +0.26 0 .n  
1.2 Garcia - Eltoro 

00.01 
FIG. W.--Trbgle computation lor stations 01 net 

3.8781520 

09.85 0.1289079 

31.67 9.9437288 
18.48 9.9744497 

4.0507887 

4.0815096 

3.9781520 

35.95 0.2260226 
24.29 9.E.938449 
59.16 9.84lllM 

4.1980195 
4.045890 

4.0815096 

13.78 0.0099416 
55.15 9.7909356 

53-07 9.9538377 
3.880870 
4.0452889+1 

4.0507887 

37.74 0.1302208 

19.26 9.6513775 
03.00 9.9670100 

3.8823370 

4.1980295 

3.8823670 
12.87 0.2839387 

47-20 9.9778678 
59.93 9.9883711 

4.1441935 
4.354G968 
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2 3  Eltoro - Fordyce 

-2z+c23 1 PanchO 20 23 46.79 -0.70 46.09 0.CB 

-S+ l l2  Eltoro 116 81 05.@4 +0.07 05.91 0.09 
-1314  3 F o r w e  43 05 08.33 -0.07 c8.26 0.09 

1 3  Pancho - Fordyce -0.70 0.26 
1 3  Pancho - Eltoro 

00.96 

2-3 Eltoro - Garcla 
-2-1 Pancho 64 23 16.62 -0.13 16.49 0.13 
-1011 2 Eltoro 44 39 18.91 -0.29 18.62 0.12 

- 1 W 3  Garcla 70 52 25.04 +O.P 25.27 0.12 
1-3 Pancho - Garcia -0.19 0.38 
1-2 Peacko - Eltoro 

00.57 

2-3 Fordyce - Garcia 
-ma1 PaIiC!:O 44 04 Z9.93 t O . 5 7  30.40 0.13 

102 12 38.45 -0.22 38.33 0.13 

1 3  Pancho - Sarcla M.77 0.39 

1 -2 

- 1 W 3  2 Foriyce 23 42 51.54 +Os42 51.76 0.13 

- 1 M  3 a..-*cia 

Pmcho - Pordyce - 
59.62 

2 3  Paz~lio - Gamin 
-31+32 1 Modolrmnt 61 38 CB.72 -0.08 08.64 0.06 

-24t252 Pancho 28 28 03.32 -0.35 02.87 0.05 

-1-19 3 G.wcia 89 53 49.28 -0-6248.66 0.06 
1 3  M o m e n t  - Garcia -1.B 0.17 
1-2 xomalzmnt - Pmcho 

01.23 

23 PmcBo - Garcia 

-33+34 1 CoqYua 63 35 03.71 -1.02 02.69 0.07 

- 2 M 6 2  P-ho 77 46 43.61 -0.70 41-91 0.07 
-18t19 3 Garcia 38 38 15-73 -0.17 15.61 0.07 

1 3  Cor-ms - Gorcia -1.89 0. P 

1-2 Corpm - Pancho 
02.13 

3.3823870 

46.01 0 . ~ 7 8 6 6  
05.82 9.9517221 
c8.17 9.82.44781 

4.2918957 
4.1746517 

+I 

4.1546968 

16.36 0.0446159 
18.50 9.8468552 

25.14 9.5753391 
4.0461679 
4.1746518 

4.1441935 
30.8 0.1576402 

51.63 9.7443342 

38.10 9.99006P 

4.0461679 
4.2918957 

08.58 

02.92 

48.60 

02.62 

41.94 
15.54 

4.0461679 
0.0555446 

9.6782083 

9.9998993 
2.7799207 

4.1317118 

4.0561679 

0.0478917 

9.9000438 
9.7951531 
4.mu034 
5 .8395177 

Flo. =.-Triangle computation Ior stations of net-Continued 
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23 Pancho - llonurient 

- 3 M  1 Cor~Yu3 92 54 15-91 -0.76 15.15 0.37 
-25f26 2 Pmcho 49 13 39.39 -0.35 39.04 C.0G 
-:0+31 3 Eocxent 57 47 06.58 -0.53 06.00 3.06 

13 CorFs - !lonuTent -1.59 0.19 
1 -2 Cor:nrs - Pancho 

01.38 

2-3 Garcia - Uonument 
-34l-35 1 corpla 29 19 1Z.P W.26 12.46 0.05 
-17+18 2 C;.scfm 51 15 33.50 -0.45 33.05 0.05 

-3Ot38 3 2oon;r;lent 99 25 15.30 -0.66 14.64 0.05 
13 C o r p x  - Xonuaent -0.85 0.15 
1-2 C o r p s  - &cia 

01.03 

2-3 iorws - Ilonuqent 
-4Ot411 GranZe 78 09 40.15 -0.1339.95 0.05 

-35t362 Cor;lus 46 17 59.13 30.3059.43 0.04 
-3t3O3 ilonumnt 55 32 21.19 -0.4320.73 0.05 

1 3  Grmde - Llomaent -0.31 0:14 

1-2 k m d e  - Corpus 
00.46 

2-3 Corpus - Monument 

-42+431 Hebron 37 26 30.55 -1.07 29.46 0.09 
-354372 CorFs 93 48 48.57 -0.40 42.17 0.10 

-29+303 Uormnent a a 48.a7 -0.3 46.64 0.10 
1-3 Hebron - Sdonument -1 -70 0.29 

lIebron - Corpus 1-2 
01.99 

2-3 Corqua - Grade 

-424441 Hebron 42 56 20.48 -0.42 20.06 0.06 
-36+372 Corpus 47 30 43.44 -0.70 42.74 0.06 
-394403 Orando 89 32 57.61 -0.23 57.38 0.06 

13 He'xon - Grande -1.35 0.13 

1-a Hebron - Corps 
01.53 

4.ioi7iia 

15.08 O.Oo055al 

38.98 9.87981bB 
05.54 9.787%78 

3. g a m  67 
3.8a95177 

3.7793207 
12.41 0.31100800 
35-00 9.9920860 

14.59 9.9941028 
3.58xW67 

4.0841035 

3.48,*67 
39.90 0.0093379 

59.39 9.8591173 
20.71 9.9161972 

3.8505419 

3.941638 

3.9820867 

3.39 0.2l61314 
42.07 9.9990382 

48.54 9.8761043 
4.1973563 
4.4143223 

3.507638 

20.00 0.1667139 
42.68 9.8677132 
57.32 9.9999866 

3.9420439 

4.4143223 

Fxo. 24.-Trlangle wmputation for stations of net-ConLlnued 



ADJUSTMENT OF NET BY DIRECTION METHOD 57 

COMPUTATION OF TRIANGLES 

2-3 Monument - Oracle 

-43441  Hebron 5 a 49.93 40.65 50.58 0.01 

--2 hmment 6 47 32.32 -0.20 32.12 0.01 
-39+413 C r a  167 42 37.74 -0.41 37.33 0.01 

13 Hebron - Oran& *.a 0.03 
13 Hebron - bnumont 

5- 

23 Hebron - Orande 
-5- 1 Rlngold 69 29 01-23 +O.1007-330.06 
- W 5  2 Hebron 47 22 41.85 -0.4441-41 0.04 
-364.39 3 Grande 63 08 11.31 +9.0911.40 0.05 

13 Bingold - Grande -0.25 0.14 
13 Bingold - Eebron 

00.39 

2-3 Hebron - Uonument 
-5Ot62 1 Ringold 95 19 28.46 -0.5121.95 0.09 
-4245 2 Hebron 52 52 3i.m +0.~31.99 0.09 
- z H 2 9 3  lbrmmcnt 31 47 59.55 +0.7a60.m 0.09 

13 Bingold - Moniment tO.48  0.27 

1-2 Bingold - Hebron - 
59.79 

2-3 (Irrurde. - Monument 
- 5 M 2  1 Ringold 2S 50 2l.P -0.61 20.62 0.03 
a - 4 1  2 Or& 129 09 10.95 f0.32 11.n 0.04 
-M 3 Moment 25 00 27.23 +0.98 28.P 0.03 

1 3  Ringold - Uormment M.69 0.10 
13  Ringold - Oran& 

m 

W Eebron - Ringold 
-Est541 oarcmr 67 18 20.19 -0.10 a.09 0.03 

-4St-47 2 &bra 83 16 46.56 M.15 45.71 0.03 
- 4 W 0 3  R-ld 29 24 54.45 -0.16 54.29 0.03 

13 Oarcla - Pingold -0.12 0.09 
1-2 0arc:a - Eebron 

00.20 

3 .a505419 

50.9 imams 
32.11 9.07a3735 
37.32 9.3280810 

3.9420488+, 

4.1972563 

3.9420489 
07.a 0.0284539 
41.37 9.8667918 
11.35 9.9504064 

3.8372856 
3.9209092 

4.1972563 
27.86 O.oOl8779 
31.90 9.9016361 
60.24 9.7227750 

4.1CV7703 
3.9209092 

3.8505419 

20.59 0.3606682 
11-23 9.8895602 
28.18 9.6260755 

4.1007703 
3.a37a56 

3.9209092 
20.08 0.0349980 

45.63 9.9970055 
54.26 9.6911991 

3.9529121 

1.6471063 

FIQ. %.-Triangle computation for stations of net-Continued 
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COMPUTATION OF TRIANGLES 

23 Garcena - Hemon 

-5W7 1 Qorgora 6 02 24.09 -0.48 25-61 0.01 

- 5 W 5  2 Garcena 162 14 05.66 -0.39 65.27 0.01 

-46#47 3 Hebron 11 43 31.61 -0.46 31.15 0.01 
1-3 Gorgora - Hebron -1.33 0.03 
1.2 Oorgora - Carcena 

01.36 

2-3 Garcens - Ringold 
-56csB 1 hrgors 43 44 32.07 -I.= 30.84 0.07 
-54i.55 2 Garcellno. 94 55 45.47 -0.29 45.18 0.07 

-48+49 3 Ri:xold 4l 19 43.99 4.19 44.18 0.06 

r-3 Corsora - Bineold -1.33 0.a 
13 Gorgora - Orscena 

01.54 

23 Eebron - Blngold 
-5"s 1 Oorgors 37 42 07.98 -0.75 07.23 0.08 
-45t46 2 Hebron 71 33 13.95 +0.61 14.56 0.09 
- W 5 0  3 Ringold 70 44 38.M .+0.03 38.47 0.09 

1 3  Sorgora - Ringold -0.11 0.26 
1 3  Corgora - Hebron 

00.37 

23.60 
05.26 
3l.14 

30.77 
45.11 
44.12 

07.15 
14.47 
38.38 

LOOARITIIM 

3.6471363 

0.977a983 
9.4844665 
9.3079664 
4.1N4711 
3.9329710 

3.9529127 

0.1602639 
9.9983908 
9 .E197944 
4.1115674 
3.9329710 

3.9209092 

0.2l35649 
9.9770834 
9.9749970 
4.111567S4 
4.1094711 

FIG. 24.-Triangla computation for stations of net-Continlud 
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point. The rules to follow in this case are: At each point the number 
of angle equations is one. less than the number of full lines (observed 
at both ends) and the number of side equations is two less than the 
total number of lines, counting both the full lines and those dotted 
at one end. 

For example, in the net to be adjusted, start a.t the &sed line 
Palo-Pedro. Then a t  station Fordyce there are.2 full lines to sta- 
tions already considered and so there are one angle and no side 
equations; a t  station Eltoro there are 3 full lines to stations already 
used and so there are 2 angle and 1 side equations; a t  Garcia there are 
2 full lines and therefore 1 angle and no side equations; a t  Pancho there 
are 3 full lines and therefore 2 angle and 1 side equations. Continu- 
ing this process of building up the figure point by point until the final 
point, Gorgora, is reached, we have the following number of anglc 
and side equations: 

Number of angle and side squations in. .net 

Station 

Fordyn _________. 
Eltoro _ _ _ _ _ _ _ _ _  _ _  
Garcia-. ________ .  
Pancho- _______. . 
Mnnunient ... . . . . 
Corpus _ _ _ _ _ _ _ _  ... 
Grande. ______.__ 
Ilebron _______. _ _  
Hingold _ _ _ _ _ _ _ _ _ _  
G:ircena _ _ _ _ _ _ _ _ _ _  
Gorgora _ _ _ _ _ _ _ _ _ _  

Total- _ _ _ _ _ _  

hngl.?, - 
1 
2 
I 
2 
I 
2 
I 
? 
? 
1 
2 

l i  
- 

- 
Side 

0 
1 
0 
1 
0 
1 
0 
1 
1 
0 
1 

6 

A total of 17 angle and 6 side equations is thus obtained and this 
agrees with the number of equations determined by means of the 
formulas. In a complicated figure for which it is difficult to deter- 
mine the correct nuiiiber of equations the number should be checked 
by using both methods. 

FORMATION OF CONDITION EQUATIONS 

The angle equations, which are shown on page GO, are obtained 
in the same manner as in the adjust.ment of the single quadrilateral. 
(See p. 35.) The side equations are also fornied in the sanie manner 
as the one used in the adjustment of the single quadrilateral. One 
should be careful a t  all times to choose the pole in each side equation 
so that the two smallest angles will be included for, otherwise, the 
final adjusted logarithnis of the distances in the triangle computation 
may not check. 
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‘!he angle and side equations should be formed by building up  
the figure point by point in the same manner as for counting the 
equations a.nd writing out the equations at  each new point as the figure 
is built up. In this way not only will the correct number of equations 
be obtained, hut  the introduction of “ident.ic.al ” equations will be 
a.voided. “ Identical ” equations are sometimes introduced acci- 
dentally and not discovered until the solution of the normals is 
considerably advanced. (An illustaration of an “identical ” equation 
is given on p. 151.) 

Sym bd 

-1s+1e 
-8+9 
-5+G 
-2+3 

1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 

10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 

d?igle  equations 

O= +O. 15- (1) + (3)- (4) + (5)- (15) + (16) 
O=+O. 34- (2)+ (3)- (9+ (6)- (714- (SI 
O= + 1. 74- (5) + (6j- (7) + (9)- (14) + (15) 
0=- 0. 26- (9) + (10)- (12) + (14)- (20) + (21) 
o= $0. 19- (10) + (1 1)- (19) + (20)- (22) + (31) 
0=- 0. 77- (12) + (13)- (19) + c21)- (23) + (24) 
0=+1. 05- (l’i)+(l9)- (24)4-(25)- (31)+(32) 
o= + 1. 89- (15, + (19)- (34) + (261- (33) + (34) 

o= +o. 31- (2s) + (m)- (3.5) + (36)- (40) + (41) 

o= + 1. 35- (36) + (37)- (391 + (40)- (43) + (44) 

O= + 1. 69- (25) + (26)- (30) f (31)- (33) (35) 

O=-0. 69- (27) + (35) + (3s)- (41) - (51) + (52) 
O= + 1. 70- (29) + (30)- (35) 4- (37)- (42) 4- (43) 

O= +O. 25- (35) + (39)- (44) + (45)- (50) + (51) 
O= +O. 1.1- (49) + (50)- (45) 4- (47)- (53’1 4- (54) 
O= + 1. 33- (4s) + (49)- (.54) + (55)- (56) + (58) 
O= +O. 11- (45) + (461- (4s) + (5@- (57) + (58) 

Side cq ti r ~ l i o i i s  

- 

I I I  
Angle 

’ 18. 0=-2.24+4.20 (11-6.39 (2)+2.19 (3)+1.15 (4)-3.83 (5)+2.67 
(6)+2.85 (7)-5.35 (S)+2.40 (9)+1.02 (14)-2.93 (15)+1.90 (16) 

-20+21 
-2?+24 
-13+14 

19. O=- 1.7Si0.49 (12)-2.25 (13)+1.76 (14)+0.73 (19)-4.19 (20)+3.46 
(21) + 4.66 (22)- 5.66 (23) + 1.00 (24) 

1 This equation is formed with t.hc pole at the intersrction of the two alisgonals. (See exidanation on 
P. 1%) 
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Symbol Angle Logarithm ~~~~~~~e Symbol Angle 

61 

Logarithm ~~~~~~~ 

~- 
-34+35 
-?4+?fj 
-314-32 

-44+42 4 i  22 41.85 9.W~78373 +LO8 -50+51 li9 29 07.?3 9.9715Wi +ai8 
-3ti4-37 47 30 43.44 9 . l i i l 4 & S  +I .M -42+44 42 56 20.48 9 .W28 i15  +227 
-D+30 55 32 21. 1Y 9 , U l f i l Y i l  +1.45 -354-38 411 17 59. I3 9.85Yllf8l +?.01 
-514-52 I 25 50 21.2d I l l l l  Y.fS33461 4-4.34 -?7+2S 25 00 2 i . s  I l l  Y.F,?l;Oill(l +4.52 

0 , .  

?g 19 1?.% 9.089t)1918 +3.i4 
I I  40 I?. 61 0.91Joo1413 +.4S 
61 38 08. 72 Q . $ U 4 4 W i  4-1. 13 

9.02442175 I -- 
I I 

9. W 4  18% 

9. Iov212? I I l=l II I 1-1 I 
' 22. O=+ 9.58+4.52(27)-5.9?(28)+ 1. 45(30)+ 2.01(35) -3.04(36) 

1.93(37)+ 2.27(42) -4.20(44)+ 1.93(45)+ O.'iS(50) -5.12(51) + 4.34(53). 

-28+?!1 
-5lf.52 
--51+45 

23. O s +  1.19-0.25(45)+ 10.14(46)-9.S9(47) -2.39(48)+ 6.13(49) 
-3.74(50) - 17.70(56~+ 19.90157) -3.20(5sj. 
he divided by 5 lxfore cntering it ii i  thc correlates.) 

(This equation should 

6 47 32.32 O.Oi?S7i?Z ' + l i . I  -43+44 I 5 29 4 Y . S  S.Wl&21i2 +?l.Bs 
?5 50 21.23 9.WW451 1 +4.U -?7+23 25 00 27.23 9.R?GfJillU +4.52 
47 ?2 41.85 D.fWi8373 1 + L I S  -504-51 09 29 07.23 9.Oil.ilCfJi +.78 - 

8.5iRrnM6 ' I -  8. 57SOGDllb: 

I The rouficicnts nl thc difirreiit eiliintions 01 R nct should hr apprnxiniiitcly thr: same size. I1 the cooel- 
flcients 01 an equatiun Are too large rtivv should hr tliridvrl by II lnrtor to twine: t h ~ m  to thc proper sier. 

8 In a central point figure with diie dhgonal obwved, which rewires 2 side equations one oi the sidb 
equations should be writtr:i with thc pole nt the writer nnd should br carricd eiirirelg $bund the figure. 

EXPLANATION OF AZIMUTH EQUATION 

In the forniation of the aziniuth equations differences between 
forward and back azimuths are used and it is necessary, therefore, 
to make a preliminary computation of the geographic positions of the 
various stations to determine these azimuths. This same compu- 
tation is used in determining thc latitude and longitude closures 
and an esplanation of it will be found on pn.ges 66 and 69. We shall 
consider here that these positions have already been computed. 
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Starting with the fised azimuth, Palo-Pedro, and using the observed 
directions and the differences between the azimuths and back azi- 
niuths through the shortest route, the azimuth of the line Garcena- 
Gorgora is determined. It is well to go through the angles in a 
clockwise direction, wherever possible. The angles will then be 
added instead of subtracted. 

Conrpzitation o j  azimuth equation 
Find '' saconds* o t  

Palo-Pedro (fiscd azimuth) _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  12 03 25.00 25. 00 
-4+6__________.____.~-------------------- +09 37 25.05 31.98 

Palo-Eltoro ____.._______________________________ 111 39 50.05 49. 98 
- 2 45. 12 45.11 

Eltoro-Palo _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  291 37 04.93 04. S7 
+194 18 30.42 19.76 

Eltoro-Pancho _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  125 55 25. 35 24. 63 
- 3 14.32 14.32 

Pancho-Elt,oro _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  305 53 11. 03 10. 31 
-32+26 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  +142 14 59. 23 58. 40 

Panclio-Corpus _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  88 07 10. 36 08.71 
- 2 04. 55 04. 55 

Corpus-Paiicho _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  368 05 05. 71 04. 16 
+I86 42 5S.4S 57.32 

Corpus-Hebron _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  94 4s 04. 19 01.48 
- 3 10.09 10.09 

Hebron-Corpus _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  374 44 54. 10 51. 39 
4-173 35 47.S9 47.18 

Hebron-Garcena _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  88 20 41. 99 38. 57 
- 1 11.31 11. 31 

GarcenSHebron _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  26s 19 30.6s 27. 36 
- 5 3 + 5 5 _ - - - - _ _ _ _ - - - - - - - - - - - - - - . . - - - - - - - - . - -  +I62 14 05.66 05.27 

Garcena-Gnrgora (co~npiit~ed nzin~rit~h) - - - - - - - -. - - - - 70 33 36. 34 32. 53 
Garcena-Gorgora (fised azimiith) _________.________ 70 33 33. 53 33. 53 

Closing error- _ _ _ _ _ _  ______..________________________ +3. S1 0. 00 
-- 

24. 0=+3.Slt-(1)+(6)- (7)+(11)- (22)+(26)- (33)+(37)-(42)+(47) 
- (53) + (55) 

The .azimuth equation above is made up as follows (see p. 50): 
Starting with the azimuth Palo-Pedro, 1 2 O  02' 251'00, and adding 
the angle at Palo from Pedro to Eltoro (designated by -4+6) ,  99' 
37' 25?05, we get 111' 39' 50!'05, which is the azimuth of 
the line Pdo-Eltoro. Now in order to carry the azimuth ahead, it 
i.s necessary t o  obtain the back azimuth of this line or the azimuth 

This column is filled out aner the adjustment is completed. 
tThe azimuth constant should be corrected by the amount sin am &-An'), where +m is the mean latitude 

and X . 4 . '  is the discrepancy in longitude. 
+m=280 W 49' and ~ . - ~ . ' = - 0 ~ 0 0 6  

log 0.006= 7.7232-IO (negative). 
9.6472-10 

log correction= 7.4254-10 (negative). 

log sin 26" 20' 49'= 

correction= -0?aO3. 
This correction is not large enough to affect the azimuth constant. 
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Eltoro-Palo. This is obtained by adding 180' and (algebraically) 
the difference of azimuth due to convergence of meridians as coni- 
puted on page 71, to the azimuth Palo-Eltoro. That is, 

O I  I I  

Azimuth, Palo-Eltoro= 111 39 5.0. 05 
JlSO 00 00.00 

Difference of aziniuth and back azimuth= I - 2 45.12 
~~~~ ~ 

Azimuth, Eltoro-Palo = 291 37 04. 93 

Then using the azin1ut.h Eltoro-Palo as given above, and adding the 
angle a t  Eltoro froni Palo to Pancho, we obtain the azimuth Eltoro- 
Pancho. 

I n  this manner, as shown on page 63, the azimuth is carried along 
until the azimuth Garcena-Gorgora is determined. It niust be 
remembered that the observed angles are used in forniing the azimuth 
equation. They can be obtained froni either tlie list of directions 
or the triangle computation. The designat-ion of ea& angle used 
should be placed to the left of the corresponding angle as shown on 
page 62. At tlie end of the equation the fixed aziniuth of Garcena- 
Gorgora should be placed directly under the computed azimuth. 
The aziniuth equation may then be written by placing the fised 
azimuth equal to the computed azimuth plus all of the v's denoted 
by bhe dosignat.ions of t,he angles in the coniputtltion of the azimuth 
equation. For convenience all ternis are transferred t,o the right side 
of the equation, and the difference of the two azimuths (computed 
minus fised) is used as t,he constant term of the equation. 

EXPLANATION OF LENGTH EQUATION 

The specifications for horizon tal control for first-order triangula- 
tion (see Special Publication No. 120, p. 2) require that the closure 
in length upon R, measured base or a line of adjusted triangulation 

niust not exceed that represented by an error of k0 aft,er the 

angle and side equations have been satisfied in the adjustment. The 
closure in length c.an easily be espressed as a ratio by dividing the 
discrepancy in the logarithm by 0.4343, which is the modulus of the 
coiiiiiion system of logarithms. For instance, in the following length 
equation the discxepancy in length is 2.37 in the sixth place of loga- 
rithms and therefore the closure in length before adjustment, is 
0.00000227 After the angle and side __- o.4343 or approsimately I ~ -  

equations are satisfied in the ad justnient the discrepancy in length 
is 7.35 in the sisth place of logarit,hnis (see p. 911, that. is, the closure 

0.00000725 1 in length after adjustment is 0.4343 or approximately --. 60000 
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Tlie 1e.iigth equat.ion is fornird RS shown in the table. on page 65. 
It differs froin R side equation in that it involves the logarithms of 
two lengths. St:utsiiig wit.11 the line Palo-Pedro the length is 
computed thrnugh the brsf chain of triangles (sre fig. 22) until the 
computed Icngtli of the line Garcena-Gorgora is obtained. The 
angles turned through in carrying the I t q t l i  through the scheme are 
indicabed by sninll nrcs near t>he vertices of the triangles in Figure 25. 

In  niost cases it will not be necessary to compute the ER (see 
p. 838) in order to get the best c.h.iin of triangles. An esperienced 
iiiatheniatician will be able to tell from a.11 inspection of the triangles 
which is the strongest chain. The beginner, however, when in doubt 
about the best triangles in any ptwticular cpidrilateral of the chain, 
should conipute the ER for that quadrilateral. A good general 
rule to follow is to avoid the snidl angles in the formation of the 
length equation. 

Gorgora 

Fia. ?B.-Tri~ngukrion net, showing triangles used in foriiiing 1st itude rind longitude equal ions 

The logarithiiis of tlie fised lengths are written in the first line of 
the length equation computation in the colurniis headed “ lognrithni.” 
The logarithiiis of the fised lengths usecl in the length eyutxtion must 
be corrected for the difference between arc and sine. A table of 
these corrections is given on page 231. This correction is - 16 in t,he 
eight,li place of loga,rithnis for the length Palo-Pedro and - 13 for 
t8he le,iigth Garc.ena-Gorgora. These corre.c.tions shoulcl be pltic.ed 
just above the logarithms of the lengths themselves. 

Tlie src-sine correction niay be esphined as follows: In tlie fornia- 
tion of a length equat,ion it is nssumed that small arcs are proportional 
to their shies. Similarly, in the derivation of the position coiiiprit:i.tion 
foriiiulas it is rtssunicd that sindl arcs, 8 and AA, are propcwtiond to 
their sines. As this assuniption introduces a slight error in t,he coin- 
putations a correction must be applied to take account. of the error. 
In  61ie length equations we are concerned only with the corrections 
corresponding to log s, which are always negative. In t,he case 
of tlie position computation, however, the dift’erences are talcen out 
for Both the arguments log s and log Ah, the first with a negative, 
tlie second with a positive sign, and their algebraic suni is applied 
as a correction to log AA. A hble  sinii1a.r to the oiie on page 831 is 
given on page 17 of Special Publication No. 8,  sixth edition, but as 

(See p. 65.) 
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it is only carried to seven places of deciinals it can not be used for 
first-order work, which should be carried to eight, places of deciiiials. 

Columns 1 and 5 of the lengbli equation, hea.ded “symbol,” can be 
filled out d i r e d y  froni Figure 22. dfter determining through which 
triangles the length is to be carried, the following rule can be used 
in filling out these colunins: I n  the first colunin is placed the desig- 
nation of the angle adjacent to the starting length but opposite the 
side through which the length is nest, carried, whilb in the fifth 
column is placed the designation of the angle opposite the starting 
length. For instance, in Figure 25 the line Palo-Pedro is the starting 
length and the line Pdo-Fordyce is the line through which the length 
is to be carried nest, so - 1 + 3 is plrtced in the first column, and 
- 15 + 16 in tlie fifth column. Palo-Fordyce now becomes the start- 
ing line and Elt,oro-Forclyce becomes the nest line through which 
the length is carried so - 5 + 6 and - 7 + 9 are placed in the first and 
fifth columns, respectively. I n  a siniilfir manner, the rest of the first 
and fifth columns are filled out. 

The renininder of the computation is handled in esactly the same 
manner as for a side equation. The constant term for the length 
equation is obtained by subtracting the suni of the quantities in the 
seventh coluinn from the suiii of the quantities in the third column. 
The quantities in the fourth and eighth columns 8re the coefficients 
of the quantities in the first and fifth colunins, respect,ively, as in a 
side equation. It inust be remembered that. the coefficients from 
the eighth column change sign, tlie right side of the table being 
subtracted froin the left side. 

Conip ictation of l ength  equal ion 

55 32 21. I9 
47 311 43. 44 
63 08 11.31 
83 16 45.51; 
41 I 9  43.99 

I 

1 
Symbol 

A. !lICl9iSS 
9. 8rii7llli8 
9.Om~Olu2 
9.!W71105H 
9.81Yi9411 

3.OirJiOlU5 

I 3  2 
Angle J.ngarithm 

+]..IS 
+ 1 . w  
+l.Uti 

+.?5 
F2 .39  

-I I- 

-m+u 
--32+44 
-50+51 -s+s 
-56+58 

--58+30 
-38+3i 
-3s+39 
-454-4’1 
-48f.19 

I I 

4 
rabular 11 5 
ditkr- Symbol 
W W  

fi 
Angle 

s-Gorgora 

48 00 09.‘W 
77 47 14.58 

M 2s 16. ti? 
61 3s os. 72 
92 H 15.91 
7.9 09 1u. 13 
.12 5r, -W.M 
69 29 Oi.23 
G i  18 3 . 1 9  
43 44 3LOi 

0 I I ,  

31 2n 13.11 

I 

Logarithm 

-I3 
3. %’9ilO 

9. Si109231 
9. !XMJSiI 
9 . 7 1 1 i l 9  
(1. 9553S43A 
9. 9414.wfi 
9. YEH4li7 
9. SIYlfiIi23 
9. ,W92Yi I5 
9.97 I MWi 
A. Ati.W?09 
9. Wi35;‘A 

3. oOY70332 

8 
Tabular 
differ- 
ence 
- 
- - - - - - - - 
+l .W +. 45 
+3.46 
+l.UO 
+ I .  13 -. I 1  +. 45 
+A. 5 +. 58 +. $3 
+2 20 

- 
see p. tu. 

25 O=-2.27-O0.i4(l) +O.i4(3)-2.67(5)+ 2.67(8) 4-0.451.7)- 0.45(9) 
- 2.13(.10) +2.13(11)- 0.49(12) +0.49(14) +1.90(15)- 1.90(16) 
+3.48(20)-3.46(21) +1.00(22)- l.OO(24)- l.Sl(3.5) +l.S1(26) 
- 1.451.2s) +1.45(30) +1.13(‘31)- 1.131.32)-O.ll(33) +0.11(35) 
- 1.93(36) +1.93(37)- 1.06(3S) +1.06(39) +0.45(40)- 0.45(41) 
+2.27(.42)- 2.27i40- 0.25(45) +0 .25 (4 i ) -  2.39[4S) +2.39(49) 
+O.iS(50)- 0.78(51) +O.SS(53)- O.SS(54) +2.20(56)- 2.30(58) 
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LATITUDE AND LONGITUDE EQUATIONS 

The angle, side, azimuth, m d  lengt,h equations having been 
fornied! the hti tude and longitude e q u ~  tions should now be fornied. 
The derelopnient of c.onc1ition ecluntions for latitJude and longitude 
closures is given very fully in Special Publication No. 2s. Only 
the actual mechanic,al operation of forming these equakions will he 
given here. 

Until a few years a.go the usual practice was to adjust a. net of 
t,risngulation for only Angle, side, length, and nziniu th  conditions 
a t  first nnd then, using the adjusted angles and lengths, to compute 
the geographic. positions and cleterniinci: the latitude and longitude 
closures. A new adjustment was then made to eliminate the dis- 
crepancies in latitude and longitude. I n  this second adjustment, it 
was necessmy to hold the coiistant, terms of all the equations, escept 
the latitude and longitude equations, to zero, since all closing errors 
escept, in lntitude and longitude mere eliminated by the first adjust- 
ment. 

The present, practice is to adjust, the Iatitude and longitude equa- 
tions along with the other equations. When this is done it is 1iec.w 
sary to compute preliminary positions t.hrough n select-ed chain of 
triangles in order to deteiiiiine the latitude and longitude c.losu.res. 

In  this chain of triangles the observed angles are used for the length 
angles (the a.ngles in each triangle through which the length is cit.rriec1). 
The azimuth angle in each triangle is concluded by subtracting the 
suiii of the two length angles from 180' plus the spherical escess. 
This angle shoulcl in every case he p1a.ce.d in parentheses to show 
that i t  is concluded. However, if one of the length angles is not 
observed , then the observed azimuth angle must he used, a.nd the 
unobserved length angle concluded. 

The chain of triitngles through which the preliminary positions are 
cmiiputed is shown in Figure 36. It, should be noted particularly that 
since the ttziniu tQ angle is c.oncluded, it should be designated by the 
concluded correction symbols. For instance, in the triangle Fordyce- 
Palo-Pedro (see fig. 26)j t,he a.ngle a.t Pa10 and its correction syinbol 
sre ob tained as follows : 

- 15f 10 
-1+3 

Fordyce 
Pedro 

0 I I I  

4s 00 09.94 
70 33 IS. 9-1 

-I+ 3- 15f 16 siini nf Fordgce and Pedro angles 11s 3'3 2% SS 
lS0' fsphericnl excess 1so 00 00.26 

1-3+ 15-11; Palu 61 37 31.3s 

The c.oncluded aziniut,h angles of all t.he triangles and their corre- 
These sponding correction symbols are obtained in a similar manner. 

triangles are .given in Figure 36. 



ADJUSTMENT O F  N E T  BY DIRECTION METHOD 67 

2-3 Ta10-2edro 

D - U 6  1 Fordyce 48 00 09.94 

C 2 Palc (61 27 31.38) 

A-lG 3 Pedro 70 32 18.94 

1-3 Fordyce-Pedro 
1-3 Fordyce-Palo 

2-3 Palo-Fordyce 

0 -7+9 1 Yltoro 77 47 14.58 

A -54 2 Palo 30 09 53.52 

C 3 Fordyoe (64 02 52.11) 

1-3 Bltoro-Fordyce. 
1-2 E1 toro-Palo 

2-3 Eltoro-Fordgce 

6- 1 Garcia 31 20 13.41 

c. 2 XltorO (71 51 47.19) 

A-IZ+U 3 Pordyoe 76 47 59.67 

1 4  Carole-Fordyce 

1-2 Camla-Xltoro 

2-3 kltoro-Garcia 
0-4 1 Pancho 64 28 16.62 

c 3 Caroia (70 52 24.85) 

A - W  2 Yltom 44 39 18.91 

1 4  P a n c h 0 4 ; a r O i O  

1-2 Panoho-Eltoro 

2-3 Pancho-Carcla 
6- 1 anument 61 30 08.72 
c 2 PaIlChO (28 28 02.17) 

A-17*19 3 Carnie 89 53 49.28 

1-3 Jlouument-liarola 
~~nmnt-PPI1Cho 

0.08 

0.09 

0.09 

0.26 

0.07 
0.07 

0.07 

0.21 

0.09 

0.09 
0.09 

0.27 

0.13 

0. 12 

0.13 
0.38 

0.06 
0.05 
0.06 

0.17 

3.978 l5u) 

09.86 0.128 9079 

31.29 9.943 7283 
18.85 9.974 4500 

4.050 7882 
4.081 5099 

4.081 5099 

14.51 0.009 9414 
53.45 9.790 9366 

52.04 9.9;3 8366 

3.882 3879 
4.045 2879 

3.882 3879 

13.32 0.283 9371 

47.10 9.977 8678 
59.58 9.988 3710 

4,144 1928 

4.154 6960 

4.154 6960 
16.49 0.044 6158 

18.79 9.846 8559 

24.72 9.975 3388 

4.046 1677 

4.174 6506 

4.046 1677 
08.66 0,055 5444 

0% 12 9.678 2055 
49.22 9.999 9993 

3.779 9176 

4.101 7114 

FIG. %.-Triangle computation to obtaiu latitude aud luugitude closures of net 
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--I 

no. 

2-3 

9 - 1  
b-6  2 

c 3  

1-3 

1-2 

2-3 

644otQ1i 
C a  
A-3 

1-3 

1-2 

?anoho-Zmument 
Corpua 92 64 16.91 
?.noha 49 18 39.39 

Corpua-~fnlu4nt 
(31 41 04.89) 

Corpus-Panohg 

4.101 Ill& 

0.01 15.84 0.000 6SBe 
0.06 39.33 9.879 8174 

0.06 0 4 8 1  9.781 2 W  

0.19 3 . 9 a  0870 
3.889 6144 

Corpra-LdDnuuant 3.982 0810 
GrMde I 8  09 40.13 0.05 40.08 0.009 9818 

Corpur (46 11 68.82) 0.04 58.18 9.859 1161 
lbmament 65 32 21.19 0.05 21.14 9.916 1918 

Crande-Mormment . 0.14 3.850 6409 
Crandedorpla 3.901 e 2 6  

Corpucl-crandc 

fiebron 4e 66 20.48 

Corpur 47 30 43.44 

Cr.rrd0 (69 32 5426)  
Hebron4rande 

3.907 W 6  
0.06 pO.42 0.166 I l 3 0  

0.06 43.38 9.861 7146 

0.06 66.20 9.999 98'66 

0.18 3.948 0502 
1-2 Aebron-Corprc 4.014 3321 

2-3 Hcbron-Crarrdc 

b 6 l  1 Blnmld 69 99 07.23 

C 2 Hebron c41 ?p 41.60) 

A m 3  wan& 63 08 11.31 

1-3 Bingold-Drsde 
1-1 Biogold-Hcbron 

2-3 Hebron-Binsold 

b* 1 Garccnr 61 18 20.19 

A4M12 Hebron 83 16 46.66 
C 3 Bingold (29 24 64.34) 

1-3 G a r o e ~ ' l r r g o l d  

1-2 CaroencBebrocl 

3.941 0602 

0.06 07.18 0,028 4699 

0.04 41.66 9.866 1831 

0.06 11.86 9.960 4064 

0.14 3.831 2818 
3.920 9106 

3.920 9106 

0.03 20.16 0.034 9919 

0.03 46.63 9.997 0064 
0.03 64.31 9.691 1992 
0.09 3.968 9138 

3.641 1076 

FIG. %.-"Tiangle computation to obtain latitude and lqngitude closures of net-Continued 
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After the preliniinary triangles have been computed, the preliminary 
geographic positions are coniputed to deterniine the latitude and 
longitude closures. As the full esplanation of the coniputdon of 
geographic positions and the developillen t of the formulas for coni- 
puting them are given in Spec.ia1 Publicat,ion No. S ,  it will not be 
nec.essary to repeat the esplanation here. The actual computation 
of the positions are shown in Figure 37. 

FORMATION OF LATITUDE AND LONGITUDE EQUATIONS 

The formation of the latitude and longitude equation3 from the 
preceding preliminary positions is shown in Figure 38, forin 496 
being used for this purpose. 

The formulas for the latitude a.nd longitude equations are AS follows 
(see Special Publication No. 28, p. 31): 

Latitude: 0 = 7238.34 (+t8 - +,.)” +E[(+,- +c) ’  6.4 (/fa) - ( + n  - 4J’ 
6B (2>8)1 + E [ * 0.1 (An - A,)’ (kc>] 

Longitude: 0 = 7335.24 - A,#>“ +E[(A, - hcY 6.4 (0,) - (A. - kc)’ 

In  these equations 2iA,  z ! ~ ,  and zfc are replaced by their cnrrect>ion 
symbols, care being taken to use vC=-tf.4-,oB, if the aziniuth 
angle has been concluded in carrying the position computation through 
the chain. For c0nvenienc.e in computing, it is important to arrange 
the computation in the form of a table as shown on page S1. 

6 B  ( I fB)]+2[f f l .2  ( + n - + c ) ’  (‘k)] 

EXPLANATION OF COMPUTATION, LATITUDE AND LONGITUDE EQUATIONS 

I n  the colunin headed “station” is placed the nanie of the station 
corresponding to the C angle of each triangle of the preliminary set 
of triangles. The values in the colunins headed +c and 
X, are obtained directly from the position computations, as also the 
values for 4, and X,i in the upper right-hand corner of the forin. 
The colunins headed +n - In  the 
column headed 6,1 is placed the tabular difference of the length angle 
adjacent to the starting length in each triangle, and in the column 
-b  is placed the tabular difference, with minus sign, of the length 
angle opposite the starting length in each triangle. If the position 
computations are carried through the sanie triangles as the length 
equation, as they should be, then the values in the colunins headed 
6 A  and - - 6 B  can be taken directly from the colunins headed tabular 
difference in the length equation computation (see p. 65) by simply 
changing the signs of the quantities placed in the column headed - 6B. 

In  the colunins headed A, B, and C are placed the designations of 
the angles of the various triangles passed through in forming the lati- 

(Test continued on p. 80) 

(See p. 67.) 

and A, - A, are self-explanatory. 



WSlTlUN COhlpuTATlON, FIRST-ORDER TRIANGULATION POSITION COMPUTATION, FIRST-ORDER TRIANGULATION 

L 

A. 

d 

I, 
. .  . .  

P 
8 

63. I 
18.94 

'64.41 
32.95 

- 
- 
OLUl 

3 
a 

U h  Ul.0007 

l U h  I "  Ul.0001 

2.PBo6 

7.9- 

5.8497 

6.09s 

2.658 4681 

9.646 O W  

2.lM.48U . l6z.su 
Fin. %'.-Preliminary position computation to obtain latitude and longitude closures of net 



POSITION COMPUTATION. FIRST-ORDER TRIANGULATION 

-rmn - -.-. 
..--slm.m -" 

POSITION COMPUTATION. FIRST-ORDER TRVNCULAIION 

d . .  . . .  

I "  

A1 I -44.9335 

FIG. n.-Prelimiuary position computation to obtain latitude and longitude closure8 of mt-Continued 
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POSITION COMPUTATION. FIRST-ORDER TRIANCULAnON 

. . .  

Finl Anglo of Trh(11e 31 Po 13.41 

. .  . . .  d 

L 

A. 

POSITION COMPUTATION, FIRST-ORDER TRIANGULATION 

. I  . I  

59.43 

59.61 

59.76 

25.75 

- 

- 
32.01 

1. WT0 I 
a 

6.9900 

B.TO6 6DIb 

k. sm.0016 

li 
8 

8.28839 

9.93060 

1,09966 

9.31864 

4.0rn6 

4 . O W  

4.144 1018 

9.966 3008 

8.509 4369 

0.047 6243 

2.666 666% 

4- 4W.0396 

FIG. n.-Prelilninary position computation to obtain latitude and longitude c!osum of net- Cnclinued 
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POSITlON COMWTATION. FIRST-ORDER TRIANGULATION 
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LI# 878b 9. 26700 7.2017 

40.000s 

1.4649 

E. 1660 

6.8517 
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POSITION COMPUTATION. FIRST-ORDER TRIANGULATION 
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d 

hc,27.-Preliminary position computation to obtain latitude and longitude closures of net-Continued 
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POSITION COhIFVTATION, FIRST-ORDER TRIANCULATIOS 
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POSITION COMPUTATION. FIRST-ORDER TRIANGULATION 
. +  

1' 

10 1. ;ommeno 

A .  

160 

to 1. Gu.ala 280 24 .' 1. mmrQnt 

. .  . .  

55.15 

49.28 

06.47 
Jc 84 

- 

51.61 

Y l l n  o.ow0 
IIlhrn. 0.0000 I "  

1.6491 

T. 5155 

6. m i 3  

4.9165 

- 

- 

599 7135 

mi 2% 
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tude and longitude equations. In  columns A and B are placed the 
designations of the length angles, that, of the a.djacent angle in A and 
that of the opposite angle in B, and in column C is placed the desig- 
nation of the azimuth angle. It should be noted particularly that the 
designations in column C are of the concluded angles. (See p. 67.) 
The symbols in columns A and B may be taken directly froni the 
column headed synibol in the length equation computation. The 
signs of the symbols in column C depend upon whether the azimuth 
angle is turned to the right or to the left in computing through the tri- 
angles. If it is turned to the right, then the symbols in column C are 
the combined symbols of columns A and B but with opposite signs. 
If the aziniuth angle is turned to the left the symbols in column C are 
the same as in colunins A and B combined and with the same signs. 
A s  a guide in obtaining the correct signs for the symbols in column 

C, it is well to indicate to the left of each name in the “station” 
colunin the direction in which the aziniuth angle is turned, denoting 
the right or clockwise turn by f, and the left or anti-clockwise turn 
by - . The directions of the turns are easily obtained from Figure 25. 

The quantities a,, and a2 are obtained from the tabk on the right- 
hand side of forni 49G, using as argument the computed latitude, &, 
of the fised point a t  the terminal of the arc, which in this case is 
26O.45. 

The quantities in the three columns headed “Lat. equation” and 
in the three colunins headed “Long. equation,” in Figure 38 are, as 
indicated in the headings, simply products of quantities in other 
colunins previously filled out. The three colunins headed Lat. 
equation ($,-&) 6,, Lat. equation (&,-qjc) (-6,) and Long. equation 
(~$~-t$,) u2, respectively, should be filled out a t  the same time, since 
each of the three products contains the multiplier (h-dc), which 
can be set up on a niultiplying machine and used without change for 
the three niultiplications. I n  a similar manner the three columns 
hea.ded Long. equation (A,-X,) 8*, Long. equation (A,-A,) ( -6,) and 
Lat. equation ( A n -  A,) o.~, respectively, should be filled out a t  the same 
time, since they contain the multiplier (An- A,). 

This completes the table on form 496 a.nd the latitude and longitude 
equations theniselves can now be formed. 

I n  forming the latitude equation from the table it should be noted 
that the quantities in the column headed Lat. equation ($n-+c) 6~ are 
the c.oefficients of the symbols in column A, the quantities in the 
column headed Lat. equation ( - 8 , )  are the coefficients of 
the symbols in  column B, and the quantities in the column headed 
Lat. equation (X,-A,) ul are the coefficients of the symbols in the 
column headed C. 
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In  the same way in forming the longitude equation the quantities 
in the column headgd Long. equation (A.-A,) tiA are the coefficients 
of the symbols in column A, the quantities in the column headed 
Long. equation ( X n - A c )  ( - 6 , )  are the coefficients of the synxbols in 
column B, and the quantities in the column headed Long. equation 
@*-+e) u2 are the coefficients of the symbols in column C. 
The absolute terms for the latitude and longitude equations me 

obtained by taking the products 7238.24 ( 4 n - 4 n ’ )  ,and 7238.24 
(A,,- A,’), respectively, as shown on page 69, + n  and A,, denoting the 
computed latitude and longitude, and 4,,‘ and A,’ the fired latitude 
and longitude of the terminal point. 

If there is room on form 496 the latitude and longitude equations 
should be written on it directly below the table. 

FORMATION OF CORRELATE AND NORMAL EQUATIONS 

Aft,er all the equations have been formed they are tabulated as 
shown on pages 82-83. In  order to have the codcients in the differ- 
ent equations of about the same size, it is usually well to divide some 
of the equations by a constant factor before entering them in the cor- 
relates. For example, equation 21 on page 61 is divided by 5, and 
equations 26 and 27 on page 81 are divided by 10. When dividing 
a correlate equation by a constant factor, one should be careful to 
divide the constant term of that equation by the same factor before 
using it in the nornial equation. 

The table of correlate equations should be checked by another 
mathematician, especially if the set is large, before it is used for 
forming the normal equations. The normal equations are formed 
in the: same manner as for the station adjustment on pages 11-13. 
As stated there the equations are checked automatically by the 
values in the 2, column. This does not apply, however, to the 
constant terms in the “ r ] ”  column which should be checked by 
another mathematician. It should be remembered that the cok- 
stant term. of a divided equation (see p. 61) must be divided by 
the same factor before entering it in the table of normal equations, 
The table of normals is given on the folded page facing this page. 

SOLUTION OF NORMAL EQUATIONS - 
The solution of the normal equations is shortened considerably if 

the equations are taken in the proper order. In a net of triangulation 
composed of simple quadrilaterals, the rule is to eliminate the three 
angle equations and the one side equation of each quadrilateral in 
order. If the net is more involved, the order of solution should be 
such that each succeeding equation will introduce the fewest new 
terms. 
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The solution of the normal equations is given in full on pages 86-92. 
The method used is the same as for the adjustment of the quadri- 
lateral on page 38, and it is therefore unnecessary to describe each 
step of this solution. 

The check furnished by the 3 colunin in the forward solution make 
any errors comparatively easy to find. However, there is no corre- 
sponding check on the back solution, and an error is not likely to he 
detected untiI the v’s are substituted in the triangles. As consider- 
able reconiputation is then required to correct for the error, it is well 
worth while, especially in the case of a large set of equations, to be 
particularly careful with the back solution. The back solution, or 
computation of the C’s, is shown on page 93. 
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+. 4 w  -. 1217 
~~ 

-153.6386 -. 0784 -. 9087 -. 8055 -. 1993 -. 0123 -. 0755 -. 0568 
-151.7wO 

Cn 

1-1- l-l- 

-2 +.70 1 +.6271 1 +.53637 1 -. 1873  -. 16818 

4-59.0974 --.8987 ' -.8887 -.7695 -.3880 
-.38857 1 +.OLl592 I +.oOml +.m) +.M356 

I 
25 

-1.28 +. o&is -. 1011 

-1.2943 +. 35051 

-1.29 +. -. 6068 -. 2505 

-2. wl.5 +. 51133 

+?. I -. 5010 
-1.3922 

+. 7868 -. 2llOl 

+I. 1156 -. 0735 -. 5013 -. 0755 +. 2473 -. 0833 +. m -. m9 

+ra 8407 -. 28922 

+4. gs 
-3.1918 -. 2672 

+1. XJIO -. 3245  

+6.84 
-3.1918 
-1.6032 +. 2324 

+a2774 -. m 1  

-2.94 +. 4649 
+I.  4282 

-1.0169 +. 2SOi6 

- 

+. 7959 -. 8540 +. 0509 
+S. 7767 +. 6534 +. 0587 -. 3333 +. 1316 

+ 3 . M  -. mi70 

x 
27 

-1.25 +. 7183 
+.om 
-. 4589 +. 08883 

-3.64 
f. 7183 
f. 4368 -. 08% 

-2.5337 

4-3.30 

+. 66584 

-. 1776 
-I. 5889 

+l. 5335 -. 411% 

+%. i425 +. 4046 +. 9556 -. 6247 -. 1780 -. 0224 +. 3569 -. 1927 

+2Q. 4418 -. 19408 

I 1) I 2. 

-a 

+.ssM 2.0792 -. 14717'1 >.E4624 I 
+. 25- 

+. 4119 +4.48789 
-. llM6 I -1. a03587 I 



8oluiion of normal squations-Continued 

-.4923 
+.01070 

-2.87 
+.4230 
+.W19 
+.oos5 

- 

- 
12 10 

11 13 

I4 
23 

- 

-.a311 +Po695 
+.Oleos -.04497 

fl.62 -4. m 
- .a15 +.?5 
+.OlQ5 +.1,44 
+.0144 -.0358 

4-76.7816 
-3.94% 
-. ann -. 53% 

-2.8231 -. 4381 
-43.02% 

+a 
______._____ 
_____-.-____ 
._____.-____ 

+.3701 

+?. 3i01 
-.5o001 

+6 -. 8150 
-1.1950 

+4 
ClC 

+46.0150 
Cn 

-- 
-2. G1 
+.3i55 
-.WlG 
+.0012 
+.654G 

- 1.5533 

H . 8 1  
-1.4416 +. 7916 

;+.33402 -- 

+4.16 
-1.04 

14 
2a 
21 

15 

-0.24 

_ _ _ _  +. tis!% +. 3488 

+. 7954 -. 01728 

-1.0727 -. 0053 -. 0138 

+4. go82 
ClI 

14 aa 
21 
15 

17 

+. 7 w  -. 01729 

-4-2 . -  
-1. OiZI 
-. 0053 -. 0138 

+. m3 -. 19501 

4-6 - 1.027 -. a053 -. 0138 -. 1681 

+4.7401 
Cl7 

15 
17 

16 1 23 
a 
24 

.__________ 
-0.4440 +. 0290 .m +. 8612 -. 2150 +. 1513 

+. 3825 -. m1 

+. 3364 -. 0022 -. 0066 

44.3275 -. 4i421 

+. 3364 -. 0023 -. 00% -. 430i 

+a 

._____._.__ 

-. 1032 +. 02li7 

+2 OO -. 5 

tia a583 -. 1926 +. 0146 -. 4 1 1  
-1.7745 
-. 2697 

-15.9102 

-9.3813 
+7.0358 +. 0387 +. 3880 
+l. 9613 +. 3588 
-1.2824 

+IS. m 
-1. .5945 
-. 0105 -. 1483 

-2.1820 -. 5% 
-11.4698 

I- 
+. 4220 +. 2419 +. 0085 
+.40% , 
-. 48501 -- 

+l. 28 -. 8955 
-1. 1495 

-. 7850 +. 19625 

+l. 05 -. 76 
--.ti615 +.a225 
+.Ol95 +. 1744 
+.Ol44 --.ma -.m1 +.w 
+.m f.8001 -. 0335 -. 16W; 

+.%So -.49 
--.I33625 I +.l225 

1 

+5.116 -. M31 +. 0229 -_ 1581 . ~ . - ~  +. 4824 -. 1413 
-3. m 
+. 6819 -. 01482 

+. 11 +. 2209 +. 05i8 -. 01 18 

+. 3769 -. 07679 
~~ +. 11 +. 2209 +. 0578 

-.0118 -. 0.597 

+. 3072 -. OS491 

+. I536 -. 1536 

-. 3325 

4-1.33 

+1.33 

+Ira. 4373 
-3.2521 +. 1 7 1  -. 2513 
-1.7W3 
-1.5383 

-113.4315 

+19.34430 
-1.07235 

-4.64 
4-2 4071 
+I.  7 5 0  -. 859 
-1.3m12 +. 377313 

- 
+5.60 
+2.4Oi I + 1.7250 -. 85% +. 2519 

+9.1311Mj 
-1. YaG2.5 

-. 5546 
-4.5651 

+15. BO 

+lo. 18 
-2 63 

P 
P 
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23 

+38.9152 -. 1314 
-. M B Q  . __-. -. o001 

-2.5502 -. 5269 
-4.3264 

+31.3743 
Cia 

1 
2 

4 
5 
6 

19 
7 

18 3 

s 
m 10 
9 

E? 

14 
22 
21 
15 
17 16 

23 

11 13 

Solution of normal eqztations-Continued 

a 
'24 

-1. @3 -. 1177 -. 00% +. Dooe + 1.6777 -. a345 
-2.09 

-?. 5359 +. as033 
' !. 1667 
-1.3334 
-. 2500 -. 0393 -. ME4 -. 9238 -. 5111 -. 0020 -. MB2 

-1.1987 -. 2500 -. Do00 -. a500 
-1. . ?  

. coo0 -. 2627 -. 1055 -. 0010 -. 0032 
-1.1037 -. m 
-1. OOM) -. 2050 

+a2969 
Cr 

1 
2 
3 

18 
4 
5 
6 

19 
7 
8 
9 
20 
10 
12 
11 
13 
14 
22 
21 
15 
17 
11 
23 
24 

I 
25 

-3.8008 -. 147i +. 2072 -. ooo8 
-1.5841 +. 7679 +. 8164 

-3.7417 +. 11m 

+a 30 +. 8317 
-2.3117 -. 4688 +. 0542 +. 6361 
-1.2869 
-1.0976 -. 0141 +. 2644 
-1.9234 -. 1312 -. 0019 -. 0217 -. 6068 

.OM10 +. M13 -. 1 P 3  +. 1045 +. 0041 
+l. 0121 +. 0501 +. 3925 -. 302 
-. 0828 +. 0?511 

tl16.2130 
-4.1500 
-4.0078 -. 8789 -. 0748 
-8.8703 
-1.79?6 

-. OD72 
-1.4188 
-3.102a -. oBR9 -. 2765 -. 009p -. 3068 -. 3242 
-1.1154 -_ lsso 

-2.3573 

. ~... 
-la mi -. 0053 -. W O  
-1.1150 -. 1541 -. 4462 -. 0011 

4-75 4932 
can 

9 
20 

-1.393 +. 1965 +. 0167 
- . M I S  . --.. +. 7874 +. 1003 -. 2756 

-. 5739 +. 01828 

+4.8683 
-7.4785 
-3.3062 -. 0784 
+1. 9371 
-50111 
-1. ?638 -. 0112 
+1.1847 
-3.1101 
-1.5233 +. ooo2 +. 7979 - 1.6032 .woo -. 5 9 3  +. li61 
+.ow +. 0069 -. 5180 +. w(15 -. 13?5 -. 0464 

Si. 5124 
-2.27863. 

+23.20 

4- 117.4M3 
-24.2930 
-12.9658 
-6.1992 +. 1005 

-27.0137 
-6. W 5  
-2. i l4 l  -. 0771 
-6.4156 
-5.0031 -. Yo06 
+. 3462 -. 8106 +. rn 

+l. 2328 +. 2209 -. 8862 -. m9 +. 4891 -. 1458 
+.om -. 0884 +. 1887 

4-25. BB(1 -. 35369 

+."' 

x 
27 

+l. 7284 -. 2879 +. 1493 +. 0033 
-?. 3347 +. 2674 +. YJM 

+. 0334 -. OOloB 
~ 

-5. a!? +. 53 
-2.5950 +. 3813 -. M30 + . m a  -. 2070 
-1. m -. 0933 +. 1674 -. w 7  +. m 5  +. 0031; - liW 

+. 6856 -. 25i9 +. Oi53 -_ 0173 

+; 4w& 

. .~ ~ 

+l. 5359 +. 0174 +. %50 +. 0027 

-6.0799 
+l. 84413 

+El. 6126 
-2.5998 
-4.4991 +. 7148 +. 0583 
-9.6399 -. 28&1 
-3.4508 -. 6428 -. 8988 
-1. m94 +. 3793 +. 5271 -. 0779 +. 2208 -. 1150 
-1.3716 -. 3236 
-7.8281 +. rnl 
-1.4502 -. 3882 
-.Ow +. 0010 -. 1527 

+88.m 
-1.2area 

rl 

+o. ?38 -. Oi73 +. 0495 +. 0011 +. 2717 +. 1028 
- 1 . m  

-. 7976 +. 02542 
~ 

W5.81 -. 025 -. 1450 
-.4112 -. 03s -. 0516 -. 1713 -. 4487 +. 0033 -. ogoo -. 7855 -. 3155 +. 0015 -. mu9 

-1.0748 
.woo -. 1473 -. M I 3  +. 0249 -. 0057 -. 1787 +. m 7  -. 6650 -. 0645 

-. €395 +. 28490 
-2.27 -. ~. +,. 1248 -. 2514 
-.7711 +. 0544 +. 7194 -. ?386 -. 8837 +. 022 +. 4884 

-1.2837 -. 1667 +. 21m -. 0412 -. 5434 -. 1226 +. 3033 -_ 0868 . ...~ 
-2.6281 +. m +. 1688 -. 1490 +. 2610 -. 0951 -. 0230 

-7.2452 
+.ow.! 

4-31.8776 -. 8.435 
+1.4770 +. 0775 -. 9811 
+3.0498 - 10.8992 

4-21 259Z86 -. 15726 

+47.52 
+5.3883 - 19.2237 
-4.1200 
+?. 1954 
+I. 9196 
-8.4820 
-1.3053 +. 2580 
+1.3851 
-8.8474 
-3.7138 -. 0219 -. 3662 
-7. EW 

.woo +. 546" -. is8 +. ;.I47 
-.4102 +. 6155 +. 1 w  

-5. 2400 
+l.Yrn 

91 

+3.7oR771 - 1.124423 

t40l. 0159 
-26.a87a 
-33.3% 
-7.7250 
-3.0189 

-?& 7707 
-11.8154 
-2.8034 
+l. 7775 
-7.4380 

-12.9458 
-1.9497 
-3.2506 -. 1589 
-3.7063 -. 1995 
-1.1255 -. 0470 
-78.3886 +. 5n9 -. Bogp 
-4.4% 
4-20567 
+2.8334 +. 0931 

tlsa 790% 
- 2 4  X34 



92 

1 
2 
3 
18 

4 
5 
6 

10 
7 
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Solution o j  normal sqrcafions-Continued 

-149.339 
-41.W6 
-43.7252 -. 1603 
-82.26i9 
-27.1618 
-3. 1251 -. 0811 

-3.8893 

1 
2 
3 

1s 
4 
5 
6 
19 

i 
9 

20 
10 
12 
11 
13 
14 
2'' 
21 
I5  

23 
24 
25 
26 

1i 16 

x 
2; 

+81.8144 
-15. lS92 - 11.5548 
+5.M20 -. 0869 

-29.3573 
-1.1230 
-3. Y i 3 L  -. 5091 

-1. ,Hi 
+4.4W2 -. 0535 

+. 5835 +. 1Wi 
+I.  5159 +. 4305 
-.aw +. 03i4 +. 7209 -. 0507 +. 035s +. OOOG 

--dl. 3211 

+ 111. iGGG 

-4.0614 

+2. y54 

+!a. 8538 

-. 89327 

t235.2634 
-1. V22.l 
-5.0505 -. 531.1 
-.Mil 

-10.4ifi2 
-. o y  

-. 3rfi 

-5.0519 
-4. ?Ai6 -. 5fiW 

-2. os50 
- I .  OOIS -. 6449 -. ISH0 -. Ma9 
-1 .  MB.5 -. 6307 
-5. 7141 
-. 0831 

-2. 1374 -. 1352 
-. o600 -. oaoo 

-11.2121 
-106. iOi7 - 16.5R36 

+58.1354 
Cn 

9 

4-3. Gl9l +. 7332 -. 8133 
-5.4355 -. O i 9 6  
+2.1809 -. 8292 
-1.1097 +. 0180 
+2. 19ii  
-2.0380 
-1.9306 -. 023 
4-1.5151 
-1.4359 +. 1137 -. 3352 +. 1156 
- .2 l l i  
+.ill23 
-. OKN . _... -. 0155 -. OnSl -_ 0140 

+?. 1407 
+2. 3 2 5  

+. ti5* -. 031% 

-4 .329  +. OiW 
-_ 2922 
+ . W a i l  
-_ 0431 +. is16 -. 03h4 

--1.4105 +. 1505 +. .Wig 
- ,43:h3 +. Yli6 -. 4169 -. 3409 +. 3012 -. M35 +. 3 7 3  -. IWl 

-1.6931 -. 0207 +. 2487 -. 0510 +. 1629 

-1. ,325 
+S. i297 -. s90 
+. 9462 -. 01628 

+. px 

Zr 

+MI. 8 2 6  
-157.3031 
-1Oi. 6198 
-54.4SiO 
+4.4353 

-81.52iS 
-40.0092 
-3. ??is 
+l. 4081 

-33.6092 
-3. 678; 
-22.6539 +. 3302 
+5. a 4 5  
-9. i9311 +. 1651 
+ I .  2440 
+l. ?Coo 
-6.3194 +. 8912 +. 3028 - s7s.s.5 . 
-_ 6943 +. 4346 

-8.44i2 
-63. a 6 5  

+ r a  433947 
-1.9w.5 

+429. '2015 
-18.8116 
-3i. 4137 
+fi. 2w 
+?. 1030 

-2Y. ow3 
-1. Boog 
-4.1040 

+11.7439 
-4. 7oBi 
-4.46% + 10.7327 
+A. 1962 
-1.3152 
+2.662? 
-. 0iOi 

-1.3Wo - 1. $IS7 
-~.51W- 
-2. "193 
- . W!E 

-1. M18 
+l. 2 . w  -. 0253 
+fi. aG4 

-217. Mi1  
-36.llYl 

+59.08196 
-1.01628 



ADJUSTMENT OF NET BY DIRECTION METHOD 

Back solulion 

-0.3325 
-.00189 +. DO112 
+.02437 -. 14822 

93 

-0.OR481 
+.DO275 +. 00107 
-.OB022 
+.ooo45 

n 

-0.00919 
-.00422 
-.00052 
+.W87 
+.00169 
-.00470 
-.ooo11 
-.m4 

-.om2 

26 

+0.32690 
-.01906 
-.01550 
+.OW37 
+.11036 
-.OB89 
--.oom 
-.la661 +. 03114 

+. 37423 
- 

25 24 23 
___- I l7 

-0.01828 -0.03138 
f.01454 

+o. e9859 +. OlW2 +. 00596 

+o. ’A96 -. 03002 +. WE37 +. 00312 

+o. 02542 +. m 2  
-.oO(y(l 
+.C1481 +. 02396 

-.OlW +. 12416 
-.OW6 +.02134 +. 28185 
--.52368 -- -I +. 10843 

+. 29643 +. 06390 

15 21 22 14 13 11 I 12 

-0.OXi9 
-. 01074 +. 00375 +. 05559 

-0.01482 +. 00073 
-. 00030 

-0.06430 +. la318 
+.ooo3i .  -. a3343 

-0.11046 +. WiO -. 00473 

-0.14717 -. OlOM 
+.OlooB +. 06721 -. 07788 -. 01032 +. 01262 -. 18155 

+.00133 -. 00248 
+.roo10 -. 00291 +. (10835 

-. 02620 -. 04B5 -. 01200 +. 08866 -. 196w 
+.004ll +. 01126 

-. 14057 +. 04606 -. 21339 -. W117 

+. OCWF +. 00032 +. 00lflO -. 00217 +. W 6 7  -. 367% -.01188 -. 33iS5 -. os962 -. mg5o 

8 m 10 

-0.18988 +. 00585 -. 03688 -. 00539 -. 02964 +. OlOn4 +. 03119 -. 13514 -. ons8 +. 09275 

-. 26848 

7 

-0.18171 -. 00550 
-.OM59 +. 06622 -. 02944 
+.04121 -. 35751 +. 00189 

-. 5064.3 

-0.3175 
-.Olli6 +. 02568 -. 01mo -. Oi411 +. 01255 -. 23191 -. 13474 -. 14406 

-. 89215 
-- 

-0.327G7 +. 00451 +. 02185 -. 099% -. 14823 +. 0938 +. 4 4 m  

+o. 06794 -. 00265 -. ooO15 -. 01061 
--.00017 +. 01389 
+.mal +. ooo46 
+. 06951 

~ 

-. 00951 

5 4 1s 3 2 

-0.07817 +. 00154 +. 03Y51 -. Oi2U2 -. l a 9 7  
- . O W  -. 00366 -. 19486 -. 01875 -. 20175 

-0.10817 -. 02360 
-. o6840 +. 183% -. 02835 

-lo. 01688 -. m 0  -. 00057 
-. 00288 +. 00488 +. 000!24 -. 00459 

-0.41125 -. m 2 1  +. c5588 -. os20 

-0. om +. 01584 +. 04723 

-. 14822 -. 00702 +. 36728 

-. 1 0 7 ~  

-0.0% -. o w 7  -. 08198 +. 10326 -. 04941 +. 00496 -. 24486 -. 03770 

-.07411 
-. aOBO2 -. 23B8 -. m 7  

+. 02944 -. 15010 -. 28117 +. 01377 +. i i a i i  -. 46475 -. 73458 -. 33919 

-. 70103 

After the C’s are determined, the next step is the computation of 
the v’s, that is, the corrections to the directions. These corrections 
are obtained, as is the case of the single quadrilateral, by substituting 
the values of the 0’s in the table of correlates. A set of V’S is then 
adopted to make all the equations consistent. (See p. 15.) 
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Computation of corrections (v ’s)  
-- 

1 

44.0614 -. 0798 -. 0919 +. 0578 +. 3392 

9 2 

-0.0880 -. 1131 

-. m i 1  -. m 

11 - 
-0.0221 -. 0645 +. 2645 +. 2964 -. 7010 

3 

-0.OG14 +. 0798 +. 0919 +. 0302 +. 1131 -. 3392 

4 

-0. a964 +. 0158 -. 1131 +. 3392 

5 

t o .  om +. 1079 -. 3315 -. 0526 +. i346 -. 3392 

6 

-0.0563 -. 1070 +. 3315 +. 2964 +. 0369 -. 7346 +. 1131 

7 

-0. om1 +. 0598 +. 0559 -. 2964 +. 0383 +. 7346 -. 1131 

8 

-0.0723 +. 1131 
+o. o x 1  -. 0588 -. 0559 +. 0330 +. 4848 -. i346 

+. 0408 +. 04 

17 

+0.0013 
-. 0460 +. 5064 

-. 0545 -. 05 

13 

+o. 0410 +. 3742 

+. 2867 +. 

10 

+o. 0221 +. w 5  -. 2615 +. io10 -. 4648 

-. 0856 -. 08 

12 

to. 0366 -. 0650 -. 0608 -. 0089 -. 3i42 +. 4648 

+. 1755 +. 18 

14 

-0.0388 +. OG50 +. 0608 -. 0321 +. 0140 -. 4868 +. 7346 

+. 3409 +. 34 

-. 3024 -. 30 

18 

-. 1210 -_ 12 

15 

-0.0586 -. 1122 +. 2359 -. 0402 -. 7346 +. 3392 

+. 4300 +. 43 

10 

to. 0586 +. 1122 -. 2359 +. 0262 -. 3391 

+o. 0085 +. 01 

+. 4152 +. 41 

22 

+. 4617 +. 46 

28 

+. 0553 +. 06 
-. 2% -. 23 

-. 3i8l  -. 38 

25 

-. 3705 -. 37 

24 

-. 0075 -. 01 

21 19 m 23 27 

-0.0013 +. (N60 -. 0133 -. 0095 -. 5064 -. 3742 +. io10 

+a ioai -. 3i42 
to. 0070 +. 04sO -. 2247 -. 2704 +. 8922 -. 50&( 

-. 0543 
-.05 

- 

-0. 00 iO -. 0480 +. 2247 +. 2864 +. 0313 -. 8922 -. 0085 

-. 4043 -. 40 
- 

-0.4051 
. -.0108 +. 0574 

to. 1031 
+.mi -. 4296 -. 0630 +. 3i42 -. m.3 

-. 3814 
-.38 

+o. 0454 -. 0317 -. 1242 +. 2391 -. 0182 +. 0095 +. 5084 +. 3742 -. 7010 

+. 2985 +. 30 

-0.1031 -. 0987 +. 4296 +. 0763 -. 7010 +. 4648 

+. 0879 +. 07 

-0.0454 +. 0317 +. 1242 -. 2964 -. 0849 +. 7010 

+. 4302 
-t. Q 

-. 2711 -. 27 -. 3585 -. 36 

-. 15i7 -. 16 

28 

+a 0249 -. 0300 -. 1800 +. 5350 +. 0532 -. 0574 +. 35% 

29 30 31 33 34 35 36 32 

co. 0254 +. 0488 -. 1403 +. 1022 -. 5084 

-0.0249 +. 03ad +. 1800 -. 1 m  -. 0236 -. 4638 -. 2895 +. 8922 

-0.0254 -.om +. I403 -. 0786 -. 8922 +. 5084 

-0.010 +. 0318 -. 0137 -. 2964 +. 0730 +. 8922 +. 0085 

co. 01-39 -. Wl8 +. 0137 

+. as00 +. 4638 +. 2695 -. 8922 

-. imi 

+o. M)83 +. M10 -. 23% +. 3531 +. 3378 -. 2695 

-0.3330 -. 0095 

-. 3425 -. 34 

-- 

43 

-0.0524 -. 4038 

-. 5162 -. 52 

- 

-0.0424 +. 4838 

+. 4214 +. 42 

38 

-. 4725 -. 47 

41 

+o. 0054 +. 0315 -. 0559 +. 0574 -. 21195 

-. 2311 -. 23 

-- 

+. 2191 +. 22 
-. 3961 -. 39 

40 

-0.0054 
-.0315 +. 0559 -. 3K8 +. 2695 

~ +. 6152 +. 62 

37 

+. 6765 +. 68 

42 

-0.0361 +. W66 +. 2818 -. E64 
-. 2034 +. 33% +. 4638 

- .a772 
-. 08 

44 

44.0361 -. 0064 -. 2818 +. 3784 +. 0570 +. 2885 -. 3378 

+. 1805 +. 19 

39 45 

-0. rn 
--.0310 +. a96 
-. 3378 -. 4638 

-. 4759 -. 48 

2: E 
-- 

-0. 0160 +. 0089 -. 0310 -. 0032 -. 1730 -. 0046 -. It24 +. 3673 -. 2885 

-. 3085 
- . S 1  

-- 
+. 0883- +. 09 

+. Is41 +. 18 
-. 11493 
-.c5 +. 1328 +. 13 

-- 

+. 5541 +. 55 



48 

+o. 1297 +. 16s4 

+. 2081 +. 30 

--- 
-0.2987 
--.0307 
--.I694 
+.5237 

+.02i9 
+.03 

ADJUSTMENT OF NET BY DIRECTION METHOD 

Computation of corrections (v’s)-Continued 

95 

44.2967 -0.0038 
f.0786 -.W 
--.523i +.C968 
+.3673 -.04i5 

-.Om 
+ . a m  -.0018 
+.22 +.I684 -. 36i3 +. 2855 

---- 

47 

44.2732 
-.2262 
+.523i 

+.5iOi +. 57 

+o. 0160 -. m9 +. 0310 +. 2w -. 1265 -. 3673 

44.2543 -0.2732 
-.I684 -.0281 - +. 1684 
+.ma -. 5237 
+.09 - -. 6566 -. fj6 

-. 1593 -. 16 

--- 
48 I 49 I a 

55 

+o. 2984 -. 5237 

-. 2273 -. 23 

-- +. 0558 1 +.06 

51 

+O. 0036 +. OOM 
-.om +. 4585 +. 0322 -. a 9 5  +. OSi4 

+. 1542 +. 16 

-- 

I 

52 

-0.3890 -. 0104 - .0674 

-. 4588 -. 45 

I 
5 6 1 5 7 1 5 i l I  

~~ I I- I 

I 

I I  

As a check on the computation of the 27’s they should be summed 
up around each point to make sure that, each sum equals zero (escept. 
where one or more directions at  the point are not numbered, see p. 37). 

COMPUTATION OF TRIANGLES 

The adopted values of the 17’s can now be substituted in column 4 of 
the triangle coniputation (see fig. 34) and the final triangles can be 
computed as esplained on page 39. 

I n  a coniplete quadrilateral each line is a part of two different 
triangles. The logarithm of each length appears therefore in two 
different triangles. The agreement of these two values in all cases 
furnishes a check on the adjustment and computation. Another 
check on the work is that the length as carried from the first fised 
line to the second fised line of the arc must agree with the fised value 
of the latter. The elimination of the azimuth discrepancy can be 
checked before the positions are recomputed by substituting the 
adjusted angles for the corresponding observed angles on page G2. 

When it is cert-ain that all the angle, side, azimuth and length 
equations are satisfied, i t  is necessary to recoinpu te all the geographic 
positions, beginning with the fised line Palo-Pedro and ending with 
the fixed position Garcena. These recomputed positions are shown 
in Figure 39. 

If the latitudes of the various stations have been only slightly 
changed by the adjustment, then in the recomputation of the geo- 
graphic positions the second, third, and fourth terms of the A4 may 
be taken directly from the preliminary computation of the positions 
and only the first term need be recomputed. In a great many cases 
the recomputation of positions may be made by merely correcting 

(Text continued on p. 107) 
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the preliminary computation. Compare the positions in Figure 39 
with those in Figure 27. 

The computed position of Garcena should. agree with the fised 
position. Such being the case all the equations are now satisfied. 
The values of the 0 s  should now be placed in the proper column in 
the table of normals, facing page 84. The values of the 27’s and the 
adopted v’s are now completely checked, and they should be entered in 
the proper columns in the table of correJates, pages 8 2 4 3 .  Nest, using 
the sketc.h for the designations of the directions, the corresponding cor- 
rections should be applied to these directions in the list, of directions, 
Figure 23. The final seconds in the list of directions should be 
checked by the angles in the triangles. (See p. 41.) 

PROBABLE ERROR OF A DIRECTION 

I n  the table of correlates, pages 83-83, the last column to the right 
contains the squares of the adopted v’s. The probable error of an 

observed direction is computed from the formula, p. e. = f 0.67is@, 

where 3 d is the sum of the squares of the corrections to the direc- 
tions, and c is the number of condition equations used in the adjust- 
ment. 

S# = 5.9667 

Therefore the probable error = f 0.6745 

The last operation in the adjustment of an arc is making out the 
list of geographic positions with the azimuths and logarithnis of the 
distances on form 3SB. The columns headed “Sta- 
tion” and “To station” are filled out first by using the sketch to 
pick out the proper order of the stations in regard to azimuth. The 
list of geographic positions for the present arc is given in Figure 30. 
For the method of computing the a.zimuths which can not he obtained 
directly from the position computation see page 47. 

- v, ’> 

C 

For the arc here given, 

c=37 

- = f 0.“33. d T  
(See fig. 30.) 

Statistics showing accuracy of triang idaf ion 

When a net, of triangulation has been finally adjusted a table of 
statistics siniilar to the one below should be prepared, showing the 
accuracy of the observations: 

Total number of triangles _ _ _ _ _ _ _ _ _ _ _ _  _ _ _  _ _ _ _ _ _ _  _ _  _ _ _ _  
Number of triangles with plus closures _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Number of triangles with minus closures _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Number of concluded triangles-- - - - - - - - - - - - - _ _  - - - - - - - - 
Average closure of triangles without regard to sign-_- - - - - - 
Maximum closure of a triangle _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
Mean error of an angle-- - - - - _ _  - - - - _ _ _  - _ _  - - - _ _  _ _ _  - - - - - 
Probable error of an observed direction _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

23 
5 

18 
0 

O”2 
l”9 

&0’!59 
f 0’!32 
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FIG. 30.-List of geographic positions for stations of net 



STATION. 

Crlmds 

1917 

Hebron 

1917 

d .!pa 

a.m. 

Ringold 

1317 d.m. 

Cnrcenn 
1917 

Goreor8 

1?17 

a.m. 

d.m. 

GEOGRAPHIC POSITIONS 

D&bm lorth Anerican 

DACE AZIMUTIL TO STATION. LATITUDE Ann S . r o ~ o l  IN AzlUUTB 
LONGITUDE. P.nW. 

0 I ,, . , I ,  . I .I 

26 23 30.225 93.2 227 15 43.40 47 17 lC.74 Coras 

08 49 31.291 867.3 305 25 23.35 125 26 55.Sp Konument 

26 27 00.537 16.5 274 44 51.39 94 48 01.48 Corpas 

9s 53 Oj.821 105.8 312 11 23-67 lj2 14 x.01 no-nt 
317 41 11.45 137 42 46.02 0rmd.e 

26 22 30.7j4 946.5 is5 03 41.05 5 03 52.86 b b r m  

p8 53 30.364 841.7 2 9  32 48.j8 74 j4 34.62 Crsnh 
280 23 09.00 100 26 27.68 Ponment 

26 26 56.j45 1734.0 268 19 27.26 88 20 38.57 Eebron 

38 55 43.916 1216.7 335 37 47.35 155 38 46-76 R i W l d  

26 25 23.579 725.6 250 31 28.70 70 33 32.53 M c e ~  
39 00 35.94 984.3 256 33 46.31 76 37 07.h2 Hebran 

S4 15 53.54 114 19 02.53 Bingold 

FIG. 30.-List of geographic positions for statimr of net-Continued 

dmrrrion No. Computdon: 

State Texas --- 
DISTANCE. 

LaaurmM ["ST."). 

3.9076216 
3.8505419 

4.074323 

4.1972563 
3.9433489 

3.9209092 
3.837wi 
4.1007703 

3 A71063 
3.999127 

3.832?710 
4.1094711 
4.1115674 

M".". 

m3 32 
7088.30 

11~66.49 

15749.12 
8750.82 

8335.07 
w5.a 
12611.60 

4437.17 
8972.49 

8569 .s1 
12866.82 
12929 -07 

P.8?. 

26522.0 
23255.5 

38932.0 

51570.2 
28710 .O 

27346.0 
22556.4 
41376.6 

14 557.6 
29437.2 

28116.1 
41-11> .9 
42418.1 



CHAPTER 4.-ADJUSTMENT OF A NET OF TRIANGULA- 
TION BY THE ANGLE METHOD 

EXPLANATION OF METHOD 

In the adjustnient of triangulation of the first and second orders it 
is the practice in the United States Coast and Geodetic. Survey to use 
the direction method, and to include all the observed lines of the main 
scheme. As these classes of triangulation serve as control for all 
other surveys, i t  is necesbary to make the adjustment of them as 
rigid as possible. 

Alberta 

Nan I 

Lat 

FN;, 3l.-Trisngulstiun net used in sample adjustment hy angle method 

However, for third-order triangulation which is fitted in between 
fiserl points and lines of triangulation of the first and second order 
suc.h a rigid Ltdjustnient is not required. Consequently in adjusting 
third-order triangulation the angle niethod should ordinarily be used. 

A sample adjustment by the angle method of the a.rc of third-order 
tri:ingulation shown in Figure 31 is given on the following pages. 
This small schenie requires all the different kinds of equations needed 
for a coniplete adjustment, and if these are understood, a larger 
scheme, which differs froin this only in the number of equations, can 
be readily adjusted. 

110 



ADJUSTMENT OF NET BY ANGLE METHOD 111 

For the angle method 
of adjustment, however, i t  is custoniary to onlit one diagonal in each 
quadrilateral and use only a chain of triangles, those of the best shape. 
In  the esample given, the diagonals Fog-Alberta, Dug-Nan, and 
LatrFlores are omitted. The lines actually used in the adjustment are 
shown in Figure 33. After the chain of triangles has been adjusted 
and all the conditions are satisfied, then each omitted diagonal is 
computed by using the two sides and included angle of the triangle in 
which it occ.urs (see p. 139). Instructions for field work call for the 
observing of both diagonds of each quadrilateral in order that there 
niay be a check on all lengths. 

I n  Figure 31, all observed lines are shown. 

Alberta 

5 
La1 

,.g Mond 
6 

Enter Flores 
7 8 

FIG. 32.-Triangulation net showing the triangles used in adjustment by angle method 

The lines Alberta-Fish and Enter-Flores are fised in length and 
azimuth, and the four stations at  the ends of these lines are fised in 
latitude and longitude. 

The lists of directions for the various stations are given in Figure 
33. The column headed “Final seconds” is filled out after the adjust- 
ment is completed. If the lists of directions have not been made out 
and checked in the field they should be computed from the horizontal 
angle record books in the manner shown on page 8. 

The triangulation sketch (fig. 32) is numbered and lettered as 
follows: Starting with the fixed line Alberta-Fish and building up 
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the sketch point by point, each point added is given a consecutive 
number, Nan being 1, Fog 2, Gura 3, etc. In  each triangle the angles 
are given the letters a, b, and c.  The angle adjacent to the starting 
line but opposite the line through which the length is nest carried 
is called 0, and the tingle opposite the starting line is called b. These 
are the length angles.. The aziinuth angle, or the angle between the 
two lines through w1iic.h thc length is carried, is called c. 

The following triangles (fig. 34) are laid out in exactly the same 
mnnner as for adjustnient by the directmion method. 

As was the case for the direction method, i t  is necessary to compute 
a set of preliniinary triangles (fig. 35) in order to be able to conipute 
the geographic positions (fig. 36)  and deterniine the latitude and 
longitude dosures. To conipute the positions properly the triangles 
should be closcd and this is done by concluding the c or azimuth 
angle in each triangle. If one of the length angles is not observed, 
however, then the observed azimuth angle niust be used, and the 
unobserved length angle concluded. As the triangles and positions 
are computed in exactly the same manner as when the direction 
method is used it is not necessary to esplain the computation here. 

NUMBER AND FORMATION OF EQUATIONS 

As the figure to be adjusted is siniply a chain of triangles, it 
is obvious that there will be just as many angle equations ns there are 
closed triangles, S in this case, and that there will be no side equations. 

diigle  cq'itnlionb 

1. 
2. 
3. 
4. 
5 .  
6. 
7. 
S .  

o= -?. 3+ (la)+ [lb)+ (IC) 

o= $1. o+ (.la)+ (4b)+ (4c) 

0=-2. 7 f  (?a)+ ( 2 b ) f  ( 2 ~ )  
O=+O. 1+ (3aI-k (3h)+ (3c) 

0=+ 5. 4+ (5a)+ (.5b)+ (5c) 
O=+ 3. 9-k (Ga)+ (6b)+ (6c) 
O= -0. 1+ (7a)+ (7b1-k (7c) 
o=+ 3. 3+ (.sa)+ (SI>)+ (SC) 

Since there are two fised azimuths, namely, the azimuths of the 
lines Alberta-Fish and Enter-Flores, there will be one azimuth equa- 
tion. This equstion which is shown on page 125, is formed in ex- 
actly the same iiianner as if the direction niet,hod were used, except 
in the way the angles are designated. 

(Text continued on p. 125) 
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riah 
f i g  

lan 

0 00 00.0 59.7 
?A 54 02.9 02.2 
118 48 46.6 47.5 

Alberta . 0 00 00.0 59.0 lhg  0 00 00.0 00.1 
Plah 28 12 47.6 47.4 Ours 65 49 45.3 44.5 

109 26 3.4 25.5 Em 1s a4 59.9 59.4. 
ollcr la9 52 16.5 17.0 Alberta 182 45 14.9 15.7 
Olva 171 b7 11.1 11.1 rimh 203 47 17.6 18.9 

o 00 00.0 ?ZZ bat 

54 3a 58.8 59.4 h a  
93 M 00.7 01.1 Dan 
109 08 46.2 46.9 poS 
172 30 45.7 44.0 

0 00 00.0 02.0 
61 35 02.7 01.7 
107 QI 08.4 06.4 
137 16 16.5 15.6 

0 00 00.0 01.1 Florea 
sa 57 i7!a 18.6 Enter 
60 10 21.4 21.7 Lat 
94 59 06.5 09.3 &a 
109 18 30.8 28.7 

0 00 00.0 04.7 
20 54 53.5 50.9 
1l5 25 02.3 00.6 
171 52 58.3 36.9 

0 00 00.0 x 9  Entor 0 00 00.0 69.1 Lat 
uona 36 P 46.8 47.2 Lat 65 28 20.7 16.0 
Roree 100 12 19.9 Zl.6 Yond 95 14 37.7 a8.6 

FI6.33.-Lists of directions, angle method of adjustment 



114 U. S. .COAST AND GEODETIC SURVEY 

State: .. .Ltsura --- 
NO. STATION OBLLRVKD ASOLR 

2-3 Nbcr ta-Piah 

I b  1 Pan 42 47.6 
a 2 Alberta 57 22 26.5 
c 3 Piah 93 54 43.7 

1-3 Hau-Fish 
1-2 Nan-Alberta 

57.8 

23 

3 b I&.xra 
LL 2 Nbn 
c 3 Fog 

13 

1-2 

23 
4 b  1 -  

c 2 h a  

a 3 FOE 
1 3  

1-2 

BalI-Tiah 
74 22 17.7 
80 43 36.9 
24 54 02.9 

hg-Fish 

FOg-Ban 
57.4 

Fa-Fog 

54 33 58.8 

61 50 46.7 
63 35 14.6 

Oura-mg 

OYra-Nan 
90.1 

oura-nag 
75 42 13.8 
38 29 01.9 
65 49 45.3 

--roe 
h y k a  

01.0 

COMPUTATION OF TRIANGLES 

+0.8 48.4 
-0.1 26.4 
+1.6 45.3 .0.1 
f 2.3 0.1 

tl.8 19.5 
t1.3 Z8.1 0.1 
-0.4 02.5 
4-2.7 0.1 

$0.7 59.5 
-1.1 45.6 
4-03 14.9 
-0.1 0.0 

$0.1 13.9 
-0.2 01.7 
-0.9 44.4 
-1.0 0.0 

3.669907 
48.4 0.313371 
26.4 9.925419 

45.2 9.9989S6 
3.915697 
3.937264 

3.913697 
19.5 0.016360 
38.0 9.994287 
02.5 9.63330 

3.5a344 
3.554ae?, 

3.554397 

59.5 O.Od3965 
45.6 9.946312 
14.9 9.952lP 

3.563654 

3.595463 

3.5d8654 
13-9 0.013694 
01.7 9.793995 
44.4 9.96015l 

3.39- 
3.562499 

FIO. W..-Triangle computation, angle method of adjustment 
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2-3 Oura-pug 3.562499 

5 b 1 Lat 38 57 17.8 -0.3 17.5 17.5 0.301551 

2 h a  79 27 45.0 -2.1 42.9 0.1 42.8 9.592613 

a 3ws 61 35 02.7 -3.0 59.7 6I).7 9.944240 
13 L a t - m  -5.4 3.1 3.756663 
1-2 Lat-Gura 3.708290 

05.5 

3.708290 

56 Z? 36.0 f-0.3 36-3 36.3 0.079094 

c 2 Lat  60 10 z1.4 -0.3 26.6 26.6 9.938290 

%3 L a t - m a  
.6 b Mod 

a 3 Gura 63 P 59.5 -2.4 57.1 57.1 9.951a83 
1 3  Wnd-GWh -2.9 3.725674 

13 Mond-lst 3.738667 
02.9 

2.3 Lat-Mond 3.738667 

7 b 1 Enter 36 P 46.9 f 2 . 5  49.3 49.3 0.221012 

a 2 Lat 49 08 03.4 -2.4 01.0 01.0 9.978658 

c 3 Mod 94 30 09.a 0.0 09.9 0.1 09.7 9.95a65d 
1-3 Enter-!dond +0.1 0.1 3.244337 
1 -2 Enter-Lnt 3.9-7 

00.0 

2-3 Ents-xond 3.844387 

8 b E?orer 95 14 37.7 +1.8 39.5 39.5 O.oo182a 

c 2 Enter 63 50 33.1 + le3  34.4 34.4 9 . 5 m  
a 3 Mond 20 54 52.5 -6.4 46.1 46.1 9.55- 

1-2 mores-Ent& 3.398762 

13 Flores-Yonb 4.8 0.0 3.759236 

03.3 
FIG. 24.-Triangle computation, angle method of adjustment-Ccnthued 
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13 
13 

2-3 
2 b  1 

2 

a 3  
13 
1-2 

23 

3 b  I(hrra 
a 2 Ban 

3 Foe 
13 

1-2 

2-3 

Ban-Fish 
74 22 17.7 

(80 4a 39.5) 

24 54 02.9 
Tog-Firh 
r0g-m 

Iran-FOg 

54 33 58.8 
61 50 46.7 
(63 25 14.5) 

(kua-Fog 

ma-Ban 

ours-Yog 

0.1 3.913700 

3.987% 

3.913700 
0.016361 

0.1 39.4 9.994288 
9.624332 

0.1 3.924349 
3.554393 

3.554393 
0,038956 
9.845314 
9.952121 
a.aa6m 

3.595470 

3.588663 
4 b  1 Due 75 41 13.8 0.013894 

(38 a 00.9) 9.75393 Gura 
85 49 45.3 9 .T53133 

3.35 6350 

I 3 -4Z8 3.562509 
method 

a 3 Fog 

13 -Fog 

F I ~ .  35.-Triangle computation to obtain latitude~and longitude closures of mt, 
of adjustment 
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COMPUTATION OF TRIANGLES 

23 ma-Dug 

5 b I h t  38 57 17.8 

2 Grra (79 Z7 39.6) 

a 3 p u g  61 35 02.7 

1-3 Lat-Dug 

1-2 ht-Qura 

2-3 Lat-Cura 
6 b 1 Mond 56 27 36.0 

2 Lnt (60 10 24.5) 

a 3 ma 63 21 69.5 

1.3 Mod-Gua 
1 -2 Mond-Lat 

2-3 Lat-Xond 
7 b 1 EUtEr 36 21 46.9 

a 2Lat 49 08 03.4 

3 !JOnd (U 30 09.9) 
1.3 Enter-Yonti 

1 3 htcr-Lat 

0.1 

0.1 

3.562509 

O.aO1660 
39.9 9.993631 

9.944a4 

3.756670 

3.708aca 

3.708303 

0.079094 

9.938a7 

9.951285 

3.725684 

3.738632 

3.733632 

0.221019 

9.873662 

0.1 09.5 5.998658 
0.1 3.344363 

1.YW59 

F I ~ .  35.-Trisngle computation to obtain latitude and longitude closures ul net, angle method 
01 adjusrment-cuntiniied 
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FIG. 36.-Prelirhinary position computation to obtain latitude and longitude closures. angle method of adjustment-Conthued 
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FIG. 36.--Yrelirninary position computation to obtain latitude and longitude closures. angle method of sdJustment-Continued 
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FIO. 3fi.--Preliminary pasition cnlnputatlon to ohtain latitude and longitude closures. angle method or adjustment-Continued 
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A rimtclh equation. 

Find 
o t  1' seconds' 

Fish-Alberta- _ - - _ _ _ _ _ _  176 
--IC _ _ _ _ _ _ - - _ _ _ _ _ _  -93 

Fish-Nan _ _ _ _ _ _ _ _ _ _ _ _ _  S2 

Nan-Fish _ _ _ _ _ _ _ _ . _ _ _ _  363 
f 2 c  _ _ _ _ _ _ - _ _ _ _ _ _ _  $80 

Nan-Fog __________.__ 343 + 
Fog-Nan _ _ _ _ _ _ _ _ _ _ _ _ _  162, 

- 3 ~  -63 
Fog-Gura _ _ _ _ _ - _ _ _ _ _ _ _  99 

Gum-Fog _ _ _ _ _ - _ _ _ _ _ _ _  379 
+4c+5u _ _ _ _ _ _ _ _ _ _  +117 

Qura-Lat _ _ _ _ _ _ _ _ _ _ _ _ _  37 

- 

- 

02 39.9 39.9 
54 43.7 45.3 
07 46.2 44.6 
6 20.9 30.9 

01 35.3 23.7 
43 36. S 35.1 
45 02.1 01.s 

40. s 49. s 
45 51.9 5 1 . G  
35 14.6 14.9 
10 37.3 36.7 
3 59. 4 59. 4 
07 37.9 37.3 
56 46.9 44. 6 
04 24. s 31.9 

- 3 24.1 34.1 
Lat-Gura _______._____ 317 02 00.7 T S  

+6c _ _ _ _ _ _ _ _ _ _ _ _ _ _  f 6 0  10 2 i . 4  36.6 
L3t-Mond _ _ _ _ _ _ _ _ _ _ _ _  377 13 3s 1 84.4 + 4 14.3 14.3 
MoIld-Latt _ _ _ _ _ _ _ _ _ _ _ _ _  97 16 $2.4 38. 7 

- 7~ ____._________ -94 30 09.S 09.8 
Moiid-Enter _ _ _ _ _ _ _ _ _ _ _  3 46 33. 6 38. 9 

- 15. S 15. 8 
Enter-Moiid _____._____ IS3 46 16. S 13. 1 

+ s c  _ _ _ _ _ - - _ _ _ _ _ - -  + 63 50 33.1 34.4 
Enter-Plows (compiit.eclj 2-10 3G 49. 9 47. 6 
Enter-Flores (fised!_--- 346 36 4 i .  5 47. 5 

+ 3. 4 0. 0 
-- 

9. 0=+2.4- (lc]+ (3cj - G C ) +  ( k i +  !Fit)+ (Gc) - (7c)+ (80) 

Since there are two fised lengths namely, Alberta to Fish and 
Enter to Flores, there will be one length equation. This equation, 
which is shown below, is foriiied in esactly t.he same manner as if 
the direction method were used, except in the w3.y tlie angles are 
designated. 

Length cyitu.tia,i 

Fish-Alberta 3. W W i  
I n  I n 

Enter-Flows H. B Y m 2  - - . - -. 

+S. 1; 
-t. ti 

+l. 5 +. 5 
+l. li 
+I. 4 
+n 9 -. 2 

10. O=+ 61.34- 1.3(18)-3.8 (lb)+4.5(2a) -0.6(3h)+ 1.1(3a) -1.5(3b) + 0.9(4a)-0.5(4b)+ 1.1(5aj-2.8(5b)+ 1.1(6a)-l.4(6b) + l.S(7a) -3.9(7b)+ 5.5(.Saj+ 0.2(Sbj 
~ 

1 The values in this column are fllhd in after the adjustment is completed. 
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LATITUDE AND LONGITUDE ADJUSTMENT 

+1. 

+1.3 
A.5 
+1.1 
N.9 
+1.1 
*l . l  
*1.8 

b' -. 
h') - 
1 b) - - 6.4 
i d d  b: 

b) - 2! 

(6 b) 
~16.6 1 

A 

I .  
2 .  

3 .  
48 
5 .  
6 .  
7 .  

b) - 4% 
it  in t 

#) + 24. 
(7 b). 
; i t  In 

L.c-w 
&-hm 

+0 .9  
+ 3.2 
+ 1.9 - 1.7 - 2.1 - 5.3 
+ 0.6 

(3 3 4 

I c0rr.l 

(3 3 4 

ia c o m  

:zsS 

+32.1 
+ 5.7 
+ 9.0 
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+I64 
+ 5.6 
+la .9 
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FIG. 37.-Formation of latitude and longitude equations, angle method of adjustment 
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5a *3b 
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Since the lines Alberta-Fish and Enter-Flores are fised in position 

(latitude and longitude) there will be one latitude and one longitude 
equation. These equations, which are shown in Figure 37, are formed 
in esactly the same nianner as when the direction method is used, 
except in the way the angles are designated. 

In  the adjustnient of this net of triangulation there will be S angle, 
1 azimuth, 1 length, 1 latitude, and 1 longitude equations, or a total 
of 12. 

As the correlate and normal equations are formed esactly as in 
the case of the direction method (see p. 84), they are given bclow 
without explanation. 

Correlate eqtcatioiis 

I 1  2 3 
I 

1 +3 - _  
2 +3 _ _ _  
3 +3 
4 
5 

6 
7 
8 
9 

10 

11 
12 

hTormaE equations 

A (  1"1 
-I- 
-2.5 4-4.13 
+3.9 -3.24 

- - .4  +.66 
f .4 f.21 

-1.5 +1.41 

-.3 fl .28 
-1.1 1 +.4Y 
+5.7 

-I-- 
+6.43 -0..102 -0.1 
4-1.35 lil_ +.i78 1 J:i 

$.16 -24M) -2.4 

+am --.a1 -.8 
-.ai 1 +.331 1 +.3 

4-3.81 -2.3iO -2.4 
f.53 +2.455 +2.5 
0 +.014 0 

+G.YJ -G.470 -6.4 
4-1.20 4-1.535 4-1.6 
+2.00 4-1.337 + I . %  

m a l -  

- 
Irl 

- 
0.01 
.G4 

2. 58 

.1G 
3.21 
1.69 

1.21 
.49 
.M) 

. R I  

.01 . 04 

9.00 
.08 

4.41 

5.76 
.MI .a 

5.76 

0 

1c. fw 
3.24 
1.69 

SY. 84 

e. 95 

- 
- 

- 
+4.15 
-5.52 
+4.37 
-4. 75 
-4.39 

--- 
-2.3 +5.48 +0.8125 
- 2 . i  -3.513 +?. 1131 
+.1 4-6.73 -.5449 

f l . 0  f.86 +.GlS6 
+5.4 I f 4 . E  -1.302s 

-2.91 4-2.9 4-4.97 --.0205 
W2.75 -. 1 4-4.04 -.i967 _ _ _ _ _ _ _ _ _  +3.3 +13.00 +2.1475 
_ _ _ _ _ - - - -  +2.4 +1?.40 -.SI06 
-5.7iOO +61.3 +lOi .  3230 -1.5870 

k72.7274 +5.3Od 1 -12 -a 3050 68591 +s:. -9.0764 2683 1-1.4152 , +. 2360 
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SOLUTION OF NORMAL EQUATIONS 

The solut.ion of the normals is much simpler than when the direc- 
tion method of adjustiiient is used. This is due to the fact that no 
two angle equations involve the same ih and t.he first 8 cqiintions in 
the esaniple below are eliminrtt.ed by simply dividing by 3 in each 
case. There are only 4 equations which are much involved. 

Sol ut  ion  o j  )io r iii al eq ii 11 Lio ii  s 
- 

10 

-___ 
P I" 

-__ 
I? 

+4 1 1  
- 1 . 3 m 3  
4. s: 
+I. 84 
+4. 3 i  
- 1. 4.%lii 
-4. 7s 
+ I .  s w : <  

11 'I 

-2.5 +. S?:33: 
t :c .  ! I  
- 1 . 3  

-. 4 +. 1:333: 

+. 4 -. 1333: 
-1. 5 +. S 

- 

- 

- 

- 

+ 5 4 5  
- 1. S?Gtii 
-:i Ni 
+ I .  IWi 
+ti. i : 3  
-2.2433% 

4-4. 13 
-1.3ilXi 
-3.24 
+ I .  0s 
+. til; 

+."I 
-. 0; 

+I. 41 -. 4 i  
+l. 28 -_ QtiGi 

-. 1ld.i 

- "1 . -- 

+. 4!! , , 

. . - - - -. - -. 

. -. - - -. - - .  
+l. 3 i l i i  
+LO8 +. 2 -. 07 -. 45 -. 4Xi +. ltj33 

-?. 3 +. 71;a:; 
-2. 7 +. 0 

+. 1 -. 93:Cr: 

+:: ;:{:{:{. 
+. sti 
--.?SGCbli 

+4. w: 
-1.M 

+s. 4 
-1. s 
4-2. !J -. 9OGG 
-. I +. 0333: 

+3. 3 
-1. 1 

-4.39 
+ I .  413333 
4.91 +. 'si 
+:. 7s -. 91CG7 

- - -. . - -. -. 

- - -. - - - - -. + 1. 3El3 
+l. 84 
4-1. 4.517 + 1. FS33 
+ I ,  41::3:i +. 9 i  +. ! t lG i .  _ _  - - - - - - -. 
+9. fi13:3 
-1.80240 
-5. i i 'JU 
+3.45M +;. 171: +. 5 W  +. 1333 
-2l!JS 
-_ 291 

+I. 0 0 8  

+;. 3m 
t 11.9P32 

+5. .30W 
-5. 71% 
-5. 9n1ti 
-. 8614 +. 3 8 5  

+?. 0633 
+I. 24ltj -. 44w: 
-3.3iW 
+G. 0611 
-1. 45lx +. 14s14 
ti?. 7274 
-5.7405 

-10.15M1 
-6.3856 
-i. S208 
-G. 4240 
-2. SZ2i 
-2. 520s 

-1i.3270 
-1. 9754 
-.?E% 

+ll .  hSi i  
Ctl 

- - -. . . . - - 

-. 1fi:dis 

-- 

r: ; 
-1.1 +. :jt:t;t: 
t5. 7 
- l . ! l  

- 
- 
. - - -. -. WJ3 
- 1 . 3  -. 1:3:i:3 -. 1:3:33 +. 5 

-1.Y 
-4. ootil; +. if24 
-94. 34 
-2. os:< 
-5 07 -. 0.i33 
-. 5 3 3  

-.in -. 4m3 
-10. s3 
-3.1006 
-71.9663 

+:hi 

- 

-. ,a 

G o  

1 
2 
3 
4 
5 
s 
; 

10 

+4. !Ii - 1. tiJlilii 
+4. u4 - 1 :<41:1:7 

- 1  

i. 3:i:w - e. 3:333: - 
t S  -. :<:3:13 -. 53:j:i 
-. 3:<331 -. 3:53:< 
-. 3333 -. 33x3 -. :B:n -. 3D3 
t5. 3331; 

CB 

1 
2 
i 
4 
5 
0 

9 
;I 

+13.00 
-4. :EE3R3 

+2. , ,_ -. l i l t , ,  +. !I +. OB33 
-. :r33:3 

+ I .  lli 
+?. 2433 
-. 28Gi 

- . I  1:4 -1. Y -. 9hrii -_ 0:1u 
-1. 1 
- 1. GIXii +. : { I x  

-1. Blli7 

+. Ulor 
-_ 1333 

+. L'OOII -. 0:itii 
-6. ?i 
-1.2i08 

+liL :3 

+:3. 5l,." 

+?. i 

.. -. 
-1.GWi 
+1.3407 
-4.3333 

+I. Si33 -. 8512: 
-4ti. 3 6 0  
+a. 4 4 l i  
+4.!12 +. 0% 
-_ n2R +. i O A  +. 1290 +. 1 N i  

+I. 4?S3 
-36. 5Sl3 +. &50&3 
+:tu. i I 9 8  -s. tis50 

-3. .l*J2 -_ 1432 -. Ol4 i  -. W 2 i  -. 5461 
-. Oson -. 6579 

+!I. Wll i  

- - - - - - - - - 

-IS. m a  

crr 
1 
? 
3 
4 
5 
G 

10 
I1 

+Il.O8fi79 
-2.0;sljyI 

I- l f l i .  5?30 
+4. hliO7 

+. 89rd -. 1147 
+2. 4m +. 4870 
+ I .  4913 

4-8.4532 

+A. ';?yo 

4 4 .  i0 
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The back solution, a.s well as the forward solution, is much shorter 
than when the direction method js used, as only 4 of the 6”s are 
carried back through all the equations. 

Bock soltition. 

The C‘s deterniined by the back solution me substituted in the 
correlate equations to determine the ,c‘s, which in this case are cor- 
rections to the angles snd not to directions. The adopted ds  are 
obtained in much the same manner as when the direction method is 
used and consequently may not be the snme as the computed values 
to the nearest. tenth of a second. It. is necessaiy to adopt 2,’s which 
may differ slight,ly froni the computed values in order to make the 
triangles consistent. Compare the coniputed and adopted values for 
Sa in the following table: 

C‘om p ictnliori of correct ions (11’s) 

la 

+o. 812 
-2. o x  +. 12; +. Q9G 

- 

-. 102 -. 1 

b 

+o. SI3 
+ 5 . m  
-5. $2 -. 017 

+. 7i8 

_- 

.- 

+. 8 

C 

+.3  -. 2 -.wz +.OM 
-.9 + . I  

-- +1.6 

-1.303 -1.303 -1.303 -0.020 
-1.724 +.LON -.SI1 -1.i2.I +.ws -? .mi -. l i 0  
-. MI? -.434 -2. 114 -. 48G 

---2.1 - 
-2.9% -.324 -2.400 
-3.0 - .3 -2.4 

- - 1 . w  

+. 331 +. 3 -2.4 +2.5 

- 
.- 

COMPUTATION OF TRIANGLES 

The adopted B’S or corrections are now substituted in the column 
headed “Corrections” in the triangles in Figure 34, and the triangles 
are computed in the manner already esplained. If the computed 
length of the fixed line at the end of the scheme agrees with the fixed 
length, the length eyuat,ion is satisfied. 

Nest the c.orrected angles are substituted for the observed angles in 
the formation of the azimuth equation (p. 125) to see if that equation 
is satisfied. 
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After niaking sure that the angle, length, and azimuth equations 
are all satisfied, i t  is necessary to rec.oinpute the geographic positions 
of the sba.t,ions using the data of the c.orrected tria.ng1e.s. (See fig. 38.) 
This recomputation can usually he niade quite easily and quickly by 
simply correcking the preliiiiinary positions as explained on page 95. 
It is only after obtaining the corrected position of Enter and c.ompar- 
ing it wit,Ii the fised position that, one can be certain that t-he adjust- 
ment is correct, that, is, that the lat,itude and longitude as well as the 
other equa.tioris hn.ve hccn satisfied. 

CORRECTIONS TO DIRECTIONS 

The angle, length, azimuth, latit,ude, and longit,ude equations are 
now mtisfied and t,he corrections can be applied to the directions in 
Figure 33. Since the corrections determined in the angle method of 
adjustment are c.orrections to angles and not, to directions, the manner 
of applying theiii is somewhat niore complicated. 

The sample below w1it.h the esplanation following it shows in detail 
how the c.orrections are applied a t  station Nan. The list of directions 
before adjustment is given in the first two columns. 

Station Man 

Alberta _ _ _ _ _ _ _ _ _  0 00 00.0 I 00.0 
Fish _ _ _ _ _ _ _ _ _ _ _ _  28 42 4 i . 6  4K4 
Fog __.__________ l(19 26 24.4 26.5 

Oura _.____. _ _ _ _  171 17 11.1 E. 1 
D U ~  _ _ _ _ _ _ _ _ _ _ _ _  129 FC? irL6 

Final 
seconds 

The corrected directions which go in the column headed “Final 
seconds ” are determined as follows: Froni the adjusted triangles, 
Figure 34, using the angles a t  Nan, we have 

0 I I I  

Triangle 1, angle Alberta to Fish _ _ _ _ _ _  _ _ _ _ _ _  28 $2 1s 4(A) 
Triangle 3, angle Fish to Fog _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  SO 13 3s. 1 

Angle Alberta to Fog _ _ _ _ _ _ _ _ _ _ _ _  109 26 26. 5(B)  
Triangle 3, aiigle Fog to Grira _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  61 50 45. 6 

higlc Alberta to Gura _ _ _ _ _ _ _ _  _ _ _  171 17 la. 1(c) 
The values of t-he seconds for the angles (A4), (B) ,  and (c) are 

placed in the column headed “Preliminary seconds” in the table 
above. Opposite the initial sta.tion, Alberta, is placed 00.0. As the 
direction ‘‘Dug!’ was not included in t.he adjustment, there is no 
correction to be applied to it. 

I n  this method of applying the corrections, the direction at  Alberta 
remains unchanged and so does not receive its share of the correction. 

(Text continued on p. 138) 
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A mean correction is therefore computed by taking the diffemnces 
between the directions in the column headed “Observed direc.tions ” 
and those in the colunin headed “Preliminary seconds.” 

At Alberta, the correction is _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  0. 0 
At Fish, the correction is 4- 0.8  
At Fog, the correc.tion is _ _ _ _ _ _  _ _  _ _  _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _  + 3. 1 
At Gum, the correction is _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  -I- 1. 0 

Tutal _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  $ 3 . 9  
iiveragc correction- _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  + 1.0 

The ave.rage correction + l!’O, with sign changed, is then applied 
to each of the directions in the “Preliminary seconds” colunin to 
obtain the values in the “Final sec.onds” column. 

The rule to be followed, then, is: Keeping the seconds of the initial 
station 00.0, compute the seconds of the other directions by adding 
the adjusted spherical angles of the triangles in t.he proper order. 
Place these values in a colunin headed “ Preliiilinary seconds.” 
Take the algebraic sum of the differences between these values and 
the values in the preceding column and dil-ide this sum by t,he number 
of directions involved. Add algebraically with opposite sign the 
mean thus obtained to each of the values in the column “Preliminary 
seconds,” and place the resulting values in the “Final seconds” 
colunin. 

rder t In 

Fir; BQ.-Trimgle HS lettered IC+  compute- 
tion using t n n  sides an4 included angle 

ee whether the corrections have be applied properly, 
check these final seconds from the. triang1e.s. For esample, the angle 
at Nan between Alberta and Fish as taken froni the “Final seconds” 
column is 38” 42’ 4S!’.I, which checks the. angle a t  Nan in triangle 1. 
Similarly, the angle a t  Nan between Fish and Fog is SOo 43’ 3 8 9 ,  
which checks t,he angle a t  Nan in triangle 3, and the angle at Nan 
between Fog and Gura is 61’ 50’ 45!’6, which checks the angle at 
Nan in triangle 3. 

CORRECTIONS TO DIRECTIONS OMITTED IN ADJUSTMENT 

After the final seconds have been determined for all directions in- 
cluded in the  adjustment, the corrections to the directions for the 
diagonals omitted froni the adjustnient are computed. The three 
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diagonals omitted were Alberta-Fog, N an-Dug, and Lat-Flores. 
These are computed by the two-sides-and-included-angle method. 
(See pp. 141-143.) 

TRIANGLE COMPUTATION BY TWO-SIDES-AND-INCLUDEDANGLE METHOD 

The diagonal Alberta-Fog is coniputed as follows. The formulas 
used are 

a tan (45' + 4) = 5, where a>b 

tan 1/2 (A-B)= tan 4 tan 

6' 1/2 (,4+B)=90°-- 2 

in which a and b, the two sides, and C, the included angle, of the tri- 
angle are known, and 4 is an arisiliary angle. 

The logarithnis of the sides Fish-Alberta and Fish-Fog (see fig. 31) 
are given in the triangles, Figure 34, as 3.669907 and 3.934344, 
respectively. The angle a t  Fish between Fog and Alberta is the sum 
of the two adjusted angles between'Fog and Nan, and between Nan 
and Alberta, namely, 34' 54' 02N5 plus 93' 54' 45!'3, or 118' 48' 
47". 

The trimgle, Alberta-Fish-Fog, is written as shown in Figure 40. 
The asterisk is placed opposite the fised angle and the logarithms of 
the fised lengths are placed in the last colunin. As there is ON1 
spherical escess, this is applied to the large angle making the plane 
angle a t  Fish 118' 48' 47!'S- ONl ,  or 11s' 4s' 47!'7. 

The problem then is to determine A, the angle a t  Alberta; 8, the 
angle a t  Fog; and c the line Fog-Alberta. The computation is shown 
in Figure 40. 

These angles A and B as thus determined are placed in the triangle 
Alberta-Fish-Fog on the lower part of the form (fig. 40) and the 
triangle is coniputed in the usual way. The logarithm of the 
length, Alberta-Fog, is thus obtained. The computed logarithm oi  
the fixed length, Slberttt-Fish, should check the given value probablv 
within one in the last place. 

The value of the final seconds for the direction on Fog at  stnation 
Alberta is now obtained from the triangle by simply adding the angle 
a t  Alberta between Fish and Fog, 40' 09' 09N1, to the fised direction 
Fish, Oo 00' 00N0. A t  station Fog, the final seconds for the direc- 
tion on Alberta are obtained by subtracting the angle between Alberta 
and Fish from the fised direction on Fish; that is, 203' 47' 18N9 
-21' 02' 03!'2= 182' 45' 153.  
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I n  order that  the length, Fog-Alberta, as determined from the two 
sides and included angle computation, may have a check the triangle 
Fog-Nan-Alberta (see fig. 40) is also computed. The three angles 
of this triangle are fised by the computation of the first triangle and 
can be taken out directly from the lists of directions a t  the three 
stations. The logarithm of the length, Alberta-Fog, should agree in 
the two triangles. 

I n  the same manner the diagonals Nan-Dug a.nd Lat-Flores are 
computed, using first a triangle with two sides and the included angle 
known and then a second triangle, whose angles are fised by the 
computation of the first triangle, to check the length of the line in 
question. 

COMPUTATION OF THE LENGTH AND AZIMUTH OF THE OMllTED DIAGONAL BY THE 
METHOD OF APPROXIMATION 

If the diagonals omitted in the adjustment have been observed it 
may be advisable or expedient a t  times to resort to the method of 
approsimation hi. computing them after the adjustment has been 
con 1 ple ted. 

An esaniple of this method is given on page 144. (See fig. 41.) I n  
the quadrilateral Lat-Mond-Flores-Enter (see fig. 31) the diagonal 
Lat-Flores was omitted in the adjustment. It may be computed 
from the triangle Lat-Mond-Flores in the following manner: The  
logarithms of the lengths Mond-Flores and Lat-Mond and the angle 
a t  Mond between Flores and Lat have been fised by the adjustment. 
The observed angles a t  Lat and Flores are obtained from the lists 
of directions. (See fig. 33.) The sum of the two observed angles a t  
Lat and Flores and the adjusted angle a t  Mond equals 179' 59' 52!'0, 
so in order to close the triangle 4 '!O must be added to each of the angles 
a t  Lat and Flores. 

Using the fixed logarithm of the length Mond-Flores, 3.799336, the 
logarithm of the length Lat-Mond as computed to seven decimal 
places through the approximate angles a t  Lat and Flores is 3.7356565. 
This value differs from the fised logarithm of Lat-Mond, 3.735667, 
by 10.5 in the sixth place of logarithms. The tabular differences of 
the logarithniic sines of the angles a t  Lat and Flores for one second 
change in angle are + 3.03 and + 3.68, respect-ively. The discrepancy 
in the logarithms of the length divided by the algebraic sum of these 

two tabular differences, that is, -=l'!6, is the correction which 

must be applied to the angles a t  Lat and Flores which were used in 
the preliminary computation. 

This correction is applied with the negative sign to the angle a t  
Lat and with the positive sign to the angle a t  Flores. The triangle 
is then recomputed, using the corrected angles, and the final logarithm 

10 5 
6.71 
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TRIANGLE COMPUTATION USING TWO SIDES AND INCLUDED ANGLE 

E - L a n  (45"+d (CnU longer side a) : tan t (A.-BJ-lan 4 h n  1.(&+BJ : c-"-]* 

C. 
S- 

I 

9 ' .  
118 48 

118 48 

59 24 
30 35 

9 33 

4 0 0 9  
21 02 

2-3 Fish-Po: 3.924344 

1 Alberta 40 09 09.1 09.1 0.190558 

2 Fimh 118 49 47.9 0.1 47.7 9.942601 

3 Fog 21 02 03.2 03.2 9.555004 

1-3 Alberta-Fog 4.057506 
1-2 Alberta-Fish 3.669907 

2-3 Nan-Alberta 3.987264 

1 Fog ~ 53 P 16.3 16.3 0.095723 
2 Nan 109 26 26.5 0.1 26.4 9.974506 

Alberta 17 13 17.5 17.3 9.471N9 
1-3 Fog-Alberta 4.057503 

1-2 FoeNan 3.554387 
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2-3 %-Dug 3.396Zu 
1 Ben P 25 51.5 0.0 51.5 0.457077 
2 Fog 129 24 59.3 0.0 59.3 9237927 

j p u g  

1-2 m-rog 3.553Z87 

30 09 09.2 0.0 09.2 9.700967 
1-3 nan-hrg 3.741347 

2-3 h a - B a u  3.595463 
45 32 04.7 0.0 oP.7 0.146500 

2 (kra 93 03 01.2 0.0 01.2 9.999384 
3 lpan 41 24 54.1 0.0 54.1 9.e20535 
1-3 mr-ofm 3.741347 
1-2 Dug-Gura 3.56a499 

.The iilbKriptr.8 and pan ihim form refer to rphrrid and @.ne an& nrpetivdy. 

FIG. IO.-Triangle computation using IWO sides and included angle-Continued 
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DICaITYENT OT COMMLlcL 

m m  MI  
. s C O U I  In. 1-11 S W l ,  

TRIANGLE COMPUTATION USING TWO SIDES AND INCLUDED ANGLE 

F - t m  (45O++) (Call longer side a) : tan f (Am-&) -1an + lan 1 UD+BJ : 
c-~*] s n  A. * 

2-3 Mond-Rores 3.799236 
34 48 41.6 41.6 0.~%3456 1 Lat 

2 uond 115 24 55.9 0.1 55.8 9.555793 
3 Plorer 29 46 22.6 22.6 9.695975 
1-3 Let-Ilorer 0.1 3.998495 
13 Gat-Yond 3.738667 

2-3 Enter-Let 3 . 9 m 7  
I Flores 65 28 16.9 16.9 0.04l076 
2 Enter 100 12 a .7  23.7 9.993072 

19.4 9.39a350 3 Lat 14 19 19.4 
1-3 Flores-Lat 0.0 3.998496 
1-2 Flores-Enter 3.298762 

*The wt*cript. I .nd p on (hie form mrer to spbarlul .ad plsm .XI- m~pcu~ai,. 

FIG. 40.-Triangle computation using two sides and included sngle-Contlnued 
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of the length Lat>-Flores is thus obtained. The coiiiput,ed logarithm 
of t.he length Lat-Mond should now agree with its fixed value. 

The rule bo be followed in this approsimation niet.liod niay be stat,ed 
briefly as  follows: Writ,e the triangle which inchles the omitt.ed 
diagonal and fill in the dat,a fixed by the pre\-ious adjustnient; t,liat, is, 
the logarithnis of the two sides and t,he value of the included a.ngle. 
Put. in the observed values of the other two a.ngles as obtained from 
the list of direct,ions. If the suni of the three angles, a.ft.er applying 
the spherical escess, docs not equal lSOo, apply one half of the t,riangle 
closure to each of the observed angles to close the triangle. Then, 
stmt.ing with the logarithni of one fised length conipute the 1oga.rithni 
of the other fised length through the tria.ngle, taking out the tabular 
differences with t,heir proper signs for the 1oga.rithriis of the sines 
corresponding to a change of 1 second in the two angles yet to be fised. 
Next divide the discrepancy between the computed and the fised 

D U A R T M E N T  OF COMMeRCe 
v. L <0111 . ID ' tOMI1  Yhl, 

*urm ?5 COMPUTATION OF TRIANGLES 

2.3 !.lant-Flores 3.739236 

2 lond 115 25 02.3 -6.4 '55.9 0.1 55.9 9.955793 

+6.71 1-3 Lat-Flores 3.998435 

41.6 6 
G.031 L ? t  a4 48 39.2 41.6 -Ed 0.2434518 - 

22.6 75 - +3.68 3 Flores 23 46 17.0 22.6 W d  9.6S59646 

565 
1-3 Lat-KOnd 3.7:!667 

FIG. 41 .-Triangle computation wing two sides 3rd included angle, method of approxiniatinn 

logarithm of the second fised length by the algebraic. sum of the tabu- 
lar differences, and apply this quotient with the sanie sign as a cor- 
rection to the approsiniate a.ngle which ttppears as the third angle in 
the triangle and with the opposite sign as a correction to the approxi- 
mate angle which appears as the first angle in the triangle. Finally, 
reronipu te the triangle using the corrected angles. 

The probable error of an observed angle is determined by the same 
formula as that used to obtain the probable error of a direction. 
(See p. 107.1 In  the table of correlates on page 127, SU?=SS.S4, and 
since there are 12 equations, 

p. e. = f 0.674 Jy - - - f1!'83 

After the adjustment has been completed and the omitted diagonals 
have been computed, the list of geographic positions is made out on 
form 28B in exactly the same manner as the list on page 108. (See 
fig. 42.) 



)Inn 

1907 

Fob 
1507 

Our. 

1907 

ms 
1941 

Lat 
1907 

M d  
1907 

GEOGRAPHIC POSITIONS 

5S i8 33.321 luW.5 
d.m. 133 18 57.333 1037.2 

55 26 42.iJ6 1318.6 
d.e. 133 17 56.880 1000.0 

55 27 02.583 79.9 
d.m. 113 2 l  34.709 610.1 

55 25 35.7.49 1093.2 
d.m. 1% 19 1 4 . 7 s  259.1 

55 24 50.752 1569.6 
a.m. w3 24 29.749 u . 3  

65 2A a8.420 878.9 

d.1. 133 19 =.a56 367.0 

TO STATlQN. AZIYUIO UACK AIIUUTO. 

. I .. . . "  
P 3  18 35.3 53 24 41.2 Alberta 
262 01 23.7 a2 01 44.6 Fish 

122 45 51.6 342 45 0l.d b~ 
216 OG 01.9 36 11 3 . 9  a t m a  

2Z7 OB 11.1 57 13 12.1 FIch 

2% 33 37.8 44 35 47.4 Nan 
279 QI 57.3 99 10 36.7 Tog 

137 58 34.3 317 36 39.0 h a  

18.1 10 39.0 3 10 53.3 llvl 

213 19 48.2 33 20 52.3 Fog 

a? a 57.8 37 o( a . 9  hu- 

312 01 os.0 132 06 51.8 nore. 
255 59 15.2 ?6 W 34.6 m 

20 23.4 146 24 8 . 8  mtcr 

ai 51 42.8 161 sa 14.4 narc. 
2 46 a8.9 182 46 13.1 Enter 

97 16 %.? p17 12 24.4 Lnt 

158 44 16.0 ~3 42 21.8 Ours 

dou.lon No. MCon&pwtat&m: ..________ 
Stale Alaska 

-....*.I.... 

DlST.\KCE. 9 
lao..n.. ,".,."I. U.T... . F... . 

3.587264 
3.513697 

3.55087 

4.0875M 
3 . 9 a 3 u  

2.555463 
3.550.654 

2.562499 
?.741347 

3.396343 

3.78230 

3 .7566s  

3.958435 
3.5f4537 

3.79936 
3.04423- 

3.ma667 

3.725674 

9711.0 
8197.8 

?SI. 2 
11415.7 
8401.1 

2539.7 
m a . 4  

3651.7 
5512.5 

2450.8 

5 1 8 . 5  
5710.4 
9965.2 

9211.6 

6298.5 
6987.1 
5478. 6 

5817.1 

22925 

17974 
17445 

FIG. 42.-List of geographic positions, angle method of adjustment 
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Statistics slioirritig occrrmcy of triutigulution 

Total number of triangles - - - - - - - - - - - - - - - - - - - - - - - - - - - - 8 
Nuniber of triangles with plus closures-- _ _  - _ _  - -. - - - _ _ _ _  - 3 
Nimiber of triangles with niinus closures- - -. - - - - - - - -. . - - - 5 
Number of concluded triangles--- - - . - - - - - - - - - - - - - - - - - - - 0 
Average closure of triangles without regard t o  sign - - - - -. - - 2 2 
Maximum closure of a triangle _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  5!4 
Mean error of an angle _ _ _ _ _  _ _ _ _ _ _ _ _  - _ _ _ _ _ _  _ _ _  - _ _ _ _  - _ _ _  - f 1 Y6 
Probable error of an observed angle _ _ _ _ _ _  - -. ___. - _ _ _  _ _ _  - f 1’18 

COMPARISON OF DIRECTION AND ANGLE METHODS OF TRIANGULA- 
TION ADJUSTMENT 

Comparing the direction and angle methods of adjustment’s i t  is 
seen that each has it.8 advantages and disadvantages. The direction 
method gives a more rigid adjustment by making use of all the direc- 
tions observed, and when the adjust,nient is conipleted the azimuths 
and lengths of all the lines are ininiediately available. There is no 
necessity for two-sides-and-included-angle computations. The dis- 
advantage of the method is that the solution of the normals is more 
laborious, especially where the scheme of triangulation is much 
involved. However, for first-order and second-order triangulations, 
the adjustment should be as rigid as possible, and the direction method 
should, therefore, always be used. 

The angle method of adjustment has the advantage that the number 
of equations is reduced considerably, there being one less angle 
equation in each full quadrilateral and no side equations a t  all. The 
solution of the normal equations is very simple as all the angle equa- 
tions are independent of each other, and the azimuth equation does 
not, ordina.rily, involve the same .u’s as the length equation. The 
disadvantage of this method is that a number of two-sides-and- 
included-angle computations must be made after the adjustment is 
completed to obtain tshe azimuths and lengths of the lines omitted 
in the adjustment. However, the advantages of this method far 
outweigh the disadvantages in the adjustment of third-order trian- 
gulation and it should ordinarily be used for this class of triangulation. 



CHAPTER 5.4OMPUTATION AND ADJUSTMENT OF ELE- 
VATIONS FROM ZENITH-DISTANCE OBSERVATIONS 

GENERAL STATEMENT 

I n  connection with the observa.tion of horizontal direct,ions for 
taiangulation it is custoinary to observe zenith distances, in order that 
the elevations of the stations niay be det.ermined. These elevations 
are needed for reducing the horizontal direckions to sea level and, in 
some cases, if precise elevations are not available, to reduce the base 
lines to sea level. -4s there are usually two or more lines observed 
to each station, a rigid adjustment of the observed differences of ele- 
vation should be made in order bo remove the inconsistencies and 
obtain the best possible elevations froni the observations. 

FIG. 43.-Triangulation net used in sample romputation of elevations 

A sample computation and least-squares adjustment of elevations 
based on zenith distances is given on the following pages. The tri- 
angulation stations at  which the zenith distances were measured are 
shown in Figure 43. Arrowheads pointing away froni each station 
denote the lines over which zenith distances were observed from that 
station. Arrowheads at  both ends of a line indicate reciprocal 
observations or that  zenith distances were observed in both direc- 
tions over that line. Where only one arrowhead appears on R 

line, zenith distances were observed only in the direction in which 
the arrowhead points. All the stations shown in Figure 43, escept 
“Hastings high school,” are main scheme stations. The elevation 
of Hastings high school is coinputed after the elevations of the other 
stations are fixed. 

All zenith distances are abstracted on Form 29 and checked in the 
field. The abstracts, Figure 44, therefore, contain the starting 

147 
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data for the office computation. It is sometimes necessary, however, 
to compute in the office the values in the column headed “Reduction 
to line joining st,a.t.ions.” This column is used only when the ohserva- 
tions are reciprocal. Each value in the column is an angle which in 

b--0  seconds equals- t being the height of the telescope above the s sin 1” 
station mark, o the height of the object above its station mark, and s 
the horizontal distance between the sta.tions concerned. This really 
represents a vertical eccentric reduct.ion which is applied as a correc- 
t,ion to the observed zenith distance to obta.in the zenith distance 
referred to the station marks. Only four places of logarithms should 
be used in computing the values. 

If the observat>ions are nonreciprocal, t1ia.t is, a.re made in one 
direckion only over a line, then the vertical eccentric reduction is not 
needed. In this case, the difference t--0, is applied as a correction 
to the computed difference of elevation, as indicated on Form 29 B 
(see fig. 47). 

As the development of the formulas for the computation of eleva- 
tions from reciprocal a.nd nonreciprocal observations is fully shown 
in special publication No. 35, it is not given here. 

The formula for the computation of elevations from rec.iproc.a.1 
observations is 

i l l  
in which hl is the elevation above mean sea level of station 1 and h2 
that of station 3; 8 is the horizontal sea level distanc.e between the 
two stations; t1 is the zenith distance of station 2 as observed from 
station 1 ;  t2 is the zenith distance of station 1 from station 2; and 
A ,  B, and G‘ a.re correction factors whose values are close to unity 
and whose logarithms are given in the tables on pages 232. The 
station designated 1 is the station whose elevation is already coni- 
puted. 

The forinula for the computation of elevations from non-reciprocal 
observations is 

h,2 - hl = s tan (Q) d .  A B C‘ 

in which h2 and h., are elevations of the two statio&, s the horizontal 
distance between the stations, rl the mean corrected zenith distance 
a t  the station occupied, sn the coefficient of refraction, p the radius 
of curvature of the earth’s surface in the mean latitude of the stations 
and in the aziniuth of the line observed (see table on pp. 230-232), 
and A,  B, and C the correc.tion factors. 

All but three of the main-scheme lines in Figure 43 are observed 
from both ends and the differences of elevations for these lines are, 
therefore, coinputed by forniula (1). The three lines Benton-Keele, 
Bailer-Thornbemy and Thornberry-Gammill are observed from one 
end only and these differenc.es of elevations must be computed by 
formula (2). (Text continued on p. 159) 
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ABSTRACT OF ZENlTH DISTANCES 
Station ... Lme)At ___..____.__________.--.--.-.--...- Stab ________  ___________.__..._______ 
Ohssrvcr..&D..& _._____._._..______..______.__._.. Instrument..VA-JOS _.________.._..._---- - 

1923 
5/19 1:16 

2: 19 
a29 

1: 24 
1:25 
1:35 
1:39 
2:w 

1: 42 
1:46 
1:49 
1:51 
1:s 

2: 52 
2: 55 

. I *  . , I. XMI xam Ydm . 
Benton 1.17 2.115+0.945 -11.8 90 10 a . 5  

90 10 19.0 
90 lo* 

18.z 90 10 06.5 

Hastings 1.24 2.115+0.875 -8.6 90 OB 01.7 
90 08 05.0 

SO OB 12.6 
90 08 05.8 
90 0 8 1 1 . 1  

07.2 90 07 58.6 

Keelc 1.92 2.115+0.195 -2.0 90 OB 23.4 
90 OB 23.9 
90 OB 25.2 
90 08 32.7 
90 OB- 

25.5 90 08 23.5 

cupola of 
SJloOlholraL 
mtings. 

2.115 90 04 49.4 
90 0458.a 

5a.8 

1:57 Cube 9-37 1.375 -7.995i59.2 90 06 41.0 

2:09 (HeliO) 90 06- 

ae.a 90 w 366 
FIG. 4.L-Atlstract of zenith distances for sample computation of elevations 
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o.rmrr*r 0, S O I * I . C I  
U. S. COAlr AUD C l O D E l l C  CURVET 

worm 2) 

ABSTRACT OF ZENITH DISTANCES 
Ststion _ _ _ _ _ _ _  GU~Q __.__________________________.._______ 

Obserrcr . _ _  . .?kh&..=-.U.B _ _ _ _ _  _ _ _ _  .__._______ 

Stste ~ . _ _ _ _ _ _ ' & ~  __________._.__.._____________ 
Inst rumen t . .~.:&-l.~..-- _._.....__ .___.____ 

D*tl 

1925 
5/28 

5/29 

5/28 

5/29 

51s 

5129 

a06 Xeele 

2:w (&lio) 
2: 10 
3: 3$ 
3:38 
3:44 

a 1 8  Byerr 
a26 (Helio) 
3332 
3: 37 

3: 07 
3: 12 
3: .r) 
3: 25 

a56 Hastinga 
3:P  (Bel io)  
3: 33 
3: 45 

4: 02 
4: 12 
4: 22 
4: 34 

. I *  . . .. Ntllllnr Uilnr .Udm * 
1.92 9.575t7.655 -79.2 90 OP 30.6 

90 04 29.9 
90 04 29.1 
90 04 16.2 

90 04 w.9  
90 0415.2 

21.6 90 03 02.4 

3.61 9.575e.965 -79.5 90 01 09.0 
90 01 07.3 
90 01 04.1 
90 01 09.1 

90 a M.O 
90 01 02.2 
90 00 55.2 
90 00 51.7 

90 01 Ck.2 89 58 43.7 

1~24 9.575W.335 -61.3 90 06 37.9 
90 06 s . 5  

90 06 30.1 
90 06 37.4 

90 06 07.4 

90 06 07.0 
90 05 55.4 
90 06 01.1 

90 06 18.8 90 05 17.5 
FIG. 4l.--Abstmct (if zenith ilistauces fm sample romputation of elevations-Continued 
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D i n  IIoVn 

1923 
6/22 2 0 6  

a09 
2: 12 

21 16 

azo 
2: a 
240 

2: 46 

3: 02 
3: 10 

4: 07 

0lxs.x O.R..RD 

Byera 

(Eelio) 

Barrtingr 

(Eelto ) 

Cube 
(Hello) 

Monument 
(Eelio 1 

Cupola of 
Schoolhouse 
Has ti2lg.r 

XdUI 

a.61 

1.24 

9.37 

1.91 

. . *  . I "  xam yulr 

2.125 -1.4+3s+Zo.z 90 01 3a.8 

90 01 36.4 

90 01- 
34.4 90 01 54.6 

2.125 tO.885 -15.6 90 02 37.8 
90 02 30.0 

90 02 37.0 

90 02 32.6 
34.8 90 02 10.7 

2.125 -7.245 +74.9 90 06 04.9 

90 05 52.8 

90 05 54.9 

90 05 57.5 90 0712.4 

2.125 *.a5 -2.2 90 02 03.4 

90 02 04.6 

90 01 58.6 

02.2 90 02 00.0 

2.125 90 00 32.8 
90 w m  

29.6 

FIG. Il.--Abstract of zenith distanm for sample computation of eleVatiOnS-COntinued 
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ABSTRACT OF Z E N "  DISTANCES 
Station ... h t h g e  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  State ..________ ____.___.__....__.___ 

1923 
5/24 1:n 

1:34 

1:40 

1:47 

1:50 
1:52 

2: 06 
2:12 
2:15 

21 17 

2: 50 
2: 59 
3: 24 
3:40 

3: 37 

5/26 2:40 

2: 45 
3: 52 

5/24 2:22 

2: 25 

2: n 

5/26 2157 

3: !I4 

3: 19 
3:30 

5/24 4:48 
4: 54 

5/25 3:26 

3:30 

. I I .  . . *  " I s  Y d m  Mum ' 
)loment 1.11 1.445 -0.46W.5 90 02 32.3 
(Eelio) 90 02 41.5 

90 02 32.1 
35.3 90 02 39.8 

Keele 1.92 1.445 -0.47M.4 90 03 26.1 

(Hello ) 90 03 26.9 

90 0 3 2 1 . 8  
26.9 90 Os 35.3 

Bailer 1.a 1.445 4 - 1 5  -2.7 90 04 37.9 
(Eel io 90 04 43.9 . 

90 04e4.2 
42.0 90 04 39.3 

Byera 3.61 1.445 - 2 . l S W . 7  90 02 16.4 
(Hello) 90 02 24.9 

90 02 16.7 
90 02 13.4 
90 02 03.4 
90 02 11.9 

90 02 23.2 

90 02 15.7 
90 02 12.8 

15.4 90 02 43.1 

Cube 9.37 1.445-7.925 e . 3  90 07 4.3 
90 07 39.0 

90 07 47.6 
42.6 90 OB 40.9 

Lee 1.09 1.445tO.355 -3.1 90 04 60.1 

(Helio) 

CuTolr 
Schoolhouse 
Hastings 

1.445 

90 04 53.6 
90 04 56.2 
90 0450.8 

54.8 90 04 61.7 

89 53 05.9 
89 52 59.0 
89 52 51.3 

89 52 53.5 

89 52 57.4 
FIG. 44.--dhstract of zenith distances lor sample computation 01 elevations-Continued 
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. * .  . . "  Yam Yuri Mdm . 1923 
5/30 1:23 Cube 9.W 3.815 -6.555+74.1 90 06 58.6 

1:31 (Hello) 90 07 05.7 
1:37 90 06 54.8 
1: 43 9- 

90 06 98.6 90 OB 12.7 

1:s B d l e r  1.P 3.815+2.605 -33.2 90 08 42.6 
2:OO (Bello) 90 05 3a.4 
a: 06 90 a 25.3 
2: 11 
2: 13 

3: 15 

5/31 1:m 
1:40 
1: 46 

90 05 35.1 
90 05 30.4 

90 05 39.4 
90 0544.4 

90 06 47.8 
90 0646.6 

38.2 90 05 05.0 

2:n !&omberry 3 . a  3.915 tO.805 -9.0 90 04 33.0 

(Hello) 90 Oe36.7 
90 04 36.5 

614 1:55 90 04 20.5 

2: 04 90 0 4 a  
2: 00 90 04 28.8 

32.0 90 04 23.0 

5/31 2:43 Keel@ 1.92 3.815 4.895 -25.8 90 0602.1 
(Hello) 90 06 06.3 

90 06oI.s 
03.3 90 05 37.5 

2:56 mtiagg 1-24 3,815 +2.575 -32.9 90 05 47.7 
3:w (Hello) 90 05 48.2 

90 0 5 u  
47.9 90 06 15.0 

614 2 3 3  Lee 6.12 3.815 -2.305 + 2 L O  90 04 40.7 90 05 01.7 
2138 (m of stsnd)La 4 . 3 9 5  + 2 l d  90 04 46.8 90 05 06.6 

90 05 ae.0 
2:44 (Belio) 6 . P  90 04 51.8 90 05 

FIG. Il.--Abstract of zenith distance8 for sample cornputailon of elevations-Continued 
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. I *  . . *  l9aa Ydm Mdm Y d m  

6/2 2:20 Thornberry 3.01 1.415 -1.595 +25.7 90 01 16.9 
2123 (Helio) 90 01 18.1 
2: 28 90 01 19.3 

18.1 90 01 43.8 

2:42 Byerr 3.61 1.415 -2.195 + a . O  90 02 24.6 

2:s (8elio) 90 02 29.2 
2: 50 90 02 25.2 

26.3 90 02 54.3 

a 5 5  kstiwr 1-24 1-415-0.175 -2.0 90 05 01.5 
3:OO (Hello) 90 04 59.7 

3: 05 90 04 55.1 

90 04 58.5 90 04 56.8 

3:12 Lee 1-39 1.4l5+O-325 -10-2 89 58 56.1 
3:17 (Hello) 89 58 51.8 

3: zl 89 5 8 4 8 . 9  

52.3 89 56 42.1 

FIG. ~ ~ . - - A ~ s L M c L  of zeuii 11 distances lor sample coruyrrtai iim of eleTaiions-Continued 
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ABSTRACT OF ZENJI" DISTANCES 

Station ... lrAQ 
Observer .AnPA ______ ______________.___ _________.___._ 

Stnto _._.__ Dklahoma ___________._____._._____ 
Instrument ... .-!&&.-l-@ _______.__ ._______. 

. . "  . . "  1923 UIlm Mdm U d m  * 
615 210 Eyers 3.61 6.415 $2.905 -25.6 90 06 15.5 

a15 (Hello) 90 06 2l.3 
2: 18 90 06 20.7 

19.2 90 05 53.6 

a25 Bailer 1.n 6.415 t5.205 -164.0 90 07 53.2 
(tielio) 90 07 55.2 

a34 90 0759.4 
55.9 90 05 11.9 

9.23 6.415 -2.815 +45.7 89 58 47.0 89 59 32.7 
-2.725 .).44.2 89 58 43.4 89 59 a . 6  

2: 52 9.14 89 58 35.5 89 59 19.7 

mi3 2: 43 

(Top of 8tandIg.14 

3: 00 9.14 89 58 23.5 89 59 07.7 

4: 00 9.14 89 58 a3.5 89 59 17.7 

33.5 89 59 21.1 

3:13 111118 1.77 6.415 t44.645 -65.8 90 00 23.1 

.3:25 (Hello) 90 00 a . 2  
3: 31 90 0029.4 

26.9 89 59 2l.l 

3:50 Tinomberry 3:Ol 6.415 t3.405 -49.3 90 04 29.5 

3:52 (Xelio) 90 04 31.1 
3: 56 90 04- 

29.4 90 03 40.1 

4:lO B a t i n g 8  1.24 6.415 t5.175 -45.7 90 W 25.4 

4:13 (Bello) 90 07 33.3 
4: 28 90 07 23.2 
4: 34 90 07 p 3- 

29.3 90 06 G3.6 

5:33 School House 6.438 90 05 41.4 
5:40 top, IIastingll 90 054a.L 

42.2 
FIO. 44.-Abstraet of zenith dlstances for sample wniputation of elevations-Continuad 
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1923 
611 1:53 

1:56 
2: 02 

2:OT 

2: 11 
2: 19 

2: 29 
2:34 
2: 37 
a:% 
3: 23 

3:00 

3:08 

3:12 

3: a 

3: 30 

OWtCI ODSllYTD 

Byer a 

(Hello) 

Lee 
(Hello) 

Cashion 
(Hello) 

Gam111 

(xelio) 

'Ril l ia  
3:45 (Top of stahdl 

3: 50 

. , .. . , .. dnltrr Uem Xuaa 

3-62 3.2l5 -0.395t4.4 90 04 34.4 

90 04 35.5 
90 04 &&, 

33.6 90 04 35.0 

1.09 3.215 +2.125 -30.8 90 04 47.4 

90 04 44.7 
90 0448.3 

46.3 90 Olr16.0 

1.16 3.215 +2.0S5 -37.5 90 02 a8.3 
90 02 34.8 

90 02 26.6 
90 02 35.3 
90 02 ls.z 

a3.6 90 01 51.1 

9.23 3.215 -6.015t71.8 90 00 01.3 

90 00 05.9 
90 00 14.1 

90 00- 
06.4 90 01 13.2 

1-68 3.P5 +1.535 -35.0 89 55 39.1 
89 55 37.3 

89 55- 
39.2 89 55 04.2 
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. . *  . . *  1923 ~ n a  M ~ I  m m  - 
616 1:55 Genrmill 9.a 1.975 -7.255 447.6 90 01 2l.7 

2:Ol (Eelio) 90 01 24.0 
2:05 90 0122.3 

22.7 90 Oa 50.3 

2:12 Lee 6.2l 1.975 -4.235t60.0 90 06 48.1 

2:19 (Eelio) 90 06 40.4 
3:09 90 06 sB.1 

48.9 90 07 48.9 

2:55 Caahion 1.16 1.975 +0.615 -20.8 90 OB 22.0 

258 (Eelio) 90 08 'B.8 

3: 02 90 0 8 2 2 . 8  

22.2 90 08 M A  
617 8:lO ( L i g h t )  1.26 1.975 +Os715 -18.3 50 07 56.7 

8:20 90 07 50.9 
8:25 90 07 46.9 
9:15 90 0745.9 

50.1 90 07 818 
29 -6 

8:40 Thornberry 3.11 1.975 -1.135t25.9 90 07 54.1 
8:45 (Light) 90 08 01.0 
8:52 90 08 16.7 
9:oo 90 08 13.5 
9:05 90 08 13.6 
9:08 90 08 08.8 

90 08 08.0 90 08 33.9 
29.6 

50 09 03.5 
- 

FIG. 44.-Abstract 01 zenith distances4or sample vomputation of elevariuns-Continued 



. . I  . . "  192z Afaln, UIl", .UrI", 

6?18 4:49 Lee 6.32 9.435t3.215 -53.8 90 07 26.0 

5312 (Top of  stand) 90 07 2a.z 
5:14 90 07 c11.7 

29.0 90 06 51.2 

5:26 !'lilllS 1.6E 9.435Y1.755 -157.8 90 03 36.3 
5:EO (Top of s t d )  90 03 36.2 

5:3l - 90 03 &J- 

35.4 90 00 57.6 

11411 

DATE Houl 

1 9 a  
6/11 1:07 

1 : l O  
1:14 

1: 3 
1:35 
1:40 
1:c9 

4: 26 
41 36 
4:4l 

on~~crossnavm 

Wil l iS  

(Eello) 

G e n m i l l  
(Hello) 

Thornberry 
(Xelio ) 

1.77 La65 -0.405fl0.3 09 56 2l.Z 
89 56 14.0 
89 56 16.0 

17.1 09 56 27.4 

9 . a  1.365 -7.865+9a.z 90 01 43.1 

90 01 53.0 

90 01 45.0 
90 01 36.0 

90 01 4a.8 
43.9 90 W 16.2 

3-01 1.365 -1.645+30.O 90 04 01.5 
90 03 59.6 

90 w 00 .7 

90 04 00.6 90 04 30.6 
FIG. 44.-Abstract of Eenith dlstanres for sample computation of elevations-Continued 
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COMPUTATION OF ELEVATIONS AND REFRACTIONS FROM RECIP- 
ROCAL OBSERVATIONS 

Form P9A is used in c.oniputing differences of elevation from 
reciprocal observations. (See fig. 45.) The coefficient of refraction, 
m,  which is needed in conipu ting tshe nonreciprocal observations is 
also obtained on this form. The computat.ions for all the reciprocal 
lines are given in Figure 45. 

aRARIIIDIT OI COYMIRSE 
Y.LLDIII."D'IDorII(,""W. 

Worm SS A 

-A7lON OF ELEVAllONE AND RBnnCRONS FUOM RgClPllOCU OUSEWATIONS. 

, , I '  . I "  
?O M 58.6 0 05 17.5 
30 oa a9.8 o 08 40.9 - 5 18.8 + a 23.4 

- 159.4 f- 101.7 
- 2 39.4 + 1  41.7 

LIomrmtnt 

Keelc 

0 , I I  

90 02 I& 
90 03 35; 
+ I 16. 

+ a: 
+ 0 38; 

. , I, 

90 08 P . 5  

90 oa (D.C - 6 PA - 3 11.8 - 191.8 

2.79484 
6.80394 
5.69450 
4.88454 

9 -67782 
0.4762 
4.08 

Cube 

Keele 

0 I ,I 

10 cx) 02 

IO 07 12, 
+ 4  10 
+ 2  05, 
+ 125, 

2.09691 
4.68557 
4.29977 

1 .a8228 
f a  

0 
0 

1.08227 
+l2.08 
298.80 
Q0.88 

8 -6995 

0.4005 
2.51 

8.5 94: 
ld 14. 

614. 

2.78872 
6 . 8 W  
5.70022 

0 0  

2.80509 2.92345 2.54900 I 6.80496 I 6.eoQ14 1 6.80394 
1 5.67605 I 5.35230 I 5 . 9 ~ ~ )  

9.66363 9.66908 
0.4609 I 0.4667 

9.67684 ! j ;::; 1 
0.4752 1 

3.98 I 1 4.45 I 7.85 I La7 
L. .. _____._-._I____ _%.-I-_..--_--___ 
I .,..... 9l." ,,.. m. %%- 

aio.99 313.19 
FIG. 45.-Computation of elevations and refractions from reciprod observations 
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Xeele I Cube 

Byers 1 Eyers 
I 

d 01'54:1l' 39n59'43:: 
! 

0 05 37.! 
+ 3  42.1 
+ I  5 l . a  

+ 111d 

2.04689 
4.68557 

4.18110 
0.91356 

+ 2  
0 
0 

0.92358 
+ 8.20 
310.99 
319.19 

8.3622 

0.6378 
4.34 

7 '  3 2 2  
452.1 

3:s 34:1 

2.65523 
6.80488 

5.81890 
4.30454 

9.66856 
0.4608 

2.30 

n 

30 08 12.7 
4-8 as.( 
+ 4  14.: 

-t 254.: 

2.40569 
4.68558 

4.18949 
1.28076 

+ a  
0 

0 

1.28418 
+19.09 
238.PO 
317.89 

8.3790 

0.62lO 

4.18 
d a  34;; 

01' 56.4 

476.4 

2.67797 
5.8C065 
5.81051 
h.38454 

3.67667 
3.4750 

Be39 
.- - 
.7a 

Iaatiaga 

Eyers 

30 02 43.1 
10 05 15.c 
+ 2  32.9 
+ 1 16.C 
+ 76.C 

0 

1.88081 
4.68557 

4.20758 
0.77376 

+ a  
0 
0 

0.77378 
4.5.94 
328.19 
ais .is 

8.4148 

0.5852 
a.05 

40.7 , L? 
07 58.1 

4di 

2.67952 
6.8- 

5.79282 

4.28454 

9.66037 
0.45711 
a60 
-.- 

. _ _  __ -- 
Eyers 

Bailer 

90'05 'os*., 
90 02 54.; - 2 10.' 
- 1  og., 
- 65.d 

1.81558, 
4.68557 
4.2090a 
0.71018, 

3-2 

0 
0 

0.71oP, - 5 . u  
318.73 
ala. 60 

8.4181 
0.5819 

S.82 
5:5 34-J 
07' 592 

' 479.2 

2.68061 
6.80409 

5.79097 
4.38454 

9.86023 
0.4573 
2.62 

Kastlngs 

BdlSr 

,0'04'& 
30 04 58.1 
+ 0 17.1 
4.0 0 8 . d  

-I. 8.1 

0.94448 

4.68557 
4.25792 
9.88797 

+ 2  
0 

0 

9.88799 
4- 0.77 

318.19 
3U.96 

-- 

8 5168 
0.4642 
3.05 
i o h  ,& 

09 ' 363 
576y1 

2.76050 

5.8oSll 
j . 7 0  
&.a8454 

Fio. 45.--Computation 01 elevations and relrsrlionr from ret4rroral observations-Continued . 
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Byerr 

0 05 53.6 

+ o  45.6 
L O  22.8 
+ 22.8 

1.85793 
4.68557 
4.35434 
0.39784 

+ 2  
0 
0 

0.39786 
+ 2.50 
316.73 
321.23 
8.7087 
0.2913 
1.96 

7:2 24: 
11' a: 

661. 

2.82060 
6.80431 

5.64566 
4.za454 

9.65502 
0.4519 
.5.11 
__-_ - 

;04'51:7 
0 06 43.t 
t 1 51.5 
+ o  56.c 

+ 56.C 

1.74819 
4.68557 
4.36805 
0.8MBl 

+ 2  
0 
0 

0.8Ol83 
+ 6.34 
313.19 

' 319.53 
8.7361 
0.2639 
1.84 

38:2 34: 
ll' 35:' 

1 

695. 

2.84217 
6.80516 
5.63195 
4.38454 

9.66382 
0.4611 
5.45 

__ -- - 
320.01 

Bail- 

ke 

59.58 ' J. 1 
30 OS 11.9 
c 6 29.8 
-+ 3 14.9 
+ 194.9 

2.20982 
4.68557 
3.81606 
D.79144 0.09412 9.82a29 

+ 2  4.2 + a  
0 0 0 

0.79146 9.82831 0.09414 
4- 6.19 ' +0.67 +lea 
Q3.76 I 318.7s aZ0.a 
319.95 Q9.40 3P.25 
7.63P 8.5353 8.3066 
1.a679 0.4647 0.6934 

' 

0 0 -  0 

2a.23 2.92 4.94 
56f0 34:2 86:2 34:l 7.5 
03'54:O os'a:o ~'56.1 

234': 0 %':O 476:l 

2.36922 2.73320 2.67770 
6.80455 6.80515 6.80317 
6.18394 5.73234 5.84672 
4.38454 I 4.28454 4.38454 
9.74225 9.655Z 9.71213 . 
0.55% el 0.5154 R 
0.43 2.03 

I,-. 

320.56 

FIG. 45.-Computation of elevations and refractinns from reciprocal observations-Continued 
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COMPUTAT7ON OF ELEVATIONS AND RWRACIlON.9 FROM RECIPROCAL OESERVATION!d. 

Lee 

Willis 

Lee Uillis 

@.%nmill ODmnil l  

"hornberr 

Willis 

. I I, 

E9 55 04.2 
90 09 03.5 
+13 59.3 
+ 6 59.6 
4- 419.6 

. , .. 
8b59 'all 90 00 50.3 
90 06 35.2 90 00 57.6 
+ 7 14.1 - 2 52.7 
+ 3 37.0 - 1 26.4 
4- P7.0 - 86.4 

2.62284 
4.68558 
3.956a8 
1.26470 

+ 2  
0 0 

0 
. .  

1.25341 1.12601 0.62815, 1.26472 
+17.92 +18.40 +13.37 - 4.25 

' 

320.al 320.56 320.01 338.67 
337.93 338.96 333.38 3it4.42 
8.3263 7.9126 8.2080 8.01P 
0.6737 1.0874 0.7920 0.9879 

6.19 9.73 
8f.1 24:2 14:7 34.1 

05(56:3 04I47t9 
356:3 a7:9 

2.55l82 2.45924 
6.30515 6.80326 
5.89599 5.99395 
4.38454 4.30454 

Il--wI. 

m.67 3z4.02 

FIG. Il.--Comyutation of elevations and refradions from reciprocal obserrations-Continued 
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I 
I 

Canhion Cashion 

lo" 01' 51:l 
IO 04 30.6 
+ 2 39.5 
+ 1 19.3 
+ 79.3 

1.90200 
4.68557 
4.05W5 

~0'08'01:4 
9 56 27.4 
11 34.0 
5 47.0 
347.0 

2.54033, 
4.68558 
a.9U7a 
1.13319 4 
f 2  

0 

1.1332l i - 13.59 
338.67 
325.08 

7.9146 
1.1854 
15.32 

6:2 e.1 
04' 28.8 

269 :S 

2.42943 
6.a0329 I 

6.0913 I 
4.58454 i 

9.70998 I 
Oo5lZa RI 

. . ... . .. 

325.0a 
Fie. 45.-Computation of elevations and refractinns from reciprocal observations-Continued 
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EXPLANATION OF COMPUTATION 

The mean corrected zenith distances, and {?, are taken from 
Form 29. Log s, the logarithni of the length of the 
given line, a, the azimuth of the line, and “mean +’, the mean latitude 
of the two stations concerned, are obtained from the list of geo- 
graphic positions. If the list of positions has not been made out, log s 
can be obtained directly from the triangle computations and a and 
“menn 4,’ from the position computations. 

The following rules should be observed : Carry all aiiglcs to tenths 
of seconds only, and all logarithms to five decimal places only escept 
“2 logs” and “9 - 3 logs” which should be carried to four decimal places 
only. If the zenith distance is to some indefinite object, such as a 
mountain peak for which there was no well-defined point on which to 
sight, the angles should be carried only to even seconds. The 
quantity hz- hl should be carried to centhneters only. Log (0.5 - m) 
should be computed to five decimal pla.ces and (0.5-.in) to four 
decimal places. The weights should be carried to two decimal places. 

To convert 55 (12- {,) from minutes and seconds, to seconds, use the 
tables a t  the bottom of pages 3-155 of the Vega Logarithmic Tables. 
The logarithm of the value in seconds and the corresponding value of 
Tare  found on the same page as the conversion, in each case, and 
should be taken out a t  the saine time. Log [s tan % (C2-11)] is the 
sum of the three logarithms nest above it. Log A ,  log B, and log Care 
obtained from the tables on page 232, which are self-explanatory. 
The sum of these three logarithms and log [s tan W .  (12-;,)] gives 
log (h2- hl). The elevation hl in each case is obtained from preceding 
conipu ta tions. 

The relative weights to be assigned to the various values of hz-hl 
in the least squares adjustment are inversely proportional to s2, and 
for convenience are computed by the formula log p = 9 - 2 log s, as 
shown on the computation directly below h. By this formula a 
line 31.6 kilometers long is given unit weight. 

After the value of ha and its weight, p ,  have been determined, the 
coefficient of refraction is computed by the formula, 

(See fig. 44.) 

’ 

(11 + T a -  1 8 0 ’ ) ~  sin 1” 
2s 0.5- in= 

in which m, the coefficient of refraction, is the ratio of the mean angle a t  
the two stations, betweel? the tangent to the line of sight and the chord 
joining the two stations, to the angle between the lines of gravity a t  
the two stations. The azimuth a of the line and the mean latitude, 
4, of the two stations are taken out to the nearest tenth of a degree 
only. The radius of curvature, p, is taken from the tables on pages 
220-233 with a and “mean as arguments. The relative weight, 
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p ,  to be assigned to ea.ch determination of (0.5- ni) is proportional 
to s2. The logarithm of s' (or 3 log s) has already been taken out 
for use in coniputing the relative weights of (h2-h1) .  As the numbers 
corresponding to (z log 8 )  would usually be large quantities, it is 
customary to clivide them by a power of 10. For esaniple, in the 
coniputations shown above they are a11 divided by lo9. The value 
of (0.5 - m) is only for use in coniputing elevations from nonrec.iproca1 
observations and need not be computed unless such observations are 
made. All values of (,O.5 - m j which are greater than 0.5 or which are 
nearly 0.5 should be rejected. 

After the elevation of a given sh-ition has been determined from 
two or more stations, the weight.ed mean should be taken before it 
is used in determining the elevat.ion of some other station. For 
example, the elevation of Iceele (fig. 45) as determined from Monu- 
ment is 311.11 meters with a weight of 2.45, and a.s determined froni 
Cube is 310.S8 with a weight of 3.51. The elevation to be used for 
Keele is found as follows: 

3.45Z311.11 =763.8105 
- 2.51 Y 310.8s = 780.3055 
4.96 1543.5383 

1'543.5283 
4.96 = 310.99 meters. 

This elevation is placed at  the bottom of the computation for Keele. 
The elevations of the other stations are obtained in tt similar manner. 

After the elevations of the varioiis stations connecked by reciprocal 
observations have been determined and t4he value of (0.5 - m) obtained 
at  each, thc differences of elevation for the nonreciprocal observations 
are computed. 

COMPUTATION OF ELEVATIONS FROM NONRECIPROCAL OBSER- 
VATIONS 

The formula for coniputing elevations from nonreciprocal observa- 
This formula may be rewritten in the tions is given on page 148. 

.form 
h, - h, = s cot (Cl - Is) ABC= s tan (90' - j, + 2) ABC 

(0.5-m) 8. 
p sin 1'' The quantity, l,, is the mean observed zenith where k= 

distance of the object sighted, no vertical eccentric reduction being 
made in the case of nonreciprocd observations. The other quan- 
tities in the forniula have already been defined. 
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Forni 3DB is used for c.oniput,ing differences of elevation from 
nonreciprocal observat,ions. (See fig. 46.) The quant>ities and 
( t - o )  are oht.ained froin Forni 38. (See fig. 44.) The quantities 
log s, CY and niean 9 are all obtained from the list of geographic 
posit,ions, or from the triangle and position computations. Colog p 
is deterniined by subtracting the value of log p as t,aken from the 
tables on pages 230-232 from 10. Log -4, log B,  and log c! are obtained 
froni the tables on page 233. The value of (0.5-ni) is obtnined 
from the c.omputat.ion of the reciprocal obsemations involving the 
sanie stskion. For esaniple, for the observations on station Keele 
from station Benbon the (0.5 - in) used should be a weighted niean 
of the (0.5 - m)’s as determined in the coniputations of the reciprocal 
observations involving Benton. It. happens in this case that the 
elevation of Benton wa.s fised to start with and as there were no r0- 
ciprocal observations from this station there are no computations 
of (0.5-in). The log value, 9.63346-10, given on page 63 of 
Special Publication No. 36 , was therefore issued. 

I n  t,he c.omputation of the nonreciprocal observations on Thorn- 
berry from Bailer, the log (0.5 - m) is obtained as follows: I n  Figure 
45 it is seen that (0.5 - , ) ) I )  was determined three times in the computa- 
tion of the reciprocal observations involving station Bailer. I n  the 
Hastings-Bailer c.oniput.ation the value determined is 0.4823 , and in 
the Bailer-Lee coniputation it is 0.5534. A s  the value is very close to 
0.5 in one of these computations, and in the other it is greater than 
0.5, these values are rejected. In  the Byers-Bailer coniputation the 
value is 0.45’73 and this is the one used, the logarithm being 9.66031. 

I n  t.he computeation of station Ganiniill froni Thornberry, the value 
of (0.5-m.) is obtained as follows: The value of (0 .5-m)  for station 
Thornberry is determined four tinies in the coniputa.tion of the recip- 
rocal observations in Figure 45. For tahe Lee-Thornberry line the 
value of (0 .5-m)  is 0.5154 and for the Tliornherry-Cashion line 
it, is 0.5222. Both of these values aye rejected since they are greater 
than 0.5. For the Byers-Thornberry line (0 .5 - .m)  is 0.4531 with a 
weight of 3.43, and for the Thornberry-Willis line it. is 0.4237 with a 
weight of 0.83. The weighted niean value is then 

(0.4531 X 3.43) + (0.4237 X 0.82) 
= 0.4466. 3.43 + 0.82 

The log of this value, 9.64992- 10, is used in the coniputation of the 
elevation of Gammill froni Thornberry. 
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COMPUTAllON OF ELEVATIONS FROM NONRIXXPROCAL O ~ V A l T O N S .  
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FIG. 4G.-Coluputation of elevations from nonreripmcol ohwvalions 

LEAST-SQUARES ADJUSTMENT OF DIFFERENCES OF ELEVATIONS 

After all differences of elevations have been computed, both from 
the reciprocal and the nonreciprocal observations, and their weights 
determined, the next step is the adjustment of these differences of 
elevation by the method of least squares. An esample of such an 
adjustment, from the formation of the equations to the determinntion 
of the final elevations, is given in detail on the following pages for the 
differences of elevation represented in Figure 43. 
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The sdjust.inent of vertical observations is niade by means of 
observation equations. Elevations in even meters approsiniating the 
final values are first assumed for the different stations. To these 
assumed v ~ l u e a  are a.ddod s’s to be determined by the adjiistinent. 
Then observation equations are formed by comparing the differences 
of the assunied elemtiom with the differences determined by 
conipu tation. 

In  the first one of the following tables are given the stations already 
fised in elevation and their elevat,ions. In the second ta.ble are give11 
the nanies of the stations whose elevations are to be fised by the 
adjustment and in the second colunin of this table their assumed ele- 
vations and correction symbols. The last two columns of this table 
are filled in after the adjustnient is completed. 

If any of the sta.tions of the scheme have been determined in ele- 
vation directly from first-order leveling their elevations shoulcl be 
held fised in the adjustment. The mathematician niaking the adjust- 
ment should be very careful a t  the start to ascertain whether there are 
any direct connec tions with first-order leveling. 

Fired sleimt ions 

Station 
Elevation 

-- ____ 
Meters Feet 

~~ 

Station Assumed. 
plus cor- 
rection 

Elevation 

Adjustcd 1 

Meters 

310.41 
312.81 
318.47 
318. GO 
319. i 5  
a s .  90 
338.05 

Feet 

1,018.4 
I.OZli.3 
1,014. Y 
1,028.9 
1.049.0 
1. MY. 5 
1. 109. 1 

1 This rolumu is fllled inafter the adjustment is completed. 

FORMATION OF OBSERVATION EQUATIONS 

There are just as many observation equations as there are computed 
They are tabulated in the form shown differences of elevation. 

belo IV . 
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Station 2 i 
- 

- 
1 
2 
3 
4 
5 

G 
7 

IO 

11 
12 
13 14 

15 

16 
IS 
IS 
19 
20 

21 
22 
23 
24 

8 9 

- 

Wcight 
P .  

-~ 

Station 

Mnnument _____. .________ I ~ c c l e  __________. . . ._______ 
Denton 1 -  _ _ _ _ _ _ . _ _ _ _ _ _ _ _ _ !  bcels. .________. _ _ _ _ _ _ _ _ _  
Cuhc _..__.____.._________ h d c  ___._________________ 
k l n n o n i c n l _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  llnalingp ________________. 
Rcele ._________. ._________ llnslings ... _ _ _ _ _ _ _  ____. .. 

ri ihc __._______.__________ Ilnslings _._.____.._______ 
na<!.ingr _________._______ I lyr~s  .______ ~ __________.. 
Kcclc ... ______...______.__ Ilycrs.. ._._____..._______ 
rube _______________.____. llycrs _________..______.__ 
Iklstings ______..______.._ Ilniler .___..______________ 
nycrs __________________.  . Bsilcr _._._____.._______.. 
Ilnstincs ______________.__ Lee __..._________._______. 
llriilcr .__________.___.__.. I.cc.. __. .._____._____..__ 
Dyers __________.______.._ I.cc ____..________________ 
Lce.. ________. .. _ _ _ _ _ _ _  _ _  l'hornherry.. _.__ _______. 

2.45 
1.45 
2.S1 
2.25 
i. 30 

1 . Z  
8.85 
4.34 
4. IS 
3.05 

3.82 
1.84 
23. .33 
1.96 
4.91 

Thnrnherry 1 _.___________ 
Willis 
IYillis _ _ _ .  _ _ _ _ _ _ _ _ _ _  _ _ _ _ _  
Thornhcrry ... .__________ 

O n r n ~ n i l l _ _ _ _ _ _ _ _ . _ _ _ _ _ _ _ _  I 1.12 
Gnmniill.. . _._. _____.____ I 9. i 3  
Snshion _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  1 1532 
Csshion ._________________ I 7.82 

! 

\ssiimed 
lil1crenr.e 

of 
!lcvnlion 

hr-hi  

-18.90 
+9. ti0 

+ I " . %  
-10.90 
+2.00 

+Id.  ?a 
+s. c4 
+a. 00 

+%. %I 
+ I .  00 

-s. 01) 
+7. o(I 
+G. 00 
+ I .  00 
+ I .  00 

+7.00 
+2. 00 
+IS. 00 
+IS. 00 
4-13.35 

+12.35 
-5.65 

-14.35 
+3.65 

> hserveil 
lillcrcnct 

!Icvation 
or 

ht-hi 

- 18. i 9  
J ti. 24 

- IG. 59 
+2.1; 

+13. 82 
+s. 94 
+s. 20 

+IS.  09 
+ . S i  

-5  13 
4-6. 34 
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+ I .  w 
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+li .  92 
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+14. 39 
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\ s i 1  nicd 
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- . I9  

-1.50 -. 24 

+I. 69 
+1.33 
+l.N 
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-_ i 6  -. i 2  
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i 9 . 0 1  

+ I I .  61 
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+ I . %  +. 15 

+1.45 
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I' 
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+. 26 +. I;o -_ M - 1. ?? 
-1.m 

'+: E. +. B -. ?5 +. 23 
-. 91 -. 45 +. 19 +. 38 

1 Computed from nonreciprocal observations. \I'eight uscJ here is one-third of that dctcrruined by the comput3tion on p. 167. 
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The data in the second, bhird, fourth, and sistli columns are 
obtained directly from the coniputations of the differences of eleva- 
tions in Figures 46 and 46, esc.ept that where the difference of ele- 
vation, h2 - h,, is determined from nonreciprocal observations the 
weight, p ,  used in the adjustment is one-third of the weight determined 
in the computations. The quantities in the fifth column are obtained 
from the data given in the tables of fised and assumed elevations on 
pa.ge lGS. 

The observation equations are formed in the following manner: 
First, take the equation for the difference of elevation of Monument 
arid Keele. 

(1 1 Monunient, fised elevation =329.90 
(2, Iicele, assunicd elevation + correction = 3 11 +xl 

= - 1s. 9o+x1 
= - 1s. 79 + 1:1 

= - 0. 11 + X I -  1‘1 = 0 
2:1=-0. l l+Sl  (1) 

For the difl’erencc of elevation of 13ent.011 and Iieelc, we have 

(1) Benton, fised elevation =301.40 
(2) Iicele, assumed clcration + correction = 31 1 +;rl 

h2 - h, (assumed) 
h, - 7f.1 (observed) 

1tssumcd - observtd 

’I’lic other 32 obscrv:it,ioii equations are foriiicd in a similar iiiuiiiier. 
Thc constmt ternis of the equations (-0.11 in cquation 1, +3.36 in 
cquli.tion 3 ,  otc..) are plac.cd in the column “rAssunicd minus observed ” 
nnd the symbols for the unlinuwn corrections (+xl in equation 1, 
+q in equation 2 ,  ctc..) are placed in the column “Symbol.” 

After the first eight coluiiins of the preceding table of observation 
cqulitions are filled in, the table below in which the observation 
cquittions arc written in horizontal lines with the z’s in their respective 
columns is niade out for convenience in forming the normals. In 
thc. second colunin of this table are given the weights, p ,  and in the 
third column the constant ternis, N, of the observation equations. 
In the last coluiiin the products, p N ,  are given. 
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1 
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Dnfa for formation oj nornrnl cquations 

z 
~ 

+13.4'227 
-.757S 

+6.7426 
w.2wfi 
-3.i565 

+2i.8724 
+N. 5%9 

P 

1 
? 
3 
4 

6 
7 

2.45 
1.45 
2.51 
2.25 
7.30 

1. B i  
3. .55 
4.34 
4. 13 
3.05 

3.82 
1.81 

?3.33 
1.96 
4.94 

2.04 
2.92 
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1% 23 
8.19 

1. 12 
0.73 

15.32 
7.82 

1 2 

+lS.Os -7.30 
+19.56 
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5 l  

N 

-0.11 
+3.38 +. I? -. 61 -. l i  

+. 38 +. rn -. 20 
+l. 11 +. 23 

+. 13 +. 64 -. 19 
-1.50 -. 24 

+l. 63 
+1.33 
+LO8 -. 10 
-.os 
-2.04 
-1.40 -. 76 -. 72 

-0.2695 
+4. 8 7 3  +. 3012 
-1.37'25 
-1.2410 

+. 4128 +. 2310 -. Em30 
+4. wys +. 7015 

+. 49CG 
+l. 2144 
-4.4327 
-2. woo 
-1.185R 

+3. t2i2 
+3. Sti 
+5.0976 
-4. s0m -. 1'338 

I, 9 -". ,gls 
-13. Q'20 
-11. W32 
-5.6301 
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FORMATION OF NORMAL EQUATIONS 

The norinals are fornied in the same niaiiner as for condit.ion 
equations (see p. 11), escept that the yNvalues are multiplied by 
the coefficients in each numbered column in turn and the sunis taken 
for the constant ternis in the .normals. For esaniple, the constant 
term of the first nornial equa.tion is (+ 1 X - 0.2695) + ( + 1 X + 4.S720) 

4.S730 + 0.3013 + 1.3410 + O.S( iS0  = + 7.0127. 

a siniilar manner. 
below. 

+ ( + 1 :< + 0.3013) + (- 1 X - 1 .%lo) t (- 1 :< - 0 . S 6 S O )  = - 0.2695 + 
The constant ternis of t.he other nornictl cyiint,ions are obtttined in 

The coniplete set of normal qiiataions is given 

Nnrinal cqrtatioris 
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SOLUTION OF NORMAL EQUATIONS 

These nornial equations are solved in the same manner as the 
(See 

The coniplete forward and back solutions are given below. 
normal equations for the adjustment of  horizontsl directions. 
p. 3s.) 

Sol ut io ti of nor ) ) i d  cq tint iotas 

-U. 397% -0. S9674 
____ - .@si94 

-.39m ~ -. 40 -_ gs*  
I4 -_ $15 

xi  

1 

li 5 3 2 1 

-0. GI255 --I +0.??568 -0.20745 +O. fM81 -0.3s61 
--.@iS42 --.?S.W -. 10641 - - . O i 3 0 5  -. 13156 -. 40920 -. IM?6 -. 17715 -. 02748 -. Oii40 -. 1 3 1 4  -. WE31 -. liiM -. 59246 

---- 

-1.llYJli -- 
-1.10 -.21W -.5'%32 -.I9139 -.59 

I' I rl6 -. 25 I -. 53 - - .I9 
15 I I a  1: 

+IS. 05 
n 

1 

2 

-i. 30 +. 40143 
-1Y. .56 
-3.9523 

.IO. 6 O i i  
1: 

I 
2 

Back solittion 

-4.8494 +3.7G21 +. 3374I I -. L'fJ74.5 

-5. 23s5 +3?. ?I.:?? +. 14SIil I -.99674 
~~ 

-1. IfiB + 3 . R l 9  -. iud +4.6YiC 

+14.4Bso +5. i 5 i 3  
r, -.39i93 

c 

t 13. !22i -. ,4384 
-. ;37s 

-1-5. *'SO 

+l. tjiU8 -. %I31 
7426. 

+3. ?2i4 
+ I .  5764 

t11..5144 -. ljW0 
-3.75GS 
f . 9 1 7 5  

+I. G433 

- 1.5957 

t?i. Si34 
+1.5552 -. 2015 

t zg .  .i3nru 
-. WW 

+GO. 52w -. 1% 
t E. 6676 

t63.  OnOS 
-1.75113 
+3. M36 

+a. 0886 -. 9185 
+5. 9193 
+ P I 7 3 3  

t?O. 225I3 - 1.39793 

+. 03im 

+. ssys 

tit4ies to be added to the assumed elevations to give the adjusted 
elevations which are placed in the third column of the table on page 
1GS. These elevations which are in nieteis are then converted to 
feet for the last, column to t.he right of the same table. 

After the final elevations of the various stations have been deter- 
mined, the remainder of the columns in the table on page 169 are 
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filled out; that is, all the columns to the right of the one headed 
“Symbol.” The colunin headed “Adjusted difference of elevation 
h, -h” is filled out from the data in the tables on page 168. Each v 
in the nest column is siniply the adjusted (h2-hl)  minus the ob- 
served (h, - h,) and is obtained by sublracting the quantity in colunin 
6 from the corresponding quantity in colunin 9. 

The colunin headed pv is obtained by multiplying column 10 by 
column 4, and the colunin headed pv“ is obtained by multiplying 
column 13 by column 4. 

As a check on the cornputration the suni of all the pv’s for any sta- 
tion in columns 2 and 3 should equal zero, escept for a possible dis- 
crepancy of a few hundredths due to dropping deciiiial places in 
adopting values for the 2’s. I n  coniputing this check the sign of 
the z niust be taken into account. For example, for station Keele, 
correction symbol zl, we have 

SPV= ( + 1 X - 1.73) + (+ 1 X + 4.03) + (+ 1 X - 1.18) + (- 1 X + 1 .GS) 
+ (- 1 X - 0.61) = - 1.72 + 4.02 - 1.1s - 1.68 + 0.61 = + 0.05. 

For station Hastings, correction symbol s,, we have, 

SPU= ( + 1  X - 1.80)+ (+ 1 X + l.G8)+ (+ 1 X +0.24)+ (- 1 X - 1.0s) 
+ (- 1 X +0.06) + (-1 X + 1.10) = - l.SO+ 1.6S+O.P4+ 1.0s-O.OG 

- - . lo=  +0.04. 

AI1 the remaining .x’s can be checked in a siinilar manner. 
COMPUTATION OF PROBABLE ERROR 

The probnhle error of an observation of unit weight derived from 
the adjustment is determined from the formula: 

Probable error = f 0.6745 

in which No is the number of observed zenith distances, AT, is the 
number of unknowns, and S indica.tes as usual ‘ I  the suni of.” 

E pt?=36.3539 (See p. .1G9) 
N,-N,=24-7=17 (See Fig. 43.) 

log 36.3529 = 1.56054 
CO~OE 17 =8.76955 - 10 

log 0.5745 = 9.83898 - 10 
log probable error = 9.99402 - 10 

______ 

Probable error (observation of unit weight) = f 0.99  m. 
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This means that the reciprocal observations over a line 31.6 kilo- 
meters (19N miles) long, this being the length of line corresponding 
to unit weight, dct.crmined the difference of elevation of two points 
with such a degree of accuracy that it is an even chance whether the 
error is greater or less than 0.99 meter. 

It. is the general practice in the United States Coast and Geodetic 
Survey to compute the proha.ble error of the elevstion for tha.t station 
of the net which is the farthest away from a fixed elevation and whose 
elevation, therefore, is least accurately determined. The probable 
error of this elevation c m  he very readily determined if the equation 
involving i t  is eliminated last in the solution of the nornia.ls. For 
esanq.de, in the net here considered the elevation of station Bailer 
is assumed to be least accurately determined. The correction to the 
elcvntion of Bailer is designated hy z4 in t,he adjustment, so the equa- 
tion conbaining ;c, is eliminated last,. 

The forniula used in computing the probable error of the elevation 
of any particular station is 

(See p. 173.) 

(p. e.),Z hi. e.),= f ~. J- CL 
in which (p. e.)s is the desired probable error of the elevation, @. e.)l 
is the probable error for an observation of unit weight and Cto is the 
weight coefficient of the elevation for the station in question. 

The weight coeficicnt for any z is the corresponding diagonal tern1 
For z4, the 

(See p. 172.) 
' before division in the solution of the normal equations. 
correction syinbol for station Bailer, it is + 14.468. 
The probable error of the elevation of Bailer is therefore 

log 0.99 = 9.99402 - 10 (See p. 173.) 
log (0.99)2=9.9SS@4- 10 
Ion 14.463= 1.16041 

logJ(-; = 9.41333 - 10 

Probable error of elevation of B d e r  = f 0.26 meter. 

COMPUTATION OF ELEVATIONS OF INTERSECTION STATIONS 

Figure 43 shows that Hastings .High School wi1.s not occ.upied, but 
was sighted u.pon from four stations, klonument,, Keele, Hastings, and 
Lee. After the final elevations of these rnaiii sclienie stations have 
been determined, the elevation of Hustings High School may be coni- 
puted from the non-reciprocal observations on i t  from the four stations. 
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(See fig. 47.) The values of (0 .5-m) used in this coniputation are 
obtained in the manner esplained on page 1GG. For the final elevation 
of Hastings High School a weighted mean of the elevations deter- 
niined froni the four stations is taken. 

DL*ART~.ENT or C~MYCRCL 
PDm S O B  

" . . ~ , , . " ~ ~ I O D I 1 I C . " I 1 1 1  

CoMPuTATlON OF ELEVATIONS PROM NONRECIPROCAL OBSERVATIONS. 

Keele Hastings 

h pols H.8 ,%0l8 H.S 

Bastings KastlngS 

TOP Top 

0 , u  0 I n  
0 00 29.6 88 Ba 57.4 
9.5 34.2 20.8 34.2 

9.67367 9.66502 
4.19443 3.78252 
3.19663 3.19660 
5 . 3 1 4 4 3  1 . 5 1 1 1 5  

2.37916 1.95857 
239:'4 90:'s 

tzOSr8 +51i:5 

2.32281 2.71054 
4.68558 4.68558 
4.19449 3.78252 

1.20132 1.17864 

2 2 
0 0 
0 0 

i.aoia4 1.17866 

+15.92 +l5.G9 
310.41 313.ai 
.t 2.12 - 
328.45 329.34 

I 
0.6111 1.4350 
4.a a.23 

Lee 

lh9018 H.S. 

BEal3ting8 

Top 

IO0 05' 42: 3 

'8.9 34.2 

9.65706 
4.41421 
3.19491 
5 . 3 1 4 4 3  5 . 3 1 4 1 5  

2.59067 
-- 
ad> 

+38.6 

1.58659 
4.68557 
4.41427 

0.58643 

2 
0 
0 -  

0.68645 

+4.96 
319.75 
+ 6.42 
381.m 

0 . m ~  
1.48 

FIG. 47.--Computation of elevation of intersaction station 

As the final step in the computation of elevations from zenith dis- 
tances, a table is pTepared giving the elevations of the stations, both 
in nieters and feet. The elevations in feet should be give11 to one 
less place of decimals than the elevations in meters. The table should 
be placed at  the end of the coniputation where i t  may be readily found. 
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Tahltl of slciwtinns 
- I Elevation 

Station . - 

kIwm ment -. - -. _ _  - -. -. - - - - -. - - - 
Bcntvn .............................. 
Cube ............................... 
Garnmill ............................. 
Cnshiaii.. ........................... 

Kerle- ............................... 
I1:istings. ............................ 
Flyers ................................ 
nailer. ............................... 
Lee. ................................. 

Meters 

929. !10 
301.40 
29,s. w 
333.35 
324.G 

-- 
Fret 

-- 
I ,  OS?. 

Y I .  Y 
YY0. Y 

1. O!J:i i 
1. O W .  1 

l.(ll$. 4 
1. Wli. :i 
L(J44.S 
1,0?8. !I 
1.0-I9.0 

1. 049. 5 
1. 1ne. I 
1. Uljl 



CHAPTER 6.-SPECIAL PROBLEMS CONNECTED WITH THE 
COMPUTATION OF TRIANGULATION 

LIST OF DIRECTIONS WITH SOME DIRECTIONS PREVIOUSLY FIXED 

It frequently linppens that in iiialiing out. a list of directions foi- 
E. particular station, some of the directions from the station have 
already heen k e d  from previous djustments. Care must  be t,a.Iren 
to correct these direckions before they are used with t.he o h r  
directions in a.no ther adj its tnieiit,, since the new adj ustmen t. will 
not be consistent wit.1~ the old one if t.he ohserved difcc.t,ions are used. 
Below is an example of the niethod used in applying corrections to 
the observed values of these adjusted direc6ions t.o iiiake them 
c.onsistent. At station “Monument” the angle from Grande t.o 
Corpus as fised froin a previous adjustment, is 55’ 33’ 21I’SS and tho 
angle from Corpus to Garcia is W0 15‘ 16!’?O. The observed values 
of the three directions involved are given in column 2 of Figure 4s. 

Conrpufation of rtrenti corrcctioti, dat ion dioti uttzent 

Opseryed 
direction Station 

(trande _ _ _ _ _ _ _ _  2.5 00 27.23 
Corpus __.______ NJ :E 48.4? 
Garcia.-.’______ liY 58 0 3 . 2  

-- 
3 

Prelinri- 
nnry 

cnrrevtd 
direction 

27. “3 
49. 11 
05.31 

I ,  1 I, 

Using Grande as an initial and adding successively the two fixed 
angles given above we obtain the values given in column 3. The 
differences between these \dues  and t,he observed seconds are placed 

+ 2!’38 - + 096m in colunin 4. 

This niean is then applied with opposite sign to each of the values in 
colunin 3 to obtain the final values in colunin 5, which are t,he values 
to be placed in the find seconds coluinn of t,he list of directions at  
Monument. As a check on the coinputation the 
direction to Grande should be subtracked from the direction to 
Corpus and the direction to Corpus from t,he direction to Garcia, 

The niean of the three differences is - - 3 

(See fig. 4s.) 

177 
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using tlie values in the final seconds column. 
obtrtined should he identical with the fixed values given above. 

The angles thus 

Ringold 
Or d e  
Hebron 
corpus 
Pancho 
Oarcia 

0 00 00.00 

25 00 27-23 26.47 
31 47 59.55 
80 32 49.42 48.35 
118 19 55.00 
179 58 03.72 04.55. 

FIG. 46.-List of alirections, with some directions previ- 
ously fired 

The rule to be followed 
then in niaking the direc- 
tions already fised consist- 
ent with the new directions 
is as follows: Take the ob- 
served direc.tion a t  one of 
the fised stations as an ini- 
tial and add the fixed angles 
in order to obtain R set of 
preliminary corrected direc- 
tions for the fixed stations. 
Take an algebraic mean of 
the differences obtained by 
subtracting the observed 
clirec tions froni t,hese cor- 
rected directions and apply 

i t  witah opposite sign to the latber to obtain the values for the final 
seconds column. 

NUMBER OF EQUATIONS IN ADJUSTMENT OF UNUSUAL FIGURES 

It frequently happens that, the mathema- 
tician in forming equations for an adjust- 
ment makes a niistalre in using either too 
niany or too few. Figure 49 is an esa.mple 
where tlie nuniber of equa.tions nec,essary 
to adjust i t  is not. s.t once apparent,. 

There are only two trisngles in this fig- 
ure and both have one concluded angle. 
It would appear at first as if there were 
only one side equation and no angle equa- 
tions. There is an angle equat.ion, how- 
ever, due t o  the fact that the suni of the 
interior angles of a quadrilateral must 
equal 360° plus the spherica.1 escess of 
the quadrilateral. This e q u a t i o n  is 

Marsh 

surf 

Rail 

Tide 
FIG. 49.-First example of unusual 

formed as follows: t.riangulatim flgure 
0 I I f  

Angle at Tide, Surf to Rail (fised) 61 09 52.0 
Angle at Rail? Tide to Marsh (+5) 135 09 30.6 
Angle at Marsh, Rail to Surf (- 1+3) 53 44 33.5 
Angle at. Surf, Marsh t,o Tide (-4) 109 56 13.2 

Sum - (1 ’ )+ (3) - (4 )+( .5 )  360 00 09.3 
As there is no spherical excess in this quadrilateral, we have 

or 
360’ 00’ OW0 = 360’ 00’ 0913 - (1) + (,3) - (,4) + (5 )  

0 = + 9.3 - (1) + (3) - (4) + (5) 
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COMPUTATION OF TRIANGLES 

23 Rail - Tide 
-142 1 Lcsrsh 16 25 20.7 

+ 5  2 Rail 135 09 30.6 
+1 -2-1 3 T i d s  (28 25 03.7) 

1-3 Marsh - Tide 
I -2 Marsh - Rail 

0.0 

23 Tide - SWf 

- 2 t 3  1 Marsh 37 19 12.9 
t2 - 3+4 2 Tide (32 44 34.0) 

13 Llsrsh - Surf 0.0 
1-2 Ya-sh - T i d e  

-4 3 surf 109 56 13.2 

3.437332 

FIG. 5K-Triangle computatlon for Flare 49 

Or the equation may be formed in another way. The sum of the 
two concluded angles should equal the fised angle a t  Tide. That is 

0 ' I 1  

Angle at Tide, Marsh to Rail (+1-2-5) 28 25 08.7 
Angle at Tide, Surf to Marsh (+2- 3+4) 32 $4 34.0 

Angle at Tide, Surf to Rail (+l-3+4-  5) 61 09 42.7 
Since the fised angle a t  Tide, Surf to Rail, is 61' 09' 5210, we have 

61' 09' 4217 + ( 1 )  - (3) + (4)- (5) ~ 6 1 '  09' 5310 

0 = $9.3 - (1) + (3) - (4) + (5) 
or 

In Figure 51 is given another esltmple, occasionally encountered, 
in which the proper number of equations for the adjustment is not 
very apparent, Ordinarily one would think that there are two angle 
and one side equations in the quadrilateral C D F E and two angle 
and one side eqiiations in the qua.drilatera1 A B D C, or a total of 
six equations. However, if the figure is built up point by point, it is 
seen that there are seven equations, as shown below: 

Number 01 rquations 
Station 
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The additional angle equation is obtained by the closure of either 
of the two quadrilaterals A D F C' or A D E e. If the lrttter one is 
used then the equation is, angle C A D + angle A D E + angle D E C 
+ angle E C ,4 - the closure = 360' +spherical acess. 

-l+3 +' 
I 

FIG. 5l.-Semnd example of unusual 
triangulation figure 

SIDE EQUATION IN FORM OF LENGTH EQUATION 

It frequent<ly happens in the adjustment of an inte.rsec.tion station 
from tmhree fixed points, that the length and aziniuth between two 
of the fised points are not known. In this case the side equation 
will take the form of a length equation. An esarnple of such an 
adjustnient is given below. (See fig. 53.) 

0 D D t  0 D I D  

169 14 C6.0 8.5188801 +I la  M iae 9.3iwsg +$.e1 

3.0077308 3.0078100 I 

Halfway Rock 
FIG. 52.-Trianguhtion figure requiring length equa- 

tion instead of ordinary side equation 

Side equation 
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1 
2 
3 

181 

v Adopt.edu 
- - - - ~  

-3.06 -1.430 -1.4 
+a fH + 3 . w  +:i. 2 

-10.59 -4.915 -4.9 

Solution. of Vwr.mal equation 

0-  - 79.2-k 163.4636 C 
C = +  0.4lj74 

COMPUTATION OF TRIANGLES 

2-3 Eastern Polnt-3-ker L.H. 
l w o l i a  f l a g  pole 159 14  06.0 5 . 5  

' +I 2 Eastern Poln? 13 44 18.9 -1.4 
-3 3Baker L.H. 7 01 35.1 +4.9 

1 - 3 ~ 0 1 1 a  f l a g  ?ole-3*er L.X. 
1-2 k n o l i a  <he nole-2es:ern Point 

4.045264 

02.5 0.45033 
17.5 9.375637 
40.0 9.097606 

3.371 121 

8.533190 

24 hlfwny Rock-Saker L.H. Z .538491 

1 hb&nolla f l a g  pole 22 43 22.5 -8.1 14.4 14.4 0.413144 
+ 2  ZFIalfway Rock 47 46 55.1 +3.2 58.3 58.3 9.~695as 

-3 3 B r J r u  L.S. 109 29 42.5 +4.9 47.4 0.1 47.3 9.974356 

1-3 Magnolia fla= ?ole-Baker L.B. 0.1 3.971221 

1-2 blagnolia flag pole-Wfwfby Rock 3.975991 
FIG. %.-Triangle computation for Figure.52 

IDENTICAL EQUATIONS 

One must be very careful in the selection of equations for an 
adjustnient, especially if the schenie is niuch involved, to avoid what is 
known as an "identical equation," which often is not discovered until 
the solution of equations is made. In the solution, the diagonal teriii 
of the identical equation will become zero, or nearly so, and the error 
in selecting the equation thus becomes known. 
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e # ,, I O # , ,  

+6 1 25 57 28.1 
-6 16 52 35.5 9.4628623 12 39 55.0 

59 13 35.2 -- 
8.9162219 

Below is given an illust,ration of R, set of five equations] three angle 
and two side, in which one of the side ecluations is an “identical 
equation.” The solution of the ecpat.ions is carried as far as the 
diagonal term of the identical equation. It is seen that the diagcinal 
term of the fifth equation is prw&dly zero, and this means that 
the fifth equation is not tin independent, equation. 

9.8411R89 +4.32 
9.3409495 +9.37 
9 . W 9 W  fl .25 

8. YlR2318 

Cooper 
FIG. 54.-Triangulstiun figure for which “i&ntirml equation” 

was se\ec.terl 

h g l e  fquutions 

I. 0= +3.7- ( l j  + (3) + (5) - (6) 
2. 0=--3.4-(.2) +(3)+(6)-(7) 
3. O= +1.1-(3) + (4)+(7)-(8) 

Side fqicnfions 

4. O= -9.9-11.36(6) -5.23(7) -12.13(5) 

I I -12 I II I -a I I 
.1 

RyeChamcook 4.4%047 _ _ _ _ _ _ _ _ _ _ _  RyeCollins 4.3145s41 _ _ _ _ _ _ _ _ _ _  
4-8 12 39 55.0 9.3-109495 +9.37 4 - 2 4  150 27 31.0 I Y.R9?Ss?s I -3.72 1 

-2+3 I 1243 08 45.1 1 9.9071522 I -1.S /I -7 I 27 53 43.7 9.AiOll59 +3.98 

5. 0=+13.0+5.313(3)-l1.54(3)-3.72(4j+3.98(7)+9.37(8) 
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4-4 

183 

-2 _ _  _ _ _ _ _  +11.?6 +5.% +3.7 +2?.2 
+4 -2 -6.03 -10.7s -2.4 -19.21 

+6. WJ -7.57 +I. 1 +2.43 
+4 +301.2774 -134.4735 -0.9 +169.0339 

+147.5119 +13.0 +12 9511 

Correlate cqtcatiotis 

-2. 4 
+I. 85 

-. 55 
+l. 1 

+. 18333 
-.3667 

+.833 

I 

- 
1 
2 
3 
4 
5 
- 

-19.21 
+11.11 

-a IO 
4-2.70 

+2. 43 
-5.40 

-2.97 

___._____ -1.00 
+5. 2tj f5.m 
-1.54 -1.54 
-3.72 -2.72 

_..-____. +1.00 
~ _.______ .-11.26 
+3.98 -1.25 
+9.37 -3.76 

+13.0 
-4.8(j55 
-1.4941 
+3.57s9 
-10.3611 

Normal equalioris 

+1?.9514 
-9.2193 
-22.ooso 
-1.1.4.95 
$52.6104 

- 
2 

-2 +. 5 
2: 
+3 

Cl 

2 

_ _ _ ~  

Solutioii of normal cqicalions 

3 

-2 

-2 +. 66607 
2:. 3333 

$2. M187 
c d  

1 
2 
3 

4 

+11.26 
-2.815 

-6.03 
+d63 

-. 40 +. 13333 
+o. 90 -. 2687 

+ti 6333 
-2.4875 

+301.27i.L 
-31.6969 

-. 0533 
-1fl.m 

+253.0269 
C4 

1 
2 
3 
4 

~~ 

5 

+5.20 
-1.315 

- 10.7s 
+2.63 

-a 15 
+2.71867 

-7.57 
4. 4333 

-13.0033 
+4.87625 

-134.435 
-14.8068 
-1.0867 
+32.356 

-118.0215 +. 46eRu 

-63.4073 
-55.0500 

-. ooo2 

+3.7 -. 925 1 +2& I 

-0.9 +169.0339 
-IO. 4155 -62.5493 

-1.m2 +7.3878 
-.0733 I -1.W I 

-22.2130 I +112.7!4?4 I 
+.OS779 -.41577 I 
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D L C A I T Y P I T  OF COMMEKCC 

!A L C n n T  Inn umr l""lll 
korm sa COMPUTATION OF TRIANGLES 

State: _.. . .U~S..  ..................................... ....... 
-1- 

OBIERI'ED lscLp C ~ n R ' ~  Slm*l'L I l m t l ' L  PLAXR AYCLE 
NO. ITATION A l r l E  Z X I Y  I h D  DISI'AXCE 

2-3 Coo~r-Rye 

-19 1 M g  14 z9 a . 9  

+5 2 Cooper 25 52 15.7 

-6  3 Rye 119 38 27.5 
1-3 Mnb-Rye z3.7 

1-3 -cow= 

2-3 Cooper-Collins 

-1+3 1 !kx 160 38 06.0 

t 5  2 Copper 6 09 35.8 

-7 3 Collins 13 12 19.7 

1-3 M€&-Collins -1.3 
1-2 YapCooper 

%3 Rye-Collins 

-24  1 llog 126 08 45.1 

+6 2 Rye 25 57 29.1 

-7 3 C o l l i n s  ZI 53 43.7 

1-3 kg-Collins e . 4  

1-2 M-Rye 

2-3 C o l l  ins-Ciicook 

-3+4 1 Mflg 83 w 43.9 

w 2 Collins 59 13 25.2 
-8 3 Chamcook 37 22 42.4 

1-3 Llag-Chemcook -1.1 

1 -2 Mag-Collins 
2-3 ChamcOOk-COO~~ 

+1-4 1 $!og 115 58 10.1 

+0 Chemcook E9 11 30.8 

-5. 3 cooper 24 50 17.6 
1-3 Ileg-CooFr +2.4 
1-2 Pag-Ch~COOk 

2.3 ChamCOOk-~ 

+2-4 1 Mag 150 27 31.0 

+8 2 Chcook 12 39 55.0 
-6 3 We 16 52 35.5 

1-3 b H v e  -1.3 

1-2 Idgg-Zhamrook 

0.1 

0.1 

0.2 
0.4 

0.1 

0.1 

0.2 

0.1 
0.1 
0.1 

0.3 

0.2 

0.1 
0.1 
0.4 

0.3 
0.3 
0.3 
0.9 

0.1 

0.1 

0.2 

4 .19WZO 

4.5336319 

4.3145841 

4.2624072 

4.5239291 

4.4295047 

FIG. 55.-Trisngle conipulation for Figure 54 
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A careful inspection of the side equations on page 182 will show 
that both equations relate to the quadrilateral Rye-Mag-Chamcook- 
Collins, and they differ only in that Mag is the pole in the fourth 
equation and Rye in the fifth. The fifth equation should have been 
formed for the quadrilateral Mag-Chamcook-Cooper-Rye, wi.th the 
pole at, Mag. Although it is easy to see in a simple figure such as the 
one above when an "identical equation" is selected, it is much more 
difficult to see in the case of more complicated figures and all equa- 
tions should therefore be selected very carefully. 

ADJUSTMENT OF QUADRILATERAL WITH POLE AT INTERSECTION 
OF DIAGONALS 

I n  the adjustment of quadrilaterals it frequently happens that i t  is 
impossible to include the two smallest angles in the formation of the 
side equations by taking the pole a t  any one of the four vertices. 
In  such a case the pole should be taken at  the intersection of the diag- 
onals. An esample of such an adjustment is given below. (See 
fig. 56.) 

The angle equations are formed in exactly the same manner as 
in the ordinary quadrilateral. The side equation is 
formed as follows: Call the intersection of the diagonals 0. (See 
fig. 56.) 
Then 

(See p. 35.) 

0-Tall ,, 0 - Ridge ., , 0 - Stump 0 - Muketeo L. H. 
0 - Muketeo L. H. " 0 -Tall " 0 -Ridge 0 -Stump = 

Substituting the sines of the angles opposite the sides for the sides 
we have 

sin ( - 3 + 4 ) X ~ i n  (-6+7)Xsin (-9+lO).sin (-2) 
sin ( -5+6)  sin (-S+9) sin (-1+3) sin (+3)= l '  

The equation is then tabulated as esplained on page 36 escept in 
one particular. I n  the esaniple given there the designation of the 
angle in the denominator appears on the same horizontal line in the 
tabulated equation as the designation of the angle in the numerator, 
and the angles corresponding to these designations are taken from 
the same triangle. In  the esaniple given here, however, this is not 
true, that  is, the angle designated by (-5+6) is not in the same 
triangle as the angle designated by (- 3 + 4), etc. It is best, however, 
to arrange the tabulated side equation so that the two angles from 
the same triangle a.re on the same horizontal line. This can be done 
as follows: With the pole a t  the intersection of the diagonals there 
will be 4 lines for the tabulat.ed equation. Put  the designa.tion of the 
angles in the numerators of the first, second, third, and fourth frac- 
tions on lines 1,  2, 3, and 4, respecbively, of the left side of the equa- 
tion, and the designations of the angles in the denominators of the 
same fractions in lines 4, 1, 2, and 3, respectively, of the right' side 
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I 
9.4420329 1 +7.3 
Y. 993s91.1 ' I .  i 
9.3137156 +lo. 0 

of the equabion. That is, in the esample given here ( - 3 + 4 ) J  
( - 6 + 7 ) ,  (-9+1O), and (-2) are pla.ced in lines 1,  2, 3, and 4, 
respectively, of the left side of the ecluat,ion, and (- 5 -t 61, ( -  S + 9), 
(- 1 + 21, and [ + 3) are placed in lines 4, 1, 3, and 3, respectively, 
of the right side of the equation. The two angles in the same 
horizontal line in the side equntion cttn then be taken out  of tEt! 
same triangle. 

Muketo 1. H. 
FIG. SG.-Qiimlril:iterd n i l h  Iude at interseclian of diagonds 

1 he remainder of the sdjust,menta of the quadrilateral is siiniiar 
to the one previously adjusted on pages 39-41. 

A n g l e  eqmt ions  

1. 
3. o=:- 3. 0- (2) + (4) - (6) f (0) 
3. 0=+3. .r-!3)+(-1)-((rj)+(7!-((8)+(9) 

Side  eqicfition 

0 s  +4. 9- (1)+(3)  - (9) f(10) 

I -- 
8. 2IWJlS2 

D I I ,  

16 03 51.3 
80 24 45.5 
11 53 01.8 
17 03 2u.9 

~~ 

4. 0=-338. 3+0. 4(1)-10. 8(,3)-7. 5131-2. 5(4!+G. 9(5)-!23. O ( G ) + l 6 .  l (7 )  
+7.3(S) -7.S(9) +0.5(,10) 
entering it. in the table of correlates.) 

(This equation shuuld be divided by 5 before 

Corrdntz rqiiatioirx 

+o. 0!4 
-?. I? 
-1.50 
-:50 
+l. 38 

-4.60 
+3. ?2 
+I. 46 
-1.56 +. 10 

-0.92 +2.202 
-3. IS -?.5-L1 
-1.50 -.Wl 
+1.50 -.?E 
-.Q +.543 

+2.2 
-2 6 -. 8 -. 3 
f. 5 

+. 8" - 
+i 4 -. 2 
-2. 1 - 



I '  

1 
2 
3 
4 

I-- 

-0 1 3 3  4 'I -I 

+4 ______-  -? +o.os +4.9 +R.9$ 

+G -.19 +3.4 +9.23 

~ - _ _ _  

4-4 +2 -4.36 -2.0 -.36 

+45. OOPS -i. 134 +32. !US 

+a. 175 
-1.897 
-.533 

-.%5 -. 2 

SPECIAL PROBLEMS 

Norniul qziatiotis 

-- 
-2.175 
+.034 

-2 141 
-21 

- 

- 

187 

+?. 175 +. 027 

+2 203 
+22 

--- 

C 

-4.36 
+l. 09 

-_ 18 +. 04 
+z1s 
+s. 04 -. 51 

+45. W8S -. 0016 
--1.;.524 - 1.0404 

+3D. 2144 
C4 

+3.4 1 +a 22 
+?.4S +3.41 
+1.m +. 1s 
+6.85 +I289 
-1. i125 I- -3.225 

-7. +! +33. COS8 
-.OYY -. 13x0 

-2. ILW -. 3924 
-3. 4I!35 -G. 5739 

-13.1115 +W. 4o?g 
+ 0 . 3 4 ~ 0  -.RjgOO 

4 3 2 1 1  i-l--I-I-i 
+0.34?u , 71% I 4-0.5 I -1.25 I 

-1..%9 ~- 
--I -?:174A +.3728 -.OW8 

+.9434 -.Y*YQ 

+l. 8103 -2.1752 

-1.816 I -2.175 1 +I.Slf 1 -1:816 1 +1:616 I -1:887 I T:z 
-.715 4-1.887 -1,s- +1 8s7 -1 573 +1 101 

q1101 
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KO. 

2-3 

-w 1 
1 t 3  2 

-1 3 
1-3 

1-2 

2 3  

-5t6 1 

2 +4 3 

-2 3 

W e t e o  1. 8. - Stump 

Ridge 76 04 52.1 -1.9 

Ihketeo L.H. 11 53 01.8 -0.8 
stump 92 02 11.0 -2.2 

Ridge - Stump -4.9 

Ridge - Muketeo L.H. 
04.9 

W e t e o  L.H. - Stwq 
Tall 17 03 20.9 -0.3 
W e t e o  L.H. 151 19 11.6 -0.Z 

stump 11 37 25.5 t2.6 

1-3 T a l l  - Stump H.0 
1-2 T a l l  - hketeo  L.H. 

58 .n 

2-3 W e t e o  L.E. - Ridge 
- 5 f 7  1 T a l l  a4 30 02.3 -1.3 

3 -34-4 2 W e t e o  L.H. 139 26 09.8 +0:5 

-8+9 3 Rldge 16 03 51.3 -2.6 
1-3 T a l l  - R l a e  -: .4 

1-2 T a l l  - U e t e o  L.H. 
M.4 

S.526870 

50.2 0.@112944 

01.J 9.ZlZ708 
08.8 9.999726 

2.953522 

3.-%9540 

3.5zwa 
20.6 0.532695 

11.Z 9.81169 

28.1 9.304267 

3.740124 
3.3638 22 

3.539540 

01.0 o . iazm 
10.3 g.ai3iio 

48.7 9.442014 
3.734918 

3.363822 

2-3 Stunrp - Ridge 2.853522 

-6f? 1 T a l l  7 26 41.4 -1.0 40.4 0.887506 

4 -1+2 2 ssump 80 24 45.5 -4.8 40.7 9.993090 

1-3 T d l  - Rfdge -1o.a 3.734938 
1-2 T d l  - stump 3.7407ae 

- 8 4 0 3  Ridge 92 OB 43.4 4 .5  38.9 9.999696 

10.3 
FIG. 57.-Triande computation for Figure 56 
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-14-24-3-5 
-4 

-54-6 

ADJUSTMENT OF QUADRILATERAL HAVING ONE TRIANGLE WITH 
TWO CONCLUDED ANGLES 

It sonietinies becomes necessary to iiiake an adjustment of a 
In such 

----Ten Pound Island 1. H. 

quadrilateral in which one triangle has two concluded angles. 
an adjustment the thing to be particularly 
careful about is the proper designation of 
the angles. In  the following esaniple (see 
fig. 5s) the triangle, Rainparts flag-Bond 
Hill-Ten Pound Island L. H. has two con- 
cluded angles, one a t  Ramparts flag and 
the other a t  Ten P ~ ~ u n d  Island L. H. In 
triangle No. 4, Figure 59, the angle a t  Ten 
Pound Island L. H. is the sun1 of the two FIG, 59.--quadrilateral having om 
angles a t  Ten Pound Island L. H. between trlangle with two concluded 

Eastern Pt. L. H. and Bond Hill, and be- 
tween Raniparts flag and Eastern Pt. L. H. In triangles Nos. 1 and 3, 
+3-5 (Tcn Pound Id. L. H. between Eastern Pt. L. H. and O I " 

Bond Hill) = 104 53 11. 1 
-1+3 (Ten Pound Id. L. H. between Ramparts flag and 

Eastern Pt. L. H.)= 16 09 19. 0 

Bond Hill 

\; 
.\ Ramparts flag 

UI I' 

Eastern Polnt L. H. 

0 , ,I 

l?l 03 30.1 9.932Si56 

40 43 19.0 9.8145W4 
13 55 30 0 5.3d"91.14 1 

I 
9.130?9r,4 I 

I -- 

- 1 + 3 + 3 - 5  (Ten Pound Id. L. H. Iwtweeii Rornpsrtsflsgand 
Bond Hill)=121 03 30. 1 

The anglc a t  Raniparts flag in triangle N o .  4 is obtained by sub- 
tracting from lSOo 00' OO".O pliis the spherical esces3 (which in this 
case is O!'O) the sum of the angles a t  Bond Hill and Ten Pound Island 
L. H., using the proper designations as shown below. 

0 I I I  

- 3 f 4  (Bond Hill) = 30 53 02. G 
-1+3+3-5 (Ten Pound Id. L. H.) = E 1  03 30. 1 

-1+3+4--5 (sum of 3 angles) 151 54 33. 7 
1so 00 00.0 

+1-3-4+5 (Ramparts flag) 3s 05 37. 3 

After these angles have heen computed and properly designated, the 
adjustment of the quadrilateral is exactly the same as that of m y  
other qundrilnteral, and so no fnrther esplanation is necessary here. 

Sidc cquntinti 
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Correlate eqncrtioii 

17 Ailopted u 

+8.6 -1.73 -1. i 
-s.c + I .  73 + I .  7 

3 +?.2 -. 44 -. 4 
4 -12.0 $ 2 . 4  +2.4 

A. 1" +. 2 -. 34 -. 3 

2.3 kastern P t .  L . B . -  Bond H i l l  

+3-5 1 'Pen Pound 1d.L.I. 10.1 5L 11.1 -0.6 
1. + 5  ZSnsterii Pt.L.H. 30 16 16.5 +O.: 

-2 3Bond H i l l  44 50 32.6 +0.4 

1.3 Ten ?ound 1d.L.H.-Dond X i 1 1  

1-2 Ten Pound 1d.L.R.-Eastern Pt.L.H. 

2-3 Eestern F.t.L.H. - 9znd H i l l  
+4-6 1 R-mts f l a g  95 01 54.7 43.7 

2 + 6  2 Ezstern ?t.L.H. 70 59 35.2 -0.3 
-4 3 Bond H i l l  13 53 30.0 -2.4 

1-3 

1-2 

Bamperts flzg - Bond H i 1 1  

Enqarts  flzg - Eastern Pt.L.E. 

2-3 Eastern Pt.L.R.-Ten Pound 1d.L.H. 
+1-2 
t 5 6  1 Rmprts flag (123 07 22.0 1 -3.9 

3. -5+6 2 Eastern Pt.L.H. 40 43 19.0 -0.5 
-1+2 3 Ten ?ound Ib.L.H.16 09 19.0 +3.4 

1-3 Raqarts flag-?en Pound 1d.L.R. 
1.2 R q a r t e  fleg-?astern Pt.L.H. 

2-3 Bond R i l l  - Ten Pound 1d.L.X. 
+1-8 
-4+5 1 R m y U t s  flag (a 05 21.3) -5.6 

4. - 3 4  2 Bond H i l l  30 52 02.6 +2.8 
-1+2 
+3-S 3 Ten Pound Id.L.B(l22 02 30.1) +2.8 

1-3 Ramqarta flag-?en Pound 1d.L.H. 

13 ' Ramparts flag-Bond Ei11 
FIG. 59.-Trisngle computation for Figure 55 

3.517770 

10.5 0.014336 

16.5 9.702512 

33.0 9.848288 

3.Z35108 

3.38oira4 

3.517770 

57.4 0.001677 

55.0 5.575652 
21.6 9,332894 

3.495099 

2.902341 

3.38ma4 

19.1 0.077020 
18.5 9.813505 

28.4 9.544447 

3.272399 

2.932341 

3.235108 

21.7 0.327119 
05.4 9.710172 

32.9 9.92,2872 
3.272359 

3.495099 
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THREE-POINT PROBLEM 

A triangulation station is sometimes determined by nieans of 
directions observed a t  tha.t station to the three fised points of a 
triangle, tlie sides and angles of which me either known or can be 
computed. 

The computations are niade on Form 655 as shown in Figure 61. 
Three cases are illustrated on this 
forni, depending upon the 1oc.ation 
of the point, designated P ,  with 
reference to the sides of the triangle. 
If P is on the circuniference of the 
circle which passes through the 
vertices of the fised triangle, the 
p r o b l e n i  is indeterniinake, since 
any point on this circuniference 
would have the sanie values of the 
angles P' and P" (or the supple- 
ment of one of the angles). 

The forxiidas used in the coni- 
putation are as follows: From the 
known sides (1, 6 ,  c, and theknown 
angle A of the triangle A B C, 
and the observed angles A P C= P' and -4 P B = P", the probleni 
is to find the angles -4 B P and A C P. 

This is called the " three-point problem." 

P B 

FIG. dO.-Qusdrilateml, three-point pruhlem 

For cases 1 and 3, let S= lSO"-'/, (A  +P' +P"), 
and for case 3 , let S = 'la (.4 - P' - P"); 

c sin P' 
b sin P" Let tali z= 

and tan €=cot. (2 +45') tan 8 

Then angle A B P = S +E, and angle ,4 c! P = S - E if tan E is positive, 
and angle A B P = S-e ,  and nnglc A 6' P = 8 +E if tan e is negative. 

After the angles A B P and -4 c! P are c.omputed all the a.ngles 
of the triangles ca.n be obtained, and since the length of one side in 
each triangle is known all the remaining lengths can be computed. 
As each coniputed length is obtained in two different triangles, tlie 
a.greenient of the two values for the logarithm of each length within 
one, or possibly two, in the last place of decimals gives a check on 
the computation. 

In the 
triangle Tide-Apple-Surf all the angles and sides are known a.nd a t  
Edwards the angles Apple bo Surf and Surf to Tide a.re observed. 
The sta.rt.ing data are: P'=21' 3s' 0618, P"=S4' 13' 57'!9, 
A=86" 39' 42'!3, log c=4.100331, and log b=3.644409. The 

The esaniple given below is for case 1 on Form 655. 
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prohleni is to find the angle at! Apple bet.ween Surf and Edwards 
and the angle a t  Tide between Ecl\\-arcIs and Surf. After these 
angles hare lieen determined, the logaritlims of the lengths are 
c.onipubed on Forni 35. 

DEPARTYEKT OF COMMERCE 
Y L c011 U D  cmmc LUlYT" 

Form us0 

COMPUTATION OF THREE-POINT PROBLEM 

Case 1 Case 2 Car 3 

C u e s  1 and 4 
P' P 38 06.8 

A 86 29 42.3 

sm 192 20 '47.0 

p" 84 12 57.9 

--- 

3iSum 96 10 23.5 

8-180°-!isum- 83 49 36.5 

Cme 8 
P' 
P" 

Sum 
A 

-.-. -- 
A-sum 

5- ,% (A-sum) - 
Logc - 4.109Zp 

Log sin P' - 9.566668 -10 
C010gb - 6.355591 -10 

Colog sin P" - 0.0022l7 

Sum-log tsn 2-  O.OOa697 

Z- 87 ia 120 
Z+45'- 92 13 14.0 

Log cot (Z+450) - 
Log tan s- 

Sum-log tsn e- 

e 
S 

(Tan e+) 

S-e-angle ACP 
S+r-&e ABP 

6.588556- -10 
0.965928 -- -- 
9 554484,-10 (sign - 1 

0 1  
19 43 21.1 
83 49 36.5 

€4 06 15.4 
103 32 57.6 

(Tan e-)  
3-e-mglc ABP 
S + I = angle ACP 

BPA 84 La 57.9 APC 21 33 06.8 PCB 29 l8 51.3 
ABP 64 15.4 PCA 103 32 57.6 CBP 44 50 04.0 

BPC 105 51 04.7 PAE a 40 46.7 CAP 54 48 55.6 - 
(For srpla~~atfon d thls form m Spc id  Publication No. 20, 2d edition, paragraph 108, p.68 57) 

FIG. 6l.-C61nputation of thlW-pOht problem 
w-1-1 11-*10 
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- n m n  

NO. 

COMPUTATION OF TRIANGLES 

State: _ _ _ _ _  l&b _.__________. ~ __________. 

STATION ODSLPVED ASOLE 

24 Apple-Surf 
1 Tlde 74 14 10.9 
2 &le 19 16 12.3 
3 surf 86 29 45.9 

13 Ti&-- 

1-2 Tide-4pls 

23 -le-Surf 

1 Edwards 84 12 57.9 
2 Apple 64 06 
3 surf 3140 
13 Edwards-surf 
1-2 Edwards-Apple 

23 4 q i e - ~ ~ e  

2 Apple 4 4 5 0  

3 T i d e  2 9 2 8  
1-3 Eiiwards-Tide 
1.2 Edwards-Apple 

1 Edwards 105 51 04.7 

2-3 surf-Tlde 
1 Edwards P 38 06.8 

2 surf 5448 
3 Tide 103 32 
13 FhardS-TfdS 
1-2 mWardB-Surf 

4 . 6  

-0.9 
-3.5 42.4 0.1 

-9.0 0.1 

15.5 0.1 
46.8 0.1 

0.2 

04.1 0.1 
51.4 0.1 

0.2 

57.7 0.1 
0.1 

4.109221 
06.3 0.016651 
11.4 9.5ia537 
42.3 9.999187 

8.644409 

4.125069 

4.109223 

57.9 0.002217 

15.4 9.954045 
46.7 9.720299 

4.065483 
3.931737 

4.125059 
04.7 0.016837 
04.0 9.848206 
51.3 9.689841 

3.950~2 
3.831737 

3.644409 
06.8 0.433333 

55.6 9.912392 

81.6 9.987142 
a.waaa 
4.065483 +1 

FIG. tE.-TrisngIe computation lor three-pint problem 
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ADJUSTMENT OF A FIGURE WITH AN x-CORRECTION ON ONE 
DIRECTION 

In the adjustment of triangulation, cases sometimes arise where it 
is possible to obtain an approsiniate value for an unknown direction 
which is needed in the adjustment. By designating the correction to 
this direction as “ E ,  ” it. is possible to make 8.11 adjustment in which 
the ;1: is eliminated and new values of the observed directions are 
obtained which will make the lengths consistent, as computed in the 
different triangles. An exaniple. of such Rn adjustment is given below. 

In  Figure 63 the triangles Tide-Apple-Surf and Rail-Tide-Surf 
(see triangles 1 and 2, fig. 64) are fised and the angles and lengths 
are known. At  station Edwards directions have been observed on 
stations Apple, Surf, Rail, and Tide, but no directions on Edwards 
have been observed at  any of the four fised stations. It is desired 

Apple 

FIG. 133.-Triangulstion figure lor which an “ x “  
direct ion is used 

to make an adjustment of the 
figure so that all the lengths will 
be c.onsistent. 

The triangles Edwards-Apple- 
Surf, Edwards-Apple-Tide, and 
Edwards-Surf-Tide (triangles 3, 
4, and 6) are first solved by nieans 
of the three-point problem (see 
p. 191). Nest the directions a t  
Edwards are numbered as in an 
ordinary adjustnient and one of 
the unobserved directions at, one 
of the fised stations is designated 
&<-$.,, I n  this esample, the direc- 
tion to Edwards from Surf is des- 
ignated “s.” By using the fixe.d 

angles of the triangles Tide-Apple-Surf and Rail-Tide-Surf and the 
angles in triangles 3, 4, and G coniputed by the three-point problem, 
it is possible to obtain the angles of bhe triangles Edwards-Surf-Rail 
and Edwards-Rail-Tide. Care must be taken in c.oniput,ing these 
angles to obtain their proper designations. 

The angles of the triangle Edwards-Surf-Rail are computed as 
follows : 

0 I I f  

Angle at Surf, Tide to Apple, Y6 29 42. 4 
Angle at Surf, Rail to Tide, 37 52 36. 0 

Angle at Surf, Edwards to Apple (-I) 31 40 46. S 
Angle at Surf, Rail t o  Edwards ( + x )  93 41 31. 6 
Angle at Edwards, Surf to Rail (-3-13) 1.S 1F 16. 0 
Sum (- 3+3+.r) 110 69 17.6 

Angle at Rail, Edwards t o  Surf (+a- 3-24 69 00 12. 5 

Angle at Surf, Rail to Apple, 124 32 l S . 4  

180° + spherical escess, IS0 00 00. 1 
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CoMPUTATlON OF TRIANGLES 

2 3  &le-Su-f 4.13922~ 

1 Ti& 74 14 10.9 -4.6 08.3 0.016661 
1. 2 4 9 1 8  19 16 12.3 -0.9 11.4 9.518537 

3 surf 86 d 45.9 -3.5 42.4 0.1 42.3 9.999187 
13 TidbSurf -9.0 0.1 3 ..644409 
1-2 Tide-Apple 4.125059 

2 3  TllC.-SWf 

1 3 d l  80 57 35.0 

2 .  2 Ti& 61 09 53.5 
3 Surf 27 52. 36.7 

13  Rdl-%"f 
1-2 'Rail-Tide 

2-3 *plca?uf 

-1+2 1 EdWmds 84 12 57.9 

3. +1-2+x 2 Aqle  54 06 15.5 
-x  3 S u r f  21 40 46.8 

1 -3 BiWUdS-sUrf 

1-2 EdW&-dS-A?pl8 

23 A 3 h - T i b  

-1t4 1 Eddn~da 105 51 04.7 

4.+1-2)3 2 , A x l e  44 50 05.1 
+2-4-x 3 Tide 29 13 51.4 

1-3 Ed7iX'ts-fide 

1-2 iXw&-ds-A?pe 

2-3 h - f - R a i l  
-2M 1 EearZm 18 18 16.0 

5. + x  2 s u r c  92 41 21.6 

+2-3-x 3 Rail 64 00 12.5 
1 3  Ecsrds-Rzil 

1 3  6d:iads-Surf 

-3.0 

-1.5 
-0.7 

-5.2 0.0 

+0.1 58.0 

+2.9 13.4 0.1 
-3.0 43.s 0.1 

0.2 

-0.2 04.5 

+2.9 V7.0 0.1 
-2.7 4 . 7  0.1 

0.2 

0.0 16.@ 
$3.0 24.6 0.1 
-3.0 09.5 

0.1 

3.644409 
32.0 O.oo&paO 

52.0 9.942508 
36.0 9.788143 

3.592347 

3.437982 

4.10922l 

58.0 0.002Zl7 

u . 3  9.954098 

43.7 9.720289 
4.065486-1 

3.83l727 

4.125059 

04.5 0.016837 

06.9 9.348233 
48.6 9.689831 

3.990129-1 

3.531721 

3.59737 

16.0 0.502579 

34.5 S.555520 
09. J 9. $70159 

4.094846 
4.065435 

FIG. M.-Triangle computation for Figure 63 
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COMPUTATION OF TRIANGLES 

State: . . A W n c  ............................................... 

ODSCRVCD A S O L I  

2-3 Su-f-Tide 

-a+4 1 Encrbs n 3e 06.8 
E. +x 2 %-f 54 4a 55.6 

+2-4-x 3 Tide 103 32 57.7 
1-3 Edw~dm-’Pide 

1 -2 Sdlserdr-Surf 

24 Bail-?ide 
-3+4 1 Ed\vmds 3 19 50.8 

-W+x 2 Rail 11 57 19.5 
M - x  3 ‘fide 164 42 49.7 

1-3 Edwards-Tide 
1-2 Ed~~ds-Ikll 

3.644409 

-0.3 06.5 06.8 0.423233 
+3.0 58.6 58.6 9.412336 
-2.7 55.0 0.1 54.9 9.987743 

0.1 3.99011 
4.065485 

3. w 4 e 2  

-0.8 50.5 1.235822 

-2.7 47.0 9.421033 
+3.0 22.5 9.316316 

0.0 3.990130-~ 
4.0948474 

FIG. 64.-Triangle computation for Figure *Continued 

The angles of the triangle Edwards-Rail-Tide with their proper 
designations may be obtained in the same manner. In this triangle 
the angle at Edwards is an observed angle, the angle at Rail is ob- 
tained by subtracting the angle at Rail in triangle No. 5 froni the 
fised angle at Rail in triangle No. 2, and the angle at  Tide is obtained 
by adding the angles at Edwards and Rail, and Subtracting this sum 
from 180’ plus the spherical escess of the triangle. 

To make sure that the angles of the triangles have been correctly 
taken out they are checked as follows before the adjustment is made. 
The angles in triangles 3, 4, and 6, determined by the three-point 
problem, are checked by computing the lengths. (See fig. 64.) 
The other two triangles are checked by adding the angle at  Tide in 
triangle No. 6 to the fised angle at Tide in triangle No. 2 to obtain 
the angle at Tide in triangle No. 7. 

0 I I !  

Angle at Tide, Surf to Rail, 61 09 52.0 
Angle at Tide, Edwards to Surf (+2-4--2) 103 32 57.7 

Angle at Tide, Edwards to Rail (+2- 4--2) 164 42 49. 7 
This checks the angle obtained by the computation of triangle 7, 
and as triangle 5 was used in computing triangle 7, both triangles are 
verified by this c.hec.k. 

After the angles in the triangles have thus been checked the ad- 
justment can be made, the “z” correction being treated just the 
same as the numbered corrections in forming the equations. Since 
there are four lines from station Edwards, there will be two side 
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- 2 i 4  
+1-2+1 

-z 

equations, one involving directions 1,2 ,4 ,  andx, the other 2,3,4,  and x. 
As both these‘ equations contain x, it is possible to eliminate the x 
and conibine the two equations into one equation involving direc- 
tions 1, 2, 3, and 4. Froni this point the adjustment 
is similar to that of any other quadrilateral and so no further espla- 
nation. is needed. 

Side equations 

(See below.) 

0 ,  

21 3s 
44 50 
31 40 

+z 
+2-4-z 

-1+2 

55.0 
51.4 
57.9 

0 ,  

54 48 
29 1 s  
84 12 

3.644409 

Tide-Nail 

-2+3+r 11 57 19.5 ’ 

-2+4 21 38 0G.S 

9.91?3810 
9. I i Y W l ?  
9. Y9i7834 

3.431982 _ _ _ _ _ _ _ _ _ _  TideSurf  3.644409 _ _ _ _ _ _ _ _ _ _  
9.31G2dGO +9.% 
0.5Ij6lX85 4-5.31 

2.3209305 

3 18 50.8 8.iMl7S4 +36.18 
+z 54 48 55.0 9.91‘33tilG +1.48 

2.3208690 
-3+ I 

3.2444152 

-2.01 
4-8.31 
4-4.61 

-10.91 

+1.45 
+s. 75 +. 21 

-0.033 0.0 +. 136 +. 1 
+.OX +. -. 179 - 

+3.0U8 +3: i  

I I I 
aO.8 9.sO0ooS5 
04.1 I 8.8482267 I 1 
40.8 9.720299G I 3.2444155 1 I 

1. 0=-0.3-2.33 (1)+11.39 (3)-9.06 (4)-0.98 (2) 
Or (z)=-~.3061--3.3775 (1)+11.62% (2)-9.2449 (4) 

2. 0=-333.5-115.25 (2)+48.12 (3)-3O.S7 (4)+S.46 (2) 

S 46 Multiplying equation 1 by e8 (=8.633) and adding to equation 

2 we obtain the combined equation with the E eliminated. 
O= - 2.59-20.11 (1) +98.32 (3) -78.31 (4) -8.46(~) 

2. o=--32.5 -15.25 (3) +46.12 (3) -30.S7 (4) +8.46 ( x )  
O= -35.09-20.11 (1)+83.07 (2)+48.12 (3) -109.08 (4). 

shoud be divided by 10 before cntering it.in the table of correlates.) 
(This cqiiation 

Corrdcits cqicat.ion 

- 
1 
2 
3 
4 
I 

I Adopted 1 I I R I U  

Sohttion oj riornial quation 

0=213.3764 C-3.509 
C= +0.0161 

If an approsiniate value for the direction designated by ‘(2’’ in 
Figure 63 can be obtained by inverse computation from the fised 
data a.nd the field computations it is not necessary to solve the 
three-point problem. For esample, if a field position were available 



198 U .  S. COAST AND GEODETIC! SURVEY 

for Edwards, the approximate direction for Surf to Edwards could 
be obtained by an inverse position c.oniputation between Surf and 
Edwards instead of by the three-point problem. It is only necessary 
to know this direction closely enough so t,hat the tabular difference 
of the logarithm of the sine will be practically the same for the approx- 
imate angle as for the final angle. If the .c-correction obtained by the 
adjustment is large, it is no indication that the observations are 
poor but only that the computed direction is considerably in error. 
In sonie cases involving very small angles it may be necessary to 
make a second adjustment unless the changes in the small angles 
necessary to make the lengths check are estimated and the tabular 
differences are corrected accordingly before the solution of the equa- 
tions. 

ADJUSTMENT OF INTERSECTION STATIONS 

Observations are sometimes made upon an intersection station 
from four or more main scheme stations. Only t h e e  of the observed 
lines should be used in the adjustment but these three should be 
selected to give the strongest intersection a t  the new station unless 
the field computation indicates that a more accurate result can be 
obtained by using sonie other combination of three lines. I n  forming 
the side equation the pole should be so selected as to include the two 
sniallest angles in the adjustment. In  Figure 65 are shown four 
csaniples of intersection stations. The way in which the pole is 
selected in each is explained below. 

In case No. 1, the smallest two angles being P A C and P B C, the 
pole should be taken a t  P. In  case No. 2, A P B and A B P are the 
smallest angles, and so the pole should be taken a t  A,  the fised 
lengths -4 C and A B being used in the €orination of the equation. 
I n  case No. 3, C P A and C A P are the smallest angles and so the 
pole should be taken a t  C, the fixed lengths C B and 6' A being used 
in the forniation of the equation, 8s in case No. 2. In case No. 4, 
the smallest angles are P B G and P A B, and so the pole should Le 
taken a t  P. 

It should be noted that in all examples like cases 3 and 4, where 
one of the four points is inside the triangle formed by the other three 
points, the pole should always be taken a t  the inside point, since the 
smallest angles will then he included in the equation. 

The size of the corrections to the angles to be expected in the 
adjustment of interscction stations depends largely upon the instru- 
ments used, the manner in which the field work WRS done, and upon 
the size and definiteness of the point observed. For example, in the 
computation of mountain peaks €rom angles observed by sestmts, 
large corrections must be espected. The number of decimal places 
used for the angles and logarithms in the adjustment will depend 
upon the nature of the work. 
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SOLUTION OF NORMAL EQUATIONS INCLUDING TERMS USUALLY 

OMITTED 

I n  the forward solution of noriiial equations n clicck oil the work 
is obtained each time an equation is eliminated. The colunin 
headed S is for this purpose alone. For example, in the second line 
of the solution on pagc 301, the quantity - 1.32 in the colunin should 
equal the algebraic sum of nll the other terins in that line, that is, 
- 1 - 0.33333 + 0.33333 - 0.11667- 0.30333 should equal - 1.32, which 

Case 1 
6 

C 

P 

Case 2 
B 

Case 3 
B 

A 

Case 4 

FIG. 65.-Tygiml figures in adjustment of intersection stations 

it does, esactly. When niaking this check for the “divided” line, 
or the last line in the solution of each equation, one must always 
remember to include the - 1 obtained by dividing the diagonal term 
by itself and changing the sign, as this quantity is never set down in 
the solution. 

In the solution of the second equation of the following example 
the h e  containing the sunis of the ternis in the various columns 
should be checked before it is divided by the diagonal term. The 
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sum of + 5.3333 + 2.6667 - 16.0433 - 0.5767 should equal the -8.92 
in the Z column, which it does, esactly. I n  the nest line, after 
division by the diagona.1 terni, we ha've - 1 - 0.50001 + 3.00514 + 
0.16438; which equals + 1.67351 and checks esactly thc value in the 
Z column. 

If the line containing the sum ternis does not check esactly but the 
discrepa.ncy is so sniall as to indicate that no blunder has been niade in 
the computation then the quantity in the S colunin should be niade to 
agree esactly with the sun1 of the other ternis before the line is divided 
by the diagonal terni. For esample,in the elimination of the fourth 
equation in the line containing the sum ternis we have +54.5519+ 
4.3660 and their sum equals +58.9179. But as the quantity in the 
S column is f50.9150 this should be changed to +58.9179 before 
the division is made. I n  the same way the quantity in the S column 
of the divided line should always be niade to check the sum of the 
other terms in the line. 

In  a great niany cases when a blunder has been made and the solu- 
tion fails to check i t  is possible to find the trouble by inspection, 
especially if the mistake is a wrong sign on sonie terni or the trans- 
position of a decimal point. Sometimes, however, an error is difficult 
to find. I n  such cases, each line in the elimination of a.n equation 
can be checked. To illustrate this let us take the solution of the 
fourth equation on page 301 where a.11 the usuallv omitted terms are 
shown in bold-faced type. In  the second line of the solution we find 
that the suni of - 0.70 - 0.2333 + 0.2333 - 0.0817 - 0.1423 = - 0.9240 
which checks the value in the S column. Likewise, in the third line, 
+ 16.0133 + 8.0217 - 48.3605 - 2.6373 = - 26.8337 which checks the 
value in the X column within 1 in the last decimal place. I n  the fourth 
line, - 7.7150- 14.S503 + 2.0155 = - 20.5798 which checks esactly 
the quanty in the S column. 

I t  should be carefully noted that all the quantities shown in bold- 
faced type on page 201 appear in the solution as ordinarily carried out 
m d  that it is not necessary to carry along this part of the solution 
to get the check on each line. For esample, in the second line of the 
eliminn.tion of the fourth equa.tion, the term + 0.2333 appears also in 
column 4 in the second line of the eliniination of the third equation; 
- 0.2333 appears also in column 4 in the second line of the elimination 
of the second equation; and - 0.70 is - 1 times the term + 0.70 in 
column 4 and equation 1.  It is seen, therefore, that all the terms 
used in the checking of the individual lines in the elimination of 
equation 4 are given eit.her in the lines themselves or in column 4. 
For the first line of the solution of equation 4 all the omitted terms 
except one a.re given in column 4 in the first lines of .the soluiion of the 
other equations. The one exception is the quantity in column 4 in 
the first equation which must be multiplied by -1. 
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-.!s 
+.2333 I l l  

+s.021; I?) 
--7.;150 (3) 

0 
0 

-In the same way, for the second line of the solution of equation 4, 
all the omitted t.ernis escept one will be found in c.oluiiin 4 in the sec- 
ond line of the solution of the other equations. The escept,ion is the 
quantity in the sum line of equation 3 which must be multiplied by 
- 1. The omitted t,ernis for the third line of the solut,ion of equa- 
tion 4 we obtained in a siniilar manner. 

Particular care should be taken in the solution of noilltal equatSions 
to guard against c.oiapensnt.ing errors since they usually c.ause a 
great deal of trouble and may not be found until the triangles are 
computed. For esnniple, if a inisbake is made in one of the c.onstant 
terms in the 17 colunin and a counterbalancing misbtike in the E col- 
iinin, the solution will check and the errors will not be discovered 
unt,il the t.riang1es are solved. 

Snliclioii of normal cqiiafions, diicludiny lcrnis 1c8iially oiiiillcd 

+117.7745 +d 13 +10T.?544 
-.OS17 -. 1523 -. 9240 

-48.2805 -2.6372 -26.8326 
-14.8Su 4-2.0155 -20.57% 

+51.5519 +c 3tXO +5s. !llRBi9 
-1 c4 --.08Ow -1.k. 

- 
1 

c, 
+2 
-2 (11 

0 
0 

-2 
+2 

0 

0 
0 

+.70 
-.10 
0 
0 

0 
0 
- 

2 

+2 - . 3 8 8 3  

+6 -. FM7 
+5.3333 
-1 c2 
+2 

+.6667 (1 )  
-2.6667 (2) 

0 
0 

-15.Sl 
-2.733 

+10.0433 
0 

0 
0 

-- 
-2 
+. 33333 

I 
-1:. 81 - 47 I -.?333 I -:.io67 I -2.64 

+2 +. 6667 

INVERSE POSITION COMPUTATION 

It sometimes beconies necessary in the adjust,nient, of trisngula tion 
to conipute the azimuths and length of a line joining two stat.ions 
w1lic.h are fised in posit.ion, but, which have not been directly con- 
nected by the ohservat,ions. In order to c.onipute this line an inverse 
or bnck computation must be made. This conipubation can be made 
on Forni 26 or Form 3 i  (see Spec.inl Publication No. S, p. 14), but 
it can be m:de more easily n.nd simply on Form 663. 

An esample of an inverse position coniput.a.tion on Forni 663 is 
given in Figure 66. The formulas for t.he comput.atiiln are given a t  
the top of the forni. The table for the correction of arc to sine is given 
on the hack of the forni. (Do not confuse this t,able with the table 
given on page 17 of Special Publication No. 8,  sisth edition, which is 
an entirely different table.) Triangulation stations Spencer and 
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Pet,erson are fised in position (latitude and longitude) and it is de- 
sired to determine the azimuth, hck-azin1uth, and length of the line 
Spencer to Peterson. The form is self-esplanatory and needs no 

DEPARTMENT OF COMMLRCL 
" . S C O U T  I*DGTODFIIC SURVaI 

rorm W P  INVERSE POSITION COMPUTATION 

correction for am to sin*. 

44 30 38.2% 1 P e t s  

+ 51 57.578 

+ 15 48.789 

44 14 49.504 
+ 1897.576 

3.277815~7 
- 15 

3.2781C82 

9.5395s97 
1.48947.13 
3.7376721 

9.343'?0% IwF 7 - 3 4  
0.0000046 110gb 

2. E.OX966, 
-517.58 

(oppwlte In sign to Ad 

2.~5aija96, 9 IWAX 7.976 

0.00 , 
-317.23 

- 2 38.59 

- p . s 9  , 

lag 47 40.69 

189 45 01.70 

+ 5 17.58 

9 50 19.68 

180 

123 05 41.248 
122 58 05.537 

- 7 35.711 

- 3 4 7 . e ~ ~  . 
-455.711 

2.658Ea96 ~ 

- 1  

2.68am95, 
9.d551177 
1.4905502 
4.0047974, 
4.7676722 m 

9.%71253 , . 
9.2307463 
189 37 40.69 

3.C536:30 

4.7740491 
+ 16 

4.7740507 

59436.15 

'U8e the table on the back o f t b  form for wrr&IOU d 
YE LO ah. 

Nom.-For Iog *up to 4.52 and for A4 OTAA (or both) up to W, Omit dl k m  below the h v y  Uno except thor pdntul 
ln heavy t y p  or those undmcod,  il using logarithms to 6 decimal p l n a  

FIG. 66.--Inverse position computation, Form 662 

detailed explanation. It should he not,ed, however, that the quadrant 

in which the angle a+, occurs depends upon the algebraic signs 

of the quantities sin (a+%) and cos (a +$)- In the following ex- 

c 
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ample the sine and cosine are both minus and therefore the angle is in 
the third quadrant. Logsl is ohtaincd in two ways, first by subtracting 

log sin (:a + 2:) from log 1 sin (a + $) 1 and second by subtracting 

log cos a + -;i- from log, I x1 cos (a +",*I) ) -  ( ?) I -  
Table 01 arc-sin corrcclior- for r n w w  position rornpulalionr 

lor  8, 

4.177 
4.327 
4.415 
4.478 
4.520 

4.560 
4.599 
4.028 
4.654 
4.677 

4.097 
4.710 
4.734 
4. 750 
4.705 

4.779 
4.792 
4.804 
4.827 
4.857 

4.870 
4.802 
4.915 
4.930 
4.955 

4.972 
4.988 
5.003 
5.017 
5.035 

5.051 
5.052 
6.070 
5.000 
5. loa 

5.114 
5. 128 
5. 139 
6.151 
5.103 

6.172 
5.183 
6.193 
5.205 
A 214 

Arc-sini 
rorreclinn 
in units 01 
seventh 

deeimnl 01 
logarilhrna 

1 
2 
3 

5 

0 
7 
8 
9 

10 

11 
12 
I3 
14 
I5 

10 
17 
18 
20 
23 

25 
27 
30 
33 
36 

39 
42 
45 
48 
52 

56 
59 
63 
67 
11 

75 
80 

89 
94 . 
98 

103 
108 
114 
119 

a4 

log A9 
or 

log AA 

2.686 
2.636 
2.9?4 
4 967 
3.035 

3.075 
3. IO8 
3. 137 
3. 103 
3.166 

a 200 
3.225 
3.243 
a. 259 a 274 

3.2S8 
3.301 
3.313 
3.336 
3.360 

3.385 
a. 401 
3.424 
3.445 
3.464 

3.481 
3.197 
3.512 
3.526 
3.544 

3. 560 
3. 571 
3.585 
3.599 
3.611 

3.623 
3. 637 
3.048 
3.000 
S. 072 

3.881 
3. 602 
3.702 
3. 714 
a. n a  

lug 81 

5. ?23 
5.234 
5.243 
5.253 
5.260 

5.269 
5.279 
5.267 
5.204 
5.3u3 

5.311 
5. 316 
5. 3% 
5. 334 
5. 341 

5.349 
5.356 
5.363 
5.369 
6. 376 

5.3s3 
5.390 
5.306 
5.403 
5.409 

6.415 
5.422 
5.428 
5.434 
5.440 

5.448 
5.451 
5.457 
5.403 
5.408 

6.473 
5.479 
5.484 
5.489 
6.495 

6.500 
5.505 
6.510 
5.515 
5.520 

Arc-sin 
rwrreclioii 
in units or 

rcrcntli 
dccimnl 01 
logurithms 

121 
130 
130 
I42 
147 

153 
160 
100 
172 
179 

1 s  
I%? 
119 
206 
213 

221 
229 
236 
243 
251 

259 
267 
275 
264 
292 

300 
309 
318 
327 
330 

345 
3% 
364 
373 
383 

392 
402 
412 
422 
433 

443 
453 
404 
474 
466 

lug 
ur 

lug AA 

3.732 
3.743 
3.752 
3.702 
3.769 

3.77s 
3.78s 
3.790 
3.803 
3. 612 

3.620 
3.627 
3.835 
3.843 
3.850 

3 85s 
3.665 
3. Biz 
3.878 
3.665 

3. 802 
3. so9 
3. 905 
3.912 
3.818 

3.924 
3.931 
3.937 
3.843 
3.949 

3. 955 
3. 900 
3.966 
3.971 
3.977 

3.982 
3.9s 
3.903 
3.998 
4.004 

4. on9 
4.014 
4.019 
4. 024 
4 029 

log 81 

5.525 
5.131) 
5.531 

E: 22 
5.516 
1. 5.53 
5.557 
5. 5131 
5. 51;G 

5.570 
5.575 
5.570 
5.5s3 
5.567 

5.591 
5.595 
5.600 
5.604 
5.808 

5.612 
5.616 
5. 6'30 
5.621 
5. C26 

5.632 
5.630 
5.640 
5.644 
6.648 

5.652 
5. 656 
5.660 
5.663 
5.067 

5.671 
5.674 
6.678 

Arc-sin 
rorrerlinn 
i t a  uiiils ul 

r V C l l l l l  
dcciinnl 1 9 1  

lognrirlms 

117 
506 
519 
530 
54 1 

553 
565 
5i7 
586 
ti00 

013 
Gas 
OY7 
650 
663 

674 
OS7 
703 
710 
729 

743 
757 
771 
785 
800 

81+ 
829 
845 
661 
877 

693 
909 
925 
84 1 
957 

073 
989 

1005 

108 A# 
or 

log Ah 

4. n3+ 
4.089 
4.043 
4.018 
4. OS? 

4.057 
4. ow2 
4. ,066 
4.070 
4.015 

4.079 
4. OS4 

4.092 
4. O9G 

4.100 
4. 104 
4. 1u9 
4. 113 
4.117 

4.121 
4. 105 
4.129 
4. 133 
4. 137 

4.141 
4. 145 
4. 149 
4. 153 
4.157 

4. 161 
4.165 
4. 169 
4. 172 
4. 170 

4.160 
4. 183 
4. 1S7 

.i. nss 

FIG. Gi.--Arc-sine comctions for inverse position computation, bsdi of Form 062 

The values of a and log s deterniined by this inverse computation 
may be checked in the following manner. Starting with the azimuth, 
Peterson to Spencer, 9' 50' 19!'65, the logarithm of the length, 
Peterson to Spencer, 4.7740507, and the fised latitude and longitude 
of Pe.terson, 44' 30' 3S!'293 and 122O 55' 05'1537, the. latitude and 
longitude of Spencer are computed on Form 36. (See fig. 6s.) 
The values thus obta.ined should check the fised values of the latitude 
and longitude of Spencer within one in the last place of decimals. 



204 U. S. COAST AEjD GEODETIC SURVEY 

C 

L 

a 

Aa 

a' 

POSITION COMPUTATION, FIRST-ORDER TRIANGUL.4TION 

0 , ,, 
to 

& + 
8. Peterson to 1. Spencer 

180 

1. Spencer 8. Peterson 

First Angle of Triangie 

, 

4-1297.358 

+1397.4929 

4397.5787 

44 14 49.53 

w 

SdIrrn. +O.a939 

4th Irrm. -0.0031 

8 4.7740jo7 

sina 9.2326531 

A' 8.5099166 

secr' 0.143454 ' 

899 
2.6v6We ' ' + 455.7114 1- -M.*.m, 

5.319 

2.658S99 

9.343708 

46 -- 
2.5023970 

+317.979 
FIG. G8.-Position computation to check inverse computation 

LAPLACE AZIMUTHS 

A triangulation station at  which both astronomic longitude and 
astronomic azimuth observations have been nittde is called a Laplace 
point, and the aziniuth is called a Laplace aziniuth. 

The geodetic determinations of latitude, longitude, and azimuth 
at a station are referred to the point on the celestial sphere defingd 
by the normal to the Clarke spheroid at the station; while the astro- 
nomic. determinations of latitude, longitude, and azimuth at  the 
same station are referred to the point on the celestial sphere defined 
by the plumb line at  the station. These points of reference on the 
celestial sphere are called the geodetic and astronomic zeniths, re- 
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spectively. By a comparison of the astronomic and geodetic deter- 
minations of la.titude, longitude, and azimuth a t  a station, it is 
possible to deterniine the deflection of the plumb line from the 
normal to the Clarke spheroid. This deflection of the vertical may 
be espressed by the angular distmce between the geodetic. and the 
astrononiic zeniths and the a.ziniuth of the line joining them, or by 
the coniponents of the deflection n.long t,he meridian and the prinie 
verticd. 

At  each Laplace point the prime verticsl coniponent of the deflec- 
tion of the vertical should be t,lie same, esc.ept for errors of observa- 
tion, whether derived from the observed longitude or from the 
observed azimuth. This relation may be expressed as follows: If 
4a is the geodetic latitude; and A, the astrononiic and geodetic 
longitudes respectively; aA and cu, the astrononiic and geodetic 
azimuths, respectively, then 

c.os &(hA-hX,)= -cot +o(aA-%),  

or ( ( Y ~ - ( Y ~ ) + S ~  40 (XA-A,)=O, 

or cuo=sin ( h A - X o ) + ~ y , ,  

which is known as t31ie Laplace equa.tion, since it was first used by 
Laplace. [For full development of this equation see Spec. Pub. 

The accuracy of dl the data used in determiiiing the true geodetic 
azimuth at a Laplace point has been thoroughly considered in the 
various investigations of the figure of the earth and isostasy. It 
is shown from these investigations that the astronoinic longitudes 
mid the astronomic aziniuths are each subject to probable errors 
which are, upon an average, not greater than & 0!’50. The geodetic 
longitude anywhere in the United States is subject to a probable 
error of less than f k50, due to all causes other than errors in geodetic 
azimuth. However, the geodetic, aziniu ths as computed through 
the triangulation are subject to probable errors as great as f5.” 

It is clearly seen then that a t  each Laplace point all the quantities 
used in the formula for computing the true geodetic azimuth are 
known with a much higher degree of accuracy than t,he geodetic 
azimuth at, that point is known. Therefore the true geodetic aziniuth 
coniputed by the foriiiula above is more reliable than the geodetic 
azimuth as coiiipu ted through the trin.ngulation, and consequently 
is t>he one held fixed in tslie adjust,nient of the triangulation. 

If trhere were no deflections of the vertical or station errors, as they 
are sometinies called, the determination of the correct relative posi- 
tions of different points on the surface of the earth would be a siniple 
matter and could be done by astronomic observations alone. 

However, the relation between the difference of astronomic and 
geodetic. longitude snd the diff erence of astrononiic and geodetic 
azimuth, as expressed by the Laplace equation, niakes i t  possible to 

NO. 110, pp. 90-91. 1 
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correct for t>he deflection of the vertical and to determine the true 
geodetic azimuth a t  a Laplace station, and hence to obtain the 
ac.cumulated error in the geodetic azimuth as carried through the 
triangulation. 

The method followed by t,lie United States Coast and Geodetic 
Survey in determining the true geodetic azimuth is to es bablish 
Laplace sta.tions ; that is, inake ast.rononiic observa.tions for both 
longitude and sziniuth at  various st.at.ions along tlie c,outinuous arcs 
of t.riangulntion. Then at. each 1,aplace station the observed aziniuth 
is corrected for the deflection of the vertical by nieaiis of the Laplace 
equation, a.nd the true geodetic a.ziniuth obt,ained. The true geo- 
detic, azimuth is t.hen held fised in the adjustBiiient of tlie triangulation, 
and in each case the discrepancy between the true geodetic azimuth 
and the geodetic aziinu th as ca.rriec1 through the triangulnCion is 
distributed by means of an azimuth eyuakion. 

An esrtniple of the c.oniputation nec.essary to obtain the true 
geodetic aziniu th from the observed azimuth and longitude is shown 
below. The astronoiiiic longitude of triangulation station ParBers- 
burg and the astronomic. aziniuth of the line Parkersburg to Denver 
have been determined by star observations, and the geodetic. longitude 
of Parkersburg and the geodetic azimuth of the line Parlwsburg to 
Denver have been coiiipu tecl through the triangulation. It is desired 
to obtain the true geodetic. azimutli of the line Parkeraburg to Denver, 
and hence deterniine the accumulated error developed in the geodet,ic 
aziniu th as compu ted through the triangulation froin tahe nest pre- 
ceding Laplace azimuth. 

The observed astronomic aziniu th of the line Pa.rl<ersburg to Denver 
is 143' 16' 15'!55; the observed astrononiic longitude of Parkersburg 
is SSo 01' 4S'!30; t,he geodebic. longitude (that coiiiputed through the 
triangulation) of Parkersburg is SSo 01' 49Y00; khe geodetic htitude 
of Parlrersburg is 3S0 34' 51'!53; and the geodetic aziniuth of the line 
Parkershurg t o  Denver is 143' 16' 15'!64. 

The coniputa.tion necessary to obtain the true geodetic azimuth of 
the line Parkersburg to Denver can best be arranged tis follows: 

Astronomic. longitude of Pnrkersburg, XA = SS 01 '45.30 

(See p. 62.) 

0 '  I' 

Geodet.ic longitude of Parkersburg, XG = 8s 01 49.00 

-0. 70 
+ O .  63-1 

-0 .44  
Astronomic. azimuth, Parkersburg to Denver, aA = 143 16 15. 55 

- XA- XG. - 

Sine of geodetic latitude of Parkersburg, sin 4G = 

sin +c (XA- XG) - - 

Laplace a.ziniutli, Pa.rkersburg to Denver, aG = 143 16 15. 11 
Geodetic aziniuth, Pa.rkersburg to Denver = 143 16 15.64 

-0.53 - Correchn to geodetic azimuth - 
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The true geodetic, or Laplace, azimuth of the line Parkersburg to 

Denver, 143’ 16’ 15’!11, is the azimuth to be held in the adjustiiient 
of the triangulation, and -0’!53 is the accuniulated error developed 
in computing the aziniuth through the triangulation, or the discrep- 
ancy which niust be distributed through the triangulation by the 
aziniuth equation in the least-squares adjustment. (See p. 63.) 

COMPUTATION OF LONG DISTANCES 

The forniiilns on Forni 663 (see fig. 66) may be used in computing 
distances up to approsiriiately 300 iiiiles between points whose lati- 
tudes and longitudes are Imomn. When i t  is necessary to compute 
distances iiiuch greater than this, such as distances between widely 
separated cities, the following method should be used. (See pp. SS 
and 89 of the Figurc of the Earth and Isostasy from h’leasurements 
in the United States.) Let 4, A, and d’, A’ be the latitudes and longi- 
tudes of the given stations. It is required to find the distance, 8, 

in nieters bet-ireen the stations (0 being the arc disbance) and the 
azimuth aF and the back azimuth aB of the line joining the stations. 
Let, u. = 90’ - 6, c = 90’ - d’, z = 3 (u - c )  e* sin? 4 (a+ c), 

(a’ + c ’ )  cot 3 B, 
(a’ + e ’ )  cot 3 B, 

a‘=a-z, c’=c+z ,B=X’-A,  
tan Q (A’ - C’) =sin 4 (a’ - c’) csc 
tan Q (A’ + C”) = cos + (u.’ - c’) sec 

sin b = sin B sin a‘ csc A’ =sin B sin c’ csc C‘, 
and h = 0  

Then (YF= 1SO’- C’, 
a B =  lSOo+-4’, 

(3 and 8 (in meters) = (0 in seconds) 

or s (in miles) = (0 in seconds) ( i ) X  0.00062137 

In the formulas above e is the eccentricity of the spheroid (log ea= 
7.83050), and A is a factor whose logarithm is tabulated for each 
minute of latitude in Special Publication No. 8. Log A should be 
taken out for the mean latitude of the two stations. 

I n  niaking the computation the work should be arranged in a 
convenient form as shown in the esaniple below. Taking the latitude 
and longitude of Mexico City as 19’ 27’ 33!0 and 99’ 08’ 371’0, 
respectively, and the latitude and longitude of Washington, D. ‘C., 
as 38’ 53’ 33I’O and 77’ 00’ 34!’O, respec.tively, the distance and 
azimuths between the two cities are conqmted as follows. 
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Sample computation of long distance 

0 I I’ 

d I9 27 20. 0 
x 99 os 37.0 
4‘ 3s 53 23. 0 
X’ 77 00 34. 0 
a=90°-qi 70 33 40.0 
c = goo-$’ 51 06 37.0 
% (a+c)=%(a’+c‘) GO 49 38. 5 
?4 ( a - 4  9 43 01.5 

? 4 B  -11 04 01.5 
M (a-c) in seconds 34951.5 
log % (a-c) in seconds 4. 5US4 
log sin 2 % (a+c) 9- ss21s-10 
log e? 7. 53050-10 

B=X’--X -22 OS 03. 0 

log z 

a’=a-z 
c‘=c+z 

log sin 36 (a’ - c‘) 
log csc % (a’+c’) 
log cot % B 

z 

(a’-e’) 

2. 25653 
180 r5 

70 29 39. 5 
51 09 37. 5 
9 40 01. 0 
9.22510-10 
0. 05591 
0. 70566. 

0 I I’ 

log tan % (A‘-C’)  
log cos % (a’ - e’) 

9. 902G5,-10 
9.99379-10 

log sec % (a‘ +e’) 
log cot B 0. 70561, 

0.31308 

log tan (-4’+C‘) 1. 01451. 

$2’ (Al-C‘) 
% (-4’+ C’) 
n ’ 
C’ 
aF= lS0O - C’ 
QB= 180°+A‘ 
log sin B 
log sin a’ 
log csc A’ 

log sin 0 
log sin B 
log sin c’ 

log sin 0 

l9 
0 (in seconds) 
log (0 in seconds) 
colog A 

log 8 (in meters) 
log 0.00062137 

log s (in miles) 
s (in meters) 
s (in miles) 

log C80 (7‘ 

0 I ‘ I  

-44 30 55 
-s4 2s 33 
-128 59 2s 
-39 57 3s 
219 57 3s 
51 00 32 
9. 5760Sn-10 
9.97433-10 
0. 10944. 

9. G59S5-10 
9. *5760Sm-10 
9. s9148-10 
0. 19229. 

9. 65985-10 
0 I I’ 

27 11 21 
97551” 

4.99070 
1.49062 

6.48133 
6. 79335-10 

3.374137 
3029145 
1882.2 

SIDE EQUATION TEST 

Frequently in the. adjustinent of triangulation it is found that 
although the triangle closures in sonie particular quadrilateral i re  
very small, the side equation for that quadrilateral has a large dis- 
crepancy. This indicates that one or more of the directions must 
be in error and that the sinal1 triangle closures may be due. to errors 
that counterbalance each other. By testing the quadrilaternl by 
means of the side equation one is usually able to find the direction or 
directions which should be rejected in the adjustment. 

The side equation test should be made in the following manner: 
Add together the coefficients of the terms of the side eclua.t~on, dis- 
regarding their signs. Divide the constant term of the equation by 
this sum. The result is the a.pproxiiiiate average correction that 
must be a.pplied to a direction to eliminate the discrepancy in the 
figure and should not be greater than 0!’4 for first-order work. 
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For the following esainple the quadrilateral used (fig. 69) is one 
taken from an arc of first-order triangulation esecuted in 1935, and 
it illustrates very clearly the value of the side equation test. 

The four triangles in this quadrilateral (see fig. 70) have closures 
of OY05,0115, 0149, and 01339, or an average of 0127, disregarding 
the signs. These small closures seemed to indicate accurate values 
for the angles. In forming the side equation for the office compu- 
tation, however, it was noticed that the constant term was very 
large in relation to the coefficients of the va.rious ternis. In  order to 
see just what corrections would be required to eliminate the dis- 
crepancy in the side equation, the quadrilateral was adjusted. (See 
p. 213.) It was found that the angles at  Anarchist between Gillespie 
and Spur and between Spur and Oroville required corrections of 
-3123 and +3137, respectively, and that the angles at  Spur be- 
tween Anarchist and Gillespie and 
between Oroville and Anarchist 
required corrections of + 3'!78 and 
- 3151. This was sufficient proof 
that some of the nngles in t,he 
quadrilateral were in error, since 
the small triangle closures did not 
justify such large corrections to 
the angles to eliminate the side 
discrepancy. Had the side equa- 
tion test been made in the field 
the error could have been found 
and corrected. 

quadrilateral (see fig. 69) are at  
Spur between Oroville and Anarchist and between Anarchist and 
Gillespie, so in writing the side equation the pole should be taken at  
Anarchist. The constant term of the side equation is then 38.3, 
and the sum of the coefficients without regard to sign is 30.9. Di- 
viding 38.3 by 30.9 we obtain 1 124, which is the approsinlate average 
correction that must be applied to a direction in order to eliminate 
the side equation discrepancy. This is entirely too large considering 
that the average closure of the four triangles is only 0'!27, and that 
the mtnimum is only 0149. 

Although the side equation test as made in this manner shows that 
some angle or angles must be in error, it does not show which ones 
are wrong. It is possible, however, to apply the test further by tak- 
ing the pole of the side equation at  some other vertes and bhnging 
in sonie angles not used in the first test. If the side discrepancy is 
within the limit in this second test, then the angles used in it are 
probably correct and the error niust be in some of the angles used 
in the first test, but not in the second test. 

Anarchist 

The smallest t.wo angles '11 ''1' FIG. Gg.-Quadrllaternl used iu ritie equation test 
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If necessary, the test niay be further estended by using the third 
and fourth vertices as poles in forming other side equations. I n  
most cases, however, especially if only one direction is in error, it  
can probably be located by the second test. 

DCClRTMLKT OF COMMERCE 
Y L roUr UD nDollTR W- 

mrm as COMPUTATION OF TRIANGLES 

State: ... Y-an _ _ _ _ _ _ _ _  
*-I.,"- 

NO. STATlOSB OBSERVKD ANOLE 

2-3 Gilles?ie- Spur 

- 5 4  1 Oroville 77 58 50.51 

-10+11 2 G i l l e s ~ i e  54 50 54.68 
-74 3 s p r  47 10 15.78 

1-3 0.-oville - S?ur 
1-2 Oroville - Gillespie 

00.97 

2-3 Gillesiie - Spur 
-1+2 1 Anarchist 35 39 53.10 

-10+12 2 Gilles3ie 123 44 27.67 

-8.e 3 s?ur a0 a5 40.14 

1-3 Anmchist - S ~ W  

1-2 Anarchist - Gillesuio 
00.91 

2-3 GiUespie - Oroville 

-14 1 Anarchist 64 31 19.43 
-11+122 Gillespie 68 53 32.99 

-4i6 3 Oroville 46 35 08.71 
1-3 Anarchist - Oroville 

1-2 Anarchist - Gillesgie 
01.13 

2-3 Spm - Oroville 

-2-a 1 Aaarchist 28 51 26.33 
-7+9 2 S?Ur 26 34 35.64 

- 4 4  s Oro-tille 124 33 59.22 

1-3 Anarchist - Oroville 
1-2 Anarchist - s.mr 

01.19 

-0.05 

-0.15 

-0.49 

-0.39 

0.92 

0.76 

0.64 

0.80 

FIG. 50.-Observed angles aud closures for triangles used in side equation test 

In  exceptional cases the side equation tests will show that some 
angles are in error, but will not indicate which ones. The example 
given here is such a case. As shown above the first test with the 
pole at Anarchist gave an approsimate average correction to a direc- 
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77 58 50.51 9.9903732 
64 31 ILJ.43 9.95551iiY 
?o 35 40.14 Y..YG23liO 

9.4921iil 

O '  " I  

tion of ;:< = 1'124. The second test with the pole a t  Gillespie gave 

an approsiniate average correction of - = lY53, the third with the 

pole n t  Spur, a correction of - = 1 Yl0, and the fourth with the pole 

a t  Oroville, a correction of - = 1 Y48. In  this esaniple, therefore, 

all four tests show large average corrections to the directions, indi- 
cating that some of the angles are in error, but they do not disclose 
the erroneous angles. 

It happens that this quadrilateral appears in an arc of triangulntion 
through which a length equation WRS carried. It was found that if 
the length was carried through the triangles, Oroville-Gillespie- 
Spur and Anarchist-Gillespie-Oroville, the discrepancy in length was 
1 part in 400,000, but  if the length equation was carried through the 
triangles Anarchist-Gillespie-Spur and Oroville-Anarchist-Spur, the 
discrepancy was 1 part in 13,000. This test indicated that the line 
Anarchist-Spur was probably in error, and by about the same 
amount at both ends. Either direction 2 (at Anarchist) or direc- 
tion 8 (at  Spur) appears in all four side equations and consequently 
all four equations have large discrepancies. 

This esainple, however, is an esceptional case as both ends of a 
line are seldom in error by approsiniately the same amount.. Ordi- 
narily the side equation test will indicate which angles are in error. 

Side equation .with pole at Anarchist 

33 4 
22.0 

25 5 
33.1 

30 4 
20.6 

4-0.45 
+1.W 
+5.m 

--10+12 123  44 2i.67 9.91989IQ Y.Mti23GO +L60 
-1.45 -i+8 I % 34 35.64 I 9.6506395 I 7:::: 11 1%; I 124 33 59.92 9.YlSti4il 

-4+5 46 35 08.71 8.8611781 +l.gg -11t12 :Z: I y . y l ~ y l  I +.81 

I I 9.4317595 I (1 1 1 0.4317212 I 
O=+35.3-3.44(4) +1.99(5) + 1.45(6) -4.21(7)+9.81(8) -5.60(9) +1.41 

ilO,+O.Sl (11)-2.32 (12) 
-- :E:: - 1 134 

Side  eqication with pole at Gillespie 

-7t.9 
-4+5 
-1+2 

0 ,  I I I  I 

I I 

I I 9.4!22105 

-54-6 
-1+3 
-8+Y 

O= +33.4-1.94(1) +3.94(3) - 1.00(3)-1.99(4) +2.44(5) -0.45(6) -1.95 
(7) 4- 5.60(S) - 3.65(9) 

-- ::::- 1152 
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-4+G 
-1+2 

--10+11 

0 I #I 

124 33 59.22 
35 39 .%.IO 
54 50 51.tiS 
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9.91504il -1.45 
I I . i l iWYY5 +?.YI  
0.!412559 $1.43 

(1. SVS!KI4U 
-- 

Side  eqnation wilh pole at S p u r  

0 I ,I 

23 51 2C.33 
12: 44 27.6; 

I ,  53 53.51 

9.683GlB 4-3.82 
Y.OIOii918 -1.41 
9.0wi03;3.? c.45 

9.5938794 

-?+R 
-1Oflf 

-5+G 

0 , I ,  

-l+X C4 31 19.43 9.5555GiO -!-1.00 - 1 l f l P  
--10+11 51 50 54.115 Y.YI255K7 +1.4% -7+Y 

- i + R  !& 31 35.M Y.G-95 +J.?I -2+3 

9.5IS815i 

D , I ,  

G8 I 3?.99 
47 IO 1 5 . h  
W 61 2fi.33 

0=+25.6-2.91jlj +L7G(2)-3.52(3) +i.45(4!+o.15(5)-il.lo(li) -2.59 
(10) + 1 .4S(l l )  + 1.41 (.E) 

-= 25.5 lr lo  
23.1 

II.Oti9S3Sl 
Y . b W 2 J  
9. G%3G143 

+o. 81 
+1.95 
B.52 

0; ~ 3 0 . 4 ~ 1 . 0 0 ( 1 ) ~ 3 . S 3 ~ ~ ~ - 3 . S 2 ( 3 ) - 2 . 3 G ~ 7 ~ + ~ . 2 1 ( S )  -1.95(9)-1.18 
(10, + 2.29 (1 1)-- O.Sl(12) 

FIG. :l.-Qizirlrilaternl used in side equation 
test with directions renumbered for office 
cmiipiitatinn 

The following adjustment. of the quadrilateral shows what large 
c.orrections are required to make it consistent if all observed direc- 
tions are used. The numbers on the directions are those used in 
the office adjustiiient of the arc. 

1.  0=+0. O:j-(~O~)+(20S)-~(:!10)+(212)-(219)+(220) 
2. O=+O. 3 9 - ~ ~ 1 0 ~ + ~ 2 1 1 ) - ( i i 2 1 ~ ~ + ( 2 1 7 ~ - ~ ( 2 1 S ) + ( 2 3 0 )  
3. O= +O. 49- (30s) + (209) - (215) + (217) - (21s) + (519) 
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COMPUTATION OF TRIANGLES DLPARTYENT OF COMMERCE 
y. L rpn 1*D GIDOOIC S " I 1 Y  

~ o r m  as 

State: .N.@#Rlt~tar! ._......._ ._ ... .....__ _____........_ _--- 
S O .  IT.4TlOSS OBSERVED AXCLE 

2-3 Gillesgie - S ? u r  

.219+2201 0-oville 77 3 50.51 
-207+S CillesDie 54 50 54.63 

-210+2l8 s7u 47 10 l3.7d 

1-3 Oroville - Snur 
1-2 Oro'rille - Cillespie 

2-3 Gilles?ie - S w  

-2l5+?L6l AnWChist 35 39 53.10 

-fiW+2092 Gillesgie 123 44 E.67 

-2n+aZ3 S-gu 20 35 40.14 
1-3 Anarchist - s-par 

Anarchist - Gillespie 

2 4  Gillespie - Oroville 

-2l5+2171 Anarchist 64 31 19.43 
-208+392 Gillesnie 68 53 32.99 

-233+2l93 Oroville 46 35 08.71 

1-3 Anarchist - Oroville 

1-2 Anarchist - Cillespie 

N . 2 4  51.43 0.21 
-1.26 53.42 0.51 

4.27 16.05 0.30 

-0.05 0.92 

4.0919.52 0.21 
4.6133.60 0.P 

-3.1507.52 0.22 

-0.49 0.64 

4.587333 
49.57 0.2243109 

23-77 9.53S8431 

43.66 9.546357 
4.5414504 

4.1673130 

4.2682956 

19.31 0.0444321 
33.39 9.3655384 

07.30 9.3611753 

4. a54761 

4.3678130 

2-3 S p r  - Oroville 4.3094aa 

-216+2l?l Anarchist 28 51 26.33 +L3729.70 0.27 29.43 0.3163738 

-2lotp1" spur 26 3.1 35.64 -3.5132.U Q m Z 7  31.56 5.6596736 

-zta+zz@ Oroville 1% 33 55.22 -02558.97 0.26 58.71 9.9153479 

1-3 Anarchist - Oroville -0.39 0.30 4.2764762 

1-2 Anarchist - spur 4.5414504 

FIG. ;?.-Triangle onnputat ion hir qi1amdril:ileral used in side equation test 

Sidt- eq ~ r t  ion 

I I  
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+2.“Y 
+.lY 

4 . 2 1  
+lO.Sl 
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Correlate eqiialiuras 

----- 
+n.c36 + - ~ . G I  
--.I??? -.e2 
- .OI . l  -.o1 

+l.OSl +l.OS 
-2.435 -2.43 

4 

-1.48 
+2, 29 
-. s1 

-4. ? I  
+9. $1 

-5  1’11 
-?. w 
+I;. iti 
-3. M 
-1. w 
+2. 44 -. 4.5 

Nornial equations . 

-- -- 

RECTANGULAR COORDINATES 

The resid ts of the tria.ngulation coiiipu ted by the United States 
Coast and Geodetic Survey are always given in geographic coordi- 
nates, since the tria.ngulation usually covers a hrge area, and must 
necessarily be computed by nieans of geographic. coordinates (lati- 
tudes and longitudes) on sccount of the curvsture of the earth. 

For the survey of a relatively sniall area, such as a city or sniall 
county, it is riiuch inore convenient to use plane coordinates, since 
the c.oniputations are simpler. If in the sniall area h i n g  surveyed, 
however, there are triangulation stations, these should be used to 
control the local survey and to connect it to the triangulation of the 
country. 

In  order to make its results of value to city and county surveyors 
using plane coordimtes the United States Coast and Geodetic Survey 
has issued Special Publication No. 71, entitled “Relation between 
plane rectangular coordinates and geographic positions,” in which 
tables are given that make the c.omputnbions for transforming . 

geographic to  plane rectangular coordinates or vice versa very 
simple. This publica tion can be purchased from the Superintendent 
of Documents, Washington, D. C., for 10 cents. 



CHAPTER 7.-GENERAL RULES AND SUGGESTIONS 

All computations can be made much more rapidly and can be 
checked niore easily if the work is axrmged in a systematic manner. 
This bureau has printed fornis for nearly d l  triangulation coniputa- 
tions and these should be used whenever possible, as they espedite 
the work and lessen consideritbly the chances for errors. 

The ma t1ieniaticia.n should bear in mind that a.ccuracy is desired 
above everything else. Of course speed is desired also, but accuracy 
should not be sacrificed to it. Nothing is gained if a piece of work is 
done in an unusually short time, if as a consequence it afterwards 
needs considerable recision. 

For a great many conipntations no fised rules can be laid down, but 
the proper procedure depends upon the judgment of tlie mathenia- 
tician doing the work. For instance, it is inipossible to specify the 
number of decimal places to be used for the numbers and logarithms 
in all the various computat~ions. This depends upon the particular 
piece of work being c.omputed. 

All work should he done neaQy and all figures should be written 
carefully and legibly. Either 
erase entirely the one. which is superseded, or draw a line through it 
and write tlie correct figure above it. 

Every coniput,a.tion, unless self-checking, should be checked by a 
mathematician other than the one who iimde t.he original computation. 
The mathemntician who docs the checking should first inalte his 
changes in pencil, and then he and the mathematician making the 
original computation should agree on the proper values before the 
final corrections are niade in ink. 

An inexperienced mathematician should feel free a t  all tiines to 
consult the nittn under whom he is working or, in an emergency, 
any of the more experienced 1iiatheiiiat’ic.ians in regard to the work. 
It is well to make sure you are right before carrying a. computation 
too far. This consultation suggestion should not be abused, however. 
Beginners should proceed upon their own initiative in the work 
assigned them, unless there is doubt, as to the proper method. Knowl- 
edge obtained by study and hard work is much more easily retained. 

In  all triangulation computations nieters are used, but the final 
results are converted to feet, and both nieters and feet are published. 

In  an adjustment of a large net of triangulation the selection of 
the equntions, as well as the forniktion, should be checked before the 
work is carried ahead, as often an ‘{identical” equation (seep. 181) will 

Do not write one figure over another. 

315 
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not become apparent until the forward solution of the normals is 
made, and considera.ble recomputation will then be required to sub- 
stitute the proper equation. 

Intersection stations, that is, unoccupied points, unless they are 
innin sc.henie stations, should be adjusted by using only the three 
lines which give the strongest, angles a t  the vertes. 

The ma.t.hemntic.ian making the first check of a list of geographic 
positions should also check the angles in the triangles for all “no- 
check” points. 

In  those adjustnients in which the logarithms of certa.in lengths 
each appear in only one triangle these logarithms should be carefully 
checked before the list is made out. 

The mathematician nialiing out B list of geographic positions and 
the one doing the checking should scan it carefully for errors that mn.y 
easily be discovered by inspection. For example, i t  is easy to see 
whether the a.ziniuth and back azimuth differ by approsimately lSOo 
as they should, or whebher the number of figures in a length corre- 
spond to the characterist,ic of the logarithm from w1iic.h it is taken. 

All final lists of geographic positions should be checked by two 
mathematicians, who should put their initials a t  the bottom of ench 
sheet. As soon as a list has been properly checked, a photostat copy 
of i t  should be obtained for the files of the division of geodesy. If 
the triangulation is dong tlie coast another photostat copy of the list 
should be obtained for the files of the division of charts. 

Pages of geogrsphic positions and cards of descriptions of the sta- 
tions should not be taken out of the files of the division of geodesy 
without leaving a memorandum of such withdrawals with the niathe- 
niatician in charge of t,he files. 

I n  the adjustment of a central point figure where there is more 
than one side equation, one of these equations should be writtcn 
with the pole a t  the center and carried conipletely :wound the figure. 

In  an adjustment having several side equations, if the closure for 
one is large the directions used in that equation should be investi- 
gated. If the closure can be improved considerably by omitting a 
certain direction that should he done. 

Whenever a field computation of triangles is available i t  is not 
nec.essnrg to make a preliminary office compiitstinn of trinngles, but 
the logarithnis of lengths from the field computation can be used to 
comput>e the sphericd excess. 

In  the adjustment of triangulation by tlie angle method the azi- 
muth equation should always be formed by using the c or azimuth 
angles, as then the azimuth equation will not ordinarily involve the 
same V’S as the length equation, and the solution of the normal 
equations will be simplified. 
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I n  using the Shortrede logarithmic tables, the tables of propor- 
tional parts a t  the right of each page and the tabular diff'erence for 
one second at, the bottom of esch niinute column should be used 
escept for very snidl angles. For small angles, where the tabular 
difference for one second is changing rapidly, the difference should 
he taken out, for the particular second used. 

In  forming the correlate equa.tions, tlie coef3cient.s of sonie of t,he 
equa.tions should, in some cases, be divided by 5, 10, or l@O to mnke 
them of approsiiiiately the same size as those in the other equations. 
This niakes it possible to obtain a given accuracy with a snialler num- 
ber of cleciiiinl places in the solution of the nornial equations. 

I n  the c.oniputat.ion of a geodebic position for which the signs of 
the Ah's as computed over the t,wo lines are the sanie, and t'he two 
vn-lues are a~Jp~OXilli~.tdy the same size, the resulting values of X 
may c.heck and yet the computation be wrong. This is due to the 
fac.t that the values of -4' and sec 4' are the sanie for both lines used 
in the coiiiputat.ion, a.nd if there is an error in either of these ternis, 
it will a.ffect both Ah's by about, the same a.nioun6. The error will 
not he apparent until this position is used in coiiiputing sonie other 
posit,ion for which the longitude will necessarily fail to C,liecli. 

I n  the ccniputation of a geoc1et.k posit.ion dl signs, whether. plus 
or minus, should be inclic.ated for all the terms. This saves niuch 
time and avoids confusion. 

Eternal (true black carbon) ink should be used for niaking out all 
lists of geographic positions since this pennits much better photostat 
copies to he made. 

The last niatheniatic.ian to leave a rooni, in which t.here are coni- 
puting machines, a t  the end of a da.y should see t.1ia.t all tlie machines 
are covered. This prevents dust from entering sad injuring the 
delicate pa.rts of thc niachine. 

I n  niaking out lists of geographic posibions, the niatheniatician 
should always insert at) the top of ea.ch sheet, in the blanks provided, 
the locality and State in which the triangulation is located, and also 
the datum on which the work is coniputed. This will avoid con- 
fusion if the sheet should beconie niisplaced from talie files or coniputa- 
tion cahier. 

Before sttlrting the adjustment of a. net of triangulation, the niathe- 
niatkian should find out just how the net is connected in position, 
length or aziniuth to previously adjusted triangulation. If any of 
the points or lines of the new net are identical with points or lines of 
previously adjusted triangula.t,ion, they should be held fised in tlie 
new adjustment, in order that, the new triangulation rimy be niade 
consistent with the existing fised triangulat,ion. Occasionttlly, how- 
ever, a station already adjusted niay be allowed to take a new posi- 
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tion, if the old data on which its position was based axe not con- 
sidered very accurate or reliable. The final decision in a matter of 
this kind should rest with the niore experienced judgment of the older 
mathematicians . 

In  many of the operations in the computation of triangulation 
more decimal places are used in the course of the coniputation than. 
are necessary when the final values are reached. In  dropping the 
estra decimal places no quest,ion arises if the figures dropped represent 
either more or less than one-half a unit of the last decimal place 
retained, for if they are less the last figure retained remains unchanged 
and if niore i t  is increased one. For esaniple, if the two numbers 
0.3373 and 0.3366 a.re rounded off to three decimal places, then the 
adopted nunibers should be 0.337 and 0.337, respectively. 

When the figuses in the dropped dec.ima1 places, however, represent 
exactly one-half a unit of the last decimal plsce retained, then the 
nunioer adopted may have two values both of which are equally 
correct. In order to avoid confusion the United States Coast and 
Geodetic Survey has arbitrarily adopted the plan of using the nearest 
wen figure for the last decimal place retained. For example, in 
rounding off to  three decimal places, the nunibers 0.4315 and 0.6345, 
the adopted nunibers should be 0.422 and 0.634, respectively. 



CHAPTER &-CONSTANTS, FORMULAS, AND TABLES 
CONSTANTS AND FORMULAS 

Diniensions of the earth according to Clarke's spheroid of reference 
(1S66) : 

Equaborial radius, a, = 6378306.4 nieters 

Polar seiiii-asis, b, = 0356583.8 nieters 
log ti = 6.S0469S57 

log b = G.SO33337S - 
Eccenbricity, e, 

e'= O.OOGi68658, 
log e? = 7.S3050257 - 10 

Base of Naperian logarithms, E, = 2.71S31S3 

Modulus of coninion logarithms, M, = 0.43429445 
log M =9.63iiS431- 10 

r=3.14158265 
log 7r = 0.4971.4987 

log sin 1" =4.6S557457- 10 
log tali l'f =4.65557187- 10 
1 kilometer = 0.G21370 statute mile = 0.539593 imutical mile. 
1 meter = 0.000631370 sta.tut,e mile = 0.000539593 :iaubical mile. 
1 stat.ute mile = 1609.35 nieters = 1.60935 kilometers. 
1 nautical infie = 1553.35 meters = 1.S5395 liilonieters. 
1 nautical mile= 1.151553 statute miles. 
1 statute niile= 0. 8GS393 nautical mile. 
1 meter=39.37 inches (law of July 2SJ 1S66). 
1 meter = 3.2SOS3333 feet. 

1 foot = 0.30450061 meter. 

Probable error of an observation, r =0.6745 

log e = 0.43429448 

log. 3.25083333 =0.51598417. 

log. 0.30450061 =9.48401583 - 10. 

ZZP 
n [n-1) 
- 

rr-1 

J- r 
Probable error of result, r,=-=O.6745 

Probable error of an observation of unit weight, pI = 0.6745 

Ji. 

Probable error of an observation of weight pl, r1 = -& = 0.6745 

Probable errorof an observed direction,d = 0.6745 
fP1 

of squares of corrections to directions, and is the number of 
conditions. - 

Mean error of an angle, a = ,/$, 
where SA2 is the sum of the squares of the closing errors of the 
triangles, and ,n is the number of triangles. 

219 
. .. . 



320 

;.Soli5 
178 
1M 
195 
210 
2 s  
249 
2i2 
297 
322 
348 
373 
396 
417 
436 
450 
161 
46\ 
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&SO176 6W17i 1;s 179 
185 IS6 
196 197 
?LO 211 
22J3 220 
250 350 
273 273 
297 298 
3?3 324 
348 349 
373 374 
306 3% 
118 418 
436 436 
450 451 
4R1 48'2 
4193 46b 

Logarithms of radii of ficraat~~7e oj  the earfh's sicrface (in meters) 
[B:aeal ilpon Clarke's spheroid of 1864 ns expressed in meters]. 

____--_. . -  - . ---________ 
I 

470 I 470 471 

j. 80213 
215 
221 
P1 
244 
261 
230 
301 
%24 
347 
37L 
394 
415 
434 

6. PO217 6.%,?2 
219 -24 
225 3 0  
235 239 
3.15 252 
2 s  269 
3 4  si 
305 305 
327 330 
350 353 
373 3iS 
396 3R8 
417 419 
436 43s 

Lnt itwle 
Azimuth (degrees) - I oo 10 

--- 
2o I 3D I 40 

50 (io 80 

6.80175 
17; 
le4 
195 
209 
227 
248 
272 
296 
322 
348 
373 
396 
41s 
435 
450 
461 
468 
470 

i801i5 
l i i  
184 
195 
?09 
22.3 
21Y 
272 
297 
322 
318 
373 
396 
417 
435 
450 
461 
IC8 
470 

6. PO178 
isn 
1 s  
19s 
212 
230 
251 
274 
299 
3% 
350 
394 
398 
418 
437 
451 
4G2 
4ti9 
4 i l  - - 

5. SOlSO 
182 
1SS 
1Y9 
?I4 
232 
252 
2i6 
300 
325 
351 
375 
395 
41Y 
43i 
452 
483 
4651 
472 - - 

I80181 
1% 
190 
3 1  
213 
2x3 
254 
277 
301 
326 

376 
399 
4 20 
438 
552 
463 
470 
472 

35a 

L 50133 
1% 
192 

21: 
235 
256 
278 
303 
328 
353 
3 i i  
400 
421 
439 
453 
464 
470 
4i3 

203 

- - 
Lstitude 

1-20 14' I 15' 1 '16' 
3.80186 

188 
194 
3 5  
21Y 

8. 80194 
19G a? 
213 
227 
%4 
264 
287 
310 
335 
3.59 
&%3 
408 
4% 
443 
457 
4M 
47 4 
476 _- - 

5.90197 
199 
?OB 
316 
?30 
247 
3 7  
239 
313 
337 
361 
385 
407 
427 
144 
4 s  
469 
475 
477 - -- 

6.8018Y 6.80191 
1110 193 
197 200 
?07 210 
222 224 
239 2.13 
260 262 

306 308 
331 333 

m2 ~1 

237 
257 
280 
304 
329 

Latitude 
Azimuth (degrees) - I 160 

-- 
310 

j.8023? 
3 4  
B Y  
WQ 

2 7  
290 
316 
33s 
380 
3s2 
404 
4% 
443 
45Y 
472 
481 
487 
489 

- 

3 2  

-- 
200 

G. ,SO226 
2% 
'234 
*A 
257 
?i3 
292 
312 
334 
3X 
379 
401 
422 
4.10 
456 
470 
479 
485 
697 

-- 

1.80237 
3 9  
244 
254 
260 

6.80306 
210 
?I7 
2 7  uo 
257 
Z B  
298 
321 
344 
w3 
39 1 
413 
432 
44!l 
463 
473 
479 
481 

389 392 

4W 492 
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Logarithms of radii of curaaturs of the earth's sirrlact- (,in nzelers)--Clontinued 

j. .W-% 
?M 
2% 
306 
317 
331 
346 
363 
38? 
400 
419 
43i 
455 
470 
4% 

Azirnut h (degrees) 

G. W39 
300 
305 
313 
324 
337 
353 
3fiQ 
3.M 
405 
423 
441 
45s 
473 
4% 

Azimuth (degrees) - 
32'0 330 

6. SWM 
Y0i 
3 E 
3?0 
330 
343 
358 
3i4 
3% 
4 10 
4% 
44s 
40'2 
476 
489 
m 
60; 
51? 
514 
- - 

- 
410 - 

6 . W 3  
386 
370 
3iii 
385 
39s 

420 
434 
449 
464 
47s 
491 
&503 
514 
5% 
5?N 
532 
533 

4111 

6. SO313 
314 
319 
528 
33i 
34!1 
3c4 
380 
397 
414 
4.1? 
449 
4F5 
gLxl 
492 
SO? 
510 
SI4 
SI8 

-_ -- 

6. m?i? 
? i 4  
? i Y  
2ss 
?w 
313 
330 
348 
36i 
Psi 
40; 
4 3  
445 
4R1 
475 
487 
195 
%I 
3 2  
- - 

Lnti tude 

--I- 
.;. 80320 6. W 2 i  

3% .*?3 
333 340 
311 350 
355 362 
3i0 3iG 
38.5 391 
402 407 
419 4?4 
434 441 
433 437 
469 472 
4 s  4WB 
4% 4% 

3"2 y-3 

Lxti tude 

4IE 4u 
413 43 
4% 432 
440 446 
431 4% 
4ri 173 
4s:: 4s6 
49.5 1'99 
!a7 510 
517 620 
5'25 5% 
531 .%4 
w 4  1 7  
s36 539 

R. SO?iS 
3.0 
?85 
224 
305 
319 
335 
3.53 
3 2  
391 
411 
430 
448 
4f4 
478 
489 
49s 
5rU 
w4 

-- - 

6. 4M35 
83A 
340 
344 
355 
3G3 
38? 
397 
4 L'? *a 
445 
44 1 
476 
189 
501 
510 
517 
522 
323 
- - 

- 
4'o 

6. so396 
397 
4 l n  
4Wn 
413 
4?' 
433 
444 
4,57 
470 
48? 
495 
506 
517 
526 
514 
539 
w2 
.u4 

- 

300 

5. m s  
?87 
?92 
300 
311 
325 
340 
3.s 
3 i i  
396 
415 
434 
451 
4ti i  
4Y1 
492 
500 
,505 
507 
- - 

--- 31* I 32a 

SW? 505 
917 510 
494 %SG9 I 497 511 

35' 1 3Y" 

j. 50342 6. W3.W 
314 3.51 
345 355 
395 362 
3.A 371 
3i6 392 
3 s  sw 
4w2 408 
41s 4% 
434 439 

4% ' 438 
439 446 
450 4.58 
4Q 468 
475 w 
447 492 
499 ,503 

5LW 521 
s3 s 2  
s3R ,539 
:.I? .%4 
M S  518 
516 519 

5111 514 

- 
40- 

6. 80357 
3.59 
3153 
369 
378 
388 
401 
414 
429 
444 
459 
474 
457 
5 w  
910 
519 
595 
529 
531 

- 

__. 

- 
450 

ti. w19 
42) 
4 3  
425 
434 
442 
452 
46'3. 
414 
485 
4% 
508 
518 
5% 
536 
543 
.517 
550 
551 
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f3.80449 
450 
453 
457 
462 

Logarithms o/ radii of curtiattire of the earth's surface ( in  meters)-Continued 
- 

I 

510 
530 

538 

551 

558 
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1,atitude 

515 
524 

5 3 0 5 3 3  
541 

5 4 5 5 4 8  
554 
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580 
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I 
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7 
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9 

10 
1 
2 
'3 
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5 
6 
7 
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9 

20 
1 
2 
3 
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5 
6 
7 
8 
9 

30 
1 
2 
3 
4 

5 
6 
7 
9 

10 
1 
2 
3 
4 
5 
t 
0 
8 
5 

a 

Meters 

0.0 
0.304sO 
0.60960 
0.91440 
1.21920 

1.52400 
1 . 8 ~  
2.13360 

2.74321 

3.04801 
3.35251 
3.65761 
3.96?4 1 
4.28721 

4.57201 
4.57681 
6.18161 
6.48641 
5.19121 

6.09601 
6.40081 
6.70561 
7.01041 
7.31521 

7.62002 
1.92452 
8.22962 
8.53442 
8.83911 

9.14401 
9.44885 
9.75362 

10.0584? 
10.363z 

10.66m 
10.97% 
1 1 . 2 i X  
11.55249: 
11.85m 

12.19ao: 

12.801a 
13.10641 
13.4l11 

13.7160: 
14.02W 
14.3358: 
14.6304: 
14.WiZ 

2 . 4 3 ~ 0  

la. 4988: 

CONVERSION TABLES 

Length-Feet To meters ( j i i  1 t6 1000 udta) 
[Redlrctim factor: 1 Imt-O.30480060bW meter] 

= 
F e e t  - 

50 
1 
2 
3 
4 

5 
6 
7 

9 

60 
1 
2 
3 
4 
5 
6 
7 
8 
9 

70 
1 
2 
3 
4 

5 
6 
7 

9 

80 
1 
2 
3 
4 

5 
6 
7 
8 
9 

90 
1 
2 
3 
4 

5 
6 
7 
8 
B 

a 

a 

Meters 

15.24003 
15.5448 
15.84963 
16.15443 
16.45923 

16.764W 
17.08883 
17.3731 
17.67844 
17.QS32-4 

18.!28804 
15.58281 
IS. 597w 
19. m44 
19.50724 

19.81204 
a0.11684 
20.42164 
20.72644 
2l.Wl24 

2l.33661 
21.64M4 
2l.94564 
22.25944 
22.655% 

22.m 
0.1648j 
0.46965 
23.ii445 
24.07925 

24.38405 
24. Ww.5 
24.m65 
25.29845 
25.60325 

%. 90805 
26.21285 
26.51765 
26.82245 n. 12725 
27.43m 
27.73688 
28.04168 
28.34646 
28.65120 

28.95808 
29.26066 
29.58566 
aQ.8'1048 
m17628 

- 
Feet - 

100 
1 
2 
3 
4 

5 
6 
7 
8 
9 

110 
1 
2 
3 
4 

5 
6 
7 
8 
9 

120 
1 
'2 
3 
4 
5 
6 
7 

9 

130 
1 
2 
3 
4 

5 
6 
7 
8 
9 

140 
1 
2 
3 
4 

5 
6 
1 a 
9 

a 

Meters 

30.48008 
30.79486 
31.08966 
31.39446 
31.69926 

32.00406 
32.30856 
32.61367 
32.91447 
33.22327 

33.5?Ew 
33.832s; 
34.137Gi 
34.44247 
34.74737 

35.05207 
35.35657 
35.66167 
35.96647 
36.27127 

36.5'1607 
36. Ssosi 
37.18567 
37.49041 
37.79622 

3 8 . 1 m  
a8.40458 
35.70968 
39.01448 
39.31828 

39.62408 
39.92M 
40.23308 
40.53S45 
40.s4323 

41.14806 
41.45288 
41.75765 
42.06w 
42.36728 

42.61208 
42.97689 
43.28169 
43.5W9 
43.EQl29 

44.19809 
44.50089 
44.80569 
45.11049 
4hu529 

= 
reet 

150 
1 
2 
3 
4 

5 
6 
7 
8 
9 

160 
1 
2 
3 
4 

5 
6 
7 
8 
9 

170 
1 
2 
3 
4 

5 
6 
7 

9 

180 
1 
2 
9 
4 

5 
6 
1 

9 

190 
1 
2 
3 
4 

f 
1 

- 

a 

a 

1 

5 

4s. 7aoog 
46.021S9 
46.32969 
46.63449 
46.93929 

47.24400 
47.54590 
47.S5370 
45.15Sjo 
48.46330 

45.78S10 
49.07290 
49.377iO 
48.6Sw) 
49.Qsm 

50.29310 
60.59680 
60.90170 
61.206% 
61.51130 

61.Sl610 
52.1mo 
52.4WiO 
52.73051 
53.03531 

53.34011 
53.64491 
53.4197l 
51.3451 
54.55931 

54.50411 
55.18891 
55.47371 
55.77851 
56.Os331 

66.3M11 
53.69291 
66.99771 
6i.30251 
67.60732 

1.21692 

1.82652 
68.3133 

69.74092 
60.04572 
80.35052 
60.- 

s7 .9 iaa  

1. 52i7a 

m.r1381a 

200 
1 
2 
3 
4 

5 
6 
'I 
8 
9 

210 
1 
2 
3 
4 

5 
6 
7 
8 
9 

220 
1 
2 
3 
4 

5 
6 
7 
8 
9 

230 
1 
2 
3 
4 

5 
6 
7 

9 

aro 
1 a 
3 
4 
5 
6 
7 

a 

8 

8o.gma 

ei.rn7a 
61. 8745a 
62. m a  
ea. 4saa  

61.264m 

62.78593 
63.09373 
63.39853 
63. M333 

64.0013 
64.31293 
64.61773 
64.92253 
65. m33 
65.53213 
65.83693 
66.14173 
66.44063 
00.75133 

67.05813 
67.36093 
67.68574 
67.97054 
68.n534 

68.58014 
68.85494 
69.19974 
88.49454 
69.79934 

70.10414 
70.40894 
70.71374 
71.01854 
71.32334 

71.93294 
12.23774 
72.54255 
12. a7a5 

n.m14 

04.87615 
94.98085 
75.28575 

Em 
223 



224 

100.85031 1 
106.96jo1 
107.25951 
107..59462 
107.M 

loS.a(u22 
10S.5090? 
lOS.SlBS2 
109.11S63 
109.42342 

109.72822 
110.~5302 
110.33iS2 
110.61!262 
110.94742 

111.25222 
111.55iO3 

112.166G2 
112.47143 

112.77623 
113.05103 
113.35% 
113.690&? 
113.99543 

114.30033 
114.GDjo3 
114.90953 
115.21463 
115.51943 

ll5.Bl23 
118.1303 
ll6.433s3 
116.73663 
117.04343 

117.34523 
lli.WO1 
117.95ib4 
i i s . ~ ~ ~  
115.50744 

115.87!!24 
119.liiO1 
119.4PlS1 
119.75864 
120.09144 

1%.3963i 
13.70104 
121.005sI 
121.31064 m.aw 

111.661s3 I 

- - 
EBet 

250 
1 
2 
3 
4 
5 
6 
0 
8 
9 

260 
1 
2 
8 
4 

5 

8 
8 

a70 
1 
2 
B 
4 

5 
6 
P 
8 
9 

- 

t 

f 
2 
8 
4 

5 
6 
B 
9 

290 
1 
2 
3 
4 

a 

I 

i 
G 

I 

400 
1 
2 
3 
4 

5 
6 
7 
8 
9 

410 
1 
2 
3 
4 

5 
6 
7 
8 
9 

420 
1 
2 
3 
4 

5 
6 
7 
8 
9 

430 
1 
2 
3 
4 

5 
6 
7 

9 

440 
1 
2 
3 
4 
5 
f 
1 

a 

s 

U. S. COAST AKD GEODETIC SURVEY 

LengbFee t  Lo metem (jhm 1 16 1000 un&s)-Continud 

91.44018 
91.74498 
92.04978 
92.35455 
92.65939 

92.96419 
93.28S99 
93.5i379 
g3.8iLW 
94.18335 

94.4S19 
94.79299 
95.09iio 
95.402B 
95.70739 

96.01219 
58.31699 
0G.62179 
96.92659 
97.23139 

Metars 11 Feet 

350 
1 
2 
3 
4 

5 
6 
7 
8 
9 

360 
1 
2 
3 
4 

5 
6 
7 
8 
9 

77.41935 

77.72216 
~S.O?SSS 
iK33576 
7s.ws56 
78.94336 

79.186 
79.55% 
79.55716 
80.16256 
80.46736 

80.77216 
81.OiKM 
81.3Sli6 

81.99136 

82.6009i 
82.90577 
53.21057 
83.51537 

83.824317 
84.12107 
84.42917 
64.73457 
1.03937 

85.31417 
1.0487 
1.95377 
86.25557 
88.56337 

8LS6817 
8i.li-W 
87.4iii7 
87.iS258 
85.05738 

8839218 
86.89698 

S9.30G58 
89.61138 

89.91618 

8 1 . ~ ~ ~ 6  

82.29616 

89.00178 

Meters 11 Feet 

4 

5 
6 
7 
8 
9 

310 
1 
2 
3 
4 
5 
6 
7 

9 

1 
2 
3 
4 
5 
6 
1 
E 
5 

33C 
I 
2 

a 

320 

1 
E 
f 
5 
# 
E 

34( 
1 

I 

! 

i 

90.2?098 EFGi 
8L- 

! 
. 

97.536243 
97.84100 
05.14980 
9s.4m 
99.75540 

99.06020 
99.36500 
W . 6 W  
W.9i400 
100.37940 

370 
1 
2 
3 
4 
5 
6 
7 
8 
9 

Meters 

302.1Os?O 
102.41300 
l(n.iliS1 
103.92261 
103.32741 

103.63221 
103.93iO1 
101.24181 
104.516G1 
lW.s5141 

11)5.15621 
105.46101 
ll)j.7%Sl 
11)6.070t)l 
108.375il 

1?1.92024 
122.32504 
122.5Zgs5 
123. 53465 
123.13545 

lz3.14905 
1%. 053s 
121.35%5 
1%. 66345 

124.96% 
125.373CG 
129.5ii% 
12.5. *% 
128.15745 

136.5923% 
128. ai05 
137.10185 
12i.40685 
127. ill48 

125.01628 
12s. 32lOE 
125. 6?586 
12s. %308(1 
129.23548 

129.54m 
129. s5oe 
130.149SC 
130. 426E 
130.75!340 

131.06-1E 
131.869W 
l31.6738C 
131.97s6E 
M.25346 

132.5582i 
133.89331 
133.19X 
133.5026; 
l33.6074i 

134.112% 
134. 4liG 
134.721St 
135.W; 
135.3314i 

135.6362: 
135.8110: 
136.255% 
136.sjoSj 
l36.1155L8 

1%. F4% 

5 
6 
7 
8 
9 

390 
1 
2 
3 
4 
5 
6 
7 

= 
Feet 

450 
1 
2 
3 
4 

5 
6 
7 
8 
9 

460 
1 
2 
3 
4 

5 
6 
7 
8 
9 

470 
1 
2 
3 
4 

5 
6 
1 

9 

480 
1 
2 
3 
4 

3 
6 
1 
e 
9 

490 
1 

3 
4 

f 
1 
I 
5 

a 

2 

3 

137.1Mm 
137.46507 
137.76988 
135.07.l63 
135.37948 

138.634% 
135. ss9ffl 
139.29388 
139. m69 
l39.9ma 

140.20528 
140.51305 
140.81188 
1 4 1 . 1 ~  
141.42248 

141.73238 
142.03io8 
11.34lBs la. &IC168 
142.95148 

143.25629 
143.56109 
143.86559 
144.li069 
144.4i54B 

144.7soaB 
145.0s509 
145.35999 
145.69469 
145.gS949 

116.30129 
146.80909 
146.91359 
147.3lS69 
347.52350 

147.82930 
148.13310 
148.43790 
148.74270 
149.04750 

149.35BO 
149.65ilO 
149.96190 
1%. 26670 
150.5m 

150.87630 
151.lSllO 
151. 4S590 
151.79070 
l52.obm 



5w 
1 
2 
3 
4 

5 
6 

0 

510 
1 
2 
I 
4 

0 

I 

i 

I 
u! 

1 

i 
I 

I 

63 

br 

152.!0930 560 
152. rGll  1 
153.m1 2 
153.31471 3 
153.61951 4 

153.92431 5 
154.2!2911 6 
154.53391 7 
154.SS71 8 
155.14351 9 

155.44831 560 
155.75311 1 
156.05721 2 
I56.362d1 3 
156.66i51 4 

156.9731 5 
15i.?i311 6 
15i.tS192 7 
157.!2'72 8 
I5S.19152 9 

15S.4963? :7c 
15s.so112 1 
1jZI.10:92 
159.410i2 
159.71552 4 
160.02032 L 
1GO.32512 t 
laO.GZB2 5 
lGO.Od72 I 
161.2393 I S 

l6l.M13? SSl 
161. El912 
162.1532? 1 
362.45873 : 
162.iWS3 

163.06533 ! 
363.37313 

lG3.Wi3 I 

I69.16434 5 ~ 

1G9.4tWld 6 ~ 

IW.ii?:Ji 7 
li0.07S4 8 
liO.3F.354 9 

170.6SS24 610 
170.00311 1 
li3.29791 2 
1i1.80274 3 
171.90i54 4 

l'i?.?12a 5 
lZ.SS15 6 
li2.S?1?5 7 
173.1?GX 8 
l73.4Sl55 9 

173.73635 6.20 
174.M115 1 
174.3165 2 
174.65078 3 
li.l.95555 4 

1i5.?W5 5 
175.Wnl5 6 
175.SWJW33 1 
176.1i475 8 
ix.4ia55 9 

176.75435 630 
lii.OFJ15 1 
177.3!I>J5 2 
177.C9'3X 3 
liS.003% 4 

1%.30!?36 f 
17S.61316 
17S.91336 1 
li9.?2Z6 f 
179.527% 5 

179.1236 64! 
1%. 13i1G 
lsO.~419S 1 i 
1s(l.i4tiiri 
181.05156 

181.35636 ! 
181.M116 
151.06596 1 1S2.27076 , I U H Z m  1 

1S1.$37 5 
lEl.rO'J17 6 
1 S j . O l X l i  7 
1S.315ii 8 
16.62357 9 

1!35.9%3Z 660 
1s6.2331t 1 
lS6.53Z; 2 
1Slj.s42:7 I 3 
1S7.14757 1 

18.48237 5 
15i . iXS 6 
1SS.OGlOS 1 
lS.33;7.s f 
lSS.6715S 5 

1S.9i63S 6X 
1SQ. "S11S 

lS9.S>078 2 
1'50.19555 ' 
190.50038 ! 
1'30. SO513 

I'J1.414iB I 
191,71955 ! 

192.n243s m! 
19?.3?31S 
192 c 3 m  ; 
l9?.!13879 ~ 

193.24359 I 

193.54539 
1%. 8319 
194. 1.5799 
194.48279 
1%. 76759 

195.07?39 69 
1%. 37719 
195.681W 
135.9M79 
1%. 9159 

196.59639 
196.9!!1119 
197.2uW.4 
197.51080 
u7.uxMl 

-- Meters !I Feet 
19S.1mo 700 
198.4?5?0 1 
195.i3000 2 
199.034SO 3 
199.33960 4 

2W.6ElI 5 
202.99721 6 
803.30201 7 
203.WGSl 8 
203.3.011dl 9 

204.?1641 720 
204.5?1?1 1 

205.13051 3 
205.43561 4 

?o~s?cjni z I 

22.5 



226 

n8.80048 
228.90526 
239.21006 
229.514M 
Pg.8l988 

!BO.12446 
230.4293 
230.73400 
231.03&% 
231.34336 
B1.64S46 
231.95326 
232.25SO6 
232.56287 
232.86'161 

B3.17247 
233.jiC7 
O3.,S207 
234.W657 
234.39167 

234.8964'1 
235.00127 
235.30607 
235.61057 
235.91567 

a36.2047 
236.52527 
!B6.S3007 
237.1348 
237.43967 

237.7444s 
238.01925 
235.3M08 
23S.65w 
238.96368 

239.26S48 
239.5733 
239.sisos 
~ . l S 2 s S  
240.4870s 

24o.ms 
241.0972s 
241.40205 
241.708s8 
242.01168 

242.31648 
242.62129 
242.926G9 

243.53569 
w 3 . m ~  

- 
F0et 

950 
1 
2 
3 
4 
5 
6 
I 
8 
8 

!E4 
1 

E 
4 

- 

a 

3 
1 e 
9 

270 
3 

2 
1 
5 

a 

I 
1 
5 

m 
I 
I 
t 
4 

9 s 
9 

s 

I 

i 

I 

! 
i 
! 

800 
1 
2 
3 
4 

5 
6 
P 
8 
B 

810 
1 
2 
3 
4 

5 
6 
7 
8 
9 

820 
1 
2 
3 
4 

5 
6 
7 
8 
9 

830 
1 
2 
9 
4 

5 
6 
7 
8 
9 

Ma 
1 
2 
3 
4 
5 
6 
1 

9 
a 

U. S .  COAST AXD GEODETIC SURVEY 

LengU~s-F~t to meters (from i to 1000 units)-Continued 

243. tu049 
244.11539 
244.45009 
244.754m 
245.- 

215.36449 
245. W29 
245.97409 
246.%3??9 
246.55368 

W . 8 W 9  
217.1w9 
2 4 7 . 4 m  
247. so390 
2s. lJl770 

24s.41m 
215. ili30 
249. 02210 
249.32600 
249.63170 

249.93850 
250.24130 
250.54610 
250. m 
251.15570 

251.46LXO 
231. iG30 
252.07010 
S2.37490 
23.67971 

252.98481 
2s. 25831 
23.59411 
2%. 5991 

251.50851 
254.51331 
255. llSll 
255.42291 
255.7?,771 

256.03251 
256.33731 
256.64211 
256.94691 
257. a 7 1  

357.55652 
257.86132 
255.ltx12 
255.47w2 
a55.77572 

w.mn 

- - 
.cet 
- 
mo 

1 
2 
3 
4 

5 
6 
7 
8 
9 

860 
1 
2 
3 
4 

5 
6 
7 
8 
9 

870 
1 
2 
3 
4 

5 
6 
7 a 
9 

880 
1 
2 
3 
4 

5 
6 
1 
8 
9 

890 
1 
2 
3 
4 

5 
6 
I 
8 
9 - 

Meters 

259.cw53 
259.33533 
a59.69012 
259.59492 
260.a9972 

260.60453 
260.90932 
2451.21412 
261.51593 
2451.8p72 

m. 12853 
262.53322 
213?.73S13 
2G3.04293 
uj3.34773 

~a.6533 
?rn3.95X3 
264.2613 
m. 56693 
264. S7li3 

26j. 17GV 
2 6  4s:33 
21.7sC13 
2IX. mr33 
266.39573 

70W 
h i .  00533 
2C7.31013 
Yi. G1494 
2ii.91974 

2Bs.22451 
268.5214 
ZSR.~ZI I~  
21.13S94 
269.44374 

269.74551 

2rO.  m1.4 
2io. 66294 
2iO.96774 

2il. 57131 
2il.SElI 
2ia.lw-l 
2i2.49171 

272.79655 
273.10131 
273.4M15 
273.71095 
274.01575 

2pl5334 

271.27254 

900 
1 
2 
3 
4 

5 
6 
7 
0 

913 
1 
2 
3 
4 

5 
6 
7 

9 

920 
1 
2 
3 
4 

5 
6 
7 
8 
9 

930 
1 
2 
3 
4 

5 
6 
7 
8 
9 

940 
1 
2 
3 
4 

5 
6 
1 

9 

0 

a 

a 

- 

Xeters 
~ 

2i4.3- 
27462535 
274.93015 
275.3495 
275.539i5 

275. %I455 
276.14935 

278. i s 9 5  
2i7.0Bi5 

277.3LW 
27i. 8i33C 
2i7.9216 
2;s. ?mG 
2iS.S776 

27% 89256 
279.19736 
2i9.513216 
-X9. HI606 
280.11176 

2SO. 41656 
?No. ;?I36 
31.02618 
2!31.33@18 
2S1.63576 

2S1.94056 
2S2.25j36 
ZS2.55017 
2%2. s497 
20.15977 

2 s .  (FA57 
2% iliY37 
ZS.I.07417 
2%. 3897 
%.mi7  

zs4.9Ss57 
7s. 29337 
2S5.Xk51; 
S5.9029i 
2%. 2 0 7  

B6.51357 
256. h1r3i 
2s7. l l l i  
257.4397 
257.73175 

235.03658 
'S.34135 
258.64615 
SS. !jm 
239. W7S 

a76. 45415 

- - 
Feet 

950 
1 
2 
3 
4 

5 
6 
7 
9 

950 
1 
2 
3 
4 

5 
6 
7 a 
9 

970 
1 
2 
3 
4 

5 
6 
7 
8 
9 

980 
1 
2 
3 
4 

5 
6 
7 

9 

930 
1 
2 
3 
4 

5 
6 
7 a 
9 

- 

a 

a 

- 

- 
Meters 

2m. 3358 
2.s. si%% 
290.1i015 
290.47495 
190.7379 

291. O M S  
291.3S!?38 
291.69415 
291.- 
292.3G378 

m.a.60658 
293.91339 
293.21Y19 
2 9 3 . 5 m  m . m  
294.1339 
294.43i39 
291. i421s 
295.04699 
295.33178 

295.65659 
205.96139 
296.2661s 
29B.5W 
296. Si579 

297.1-38 
297.4m9 
E7. i9030 
298. o m  
298.3m 

29s. :Ma 
299. owm 
29.31430 
299.61W 
299.923M 

m.2m 
3w. 53540 
300. S3s20 
301.14m 
801.447m 

301.75260 
302.Gi45 
303.3622l 
302. %70l 
W.971Sl 

303. ?7661 
303.55141 
3M. S%l 
304.19101 
301.4w 



= 
Feat - 
8.28063 
6.56167 
9.84250 

13. U333 
16.40417 
19. Gsy)o 
22.96583 
26.24667 
29.52750 

82.80833 
36.OS917 
39.37000 
42.65063 
45.93167 

49.21w) 
62.49033 
8.77417 
59. a5500 m.3m 
65.61667 
68.69754 
72.17833 
75.45917 
78.74WC 

82.mS2 
S5.30167 
S5.56?X 
91. w 3 3  
95.14417 

98. rlww 
101. i 0 X  
104.9S66i 
108.26iX 
lll.648X 

114.6291; 
11s. 11M 
1 2 1 . 3 m  
124.6i16i 
127.9525l 

1 3 1 . w  
134.5111, 
137.7950 
141.075s: 
144.3566: 

147.6373 

154. lssl 
157.48001 
1MJ.7lS 

150.91% 

COXSTSWTS, FORMULAS, A N D  TABLES 

Length-Xeters to feet (jma 1 to 1000 units) 

- - 
Me 
m - 

50 
1 
2 
3 
4 

5 
6 
7 
8 
9 

M) 
1 
2 
3 
4 
5 
6 
7 
8 
9 

70 
1 
2 
3 
4 

5 
6 
7 
8 
9 

80 
1 
2 
3 
4 

5 
6 

9 

90 
1 
2 
3 
4 
5 
6 
7 

I 

I 

[Reduction factor: 1 meter-3.230833333 feet1 

164.04167 
167.32250 
170. w 3 3  
173.8Mli 
177.16500 

180.44553 
183. i2667 
IS?. 00550 
130.?5S3 
193.56917 

196.85ooo 
200.lSOS3 
203.41167 
206. w3 
209.97333 

2l3.9%417 
2!6.16500 
219. S15S3 
m . m 7  
226.37750 

2!. 65533 
232.93917 
2 3 6 . 2 r n  
239.mS3 
N2.78167 

246.0~3250 
39.34333 
25% 12417 
255. *Ww) 
259.1m.3 

262.46667 
265.iliSO m. 012x33 
272.30917 
275.58000 

27s.siOs3 
2S2.15167 
255.43250 
m.71333 
291.99411 

295.2750( 
3 5 .  55553 
301.83667 
305.1175C 
305.39632 

311.67917 
314.f"X 
318.240s 
321.5?16r 
a?e8Wil 

- - 
KS 
ers - 
130 

1 
2 
3 
4 

5 
6 
7 
8 
9 

110 
1 
2 
3 
4 

5 
6 
1 
8 
9 

120 
1 
2 
3 
4 

5 
6 
1 
8 
9 

WO 
1 
2 
3 
4 

5 
0 
7 
8 
9 

146 
1 
2 
3 
4 

5 
E 
1 

B 

Bwt 
~ 

m.mm 
331.36117 
334.61500 
337.925% 
341.20667 

344.45i50 
347. iW3 
351.0491i 
354.33000 
357.61083 

380.89167 
SM.li250 
a7.45333 
370.73417 
374.01500 

350.57667 
3 s .  S i50  
357.13S33 
390.41917 

393. MM)o 
390.98Us3 
400.261137 
4a3.5450 
w.52333 

410.10417 
413.3S500 
419.6rSS3 
419.94667 
423.22750 

438.5Ow 
429.7S917 
433.om 
436.3WW 
439.63167 

442.91w1 
446.1W 
449.47411 
4 5 2 . 7 m  
4 5 6 . m  

459.31667 
462.597s 
4135. SiS3: 
48.1591i 
472.4.m 

475.7m 
479.001& 

41.56234 
&%rUwI; 

an.m 

482.2S?5! 

- - 
Mc- 
em - 

153 
1 
2 
3 
4 

5 
6 
7 
8 
9 

160 
1 
2 
3 
4 

5 
6 
1 
8 
9 

170 
1 
2 
3 
4 

5 
6 
7 
8 
9 

180 
1 a 
3 
4 

5 
6 
1 
9 

190 
I 
2 
3 
4 
5 
6 
1 

a 

4 

Feet 

492.12500 
495.40jS3 
4%. 6 W 7  
501.913i50 
m. 24833 

50s. 5 m 7  
511.51000 
515.090S3 
515.37167 
621.65m 

624.93333 
635.2141i 
B l .  49500 
534. ii5S3 
635.05667 

641.33750 
644.61833 
517.59917 
551. lrn w. 4m 

657.74167 
661.0225C 
m..m33 
567.53317 
670.865w 

574.14583 
57;. 4%67 
580.707N 
583. 9ss33 
587.2811 

660.m 
593.5308 
597.11167 
600.3935( 
6iB. 67332 

606.95411 
610. 
613.515s: 
616.78W 
620.0775( 

626.6391 
8%. 9m 
6 3 3 . m  
638.4Sl8; 

639.76W 
643.0133: 
646.3241; 

m.3587i 

E% 

200 
1 
2 
3 
4 
5 
6 
q 
8 
9 

210 
1 

4 
5 
6 
I 
9 

220 
1 
2 
3 
4 

5 
6 
7 
8 
9 

230 
1 
2 
3 
4 

5 
6 
7 
8 
9 

240 
1 
2 
3 
4 

il 

a 

s 
8 
9 

227 

- 
Feat - 

656.16667 
659.44750 
662.72s3 
666.00917 
869.29ooo 

072.57W 
675.55167 
6m. 13250 
682.41333 
685.89417 

03s. 0 
692.2559 
695.53667 
69s. Sli50 
702.09833 

705.37917 
705. €mu 
7l1.94083 
715.22167 
718.50350 

721.79333 
725.08417 
72% 34500 
731.62553 
734 .m7 

238.137150 

744. r4917 
745. m 
751.31083 

754.59167 
757.97250 
761.16333 
764.43417 
767.71500 

no. 99683 
774.2767 
777.55750 m. 53533 
784.11917 

187. UMOO 
790.68083 
793.96167 
797.24m 
800.52333 

803.80417 
8 M . m  
810.38583 

r4l.!%S33 

EPd 



22s 

E; 
- 

300 
1 
2 
3 
4 

5 
6 
7 
8 
0 

310 
1 
2 
3 
4 
6 
6 
7 
8 
9 

320 
1 
2 
3 
4 

5 
6 
9 
8 
9 

930 
1 
2 
3 
4 

5 
6 
7 
8 
9 

340 
1 
2 
3 
4 
5 
6 
7 
8 
9 

U. S. COAST APZD GEODETIC SURVEY 

Lmgthe--dteters to feet (from 1 to 1000 units)-Continued 

Feet 

9.9.9.wX)o 
997.53083 
990.81167 
w 4 . m  
w.37333 

1 WO.63417 
1:003.83500 
1 007.21583 
1:010.49@67 

1 017.05833 
1'03.33917 
3'0?3.62000 

l;iO.lSl67 

1033.4_6250 
1'036.14333 
1'010.02117 
1'043.30500 
1;04G.5W3 

1,049.Slj667 
1 W.l l i50  
1'05&4?533 
l1O5!l.7G917 

1 0 6 6 . m  
l:Ofi9.%1li7 
1 0;2.832jo 
1'0i6.11333 
li079.39417 

106a67'500 

l'OS9:23667 
1'003.51750 

1OW.67917 
1:102.3WXl 
110564053 
1'1&93167 
1;1r3.%250 

1,115.4LS33 
1 11* 7M17 

1'125.325S3 
l:lZS.sOci67 

1 131 88750 
1'135'16533 
1'135'44917 

l,Ol3.77750 

1'0~I3.9UGw 

1:06z.9swo 

1'06'955s3 

1:095.1953a 

1'1&:.i:04500 

l'I4l:amo 
1 &;!U.U 

250 
1 
2 
3 
4 

5 
6 
7 
8 
0 

160 
1 
2 
3 
4 

5 
6 
I 
8 

a70 
1 
2 
8 
4 

5 

o 

g 

z8; 

8 
B 

2 
3 
4 

5 
6 
f 
8 
B 

89; 
2 
3 
4 

5 
6 
7 

t 

82(J.mR33 
63.4S917 
s26.iioOO 
830.05053 
833.33161 

836.61350 
639.89333 
843.17417 
646.455oD 
649.73553 

853.01607 
S56.29i50 
859.5iS33 
6E.R5917 
868.14WO 

m.42083 
Ei2.701G7 
6 i 5 . T S  
879.2b333 

885.33500 
859.105s 
892.3N67 
695.G6750 
E98.!44Ss 

802.!2%l7 

a52.54417 

E:;;% 
912.0i11$7 
915.3530 
918.63333 
821.91417 
925.19500 
9ZS.4i5S3 
931.75667 

935.Q750 
D3S.31S33 
W1.59917 
9 4 4 . s m  
gps.1m 

961. i2250 
95s.m 
861.2917 
964.58500 

9 6 7 . w  
971.12tX7 
974.4ili50 
077. t+33 
BSo.Wl7 

11.44167 

350 
1 
2 
3 
4 

5 
6 
7 
8 
9 

360 
1 
2 
3 
4 

6 
6 
7 
8 
9 

370 
1 
2 
3 
4 

6 
6 
7 
8 
9 

380 
1 
2 
3 
4 
5 
6 
7 
8 
9 

390 
1 
2 
3 
4 

5 
6 
7 

0" 

Feet 

1 145 29167 
1'151'57250 
1'154'%333 
1'15S:13117 
1 ; 1 6 1 . W  

1 184 69583 
1' 1C7: 9iCG7 
I ' I ~ J . ~ ~ ~ S O  
1' li4.53833 
1; 177.8:917 

1181.1m 
1' 1R1.3q083 
1' 187. GElK 
1' 190.94250 
1;194.22333 

1: 304: 0659  

1 197 50117 
1' 200' 7S500 

1 207.34667 
1:210.62750 

1 %3 -3 
l'2li: 1S917 
I'LW 4ioo0 1:m:im 
1,227.CG167 

1 !230.31w) 
1'333.59333 
1'236. Si417 
1'240.15500 

1,246.i1567 
1 "4Q Wi50 

1256.55917 

1:243.43553 

1:-3i: ?;w 
1:%9.SliMO 

1: 269.6rn 

1: is2. fia5s3 

l:aSZ.US33 

1:2lls:2100Ll 
1 302.49083 

l;W,UiO 

1,263.12083 
1 266.40167 

1 272 9WX3 
1: 276 24-117 

1 m.5m 
I,?%.Mffi7 
1 S9.36750 

1 a95 9317 

1'305.77167 

400 
1 
2 
3 
4 

5 
6 
7 
8 
9 

410 
1 
2 
3 
4 

5 
6 
7 
8 
9 

420 
1 
2 
3 
4 

5 
6 
7 
8 
9 

430 
1 
2 
3 
4 

5 
6 
7 
8 
9 

440 
1 
2 
3 
4 
5 
6 
7 
8 
9 

Feet 

1 319 33333 
1'31r61417 
1'31S:sssOa 
1'32.li553 

1 325 73750 
1'33'3'01S33 
1:33:: 20917 
1 33q 5 w 3  
133i:86083 

1 345 14167 

d35.l. 9M17 

1 361 54553 
1:364: 5260'1 
1,36S. 107% 
1,3il. W 3 3  
1,374.66911 

1 377 95ooo 
1:3S1:3OS3 
1,3S4.51167 
1 357.i9250 
1;391.oi333 

1394.35417 
1:39i. U50U 
1.400. 915s 
1,4U4.196117 
1,407.47750 

1 410 75W 
1: 411: 1x917 
1 417 320UO 

1: 423.88167 

1 4!27 16250 
1' 430' 4 4 2 3  
1: 433: 72417 
1 437 OWN 
1:44O:anSs3 

144356667 
1: 446: M i a  
1; 450.12s33 
1 453 40917 
1;45li&"XllN 

I459  87083 
1' 463' %1B7 
I' 481' zmo 
1: 4as: 51333 
l+'ls,w2 

1;325.45887 

1'348' 42250 
i351:70332 

1,358.26MC 

1'420:l3MM 

450 
1 
2 

4 
5 
6 
7 
0 
9 

46a 
1 
a 
3 
4 
5 
6 
7 
8 
9 

470 
1 
2 
3 
4 

5 
6 
7 
8 
9 

483 
1 
2 
3 
4 

5 
6 
7 
8 
9 

490 
1 
2 
3 
4 

5 
6 
7 

a 

0" 

- 
FesO 

1 478 3 7 m  
1'479'- 
1'48293607 
1'458.217a 

149!2 779l7 
1'496'06wo 

1'503 62167 

1m1m 
1:512k17 
1 515 745110 
1'519'0?? 
1;522:30687 

15?5.55'150 
1'523 8&33 
1'53'14917 
1'535:43000 
1:533.71053 

1541.99167 
1'549.2ZXl 

1'551.53417 

155838599 
1'561'Gi667 
1'501:957$l 

1:571.51917 

I 574 soow 1' 57ShSU83 
1:%1.3BlG7 
1581.64?50 
1: 587-9333 

I 591.20417 

i;4ng9.4as3a 

1' 459:34083 

1;505:- 

1'54S.ZZ33 

1:s. 1m 

1'568.23533 

1'59J.4W 
I'597.76553 
1'601.0L667 
1:604.32750 

160760833 
1'610: M l 7  
1~614.17000 
I 617.- 
1; W. 73167 

1,6!XOIa53 
ltm,ra9333 
1'630'57411 llti33:wO-l 

1;ML 136[pI 



- 
MIb 
ters - 

500 
1 
2 

0 

4; 

m: 

5 
6 

s 

2 
3 
4 
5 
6 

0 
98 

2 
3 
4 

5 
6 
7 
9 

iBC 
I 
i 

a 

s 
1 
i 
G 
I 
I 

Y 
: 
: 
A 

1 

f 

i 
I 

- 
Feet 

1 640.41687 
l'GI3.69~50 
1'MG. 9,333 
1'650.25917 

1 658.6-3S 
1'660.101G7 
l'GG3.3S250 
1'666.6633 
1:669.9M7 

1 C73.2?500 
1: GiG. %S3 
1:G79.7S667 
1'GB WiXJ 
1:6&8:34833 

1:653.54Cim 

1 698.6917 
1; 82.91000 
1 69G.19OS3 
1' W. 4ilG7 
1: 702. ;s?jo 

1, p.N3:3 
1,~09.31117 

I I". s;563 
1;71Q.l5667 

1723.43750 
1:12j.ilM 
1428.99917 
1'732.28ooo 
1:735.56053 

1'742.12350 
1: 745.40333 
1 748.05417 
1: 751. g(i500 

1755.24458 
1: 75s.5107 
1,761.60750 
1 7 6 5 . m  
1: 76836917 

1 771 65wo 
1'774:93053 
1'778.21167 
1: 781.492561 
1,784-11333 

;I-. , 1 2 . 5 m  c 

1735.84167 

550 
1 
2 
3 
4 

5 
6 

9 

560 
1 
2 
3 
4 

5 
G 
1 

9 

570 
1 
2 
3 
4 

5 
6 
7 

9 

580 
1 
2 

I 

a 

a 

s 
5 
6 
1 

9 

590 
1 

a 

4 
s 
t 
1 
I 
9 

Feet 

160445633 
1'W7:7:;3917 

1814.3@% 
1;617.58167 

1 &W.S.SG?jo 
1'524.14333 
1:627.4?417 
1, S O .  70500 
1,833.96553 

1 837 26667 
1' 510: 51XO 
l:kI3.5?S33 
1 817.10917 
1:850.39GQO 

1 853 61053 
1'633:95167 
I'SGO. !233 
1'5U.51333 
1:Scie. i9417 

1870.~500 

1:SiG. -7 
I Si9.91r50 

1 886 47911 
l'SR4'76M10 

1'~!%.3'2167 

1902.8Sra 
1'Nwi. lM17 

1 :sn.m 

l ' S i 3 . W  

i;as3.19633 

l1W:O4Os3 

1;sw.amSa 

1'0W.41500 
1'91" 73553 
1:91~:aos(i7 

1'9% l3Ooo 
l:W.4lW 

1'935.97250 

1:aas.slSac 

1,q.w 

1 919 !287a 
1'92?:56533 
1'9% $4917 

1 835.69161 

1:412.25333 
1 945.53417 

1952.3786r 
1 : 95s. 657s 
11)61.93@? 
1;mzMli 

GOO 
1 
2 
3 
4 

5 
6 
7 

9 

610 
1 
2 

a 

3 
5 
6 
7 

9 

620 
1 
2 
3 
4 

5 
6 
1 

9 

a 

a 

w! 
2 
3 
4 

' 5  
6 
l 

9 
a 

T 
: 
i 

2 

1 e 
B 

Feet 

1,955.50000 
19il.iSQu 
1:975.013167 
l,OiS.31250 

I W.90117 
1:~s.lWo 
1 W1.4CS3 
1'b.i10Pii 
1:i);JY.mi50 

2 001 30533 
2' 001' 5S917 
2'00i'5;000 
2'011: 15053 
2i014.43167 

2 017 71250 
"'@W'm333 i : O 3 4 :  5$7 
2 0"i 5x00 
2: 030: 535s3 

2 CC4.llG67 
2'037 3 9 ~ 0  
2'@l0'6S33 
2:(N3:95917 
?,Mi. 24000 

2 050.- 
''053.SOlGi 
i:057.@%250 " 060.36333 
2:063.€4417 

208BmOo 
2: KO: 205%' 
2,073.4stxi 
2,WG. 76i50 
Z#W.Oas33 
2 083.32917 
2;Wi.tilMKl 
2 os0 sms3 
2:G& lilG7 
ZJ0!3G4Z?X 

2 m 7 3 3 3 3  
2'103'01417 

2: 1W.57583 
2,1l2.25667 
2 116 13750 

2,123.69917 
2 125 9 m  

1,991.62333 

2'1rm.29500 

~119:41633 

a;lZe:mlxi 

- 
hIc- 
.crs 
- 

650 
1 
2 
3 
4 

5 
6 
7 

9 

6Ml 
1 
2 
3 
4 

5 
6 
1 

9 

1 
2 
3 
4 

5 
6 
1 e 
9 

680 
3 
I 

a 

a 

6'10 

: 
I z 
1 
I 
c 

69c 
I 
2 
2 
4 

i 
1 
I 
9 

Fect 

2 133 54167 
2: l%! w250 
2.133.1Wi?3 
2 142.3W17 
2: ids. 66500 

2.148.945s3 
1' l5?.22%7 
2: 15%rnXo 
2 15S.XS?3 6 163.06917 

2 165.35670 
2: 1CY. G3Os 
2 liI.qllG7 
2' lis.  is^, 
2: 1%. 47333 

9.181.75417 ' l%.(W500 
~ ~ l k S . 3 1 S 3  
2,191.DGG7 

2 '9s 1 5 W  
2'%1'43917 
2:!204:7-%00 
2 ~ S . o O o s 3  
2: 21 1.25167 

2 914.5G250 
2'217.M333 
2:221.13417 
2 '"4.4OJoO 

2 BO 96667 
2: ZU: ai% 
2,?37.52S?3 
2 240.80917 
2;244.asoOO 

2 247.37083 
2:250. WIG7 
2,253.93230 
2 Si'. 2:333 
2:2M). 49417 

2,261. nxo 
2 O67 WS3 
Z1i7O:336G7 
2:273.~50 
2,276.89533 

a "so 17917 
2::s3:46000 

2 ; h . m  

2,194.8i750 

2:Z7.6S583 

'1 3S674W i' %:02107 

700 
1 
2 
3 
1 

5 
6 
1 

9 

710 
1 
2 
3 
4 

5 
6 
1 

9 

720 
1 
a 
3 
4 

5 
6 
7 

9 

730 
1 
2 
3 
4 

5 
6 
7 
8 
9 

740 
1 
2 
a 
4 
5 
6 

P 

a 

a 

a 

1 

329 

- 
Met 

2 96.58339 
2'% W l 7  
2 ' h :  1J5W 

2:309.70067 

3:3101:%83 
3 310.54917 
2'3Z?.S3000 

2'3mi.425s 

2 31" g a m  

2;m.11083 

2*33:  95333 
?:f.g!! 
2'339.23417 
2:34.51500 

2 345 79583 
3'340:0iM7 
2: z52.35ia 
2,35jj.EBS?3 
2,358.91917 

0 36" 2oooO 

2 365.7b167 
2:3:?.p4250 
2,3i5.Jpa3 

2.3i5.60417 
2 3S1.81ijM) 

2.3SS. 44667 
3,391.72150 

2.395.00833 
2 3S9.2S917 
3:101.5XKKl 
2 4W.H51W3 
2:4W. 13167 

2 411.41350 
2:414.89333 
2,117.07417 
2 421.25500 

2 4 T  61667 
2' 4s1: 09750 
2'4%1.3:%33 
2: 4 8 .  ELI17 
2,440.94W 

2 444.2?083 
2:447.501137 
'I 450 7sw) 

i:31i5: 4* 

2 : 3 s  1Gs3 

2:&!4.ssss3 

3'451:OEaz 
2;45z.;nUl 



230 

- - 
Me- 
ters 

950 
1 
2 
8 
4 
5 
6 
D 
p" 
T 

2 
8 
4 
5 
6 
7 
8 
9 

T 
2 
a 
4 
5 
6 
P 

9 
a 

T 
2 
3 
4 
5 
6 
B 
9 
a 

T a 
B 
4 
S 
t 
P 
E 
I - 

U. S. COAST AND GEODETIC SURVEY 

Lmgth-Metera b fsst Cfiorn 1 to IO00 units)--cantinued 

amam 
2'463:80583 

2 477 02917 

2: 490. im 

2:467.18687 
2 470.46750 
2: 4i3.74833 

2'480'31000 
2:483:59083 
2 486.87167 

249343333 
2: 496: 71417 
2 499.M1500 
2'563.27553 
2 : ~ 6 . ~ t ~ i  
2 509.83750 
2:513.11S33 
2 516.39917 
2'519.88000 

2 526 24167 
2'529:52250 

2:536.0H17 
2,539.36500 
2 M2.645R3 
2:545.92667 
2 549.20550 
2'552.4S833 
d555.iSel7 

2.559.a5000 
2 , 5 6 2 . m  
2 565.61167 
2'18.11925u 
2:572.15333 
2,575.45417 
2.5iSis.i35(y1 
2 562.015s3 
2'585.29667 
2: 585.5ii5C 

2 591 85533 
2'W5' 13917 
2:598:4SX 
2 6 0 1 . m  

2 6as.26w 
2' 61 1.54333 
2'614 82417 

2,621.3WS 

5522.96083 

2'532.m33 

2: Bw . M16i 

2: s i  loyr 

800 
1 
2 
3 
4 
5 
G 
7 
8 
9 

810 
1 
2 
3 
4 
5 
6 
7 
8 
9 

820 
1 
2 
3 
4 
5 
6 
7 
8 
9 

830 
1 
2 
3 
4 
5 
6 
7 
8 
9 

840 
1 
2 
3 
4 
5 
6 
7 
8 
9 - 

Feet 

a 024.66687 
iszl  94750 
2)631:22833 
2) 634.50917 
2~637.1Wx)O 
2 641 07083 
2)644:35167 
2'647.63250 

2; 654: 19417 

16514'1500 

2:064.03667 
2 067.31750 
2:670.5%33 
2 673 81817 
Z' 617' 16wo 

2'053' 72167 
2:087:00250 

2 890.2s333 
2'093 50417 

2, iOO.12js3 

2 706.6S750 

i: i13.24917 
2 716 53000 
2:719: 81083 

2 7!?3 09167 
23126:3i?50 
2 729.65333 
2: 73-. ' 93417 
2,736.21500 
2 739.49383 
2'742. i7667 
2:746.05750 
2 749 33833 
2;752:61917 

2 755 9Dooo 

2 762.46167 
2'765.74250 
2: 769.02333 
2 772 30417 
2'77j'jgjOO 
2'778:8rJjS3 
2'782.14667 
2: 7s. 42750 

a'65o 91333 

a'660: 75583 

z'oso-44053 

2:696:s4500 

2,703.40667 

-'-09.9rw3 

2 : m :  1mE3 

- - 
Ye- 
ters 

850 
1 
2 
3 
4 
5 
6 
7 
8 
9 

860 
1 
2 
3 
4 
5 
G 
7 
8 
9 

870 
1 
2 
3 

' 4  
5 
6 
7 
8 
9 

880 
1 
2 
3 
4 
5 
6 
7 
8 
9 

890 
1 
2 
3 
4 
5 
6 
1 

9 
a 
- 

Feet 

2 788 70833 
2'791'98917 
2'795: ~ i ~ o  
2:798.55083 
2,801.83167 
2 805.11350 
2:8lS.39333 
2 811.67417 
2 ' 8 1 4 . W  
2: 818.23593 

2 821.51667 
2'8% mi50 
2: SZS: aim 
2 S31.35917 
2:&34.64m 
2 537.7.92083 
Z'M1. 'JIM167 
2'%4.4S?50 
2: N7.7G333 
2,851.04417 

2833!2soo 
2'siiWg 
2*SkO:SGG7 
2'SM 1Gi50 
2: 667: 44833 
2 870 72917 
2' 674'01MH) 

2 SSO 57167 

2 887 13333 
2'890: 41417 

2 896.9r553 
2: 900.Z867 
2 903.53750 

i)910'o(M17 
2'91338000 
2:916:66W 

2 919 94167 

23526.50333 
2 929. i s 1 7  
Zi933.06500 
2 P6.345S3 
2:939.62GW 
2 94" 90550 
2'94;: 15533 
2:b49.46917 

2: sz: m 
a:ss3:sSw, 

2:S!B.&pl 

-'9w 81833 

2'923:Wxl 

- - 
Me- 
te.rs 

903 
1 
2 
3 
4 
5 
6 
7 
8 
9 

910 
1 
2 
3 
4 
5 
6 
7 
8 
9 

920 
1 
2 
3 
4 
5 
6 
7 
8 
9 

930 
1 
2 
3 
4 
5 
6 
7 
8 
9 

940 
1 
a 
3 
4 
5 
6 
7 
8 
9 -- 

Feet 

2 953 75000 

2 959.31167 
2' 962.59w) 

2 969.15417 
2'973 43500 
2'9i5: i1553 
2'97% 90667 
2:982. 27750 

2 985.55333 
2:985.83D17 
2 M)?.l?oOo 

2; 9% 68167 

3'005.52417 
3'011 80500 
3:015:08583 

3 018.36607 
3:O21.64750 
3 024 92833 
3'028:p817 
3: 031.48000 
3 w 7 m  
3:038:05167 
3,041.33250 
3 044 61333 
3)J47:89417 

3 051.17500 
3 ' 0 5 4 . W  

3:aSl: 01i50 

3 067.57917 
3'070 8tioM) 
3'074'14083 

a:958:03083 

2: 906.87333 

2'995.40053 

a a01 gsw) 
3'005: 24333 

8'057 73687 

3,064.29833 

3'07'1'4n67 
3:oso:70250 

3'093: 82583 

3 0 8 3 m  
3;aS.r:%?417 
309054500 

3:097.10667 
3 100.38750 
3'103 66533 
3'100'94917 
3'110'23W.l 
3: 113: 5 1 W  

950 
1 
2 
3 
4 
5 
6 
7 
8 
9 

960 
1 
2 
3 
4 
5 
6 
7 
8 
9 

910 
1 
2 
3 
4 
5 
6 
7 
8 
9 

980 
1 
2 
3 
4 
5 
6 
7 
8 
9 

990 
1 

' 2  
3 
4 
5 
6 
7 
8 
9 - 

3 116 79167 

3' 123' 35333 
3'128'1417 
8; lac: 9wO 
313319583 
3' 136: 47887 
3: 139.75750 
3 143.03833 

3 ' i m ' m  

a: 146.81911 

a i m m  
3'l52sw#pI 
3'158'16167 
8' 159'44250 
3: 162: 72333 
3 166 00417 
3'169'28500 
3' 172 56583 
3'175:$4667 
3: 179.1!2750 

3 18a 50853 
3'185'68917 
3:ll!S.'97OlW 
3,19?. 93183 
3,195.53167 
3 198 81250 

3'205'37417 

3:211.93583 

3 Z5 21667 
3'218'4975O 
3:221: 7'1813 
3 225.05917 
3:27J3.3saoo 
3 231.mx3 
3'234.90167 
3'233 18350 
3'241146333 
3: M.  QUI 

8 248.035oO 
3'251 30583 ' 
3'w:sses.r 
3'257.88750 a:m. 14933. 

3:m:ss26a 

3'202'G9333 

3'308:65500 

3 a64.42917 
3'287 7 1 W  
8'276ssOS;r 
3'274'2l107 
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Corrections to log s and log AX for diflerence in arc and sine 

1.4850 
2.0350 
2.1230 
2. lstio 

Log 8 
(-1 

4.8270 
4.s380 
4.8500 
4. S e O  

I- 

2.2340 1 
2.2740 I 

3070 I 

i : 3 W  I 
2.36% 

5350 
;I6230 I 
2 . w o  
2. i340 I 
2.7i40 , 

2.3850 j 

3.3760 
3.5260 
3.0140 
3.6770 
3. i250 

3.7650 
3. ;980 
3.8270 
3.8530 
3. 8700 

4.8710 

4.m 
4.89% 
4.9040 
4.9130 
4.9220 

4.9330 
4.9422 
4.9520 
4.9590 
4 . W  

I 4.0260 
4. 1140 
4.1iiO 
4.150 
4.2650 

3.3360 
3.3470 
3.3590 
3.4710 
3.3800 

3.3910 
3.401U 
3.4130 
3.1'220 
3.4310 

3.4420 
3.4510 
3.4610 
3.4680 
3.4770 

3.4870 
3.4950 
~ .5020  
3.5110 
3.5190 

3.5260 
3.5340 
3.5420 
3. 5490 
3.5570 

4.32iO 
4,3530 
4.3760 

5.1780 
5.1830 
5. la! 
5.1940 
5.1990 

5.2040 
5.2090 
5.2140 
5.21w 
5.2240 

6.2290 
5 .330  
5.2380 
5 . W B  
5.2470 

5.2520 
5.2560 
5.2600 
5.26<W 
5.390 

5.2740 
5.2m 
5.2820 
5. 2SRO 
5.2m 

4.4150 
4. 430 
4.4490 
4.4640 
4.4isO 

2.8OiO 
2 . 1 6 0  
2.8fiY.l 
2.&0 
2.wm 

4.4910 
4.50uo 
4. 5200 
4.55m 
4. Si50 

4.5910 
4.6140 
4.6350 

4.6710 
i 4.6540 

4.9isO 
4 . 9 W  
4.9930 
5 . m  
5.0100 

4. mi0 
4 . 7 m  
4. 7160 
4.7340 
4 . 7 m  

2. E 4 0  
2. BEII 
2.9541) 
2.9i33) 
2.YSiU 

3.0000 
3.01?11 
3.033 
3.0050 
3.0MO 

4.7610 
4.7i.W 
4. is90 
4.8010 
4.8130 

i. O l i o  
5.0250 
5.0330 
5.0400 
5.0480 

5.0550 
5.om 
5. Otis0 
5.0750 
5.093 

I 

3.5640 I 
3.5710 
3.57io 
3.5S40 
3.310 I 

.og dif- 
rereuce 
units of 
eighth 
lecimal 
pin@ 

5.2940 
5.2w 
5.333030 
5.3070 
5.3110 

1 
2 
3 
4 
5 

fi 
7 
8 
9 
IO 
M 
40 
40 
50 
80 

i o  
80 
90 
I00 
110 

1% 
130 
140 
150 
1cO 

l i 0  
180 
200 
230 
250 

270 
300 
z30 
300 
390 

4-w 
450 
4&0 
521 
561 

590 
629 
67 1 

;E 

3.5980 
3.6040 1 
3.6110 
3.6170 
3.630 

86300 
3 . m m  
3 .WM 
3.6480 
3.6540 

5.3150 
5.3190 
5.3230 
5.3270 
5.3310 

5.3350 
5.3390 
5.3430 
5.3470 

3. lPdl 
3.2110 
3.22M) 
3.2430 
3.2590 

3 .2 iW 
3.2RLO 
3.2880 
3. 3lwl 
3.3220 

5. 1210 
5.1270 
5. 1:w 
5.1390 
5. 14M 

5.1500 
5. 1540 

>I. l f i i 0  
5. 1510 

5.1610 

.og dif- 
lerqnce 
UllltS 01 
eighth 
leeimal 
pl:~re) 

799 
841 
899 
939 
979 

1030 
1078 
1140 
11% 
1235 

1333 
1359 
1 4 2  
1468 
1,530 

1603 
1663 
lili 
l i 9 0  
1857 

1918 
1W 
2064 
2132 
22 E 
??&? 
2359 
242s 
2.W.5 
2587 

26i2 
5 4 7  
2837 
31f i  
2998 

3 m  
3153 
3272 
3364 
3458 

3538 
35.7 
3722 

3916 

- 

3826 

-4- 

3.65W 
3.6650 
3.6700 
3. R7RO 
3.8810 

- 
,og dif- 
erenee 
nits of 
eighth 
lecimal 
place, 

4025 
4119 
4215 
4333 
4434 

453; 
4M3 
4751 
4862 
4875 

5091 
5186 
.5306 
5405 
5,531 

5660 
57f15 
W i ?  
6009 
6121 

6263 
e380 
6498 
6619 
614? 

E 
1158 
7291 
7427 

:E45 
1705 
7619 
1995 
8143 

a m  
8449 
me 
81m 

231 

3.6870 
3.6920 
3.6970 
3. io30 
3.7080 

3.7130 
3. i I 8 0  
3. i230 

3. ,330 

3.7380 
3.7420 
3.7470 
3.7510 
3.75m 

3.7610 
3. i650 
3.7690 
3.7740 
3.7iSO 

3.7830 
3. i S i 0  
3.7910 
3.7950 
3. iSg0 

3.8030 
3.8080 
3.8120 
3. $160 
3.5m 

3.8240 
3.8280 
3,8320 
3.8360 
3. 84Cm 

3.8140 
3. SI80 
3.6520 
3. 9560 

3. ;280 

- 
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2. 5 
3.5 

4 5  
5. 5 

I .  5 
S.5 

5. 5 

FACTORS USED IN THE COMPUTATION OF ELEVATIONS FROM RECIP- 
ROCAL AND NONRECIPROCAL OBSERVATIONS 

The unit of length throughout these tables is the meter. 
Lag -4 

5.224 
5.2Y7 

5. 3.52 
5.3Y5 
5.4.32 
5.463 

5357 
16. 5 5w.1 
17. 5 
18. 5 57% 
19.5 594: 

Log B n t ~ d  log L' 

3.167 
2. ti44 
2. Stici 
3.011 

3.121 
3.105; 9 "SI 
3.343 
3.3Yi 

3.445 
a. 489 
3. >528 
3. ,565 
3.59s 

3.629 
3.655 
3.s5 
3.711 
3.735 

3. i f% 
3.779 
3. so0 
3.620 
3. s3!J 
3. 8.V 
3. si4 

.,. - 

r 

111. 5 
11. 5 
12. 5 
13.5 1 

20. 5 
21. 5 
22. 5 
23. 5 
24. 5 

25. 5 
21;. s 
3;. 5 
?$. 5 
20. 5 

30.5 
31. 5 
32. 5 
33. 5 
34.5 

35.5 
36.5 
37. 5 
38. s 
32. 5 
40. 5 

0. 0 
. a  

1. 5 
2. 5 
a 5 

4. 
2.5 2. i, 

1. 0 

*Or log 8rot L;I--(~.s-~);&,] [or nnnrwiproc:il @hservations. 

Log B has the same sign as the approsimate difference of elevation. 
Log i! is nlweys positive. 
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COMPUTATION OF SPHERICAL EXCESS 

The spherical excess of a triangle is coniput.ed by the forniula, 

I n  this forniula B is the spherical escess; uI bl and C!, are t.wo sides 
and the included angle, respectively, d the corresponding triangle; 
e* is the square of the eccentricity, and Q the niajor seniiasis of the 
spheriod of reference; and + is t,he inem latitude of the three 1-ertices 
of the triangle. That part of the above espression which depends 
only on the latitude and the diniensions of the spheroid mtiy be 
designated by a single letter, iu, as shown. In the foIIowing table 
the logaritluns of m. are given with the lat,itude as an atrguinent.. 

The a.bove forniula gires the spherical esc.ess too sindl by one one- 
hundredth of a second for an equilat,eral t.riangle with 20r3-kilonieter 
sides, or for a nonequilateral triangle of the same are:i. For an 
equilateral t.riangle of 1OO-kilometer sides, or an equivdent nonequi- 
lateral triangle., the escesa us given by this forniuln is too siiidl hy 
less than one one-thousandth of a second. 

In  cases where 8 inore accurate va.lue of t,he splierical escess is 
required t.he formulas gil-en on page 51 of Special Publication No. 4, 
The Transaontinental Triangulat,ion, may be used. These forniulas 
give a. slightly unequal distribution of the spherical excess aniong 
the three angles of the t,riangle. 
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295 -10 
290 -10 
as5 -10 
ajo -10 

2i6 -10 
2il -10 
266 -10 
262 -10 

1.40257 -10 

Lat.itw1e 

0 ,  

0 0 0  
0 30 
1 00 
1 30 
2 0 0  

2 3 0  
3 0 0  
3 3 0  
4 0 0  
4 30 

5 0 0  
5 30 
6 0 0  
6 30 
7 0 0  

7 3 0  
8 0 0  
8 3 0  
9 0 0  
9 3 0  

10 00 
10 30 
11 00 
11 30 
12 00 

12 30 
13 00 
13 30 
I4 00 
14 30 

15 00 
15 30 
16 00 
16 30 
17 00 

17 30 
18 oa 
18 30 
19 w 
19 30 

U. S. COAST AND GEODETIC SURVEY 

Ta.ble of log 111. 

[Computed for the Clarke spheroid of 1S66 as expressed in meters] 

1.4Ofi95 -10 

695 -10 
A94 -10 

15 11 
6!M -10 

693 -10 
692 -10 
691 -10 I 

687 -10 
6S6 -10 

685 -10 
683 -10 

680 -10 
679 -10 

6 i i  -10 I 
675 -10 
673 -10 
671 -10 
669 -10 

667 -10 
M5 -10 
663 -10 
660 -10 
658 -10 I 
655 -10 
653 -10 

647 -10 
644 -10 

639 -10 
636 -10 
a2 -10 

1.40629 -10 

642 -10 I 

1 

D I  

2 0 0 0  

31 00 
21 30 
22 00 

22 30 
2300 
2330 
24 00 
24 50 

25 00 
25 30 
2600 
26 90 
27 00 

2; 30 
as00 
a30 
2900 
2930 

3c00 
30 %I 
81 00 
;I 30 
32 00 

32 30 
33 110 

34 30 

35 (10 
35 30 
23 00 
36 30 
35 00 

37 30 
38 00 
38 30 

39 30 

m 30 

?!; 

24 oo 

..40626 -10 
6% -10 
619 -10 
616 -10 
612 -10 

608 -in 
605 -10 
601 -10 
597 -10 
st14 -10 

5110 -10 
586 -10 
1 2  -10 
57s -10 ' 
5i3 -10 11 

i 560 -10 
565 -10 
5IB -10 
556 -10 
552 -10 

518 -10 I 
544 -10 
539 -10 
534 --lo 
530 -10 

525 -10 
5 a  -10 
516 -10 
511 -10 
508 -10 , 
501 -10 
496 -10 
401 -10 
486 -10 
4p2 -10 

2; 1;; (1 
4n7 -10 
44i2 -10 

1.40457 -10 

c ,  

4000 
40 30 
41 00 
41 30 
42 00 

12 30 
a00 
43 .w 
44 00 
44 30 

45 00 
45 30 
46 00 
46 30 
47 00 

47 80 
48 00 
4s 30 
49 00 
49 30 

5000 
50 30 
51 00 
51 30 
52 00 

52 30 
5 3 0 0  
53 30 
5 4 0 0  
5430 

55 00 
55 30 
5 6 0 0  
5630 
57 00 

5 i  30 
5800 
&S 30 

L O ~  m 11 Latitude Log m 

.40452 -10 
446 -10 
441 -10 
436 -10 
431 -10 

4% -10 
421 -10 
416 -10 
411 -10 
406 -10 

4m -10 
395 -10 
390 -10 

3NJ -10 
385 -10 j 

1 
375 -10 
369 -10 

354 -10 
s 1;: 1 
349 -10 I 
344 -10 
339 -10 
334 -10 
329 -10 

324 -10 
319 -10 
314 -10 I 
309 -10 
304 -10 1 

0 ,  

b000 
6030 
61 00 
61 30 
82 00 

62 30 
0 3 0 0  
6330 
64 00 
64 30 

65 00 
6530 
M o o  
66 30 
67 00 

67 30 
6 8 0 0  
6830 
69 00 
6830 

io  00 
70 30 
i l  00 
11 30 
i 3  00 

1.40253 -10 
249 -10 
244 -10 
210 -10 
235 -10 

231 -10 
227 -10 
223 -10 
219 -10 
215 -10 

210 -10 
2Ui -10 
203 -10 
199 -10 
195 -10 

192 -10 
1s -10 
185 -10 
IS1 -10 
1% -10 

1i4 -10 
i i i  -in i&j -io 
164 -10 

1.40161 -IC 
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COMPUTATION OF STRENGTH OF FIGURE 

In the following table the values tabulated are [6A2+6A6B+ 613'1. 
The unit is one in the sisth place of logarithms. The two arguments 
of the table are the length angles in degrees, the sriialler length 
a.ngle being given at the top of the table. The length angles are 
the angles in each triangle opposite the known side and the side 
required. aA and 6B are the logarithmic differences corresponding to 
1 second for the length angles A and B of a triangle. 

Table f o r  determining relatise strength of jgicres in triangulation 

10 
12 
14 
16 
18 

20 
22 
24 aa 
2.8 

30 
35 
40 
45 

50 
55 ea 
65 

70 
76 
80 
85 

90 

95 
1OC 
I@ 
11c 

111 
12( 
12! 
13( 

13! 
1# 
141 
151 

15: 
15 
13 
.la 
18 

16 
18 
16 
16 
17 
- 

- 
100 
- 
428 
359 
315 
281 
262 

245 
232 
221 
213 
208 

19D 
188 
179 
172 

167 
162 
159 
155 

152 
150 
147 
145 

143 

140 
138 
138 
134 

132 
129 
127 
125 

122 
11s 
11f 
11: 

111 
11( 
IOf 
10; 
10; 

10; 
1M 
1 I: 
12 , 14: 

- 
20 
- 

59 
95 
53 
25 
04 

89 
77 
87 
60 
53 

4s 
37 
28 
24 

19 
15 
12 
09 

08 
04 
02 
00 

98 

95 
93 
91 

89 as 
86 
8.4 

Bo 
77 
75 

75 
74 
74 
74 
74 

7f 
i t  a 
9t 

Be 

sa 

- 
.40 
- 

!53 
!14 
187 
.68 

153 
142 
134 
I26 
120 

I15 
106 
69 
93 

89 
88 
83 
80 

7a 
i 6  
74 
73 

71 

70 
68 
67 
65 

84 

81 
59 

58 
58 
55 
54 

53 
53 
54 
54 
56 

59 
63 
71 

62 

- 
60 
- 

37 
B2 
13 

30 
19 
I 1  
D4 
0Q 

04 
95 
79 
74 

70 
87 
0.4 
62 

60 
58 
57 
55 

54 

53 
51 
50 
49 

48 
18 
45 
44 

43 
42 
41 
40 

40 
4 1  
42 
43 
45 

48 
S I  

- 
80 
- 

13 
26 

13 
53 
b5 
59 
93 

79 
7 1  
65 
50 

57 
54 
51 
LQ 

16 
15 
43 

42 

41 

38 
38 

31 
3f 
3: 
34 

3: 
3: 
3: 
3: 

3: 
3: 
32 
3! 
31 

4: 

4a 

do 

- 
10 

- 

3 

0 
I1 

'3 

i8 
a 
il 
io 

.7 
r l  
12 
LO 

I8 
I7 
I6 
)4 

I3 

I2 
I 1  
1C u: 
1c 
I 
2; 
U 
26 
2: 
2! 
2( 

2( 
2; 
21 
3i 
3: 

- 
120 
- 

91 
51 
74 
tw 
63 

50 
52 
47 
43 

39 
3 i  
35 
33 

32 
30 
29 
29 

2; 

E 
2: 
24 

23 
21 
22 
21 

21 
2( 
21 
21 

a: 
x 
2! 
2; 

- 
140 

- 

14 
87 
61 
57 

53 
48 
41 
37 

34 
32 
30 
?B 

27 
25 
24 
23 

22 

22 
?I 
2(1 
19 

I9 

le 
li 

1; 
1i 
li 
1: 

15 
21 
2: 

la 

- 
IO 

- 

I1 
I6 
I1 

8 
1 
:e 
I2 

19 
n 
!S 
!4 

a 
!I 
a 
9 

9 

18 
l i  
l i  
18 

15 
15 
L4 
I4 I4 

14 
I: 
I t  

li  
1s 

- 
80 
-- 

51 
17 

13 
37 
32 
2s 

26 
24 
2a 
21 

19 
18 
17 
16 

16 

15 
14 
14 
13 

13 
12 
11 
11 

12 
If 
13 
1: 

1f 

I 

I 
I 
# 
i 

I 
1 
# 
3 

7 
5 
i 
4 

1 

3 
2 
2 
1 

1 
0 
0 
O 

E 
I 
3 

n 

- 

- 

3 
7 
3 
0 

8 
6 
4 
3 

1 
1 
0 
0 

9 

9 
s 
8 
7 

7 
7 
7 

7 
e 
B 

I 

- 

- 
00 
- 

!3 
10 
I6 

I4 
12 
11 
10 

9 
8 
7 
7 

6 

6 
6 
5 
5 

5 
5 
5 
5 

5 
B 
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HOW TO USE THE TABLE 

To compare with each other two alternative figures, either quadri- 
1atera.ls or central-point figures, in so far a.s the strength with which 
the length is carried is concerned, proceed as follows: 

(a) For eac.h figure take out the length angles, to the nearest 
degree, for the best, a.nd second-best chains of triangles through the 
figure. These chains are to be selected a t  first by estimation, 
and the estimate is to be checked later by the results of comparison. 

( 6 )  For each triangle in each chain enter the table with the 
length angles as the two arguments and take out the tabular value. 

(c) For each chain, the best and second best, through each figure, 
take the sum of the tabular values. 

(d)  Multiply each sum by the factor D-c! 7 for that figure, whcre 

D is the number of directions observed and C is the number of con- 
ditions to be satisfied in the figure. The quantities so obta.ined, 

namely, D+c z [bA* + 6A6B + 6B2]) will for convenience be called R, 
and R2 for the best and second-best chains, respectively. (Esamples 
of various triangulation figures with the corresponding values of RI 
and Rz may be found in Specia.1 Publication No. 93, pp. S-12.) 

(e) The strength of the figure is dependent mainly upon the 
strength of the best chain through it, hence the sinaller the Rl tho 
greater the strength of the figure. The second-best chain con- 
tributes somewhat to the tota.1 strength, and the other weaker and 
progressively less independent chains c.ontribute still snialler amounts. 
I n  deciding between figures they should be classed according to their 
best chains, unIess sa.id best chains are very nearly of equal strength 
and their second-best chains differ greatly. 
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