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PREFACE. 

In this publication it has been the aim of the authors to present in simple form 
some of the ideas that lie at  the foundation of the subject of map projections. Many 
people, even people of education and culture, have rather hazy notions of what is 
meant by a map projection, to say nothing of the knowledge of the practical con- 
struction of such a projection. c 

The two parts of the publication are intended to meet the needs of such people; 
the first part treats the theoretical side in a form that is as simple aa the authors 
could make it; the second part attacks the subject of the practical construction 
of some of the most important projections, the aim of the authors being to give 
such detailed directions as are necessary to present the matter in a clear and simple 
manner. 

Some ideas and principles lying at  the foundation of the subject, both the- 
oretical and practical, are from the very nature of the case somewhat complicafed, 
and it is a diflicult matter to state them in simple manner. The theory forms an 
important part of the differential geometry of surfacm, and it can only be fully 
appreciated by one familiar with the ideas of that branch of science. Fortunately, 
enough of the theory can be given in simple form to enable one to get a clear notion 
of what is meant by a map projection and enough directions for the construction can 
be given to aid one in the practical development of even the more complicated 
projections. 

It is hoped that this publication may meet the needs of people along both 
of the linea indicated above and that it may be found of some interest to those who 
may already have a thorough grasp qf the subject as a whole. 

PREFACE TO SECOND EDITION. 

In the prcparation of a second edition no effort has been made to revise the 
general text, only a few necessary corrections having been incorporated. Some new 
material on page 161 continues the discussion of world maps. General observations 
on the azimuthd equidistant projection and on some recent contributions to math- 
ematical cartography are also included. 

PREFACE TO THIRD EDITION. 

In the preparation of a third edition, no effort has been made to revise the 
general text, only necessary corrections having been incorporated. Some new ma- 
terial at the end of the publication consists of a description, theory, and tablesfor 
the construction of a parabolic equal-area projection. These tables will serve for a 
map of the world in a tripartite arrangement with the Americas in the middle, or 
in a continuous undivided projection. There have also been added a list of carto- 
graphic publications of the U. S. Coast and Geodetic Survey and a bibliography of 
works relating to map projections. 
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ELEMENTS OF MAP PROJECTIONS WITH APPLICATIONS TO 
MAP AND CHART CONSTRUCTION. 

By CHARLES H. DEETZ, Senior Cartographic Engineer, and OSCAR S. ADAMS, Senior Mathematician. 

PART I. 
GENERAL STATEMENT.’ 

Whatever may be the destiny of man in the ages to come, it is certain that for 
the prcsent his sphere of activity is restricted to the outside shell of one of the 
smoller planots of tho solar system-a system which aftor all is by no means the 
largest in the vast universe of space. By the us0 of tho imagination and of the 
intellect with which he is endowed he may soar into space and invostigate, with 
more or less certainty, domains far removcd froin his present habitat; but as rngards 
his actual presence, he can not leave, oxccpt by insignificant distances, tho outside 
crust of this small earth upon which he has been born, and which has formed in 
the past, and must still form, the theater upon which his activitios are displayed. 

The connection between man and his immediate terrestrial surroundings is there- 
fore very intimate, and the configuration of the surface features of the earth would 
thus soon attract his attention. It is only reasonable to suppose that, even in the 
most remote ages of the history of the human race, attempts were made, however 
crudo they may have been, to depict theso in some rough manner. No doubt.these 
first attempts a t  representation were scratched upon the sides of rocks and upon the 
walls of the cave dwellings of our primitive forefathers. It is well, then, in the light 
of present knowledge, to consider the structure of the framework upon which this 
representation is to be built. At best we can only partially succeed in any attempt 
a t  representation, but the recognition of the possibilities and the limitationswill serve 
as valuable aids in the consideration of any specific problem. 

We may reasonably assume that the earliest cartographical ropresen tations con- 
sisted of maps and plans of comparatively small areas, constructed to meet some 
need of the times, and it would be later on that any attempt would be made to 
extend the representation to more extensive regions. In  these early times map mak- 
ing, like every other science or art, mas in its infancy, and probably the first attempts 
of the kind were not what we should now call plans or maps a t  all, but rough per- 
spective representations of districts or sketches with hills, forests, lakes, etc., all 
shown as they would appear to a person on the earth’s surface, To represent these 
features in plan form, with the eye vertically over the various objecta, although of 
very early origin, was most likely EL later development; but we are now never likely 
to know who started the idea, since, as we have seen, it dates back far into antiquity. 

Geography is many-sided, and has numerous branches and divisions; and though 
i t  is true that map making is not tho whole of geography, as it would be well for ua 

I Paraphrased from “ M a P  and MaPmaklne,’’ by E. A. Reeves, London, 1810. 
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8 U. S. COAST AND GEODETIC SURVEY. 

to remind ourselves occasionally, get it is, a t  any rate, a very important part of it, 
and it is, in fact, the foundation upon wbich all other branches must necessarily 
depend. If we wish to study the structure of any region wo must have a good map 
of it upon which the various land forms can be shown. If wc desire to represent the 
distribution of the races of mankind, or any other natural phenomenon, it is essen- 
tial, first of all, to construct a reliable map to show their location. For navigation, 
for military operations, charts, plans, and maps are indispensable, as they aro also 
for the demarcation of boundaries, land taxation, and for many other purposes. It 
may, therefore, be clearly seen that some knowledge of the essential qualities inherent 
in the various map structures or frnmeworks is highly desirable, and in any case the 
makers of maps should have a thorough grasp of the properties and limitations of 
the various systems of projection. 



ANALYSIS OF THE BASIC ELEMENTS OF MAP PROJECTION.'" 

PROBLEM TO BE SOLVED. 

A map is a small-scale, flat-surface representation of some portion of the'sur- 
face of the earth. Nearly every person from time to time makes use of maps, and 
our ideas with regard to the relativo areas of the various portions of the earth's 
surface are in general derived from this source. The shape of the land masses and 
their positions with respect to one another are things about which our ideas are 
influenced by the way these features are shown on the maps with which we become 
familiar. 

It is fully established to-day that the shape of the earth is that of a slightly 
irregular spheroid, with the polar diameter about 26 miles shorter than the equatorial. 
The spheroid adopted for geodetic purposes is an ellipsoid of revolution formed by 
revolving an ellipse about its shorter axis. For the purpose of the present discussion 
the enrth may be considered ns a sphere, because the irregularities aro very small 
compared with the great size of the earth. If the earth were represented by a 
spheroid with an equatorial diameter of 25 feet, the polar diameter would be approxi- 
mately 24 feet 11 inches. 

FIO. l.--cOnical aurface cut from base to apex. 

The problem presented in map making is the question of representing the sur- 
face of the sphere upon a plane. It requires some thought to arrive a t  a proper 
appreciation of the difficulties that have to  be overcomo, or rather that havo to be 
dealt with and among which there must always be a compromise; that is, a little of 
one desirable property must be sacrificed to attain a little more of some other special 
feature. 

In  the first place, no portion of the surface of a sphere can be spread out in a 
plane without sorno stretching or tearing. This can be seen by attompting to flatten 
out a cap of orange peel or a portion of a hollow rubber ball; the outer part must 
be stretched or torn, or generally both, before the central part wi l l  come into the 
plane with the outer part. This is exactly the di%culty that has to be contended 
with in map making. There are some surfaces, however, that can be spread out in 
a plane without any stretching or tearing. Such surfaces are called developable 
aurfaces and those like the sphere are caIled nondevelopable. The cone and the 

1. Some of the elementary text  In Part I and a number of the Illustrations were ndapted from a publlartion h u e d  by 0. Philip 
& 8011 (Ltd.), of London, Enplnnd. Tbe work Is ent1tled"h Little Book on Map Profectlon," and Its author is \VIllim Oarnett 
wrltlng under the pseudonym of Mary AdamJ. We wiah to acknowledge OUT lndebtednw to thia work whloh sets forth in almpb 
Ulustrntlons some of the fundamental hob in w a r d  to mnp oonstruotlon. 
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10 U. S. COAST A E D  GEODETIC SURVEY. 

cylinder are the two well-known surfaces that are developable. If a cone of revo- 
lution, or a right circular cone as i t  is called, is formed of thin material like paper 

n o .  2.-Development of the conical surface. 

and if it is cut from some point in the CUITQ bounding the base to the apex, the 
conical surface can be spread out in a plane with no stretching or tearing. {See 
figs. 1 and 2.) Any curve drawn on the surface will have exactly the same length 
after development that it had before. In  the same way, if.a cylindrical surface is 

Fro. 3.-Cylindncsl surface cut from bsse to bsse. 

cut from base to base tho whole surface can bo rolled 011 t in the plane, if the surface 
consists of thin pliable material. In  this case also there is no 
strotching or tearing of any part of the surface. Attention is called to the develop- 
able property of these surfaces, because use mill be made of them in the later die- 
cussion of the subject of map making. 

(See figs. 3 and 4.) 
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FIG. rl.-Development of the cylindrical surface. 

REFERENCE POINTS ON THE SPHERE. 

A sphoro is such kha t  any'point of it is exactly like any othor point; thoro is 
neither boginning nor ending as far as differentiation of points is concerned. On the 
earth it is necessary to ham some points or lines of reference so that other points 
may bo located with regard to them. Places on tho earth are located by latitude 
and longitude, and it may be well to explain how these quantities are related to the 
terrestrial sphere. The earth sphere rotates on its axis once a day, and this axis 
is therefore a definite line that is Werent from every other diameter. The ends of 
this diameter are called the poles, one the North Pole and tho other the South Pole. 
With these as starting points, the sphoro is supposed to be divided into two equal 
parts or hcmispheros by a plane perpendicular to the axis midway between the poles. 
Tho circle formed by the intersection of this plane with the surface of the earth is 
called tho Equator. Since this line is defined with referonce to the poles, it is a 
dofinite line upon the oarth. All circles upon the oarth which divide i t  into two 
equal parts are called great circles, and the Equator, therefore, is a groat circle. 
It is customary to divide tho circle into four quadrants and each of theso into 90 
equal parts called degrees. Thore is no reason why tho quadrant should not be 
divided into 100 equal parts, and in fact this divlsion is somotimes used, each part 
being then called a grade. In this country the division of the quadrant into 90' is 

After the Equator is thus divided into 360°, thore is difEculty in that there is 
no point at  which to begin the count; that is, there is no definite point to count as 
zero or aa the origin or reckoning. This difEculty is met by the arbitrary choice 
of some point the significance of which will be indicated after some preliminary 
explanations. 

Any number of great circles can be drawn through the two poles and each one of 
them will cut the Equator into two equal parts. Each one of these groat circles 
may be dividod into 360°, and there will thus be 90' between tho Equator and each 
pole on each side. These are usually numbered from 0' to 90' from the Equator to 
the pole, tho Equator being 0' and the pole 90'. Theso great circles t&ugh the 
poles are called meridians. Let us suppose now that we tako a point on one of 
these 30' north of tho Equator. Through this point pass a plane perpendicular 

almost universally used; and accordingly tho Equator is divided into 360'. d 
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to the axis, and hence parallel to the plane of the Equator. This plans will intersect 
the surface of the earth in a small circle, which is called a parallel of latitude, this 
particGar one being the parallel of 30' north latitude. Every point on this parallel 
will be in 30' north latitude. In  the same way other. small circles are determinod 
to reprosent 20°, 40°, etc., both north and south of the Equator. It is evident that 
each of these small circlos cuts the sphere, not into two equal parts, but into two 
unequal parts. These parallels are drawn for overy lo', or for any regular interval 
that may be selected, depending on the scale of the sphore that represents the earth. 
The point to bear in mind is that the Equator was drawn as the great circle midway 
between the poles; that tho parallels were constructed with reference to tho Equator; 
and that therefore they aro definite small circles reforred to the poles. fiothing is 
arbitrary except the way in which tho parallols of latitude nre numbered. 

DETERMINATION OF LATITUDE. 

Tho latitude of a place is dotormined simply in tho following way: Very nearly 

Fro. B.-Determination of the latitude of a place. 

h1 the prolongation of tho oarth's axis to tho north thero happens to be a star, to 
which tho name polestar has beon given. If ono were at the North Polo, this star 
would appear to him to be directly overhead. Again, suppose a person to be a t  
the Equator, then the star would appear fo him to be on the horizon, level with his 
090. It might be thought that i t  would be bolow his oye because it is in line with 
the earth's axis, 4,000 miles beneath his feet, but tho distance of the star is so enormow 
that the radius of the earth is exceedingly m a l l  aa compared with it. All lines fo 
the star from different points on the mrth appear to be parallel. 
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Supposo a person to be a t  A (see fig. 5 ) ,  one-third of the distance between the 
Equator and tho North Pole, the line B O  will appear to him to be horizontal and he 
will see the star one-third of the way up from the horizon to the p-oint in the heavens 
directly overhead. This point in the line of the vortical is called thc zenith. It is 
now seen that the latitude of any place is the same as tho height of the polestar 
above the horizon. Most people who have traveled have noticed that as they go 
south the polestar night by night appears lower in tho heavens and gradually dis- 
appears, while the Southern Cross gradually comes into view. 

At sca the latitude is determined every day at noon by an observation of the 
aun, but this is because the sun is brighter and more easily observed. I ts  distance 
from the pole, which varies throughout the year, is tabulated for each day in a book 
called the Nautical Almanac. When, therefore, an observation of the sun is made, 
its polar distance is allowed for, and thus the latitude of the ship is determined by 
the height of the pole in the heavens. Even the star itself is directly obsorved upon 
from time to time. If 
the star is one-third of the way up, measured from the horizon toward the zenith, 
then tho point of observation is one-third of the way up from the Equator toward 
the pole, and nothing can alter this fact. By polestar, in the previous discussion, 
is really meant the true celestial pole; that is, the point at which the prolongation 
of the earth’s a x i s  pierces the celestial sphere. Corrections must be made to the 
observations on the star to reduce them. to this true pole. In the Southern Hemis- 
phere latitudes are related in a similar way to the southern pole. 

Strictly speaking, this is what is called the astronomical latitude of a place. 
Thore are other latitudes which differ slightly @om that described above, partly 
because the earth is not a sphere and partly on account of local attractions, but 
the above-described latitude is not only the one adopted in all general treatises but 
it is R ~ S O  the one employed on all general maps and charts, and it is tho latitude 
by which dl navigation is conducted; and if we assumo the earth to be a homogene- 
ous sphere, it  is the only latitude. 

This shows that the latitude of a place is not arbitrary. 

DETERMINATION OF LONGITUDE. 

This, however, fixes only the pardol  of latitude on which a place is situated. 
If i t  be found that the latitude of one place is 10’ north and that of another 20’ north, 
then the second place is 10’ north of the h t ,  but as yet we have no means of showing 
whether it is east or west of it. 

If a t  some point on the earth’s surface a perpendicular pole is erected, its shadow 
in the morning will be on tho west side of i t  and in the evening on the east side of it, 
At a certain moment during the day the shadow will lie due north and south. The 
moment a t  which this occurs is called noon, and it will be the same for all points 
exactly north or south of the given point. A great circle passing through tho poles 
of the earth and through the given point is called a meridian (from merides, midday), 
and it is therefore noon a t  the same moment at all points on this meridian. Let us 
suppose that a chronometer keeping correct time is set a t  noon a t  a given place and 
then carried to some other place. If noon a t  this latter place is observed and the 
time indicated by the chronometer is noted a t  the same moment, the difference of 
time will be proportional to tho part of the earth’s circumference to the east or west 
that has been passod over. Suppose that the chronometer shows 3 o’clock whenit 
is noon a t  the place of arrival, then the meridian through the new point is situated 
one-eighth of the way around the world to the westward from the first point. This 
difference is n. definite quantity and has nothing arbitrary about it, but it would be 
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exceedingly inconvenient to have to work simply with differences between the 
various places, and all would be chaos and confusion unless some place were agreed 
upon as the starting point. The need of an origin of reckoning was evident as soon 
as longitudes began to be thought of and long before they were accurately determined. 
A great many places have in turn been used; but when the English people began to 
make charts they adopted the meridian through their principal observatory of 
Greenwich as the origin for reckoning longitudes and this meridian has now been 
adopted by many other countries. In France the meridian of Paris is most generally 
used. The adoption of any one meridian as a standard rather than another is 
purely arbitrary, but it is highly desirable that all should use the same standard. 

The division of the Equator is made to begin where the standard meridian 
crosses i t  and the degrees are counted 180 east and west. The standard meridian is 
sometimes called the prime meridian, or the first meridian, but this nomenclature is 
slightly misleading, since this meridian is really the zero meridian. This great circle, 
therefore, which passes through the poles and through Greenwich is called the merid- 
ian of Greenwich or the meridian of 0' on one side of the globe, and the 180th 
meridian on the other side, it being 180' east and also 180' west of the zero meridian. 

By setting a chronometer to Greenwich time and observing the hour of noon a t  
various places their longitude can be determined, by allowing 15' of longitude to 
each hour of time, because the earth turns on its axis once in 24 hours, b u t  there 
are 360' in the entire circumference. This description of the method of determining 
differences of longitude is, of course, only a rough outline of the way in which they 
can be determined. The exact determination of a difference of longitude between 
two places is a work of considerable difficulty and the longitudes of the principal 
observatories have not even yet been determined with sufficient degree of accuracy 
for certain delicate observat,ions. 

PLOTTING POINTS BY LATITUDE AND LONGITUDE ON A GLOBE. 

If a globe has the circles of latitude and longitude drawn upon it according to 
the principles described above and the latitude and longitude of certain places have 
been determined by observation, these points can be plotted upon the globe in their 
proper positions and the detail can be filled in by ordinary surveying, the detail 
being referred to the accurately determined points. I n  this way a globe can be 
formed that is in appearance a small-scale copy of the spherical earth. This copy 
will be more or less accurate, depending upon the number and distribution of the 
accurately located points. 

PLOTTING POINTS BY LATITUDE AND LONGITUDE ON A PLANE MAP. 

If, in the same way, lines to represent latitude and longitude bo drawn on a 
plane sheet of paper, the places can be plotted with reference to these lines and the 
detail filled in by surveying as before. The art of making maps consists, in the first 
place, in constnicting tho lines to represent latitude and longitude, either as nearly 
like the lines on the globe as possible when transferred from a nondevelopable 
d a c e  to a flat surface, or else in such a way that some one property of the lines 
will be retained at the expense of others. It would be practically impossible to 
transfer the irregular coast lines from a globe to a map; but it is comparatively 
easy to transfer the regular lines representing latitude and longitude. It is possible 
to lay down on a map the lines represent% the parallels and meridians on a globe 
many feet in diameter. These lines of latitude and longitude may be laid down for 
every loo, for every degree, or for any other regular interval either greater or smaller. 
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In any case, the thing to be done is to lay down the lines, to plot the principal 
points, and then to fill in the detail by surveying. After ono map is made it may 
be copied even on another kind of projection, care being taken that the latitude and 
longitude of every point is kept correct on the copy. It is evident that if the 
lines of latitude and longitude can not be laid down correctly upon a plane surface, 
still less can the detail be laid down on such a surface without distortions. 

Since the earth is such a large sphere it is clear that, if only a small portion of 
a country is taken, the surface included will differ but very little from a plane surface. 
Even two or three hundred square miles of surface could be represented upon a plane 
with an amount of distortion that would be negligible in practical mapping. The 
difficulty encountered in mapping large areas is gotten over by first making many 
maps of small area, generally such as to be bounded by lines of latitude and longi- 
tude. When a large number of these maps have been made it will be found 
that they can not be joined together so as to lie flat. If they are carefully joined 
along the edges it will bo found that they naturally adapt themselves to the shape 
of the globe. To obviate this difficulty another sheet of paper is taken and on it 
are laic1 down the lines of latitude and longitude, and the various maps are copied 
so as to fdl the space allotted to them on this larger sheet. Sometimes this can be 
done by a simple reduction which does not affect the accuracy, since the accuracy 
of a map is independent of the scale. In  most cases, however, the reduction will 
have to be unequal in different directions and sometimes the map has to be twisted 
to fit into the space allotted to it. 

The work of making maps therefore consists of two separate processes. In  the 
first place, correct maps of small areas must be made, which may be called survey- 
ing; and in the second place. these small maps must be fitted into a system of lines 
representing the meridians and parallels. This graticule of the orderly arrange- 
ment of lines on the plane to represent the meridians and parallels of the earth is 
called a map projection. A discussion of the various ways in which this graticule 
of lines may be constructed so as to represent the meridians and parallels of the earth 
and at the samo time so as to preserve some desired feature in the map is c a b d  a 
treatise on map projections. 

HOW TO DRAW A STRAIGHT LINE. 

Few people realize how diflicult i t  is to draw a perfectly straight line when no 
straightedge is available. When o. sti-aightedge is used to draw a straight line, a 
copy is really made of a straight line that is already in existence. A straight line 
is such that if any part of it is laid upon any other part so that two points of the 
one part coincide with two points of the other the two parts will coincide through- 
out. "he parts must coincide when put together in any way, for an arc of a circle 
can be made to coincide with m y  other part of the same circumference if the arcs 
are broyght together in a certain way. A carpenter solves the problem of joining 
two points by a straight line by stretching a chalk line between them. When the 
line is taut, he raises it slightly in the middle portion and suddenly releases it. Some 
of the powdered chalk flies off and leaves a faint mark on the line joining the points. 
This depends upon the principle that a stretched string tends to become as short 
as possible unless some other force is acting upon it than the tension in the direction 
of its length. This is not a very satisfactory solution, however, since the chalk 
makes a line of considerable width, and the line will not be perfectly straight unless 
extra precautions are taken. 
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A straightedge can be made by clamping two thin boards together and by 
planing the common edge. As they are planed together, the edges of the two will 
be alike, either both straight, in which case the task is accomplished, or they will 
be both convex, or both concave. They must both be alike; that is, one can not 
be convex and the other concave at any given point. By unclamping them i t  can 
be seen whether the planed edges fit exactly when placed together, or whether they 
need some more planing, due to  being convex or concave or due to being convex 
in places and concave in other places. (See fig. 6.) By repeated trials and with 
sdicient patience, a straigbtedge can be made in this way. In  practice, of come,  
a straightedge in process of construction is tested by one that has already been made. 
Machines for drawing straight lines can be constructed by linkwork, but they are 
seldom used in practice. 

FIG. B.-Construction of a straight edge. 

I t  i3 in my case diflicult to &an* straight lines of very great length. A straight 
line only a few hundred meters in length is not easy to construct. For very long 
straight lines, as in gunnery and surveying, sight lines are taken; that is, use is 
made of the fact that when temperature and pressure conditions are uniform, light 
travels thr&gh space or in air, in straight lines. If three points, A,  B, and 0, are 
such that B appears to coincide with C when looked at from A ,  then A, B, and C 
are in a straight line. This principle is made use of in sighting a gun and in using 
the telescope for astronomical measurements. In surveying, directions which are 
straight linos are found by looking at  the distant object, the direction of which from 
the point of view we want to determine, through a telescope. The telescope is 
moved until the image of the small object seen in it coincides with a mark h e d  
in the telescope in the center of the field of view. When this is the case, the mark, 
the center of the object glass of tho telescope, and the distant object are in one 
straight line. A graduated scale on the mounting of the telescope enables us to 
determine tho diroction of the line joining the fixed mark in the telescope and the 
center of the object glass. This direction is tho direction of the distant object as 
seen by the eye, and it will be determined in terms of another direction assumed 
as the initial direction. 

HOW TO MAKE A PLANE SURFACE. 

.While a line has longth only, a surface has length and breadth. Among sur- 
faces a plane surface is one on which a'straight line can be drawn through any point 
in any direction. If a straightedge is applied to a plane surface, it can be turned 
around, and it will in every position coincide throughout its entire length with the 
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surface. Just as a straightedge can be used fo test a plane, so, equally well, can 
a plane surface be used to test a straightedge, and in a machine shop a plate with 
plane surface is used to test accurate worlonanship. 

The accurate construction of a plane surface is thus a problem that is of very 
great practical importance in engineering. A very much greator degree of accuracy 
is required than could be obtained by a straightedge applied to  the surface in dif- 
ferent directions. No. straightedges in existence are as accurate as it is required 
that the planes should be. The method employed is to mako three planes and to 
test them against one another two and two. The surfaces, having been made as 
truly plane as ordinary tools could render them, are scraped by hand tools and 
rubbed together from time to time with a little very fine red lead between them. 
Where they touch, the red lead is rubbed off, and then the plates are scraped again 
to remove the little elevations thus revealed, and the process is continued until all 
the projecting points have been removed. If only two planes were worked together, 
one might be convex (rounded) and the other concave (hollow), and if they had the 
same curvature they might still touch at  all points and yet not be plane; but if  
three surfaces, A,  B, and C, are worked together, and if A fits both B and C and 
A is concave, then B and C must be both convex, and they will not fit one another. 
If B and C both fit A and also fit one mother at all points, than all three must be 
truly plane. 

When an accurate plane-surface plate has once been made, others can be made 
one at  a time and tested by trying them on the standard plate and moving them 
over the surface with a little red lead between them. When two surface plates 
made as truly plane as possible are placed gently on one another without any red 
lead between them, the upper plate will float almost without friction on a very thin 
layer of air, which takes a very long time to escape from between the plates, because 
they are everywhere so very near together. 

HOW TO DRAW THE CIRCLES REPRESENTING MERIDIANS AND PARALLELS ON A SPHERE. 

We have seen that it is difEcult to draw a straight line and also difficult to 
construct a plane surface with any degree of accuracy. The problem of constructing 
circles upon a sphere is one that requires some ingenuity if the resulting circles aro 
to be accurately drawn. If a hemispherical cup is constructed that just fits the 
sphere, two points on the rim exactly opposite to one another may be determined. 
(See fig. 7.) To do this is not so easy as it appears, if there is nothing to mark the 
center of the cup. Tho diameter of the cup can be measured and a circle a n  be 
drawn on cardboard with the same diameter by the uso of a compass. The center 
of this circle will be marked on the cardboard by the h o d  leg of the compass and 
with a straight edge a diameter can be drawn through this center. This circle can 
then be cut out and fitted just inside the rim of the cup. The ends of the diameter 
drawn on the card then mark the two points required on the edge of the cup. With 
some suitable tool a small notch can be made a t  each point on the edge of the cup. 
Marks should then be made on the edge of the cup for equal divisions of a semicirclo. 
If it is desired to draw the parallels for every 10" of latitude, the semicircle must be 
divided into 18 equal parts. This can be done by dividing the cardboard circle by 
means of a protractor and then by marking the corresponding points on the odgs 
of the cup. The sphere can now be put into the cup and points on it marked corre- 
sponding to the two notches in the odgo of the cup. Pins can be driven into these 
points and allowed to rest in the notches. If the diameter of the cup is such that 

64662'-3 1-2 
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the sphere just fits into it, it can be found whether the pins are exactly in the ends 
of a diameter by turning tho sphere on the pins as an axis. If the pins are not 
correctly placed, the sphere will not rotate freely. The diameter determined by the 
pins may now be taken as the axis, one of the ends being taken as the North Pole 

FIQ. 7.-Comtructing the circles of parallels and meridians on a globe. 

and the other as tho South Pole. With a sharp pencil or with an engraving tool 
circles can be drawn on the sphere at  the points of division on thc edge of the cup 
by turning the sphere on its axis while tho pencil is held against the surface at the 
correct point. The circle midway between the poles is a great circle and will repre- 
sent the Equator. The Equator is then numbered 0' and the other eight circles on 
either side of the Equator are numbered lo", 20°, etc. The poles themselves corre- 
spond to 90". 

Now re&ove the sphere and, after removing one of the pins, insert the sphere 
again in such a way that the Equator lies along the edge of the cup. Marks can 
then be made on the Equator corresponding to the marks on the edge of the cup. 
In this way the divisions of the Equator corresponding to the meridians of 10' 
interval are determined. By replacing the sphere in its original position with the 
pins inserted, the meridians can be drawn along the edge of the cup through the 
various marks on the Equator. These will be great circles passing through the poles. 
One of these circlw is numbered 0" and the others lo", 20°, etc., both east and west 
of the zero meridian and extending to 180" in both directions. The one hundred 
and eightieth meridian will be the prolongation of the zero meridian through the 
poles and will be the same meridian for either cast or west. 

This sphere, with its two sets of circles, the meridians and the parallels, drawn 
upon it may now be taken as a model of the earth on which corresponding circles 
are supposed to be drawn. When it is a question only of supposing the circles to 
bo drawn, and not actually drawing them, it will cost no extra effort to suppose thorn 
drawn and numbered for every degree, or for every minute, or even for every second 
of arc, but no one would attempt actually to draw them on a model globo for inter- 
vals of less than 1". On the earth itself a second of latitude corresponds to a little 
more than 100 feet. For the purpose of stud* the principles of map projection 
it is quite enough to suppose that the c k l e ~  are drawn at intervals of 10'. 
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It was convenient in drawing the meridians and parallels by the method just 
described to place the polar axis horizontal, so that the sphere might rest in the cup 
by its own weight. Hereafter, hdwever, we shall suppose the sphere to be turned 
so that its polar axis is vertical with the North Pole upward. The Equator and all 
the paraIlels of latitude will be horizontal, and the direction of rotation corresponding 
to the actual rotation of the earth will carry the face of the sphere a t  which wo are 
looking from left to right; that is, from west to east, according to the way in which 
the meridians were marked. As the earth turns from west to east a person on its 
surface, unconscious of its movement and looking at the heavenly bodies, naturally 
thinks that they are moving from east to west. Thus, wo say that the sun rises in 
the east and sets in the west. 

TEE TERRESTRIAL GLOBE. 

With the sphere thus constructed with tho meridians and parallels upon it, we get 
a miniature representation of the earth with its imaginary meridians and parallels. 
On this globe the accurately determined points may be plotted and tho shore line 
drawn in, together with the other physical features that it is desirable to sbow. 
This procedure, however, would require that each individual globe should be plotted 
by hand, since no reproductions could be printed. To meet this difficulty, ordinary 
terrestrial' globes are made in the following way: It is well known that a piece of 
paper can not be made to fit on a globe but a narrow strip can be made to fit fairly 
well by some stretching. If the strip is fastened upon the globe when it is wet, the 
paper will stretch enough to allow almost a perfect fit. Accordingly 12 gores are 
made as shown in figure 8, such that when fastened upon the globe they will reach 
from tho parallel of 70" north to 70" south. A circular cap is then made to extend 
from each of thase parallels to  the poles. Upon these gores the projection lines and 
tho outlines of the continents are printed. They can then be pastad upon the globe 
and with careful stretching they can be made to adapt themselves to  the spherical 
surface. It is obvious that the central meridian of each gore is shorter than the 
bounding meridians, wheroas upon the globe all of the meridians are of the same 
length. Hence in adapting the gores to the globe the central meridian of each gore 
must bo slightly strotched in comparison with tho side meridians. The figure 8 
shows on a very small scale the series of gores and the polar caps printed for covoring 
a globe. They are as nearly as may bo on a 
plano surface, a facsimile of the surface of the globe, and only require bending with a 
little stretching in certain directions or contraction in others or both to adapt them- 
selves precisely to the spherical surface. If the reader examines the parts of the 
continent of Asia a8 shown'on tho separate gores which are almost a facsimile of the 
earno portion of the globe, and tries to  piece them together without bending them 
over the curved surface of the sphere, the problem of map projection will probably 
prosent itself to him in a new light. 

It is seen that although the only way in which the surface of tho earth can be 
represented corractly consists in making the map upon the surface of a globe, yet 
this is a difficult task, and, at the best, expedients have to be resorted to or the 
cost of construction will be prohibitive. I t  should be remembered, however, that 
the only source of true ideas regarding the mapping of large sections of the surface 
of the earth must of necessity be obtained from its representation on a globe. Much 
good would result from making the globe the basis of al l  elementary toachmg in 
geography. The pupils should be warned that maps are very generally used because. 
of their convenience. Within proper limitations they serve every purpose for 

These gores do not constitute a map. 
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which they are intended. Errors are dependent upon the system of projection used 
and when map and globe do not agree,. the former is a t  fault. This would seem to 
be a criticism against maps in general and where large sections are involved and 
where unsuitable projections are used, i t  often is such. Despito defects which are 
inherent in the attempt to map a spherical surface upon a plane, maps of large 
areas, comprising continents, hemispheres or even the whola sphere, are employed 
because of their convenience both in construction and handling. 

Perfect g l o b s  am seldom seen on account of the expense involved In their manufacture. 
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Makers of globes would confer a benefit on future generations if they would make 
cheap globes on wbich is shown, not as much as possible, but essential geographic 
features only, omitting, perhaps, tho line of the ecliptic which only leads to confu- 
sion when found upon a terrestrial globe. If the oceans were shown by a light blue 
tint and the continents by darker tints of another color, and if the principal great 
rivers and mountain chains were shown, it would be sufficient. The names of oceans 
and countries, and a few great cities, noted capes, etc., are all that should appear. 
The globe then would serve as the index to the maps of continents, which again would 
serve as indexes to the maps of countries. 



REPRESENTATION OF THE SPHERE UPON A PLANE. 
THE PROBLEM OF MAP PROJECTION. 

It seems, then, that if we have the meridians and parallels properly drawn on 
any system of map projection, the outline of a continent or island can be drawn in 
from information given by the surveyors respecting the latitude and longitude of 
the principal capes, inlets, or other features, and the character of the coast between 
them. Copies of maps are commonly made in schools upon blank forms on which 
the meridians and parallels have been drawn, and these, like squared paper, give 
assistance to the freehand copyist. Since the meridians and parallels can be drawn 
as closely together as we please, we can get as many points as we require laid down 
with strict accuracy. The meridians and parallels being drawn on the globe, if we 
have a set of lines upon a plane sheet to represent them we can then transfer detail 
from the globe to tho map. The problem of map projection, therefore, consists in 
finding some method of transferring the meridians and parallels from the globe 
to the map. 

DEFINITION OF MAP PROJECTION. 

The lines representing tho meridians and parallels can be drawn in an arbitrary 
manner, but to avoid confusion we must have a one-to-one correspondence. In  
practice all sorts of liberties are taken with the methods of drawing tho meridians 
and parallels in order to secure maps which best fulfill certain required conditions, 
provided always that the methods of drawing the meridians and parallels follow 
some law or system that will give the one-to-one correspondence. Hence a map 
projection may be defined as a systematic drawing of lines representing meridians 
and parallels on a plane surface, either for the whole earth or for some portion of it. 

DISTORTION. 

In  order-to decide on the system of projection to be employed, we must con- 
sider the purpose for which tho map is to be used and the consequent conditions 
which it is most important for the map to fulfill. In  geometry,size and shape are 
the two fundamental considerations. If we want to show without exaggeration tho 
extent of the different countries on a world map, we do not care much about the 
shape of the country, so long as its area is prpperly represented to scale. For sta- 
tistical purposes, therefore, a map on which all areas are correctly represented to 
scale is valuable, and such a map is called an “equal-area projection.” It is well 
known that parallelograms on the same base and between tho same parallels, that is of 
the same height, have equal area, though one may be rectangular or upright and 
the other very oblique. The sloping sides of the oblique parallelograms must bo 
very much longer than the upright sides of the other, but the areas of the Sgures 
will be the same though tho shapes are so very diirerent. The process by which 

. the oblique parallelogram can be formed from the rectangular parallelogram is 
called by engineers “shearing.” A pack of cards as usually placed together shows 
as prof& a rectangular parallelogram. If a book be stood up against the ends of 
the cards as in figure 9 and then made to slope 89 in Sguro 10 each card will slide a 
little over the one below and the profile of the pack will be the oblique parallelogram 
shown in figure 10. The height of the parallelogram will bo the same, for it istho 
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thickness of the pack. “he base will remain unchanged, for it is the long edge of the 
bottom card. The area will be unchanged, for it is tho sum of the areas of tho edges 
of the cards. The shape of the paralleogram is very different from its original shape. 

FIG. O.--Pack of cards before“shearing.” 

Tho sloping sides, it is true, aro not straight lines, but are made up of 52 little steps, 
but if instead of cards several hundred very thin sheets of paper or metal had been 
used the steps would be invisible and the sloping edges would appear to  be straight 
lines. This sliding of layer upon layer is, a “simple shear.” It alters the shape without 
altering the area of the figure. 

Fro. 10.-Pack of cards after “shearing.” 

Fro. 11.-Squaro “ehoared ” into an equivalent parallelogram. 

This shearing action is worthy of a more careful consideration in order that 
wo may understand ono very important point in map projection. Suppose the 
square A B C D (see fig. 11) to be sheared into the oblique parallelogram a b C D .  
Its base and height remain the same and its area is unchanged, but the paralldogram 
a b C D may bo turned around so that C b is horizontal, and then C b is the base, 
and the line a N drawn from a perpendicular to b Cis the height. D e n  the area 
is the product of 6 C and a N ,  and this is equal to the area of the original square 
and is constant whatever the angle of the parallelogrG and the extent to  which 
the side B C has been stretched. The perpendicular a N ,  therefore, varies inversely 
as the length of the side b 0, and this is true however much B C is stretched. 
Therefore in an equal-area projection, if distances in one direction are increased, 
those measured in the direction at right angles are reduced in the corresponding 
ratio if the lines that they reprasent aro perpendicular to one another upon the 
earth. 

If linea are drawn at a point on an equal-area projection nearly at right angles 
to oach other, it will in general be found that if the scalo in tho one direction k 
increased that in the other is diminished. If one of the h c s  is turned about the 
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point, there must be some direction between the original positions of the lines in 
which the scalc is exact. Since the line can be turned in either of two directions, 
there must be two directions at  the point in which the scale is unvarying. This is 
true at every point of such a map, and consequently curves could be drawn on 
such a projection that would represent directions in which there is no variation 
in scale (isoperimetric curves). 

In maps drawn on an equal-area projection, some tracts of country may be 
sheared so that their shape is changed past recognition, but they preserve their area 
unchanged. In  maps covering a very large area, particularly in maps of the whole 
world, this generally happens to  a very great extent in pa& of the map which are 
distant from both the horizontal and the vertical lincs drawn through the ccnter 
of the map. (See fig. 12.) 

Eta. 12.-The Mollweide equal-area projection of the sphere. 

It will be noticed that in the shearing process that has been described every 
little portiun of the rectangle is sheared just like the whole rectangle. It is stretched 
parallel to B C (see fig. 11) and contracted at right angles to this direction. l3ence 
whcn in an equal-area projection the shape of a tract of country is changed, it 
follows that the shape of every square mile and indeed of every square inch of this 
country will be changed, and tlris may involve a considerable inconvenience in the 
use of the map. In  the case of the pack of cards the shearing was the same at all 
points. In the case of equal-area projections the extent of shearing or distortion 
varies with the position of the map and is zero at the center. It usuhlly increases 
along the diagonal linea of the map. It may, however, be important for tho purpose 
for which the map is required, that small areas should retain their ahape even at 
the coat of the area being increased or diminished, so that different scales havo to 
be used at different parts of the map. The projections on which this condition is 
secured are ealled ‘Lconformal” projections. If it were possible to  secure equality 
of area and exactitude of shape at all points of the map, the whole map would be 
an exact counterpart of the corresponding area on the globe, and could be mado 
to fit the globe at all points by simple bending without any stretching or contraction, 
which would imply alteration of scale. But a plane surface can not be made to fit 
a sphere in this way. It must be stretched in some direction or contracted in others 
(as in the process of “raising” a dome or CUP by hammering sheet metal) to fit the 
sphere, and this means that the scale must be altered in ono direction or in the 
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other or in both directions at  once. It is therefore impossible for a map to preserve 
tho same scale in all directions at all points; in other words a map can not accurately 
represent both size and shape of the geographical features at all points of the map. 

CONDITIONS FULFILLED BY A MAP PROJECTION. 

If, then, we endeavor t o  sccure that the shape of a very smdl  area, a square 
inch or a square mile, is prcservcd at all points of the map, which means that if the 
scale of the distance north and south is increased the scale of the distance east and 
west must be increased in  exactly the same ratio, wo must be content to have some 
parts of the map represented on a greater scale than others. The conformal pro- 
jection, therefore, necessitates a change of scale at different parts of the map, though 
the scalo is the same in all directions at any one point. Now, it is clear that if in a 
map of North America the northern part of Canada is drawn on a much larger scale 
than the southern States of the United States, although the shape of every little 
bay or headland, lake or township is preserved, the shape of the whole continent on 
the map must bo very different from its shape on tho globe. In choosing our system 
of map projection, therefore, wo must decide whether we want- 

(1) To keep the area directly comp,arable all over the mcp at the expense of 
correct shape (equal-area projection), or 

(2) To keep the shapes of the smaller geographical features, capes, bays, lakes, 
etc., correct at the expense of a changing scale all over the map (conformal pro- 
jection) and with the knowledge that large tracts of country will not preserve their 
shape, or 

(3) To make a compromise between these conditions so as to minimize the 
errore when both shape and area aro taken into account. 

There is a fourth consideration which may be of great importanco and which 
is very important to the navigator, while it will be of much greater importance to 
the aviator when aorial voyages of thousands of miles me undertaken, and that is 
that directions of places taken from tho center of tho map, and as far as possible 
when taken from other points of the map, shall be correct. The horizontal direction 
of an object measured from the south is known as its azimuth. Hence a map which 
preserves these directions correctly is called an “azimuthal projection.” We may, 
therefore, add a fourth object, viz: 

(4) To preserve the correct directions of all lines drawn from the center of the 
map (azimuthal projection). 

Projections of this kind are sometimes called zenithal projections, because in 
maps of the celestial sphere the zenith point is projected into the central point of the 
map. This is a misnomer, however, when applied to a map of the terrestrial sphere. 

We have now considered the conditions which we should like a map to fulfill, 
and we have found that they are inconsistent with one another. For some particular 
purpose we may construct a map which fulfills one condition and rejects another, 
or vice versa; but we shall find that the maps most commonly used aro the result 
of compromise, so that no one condition is strictly fulfilled, nor, in most cases, is it 
extravagantly violated. 

CLASSIFICATION OF PROJECTIONS. 

There is no way in which projections can bRdivided inta classes that axe mutually 
exclusive; that is, such that any given projection belongs in one class, and only in 
one. There axe, however, certain class names that are made use of in practice 
principally as a matter of convenience, although ti given projection may fall  in two 
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or more of the classes. We have already spoken of the equivalent or equal-area 
type and of the conformal, or, as it is sometimes called, the orthomorphic type. 

The equal-area projection preserves the ratio of areas constant; that is, any 
given part of the map bears the same relation to the area that it represents that the 
whole map bears to the whole area represented. This can be brought clearly before 
the mind by the statement that any quadrangular-shaped section of the map formed 
by meridians and parallels will be equal in area to any other quadrangular area of 
the same map that represents an equal area on the earth. This means that all 
sections between two given parallels on any equal-area map formed by meridians 
that are equally spaced are equal in area upon the map just as they are equal in 
area on the earth. In another way, if two silver dollars are placed upon the map 
one in one place and the other in any other part of the map the two areas upon the 
earth that are represented by the portions of the map covered by the silver dollam 
will be equal. Either of these tests forms a valid criterion provided that the areas 
selected may be situated on any portion of the map. There are other projections 
besides the equal-area ones in which the same results would be obtained on particu- 
lar portions of the map. 

A conformal projection is one in which the shape of any small section of the 
surface mapped is preserved on the map. The term orthomorphic, which is some- 
times used in place of conformal, means right shape; but this term is somewhat 
misleading, since, if the area mapped is large, the shape of any continent or large 
country will not be preserved. The true condition for a conformal map is that the 
scale be the same at  any point in all directions; the scale will change from point to 
point, but it will be independent of the azimuth at  all points. The scale will be 
the same in all directions a t  a point if two directions upon the earth at  right angles 
to one another are mapped in two directions that are also at  right angles and along 
which the scale is the same. If, then, we have a projection in which the meridians 
and parallels of the earth are represented by curves that are perpendicular each to 
each, we need only to determine that the scale along the meridian is equal to that 
along the i>ar&el. ,The meridians and parallels of the earth intersect at  right 
angles, and a conformal projection preserves the angle of intersection of any two 
curves on the earth; therefore, the meridians of the map must intersect the parallels 
of the map at right angles. The one set of lines are then said to be the orthogonal 
trajectories of the other set. If the meridians and parallels of any map do not 
intersect at  right angles in all parts of the map, we may at  once conclude that it is 
not a conformal map. 

Besides the equal-area and conformal projections we have already mentioned 
the azimuthal or, as they are sometimes called, the zenithal projections. In these 
the azimuth or direction of a l l  points on the map as seen from some central point 
are the same as the corresponding azimuths or directions on the earth. This would 
be a very desirable feature of a map if it could be true for aJl points of the map as 
well as for the central point, but this could not be attained in any projection; hence 
the azimuthal feature is generally an incidental one unless the map is intended for 
some special purpose in which the directions from some one point are very important. 

Besides these classes of projections there is another class called perspective 
projections or, as they are sometimes called, geometric projections. The principle 
of these projections consista in the direct projection of the points of tho earth by 
straight lines drawn through them from some given point. The projection is gen- 
erally made upon a plane tangent to the sphere at  the end of the diameter joining 
the point of projection and the center of the earth. If the projecting point is the 
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center of the sphere, the point of tangency is chosen in the center of the area to be 
mapped. The plane upon which the map is made does not have to bo tangent to 
tho earth, but this position gives a simplification. Its position anywhere parallel to 
itself would only change the scale of the map and in any position not parallel to 
itself the same result would be obtained by changing the point of tangency with 
mere change of scale. Projections of this kind are generally simple, because they 
can in most cases be constructed by graphical methods without the aid of the 
analytical expression8 that determine the elements of the projection. 

Instead of using a plane directly upon which to lay out the projection, in many 
cases use is made of one of the developable surfaces as an intermediate aid. The 
two surfaces used for this purpose are the right circular cone and the circular cylinder. 
The projection is made upon one or the other of these two surfaces, and then this 
surface is spread out or developed in the plane. As a matter of fact, the projection 
is not constructed upon the cylinder or cone, but the principles are derived from a 
consideration of these surfaces, and then the projection is drawn upon the plane 
just as it  would be after development. The developable surfaces, therefore, serve 
only as guides to us in grasping the principles of the projection. After the elements 
of the projections are determined, Qither geometrically or analytically, no further 
attention is paid to the cone or cylinder. A projoction is called conical or cylindrical, 
according to which of the two developable surfaces is used in the determination of 
its elements. Both kinds are generally included in the one class of conical projec- 
tions, for the cylinder is just a special case of the cone. I n  fact, even the azimuthal 
projections might have been included in the general class. If we have a cone tangent 
to the earth and then imagine the apex to recede more and more while the cone 
still remains tangent to the sphere, we shall have at tho limit the tangent cylinder. 
On the other hand, if the apex approaches nearer and nearer to the earth the circle 
of tangency will get smaller and smaller, and in the end it will become a point and 
will coincide with the apex, and the cone will be flattened out into a tangent plane. 

Besides these general classes there are a number of projections that are called 
conventional projections, since they aro projections that are merely arranged arbi- 
trarily. Of course, oven these conform enough to law to permit their expression 
analytically, or sometimes more easily by geometric principles. 

THE IDEAL MAP. 

There are various properties that it would bo desirable to have present in a 
a map that is to be constructed. (1) It should represent the countries \kith their 
true shape; (2) the countries represented should rgtain their rolativo size in tho map; 
(3) the distance of every place from every other should bear a constant ratio to the 
true distances upon the earth; (4) great circles upon the sphere-that is, the shortest 
distances joining various points-should be represented by straight lines which are 
the shortest distances joining the points on the map; ( 5 )  the geographic latitudes 
and longitudes of the places should be easily found from their positions on the map, 
and, conversely, positions should be easily plotted on the map when we havo their 
latitudes and longitudes. These propertios could very easily be secured if the earth 
were a plane or one of the developable surfaces. Unfortunately for the cartographer, 
it is not such a surface, but is a spherical surface which can not be developed in a 
plano without distortion of some kind. I t  becomes, then, a matter of selection 
from among the various desirable properties enumerated above, and even some of 
these can not in general be attained. It is necessary, then, to decide what purpose . 
the map to be constructed is to fulfill, and then we can select the projection that 
comes nearest to givinz us what w0 want. 
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PROJECTIONS CONSIDERED WITHOUT MATHEMATICS. 

If it is a question of making a map of a small section of the earth, it will so 
nearly conform to a plane surface that a projection can be made that will represent 
the true state to such a degree that any distortion present will be negligible. It is 
thus possible to consider the earth made up of a great number of plane sections of 
this kind, such that each of them could be mapped in this way. If the parallels 
and meridians are drawn each a t  1 5 O  intervals and then planes are passed through 
the points of intersection, we should have a regular figure made up of plane quad- 
rangular figures as in figure 13. Each of these sections could be made into a self- 
consistent map, but if we attempt to fit them together in one plane map, we shall 
find that they will not join together properly, but the effect shown in figure 13 will 

FIG. 13.-Earth comidered a8 formed by plane quadrangles. 

be observed. A section 15' squari would be too large to be mapped without error, 
but the same principle could be applied to each square degree or to even smaller 
sections. This projection is called the polyhedral projection and i t  is in substance 
very similar to the method used by the United States Geological Survey in their 
topographic maps of the various States. 

Instead of considering the earth as made up of small regular quadrangles, we 
might consider i t  made by narrow strips cut off from the bases of cones as in figure 
14. The whole east-and-west extent of these strips could be mapped equally accu- 
rately as shown in figure 15. Each strip would be all right in itself, but they would 
not fit together, as is shown in figure 15. If we consider the strips to become very 
narrow while a t  the same time they increase in number, we get what is called the 
polyconic projections. These same rncul t ies  or others of like nature are met with 
in every projection in which we attempt to hold the scalo exact in some part. At 
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best we can only adjust the errors in the representation, but they can never all 
be avoided. 

Viewed from a strictly mathematical standpoint, no representation based on 8 

system of map projection can bo perfect. A mnp is a compromise between the 
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Fro. 14.-Earth considered aa formed by bases of cones. 

various conditions not all of which can be satisfied, and is the best solution of the 
problem that is possible without encountering other difliculties that surpms those 
due to a varying scale and distortion of other kinds. I t  is possible only on a globe 
to represent the countries with their true relations and our general ideas should be 
continually corrected by referonce to this source of Itnowledge. 

. ’  

FIG. 16.-Development of the conical bases. 

In order to point out the distortion that may be found in projections, it will 
be well to  show some of those systems that admit of easy construction. The per- 
spective or geometrical projections can always be constructed graphically, but it is 
sometimes easier to make use of a computed table, even in projections of this class. 
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CYLINDRICAL EQUAL-AR.EA PROJECTION. 

This projection is one that is of very little usc for the construction of a map of 
the world, although near the Equator i t  gives a fairly good representation. We 
shall use it mainly for the purpose of illustrating the modifications that can be 
introduced into cylindrical projections to gain certain desirable features. 

In this projection a cylinder tangent to the sphere along the Equator is em- 
ployed. The meridians and parallels are straight lines forming two parallel systems 
mutually perpendicular. The lines representing the meridians are equally spaced. 
These features are in general characteristic of all cylindrical projections in which 
the cylinder is supposed to be tangent to the sphere along the Equator. The only 
feature ns yet undetermined is the spacing of the parallels. If planes we passed 
through the various parallels they will intersect the cylinder in circles that become 
straight lines when the cylinder is developed or rolled out in the plane. With this 
condition i t  is evident that the construction given in figure 16 will give the net- 
work of meridians and parallels for 10" intervals. The length of the map is ovi- 
dently ?r (about 33) times the diameter of the circle that represents a great circle 
of the sphere. The semicircle is divided by means of a protractor into 18 equal 
arcs, and these points of division are projected by lines parallel to the line repre- 
senting the Equator or perpendicular to the bounding diameter of the semicircle. 
This gives an equivalent or equal-area map, because, as we xecede from the Equator, 
the distances representing differences of latitude are decreased just as great a per 
cent as the distances representing differences of longitude are increased. Tho result 
in a world map is the appearance of contraction toward the Equator, or, in another 
sense, as an east-and-west stretching of the polar regions. 

CYLINDRICAL EQUAL-SPACED PROJECTION. 

If the equal-area property be disregarded, a better cylindrical projection can be 
secured by spacing the meridians and parallels equally. In this way we get rid of 
the very violent distortions in the polar regions, but even yet the result is very 
unsatisfactory. Great distortions are still present in the polar regions, but they 
are much less than before, as can be seen in figure 17. A s  a further attempt, we can 
throw part of the distortion into the equatorial regions by spacing the parallels 
equally and the meridians equally, but by making the spacings of the parallels greater 
than that of the meridians. In figure 18 is shown the whole world with the meridians 
and parallel spacings in the ratio of two to three. The result for a world map is 
still highly unsatisfactory even though it is slightly better than that obtained by 
either of the former methods. 

PROJECTION FROM THE CENTER D O N  A TANGENT CYLINDER. 

As a fourth attempt we might project the points by lines drawn from the center 
of the sphere upon a cylinder tangent to the Equator. ?his would have a tendency 
to stretch the polar regions north and south 88 well aa east and weat. The result of 
this method is shown in figure 19, in which the polar regions are shown up to 70' of 
latitude. The poles could not be shown, since as the projecting line approaches them 

30 
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indohitely, the required intersection with the cylinder rccedes indefinitely, or, in 
mathematical language, the pole is repesented by a line a t  an infinite distance. 

FIG. l8.-Modified cylindrical equal-epaced projection. 

* MERCATOR PROJECTION. 

Instead of stretching the polar regions north and south to such an extent, it  13 

customary to limit the stretching in latitude to an equality with the stretching in 
longitude. In this way we get a conformal projection in which any 
small area is shown with practically its true shape, but in which largo amas will be 
distorted by the change in scale from point to point. I n  this projection the pole 
is represented by a line at  infinity, so that the map is seldom extended much 
beyond 80° of latitude. This projection can not be obtained directly by graphical 
construction, but the spacings of the parallels have to be taken from a computed 
table. This is the most important of the cylindrical projections and is widely used 
for the construction of sailing charts. I ts  common use for world maps is VGiJ’ 

misleading, since the polar regions are represented upon a very enlarged scale. 

(See fig. 20.) 
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FIQ. 20.-Mercator projection. (See also p. 105.) 

Since a degree is one three-hundred-and-sixtieth part of a circle, the degrees of 
latitude are everywhere equal on a sphere, as the meridians are all equal circles. 
The degrees of longitude, however, vary in tho same proportion as the size of the 
parallels vary at the different latitudep. The parallel of 60' latitude is just one-half 
of the len-@h of the Equator. A square-degree quadrangle a t  60' of latitude has 
the same length north and south as has such a quadrangle at the Equator, but the 
extent east and west is just onehalf as great. Its area, then, is approximately one- 
half the area of the one at the Equator. Now, on the Mercator projection the 
longitude a t  60' is stretched to double its length, ahd hence the scale along the 
meridian has to be increased an equal amount. The area is therefore increased 
fourfold. At 80' of latitude the area is increased to 36 times its real size, and a t  
89' an area would bo more than 3000 times as large as an equal-sized area at the 
Equator. 

This excessive exaggeration of area is a most serious matter if the map be used 
for general purposes, and this fact ought to be emphasized because it is undoubtedly 
true that in the majority of casea peoples' general ideas of geography are based 
on Mercator maps. On the map Greenland shows larger than South America, but 
in reality South America is nine times as large aa Greenland. As will be shown 
later, this projection has many good qualities for special purposes, and for some 
general purposes it may be used for areas not very distant from the Equator. No 
suggestion is therefore made that i t  should be abolished, or even reduced from its 
position among the h h l a s s  projections, but i t  is most strongly urged that no one 
should use it without recognizing its defects, and thereby guarding against being 
misled by false appearances. This projection is often used because on it the whole 
inhabited world can be shown on one sheet, and, furthermore, it  can be prolonged 
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in either.an east or west direction; in other words, i t  can be repeated so as to show 
part of the map twice. By this means the relative positions of two places that would 
bo on opposite sides of the projection when confined to 360' can be indicated more 
definitely. 

GEOMETRICAL AZIMUTHAL PROJECTIONS. 

Many of the projections of this class can be constructed graphically with very little 
trouble. This is especially true of thoso that have the polo at the center. Tho merid- 
ians aro then represented by straight l i e s  radiating from the pole and the parallels 
aro in turn repmsontod by concentric circles with tho pole as center. The angles 
between the moridians aro  oqual to the corresponding longitudes, so that they are 
repmsented by radii that are equally spacod. 

STEREOGRAPHIC POLAR PROJECTION. 

This is a porspective conformal projection with the point of projection at the 
The plane upon which South Pole when tho northern regions are to be projectd. 

J 

FIG. 21.-Detormination of radii for stereographic polar projection. 

the projection is mado is generally taken as the equatorial plane. A plane tangent at 
the North Polo could be used equally well, the only differenco being in the scalo of 
the projoction. In  figure 31 let N E S W be the plane of a meridian withN represent- 
ing the North Pole. Then N P  will be the trace of the plane tangent at  tho North Pole. 
Divide the arc N E  into equal parts, each in the figure being for 10' of latitude. Then 
all points at a distance of 10' from the North Pole will lie on a circle with radius n p ,  
those at  20' on a circle with radius n p, etc. With these radii we can construct the 
map as in figure 22. On the map in this Sgure the lines are drawn for each 10' both 
in latitudo and longitude; but it  is clear that a larger map could be constructed on 
which lines could be drawn for every degree. Wo have seen that a practically correct 
map can be made for a region measuring 1' each way, because curvature in such a 
size is too slight to be taken into account. Suppose, then, that correct maps were 
made separably of all the little quadrangular portions. It would be found that by 
simply reducing each of them to tho requisite scalo it could be fitted almost exactly 
into the space to which i t  belonged. We say almost exactly, because the edgo 
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nearest the center of tho map would have to be a little smaller in scale, and hence 
would have to be compressed a little if the outer edges were reduced the exact amount, 
but the compression would be so slight that i t  would require r o r y  careful measurement 
to detect it. 

FI~. 22.--Rtereographic polar projection. 

It would seem, then, at first sight that this projoction is an ideal 0110, and, as a 
matter of fact, it is considered by most authorities as tho bost projection of a hemi- 
sphere for general purposes, but, of course, it has a serious defect. It has been stated 
that oach plan has to be compressed at its h e r  edgo, and for the same rcason oach 
plan in succession has to  be reduced to a smaller average scab than the one outside of 
it. In other words, the shape of each space into which a plan has to be fitted is prac- 
tically correct, but the size is less in proportion at the center than at the edges; so that 
if a correct plan of an area a t  tho edge of the map has to be reduced, let us say to n 
scale of 500 miles to an inch to fit its allotted space, then a plan of an area at  the conter 
has to be reduced to a scale of more than 500 miles to an inch. Thus a moderate mea 
has its true shape, and even an area as large as one of the States is not distorted to 
such an extent as to  be visible to  the ordinary observer, but to obtain this advantngc 
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rclativo size has to bo sacrificocl; that is, tho proporty of oquivalorico of aroa has to be 
ontirely disrogaxdod. 

CENTRAL OR GNOMONIC PROJECTION. 

In this projoction tho center of the sphoro is tho point from which tho projecting 
liiios are drawn and the map is mado upon a tangent planc. Whon the plano is tangent 
at tho polo, tho parallels are circles with the polo as commo:i center and the meridians 

c 

&a. 23.-Dotormination of radii for gnomonic polar projection. 

aro equally spaced radii of thoso circles. In  figuro 23 it can be seen that tho length of 
tho various radii of the parallels are found by drawing limos from the center of a circle 
representing a moridian of the sphore and by prolonging them to intersect a tangent 
limo. In tho figure let P bo the pole and l o t  PQ, QR, etc., be arcs of loo, then Pa, 
Pr, etc., will bo the radii of the corrosponding parallels. It is at once evident that a 
complete hemisphere can not be represented upon a plano, for the radius of 90" from 
tho center would become infinite. Tho North Pole rogions extending to latitude 30' 
is shown in figure 24. 

Tho important property of this projection is the fact that all great circles am 
roprosented by straight lines. This is evident from the fact that the projecting lines 
would all lio in the plane of the circle and the circle would be represented by the 
intorsoction of this plane with the mapping plane. Since the shortest distanco be- 
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tween two given poinQ on the sphere is an arc of a groat circle, the shortest distance 
betwoen the points on the sphere is representod on the map by the straight lime joining 
the projection of the two points which, in turn, is the shortest distance joining the 
projections; in othor words, shortest distances upon the sphere are represented by 
shortest distances upon the map. Tho change of scale in the projection is so rapid 
that very violent distortions are present if the map is extended any distance. A map 
of this kind h d s  its principal use in connection with the Mercator chasts, as wi l l  be 
shown in the second part of this publication. 

LAMBERT AZIMUTHAL EQUAL-AREA PROJECTION. 

This projection does not belong in the perspective class, but when the pole is the 
center it can be easily constructed graphically. The radius for the circle representing 
a parallel is taken as the chord distance of the parallel from the pole. In  figure 25 
the chords are drawn for every 10' of arc, and figure 26 shows the map of the Northern 
Hemisphere constructed with these radii. 

ORTHOGRAPHIC POLAR PRO@CTIOIT. 

When the pole is the centor, an orthographic projection may be constructed 
grsphic&y by projecting the parallels by parallel lines. It is a perspective projection 
in which the point of projection has receded indehitely, or, speaking mathematically, 
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Fm. 25.-Determination of radii for Lambert equal-area polar pmjection. 

Fra. 26,-Lambert equal-area polar projection. 
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FIG. 27.-Determination of radii for orthographic polar pmjection. 

tho point of projection is at  infinity. 
proportional to its radius on the sphere. 
pamllels is unvarying, or, as it is called, the parallels are hold true to scale. 

Each parallel is really constructed with a radius 
It is clear, then, that the scalc dong tho 

The 

go 
FIQ. 28.-Orthographic polar projection. 

method of construction is indicated clearly in figure 27, and figure 28 shows tho North- 
ern Hemisphere on this projection. Maps of tho surface of tho moon are usually 
constructed on this projection, sinco wo really see tho moon projected upon the 
celestial sphere practically as tho map appears. 

AZIMUTHAL EQUIDISTANT PROJECTION. 

In tho orthographic polar projection tho scale along tho paralloh is held conatant, 
as we havo seen. We can also hsvo a projection in which tho scale along the meridians 
is held unvarying. If  the parallels are represented by concentric circles equally 
spaced, wo shall obtain such a projection. Tho projection is very easily constructod, 
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Fro. 29.-Azimuthal equidbtsrit polar projection. 

since we nood only to draw the system of concentric, equally spaced circles with tile 
meria- reprosontod, as in nll polar azimuthal projections, by the oqually spaced 

FIG. SO.-Stereographic projection of the Weetern Hemirjphere. 

radi of the eystem of circles. 
figure 29. 
the atwoographic and the equal area. 

Such a map of the Northern ICemisphere is shown in 
Thisprojoction has the advantage that it is somewhat a mean between 

On the whole, it gives a fairly good ropre- 
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sentoticn, since i t  stands as a cornpromiso between tho projections that cause dis- 
tortions of opposito kind in the outor regions of the maps. 

OTHER PROJECTIONS IN FREQUENT USE. 

In figure 30 the Western Hemisphere is shown on tho storeographic projection. 
A projection of this nature is called a meridional projection or a projection on the 

Fro. 31.-Gnomonic projection of part of the Weetern Eemisphere. 

plane of a meridian, because tho bounding circle represents a meridian and the 
North and South Poles are shown at the top and the bottom of the map, respectivoly. 

Fro. 32 . -hber t  equal-area projection of the Weatem Remkphere. 
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The contral meridian is n straight line and tho Equator is represented by another 
straight line perpendicular to the central meridian; that is, the central meridian 
and the Equator are two perpendicular diameters of the circle that represents the 
outer meridian and that forms the boundary of the map. 

FIG. 33.4rthographic projection of tho Western Hemisphere. 

In  @e 31 n part of the Western IXemisphere is represented on a gnomonic 
projection with a point on the Equator as the center. 

Fro. 84.-Globular projection of the Weetern Hemisphere. 

A meridian equal-area projection of the Western Hemisphere is shown in 

An orthographic projection of the same hemisphere is given in Sgure 33. In this 
figure 32. 

the parallels become straight lines and the meridians are arcs of ellipses. 
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A projection that is ofton used in the mapping of a homisphero is shown in 
The outer meridian and the central 

meridian are divided each into equal parts by the parallels which aro arcs of circles. 
The Equator is also divided into equal parts by tho meridians, which in turn are 
arcs of circles. Since all of tho meridians pass through each of the poles, these 
conditions are sufficient to determine the projection. By comparing i t  with the 
stereographic it will be seen that the various parts are not violently showed out of 
shapo, and a comparison with the equal-area will show that the wens are not badly 
represented. Certainly such a representation is much less misleading than the 
Mercator which is too often employed in the school geograplios for the use of young 
people. 

34. It is called tho globular projection. 

CONSTRUCTION OF A STEREOGRAPHIC MERIDIONAL PROJECTION. 

Two of tho projections mentioned under tho preceding heading-the stereo- 
graphic and the gnomonic-lend themselves readily to graphic construction. In  
figure 35 let the circle PQP' reprosont the outer meridian in tho steroographis 

A 

FIG. 35.-Determination of the elementa of a stereographic projection on the plane of a meridain. 

projection. At 
Q construct the tangent RQ; with Xi as a center, and with a radius RQ construct 
the arc QSQ'. Lay off OX oqual 
to RQ; with X as a center, and with a radius X P  construct the arc PSI"; thon this 
arc represents the meridian of longitude 60' reckoned from the central meridian 
POP'. In the same way all the meridians and parallels can bo cgnstructed so that 
tho construction is very simple. Hemispheres constructed on this projection are 
very frequently used in atlases and geographies. 

Takethe arc PQ, equal to 30"; that is,.& will lio in latitude 60'. 

"his arc represents the parallel of latitude 60". 
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CONSTRUCTION OF A GNOMONIC PROJECTION WITH POINT OF TANGENCY ON THE 

EQUATOR. 

Draw the radii 
OA, OB, ate., for every loo of arc. Whon these are prolonged to intersect tho tan- 
gent at  P, wo got the points on the equator of the map where tho meridians inter- 

In figure 36 let PQP'Q' represent a groat circle of the sphere. 

F'IG. 36.-C!omtruction of a gnomonic projection with p h e  tangent at the Equator. 

sect, it. Since the meridians of tho sphere are represented by parallel straight lines 
porpendicultu to the straighbline equator, we can draw the meridians when we 
h o w  their points of intersection with the equator. 

The central meridian is spaced in latitude just as the meridians aro  spaced on the 
equator. In  this way we dotermino the points of intorsection of the parallels with 
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the central meridian. The projection is symmetrical with respect to the central 
meridian and also with respect to the equator. To determine the points of inter- 
section of the parallels with any meridian, we proceed as indicated in figure 36, 
where the determination is made for the meridian 30' out from the central meridian. 
Draw CX perpendicular to 00; then CD', which equals CD, determines D', the 
intersection of the parallel of 10' north with the moridian of 30° in longitude Q a t  
of the central meridian. In  like manner CE'= CE, and so on. These same values 
can be transforred to the meridian of 30' in longitude west of the central meridian. 
Since the projection is symmetrical to tho equator, the spacings downward on any 
meridian are the same as those upward on the same meridian. After the points of 
intersection of the parallels with tho various meridians are determined, we can draw 
a smooth curve through those that lie on any given pardel ,  and this curno will 
represent the p a r d e l  in question. In  this way the complete projection can be 
constructed. "he distortions in this projection are very great, and the representa- 
tion must always be less than a hemisphere, because the projection extends to in- 
finity in all directions. As has already been stated, the projection is used in con- 
nection with Mercator s- charts to aid in plotting great-circle courses. 

CONICAL PROJECTIONS. 

In  the conical projections, when tho cone is spread out in the plane, tho 360 degrees 
of longitude are mapped upon a sector of a circle. The magnitude of tho angle at  the 
center of this sicctor hns to bo determined by computation from the oondition imposed 

ho. 3 7 . 4 n e  tangent to the ephere at latitudo 30°. 

upon the projection. Most of the conical projections are determined analytically; 
that ie, the eloments of the projection are expressed by mathematical formulaa 
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instead of being determined projectively. There are two classes of conical projec- 
tions-one callod a projection upon a tangent cone and another called a projection 
upon a secant cone. In  the first the scale is held true along one parallel and in the 
second the scalo is maintained true along two parallels. 

CENTRAL PROJECTION UPON A CONE TANGENT AT LATITUDE 30°. 

As an illustration of conical projections wo shall indicato the construction of 
one which is determined by projection from the center upon a cone tangent a t  luti- 
tude 30". In this casc tha full circuit of 360' of longitude will bo (See fig. 37.) 

h a .  38.-Determination of radii for conical central perepeCtiv0 projection. 

mapped upon a somicirclo. In  figure 38 let P Q P' Q' reprcsont a meridian circle; 
draw GB tangent to the circle a t  latitude 30°, then CB is the radius for the parallel 
of 30" of latitude on the projection. CR, CS, CT, etc., are the radii for the paraUols 
of 80°, 70°, GOO, etc., respectively. The map of the Northern Hemisphere on this 
projection is shown in figure 39; this is, on tho whole, not a very satisfactory pro- 
jection, but i t  serves to illustrate some of the principles of conical projection. We 
might determine the radii for the parallels by extonding the planes of the same until 
they intersect the cone. This would vary the spacings of the parallels, but would 
not change the sector on which the projection is formed. 

A cone could be made to intersect the sphere and to pass through any two 
chosen parallels. Upon this we could project the sphero either from the center or from 
any other point that we might choose. Tho general appearance of tho projection 
would be similar to that of any conical projection, but some computation would 
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be required for its construction. As has been stated, almost all conical projections 
in use have their elements determined analytically in tho form of mathematical 
formulas. Of these the one with two standard parallels is not, in general, an 
intersecting cone, strictly speaking. Two separate parallels are held true to scale, 

U. S. COAST AXD GEODETIC SURVEY. 

but if’ they were held equal in length to their length on the sphere the cone could 
not, in general, be made to intersect the sphere so as to have the two parallels coin- 
cide with the circles that  represent them. This could only be done in case the 
distance between the two ciroles on the cone waa equal to the chord distance between 
the parallels on the sphere. “his would be true in a perspective projection, b u t  it  
would ordinarily not be true in any projection determined analytically. Probably 
the two most important conical projections are the Lambert conformal conical pro- 
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jection with two standard parallels and tho Albers cqual-area conical projection. 
Thc lattcr projcction has d s o  two standard parallels. 

BONNE PROJECTION. 

"hero is a modified conical cqual-area projection that has boen much used in 
map making called the Bonne projection. In general a cone tangent along tho parallel 
in tho central portion of the latitude to be mapped gives tho radius for tho arc rcp- 
resenting this parallel. A system of concentric circles is then drawn to represent 
the other parallels with the spacings along the central mcridian on the same scale 
as that of the standard parallel. Along the arcs of these circles the longitude dis- 
tances are laid off on the same scale in  both directiom from the central meridian, 

ho. 4O.-nonne projection of tho United Statss. 

which is a straight line. All of the meridians except the central one are curved 
lines concave toward the straight-line central meridian, This projection has boen 
much used in atlases partly because i t  is equal-area and partly because it is compara- 
tively easy to construct. A map of the United States is shown in figure 40 on this 
projcction. 

POLYCONIC PROJECTION. 

In the polyconic projection tho central meridian is represented by a straight line 
and the parallels are represented by arcs of circles that are not concentric, but the cen- 
ters of which all lie in the extension of the central meridian. Tho distances between 
the parallels along the oentral meridian are mado proportional to  the truo distances 
between the parallelo on the earth. The radius for each parallel is determined by an 
dement of the cone tangent along the given parallel. When the parallels aro can- 
structed in this way, the arcs along the circles representing the parallels are laid off 
proportional to the true lengths along the respective parallels. Smooth curves 
drawn through the points so determined give the respective meridians. In figure 
15 it may be seen ir. what manner the exaggeration of scale is introduced by this 
method of projoction. A map of North America on this projection is shown in 

54562'-314 
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figure 41. "he great advantage of this'projection consists in the fact that a general 
table can be computed for use in any part of the earth. In most other projections 
there are certain elements that have to be determined for the region to be mapped. 

ho. 41.-Polyconic projection of North America. 

When this is the case a sepnrato table has to be computed for each region that is 
under consideration. With this projection, regions of narrow extent of longitude 
can be mapped with an accuracy such that no departure from true scale can be de- 
tected. A quadrangle of l' on each side can be represented in such a manner, and 
in cases where the greatest accuracy is either not required or in which the error in 
scale may be taken into account, regions of much greater extent can be successfully 
mapped. The general table is very convenient for making topographic maps of 
limited extent in which it is desired to  represent the region in detail. Of course, 
maps of neighboring regions on such a projection could not be fitted together exactly 
to form an extended map. This same restriction would apply to any projection on 
which the various regions were represented on an unvarying scale with minimum 
distortions. 
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ILLUSTRATIONS OF RELATIVE DISTORTIONS. 

A striking illustration of the distortion and exaggerations inherent in various 
systems of projection is given in figures 42-45. In figure 42 we have shown a man’s 
head drawn with some degree of care on a globular projection of a hemisphere. The 
other three figures have the outline of the head plotted, maintaining tho latitude and 
longitude the same as they are found in the globular projection. The distortions 
and exaggerations are due solely to those that are found in the projection in question. 

F’m. 42.--?IIan’s head drawn on globular pro- FIC.. 43.-Man’s head plotted on orthographic pro- 
jection. jection. 

I 

FIG. 44.-Man’s head plotted on stereographic Fro. 46.-Man’e head plotted on Merator projec- 
projection. tion. 

This does not mean that the globular projection is the best of the four, because the 
symmetrical figure might be drawn on any one of them and then plotted on the 
others. By this method we see shown in a striking way the rolativo differences in 
distortion of the various systems. The principle could be extended to any number 
of projections that might be desired, but the four figures given serve to illustrate the 
method. 
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PART 11. 

INTRODUCTION. 
It is the purpose in Part I1 of this review to givc a comprehensive description of 

the naturc, properties, and construction of the better systems of map projection in 
use at the present day. Many projections havo been devised for map construction 
which are nothing more than geometric trifles, while others have attained prominence 
at the expense of better and ofttimes simpler types. 

I t  is largely since the outbreak of the World War that an increased demand for 
better maps has created considerable activity in mathematical cartography, and, as 
a consequence, a marked progress in the general theory of map projoctions has been 
in ovidrnce. 

Through military necessities and educational requirements, the science and mt 
of cartography have demanded better draftsmanship and greater accuracy, to the 
extent that many of the older studies in geography are not now considerod as worthy 
of inclusion in tho present-day class. 

The whole field of cartography, with its component parts of history and surveys, 
map projection, compilation, nomenclaturo and reproduction is so important to the 
advancement of scientific geography that the higher standard of to-day is due to a 
general developmcnt in every branch of the subject. 

The selection of suitable projections is receiving far more attention than was 
formerly accorded to it. The exigencies of the problem a t  hand can generally bo 
met by special study, and, as a rule, that system of projection can be adopted which 
will give the best results for the area under consideration, whether the desirable con- 
ditions be a matter of correct angles between meridians and parallels, scaling prop- 
erties, equivalence of areas, rhumb lines, etc. 

The favorable showing required to meet any particular mapping problem may 
oftentimes be retained at the bxpense of other less desirable properties, or a compro- 
mise may be effected. A method of projection which will answer for a country of 
small extent in latitude dl not a t  all answer for another country of great length in 
a north-and-south direction; a projection which serves for tha reprosontation of the 
polar regions may not be at  all applicable to countries near the Equator; a projection 
which is tho most convenient for the purposes of the navigator is of little value to the 
Bureau of the Census; and so throughout the entire range of the subject, particular 
conditions have constantly to be satisfied and special rather than general problcms 
to bo solved. The use of a projection for a purpose to which i t  is not best suited is, 
therefore, generally unnecessary and can bo avoided. 

PROJECTIONS DESCRIBED IN PART II. 
In the description of the different projections and their properties in the follow- 

ing pages the mathemetical theory and development of formulas are not generally 
included where ready reference can bo given to other manuals containing these 
features. In several instances, however, the mathematical development is given in 
somewhat closer detail than heretofore. 

In  the selection of projections to bo presented in this discussion, the authors havo, 
with two exceptions, confined themselvos to two classes, viz, conformal projections and 

63 
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equivalent or equal-area projections. The exceptions are the polyconic and gnomonic 
projections-the former covering a field entirely its own in its general employment 
for field sheets in any part of the world and in maps of narrow longitudinal extent, 
the latter in its application and use to navigation. 

It is within comparatively recent years that the demand for equal-area projeo- 
tions has been rather persistent, and there are frequent examples where the mathe- 
matical property of conformality is not of sufficient practical advantage to outweigh 
the useful property of equal area. 

The critical needs of conformal mapping, however, were demonstrated a t  the 
commencement of the war, when the French adopted the Lambert conformal conic 
projection as a basis for their new battle maps, in place of the Bonne projection here- 
tofore in use. By the new system, a combination of minimum of angular and scale 
distortion was obtained, and a precision which is unique in answering every require- 
ment for knowledge of orientation, distances, and quadrillage (system of kilometric 
squares). 

CONFORMAL MAPPING is not new since i t  is a property of the stereographic and 
Mercator projections. It is, however, somewhat surprising that the comprehensive 
study and practical application of the subject as developed by Lambert in 1772 and, 
from a slightly different point of view, by Lagrange in 1779, remained more or less 
in obscurity for many years. I t  is a problem in an important division of cartography 
which has been solved in a manner so perfect that it is impossible to add a word. 
This rigid analysis is due to Gauss, by whose name the Lambert conformal conic 
projection is sometimes known. In  the representation of any surface upon any 
other by similarity of infinitely small areas, the credit for the advancement of the 
subject is due to him. 

EQUAL-AREA nllAPmm.-The problem of an equal-area or equivalent projection 
of a spheroid has been simplified by the introduction of an intermediate equal-area 
projection upon a sphere of equal surface, the link between the two being the authalics 
latitude. A-table of authalic latitudes for every half degree has recently been com- 
puted (see U. S. Coast and Geodetic Survey, Special Pkblication No. 67), and this can 
bo used in the computations of any equal-area projection. The coordinates for the 
Albers equal-area projection of the United States were computed by us0 of this table. 

THE CHOICE OF PROJECTION. 

Although tho uscs and limitations of the d8erent systems of projections are 
given under their subject headings, a few additional observations may be of interest. 
(See frontispiece.) 

COMPARISON OF ERRORS OF SCALE A N I  ERRORS OF AREA IN A YAP OF THE UNITED 
ISTATES ON FOUR DIFFERENT PROJECTIONS. 

36AXIMUM SCALE ERROR. 
Per cent. 

Polyconic projection ............................................................................ 7 
Lambert conformal conic projection with standard parallels of latitude at 3 3 O  and 4 5 O . .  ............ 21 

h b e r t  zenithal equal-area projection. 16 
Albem projection with standard parallels at 29' 30' and 45' 30'. If 

(Between latitude3 301' and 474', only one-half per cent. Strictly speaking, in the Lambert 
conformal conic projection these percentages are not scale emor but chawe of scab.) 

........................................................ 
................................... 

8 The tom oulAaZhaIL was flrst employed by Tlssot, in 1881, eignlfying qual ora. 
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Per cent. 

Lambert conformal conic ....................................................................... 5 
Lambert zenithal.. ............................................................................. 0 
Albers ......................................................................................... 0 

MAXIMUM ERROR OF AREA. 
Polyconic ...................................................................................... 7 

MAXIMUM ERICOR OF AZIMUTH. 
Polyconic.. ................................................................................. 1' 56' 
Lambert conformal conic. ................................................................... 0' 00' 
Lambert zenithal ............................................................................ 1' 04' 
Albers ...................................................................................... 0' 43' 

An improper use of the polyconic projection for a map of the North Pacific 
Ocean during the period of the Spanish-American War resulted in distances being 
distorted along the Asiatic coast to double their true amount, and brought forth the 
query whether tho distance from Shanghai to Singapore by straight line was longer 
than the combined distances from Shanghai to Manila and thence to Singapore. 

The polyconic projection is not adapted to mapping areas of predominating 
longitudinal extent and should not generally be used for distances east or west of its 
central meridian exceeding 500 statute miles. Within these limits it is sufficiently 
close to other projections that are in some respects better, as not to c ~ u s e  any incon- 
venience. The extent to which the projection may be carried in latitude is not 
limited. On account of its tabular superiority and facility for constructing field 
sheets and topographical maps, i t  occupies a place beyond all others.' 

Straight lines on the polyconic projection (excepting its central meridian and 
the Equator) are neither grdat circles nor rhumb lines, and hence the projection is not 
suited to navigation beyond certain limits. This field belongs to the Mercator 
and gnomonic projections, about which more will be given later. 

The polyconic projection has no advantages in scale; neither is i t  conformal or 
equal-area, but rather a compromise of various conditions which determine its choice 
within certain limits. 

The modified polyconic projection with two standard meridians may be carried 
to a greater extent of longitude than the former, but for narrow zones of longitude 
the Bonne projection is in some respects preferable to either, as i t  is an equal-area 
representation. 

For a map of the United States in a single sheet the choice rests between the 
Lambert conformal conic projection with two standard parallels and the Albers equal- 
area projection with two standard parallels. The selection of a polyconic projeo- 
tion for this purpose is indefensible. The longitudinal extent of the United States 
is too great for this system of projection and its errors are not readily accounted for. 
The Lambert conformal and Albers are peculiarly suited to mapping in the Northern 
Hemisphere, where the lines of commercial importance are generally east m d  west. 

I n  Plate I about one-third of the Northern Hemisphere is mapped it1 an easterly 
and westerly extent. With similar maps on both sides of the one referred to, and 
with suitably selected standard parallds, we would hare an interesting series of the 
Northern Hemisphere. 

The transzjerse poZycmic is adapted to the mapping of comparatively narrow 
areas of considerable extent along any great circle. (See Plate 11.) A Mercahr 
projection can be turned into a transverse position in a similar manner and will give 
us conformal mapping. 

4 Tho polyoonlo proJwtlon has always been employed by the Coast and Oeodctic Survey for fleld sbwts. and general tab]= far 
the construction of this projection are published by this Bureau. A projection for any smdl part of the worId can d l y  be con. 
mated by the 1~98 01 t h w  tables and the awurecy of thls system within the limits ~peoified am 6006 reasons lor Its general we. 
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The Lambert conformal and Albers projections are desirable for areas of pre- 
dominating east-and-west extent, and the choice is between conformality, on the one 
hand, or equal area, on the other, depending on which of the two properties may be 
preferred. The authors would prefer Albers projection for mapping the United 
States. A comparison of the two indicates that their difl’erence is very small, but 
the certainty of definite equal-area representation is, for general purposes, the more 
desirable property. When latitudinal estent increases, conformality with its pres- 
ervation of shapes becomes generally more desirable than equivalence with its 
resultant distortion, until a limit is reached where a large estent of area has equal 
dimensions in both or all directions. Under the latter condition-viz, the mapping 
of large areas of approximately equal magnitudes in all directions approaching the 
dimensions of a hemisphere, combined with the condition of preserving azimuths 
from a central point-the Lambert zenithal equal-area projection and the stereo- 
graphic projoction are preferable, the former being the equal-area representation 
and the latter the conformal representation. 

A study in the distortion of scale and area of four different projections is given 
in frontispiece. Deformation tables giving errors in scale, aroa, and angular dis- 
tortion in various projections are published in Tissot’s MQmoire sur la ReprQsenta- 
tion des Surfaces. These elements of the Polyconic projection are given on pages 
166-167, U. S. Const and Geodetic Survey Special Publication No. 57. 

The mapping of an entire hemisphere on a secant conic projection, whether con- 
formal or equivalent, introduces inadmissible errors of scale or serious errors 
of area, either in the center of the map or in the regions beyond the standard 
parallels. I t  is better to reserve the outer areas for title space as in Plate I rather 
than to extend tho mapping into them. The polar regions should in any event be 
mapped separately on a suitable polar projection. For an equatorial belt a cylin- 
drical conformal or a cylindrical equal-area projection intersecting two parallels 
equidistant from the Equator may be employed. 

The luck of mention of a large number of excellent map projections in Part I1 
of this treatise should not cause one to infer that the authors deem them unworthy. 
It was not intended to cover the subject in toto at this time, but rather to caution 
against the misuse of certain types of projections, and bring to notice a few of the 
interesting features in the progress of mathematical cartography, in which the theory 
of functions of a complex variable plays no small part to-day. Without the 
elements of this subject a proper treatment of conformal mapping is impossible. 

On account of its specialized nature, the mathematical element of cartography 
has not appealed to the amateur geographer, and the number of those who have 
received an adequate mathematical training in this field of research are few. A 
broad gulf has heretofore existed betwoen the geodosist, on the one hand, and the 
cartographer, on the other. The interest of the former too frequently ceases at  the 
point of presenting with sufficient clearness the value of his labors to ,the latter, with 
the result that many chart-producing agencies resort to such systems of map pro- 
jection as are readily available rather than to those that are ideal. 

It is because of this utilitarian tendency or negligence, togother with the mani- 
fest aversion of the cartographer to cross the threshold of higher mathematics, that 
those who care more for the theory than the application of projections have not 
received the recognition due them, and the employment of autogonal (conformal) 

6 Page 76, Tissot’s MBmolrc sur la Repr&cntotion des QurfacBCeS, Porfs, :SB1-“Nous nppellerone oulogonaler les p~oJOctlons qul 
comervent 10s angles, et authaUpwr celles qui comervent lea &ea.” 
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projections has not been extensive. Tho labors of Lambart, Lagrange, and Gauss 
are now recoiving full appreciation. 

In  this connection, the following quotation from volume IV, page 408, of tho 
collected mathematical works of George William Hill is of intorest: 

Maps being used for a great variety of purposes, many different methods of projecting them may be 
admitted; but when the chief end is to present to the eye a picture of what appears on tho surface of the 
earth, we should limit ourselves to projections which are conformal. And, as the construction of tho 
rdaeau of meridians and parallels is, except i n  maps of small regions, an important part of the labor in. 
volved, it should be composed of the most ensily drawn curvea. Accordingly, in a well-known memoir, 
Lagango recommended circles for tbis purpose, in whick tho straight line is included aa being a circlo 
whoee center is a t  infinity. 

An attractive field for futuro rmearcli will bo in the line in which Prof. Goode, of 
the University of Chicago, has contributed so substantially. Possibilities of other 
combinations or interruptions in the same or different systems of map projection may 
solvo some of the other probloms of world mapping. Several interesting studies given 
in illustration at  the end of the book wili, we hope, suggest ideas to the student in 
this particular branch. 

On all recent French maps the name of tho projection appears in the margin. 
This is excellent practice and should be followed at  all times. As different projec- 
tions have different distinctive properties, this feature is of no small valua and may 
serve &s a guide to an intelligible appreciation of tho map. 



THE POLYCONIC PROJECTION. 

DESCRIPTION. 
[See fig. 47.1 

The polyconic projection, devised by Ferdinand Hassler, the first Superintend- 
ent of the Coast and Geodetic Survey, possesses great popularity on account of 
mechanical ease of construction and the fact that a general tablea for its use has been 
calculated for the whole spheroid. 

It may be interesting to quote Prof. Hassler7in connection with two projec- 
tions, viz, the intersecting conic projection and the polyconic projection: 

1. Projection on an intersecting cone.-The projection which I intended to use was the development 
of a part of the earth’s surface upon a cone, either a tangent to a certain latitude, or cutting two given 
parallels and two meridians, equidistant from the middle meridian, and extended on both sides of the 

Fro. 47.-Polyconic development of the sphere. 

meridian, and in latitude, only BO far BB to admit no deviation from the real magnitudee, sensiblo in tho 
detail surveys. 

2. The polyconic projection.-* * * Thia distribution of the projection, in an assemblage of sec- 
tions of surfaces of succemive cones, tangenta to or cuttiug a regular aucceseion of parallels, and upon 

6 Tabla for the polyoonfo projectfon of mapa, Coast and Oeodotfc Eurvey, Bpoclol Publfcetlon No. 6. 
7 Papers on various subjects connected with tho survey of the coast of the United Statas, by F. R. ITass1er:commdcated 

Mar. 3,1820 (In Trans. Am. Phil. Boc., new serlos, vol. 2, pp. 406-4U8, Phlladelplda, 1826). 
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regularly changing 2entral mendhe,  appeared to me the only one applicable to the coast of the United 
Statee. 

Ita direction, nearly diagonal through meridian and parallel, would not admit any other mode founded 
upon a eingle meridian and parallel without great deviation8 from the actual magnitudea and ehape, 
which would hnve considerable dieadvnntagea in we. 

-scale distortion e 
FIG. 48.--Polyconic development. 

Figure on left above shows the cent,ei% (If, K,, IC,, K,) of circles on the projoc- 
tion that represent the corresponding parallels on the earth. Figure on right 
above shows the distortion at  the outer meridian due to the varying radii of the 
circles in the polyconic dovolopmen t . 

A contra1 meridian is assumed upon which the intersections of the parallels are 
truly spaced. Each parallel is then separately developed by means of a tangent 
cone, the centers of the developed arcs of parallels lying in the extension of the cen- 
tral meridian. The arcs of the developed parallels are subdivided to true scale 
and the meridians drawn through the corresponding subdivisions. Since the radii 
for the parallels decrease as the cotangent of the latitude, the circles are not ooncen- 
tric, and the lengths of the arcs of latitude gradually increase as we recede from the 
meridian . 

The central meridian is a right line; all others are curvea, the,curvature in- 
creasing with the longitudinal distance from the central meridian. The intersections 
between meridians and parallels also depart from right angles as the distance increases. 

From the construction of the projection it is seen that errors in meridional 
distances, areas, shapes, and intersections increase with the longitudinal limits. 
I t  thorefore should be restricted in its uso to maps of wide latitude and narrow 
longitude. 

The polyconic projection may be considered as in a measure only cornpromking 
various conditions impossiblo to be represented on any ono map or chart, such as 
relato to- 

First. Rectangular intersections8 of parallels and meridians. 
8 Tho orrors In moridlonnl smle and nrea nro expressed In percentage very closely by the formula 

in which I"-dlstanoe ofpolnt fmm central merldian ~rpressed In degroesoflongitudo, and y-latitude. 

meridian and the namo amount for area. 

merldlan 15'dlstant from tho contrnl moridian: at 30' dlstnnt It Increases to 6' 30'. 

ofarImuth Isone-half ofthe above amounts. 

EXAMPLE.-For Intltudo 39. the o m r  for 10- 25' 22'' (580 statuto miles) doparture In longitude Is 1 por cent for scale dong the 

Theangulnr.lLtortlonIs nvarlablequnntity not caslly oxpressed by anequntlon. Inlntltudo 30.thIs dlstortionls 1'27'on tho 

The poatat m#ular distortion In thls pmjeotion is at the Equator, demeaslng to e m  89 we 8PPmWh tho Polo. 'The distortion 
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Second. Equal scalee over the whole extent (the error in scdg not exceeding 
1 per cent for distances within 560 statute miles of the great circle used as its central 
meridian). 

Third. Facilities for using great circles and azimuths within distances just 
mentioned. 

Fourth. Proportionality of arease with those on the sphere, etc. 
The polyconic projection is by construction not conformal, neither do the 

parallels and meridians intersect at  right angles, as is the case with all conical or 
single-cone projections, whether .these latter are conformal or not. 

It is sufficiently close to other types possessing in some respects better proper- 
ties that its great tabular advantages should generally determine its choice within 
certain limits. 

As stated in Hinks’ Map Projections, it is a link between those projections 
which have some definite scientific value and those generally called conventional, 
but possess properties of convenience and use. 

The three projections, polyconic, Bonne, and Lambert zenithal, may be con. 
sidered as practically identical within areas not distant more than 3’ from a common 
central point, the errors from construction and distortion of the paper exceeding 
those due to the system of projection used. 

The general theory of polyconic projections is given in Special Publication 
No. 57, U. S. Coast and Geodetic Survey. 

CONSTRUCTION OF A POLYCONIC PROJECTION. 

Having the area to be covered by a projection, determine the scale and the 
interval of the projection lines which will be most suitable for the work in hand. 

SMALL-SCALE PROJECTION8 (1-t500 000 AND BMALLER’). 

Draw a straight line for a central meridian and a construction line (a b in the 
figure) perpendicular thereto, each to be as central to the sheet as the selected interval 
of latitude m d  longitude will permit. 

On this ccntral meridian and from its intersection with the construction line 
lay off the extreme intervals of latitude, north and south (mm, and mm,) and sub- 
divide the intervals for each parallel (m, and 3) to be represented, all distances‘O 
being taken f p m  the table (p. 7, Spec. Pub. NO. 5 ,  “Lengths of degrees of the 
meridian ”). 

Through each of the points (mlJ %, %, mJ on the central meridian draw addi- 
tional construction lines (cd, ef, gh, ij] perpendicular to tho central moridian, and 
mark off the 0rdinat.m (2, z,, z2, z,, s,, z,) from the central meridian corresponding 
to the Values’O of “ X ”  taken from the table under “Coordinates of curvature” (pp. 
11 to 189 Spec. Pub. No. 5) ,  for every meridian to be represented. 

At the points (z, zI, z2, zs, z,, z,) lay off from each of the construction lines the 
corresponding values’O of “ Y”” from the table under “Coordinates of curvature” 

0 Footnote on precedlng page. 
10 The Lengths of the 8rcs of the mertdl8ns and p8rsllels change when the latitude Chsnges and aU dbfanccs must be tnken 

from the table opposite the latltudo of the point in use. 
Approximate method of deriving the velum of y intermediate between those shown in the table. 

The ratio of any two ~ f ~ e a d v e  ordinate8 of curvature e p w b  the ratfo of the sqwrea of the concaponding arcs. 
Ezamplcs.-Latitude Bo” to 81’. O~VEII the V8he of y for longitude My, 282.”8 (see table), to obtain the value of y for longitude 

65‘. i:;;-k8: hence y-3Mm3 (see table). 

;-3&5: hence y for 4’--8747m, 

slmilarlly, y [or 34-3BP. 

which dl~Yers P rrom the tabular value, a negllglble quantity for the intermediate values of y under most conditions. 
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FIG. 49.-Polyconic projection-construction plnte. 

(pp. 11 to 189, Spec. Pub. No. 5 ) ,  in a direction parallel to the central,meridian, 
ahovo tho construction lines if north of the Equator, to dotormino points on the 
meridians and parallels. 

Draw curved lines through the points thus determined for the meridians and 
parallels of the projection. 

LARGE-SCALE PROJECTIONS (1-10 000 AND LARQER). 

Tho abovo method can be much simplified in constructing a projection on a 
large scale. Draw the central meridian and the construction line ah, as directed 
abovo. On tho central meridian lay off the mm, and rnm, taken from 
tho tablo undor “Continuous sums of minutos” for tho intervals in minutes betwcon 
tho middle parallel and the extreme parallels to be represonted, and through tho 
points m, and rn, draw straight l i e s  cd and ef parallel to the line ab. On tho 
lines ab, cd, and ef lay off tho distancosla m&, and m,x, on both sides of the 
central meridian, taking the values from the table under “Arcs of the parallel in 
moters” corresponding to the latitude of tho points m, m,, and m,, respectively. 
Draw straight lines through the points thus determined, x6, for the extromo meridians. 

 the Ienqths of the arm of  the merldlans an3 parallels change when tho IatitudechaUSes and all distances must bo tsh-en from 
the tnble opparlte the letltude of tho polnt in use. 
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At the points z6 on the line ab lay oli the valucX3 of y corresponding to the inter- 
val in minutes between the central and the extreme meridians, as given in the table 
under "Coordinates of curvature," in a direction parallcl with the central meridian 
and above the line, if north of the Equator, to determine points in the central parallel. 
Draw straight lines from these points to the point m for the middle parallel, and 
from the points of intersection with the extreme meridians lay off distanceslS on the 
extreme meridians, above and below, equal to the distances rn- and mm, to locate 
points in the extreme parallels. 

Subdivide the three meridians and three parallels into parts corresponding to 
the projection interval and join tho corresponding points of subdivision by straight 
lines to complete the projection. 

To construct a projection on an intermediate scale, follow the method given 
for small-scale projections to the extent requircd to give the desired accuracy. 

Coordinates for the projection of maps on various scales with the inch aa unit, are publiRhed by the 
U. 6. Geological Survey in Bulletin 650, Geographic Tables and Formulas, pages 34 to 107. 

TRANSVERSE POLYCONIC PROJECTION. 

(See Plate 11.) 

If the map should have a predominating east-and-west dimension, the poly- 
conic properties may still be retained, by applying the developing cones in a trans- 
verse position. A great circle a t  right angles to a central meridian at  the middle 
part of the map can be made to play the part of the central meridian, the poles 
being transferred (in construction only) to the Equator. By transformation of 
coordkates a projection may be completed which will give all polyconic properties 
in a traverse relation. This process is, 'however, laborious and has seldom been 
resorted to. 

Since the distance across the United States from north to south is less than 
three-fifths of that from east to west, it follows, then, by the above manipulation 
that the maximum distortionaan be reduced from 7 to 23 per cent. 

A projection of this type (plate 11) is peculiarly suited to a map covering an important section of 
the North Pacific Ocean. If a great circle l4 w i n g  through San Francisco and Manila is treated in con- 
struction as a central meridian in the ordinary polyconic projection, we can cross the Pacific in a n m w  
belt so aa to include the American and Asiatic comb with a very small scale distortion. By tran8forma- 
tion of coordinatee the meridians and parallels can be constructed 80 that the projection will present 
the usual appearance and may be utilized for ordinary purposes. 

The configuration of the two continents is such that all the prominent features of America and eastern 
ABia are conveniently close to thia elected axis, viz, Panama, Brito, San Francisco, Straits of h c a ,  
Unalsska, Kiska, Yokohama, Manila, Hongkong, and Singapore. It is a typical case of a projection 
being adapted to the configuration of the locality treated. A map on a traneverse polyconic projection 
as here suggested, while of no special navigational value, is of interest from a geographic standpoint as 
exhibiting in their true relations a group of important localities covering a wide expanse. 

For method of constructing this modified form of polyconic projection, see Coat and Geodetic Survey, 
Special Publication No. 57, pages 167 to 171. 

POLYCONIC PROJECTION WITH TWO STANDARD MERIDIANS, AS USED FOR THE INTER- 
NATIONAL. MAP OF THE WORLD, ON THE SCALE 1 : 1 OOO OOO. 

The projection adopted for this map is a modified polyconic projection devised 
by Lallemand, and for this purpose has advantages over the ordinary polyconic 
projection in that the meridians are straight lines and meridional errors are lessened 
and distributed somewhat the same (except in an opposite direction) as in a conic 
-~ ~ 

$3 The longths of the arcs of the meddlana and parnllels change whon the latltude changes w.d oU dktaonccrrnust be taken from 

1' A gre3tclmle tangent to parallel 45" north Iatltiide at 180" west loqltude wxwllosen as the axis of the pmjectlon In thls plate. 
the table opposlte tho latitude of the polnt ln USO. 
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projection with two standard parallels; in other words, i t  provides for a distribution 
of scale error by having two standard meridians instead of the one central meridian 
of the ordinary polyconic projection. 

The scale is slightly reduced along the central meridian, thus bringing the parallels 
closer together in such a way that the meridians 2" on each side of the center are made 
true to scale. Up to 60" of latitude the separategheets are to include 6" of longitude 
and 4" of latitude. From latitude 60" to the pole the sheets are to include 12" ot 
longitude; that is, two sheets are to be united into one. The top and bottom parallel 
of each sheet are constructed in the usual way; that is, they are circles constructed 
from centers lying on the central meridian, but not concentric. These two parallels 
are then truly divided. The meridians are straight lines joining the correspondmg 
points of the top and bottom parallels. Any sheet will then join exactly along its 
margins with its four neighboring sheets. The correction to the length of the central 
meridian is very slight, amounting to only 0.01 inch a t  the most, and the change is 
almost too slight to be measured on the map. 

. In the resolutions of the International Map Committee, London, 1909, it is not 
stated how the meridians are to be divided; but, no doubt, an equal division of the 
central meridian was intended. Through these points, circles could be constructed 
with centers on the central meridian and with radii equal to pn cot 9, in which pn is the 
radius of curvature perpendicular to the meridian. In practice, however, an equal 
division of the straight-line meridians between the top and bottom parallels could 
scarcely be distinguished from the points of parallels actually constructed by means 
of radii or by coordinates of their intersections with the meridians. The provisions 
also fail to state whether, in the sheets covering 12" of longitude instead of 6", the 
meridians of true length shall be 4" instead of 2" on each side of the central meridian; 
but such was, no doubt, the intention. Iu any case, the she6ts would not exactly 
join together along the parallel of 60" of latitude. 

The appended tables give the corrected lengths of the central meridian from 0' to 
60" of latitude and the coordinates for the constructiqp of the 4' parallels within the 
same limits. Each parallel has its own origin; i. e., where the parallel in question 
intersects the central meridian. The central meridian is the Y axis and a perpendic- 
ular to it at  tho origin is the X axis; the h t  table, of course, gives the distance 
between the origins. The y values are small in evory instance. In terms of the para- 
meters these values are given by the expressions 

z = p n  cot 9 sin (A sin 9) 

y=pn cot 9 [l- cos (A sin 9)]=2pn cot 9 sin2 

The tables as given bolow are all that aro required for the construction of all 
This fact in it,self shows very clearly the advantages 

A discussion of the numorical proporties of this map system is given by 

maps up to G O O  of latitudo. 
of tho use of this projection for tho purpose in hand. 

Ilallomand in the Comptes Rendus, 1911, tome 153, page 559. 



64 U. S. COAST A N D  GEODETIC SURVEY. 

442.27 
442 31 
442.40 
442.53 
44289 
442.00 
443.13 

443.68 
443.98 
444.20 
444. Bo 
444.02 
445.22 
445.52 

443.30 

TABLES FOR T H E  PROJECTION O F  T H E  SHEETS O F  T H E  INTERNATIONAL MAP O F  Tw 
WORLD. 

[Scale: 1:l OOO OOO. Assumed flgure of the earth: n=6378.24 km.: b=-6356.M km.] 

TABLE 1 .-Corrected lengths on the central meridian, in millimeters. 

-0.27 
.26 
.28 
.28 
.24 
.24 .n 
.19 
.17 
. I 5  . 13 
. l l  .oQ 

-0.08 

.m 

8 

Lat l tudo  

111.32 
0. Do 

111.05 
0.07 

110.24 
0. 13 

108.80 
0.20 

107.04 
0. 20 

104.0(, 
0. 31 

101.75 
0.30 

08.36 
0.40 

04.50 
0.44 

0 . 1 6  
0.46 

85.40 
0. 48 

80.21 
0. 49 

74.63 
0.48 
G8.68 
0.47 

02.39 
0.45 

85.80 
0.42 

Na tu ra l  Correc- Corrected 1 length I tlOn 1 l0ngth 

222.64 
0.00 

222.10 
0. 27 

220.40 
0. G4 

217.81 
0. 79 

214.07 
1. 03 

208.28 
1.25 

203.50 
1.45 

190.72 
1. 01 

188.08 
I .  78 

180.32 
1.85 

170.i8 
1.02 

160.40 
1. 05 

140.24 
1.04 

137.34 
1.89 

124.77 
1.81 

111.59 
1. 09 

442 00 
442.05 
442 14 
442.27 
442.46 
442.06 
442.91 
443.19 
443.40 
443.81 
444.14 
444.47 
444.81 
445.13 
445.44 

TABLE 2.-Coordinates of the intersections of the parallels and the meridians, i n  millimeters. 

Lati-  
t u d e  

0 

0 

4 

8 

12 

16 

m 
24 
28 

32 

36 

40 

44 

48 

62 

60 

00 

2 
Y 
2 
Y 
I 
Y 

Y 
I 
U 
I 
V 
X 
Y 
2 
Y 
2 
Y 
2 
Y 
2 
Y 
2 
Y 
I 
Y 
2 
Y 
2 
Y 
I 
Y 

Longltudo from eentral  
meridisn 

333. Bo 
0. 00 

333.16 
0.61 

330.73 
1.21 

320.71 
1.78 

321. 10 
2.32 

313.93 
2.81 

305.24 
3. 26 

205.00 
3. e3 

%. 45 
3.93 no. 40 
4. 10 

2-56. 14 
4.31 

240. 58 
4 . 3 8  

223.83 
4. 30 

4.25 
187.13 

4.00 
107.35 

3.80 

205.08 

In the debates on tho internatimal map, the ordinary polyconic projection WRLI 
opposed on the ground that a number of sheets could not be fitted together on 
account of the curvature of both meridians and parallels. This is true from the 
nature of things, since it is impossible to make a map of the world in a series of flat 
sheets which shall fit together and a t  the same time be impartially representative 
of all meridians and parallels. Every sheet Bdge in the international map has an 
exact fit with the corresponding edges of its four adjacent sheets. 

The corner sheets to complete a block of nine will not make a perfect fit along 
their two adjacent edges simultaneously; they will fit one or the other, but the 

(See fig. 50.) 
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angles of the corners are not exactly tho same as tho angles in which they are required 
to fit; and tliere will be in theory a slight wedge-shaped gap unfilled. as shown in 
the figure. I t  is, however, easy to calculate that the discontinuity at  the points 
LC or b in a block of nine sheets, Will be no more than a tenth of an inch if the paper 

FIG. 50.--Internationnl map of the \vorld-junction of sheets. 

preserves its shape absolutely unaltered. What it will be in practice depends 
entirely on the paper, and a map mounter ~1.111 have no difficulty in squeezing his 
sheets to make the junction practically perfect. If more than nine sheets are put 
together, the error will, of course, increase somewhat rapidly; but at the same time 
the sheets will become so inconveniently large that the experiment is not likely to 
be made very often. If the difficulty does occur, it must be considered an instruc- 
tive example at once of the proposition that a spheroidal surface can not be developed 
on a plane without deformation, and of the more satisfying proposition that this 
modifiod projection gives a remarkably successful approximation to an unattain- 
able ideal. 

Concerning the modified polyconic projection for the international map, Dr. 
F'rischauf has little to say that might be considered as favorable, partly on account 
of errors that appeared in the first publication of the coordinatea. 

The claim that the projection is not mathematically quite free from criticism 
and does not meet the strictest demands in the matching of sheets has some basis. 
The system is to some extent conventional and does not set out with any of the 
better scientific properties of map projections, but, within the limits of the separate 
sheets or of several sheets joined together, should meet all ordinary demands. 

The contention that the Albers projection i i  better suited to the same purpose 
raises the problem of special scientific proporties of the latter with its limitations to 
separato countries or countries of narrow latitudind extent, as compared wilh the 
modified polyconic projection, which has no scientific interest, but rather a value of 
expediency. 

In the modified polyconic projection the separate sheets are sufficiently good 
and can be joined any one to its four neighbors, and fairly well i,n groups of nine 
throughout the world; in the Albers projection a greater number of sheets may be 
joined exactly if the latitudinal limits are not too great to necessitate new series to 

64662"41----6 
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the north or south, as in the case of continents. The latter projection is further 
discussed in another chapter. 

The modified polyconic projection loses the advantages of the ordinary polyconic 
in that the latter has the property of indefinite extension north or south, while its 
gain longitudinally is offset by loss of scale on the middle parallels; The system 
does not, therefore, permit of much extension in other maps than those for which i t  
was designed, and a few of the observations of Prof. RosOn, of Sweden, on the limi- 
tations l6 of this projection are of interest: 

The junction of four sheets around a common point is more important than 
junctions in Greek-cross arrangement, as provided for in this system. 

The system does not allow a simple calculation of the degree scale, projection 
errors, or angular differences, the various errors of this projection being both lengthy 
to compute and remarkably irregular. 

The length differences are unequal in similar directions from the same point, 
and the calculation of surface differences is specially complicated. 

For simplicity in mathematical respects, Prof. RosOn favors a conformal conic 
projection along central parallels. By the latter system the sheets can be joined 
along a common meridian without a seam, but with a slight encroachment along 
the parallels when a northern sheet is joined to its southern neighbor. The conformal 
projection angles, however, being right angles, the sheets will join fully around a 
corner. Such a system would also serve as a better pattern in permitting wider 
employment in other maps. 

On the other hand, the modified polyconic projection is sufliciently close, and 
ita adaptability to small groups of sheets in any part of the world is ita chief advan- 
tage. The maximum meridional error in an equatorial sheet, according to Lallemand 
is only &, or about one-third of a millimeter in the height of a sheet; and in the 
direction of the parallels &, or one-f3th of a millimeter, in the width of a sheet. 
The error in azimuth does not exceed six minutes. Within the limits of one or 
several she@ these errom are negligible and inferior to those arising from drawing, 
printing, and hygrometric conditions. 

u Bee Atti del X Coqgrepo IntPrnaJonale di Oeografla, Roma, 1913, pp. 3 7 4  
IaIbid., p. 681. 



THE BONNE PROJECTION. 
DESCRIPTION. 

[See fig. 51.1 

In  this projection a central meridian and a standard parallel are assumed with 
a cone tangent along the standard parallel. The central meridian is developed 
along that element of the cone which is tangent to i t  and the cone developed on a 
plane. 

BONNE PROJECTION OF HEMISPHERE 
Development of cone tangent along parallel 45' N. 

Fro. 61. 

The standard parallel falls into an arc of a circle with its center at  the apex of 
the developing cone, and the central meridian becomes a right line which is divided 
to true scale. The parallels are drawn 89 concentric circles a t  their true distances 
apart, and all parallels are divided truly and drawn to scale. 

Through tho points of division of the parallels the meridians are drawn. The 
central meridian is a straight line; all others are curves, the curvature increasing 
with the difference in longitude. 

The scale along all meridians, excepting the central, is too great, increasing with 
the distance from the center, and the r n e h h n s  become more inclined to the parallels, 

u7 
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thcreby increasing the distortion. The developcd arens prescn'e a strict equality, 
in which respect this projection is preferable to the polyconic. 

UsEs.-The Bonne I7 system of projection, still used to some extent in France, 
will be discontinued there and superseded by the Lambert system in military mapping. 

It is also used in Belgium, Netherlands, Switzerland, and the ordnance surveys 
of Scotland and Ireland. In  Stieler's Atlas we find a number of maps with this 
projection; less extensively so, perhaps, in Stanford's Atlas. This projection is 
strictly equal-area, and this has given it its popularity. 

In  maps of France having the Bonno projection, the center of projection is found 
at  the intersection of the meridian of Paris and the parallel of latitude 50° (=45"). 
The border divisions and subdivisions appear in grades, minutes (centesimal), sec- 
onds, or tenths of seconds. 

LIMITATIONS.-Its distortion, as the difference in longitude increases, is its chief 
defect. On the map of France the distortion at  the edges reaches a value of 18' for 
angles, and if extended into Alsace, or western Germany, i t  would have errors in dis- 
tanccs which are inadmissible in calculations. In  the rigorous tests of the military 
operations these crrors became too serious for the purposes which the map was 
intended to serve. 

THE SANSON-FLAMSTEED PROJECTION. 

I n  the particular casc of the Bonne projcction, where the Equator js  chosen for 
the standard parallel, the projcction is gene?dly known under the name of Sanson- 
Flamsteed, or as the sinusoidal equal-area projection. N1 tho parallels become 
straight lines parallel to the Equator and preserve the same distances as on the 
spheroid. 

The latter projection is employed in atlases to a Considerable extent in the 
mapping of Africa and South America, on account of its property of equal area and 
tho comparative ease of construction. In  the mapping of Africa, however, on account 
of its considerable longitudinal extent, tho Lambert zenithal projection is preferable 
in that it pi-esents less angular distortion and has decidedly less scale error. Diercke's 
Atlas employs the Lambert zenithal projection in tho mapping of North America, 
Europe, Asia, Africa, and Oceania. In  an equal-area mapping of South America, 
a Bonne projection, with center on parallel of latitide 10" or 15" south, would give 
somewhat better rwults than the Sanson-Flamstecd projection. 

CONSTRUCTION OF A BONNE PROJECTION. 

Due to the nature of the projection, no general tables can be computed, so that 
for any locality special computations become necessary. Tho following mothod 
involves no difficult mathematical calculations: 

Draw a straight line to represent the central meridian and erect a perpondicular 
to it  a t  the center of the sheet. With the central meridian as Y axis, and this per- 
pendicular as X axis, plot the points of the middle or standard parallel. The coordi- 
nates for this parallel can be taken from the polyconic tables, Special Publication 
No. 5. A smooth curve drawn through these plotted points will establish the stand- 
ard parallel. 

The radius of tho circle representing tho parallel can be dotermined as follows: 
Tho coordinates in tho polyconic table aro given for 30" from tho contra1 meridian. 

17 Tables for this proJectlon for the map of France were oomputed by I'lansls. 
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With tho x and y for 30’, we get 

69 

6 Y. X tanH=;, and r I E s m  

(0 being the angle at  the center subtended by the arc that represents 30’ of longitude). 
By using the largest values of x and y given in the table, the value of r, is better 
determined than it would be by using any other coordinnt.cs. 

This value of T ,  can be derived rigidly in the folloming manner: 

r,= N cot Q, 

(Nbeing the length of the normal to its intersection with the Yaxis); but 

( A /  being thc factor tabulated in Special Publication No. 8, U. S. Coast and Geodetic Survey). Hence, 

cot qJ r,--. A’ sin 1’) 

From the radius of this central parallel the radii for tho other parallels can now 
be calculated by the addition or subtraction of the proper values taken from the 
table of “Lengths of degrees,” U. S. Coast and Geodetic Survey Special Publica- 
tion No. 5, page 7, as these values give the spacings of the parallels along the central 
meridian. 

Let r represent the radius of a parallel determined from r, by the addition or 
subtraction of tho proper value as stated above. If e denotes the angle between 
the central meridian and thc radius to any longitude out from the central meridian, 
and if P reprosents the arc of the parallel for 1’ (see 11. 6, Spcc. Pub. No. 5 ) ,  we obtain 

e in seconds for 1’ of longitude=-- p .  
T sin 1”’ 

e chord for 1’ of longitude=2r sin2. 

Arcs for any longitude out from tho contral meridian can be laid off by repeating 

8 can be determined more accurately in thc lollowing may by the use of Special 

A” = the longitude in seconds out from tho contral meridian; then 

this arc for 1’. 

Publicati6n No. 8: 

X” cos t#J 
r A‘ sin 1”’  e in seconds = 

This computation can be made for the greatest X, and this 0 can be divided 

If coordinates are desired, we get 
proportional to the required A. 

x = r sin e. 

The X axis for  the parallel will bo porpendicular to tho central meridian a t  the 
point wharo the parallel intersects it. 
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If the parallel has been drawn by the use of the beam compass, the chord for 
the X farthest out can be computed from tho formula 

e chord = 2r sin-. 2 

The arc thus determined can be subdivided for the other required intersections 

The meridians can be drawn as smooth curves through the proper intersections 
In  this way all of the elements of the projection may be deter- 

with the meridians. 

with the parallels. 
mined with minimum labor of computation. 



THE LAMBERT ZENITHAL (OR AZIMUTHAL1 EQUAL-AREA PROJECTION. 
DESCRIPTION. 

[See Frontiapiece.] 

This is probably the most important of the azimuthal projections and was em- 
ployed by Lambert in 1772. The important property being the preservation of 
azimuths from a central point, the term zenithal is not so clear in meaning, being 
obviously derived from the fact that in making a projection of the celestial sphere 
the zenith is the center of the map. 

In this projection the zenith of the central point of the surface to be represented 
appears as pole in the center of the map; the azimuth of any point within the sur- 
face, as seen from the central point, is the same as that for the corresponding points 
of the map; and from the same central point, in all directions, equal great-circle 
distances to points on the earth arc represented by equal linear distances on the map. 

It has the additional property that areas on the projection are proportional to 
the corresponding areas on the sphere; that is, any portion of the map bears the 
same ratio to tho region represented by it that any other portion does to its corre- 
sponding region, or the ratio of area of any part is equal to the ratio of area of the 
whole representation. 

This type of projection is wcll suited to the mapping of areas of considerable 
extent in dl directions; that is, areas of approximately circular or square outline. 
In the frontispiece, the base of which is a Lambert zenithal projection, the line of 
2 per cent scale error is represented by the bounding circle and makes a very favorable 
showing for a distance of 2 2 O  44’ of arc-measure from the center of the map. Lines 
of other given errors of scale would thoreforo be shown by concentric circles (or 
almucantm), each one representing a small circle of the sphere parallel to the horizon. 

Scale error in this projection may be determined from the scale factor of the 

almucmtar as represented by the expression cxO in which 0-actual distance in 

arc measure on osculating sphere from center of map to any point. 
Thus we have the following percentages of scale error: 

Degrees 
6 

10 
20 
30 
40 
60 
Bo 

Per cent 
0.1 
0.4 
1.2 
3.5 
6.4 

10.3 
15.5 

1 I I 

In this projoction azimuths from the centor are true, as in all zenithal pro- 
jections. Tbe scalo along the parallel circles (almucmtnrs) is too largo by the 
amounts indicated in the abovo tthle; the scalo along their radii is too small in 
inverse proportion, for the projoction is equal-area. The scale is bcreaskly errone- 
ow as the distance from the center increases. 

71 
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The Lambert zenithal projection is valuable for maps of considerable world 
areas, such aa North America, Asia, and Africa, or the North Atlantic Ocean with 
its somewhat circular configuration. It has been employcd by the Survey Depart- 
ment, Ministry of Finance, Egypt, for a wall map of Asia, as well as in atlases for 
the delineation of continents. 

The projection has also been cmployed by the Coast and Geodetic Survey in an 
outline base map of the United States, scale 1 : 7 500 000. On account of tho 
inclusion of the greatcr part of Mexico in this particular outlinc map, and on account 
of the extent of area covered and the general shape of the whole, the selection of this 
system of projection offered the best solution by reason of the advantages of equal- 
area represcntation combined with practically a minimum error of scale. Had the 
limb of the map been confined to the borders of the United States, the advantages 
of minimum area and scale errors would haw brcn in favor of Nbers projcction, 
described in another chapter. 

The maximum error of scale at the eastern and western limits of the United 
States is but 1% pcr cent (the polyconic projcction has 7 per cent), while the maxi- 
mum error in azimuths is 1’ 04’. 

Between a Lambert ZenithaZ projection and a Lambert wnfoml  conic projection, 
wbich is also employed for base-map purposes by the Coast and Geodetic Survey, on 
a scale 1 : 5 000 000, the choice rests largely upon the property of q u a l  areas repre- 
sented by the zenithal, and conformality as represented by the conformal conic pro- 
jection. The former property is of considerable value in the practical use of tho 
map, while the latter property is one of mathematical refinement and symmetry, the 
projection having two parallels of latitude of truc scale, with definite scale factors 
available, and the advantages of straight meridians as an additional clement of prime 
importancc. 

For the purposes and general requirements of a base map of the United States, 
disregarding scale and direction errors which are convcniently small in both pro- 
jections, either of the above publications of the U. s. Coast and Geodetic Survey 
offers advantagcs over other base maps hcretofore in use. However, under the 
subject heading of Albcrs projection, there is discussed another system of map pro- 
jection which has advantages deserving consideration in this connection and which 
bids fair to supplant either of the above. (Seefrontispicce and table on pp. 54,55.) 

Among the disadvantages of the Lambert zenithal projcction should be men- 
tioned tho inconvenience of computing the coordinates and the plotting of the double 
system of complex curves (quartics) of the meridians and parallels; tho intersection 
of these systems at oblique angles; and the consequent (though slight) inconvenience 
of plotting positions. The employment of degenerating conical projections, or rather 
their extension to large areas, leads to difficulties in their smooth construction and 
use. For this reason the Lambert zenithal projection has not been used so exten- 
sively, and other projections with greater scale and angular distortion are more 
frequently seen because they are more readily produced. 

The center used in tho frontispiece is latitude 40’ and longitude 96’, correspond. 
ing closely to the geographic ccnter I* of the United States, which has been determined 
by means of this projection to be approximately in latitude 39’ 50‘, and longitude 
98’ 35’. Directions from this central point to any other point being true, and the 
law of radial distortion in all azimuthal directions from the central point being the 
same, this type of projection is admirably suited for tho determination of the goo- 
graphic ccntcr of the United States. 

oqually weighted (per unit area), and hencemay be found by mcana similar to thoso omployod to flfid the conter of gravity. 
18 ‘1 Gecgaphlc center of the United Btatos” lshore consfdored as a polnt analogous to tho centcr of gravity of n sphoricalsurfaca 
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were computed with the center on parallel of latitude 40°, on a sphere with radius 
cqual to the geometric mean between the radius of curvature in the meridian and 
that pcrpondicular to the meridian at ccnter. Tho Iogarithm of this mean radius in 
metcrs is 6.8044400. 

The coordinates for the following tables of tho Lambert zenithal projcction 

+2769350 240671 
+2 213 809 282 176 
+1884 058 321 646 
+1111133 358646 + -66'3 080 393 422 

0 425827f 

0 -1 111 133 483 280 

01-2213 808 530490 

0- mm 456800- I '  -1884068 

THE LAMBERT EQUALAREA MERJDIONAL PROJECTION. 

This projcction is also known as the Lambert Gentral equivalent projection 
upon the plane of a meridian. In  this case we have the projection of tho parallels 
and meridians of the terrestrial sphere upon the plano of any meridian; tho center 
will be upon the Equator, and the givcn moridional plane will cut the Equator in 
two points distant each 90° from the center. 

It is the Lambert zenithal projection already described, but with the center on 
the Equator. While in the first case the bounding circlo is a horizon circle, 
in the meridional projection the bounding circle is a meridian. 

Tables for the Lambert meridional projection are given on page 75 of this publica- 
tion, and also, in connection with the requisite transformation tables, in Latitude 
Developments Connected with Geodesy and Cartography, U. S. Coast and Goodetic 
Survey Special Publication No. 67. 

The useful property of equivalence of area, combined with very small error of 
scnle, makes the Lambert zenithal projection admirably suited for extensive areas 
having approximately equal magnitudes in all directions. 

TABLE FOR THE CONSTRUCTION OF THE LAMBERT ZENITHAL EQUAL-AREA PROJECTION 
WITH CENTER ON PARALLEL 40'. 

I LongltudoO' 1 Longitude6" 1 Longltudo10' 1 Longitudo15' 1 Longltudo20' I Longltudo26' 

+2788BB( 479776+2789898 716248+2827981 948824+28811101175642 f2949088 
+2 222661 840487 +2 292410 1113 555 +2363321 1380681 +2 431 312 
+1673 787 641 403 +1702 902 968 118 +1751M)o 1 289 876 +1819313 1 675 0% +1 BOB 212 
+1121723 716672 +1163474 I 1089062 +120832R I 1417387 +1280187 I 1768808 +1374910 + S87 424 786 066 + 601 396 1 173 146 + 667 961'1 665 870 + 737 046 1 931 430 + 838 538 

11961 849836+ 477921270200+ 1074DO1686088f 1809892082644+ 298207 

-1 088 277 964722 -1 069712 1 4424Ro - 085 4431 814696 - 805490 2379488 - 769 868 

-2 200485 1069 186 -2  16060tl I 684 286 -2083 872 2 103978 -2ooOr139 261642O -1 880486 

662 836 +2 248 769 

I 
54.3037 ~ 7 8 2 -  maeeiseooar- 4 ~ 0 0 6 ; i 8 0 . ~ 7 ~ 7 -  3 6 6 8 8 7 2 ~ ? 1 1 6 -  u4m 

608200-1660911 1 0 1 4 6 7 8 - 1 6 l l 4 8 0 1 6 1 7 3 0 3 - l M 6 7 6 7 2 0 1 4 6 2 8 - 1 4 5 3 7 3 6 2 ~ 3 8 9 ~ 1 3 3 6 4 ~  

I 
90.. . . . . . . 
860.. . . . . . w.:... .. 
76'. . . . . . . 
70'. . . . . . . 
66'. . . . . . . 
60'. . . . . . . 
66'. . . . . . . 
60'. . . . . . . 
46'. . . . . . . 
40e. _._. . . 
36'. . . . . . . 
30'. . . . . . . 
I.. . . . . . . 
20'. -. . . . . 

I 
16' ..... . . 
IO'. . . . . . . 
6'. . . . . . . . 
0.. . . . . . . . 
-6'. . . . . . 
-10'. . -. . 

4-3 288 637 

Nctcrs LVetera 
0+5387885 

52 414 +4 880 699 
102679 +43638159 
150800+3838872 
1% 770 +3 308 041 

Ndcrs 1 Jfcfers 
0+5387885 

l(H46d+4 &?BO86 
204 886 +4 374 361 
300777+38564W 
392 367 +3 326 226 

Netera Nema 
165742 f48961 

dcc(crs Meters 

403788+44160 

Meters M&s 

4@9587 +4447016 

0 + 6 3 8 7 W  
254004 +4 924 009 

734842f3968086 w nz t 3  458 ne1 

01-6387R8JI ........ I.. .. ...... I.. .. .. . . I _ .  ... ... . .]........I... ... . . . .I.. . ..... I... ... . . . . I ._  ...... I.. . . ...... 
I 
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TABLE FOR TEE CONSTRUCTION OF THE LAMBERT ZENITHAL EQUAL-AREA PROJECTION 
WITH CENTER ON PARALLEL 4O0--0ontinucd. 

-_ 

Latl tudo 

2 498 0111 

3 805858 

295231.3 

4 m 726 

W".. ..... 
G O . .  ..... 
SO'. ...... 
75'. ...... 
70'. . ___. . 

+3 811 6OP 2 833 253 C 3  983 7B4(2 751 20s +4 166 052 2 854 776 +4 357 42R12 930 E55 f 4  656 804 2 900 401 + 4  763 192 

3385043+3023203355128n+3U9022375222F+343062;38n8721 +37452271022100 t40122824117713 f4290523  
+2 568 608 4 027 258 +2 849 535 4 225 202 + 3  116 3Ro 4 307 736 +3  399 040 4 542 899 + 3  696 401 4 658 728 +4 007 376 

+34275933 11s io(5 + 3 ~ 2 s o 1 5 3 2 9 0 3 e ~  + 3 ~ 1 0 7 0 ~ 3 3 t + 3 4 ~  + 4 w  9203464 119 +4 2 9 9 2 4 8 3 ~ ~ 1 9 3 0  +4 55300.1 

cz 157 841 4 452 031 +z 42s 809 4 677 1(42,+2 719 001 4 875 760 +3 027 a13 5 044 577 -3  352 no .s 181 883 +3 60 310 
I 

65'. ...... 
60'. ...... 

....... ....... 

....... 
350 ...... 
300.. ..... ..... ....... Z'.. 
20 

.................................... 
.................................................... .............................................. 

..... .................. .................. 
.................. .................. ..... .................................... 

-IO'. ........ ........ .......................... j.. ........ 

000. ...... a*. ...... 
80". ...... 
75". ...... 
70'. ...... 
650.. ..... 
00". ...... 
5 5 0 . .  ..... 
5 n e .  ...... 
450. ...... 
40'. ...... 
35.. ...... 
30". ...... 

_ _  
1 Longitude 03" 1 Longltudo 95" I Longitudo 100" 

~~ ~ ' 
.Ifctrilrra 1 > f r / m  1 >fctclcrs .Ifc/rra .Mcicrs dfttrra 

Bo'. ................................................... 0 +5387885 0 +5387885 0 +5367885 

SO'........................ ............................ 1 2 2 5 M  +5321S70 1224073 +6408735. ....................... 
76". ................................................... I "2 G31 +5 239 3401 1 K35 464 +5370 ........................ 
7rJ0... ................................................. 2 434 4.54 +6 123 7% 2 442 038 +5 287996 ........................ 
65" .................................................... +5 410 124 

85". ................................................... 1313 4 5 i  +5 371 3!33'.. .............................................. 

3 oL'8 4G7 +4 975 129) 3 044 202 +6 191 3 030 8R5 
ma... ............................................. 
50.. 

40.. ................................................. .I.. 

35'. ................................................... j ........................ , ........................ 

55'... ................................................. 
4;'. .................................................. 

........ ............ 
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TABLE FOR THE CONSTRUCTION OF THE LAMBERT ZENITHAL EQUAL-AREA 
MERIDIONAL PROJECTION. 

[htd lnatus in units of the earth's mdius.] 

75 

I 

0.765367 

0.756122 
0.744580 
0.728305 

0.7o6008 
0.66202" 
0.051812 
0.016661 
0.5773.W 

0. G32970 
0.483788 
0.4LViG7 
0.370828 
0.306916 

o . 7 ~  

--- 
Longitude 15' 

Y -- 
0.000000 

0.1138550 
0.282142 
0.374912 

0.465022 
0.536808 
0.045482 
0.7321% 
0.810497 

0.8W275 
0.077129 
1.032708 
1.124640 
1.182524 

am411 
0.845237 
0.642647 
0. E34R!l 
0.62IW-l 
0.603803 

0 OoOOW 
o.O.Jo237 
0.192172 
0.287480 
0.381911 

0.. . . 
8.. . . 
10 ... 
13 ... 

0.432879 ' 0. OOOOGO 
0.431023 0.089353 
0.427851 0.178810 
0.421558 0.207277 

o.os1010 
0.88m 
0.07S70 
0.005670 
0.651304 

o . n ' w  
0.092828 
0.185401 
0.277488 
0.308827 0.412733 1 0.401303 

30.. .I 0.3b7426 
35.. . 0.370897 
40.. . 0.351743 
45. .. 0.329244 

Eo... 0.305387 
68.. . 0.278071 

65.. . 0.214781 
70. .. 0.178601 

75 ... 0.139220 
80.. .I 0.O90471 
83.. . 0.078147 
W... 0.000000 

eo.. . 0.257801 

0.355457 

0.442S5.5 
0.528273 
0.614515 
0. BQS37D 
0.779068 
0.881108 
0.9380H2 

1.060S71 
1.16101)8 

1.229422 
1. m67O 
1.356283 
1.414214 

1, oi.50~1 

0.832610 
0.010397 

0.652805 
0.517691 

asmow 
0.459168 
O.M6?58 

0.721635 
0.805385 

0 . ~ 5  

0.783484 
0.751972 
0.718267 
0.879325 
0.635176 

0.475087 
0. W744 
0.656527 
0.744114 
0.828184 

0.478307 
0.434885 
0.386490 
0. a33010 
0.270701 

0.886600 
0 . w o  
1.041432 
1.11.1008 
1.182962 

0.5357s 
0.531139 
0.471219 
0.400007 
0.33470~) 

0.911320 
0. !BO210 
1.OG5441 
1.138607 
1 . m ~ ~  

0.237958 
0.163878 
O.OS4.W 
0.000000 

1.255926 
1.314370 
1.307329 
1.414214 

0.258(;28 
0.178127 
0.081882 
0.000000 

1.264R57 
1.WM.W 
1.370853 
1.41t214 

1.074699 
1.071115 
1.080870 
1. a3276 
1.01W32 

0.849722 

0.853380 

0.730590 

0.682282 

0.408756 

am81 
amtm 
a 7 9 m o  

aoxm 
a498847 

O.ooOoO3 
0.103398 
0.20G369 
0.308444 
0.409211 

0.005007 

0.780087 

0.8R0693 

1.112602 

1.24211#) 

0.m217 

o.ewiu 
0.877451 

1.030318 

1.18oo1o 

a314953 
0.214824 
0.108708 
0.oMX)o 

i.mm 
1.314278 
1.383581 
1.414214 

Longitude 5" Longitude 10' Longitude 20" Longitude 2 5 O  Longitude 0' 
u t i -  
tudo 

I I 11 Y 

0.000000 
0. os7990 
0.175804 
0.2li3265 

0.430428 
0.521780 
0.606079 
0.08162 

a 350169 

a no625 

a8xwMB 
a82928o 
1.005727 
1. m 9  
1.152168 

1.221810 
1.24w28 
1.353030 
1.414214 

z 

a 432879 
0.431623 
0.427851 
0.421558 
0.412733 

0.387428 
0.37mQ7 
0,351743 

0.305387 
0.278071 
0.217901 
0.21U81 

a 401363 

a 329244 

a 178601 

a 138220 
0.096471 
0.050147 
0.000M)o 

Y 

0. rn 
0.089w 
0. 17K510 

0.355457 

a 629273 
0.614515 
0.608379 
0.719058 

0.881169 
0 . 9 3 w  
1.015691 
1.088514 
1.161099 

1.228422 
1.784518 
1.358283 
1.414214 

0. xnn 

a 442855 

l 
0.000000 
0.097571 
0.174972 
a 2 0 m 2  a awi 

0. a1052 

258351 
0.254295 
D. 248020 

0.242235 

a 224028 a 212508 a 189504 

0.1R4600 
0.108i12 
D. 149939 
D. 130054 
D. 108537 

0.084733 
3.058818 
3.030638 
3.000000 

a m 2  

a mms 

a 347288 

a 343285 
0.34629 1 

0.338280 
0.331228 

0.322153 
0.311030 
0.297635 
0.282538 

0.245487 
0.223035 
0.190480 
0.172840 
0.143914 

0.112277 
0.077678 
0.040629 
0.030000 

a 

- 

0. rn 
0.0885Sz 
0.176979 
0.285002 
0.352484 

0 . 5 W 8  
0.609748 
0.693167 

0.855363 
0.933818 
1.010205 
1.084350 
1.166072 

1. !225142 
1.291350 
1.351459 
1.414214 

a 439222 

a ~ 5 1 1 0  

o.... 0 0.000003 

10 ... 0 0.174311 
5... .  o am7239 

15 ... o a281052 
XI... o a347288 

!xi... o ammo 
M... o a 5 1 7 w  
35 ... 0 0.001412 
40 ... o awoio 
45 ... 0 0.765387 

N... o a 8 4 5 8 7  
M... o a m 4 9 7  
eo... 0 1 . m  
65 ... 0 1.0745!39 
70 ... 0 1.147153 

75.. . 0 1.217523 
m... 0 1 . w 7 5  
E&.. 0 1.351180 
m... o 1.414214 

0.028444 
0.019702 
0.010305 
0,00000) 

1 . 2 1 m  
1.285937 
1.351387 
1.414214 

Longttude 30" Longitude 35' Longitude 40' Longitude 45O Longitudo GOo LongItudo 25* 
Lati- - 

Y 

0. GQmo 
0.091464 
0.182701 
0.273485 
0.383580 

0.540832 

0.712569 
0.795163 

0.878828 
0.855521 
1.0307M: 
1. lOlOpA 
I.  174640 

1.240809 
1.303124 
1.361083 
1.414214 

0. 45278 

a 027m 

= I y  
-1- 

I 

0.517636 
0.810124 
0.511581 
0. moo1 
0.493374 

0 . 4 7 w  a 402910 
0.443023 
0.418980 
0.393765 

0.364288 
0.331516 
0.205345 
0.255887 
0.212423 

0.105411 
0.114481 
0.050427 
0.000003 

Y 

0. OOMXK) 
O.Mml0 

0.270003 
0. a58147 

a 447361 
0. €34523 
0.620417 
0.704828 
0.787531 

a 180411 

a8083o2 a ~10908 
1.023108 
1 . W 4  
1.167253 

1. W 6  
1.298509 
1.368488 
I. 414214 

I 
-- 
0.001412 
0.89w138 
0.694311 
0.5Ssm7 
0.672975 

0.650939 

0.614021 
0.487078 
0.450426 

0.422007 

0.311338 

0.246202 

a a7197 

a ~ 6 2  

a 205402 

a I ~ Q Q  a 131784 
0. WB301 
0. moo 

I 

Longitude 70' I Longitudo 50" Longitude 65' Longitudo 00' Longitudo 75. Longitude 05" - 
Y I 

2 I v  
2 I Y I Y Y Y 

0.923497 
0.920622 
0.911996 
0.897G21 
0.877W2 

0.820046 

0.73968L 
0.680834 

0.576361 
0.510618 
0.430234 
0.362271 
0.278782 
0.191837 
0. 08R.534 
0.000000 

a UIOJI 

a 782723 

a 6364~5 

- 

0.000000 
0.098320 
0.188312 
0.293617 

0.484802 
0.577981 
0.688088 

0.643475 

1.004881 
1.078873 
1.148888 
1.215076 
1.274OBl 
1.325156 
1.374886 
1.414214 

a rnw 

a 75769i 

a 828012 

1. OOOooO 
0. wo8n 
0.967311 a 971468 a WQZQ 
ammo 

a 797784 a 744377 

a 470281 a 387085 

0. s8co36 
0.644341 

0.664863 
0.019275 
0.647723 

0.2ssn4 
0.20:003 
0.104491 
0. OODOOO 

1.147153 

1.131910 
1.112807 
1. os352 
1.052313 
1.010871 

0. QOG201 
0.643242 
0.773421 
0.690939 
0. G14031 
0.524908 
0.43oOol 
0.329669 
0.224204 
0.114135 
0. OOWOO 

I. 143341 

a 082126 

0. oooooo 
0.106449 
0.212397 
0.317341 
0.420776 
0.522183 
0.021Os3 
0.710824 
0.609184 
0.897359 

1.068210 
1.13171 
1.198a48 
1.267414 
1.308303 
1.9631:e 
1.38m2 
1.414214 

a w i  

1.217523 
1.213305 
1. Moo03 
1.160179 
1.151257 
1.11435 
I. 009235 
1.016411 
a ~ ~ 9 5 2  
a 8860'13 
a 813035 
0.731128 
0.61!2892 
0.548108 
0.447809 
0.34Z76 
0.2320.51 
0.117738 
0. moo0 

0. moo 
0 . 1 m 1  
0.219222 
0.327383 

0.637805 
0.639100 
0.730805 

a4336o5 

a 6 3 0 4 ~ ~  a QIWOI 
1.003117 
1.080894 
1.162445 
1.210887 
1.273745 
1.322149 
1. w2449 
1.393208 
1.4142l4 

0. OOOODO 
0.000237 
0.192172 
0.287488 
0.38181 1 
0.475007 
0.500744 
0.058527 
0.744114 
0. tDBle4 
0.011320 
0.880210 
1. W 4 l  
1.130597 
1.203228 
1.284857 
1.320856 
1.370853 
1.414214 

a we8 
1.021238 
1.085446 
1.lO45ua 
1.228083 
I. 28538E 
1.333940 
1.979104 
1.414214 
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TABLE FOR T E E  CONSTRUCTION OF THE LAMBERT ZENITHAL EQUAL-AREA 

MERIDIONAL PROJECTION-Continued . 
[Coordinates in units of the eorth's mdius.] 

Latitude 

0 ............................ 
5 ............................. 
10 ........................... 
15 ........................... 
20 ........................... 
25 ........................... 
30 ........................... 
35 ........................... 
40 ........................... 
45 ........................... 
50 ........................... 
55 ........................... 
60 ........................... 
05 ......... ..T.. .............. 
70 ............................ 
75 ............................ ~ 

80 ............................ I 
85 ............................ I 
90 ............................ I 

Longitudo 75' 

I 

1.217523 
1.213385 
1 . zoo803 
1 .. lRo179 
1.151257 

1.114235 
1 . a30235 
1.016%11 
0.055Q52 
0.698073 

0.813035 
0.731128 
0.042002 
0.548log 
0.447805 

0.342275 
0.232051 
0.117736 
0.000000 

Y 

1.414214 

__ 
Longltudo 80' I Longitudo Go 

z 

0.000000 
0.113808 
0.225937 
0.335721 
0.448481 

0.555553 
0.059270 
0.758874 
0.554010 
0.913738 

1.027521 
1.101745 
1.174808 
1.237122 
1.281138 

1.330320 
1.372193 
1.395291 
1.414214 

1.351180 
1.346245 
1.331W 
1.308028 
1.212775 

1.229210 
1.170491 
1.114931 
1.014010 
0 . W 8  

0.881231 
0.788602 
0.689552 
0.5S47n 
0.474823 

0 . %ow3 
0.242811 
0.122324 
0 . m X )  

1 . w223 
1.130542 
1.108801 
1.23741 
1.309551 

1.414214 

.- . 
' Longitudn Wx)" 

I 

1.281713 
1.224745 
1.1544Xl 
1.083m 
1.000000 

Y 

0.00~0 
0.1'23%57 
0.2t5576 
0.366025 
0.4831380 

0.597672 
0.707107 
0.811180 
0.000039 
1. 000000 

1.033351 
1. IWMW 
1.224745 
1.281713 
1.328928 

1.3m25 
1.302720 
1.408832 
1.414214 



TEE LAMBERT OONFORMAL CONIC PROJECTION WITH TWO STANDARD 
PARALLELS. 

DESCRIPTION. 
[SOC Plate I.] 

This projection, devised by Johann Heinrich Lambert, first camo to notico in his 
Beitrage zum Gebraucho der Mathematik und deren Anwendung, volume 3, Berlin, 
1772. 

PROJECTION 

FIO. 52.-Lambort conformal conic projection. 
Diagram lllustrntlng tho intorsection of a con0 and spliero dong two stnndord parallols. Tho olomontd 

of tho projection or0 calcuilatod for tho tangent con0 and aftorwards reduced in scab 80 BY to produce the 
off& of a secant cono. Tho parallels tint aro truo to scalo do not o w t l y  coinclde wlth those 01 tho earth, 
slnco thoy aro spaood In such n way ay to produce confomnllty. 

Although used for a mnp of Russia, the basin of the Mediterranocm, a8 well as 
for maps of Europe and Australia in Debes’ Atlas, it was not until tho boginning of 
the World War that its merits wore fully appreciated. 

77 
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The French armies, in order to meet the need of R system of mapping in which 
R combination of minimum angular and scale distortion might be obtained, adopted 
this system of projection for the battle maps which were used by the allied forces in 
their military operations. 

HISTORICAL OUTLINE. 

Lambert, Johann Hoinrich (1725-1777), physicist, rnathomatician, and astrono- 
mer, was born a t  hfulhausen, Alsace. He was of humble origin, and it was entirely 
duo to his own efforts that he obtained his oducntion. In  1764, after some years in 
travel, he removed to Berlin, where he received many favors at the hand of Frederick 
the Great, and was elected R member of the Royal Academy of Sciences of Berlin, 
and in 1774 edited the Ephemeris. 

The htro- 
duction of hyperbolic functions to trigonometry w q  duo to him, and his discoveries 
in geometry are of great value, as well as his investigations in physics and astronomy. 
He was also the author of several remarkable theorems on conics, which bear his 
name. 

We are indebted to A. Wangerin, in Ostwald’s Klassiker, 1894, for the following 
tribute to Lambert’s contribution to cartography: 

The importance of Lambert’s work conaiat.9 mainly in  the fact that he was the first to make general 
investigations upon the subject of map projection. Hia predecessors limited themselves to the investi- 
gations of a single method of projection, especially the pempoctive, but Lambert considered the problem 
of the representation of a sphere upon a plane from a higher standpoint and stated certain general condi- 
tiom that the representation was to fulfill, tho most important of these being the preservation of angles 
or conformality, and equal surface or equivalence. These two properties, of courao, can not be attained 
in the aame projection. 

Although Lambert has not fully developed the theory of theae two methods of representation, yet 
he was the first to express clearly the ideas regarding them. The former-conformality-haa become of 
the greatest importance to pure mathematics aa well aa the natural sciences, but  both of them are of great 
significance tp the cartographer. It is no more than just, therefore, to date the beginning of a new epoch 
in the science of map projection from the appearance of Lambert’s work. Not only is his work of,im- 
portance for the generality of b ideas but he has also succeeded remarkably well in the reeult.9 that he 
hss attained. 

The name Lambert occurs most frequently in this branch of geography, and, as 
stated by Craig, it is an unquestionable fact that he has done more for the advance- 
ment of the subject in the way of inventing ingenious and useful methods than all 
of those who have either preceded or followed him. The manner in which Lambert 
analyzes and solves his problems is very instructive. He has developed several 
methods of projection that are not only heresting, but are to-day in use among 
cartographers, the most important of these being tho one discussed in this chaptor. 

Among the projections of unusual merit, devised by Lambert, in addition to 
the conformal conic, is his zenithal (or azimuthal) equivalent projection already 
dmcribod in this paper. 

138 had tho facility for applying mathematics to practical questions. 

DEFINITION OF THE TERM “ CONFORMALITY.” 

A conformal projection or development takes its name from tho property that 
all small or elementary figures found or drawn upon the surfaco of tho earth retain their 
original forms upon the projection. 

This implies that- 
All angles between intersecting lines or curvos are preserved; 
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For any givm point (or restricted locality) tho ratio of the longtli of a linear 
element on the earth’s surface to the length of the corresponding map element is 
constant for all azimuths or directions in which tho element may be taken. 

Arthur 11. Hinks, A I .  A., in his treatise on “Map projections,” defines ortho- 
mwphic, which is another term for confomna2, as follo~vs: 

If at any point the scale along the meridian and the parallel is the same (not correct, but the aamo 
in the two directions) and the paralIeIs and meridians of the map are at right angles to one another, then 
the shape of any very small area on the map is the aame as the shape of t h e  corresponding small area upon 
the earth. The projection is then called orthomorphic (right shape). 

The Lambert Conformal Conk projection is of the simple conical typo in which 
all meridians nre straight l i e s  that meet in a common point beyond the limits of 
the map, and the pnrallols are concentric circles whoso center is at  tho point of intor- 
section of tho meridians. Meridians and parallels intersect at  right angles and the 
angles formed by any two l i e s  on the earth‘s surface are correctly rapresented on 
this projection. 

It employs a cone intersecting the spheroid at two parallels known aa the stand- 
ard parallels for the area to be represented. In  general, for oqual distribution of 
scale error, the standard parallels are chosen nt one-sixth and five-sixths of tho total 
length of that portion of the central meridian to be represented. It may be advisable 
in some localities, or for special reasons, to bring them closer together in order to 
have greater accuracy in the center of the map at  the expense of tho upper and lower 
border areas. 

Fro. 63.-Scale distortion of the Lambert conformal conic projection with thestandard paralleh at 
29’ and 45’. 

On tho two selected parallels, arcs of longitude are represented in their true 
lengths, or to exact scale. Between these parallels the acnle will be too small and 
beyond them too large. The projection is specially suited for maps having a pro- 
dominating eastrand-west dimension. For the construction of a map of the United 
States on this projection, see tables in U. S. Coast and Geodetic Survey Special 
Publication No. 52. 
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FIa. 64.-Scale distortion of the Lambert conformal conic projection with the standard parallels at 
3 3 O  and 4 5 O .  

The chief advantage of this projection over the polyconic, &s used by several 
Government bureaus for maps of the United States, consists in reducing tho scale 
error from 7 per cent in the polyconic projection to 23 or 13 per cent in the Lambert 
projection, depending upon what parallels are chosen as standard. 

The maximum scale error of 23 per cent, noted above, applies to a base map of 
the United States, scale 1 : 5 000 000, in which the parallels 33' and 45' north latitude 
(see fig. 54) were selected as standards in order that the scale error dong the central 
parallel of latitude might be small. As a result of this choice of standards, the 
maximum scale error between latitudes 303' and 473' is but one-half of 1 per cent, 
thus allowing that extensive and most important part of the United States to be 
favored with unusual scaling properties. The maximum scale error of 23 per cent 
occurs in southernmost Florida. The scde error for southernmost Texas is some- 
what less. 

With standard parallels at  29' and 45' (see fig. 53), the maximum scale error for 
the United States does not exceed 13 per cent, but the accuracy at the northern and 
southern borders is acquired at the expense of accuracy in the center of the map. 

GENERAL OBSERVATIONS ON THE LAMBERT PROJECTION. 

In  the construction of a map of France, which was extended to 7' of longitude 
from the middle meridian for purposes of comparison with the polyconic projection 
of the same area, the following results were noted: 

Maximum scale error, Lambert =0.06 per cent. 
Maximum scale error, polyconic=0.32 per cent. 

Azimuthal and right line tests for orthodrome (great circle) also indicated a 
preference for the Lambert projection in these two vital properties, these tests 
indicating accuracies for the Lambert projection well within the errors of map con- 
struction and paper distortion. 

In  respect to areas, in a map of the United States, it should bo noted that while 
in the polyconic projection they are misrepresented along tho western margin in one 
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dimension (that is, by meridional distortion of 7 per cent), on the Lambert projec- 
tionZ0 they are distorted along both the parallel and meridian as we depart from the 
standard parallels, with a resulting maximum error of 5 per cent. 

In  the Lambert projection for the map of France, employed by the allied forces 
in their military operations, the maximum scale errors do not exceed 1 part in 2000 
and are practically neglgible, while the angles measured on the map are practically 
equal to those on the earth. It should be remembered, however, that in the Lambert 
conformal conic, as well as in all other conic projections, the scale errors vary increas- 
ingly with the range of latitude north or south of the standard pard&. I t  follows, 
then, that this type of projections is not suited for maps having extensive latitudes. 

hEAs.-For areas, as stated before, the Lambert projection is somewhat better 
than the polyconic for maps like the one of fiance or for the United States, where we 
have wide longitude and comparatively narrow latitude. On the other hand, areas 
are not represented as well in the Lambert projection or in the polyconic projection 
as they are in the Bonne or in other conical projections. 

For the purpose of equivalent areas of large extent the Lambert zenithal (or 
azimuthal) equal-area projection offers advantages desirable for census or statistical 
purposes superior to other projections, excepting in areas of wide longitudes com- 
bined with narrow latitudes, where the Albers conical equal-area projection with two 
standard parallels is preferable. 

In  measuring areas on a map by the use of a planimeter, the distortion of the 
paper, due to the method of printing and to changes in the humidity of the air, 
must also be taken into consideration. It is better to disregard the scale of the map 
and to use the quadrilaterals formed by the latitude and longitude lines as units. 
The areas of quadrilaterals of the earth’s surface are given for different extents of 
latitude and longitude in the Smithsonian Geographical Tables, 1897, Tables 25 to 29. 

It follows, therefore, that for the various purposes a map may be put to, if the 
property of areas is shghtly sacrSced and the several other properties more desirable 
are retained, we can still by judicious use of the planimeter or Geographical Tables 
overcome this one weaker property. 

The idea seems to prevail among many that, while in the polyconic projection 
every parallel of latitude is developed upon its own cone, the multiplicity of cones so 
enployed necessarily adds strength to the projection; but this is riot truo. Tho ordi- 
nary polyconic projection has, in fact, only one line of strength; that is, the central 
meridian. 

The Lambert projection, on the othor hand, employs two lines of strength which 
are parallels of latitude suitably selected for the region to be mapped. 

A line of strength is here used to denote a singular line characterized by the fact 
that the elements along it are truly represented in shape arid scale. 

In  this respect, then, it is no better than the Bonne. 

COMPENSATION OF SCALE ERROR. 

In  the Lambert conformal conic projection we may supply a border scale for 
each parallel of latitude (see figs. 53 and 54), and in this way the scale variations may 
be accounted for when extreme accuracy becomes necessary. 

m In the Lambert projection, every point hm a scnlo Isotorobmctaristio of that point, SO that the DreB of any rastrictod locality 
Is roprmontod by the axprmslon 

mcnsurod nren on mnp. - (scaleInclor)t 
Without a knowledgo 01 scale mom in projectlrms that tuo not equivalent, moneou8 rPaults in tu- tuo o h  obtaiaed. In tho 

tablo on p. 66, “Maximum mor of tuea,” only tho  Lambert ~ o n i t h ~ l  and t h o  Albm proJwtim tu0 qulvalent, thepolpanio& 
and Lambert conformal bdng projectlrms that haw mof9 In DPS. 

64t62°--31-0 
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With a knowledge of the scale factor for every parallel of latitude on a map of 
the United States, any sectional sheet that is a true part of the whole may hare  its 
own graphic scale applied to it. In  that case the small scale error existing in the 
map as a whole becomes practically negligible in its sectional parts, and, although 
these parts have graphic scales that are slightly rariant, they fit one another exactly. 
The system is thus truly progressive in its layout, and with its straight meridians 
and properties of conformality gives a precision that is unique and, within sections 
of 2’ to in extent, answers every requirement for knowledge of orientation and 
distances. 

Caution should be exercised, however, in the use of the Lamhort projection, or 
any conic projection, in large areas of wide latitudes, the system of projection not 
being suited to this purpose. 

is not limited, 
a property belonging to this general class of singlscone projections, but not found 
in the polyconic, where adjacent sheets have a “rolling fit” because the meridians 
are curved in opposite directions. 

The question of choice between the Lambert and the polyconia system of pro- 
jection resolves itself largely into a study of the shapes of the areas involved. The 
merits and defects of the Lambert and the polyconic projections may briefly be 
stated as being, in a general way, in opposite directions. 

The 1,ambert conformal conic projection has unquestionably superior merits for 
maps of extended longitudes when the property of conformality outweighs the prop- 
erty of equivalence of areas. All elements retain their true forms and meridians 
and parallels cut at right angles, the projection belonging to the same general formula 
as the Mercator and stereographic, which have stood the test of time, both being 
likewise conformal projections. 

It is an obvious advantage to the general accuracy of the scale of a map to have 
two standard parallels of true lengths; that is to say, two axes of strength instead 
of one. As an additional asset all meridians are straight lines, as they should be. 
Conformal projections, except in special cases, are generally of not much use in map 
making unles2 the meridians are straight lines, this property being an almost indis- 
pensable requirement where orientation becomes a prime element. 

Furthermore, the projection is readily constructed, free of complex  curve^ and 
deformations, and simple in use. 

It would be a better projection than the Morcator in tho higher latitudes when 
charts have extended longitudes, and when the latter (Mercator) becomes objection- 
ablo. It can not, however, displace the latterfor general sailing purposes, nor can 
it displace the gnomonic (or central) projection in its application and use to navi- 
gation. 

Thanks to the French, it has again, after a century and a quarter, been brought 
to prominent notice at the expense, perhaps, of other projections that are not con- 
formal-projections that misrepresent forms when carried beyond certain limits. 

The extent to which the projection may be carried in longitude 

A map (chart No. 3070, aee Plate I) on the Lambert conformal coni0 Projoctlon of the North Atlantlc Ocean, includhg &e 
eeatern part of the United S t a h  and tho greater part of Europe, hae bean proparod by the Coaat and Oeodetio Buntoy. The 
western limits are Duluth to New Orleans; the emtorn Hmlts, Bagdad to Cairo; oxtcndlng from Orcanland In tho north to  tho 
Went Indica In the eouth; d e  1:lO OOO OOO. The Beloctcd standnrd parauOls are 30’ and 54. north latitude, both thew, parauols 
being, therefore, trueacale. The d e  on parallel 45’ (mlddlo P a d e l )  fs but I+ Per cont too mall;  beyond the etandnrd p-fs 
tho scale ia inoreaalngly large. T U  map, on certain other well-known projoctlons covering tho aamo arm, would have w r .  
tbm and d e  errom 80 greet 88 to render thelr 1188 ImdmMbl~. It fs not fntendod for navlptlonol purpoees, but was con- 
structed for the UBB of another department of the Oovernmont, and k dcalgnod to bring tho two oontlnonts vbh-vis in an approxi. 
mately true relation and scale. The projection Is baaed on the rkld formula of Lambort and covera a range of longltude of 186 
degrees on the middle parallel. Plate X Is D reduction of chart No. 3070 to approxlmate lwale 1 : 25 Mx) Ooo. 
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IJnless these latter types possess other special advantages for a subject at  hand, 
such as the polyconic projection which, besides its special properties, has certain 
tabular superiority and facilities for constructing field sheets, they will sooner or 
later fall into disuse. 

On all recent French maps the name of the projection appears in the margin. 
This is excellent practice and should be followed a t  all times. As different projec- 
tions have different distinctive properties, this feature is of no small value and may 
serve as a guide to an intelligible appreciation of the map. 

In the accompanying plate (No. 1),2a North Atlantic Ocean on a Lambert con- 
formal conic projection, a number of great circles are plotted in red in order that 
their departure from a straight line on this projection may be shown. 

GREAT-CIRCLE COURSES.-A great-circle course from Cape Hatterns to the English 
Channel, which falls within the limits of the two standard parallels, indicates a de- 
parture of only 15.6 nautical miles from a straight line on the map, in a total distance 
of about 3,200 nautical miles. The departure of this line on a polyconic projection 
is given as 40 miles in Lieut. Pillsbury's Charts and Chart Making. 

DISTANCES.-"~~ computed distance nom Pittsburgh to Constantinople is 5,277 
statute miles. The distance between these points us measured by the graphic scale 
on the map without applying the scale factor is 5,258 statute miles, a resulting error 
of lass than four-tenths of 1 per cent in this long distance. By applying the scale 
factor true results may be obtained, though it is hardly worth while to work for 
closer results when errors of printing and paper distortion frequently exceed the 
above percentage. 

The parallels selected as standards for the map are 36' and 54' north latitude, 
The coordinates for the construction of a projection with these parallels as standards 
are given on page 85. 

CONSTRUCTION OF A LAMBERT CONFORMAL CONIC PROJECTION 

FOR A MAP OF THE UNITED STATES. 

The mathematical development and tho general theory of this projection are 
given in U. S. Coast and Geodetic Survey Special Publications Nos. 52 and 53. 
The method of construction is given on pages 20-21, and the necessary tables on 
pages 68 to 87 of the former publication. 

Another simple method of construction is the following one, which involves 
the use of a long beam compass and is hardly applicable to scales larger than 
1:2 500 000. 

Draw a line for a central meridian sufficiently long to include the center of 
the curves of latitude and on this line lay off tho spacings of the parallels, as taken 
from Table 1, Special Publication No. 52. With a beam compass set to the values 
of the radii, the parallels of latitude can be described from a common center. 

(By computing chord distances for 26' of arc on the upper and lower parallels of latitude, the method 
of conatruction and subdivision of the meridiana is the =me aa that described under the heading, Pot 

However, instead of establishing the outer meridians by chord distances on 
the upper and lower parallels we can determine these meridians by the following 
simple process : 

Assume 39' of latitude as the central parallel of the map (see fig. 55), with 
an upper and lower parallel located at 24' and 49'. To find on parallel 24' the 

Small 8COk W P 8 ,  p. 84.) 

= See footnote on p. 82. 
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intersection of the meridian 25" distant from the central meridian, lay off on the 
central meridian the value of the y coordinate (south from the thirty-ninth pardel  
1 315 273 meters, as taken from the tables, page 69, second column, opposite 25"), 
and from this point strike an arc with the z value (2 581 184 metem, first column). 

Latltudo 

51 
60 * * 
23 
22 

~ s d i u s  I spacings from 390 

0 492 073 ' 1338305 

-- 

O(io5Q:O 
I !,?3? 

9 n o  456 1801 178 

* *  * *  * * *  * 
~ a i 5 0 1 1  i 17Ro633 

FOR SMALL BCALE MAPS. 

In the construction of a map of the North Atlantic Ocean (see reduced copy 
on Plate I), scale 1 : 10 000 000, the process of construction is very simple. 

Draw a line for a central meridian sufficiently long to include tho center of 
the curves of latitude so that these curves may be drawn in with a beam compass 
set to the respective values of the radii as taken from the tables given on page 85. 
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To determine the meridians, a chord distance chord=2 T sin - may be com- 
puted and described from and on each side of the central meridian on a lower parallel 
of latitude; preferably this chord should reach an outer meridian. The angle e equals 
1 X, in which X is the longitude out from tho central meridian and r is the radius of the 
parallel in question. 

By means of a straightedge the points of intersection of the chords at  the outer 
ends of a lowor parallel can be connected with the same center as that used in de- 
scribing the parallels of latitude. This, then, will determine the outer meridians of 
the map. The lower parallel can then be subdivided into as many equal spaces 
as the meridional intervnl of the map may require, and the meridians can then be 
drawn in as straight lines to the same center as the outer ones. 

If a long straightedge is not available, the spacings of the meridians on the 
upper parallel can be obtained from chord distance and subdivision in a similar 
manner to that employed on the lower parallel. Lines drawn through corresponding 
points on the upper and lower parallels will then deteilnine the meridians of the 
map. 

This method of construction for small-scale maps is far more satisfactory than 
tho one involving rectangular coordinates. 

Another method for determining the meridians without the computation of 
chord distances has already been described. 

( 2 e )  

On parallel 30°, the chord of 65 degrees = 6 230 277 meters. 

TABLE FOR THE CONSTRUCTION OF A LAMBERT CONFORMAL CONIC PROJECTION WITH 
STANDARD PARALLELS AT 36' AND 54'. . 

[Thls table mused In tho constnlctlon of U. 8. Coast and Geodetic Survey Chart No. 3070, North AtlanUo Ocaan, scale 1:lO ooO OOO. 
See Plate I for reduced copy.] 

[l--0.710105; log 2-0.8513225; log K-7.0685567.l 

Lotitilde RadU 

dfefers 
75 2787928.3 ................................................................................................... 
70 ................................................................................................... 3430203.7 
65 4035'23.3 
80 4615678.7 
65 ................................................................................................... 5170773.8 
50 5734167.3 
45 ................................................................................................... 6'283828.1 
40 ................................................................................................... 6833182.5 
35 ................................................................................................... 7386W.O 
30 ................................................................................................... 7946810.9 

20 ................................................................................................... 9106796.8 

................................................................................................... ................................................................................................... 

................................................................................................... 

a ................................................................................................... e s i 0 o w . 7  

16 ................................................................................................... 0714515.0 

scm%cf 
Mrtera 

2853532.4 
22485728 
1668247.4 
1104052.3 

540668.8 
OOOooO.0 
540358.4 

11024P'J  
1 e a c s I . 8  

2822860.7 
3430888.8 

3405899.8 

2 ~ 5 a a . a  

6.. ....................................... 
IO.. ....................................... 
'16.. ....................................... 
20. ........................................ 
25. ........................................ 

MUcr.4 
285 837 
570 570 
&53 125 

1 132 400 
1407327 

.4fefers 
8659 

35 403 
79 529 

141 060 
210 785 

Meters Mcttra Afekra 
15 253 ............................ 
Bo 055 ............................ 

136 830 ............................ 
242887 ............................ 
378 417 ............................ 

30.. 1 676 851 
35 1839039 
40 
16.. ........................................ ............. .............. 
65 ......................................... 2808160 1031430 5037163 1775872 ............................ 
60 ......................................... 3124540 1218408 5370716 2087804 ............................ as ......................................... 3328033 1418428 6 7 3 i e i 6  acHziBo ............................ 
70 ........................................ .( 3 5 m m I  1 ~ 1 1 2 1 /  6 ~ 1 5 1 5 1  2 w m I  ............. I .............. 

............................ 75 ......................................... 3808630 1854473 6368146 3102053 
80 ......................................... 3862522 2088825 ............................ 5718312 308242!2 
85 ......................................... 4011588 2332875 ............................ 9453719 
80 ........................................ 1 4145251 I 258686880 I ............. .) ............. 1 85%:: 1 3828010 
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Dcgreea 
0 ........................ 
1 ........................ 
2 ........................ 
3 ........................ 
4 ........................ 
5 ........................ 
6 ........................ 
7 ........................ 
8 ........................ 

10 ........................ 
11 ........................ 
12 ........................ 
13 ........................ 
14 ........................ 
15 ........................ 
Ifi ........................ 
17 ........................ 
18 ........................ 
10 ........................ 
20 ........................ 
21 ........................ 
22 ........................ 
23 ........................ 
24 ................. ..... 
25 ........................ 
26 ........................ 
27 ........................ 
28 ........................ 
29 ........................ 
30 ........................ 
31 ........................ 
32 ........................ 
33 ........................ 
34 ........................ 
?6 ........................ 
36 ........................ 
37 ........................ 
38 ........................ 
39 ........................ 
40.- ...................... 

SCALE ALONG THE PARALLELS . 

1.0328 
1.0256 
1.0187 
1.0121 
1.0059 

Loo00 
0.9944 

Latitude-Degrees . Scale factor . 
20 ........................................ 1.079 
30 ........................................ 1.021 
36 ........................................ 1.000 
40 ........................................ 0.992 
45 ......................................... 0.988 

45 ....................... 
46 ....................... 
47 ....................... 
48 ....................... 
49 ....................... 
50 ....................... 
51 ....................... 

Latitude-Degrees . Bcale fartor . 
50 ........................................ 0.991 
51 ........................................ 1.000 
60 ........................................ 1.022 
70 ........................................ 1.113 

0.9642 
0.9705 

I 
0.9751 i 
0.0711 ~ 

0.8673 ' 
0.96381 
0.8800 I 
0.9576 : 
0.9550 j 
0.952G 
0.0505 
0.9487 I 

0.9471 
0.0459 
0.9440 
0.9442 
0.9437 

0.9436 
0.9437 
0.9442 
0.8440 
0.9450 

0.9473 

I 

(To correct distances meamred with graphic scale. divide by scale factor.) 

53 ....................... 
54 ....................... 
55 ....................... 
56 ....................... 
57 ....................... 
58 ....................... 
59 ....................... 
60 ....................... 
01 ....................... 
62 ....................... 
63 ....................... 
64 ....................... 
65 ....................... 
06 ....................... 
07 ....................... 
GR ....................... 
69 ....................... 
70 ................... 
71 ....................... 
72 ....................... 
73 ....................... 
74 ....................... 
76 ....................... 

TABLE FOR THE CONSTRUCTION OF A LAMBERT CONFORMAL CONIC PROJECTION WITH 
STANDARD PARALLELS AT 10' AND 48' 40'. 

in the wnstruction of a map of the Northorn and Southern Remispherm . See Plate VII.] [This table was 

0.0531 
0.9557 
0.0.w 

Latitude 1 Radius 

i 8  ....................... 
79 ....................... 

Difference 

Mrtcra 
I3 707 631 
13 589 325 
13 472 008 
13 355 628 
13 240 140 

13 125 526 
13 011 719 
12 898 693 
12 788 408 
12 074 810 

12 583 899 
12 453 605 
12 343 BOB 
12 234 768 
12 128 148 

12 018 025 
11 010 357 
11 813 114 
11 696 234 
11 583 778 

I1 483 614 
11 377 751 
11 272 153 
11 168 792 
11 001 628 

10 956 642 
10 851 795 
10 747 059 
10 642 400 
10 637 701 

10 4.73 197 
10 328 E87 
10 223 MD 
10 119 180 
10 014 334 

9009332 
9 804 151 
9 698 751 
0 593 100 
9 487 161 
U 383 896 

118 306 
117319 
110 378 
115 479 
114 623 

113 807 
113 026 
112 2m 
111 587 
110 920 

110 294 
109 699 
109 140 
108 018 
108 123 

107 668 
107 243 
106 850 
100 486  
106 184 

105 883 
105 598 
105 361 
105 184 
104 088 

104 847 
104 730 
104 659 
104 609 
104 594 

104 010 
104 658 
104 743 
104 $52 
105 002 

105 181 
106 400 
105 651 
105 930 
106 265 

[ I - $ ;  log K-7.136%8?4.] 

I1  

Scale 

parallel 
along the 11 Latitude 

II 
1.0746 
1.005s 
1.0567 
1.0484 
1.0404 

Dcgreta 
40 ...................... 
41 ...................... 
42 ...................... 
43 ...................... 
44 ...................... 

80 ....................... 
81 ....................... 
82 ....................... 
48' 30. ................... 

Radius 

Mefcra 
9380888 
9 274 267 
9 167 236 
0 059 703 
8 061 802 

6 843 311 ....... 
8 734 252 
8 024 569 
8 514 220 
8 403 148 

8 291 302 
8 178 630 
8 065 070 
7950580 
7 835 042 

7 718 438 
7 800 679 
7 481 088 
7 361 378 
7230065 

7 116 454 
6 991 642 
0885117 
G 736 762 
6 806 446 

6 474 028 
6 330 352 
6 202 249 
6 062 5'31 
5 010 QSO 
5 774 384 
5 625 462 
5 472 924 
5 316 433 
5 I55 604 

4 989 992 

4 642 237 
4 458 762 
4 267 727 

4 088 075 
3 858 419 
3 636 997 

4 819 073 

Dilierenct 

Metera 
106 ea 
107 031 
107 473 
107 881 
108 401 

109 058 
1oB 683 
110348 
111 072 
111 840 

112 072 
113 580 

115 518 
116 804 

117 750 
118 993 
120 308 
121 713 
123 211 

124 812 
126 525 
128 3% 
130 316 
132 418 

134 670 
137 103 
139 718 
142 546 
145 002 

148 922 
152 518 
150 491 
180 828 
165 612 

170 919 
176 836 
183 485 
191 026 
IQQ 652 

208856 
221 422 

114 510 

......... 

. 
Scale 

dong the 
parallel . 

0.9588 
0.9819 
0.9650 

0 . W40 
0.9787 
0.m9 
0.98% 
0.9956 
1.0021 

1.m 
1.0167 
1.0248 

1.0426 

1.0525 
1. wu) 
1.0743 
1.0883 
1 . 00q2 

1.1129 
1.1276 
1.1433 
1.1801 
1.17&2 

1.1975 
1.2184 
1.2408 
1.2050 
1.2812 

1.3195 
1.35 
1.38 
1.42 
1.46 

1.51 
1.66 
1.61 
1.67 
1.75 

1.83 
1. LB 
2.04 

0.8888 

o . mea 

r . 0334 



THE GRID SYSTEM OF MILITARY MAPPING. 

Agrid system (or quadrillage) is a systemof squares determined by the rectangular 
coordinates of the projection. This system is referred to one origin and is extended 
over the whole area of the original projection so that every point on tho map is 
coordinated both with respect to its position in a given square as well as to its posi- 
tion in latitude and longitude. 

The orientation of all sectional sheets or parts of the general map, wherever 
located, and on any scale, conforms to the initial meridian of the origin of coordinatcs. 
This system adapts itself to the quick computation of distances between points 
whose grid coordinates are given, as well as the determination of the azimuth of a 
line joining any two points within artillery range and, hence, is of great value to 
mili tmy operations. 

The system was introduced by the First Army in France under the name 
" Quadrillago kilomhique systeme Lambert," and manuals (Special Publications 
Nos. 47 and 49, now out of print) containing method and tables for constructing 
the quadrillage, were prepared by the Coast and Geodetic Survey. 

As the French divide the circumference of tho circle into 400 grados instead of 
360°, certain essential tables wero included for the conversion of degrees, minutes, 
and seconds into grados, as well as for miles, yards, and feet into their metric equiva- 
lents, and vice versa. 

The advantage of the decimal system is obvious, and its extension to practical 
cartography merits consideration. The quadrant has 100 grades, and instead of 
8" 39' 56", wo can writ0 decimally 9.6284 grades. 

GRID SYSTEM FOR PROGRESSIVE M A P S  IN THE UNITED STATES. 

Tho French system (Lambert) of military mapping prescntcd a number of 
features that were not only rather new to cartography but were specially adapted 
to tho quick computation of distances and azimuths in military operatibns. Among 
thcso foaturos may be mentioncd: (1) A conformal system of map projection which 
formed the basis. Although dating back to 1772, the Lambcrt projection remained 
practically in obscurity until the outbreak of the World War; (2) the advantage of 
one reforenco datum; (3) the grid system, or system of rectangular coordinatos, 
already described; (4) the use of the centesimal system for graduation of tho cir- 
cumference of the circle, and for the expression of latitudes and longitudes in place 
of tho sexagesimal system of usual practice. 

m i l o  these departures from conventional mapping offered many advantagos 
to an area like the French war zone, with its possible eastern oxtonsion, military 
mapping in the United States presented problems of its own. Officers of tho Corps 
of Engineers, U. S. Army, and the Coast and Geodetic Survey, foreseeing the needs 
of as small allowable error as possiblo in a system of map projection, adopted a 
succcssion of zones on the polyconic projection as the best solution of the problem. 

Theso zones, seven in number, extend north and south across the United States, 
covering each a range of 9' of longitude, and have overlaps of 1' of longitude with 
adjacent zones east and west. 
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THE GRID SYSTEM O F  MILITARY MAPPIJSG. 

f 

FIO. 57.-Diagram of zone C, ahowing grid system. 
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A grid system similar to the French, as already described, is projected over the 
whole area of each zone. The table of coordinates for one zone can be used for any 
other zone, as each has its own central meridian. 

The overlapping area can be shown on two sets of maps, one on each grid system, 
thus making it possible to have progressive maps for each of the zones; or the two 
grid systems can be placed in different colors on the same overlap. The maximum 
scale error within any zone will be about one-fifth of 1 per cent and can, therefore, 
be considered negligible. 

The system is styled progressive military mapping, but it is, in fact, an inter- 
rupted system, the overlap being the stepping-stone to a new system of coordinates. 
The grid system instead of being kilometric, as in the French system, is based on 
units of 1000 yards. 

For description and coordinates, see U. S. Coast and Geodetic Survey Special 
Publication No. 59. That publication gives the grid coordinates in yards of the 
intersection of every fifth minute of latitude and longitude. Besides the grid system, 
a number of formulas and tables essential to military mapping appear in the publi- 
cation. 

Tables have also been about 75 per cent completed, but not published, giving 
the coordinates of the minute intersections of latitude and longitude. 



THE ALBERS CONICAL EQUAL-AREA PROJECTION WITH TWO STANDARD 
PARALLELS. 

DESCRIPTION. 

[See Plate 111.1 

"his projection, devised by AlbersZ3 in 1805, possesses advantages over others 
now in use, which for many purposes gives it a place of special importance in carto- 
graphic work. 

In  mapping a country like the United States with a predominating east-and-west 
extent, the Albers system is peculiarly applicable on account of its many desirable 
propertiw as well as the reduction to a minimum of certain unavoidable errors. 

The projection is of the conical type, in which the meridians are straight lines 
that meet in a common point beyond the limits of the map, and the parallels are 
concentric circles whose center is at the point of intersection of the meridians. Merid- 
ians and parallels intersect at right angles and the arc9 of longitude along any given 
parallel are of equal length. 

It employs a cone intersecting the spheroid at two parallels known as the 
standard parallels for the area to be represented. In  general, for equd distribution 
of scale error, the standard parallels are placed within the area represented a t  
distances from its northern and southern limits each equal to one-sixth of the total 
meridional distance of the map. It may be advisable in some localities, or for 
special reasons, to bring them closer together in order to have greater accuracy 
in the center of the map a t  the expense of the upper and lower border areas. 

On the two selected parallels, arcs of longitude are represented in their true 
lengths. Between the selected parallels the scale along the meridians wi l l  be a trifle 
too large and beyond them too small. 

The projection is specially suited for maps having a predominating east-and- 
west dimension. Its chief advantage over certain other projections used for a map 
of the United States consists in the valuable property of equal-area representation 
combined with a scale error that is practically the minimum attainable in any 
system covering this area in a single sheet. 

In most conical projections, if the map is continued to the pole the latter is 
represented by the apex of the cone. In  the Albers projection, however, owing to the 
fact that conditions are imposed to hold the scale exact along two parallels instead 
of one, as well as the property of equivalence of area, it becomes necessary to give up 
the requirement that the pole should be represented by the apex of the cone; this 

m Dr. H. C. Albom, tho inventor of thls pmjootion, ~ 8 8  a native of LUnoburg, Qermany. Soverel wtloles by hlm on tho subject 

hsful l  nnmo,tho title "dootor" Mng used with b name by Oormain about 1865. A book of 40 pagas, entltlod Untorncht im 
Bchachsspiel (Instruction In Chaas Playing) by H. C. Albers, LHneburg, 1821, may ham bcen the work of the inventor of this 
proleu tion. 

$4 Tho stnndards &wen for a msp of tho Unltad States on tho Albors pmJection BW porsllols 284' and 44*, and thls soloction 
providas for a scale e m r  slightly lass than 1 per cent In the center of the map, mth 8 &mum of l+ per cent dong tho northern 
and Bouthorn bordors. This armngomont of tho standards also placas thorn at an oven 30-mtnutO intnrval. 

Tho standards in thrs system of projection, ss In tho Lambart conformal code projection, can be p l a d  st  will, and by not 
bvoring tho oontral or mom importnnt part of tho United States a ma.ulmum scalc emr of somowhat less thnn 14 por ocnt might be 
o b a o d .  Prof. Hart1 suggosts tho placlng of tho standards so that tho total longth of tho W n t d  merldm mmoln truo, and this 
m m e n t  would be ideal for a country mom motangular In shape with pradominatlng east-nnd-west dlmonslons. 

of mnp pmJeotions appeared in Zsch's MOMtliche Compondenz during the year 1805. Verp little is known about hlm, not oven 
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means that if the map should be continued to the pole the latter would be repre- 
sented by a circle, and the series of triangular graticules surrounding the pole would 
be represented by quadrangular figures. This can also be interpreted by the state- 
ment that the map is projected on a truncated cone, because tho part of the cone 
above the circle representing the pole is not used in the map. 

The desirable properties obtained in mapping the United Stabs by this system 
may be briefly stated as follows: 

1. As stated before, it is an equal-area, or equivalent, projection. This means 
that any portion of the map bears the same ratio to the region represented by it that 
any other portion does to its corresponding region, or the ratio of any part is equal 
to the ratio of area of the whole representation. 

2. The maximum scale error is but l a  per cent, which amount is about the 
minimum attainable in any system of projection covering tho wholo of the United 
States in a singlo sheet. Other projections now in uso have scale errors of as much 
as 7 per cent. 

The scale along the selected standard parallels of latitude 293' and 453' is true. 
Between these selected parallels, the meridional scale will be too great and beyond 
them too small. Tho scale along the other parallels, on account of the compensation 
for area, will always have an error of the opposito sign to the error in the meridional 
scale. It follows, then, that in addition to the two standard parallels, there are at  
any point two diagonal directions or curves of true-length scale approximately at  
right angles to each other. Curves possessing this property are termed isoperimetric 
curves. 

With a knowledge of the scale factors for the different parallels of latitude i t  
would bo possible to apply corrections to certain measured distances, but when we 
remember that the maximum scale error is practically the smallest attainable, 
any greater refinement in scale is seldom worth while, especially as errors due to 
distortion of paper, the method of printing, and to changes in the humidity of tho 
air must also be taken into account and are frequently as much as tho maximum 
scale error. 

It therefore follows that for scaling purposes, the projection under considoration 
is superior to others with the exception'of the Lambert conformal conic, but tho lattcr 
is not equal-area. It is an obvious advantage to the general accuracy of the scale 
of a map to have two standard parallels of latitude of truo lengths; that is to say, 
two axes of strength instead of one. 

Caution should be exercised in the selection of standards for the uso of this 
projection in large areas of wido latitudes, as scala errors vary increasingly with the 
range of latitude north or south of the standard parallels. 

3. Tho meridians are straight lines, crossing the parallels of concentric circles 
at right angles, thus preserving the angle of tho meridians and parallels and facili- 
tating construction. The intervals of tho parallels depend upon the condition of 
equal-area. 

The time required in the construction of this projection is but a fraction of that 
employed in other well-known systems that have far greater errors of scale or laok 
the property of equal-area. 

4. The projection, besides the many other advantages, does not deteriorate as 
we depart from the central meridian, and by reason of straight meridians i t  is easy 
at any point to measure a direction with the protractor. In  other words it is adapted 
to indefinite eastrand-west extension, a property belonging to this general class of 
siwle-cone projections, but not found in the polyconic, where adjacent sheets con- 
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structed on thcir own ccntral meridians have a “rolling fit,” bccause meridians are 
curved in opposite dircctions. 

Sectional maps on the Albcrs projection would have an exact fit on all sides, 
and the systcm is, therefore, suited to any project involving progressivc equal-area 
mapping. The tcrm “sectional maps” is here uscd in tho sense of separate shoeta 
which, as parts of the whole, arc not computcd independently, but with rcspcct to 
the one chosen prime meridian and fixed standards. Hence the sheets of tho map 
fit accurately together into one whole map, if desired. 

The first notice of this projection appeared in Zach’s Monatliche Correspondenz 
zur Beforderung der Erd-und Himmels-Kunde, undcr the title ‘‘Beschreibung einer 
ncucn Kegelprojection von H. C. Albers,” published at Gotha, November, 1805, 
pages 450 to 459. 

A more recent development of the formulas is given in Studien iiber fltixhentreue 
Kegelprojectionen by Heinrich Hartl, Mittheilungen des K. u. K. Militar-Geograph- 
ischen Institutes, volume 15, pages 203 to 249, Vienna, 1895-96; and in Lehrbuch 
der Landkartenprojectionen by Dr. Norbert Herz, page 181, Leipzig, 1885. 

It was employed in a general map of Europe by Reichard at Nuremberg in 1817 
and has since been adopted in the Austrian general-staff map of Central Europe; 
also, by reason of being peculiarly suited to a country like Russia, with its large 
extent of longitude, it was used in a wall map published by the Russian Geographical 
Society. 

An interesting equal-area projection of the world by Dr. W. B e h m  appeared in Petermnnns 
Mitteilungen, September, 1910, plate 27. In this projection equidistant etandard parallele are chosen 
30’ north and south of the Equator, t he  projection being in fact a limiting form of the Albera. 

In  view of the various requirements a map is to fulfill and a careful study of the 
shapcs of the areas involved, the incontestible advantages of the Albcrs projection for 
a map of tho United States have been sufficiently set forth in the abovc description. 
By comparison with the Lambert conformal conic projoction, we gain the practical 
property of equivalence of area and loso but little in conformality, the two projections 
hcing otherwise closely identical; by comparison with the Lambert zenithal WG gain 
simplicity of construction and use, as woll as the advantages of less scdc crror; a 
comparison with othcr familiar projections offers nothing of advantage to these 
latter except where their restricted special properties become a controlling factor. 

MATHEMATICAL THEORY OF THE ALBERS PROJECTION. 

If a is the equatorial radius of the spheroid, B the occentricity, and cp the latitude, 
tho radius of curvaturc of the meridian zs is given in the form 

and tho radius of curvature perpendicular to the meridian 26 is equal to 



94 U. S. COAST AND GEODETIC SURVEY. 

The differential element of length of the meridian is therefore equal to the 
expression 

and that of the parallel becomes 

a COS (O ax 
(1 - €2 sin2 cpp’ ap = 

in which X is the longitude. 
The element of area upon the spheroid is thus expressed in the form 

aa (1-e2)coscpdpdX 
( 1 - e ~  sin2 c p ~  

as=am ap-  
We wish now to determine an equal-area projection of the spheroid in the plane. 
If p is the radius vector in the plane, and 8 is the angle which this radius vector 

makes with some initial line, the element of area in the plane is given by the form 

ap a. 
p and 8 must be expressed as functions of cp and A, and therefore 

and 

ap=- ap  acp+& a p  ax 

acp+& ax. 
acp 

acp 
be 

. 
concentric circles; p will therefore be a function of cp alone, 
or 

Wo will now introduce the condition that tho parallels shall be represonted by 

bP ap=- acp. ap - 
As a second condition, we requiro that the meridians be represented by 

This requires that 8 straight linaq, the radii of the system of concontric circles. 
should be independent of p, 
or 

ae de=.& ax. 
Furthermore, if 8 and X are to vanish at the same time and if equal differences of 

longitude are to be represented at all points by equal arcs on the parallels, 0 must 
be equal to some constant times A, 
or 

in which n is the required constant. 
0 -nX, 

This g’ 1Vea us 
ds =d. 

By substituting these values in the expremion for dS’, we get 
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Since the projection is to bo equal-area, dS' must equal -dS, 
or 

95 

"he minus sign is explained by tho fact that p decreases as cp increasea. 
By omitting the dx, wo find that P is determined by the integral 

cos cp & lp gap- - n s (1 - e2 sin2 p ) ~ '  
aZ(1 -e') 

If R represents the radius for cp =0, this becomes 

If @ is tho latitude 0n.a sphere of radius c,  tho right-hand member would be 
represented by the integral 

We may define 0 by setting this quantity equal to the above right-hand 
member , 
or 

c2 sin 0 =az(]  -3) cos cp & 

=a2(1-$)J (cosp+2€~sin2cpcoscp+3c'sin4cpcoscp+4~sinacpcoscp+ - - >&. 

Therefore , 
3c4 4 8  c2 sin B =aa((l - 8)  sins p+-g sins p+ 7 sin' p+ . 

As yet c is an undetermined constant. We may determine it by introducing 
tho condition that, 

P when p=5, 0 shall also equal 

This gives 

The latitude on the sphere is thus defined in tho form 

28 3r' 4co 
5 7 1 + -ij- sina cp+ - sin4 c p f  - sina cp+ . - - 

23 3 c  48 
3 5  

1 +-+- +T+. . . . . . sin fl  =sin cp 
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This latitude on the sphere has been called the authalic latitude, the term 
authalic meaning equivalent or equal-area. A table of these latitudes for every 
half degree of geodetic latitude is given in U. S. Coast and Geodetic Survey Special 
Publication No. 67. 

With this latitude the oxpression for p becomes 

The two constants n and R are as yet undetermined. 
Let us introduce the condition that the scale shall be exact along two given 

On the spheroid the length of the parallel for a given longitude differ- parallels. 
ence X is equal to the expression 

On the map this arc is represented by 

p 0  =pnX.  

On the two parallels along which the scale is to be exact, if we denote them by 
subscripts, we have 

or, on omitting X, we have 

aX cos ‘pl 
p l n X = ( 1  -e2 sin2 ‘pl)~’ 

and 

Substituting these values in turn in the general equation for p,  we get 

and 

In U. S. Coast and Geodetic Survey Special Publication No. 8 a quantity callod 
A’ is defined as 

and is there tabulated for every minute of latitude. 
Hence 

1 
A,2 sin2 1’’. 

P 
az 

(1 -e2 sin2 cpl) 

(The prime on A is here omitted for convenience.) 

The equations for determining R and n, therefore, become 
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By subtracting these equations and reducing, we get 

cos2 ID. cos2 a* 

COS’ QI COS2 Qa 
=I A,, sin2 l”-A,a sin2 1” r,a--r2) 

4 c ~  sin 3 (8, -8,) cos 3 (fi2 +@,I = .I~Z sin 3 (8, -8,) cos 3 (8, -t 83’ 
T, and r ,  being the radii of the respective parallels upon the spheroid. 

By substituting the value of n in the above equat.ions, we could determine R, 
but, we are only interested in canceling this quantity from the general equation for P. 

Since n is determined, we have for the determination of p1 

a cos ‘P, - cos Q 1  /T=T- I ,  
(1 -ea  sin2 pl)4-nAl sin 1 n 

But 
p 12 = R’ - 22 - sin B,. 

n 

By subtracting this equation from the general equation for the determination 
of p, we get 

2c2 (sin 8, - sin 8) 
pa -p1’ = -n 

or 
P”Pl’f? Sill 3 os,-@) cos 3 @ , - I - @ ) .  

i n  a simiiar manner WQ have 

and 

The radius c is the radius of a sphere having a surface equivalent to thnt of tho 
spheroid. For the Clarke spheroid of 1866 (c in meters) 

log c = 6.80420742 

To obviate the difficulty of taking out large numbers corresponding to logarithms, 
it is convenient to use the form 

until after the addition is performed in the right-hand member, and then p can be 
found without much difficulty. 

For the authalic latitudes use the table in U. S. Coast and Geodetic Survey 
Special Publication No. 67. 

645G2°-31-7 
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Now, if X is reckoned as longitude out from the central meridian, which becomes 
the Y axis, weget 

0 = nX, 
z = p  sin e, 
y= - p  COS e. 

In  this case the origin is the center of the system of concentric ckcles, the central 
meridian is the Y axis, and a line perpendicular to this central meridian through the 
origin is the X axis. The y coordinate is negative because it is measured downward. 

If it is desired to refer the coordinates to the center of the map as a single system 
of coordinates, the values become 

in which p0 is the radius of the parallel passing through the center of the map. 

origin, the point in which the parallel intersects the central meridian. 
the coordinates become 

The coordinates of points on each parallel may be referred to a separate 
In  this case 

5 = p sin e, 
y = p - p  COS e = 2 p  sin* +e. 

If the map to be constructed is of such a scale that the parallels can be con- 
structed by the use of a beam compass, it  is more expeditious to  proceed in the 
following manner: 

If X’ is the X of the meridian farthest out from the central meridian on the map, 
we get 

8’ = nX’. 

We then determine the chord on the circle representing the lowest parallel of 
the map, from its intersection with the central meridian to its intersection with the 
meridian represented by A’, 

chord = 2 p  sin 4 e‘. 

With this value set off on the beam compass, and with the intersection of the 
parallel with the central meridian as center, strike an arc intersecting the parallel 
a t  the point where the meridian of X’ intersects it. The arc on the parallel represents 
A’ degrees of longitude, and it can be divided proportionately for the other 
intersections. 

Then straight 
lines drawn through corresponding points on these two parallels will determine 
all of the meridians. 

” 

Proceed in the same manner for the upper parallel of the map. 

The scale along the parallels, k,, is given by the expression 
I 

Ps k - - I  
p- r, 

in which p .  is the radius of the circle representing the parallel of pa, and re is the 
radius of the same parallel on tho spheroid; 
hence 
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The scale along the meridians is equal to the reciprocal of the expression for 
the scale along the parallels, or 

CONSTRUCTION OF AN ALBERS PROJECTION. 

This projection affords a remarkable facility for graphical construction, requir- 
ing practically only the uso of a scale, straightedgo, and beam compass. In  a map 
for the United States the central or ninety-sixth meridian can be extended far enough 
to include the center of the curvcs of latitude, and these curves can be drawn in with 
a beam compass set to the respective values of the radii taken from the tables. 

To determine the meridians, a chord of 25' of longitude (as given in tho tables) 
is laid off from and on each side of the central meridian, on the lower or 25O parallel 
of latitude. By means of a straightedge the points of intersection of the chords 
with parallel 25' can be connected with the same center as that used in drawing 
the parallels of latitude. This, then, will determine the two meridians distant 
25' from the center of the map. The lower parallel can then be subdivided into as 
many equal spaces as may be required, and the remaining meridians drawn in simi- 
larly to the outer ones. 

If a long straightedge is not available, the spacings of the meridians on parallel 
45' can be obtained from chord distance and subdivision of the am in a similar 
mltnner to that employed on parallel 25'. Lines drawn through corresponding 
points on parallels 25' and 45' will then determine the meridians of the map. 

This method of construdion is far more satisfactory than the one involving 
rectangular coordinates, though the length of a beam compass required for the 
construction of a map of the United States on a scale larger than 1 :5  000 000 is 
rather unusual. 

In  equal-area projections it is a problem of some difficulty to make allowance 
for the ellipticity of the earth, a difEculty which is most readily obviated by an 
intermediate equal-area projection of the spheroid upon a sphere of equal surface. 
This amounts to the determination of a correction to be applied to the astronomic 
latitudes in order to obtain the corresponding latitudes upon the sphere. The 
sphere can then be projected equivalently upon the plane and the problem is 
solved. 

The name of authalic latitudes has been applied to the latitudes of the sphere 
of equal surface. A tableae of these latitudes has been computed for every half 
degree and can be used in the computations of any equal area projection. This 
table was omployed in the computations of the following coordinates for the con- 
struction of a map of the United States. 
a Developments Connmted wlth Qeodasy and Cortagraphy, U. 8. Coast and Geodetic survey Bpecial Publlcatlon No. 67. 
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TABLE FOR THE CONSTRUCTION OF A MAP OF THE UNITED STATES ON ALBERS EQUAL- 
AREA PROJECTION WITH TWO STANDARD PARALLELS. 

4j0  3 0  ................................... 
4J.. ..................................... 
41.. .................................... 
43.. ..................................... 
43 ....................................... 
50. ...................................... 
51 ....................................... 
52.. ..................................... 

P parnllel Latitude 

20" ...................................... 
21 ....................................... 
22 ...................................... 
23.. ..................................... 
24. ...................................... 
25. ...................................... 
20.. ..................................... 
27. ...................................... 
28 ....................................... 
23 ....................................... 
290 30'. .................................. 
30 ....................................... 
31 ....................................... 
32.. ..................................... 
33 ...................................... 
34. ...................................... 
35. ...................................... 
36 ....................................... 
37 ....................................... 
38.. ..................................... 
39 ....................................... 

....................................... 

....................................... 40 I 
I 41 

43 ....................................... 
43 ........................................ 
44.. ..................................... 

afetcrs 
10x7 I77 
LO 145 5i9 
IO 037 540 
9 929 050 
9 820 218 

0 710 wI9 
9 GO1 361 
9 431 403 
0 351 139 
9 270 576 
9 215 188 

0 159 738 
9 0.48 018 
8 937 337 
8 825 827 
8 714 150 

8802328 
8 430 332 
8 378 377 
8 208 312 
8 154 228 

8 042 1w 
7 030 152 
7 818 231 
7 700 444 
7 594 6.28 

7 483 420 
742i822 
7 372 288 
7 201 459 
7 150 887 
7 040 Q25 

6031 333 
0 822 264 
0 713 750 

Afihra  
107 598 
108 039 

, 108400 
108 802 
l#J 248 

109 008 
109 952 
110 270 
110 563 
110 E38 

111 030 
111 311 
111 510 
111 077 
111 Bn 

111 936 
112 015 
112w5 
112 OR4 
112 lux 
112 011 

111 767 
111 016 
111 402 

111 138 
110 829 
110 472 
110 062 
109 593 

loa c89 
108 484 

111e21 

___- -- 
Addilional data. 

5-1.3502771 
colog n-0.2197522 

log C- 8.8042075 

Longitude from central 
meridian. 

10 ............................ 
5' ............................ 
23.. ......................... 
30". ......................... 

Latitude. 

49" w... ..................... 
450 30'... ..................... 
37" 30' ........................ 
23" W'... ..................... 
250 oo'.... .................... 
20" w..... ................... 

Chords on 
latltude 25". 

Jlcters 
102 181. os 
510 880.82 

2 547 L?O ............ 

S ~ a l e  factor 
along 

the parnllel 

1.0126 
1. OOM) . ww 
1. Mwo 

1.0310 
i .niz4 

Chords on 
ntltude 45'. 

Mctcrs 
78 745 13 

393 682.00 
1 982 96(1 
2 352 56U 

Scnlo fnctor 
along 

lie meridlnn 

0.9876 
1. Mwo 
1 . W 7  .... 
1. oooo .on5 .. (169 



THE MERCATOR PROJECTION. 
DESCRIPTION. 

[See fig. 67, p. 146.1 

This projection takes its name from tho Latin surname of Gerhard Gamer,  
the inventor, who was born in Flanders in 1512 and published his system on a map 
of the world in 1560. His results were only approximate, and it was not until 30 
years later that the true principles or tho method of computation and construction 
of this type of projection were made known by Edward Wright, of Cambridge, in a 
publication entitled “ Certaine Errors in Navigation.” 

In view of the frequent misunderstanding of the properties of this projection, 
a few words as to its true merits may be appropriate. It is by no means an equal- 
area representation, and the mental adjustment to meet this idea in a map of tho 
world has caused unnecessary abuse in ascribing to it properties that are poculiarly 
absent. But there is this distinction between it and others which give greator 
accuracy in the relative size or outline of countries-that, while tho latter me often 
merely intended to be looked at, tho hfercator projection is meant seriously to be 
worked upon, and i t  alone has the invaluablo property that any bearing from any 
point desired can bo laid off with accuracy and ease. It is,therefore, thc only one 
that meets the requirements of navigation and has a world-wide use, due to the fact 
that the ship’s track on tho surface of the sea under a constant Learing is a straight 
linc on the projection. 

GREAT CIRCLES AXD RHUMB LINES. 

The shortest line betwecn any two given points on tho surface of a sphere is 
the arc of tho great circle that joins them; but, as tho earth is a spheroid, the shortest 
gr minimum linc that can be drawn on its ellipsoidal surface between any two points 
is termed II geodetic line. I n  connection with the study of shortcst distances, how- 
ever, it  is customary to consider the earth a3 a sphere and for ordinary purposes 
this approximation is su%ciently accurate. 

A rhumb line, or loxodromic curve, is a lino which crosses the successive merid- 
ians at  a constant angle. A ship “sailing a rhumb” is therefore on one courso ”, 
continuously following the rhumb line. The only projection on which such a line 
is represented as a straight line is the Mercator; and tho only projection on which 
the great circle is represented as a straight line is the gnomonic; but as any obliquo 
great circlo cuts the meridians of the latter at different angles, to follow such a line 
would necessitate constant alterations in the direction of the ship’s head, an opera- 
tion that would bo impracticable. The choice is then betwoen a r7~um7, line, which 
is longer than the arc of a great circle and at  every point of which the direction is 
tho same, or the arc of a great circle which is shorter than tho rhumb line, but at  
every point of which the diroction is different. 

Tho solution of the problem thus resolves itself into the selection of points at  
convenient course-distances apart along the great-circle track, so that the ship may 
be steercd from ono to the other along the rhumb lincs joining them; the closer the 

~ 

(7 A shlp following always the same obllque courso, would contlnuously approach nanrer and ncnror to tho polo wlthout eror 
theoretically arrlvlng at it. 

101 
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0' 100' 1 1 0 '  

____-_-- ------ 

150' 
58' 

120- I" 1 4 '  

55' 

_____--- - ---- ______------ - - 

I 45- 
40. 

37- 

Fxo. 59.-l'art of a gnomonic chart showing a great circle and a rhumb line, 

sldo of tho great circle track. 
The f u l l  h e  &ow8 the great circle track. Tho curve shown by a dotted h e  h the rhumb h e  which Ilea on the equatorial 
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For this purpose the Mercator projection, except in high latitudes, has attained 
an importance beyond all others, in that the great circle can be plotted thereon 
from a gnomonic chart, or it may be determined by calculation, and these arcs 
can then be subdivided into convenient sailing chords, so that, if the courses are 
carefully followed, the port bound for will in due time be reached by the shortest 
practicable route. 

I t  suffices for the mariner to measure by means of a protractor the anglo which 
his course makes with any meridian. With this course corrected for magnetic 
variation and deviation his compass route will be established. 

It may here be stated that the Hydrographic Office, U. S. Navy, has prepared a 
series of charts on the gnomonic projection which are most useful in laying off great 
circle courses. As any straight line on these charts represents a great circle, by 
taking from them the latitudes and longitudes of a cumber of points along tho line, 
the great-circle arcs may be transferred to the Mercator system, where bearings 
are obtainable. 

I t  should be borne in mind, moreover, that in practice the shortest course is 
not always necessarily the shortest passage that can be made. Alterations become 
necessary on account of the imegular distribution of land and water, the presence 
of rocks and shoals, the effect of set and drift of currents, and of the direction and 
strength of the wind. It, therefore, is necessary in determining a course to find out 
if the rhumb line (or lines) to destination is interrupted or impracticable, and, if so, 
to determine intermediate points between which the rhumb lines are uninterrupted. 
The resolution of the problem at the start, however, must set out with the great 
circle, or a number of great circles, drawn from one objective point to the next. 
In  the interests of economy, a series of courses, or composite sailing, will frequently 
be the solution. 

Another advantage of the Mercator projection is that meridians, or north and 
south lines, axe always up and down, parallel with the east-and-west borders of the 
map, just where one expects them to be. The latitude and longitude of any place 
is readily found from its position on the map, and the convenience of plotting points 
or positions by straightedge across the map from the marginal divisions prevents 
errors, especially in navigation. Furthermore, the projection is readily constructed. 

A true compass course may be carried by a parallel ruler from a compass rose 
to any part of the chart without error, and the side borders furnish a distance scale 
convenient to all parts of the chart, as described in the chapter of “Construction 
of a Mercator projection”. In many other projections, when carried too far, spheri- 
cal relations are not conveniently accounted for. 

From the nature of the projection any narrow belt of latitude in any part of 
the world, reduced or enlarged to any desired scale, represents approximately true 
form for the ready use of any locality. 

All charts are similar and, when brought to the same scale on a common latitude, 
will fit exactly. Adjacent charts of 1miforn-1 longitude scale wil l  join exactly and will 
remain oriented when joined. 

The projection provides for longitudinal repetition so that continuous sailing 
routes east or west around the world may be completely shown on one map. 

Finally, as stated before, for a nautical chart, if for no other purpose, theMer- 
cator projection, except in @h latitudes, has attained an importance which puts 
all others in the background. 

rn The borderlatitudescale wlllglve the correct dlstanceln the corrospondlnglatltude. If 8 ~ c l ~ t l y f m p o r t a n t  on thesmalls 
-10 chnrts, a dlagnunmatlc wale could bo placed on the charts, glvlng the Bcale for vartoueletitudes, aa on a %ob Memator 
o b r t  of Africa, No. U, publlahcd by the Mlnlatbre del& Marhe. 
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MERCATOR PROJECTION IN HIGH LATITUDES. 

In  latitudes above 60°, where thc meridional parts of a Mercator projection 
increase rather rapidly, charts covering considerable area may be constructed advan- 
tageously on a Lambert conformal projection, if tbe locality has a predominating 
eastrand-west extent; and on a polyconic projection, or a transverse Mercator, if the 
locality has predominating north-and-south dimensions. In regard to suitable 
projections for polar regions, see page 147. 

Difficulties in navigation in the higher latitudes, often ascribed to the use of 
the Mercator projection, have in some instances been traced to unreliable positions 
of landmarks due to inadequate surveys and in other instances to the application of 
corrections for variation and deviation in the wrong direction. 

For purposes of navigation in the great commercial area of the world the Mercator 
projection has the indorsement of all nautical textbooks and nautical schools, and 
its employment by maritime nations is universal. It is estimated that of the 15 OOG 
or more Werent  nautical charts published by the various countries not more than 
1 pcr cent are constructed on a system of projection that is noticeably different from 
Mercntor charts. 

The advantages of the Mercator system over other systems of projection are 
evident in nautical charts of small scale covering extensive but the larger 
the scale the less important these differences becomc. In  harbor and coast charts 
of the United States of scales varying from 1 : 10 000 to 1 : 80 000 the difference of the 
various types of projection is almost inappreciable. 

This being the case, there is a great practical advantage to the mariner in having 
one uniform system of projection for all scales and in avoidmg a sharp break that 
would require successive charts to be constructed or handled on different principles 
at a point where there is no definite distinction. 

The use of the Mercator projection by the U. S. Coast and Geodetic Survey is, 
therefore, not due to the habit of continuing an old system, but to the dcsirability 
of meeting the special requirements of the navigator. It was adopted by this 
Bureau within comparatively recent years, superseding the polyconic projection 
formerly employed. 

The middle latitudes employed by the U. S. Coast and Geodetic Survey in the 
construction of charts on the Mercator system, are as follows: 

Coast and harbor charts, scales 1 : 80 000 and larger, are constructed to the scale 
of the middle latitude of each chart. This series includes 86 coast charts of the 
Atlantic and Gulf coasts, each on the scale 1:80 000. The use of these charts in 
series is probably less important than their individual local use, and the slight break 
in scale between adjoining charts will probably cause less inconvenience than would 
the variation in the scale of the series from 1 : 69 000 to 1 : 88 000 if constructed to the 
scale of the middle ltititude of the series. 

General charts of the Atlantic coast, scale 1 :400 000, are constructed to  the 
scale of latitude 40'. The scales of the different charts of the series are therefore 
variant, but the adjoining charts join exactly. This applies likewise to the following 
three groups: 

General charts of the Pacific coast, San Diego to Puget Sound, are constructed 
to the scale of 1 : 200 000 in latitude 41'. 

~~ ~ ~ 

20 On emall scale charts in the middle or higher latitudes, the difference between the Mercntor and polyconic proJoctions Is obvi- 
ous to tlie eye and affect3 the method of uslng the charts. Latitude must not be earriod acrosa perpendicular t o  the border of a poly. 
conic chart of small scale. 
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General charts of the Alaska coast, Dixon Entrance to Dutch Harbor, are con- 
structed to the scale of 1 : 200 000 in latitude 60’. 

General sailing charts of the Pacific coast, San Diego to the western limit of the 
Aleutian Islands, are constructed to the scale of 1 :1 200 000 in latitude 49’. 

Some of the older charts still issued on the polyconic projection will be changed 
to the Mercator system as soon as practicable. Information as to the construction 
of nautical charts in this Bureau is given in Rules and Practice, U. S. Coast and. 
Geodetic Survey, Special Publication No. 66. . 

DERIVATION OF THE FORMULAS FOR THE COORDINATES OF THE MERCATOR 
PRO JECTION.*Qa 

The Mercator projection is a conformal projection which must be derived by 
mathematical analysis. The Equator is represented by a straight line true to scale 
and the meridians are represented by straight lines perpendicular to the line represent- 
ing the Equator, boing equally spaced in proportion to their actual distances apart 
upon the Equator. The parallels are represented by a second system of parallel 
lines perpendicular to the family of lines representing the meridians; or, in other 
words, they are straight lines parallel to the line representing the Equator. The only 
thing not yet determined is the spacings between the lines representing the parallels; 
or, what amounts to the same thing, the distances of these lines from the Equator. 

Since the projection is conformal, the scale at  any point must be the same in 
all directions. When the parallels and meridians are represented by lines or curves 
that are mutually perpendicular, the scale will be equal in all directions a t  a point, 
if the scale is the same along the parallel and meridian at  that point. In  the Mer- 
cator projection the lines representing the parallels are perpendicular to the lines 
representing the meridians. In  order, then, to determine the projection, we need 
only to introduce the condition that the scale dong the meridians shall be equal 
to the scale along the parallels. 

An element of length along n parallel is equal to the expression 

a cos cp ax 
(I--a2 si112 p)”* ’ a p  = 

in which a is the equatorial radius, cp the latitude, A the longitude, and c the eccen- 
tricity. 

For the purpose before us we may consider that the meridians are spaced equal 
to their actual distances apart upon the earth at  the Equator. In  that case the 
element of length d p  along the parallel will be represented upon the map by a dA, 
or the scale along the parallel will be given in the form 

2, cos (0 

cc czx ( 1 - e ~  sin* p)’” 

An element of length along the meridian is given in the form 

a (1-8) dcp . 
dm (1 - ea sin2 ( p ) ~ ‘  

% This prolection should not be interpreted as n perapectlve projectlon from the center of the spheroid upon n tangent oylinder 
as fs erroneously stated In certain treatfses of geography. The dhtnnces of the various parnllels from the EQUBtOr depend upon an 
lotegrel and the repulred value is not obtalned from any slnrple Iormuln. 
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Now, if ds is the element of length upon the projection that is to represent this 
element of length along the meridian, we must have the ratio of dm to ds equal to 
the scale along the parallel, if the projection is to be conformal. 

Accordingly, we must have 

The distance of the parallel of latitude cp from the Equator mud  be equal to 
the integral 

a (1-8) dcp 
(1 - e2 sin2 cp) cos P 

On ilitegration this becomes 

-a  log, tan (:+ 5) +: log, (; 5 2; :) 
-alog,[tan(i+g) - ('wesin 1 + e  sin cp ">"I- 

The distance of the meridian X from the central meridian is given by the integral 

The coordinates of the projection referred to tho intersection of the central 
meridian and the Equator as origin are, therefore, given in tho form 

x =ax, 
y=a log, [tan (:+;) - ( 1 - -e  sin cp >'"I. 

1 + e  sin cp 
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In U. S. Coast and Geodetic Survey Special Publication No. 67, the isometric or 
conformal latitude is defined by the expression 

or, if 
lr ?r 

x = - - z  and p=--p  2 9  2 

With this value we get 
z y=a log, cot 5 8 

or, expressed in common logarithms, 

a 2 y=- log cot - M 2 '  

in which M is the modulus of common logarithms. 

N= 0.4342944819, 
log M = 9.63778431 13. 

A table for the isometric colatitudes for every half degree of geodetic latitude is 

The radius a is usually expressed in units of minutes on the Equator, 
given in U. S. Coast and Geodetic Survey Special Publication No. 67. 

or 
10800 a=-- ,  

7r 

log a = 3.5362735828, 

log -hi =3.8984895715. ("> 
log y=3.8984895715+]0g 

or, 
2 y=7915'.704468 log cot.3. 

The value of x now becomes 
10800 

X=- ?F A, 

with X expressed in radians; 
or, 

with X expressed in minutes of arc. 
The table of isometric latitudes given in U. S. Coast and Geodetic Survey Special 

Publication No. 67 was computed for tho Clarke spheroid of 1866. If it is desired 

X=X,  
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to compute values of y for any other spheroid, tho expansion of y in series must bo 
used. In this case 

y=7915'.704468 log tan (:+:) 
€4 €6 P 
3 5 7 -34371.747 (e? sin cp+- sin3 cp t- sin6 (p +-- sin7 c p + .  . . 

or, in more convenient form, 
€4 e6 5 8  [( 4 S 64 y=7915'.704468 log tan -3437I.747 e2+-+-+-  +.  . . . 

If the given. spheroid is dofined by the flattening, e2 may he computed from the 
formula 

in which f is the flattening. 

in closed form, as follows: 

e= = 2f -J", 

The series for y in the sines of tho multiplo arcs can bo wvrit,ten with coefficients 

y = 7915'. 704468 log tan (:+ g) - 3437'. 747 2f sin (0 - 2f"  sin 3cp 3 €3 

+- 2fs sin 5 ~ - -  2y sin 7cp+ - -), 5 8  7€@ 
in whichf denotes the flattening and e the eccentricity of the spheroid. 

DEVELOPMENT OF THE FORMULAS FOR THE TRANSVERSE MERCATOR PROJECTION. 

The oxpressions for tho coordinates of the transverse Mercator projection can 
be determined by a transformation performed upon the sphere. If p is the great- 
circle radial distance, and w is the azimuth reckoned from a given initial, the trans- 
verse Mercator projection in terms of these elements is expressed in the form 

x-a w ,  

y = a log, cot $ 0  

But, from the transformation triangle (Fig. 66 on pago 143), we have 

cos p = sin a sin cp + cos a cos cp cos 

tan w= 

, 
cos a sin cp - sin CY cos Q cos X 

sin X cos cp 9 

in which CY is the latitude of tho point that becomes the pole in the transverse pro- 
jection. 

By substituting these values in the equations above, wo get 

and 

a sin cp-sin a cos cp cos h 
sin X cos Q 

x=a  tan" 

?J = a log. cot f 
1+sin a sin cp++os a COS Q COS x 
1-sin OL sin Q-COS 01 COS Q COS x 
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If wo wish tho formulas to yield the usual values when a converges to f ,  rvo 

must replace X by X---. or, in other words, we must change the meridian from which 

X is reckoned by f -  With this change the txpressioiis for tlic coordinates bocome 

?r 

2 

sin a! cos cp sin X-cos Q sin cp 
cos cp cos X 5--& t:111-’ 

1 +sin Q sin vi-cos Q cos cp sin X 
1 -sin cy sin cp-cos Q cos p sin X 

With common logarithms the 1~ coordinate becomes 

I f s in  Q sin V+COS Q cos cp sin X 
1-sin Q sin Q-COS Q COS cp sin X y-  - log -2111 

in which H is tho modulus of common logarithms. 
A study of tho transverse Nercator projections was made by A. Lindenkohl. 

U. S. Coast and Geodetic Survey, some years ago, but no charts in the modified form 
have ever been issued by this ofice. 

In  a transverse position the projoction loses the property of straight meridians 
nnd parallels, and the loxodrome or rhumb liiio is no longor a straight lino. Since 
the projection is conformal, the representation of tho rhumb lino must intersect the 
meridinns on the map a t  a constant angle, but as the meridians bocomo curved 
lines the rhumb line must, nlso become a curved lino. The transverse projection, 
therefore, loses this valuable proporty of the ordinary Norcator projection. 

The distortion, or change of scale, increases with the distance from tho great 
circle which plays the part of tho Equator in the ordinary Mercator projection, but, 
considering tho shapes and geographic location of certain areas to be charted, a 
transvorso position would in some instances give advnntageous results in the prop- 
erty of conformal mapping. 

CONSTRUCTION OF A MERCATOR PROJECTION. 

On the Mercator projection, meridinns are represented by parallel and equidistant 
straight lines, aiid the parallels of latitude are represented by a system of straight 
lines a t  right angles to the former, the spacings between them conforming to tho 
condition that at  orery point the angle between any two curvil inear elements upon 
the sphere is represented upon the chart by an equal angle between the representa- 
tives of these elements. 

In order to retain the correct shape and comparative size of objects as far as 
possible, it becomes necessary, therefore, in constructing a Mercator chart, to increase 
overy degree of latitude toward the pole in precisoly the same proportion as the 
dogreos of longitude lmvo been lengthened by projection. 

TABLES. 

The tablo a t  present employed by the U. S. Coast m d  Geodetic Survoy is that 
appearing in Trait4 d’HydrogTaphie by A. Germnin, 1SS2, Table XIII. This 
table is as good a3 any a t  present available and is inoludod in this publication, 
beginning on page 117. 

The outer columns of minutes give the notation of minutes of latitude from tbe 
Equator to 80’. 
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The column of meridional distances gives the total distance of any parallel of 
latitude from the Equator in terms of a minuto or unit of longitude on the Equator. 

The column of difeTences gives tho value of 1 minute of latitude in terms of a 
minute or unit of longitude on the Equator; thus, th'e length of any minute of latitude 
on the map is obtained by multiplying the length of a minute of longitude by the 
value given in the column of differences between adjacent minutes. 

The first important step in the use of hfercator tables is to note the fact that a 
minute of longitude on the Equator is the unit of measurement and is used as an 
expression for the ratio of any one minute of latitude to any other. The method of 
construction is simple, but, on account of different types of scales employed b r  
different chart-producing establishments, it is desirable to present two methods: 
(1) The diagonal metric scalo method; (2) the method similar to that given in 
Bowditch's American Practical Navigat.or. 

Latitude. 

. ,  
43 05 
43 00 

DIAQONAL METRIO SOALE METHOD AS USED IN THE U. 8. COAST Ah?) QEODETIO SURVEY. 

Draw a straight line for a central meridian and a construction line perpendicular 
thoreto, each to be ns central to the shoet as tho solected i n t e n d  of latitude and 
longitude will permit. To insure greater accuracy on largo sheets, the longer line of 
the two should be drawn first, and the shorter line erocted perpendicular to it. 

Example: Required a hfercator projection, Portsmouth, N. H., to Biddeford, Mo., 
extending from lstitudo 43" 00' to 43' 30'; longitude 70' 00' to 71" 00', scale on 
middle parallel 1 : 400 000, projection interval 5 minutes. 

The middlo latitude being 43" 15.', we take as the unit of motlsuremont the truo 
value of a minute of longitude as given in the Polyconic Projection Tables, U. S. 
Coast and Geodetic Survey Special Publication No. 5 (general spherical coordinatm 
not being given in the Germain tables). Entering the proper column on pago 96, 
wo Gnd the length of a minute of longitude to he 1353.5 motors. 

As metric diagonal scales of 1 : 400 000 are neither available nor convenient, we 
ordinarilx uso a scalo 1 : 10 000; this latter scale, being 40 times tho former, the length 
of a unit of measurcmont on it will be one-fortieth of 1353.5, or 33.84. 

Lines representing 5-minute intervals of longitudo can now bo drawn in on either 
side of the central meridian and parallel thereto at intervals of 5 ~ 3 3 . 8 4  or 160.2 
apart on the 1 : 10 000 scale. (In practice it is advisablo to determine the outer meri- 
dians first, 30 minutes of longitude being represented by 6 x 169.2, or 1015.2; and 
the 5-minuto intervals by 169.2, successively.) 

-- 
m.w 
2847.171 

THE P A R U L E L S  OF LATITUDE. 

The distanca between the bottom parallel of the chart 43' 00' and the next 
5-minute parallel-that is, 43" 05'--Will be ascertained from the Mercator tables 
by taking the difference between the values opposite these parallels and multiplying 
this difference by tho unit of measurement. Thus: 



70'30' 

~~ 

C e n f d  3ra//e/ 

70'00' 
,Go 30' 

43'J5' 

43" 00' 



Lotltudc. n,;l 43 43 2o ~ ' .  ................................ .............................. 
43 1.5 ................................ 
43 ................................ 
43 ................................ 
43 oo ................................ 

From the central parallel, or 43' 15', the other parallcls cnn now be stepped 
off and drawn in as straight lines and the projection completed. Draw then the 
outer neat lines of the chart at  a convenient distance outside of the inner neat lines 
and extend to  them the meridians and parallels already constructed. Between the 
inner and outer neat lines of the chart subdivide the degrees of latitude and longitude 
as minutely as the scale of the chart will permit, the subdivisions of the degrees of 
longitude being found by dividing the degrees into equal parts; and the subdivisions 
of tho degroes of latitude being nccuratcly found in the same manner as tho 5-minuto 
intervals of latitude already doscribed, though it will generally be sufficiently oxnct 
on largescale chnrts to make wen subdivisions of these intervals of latitude, ns in 
the case of the longitude. 

In northern latitudes, where the meridional increments are quite noticeable, 
care should be taken so as to have the latitude intervals or subdivisions computed 
with sufficient closeness, so that their distances npart will increase progrcssively. 

The subdivisions along the eastern, as well as those along the western neat 
line, will serve for measuring or estimating terrestrial distances. Distances 
between points bearing north and south of each other may be ascertained by referring 
them to bhe subdivisions between their latitudes. Distances represented by lines 
(rhumb or loxodromic) a t  an angle to the meridians may be measured by taking 
between the dividers tt small number of the subdivisions ncnr the middle latitudo 
of the line to be measured, and stepping them off on that line. If, for instance, the 
terrestrial length of a line running at  an angle to the- meridians, between the parallels 
of latitude 24' 00' and 29' 00' be required, the distance shown on the neat space 
between 26' 15' and 26' 45' (= 30 nautical miles)30 may be taken between the dividers 
and stepped off on that line. A n  oblique line of considerable length may well be 
divided into parts and ench pari; referred to its middle latitude for a unit of 
measurement. Further observations on the Mercator projection are given on pages 
146 and 147. 

Spnclng. 

232.0 
Z i 1 . G  
231.3 
231.0 
230.6 

TO CONSTRUCT A MERCATOR PROJECTION BY A METHOD SIIUILAR TO THAT QIVEN I N  
BOWDITCH'S AMERICAN PRACTICAL NAVIQATOR. 

If the chart includes the Equator, the values found in the tables will serve 
directly as factors for any properly divided diagonal scale of yards, feet, meters, or 
miles, these factors to be reduced proportionally to the scale adopted for the chart. 

If the chart does not include the Equator then the parallels of latitude should 
be referred to a principal parallel, preferably the central or the lowest parallel to be 

in latitude 48' 15' only. The length of a m u t e  of lati- IO Strictly spcaklng, a minute of latitude I3 e q d  to a nautical 
tude varies from 1842.8 meters at the Equator to 1881.7 meters at the pole. 
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drawn upon the chart. The distance of any other parallel of latitude from the 
principal parallel is the difference of the values of the two taken from the tables and 
reduced to the scalo of the chart. 

If, for example, i t  bo required to construct a chart on a scale of one-fourth of an 
inch to 5 minutes of arc on the Equator, the minute or unit of measurement vi11 be 
3 of + inch, or & of an inch, and 10 minutes of longitude on the Equator (or 10 
meridional parts) will bo represented by or 0.5 inch; likemiso 10 minutes of 
latitude north or south of the Equator will be represented by 2$. X 9.932 or 0.4966 
inch. Tho valuo 9.932 is the difference between the meridional distances as given 
opposito latitudes 0" 00' and 0" 10'. 

If the chart does not include the Equator, and if the middle parallel is latitude 
40°, and the scale of this parallel is to be ono-fourth of an inch to 5 minutes, then 
the measurement for 10 minutes on this parallel will be the same as before, but the 
measurement of tho interval between 40" 00' and 40" 10' will be & x 13.018, or 
0.6509 inch. The value 13.018 is the difference of the meridional distances as given 
opposite these latitudes, i. o., the difference between 2G20.701 and 2607.683. 

(It may often be expedient to construct a diagonal scale of inches on the drawing 
to facilitate the construction of a projection on the required scale.) 

Sometimes it is desirable to adapt the scale of a chart to a certain allotment 
of paper. 

Emmpte: Let a projeciion be required for a chart of 14" extent in longitude 
between the parallels of latitude 20" 30' and 30" 25', and let the space allowable on 
the paper betwoen theso parallolv be 10 inches. 

Draw in the center of the shoet a straight line for the central meridian of the 
chart. Construct carefully two lines perpendicular to the central meridian and 
10 inches apart, one near the lower border of the sheet for parallel of latitude 20" 30' 
and an upper one for parallel of latitude 30" 25'. 

Entering the tables in the column meridwnai! distance we h d  for latitude 
20" 30' tho value 1248.045, and for latitude 30" 25' the value 1905.488. The differ- 
ence, or 1905.488- 1248.945 = 656.543, is the value of tho meridional arc betweon 
these latitudes, for which 1 minute of arc of the Equator is taken ns a unit. On 

-0.0162 10 in. the projection, therefore, 1 minute of arc of longitude will measure ~ 656.543 
inch, which will be the unit of measurement. By this quantity all the values derived 
from the tablo must be multiplied before they can be uscd on a diagonal scale of 
inches for this chart. 

As the chart covers 14" of longitude, the 7" on either side of the central meridian 
wi l l  be represented by 0.0152 x 60 x 7, or 6.38 inches. These distances can be laid 
off from the central meridian east and west on the upper and lower parallel. Through 
the points thus obtained draw lines parallel to the central meridian, and theso will 
be the eastern and western neat lines of tho chart. 

In order to obtain the spacing, or interval, between the parde l  of latitude 
21" 00' and the bottom parallel of 20" 30', we find the difference between their 
meridional distances and multiply this difference by the unit of measurement, 
which is 0.0152. 

Thus : (1280.835- 1248.945) X 0.0152 
or 31.890 x 0.0153 5 0.485 inch. 

64562'-31-8 
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On the three meridians already constructed lay off this distance from the bottom 
parallel, and through the points thus obtained draw a straight line which will be 
the parallel 21’ 00’. 

Proceed in the same manner to lay down all the parallels answering to full 
degrees of latitude; the distances for 22”, 23”, and 24” from the bottom parallel 
will be, respectively: 

0.0152 x (1344.945-1248.945) = 1.459 inches 
0.0152 x (1409.513- 1248.945) = 2.441 inches 
0.0152 x (1474.566- 1248.945) = 3.420 inches, etc. 

Finally, lay down in the same way the parallel 30” 25‘, which will be the 
northern inner neat line of the chart. 

A degree of longitude will mensure on this chart 0.0152 X 60 = 0.913 inch. Lay 
off, therefore, on the lowest parallel of latitude, on the middle one, and on the 
highest parallel, measuring from the centrnl meridian toward either side, the dis- 
tances 0.912 inch, 1.824 inches, 2.736 inches, 3.648 inches, etc., in order to determine 
the points where meridians answering to full degrees cross the parallels drawn on 
the chart. Through the points thus found draw the straight lines representing the 
meridians. 

If it occurs that a Mercator projection is to be constructed on n. piece of paper 
where the size is controlled by the limits of longitude, the case may be similarly 
treated. 

CONSTRUCTION OF A TRANSVERSE MERCATOR PROJECTION FOR THE SPHERE WITH 
THE CYLINDER TANGENT ALONG A MERIDIAN. 

The Anti-Gudermannian table given on pages 309 to 318 in “Smithsonian 
Mathematical Tables-Hyperbolic Functions ” is really a table of meridional dis- 
tances for the sphere. BY use of this table an ordinary Mcrcator projection can be 
constructed for the sphere. Upon this graticule the transverse Mercator can be 
plotted by-use of the table, “Transformation from geographical to  azimuthal coordi- 
na t e sxen te r  on the Equator” given in U. S. Coast and Geodetic Survey 
Special Publication No. 67, “Latitude Developments Connected with Geodesy and 
Cartography, with Tables, Including a Table for Lambert Equal-Area Meridional 
Projection.” 

Figure 61 shows such a transverse Mercator projection for a hemisphere; the 
pole is the origin and the horizontal meridian is the central meridian. The dotted 
lines are the lines of the original Mercator projection. Since the projection is turned 
90” in azimuth, the original meridians are horizontnl lines and the parallels are 
vertical lines, the vertical meridian of the transverse projection being the Equator 
of the original projection. The numbers of the meridians in the transverse projec- 
tion are the complements of the numbers of the parallels in the original projection. 
The same thing is true in regard to the parallels in the transverse projection and 
the meridians in the original projection. That is, where the number 20 is given 
for the transverse projection, we must read 70 in the origirial projection. 

The table in Special Publication No. 67 consists of two parts, the first part, 
gv-ing the values of the azimuths reckoned from the north and the second part 
giving the greabcircle central distances. From this table we get for the intersection 
of latitude 10’ with longitude lo’, 

0 I / I  

azimuth =44 33 41.2 
radial diatance=14 06 21.6 
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To the nearest minute these become 
u = 4 4 O  34' 
f=14 06 

The azimuth becomes longitude in the original projection and is laid off upward 
from the origin, or the point marked "pole" in the figure. The radial distance is 
the complement of the latitude on the original projection; hence the chosen inter- 
section lies in longhude 44' 34' and latitude 75' 54' on the original projection. 

Fxo. 61.-Transverse Mercator projection-cylinder tangent nloiig a meridian-construction plate. 

It can be seen from the figure that thoro aro three other points symmetrically situated 
with respect to this point, one in each of the other three quadrants. If the inter- 
sections in ono quadrant are actually plotted, the other quadrants may be copied 
from this construction. Another hemisphere added either abovo or below will 
complete the sphere, with the esception, of course, of the part that PRSSM off to 
infinity. 

In practice the original projection need not be drawn, or, if i t  is drawn, tho linos 
should be light pencil lines used for guidance only. If longitude 44' 34' is laid off 
upward tuong a vertical line from an origin, Qnd the meridional distance for 75' 54' 
is laid off to the right, the intersection of tho meridinn of 10' with the parallel of 10' 
is located upon the map. In a similar manner, by the use of tho table in Special 
Publication No. 67, the other intersections of the parallel of 10' can be located; then 
a smooth curve d r a m  through these points so determined will be tho parallel of 10'. 
Also the other intersections of tho meridian of 10' can bo located, and R smooth curve 
drawn through these points will represent the meridian of 10'. 
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The table in Special Publication N;. 67 gives the intersections for 5" intervals 
in both latitude and longitude for one-fourth of a hemisphere. This is sufficient for 
the construction of one quadrant of the hemisphere on the map. As stated above, 
the remaining quadrants can either be copied from this construction, or the values 
may be plotted from the consideration of symmetry. In  any case figure 61 will 
serve as a guide in the process of construction. 

In the various problems of conformal and equal-area mapping, any solution that 
will satisfy the shapes or extents of the areas involved in the former system has 
generally a counterpart or natural complement in the latter systcm. Thus, whcre 
we map ti given locality on ihe Lambert conformal conic projection for purposes of 
conformality, we may on the other hand employ the Albers projection for equal- 
area representation of the same region; likewise, in mapping a hemisphere, the 
stereographic meridional projection may be contrasted with the Lambert meridional 
projection, the stereographic horizon projection with the Lambert zenithal ; and so, 
with a fair degree of accuracy, the process above described will give us conformal 
representation of the sphere suited to a zone of predominating meridional dimensions 
as a counterpart of the Bonne system of equal-area mapping of tho same zone. 

MERCATOR PROJECTION TABLE. 

[Reprinted from W t A  d'Hydmgraphlc, A .  Oermsm, IngBniour IIydrOgaphO de la Narine, Paris, MDCCCLXXXII, t o  latitude 
60' only.] 

KOTE. 

It is observed in this table that the meridional differences are irregular and that 
second differcnccs frequently v q  from plus to minus. The tables might well have 
been computed to  one more place in decimals to insure the smooth construction of a 
projection. 

In the use of any meridional distance below latitude 50" 00' the following procoss 
will eliminate irregularities in the construction of large scale maps and is within 
scaling accuracy: 

To any meridional distancc add the O ~ C  abovc and tho onc below uncl take the 
mean, thus: 

17110.677 

I ; 5342.033 I 
The mmu to be used for htitudo 2s' 3ti' Is 1760.Lml 
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MERCATOR PROJECTION TABLE. 
[Meridional dlstmccs for the sphcroid. Compression &] 
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4 
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6 
7 
8 
9 
10 
11 
12 
13 
14 
16 
16 
17 
18 
13 
20 
21 
22 
23 
24 
26 
26 
21 
2a 
29 
30 
31 
32 
33 
34 
36 
36 
37 
38 
59 
40 
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43 
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4s 
46 
41 
48 
4s 
60 
61 
62 
53 
64 
bd 
68 
67 
68 
69 
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0.000 
0.993 
1.986 
2.980 
3.973 
4.966 
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9.932 
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23.,637 
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mRCATOR PROJECTION TABLMontiI  
[Meridionnl distances for the spheroid. CompreFLsion a 
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240.559 
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243.547 
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253.506 
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289.376 
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293.363 
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295.367 
296.354 
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298.348 
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348.236 
349.234 
350.233 
351.231 
352.230 
353.228 
354.227 
355.226 
356.224 
357.223 
358.222 

, 
Dlfferenc 

0.997 
997 
998 
997 
997 
997 
997 
998 
997 
997 

0.998 
997 
997 
998 
997 
998 
997 
998 
998 
997 

0.998 
998 
997 
998 
998 
997 
998 
998 
998 
998 

0.997 
998 
998 
998 
998 
998 
998 
998 
9.98 
999 

0.99s 
998 
998 
998 
999 
998 
998 
999 
998 
999 

0.998 
999 
998 
999 
998 
999 
999 
998 
999 

0.999 

6' 

Meridiona; 
distance. 

358.222 
359.220 
360.219 
361.218 
362.217 
363.216 
364.215 
365.213 
366.212 
367.211 
368.211 
369.210 
370.209 
371.208 
372.207 
373.206 
374.206 
375.205 
376.204 
377.204 
378.203 
379.203 
380.202 
381.202 
382.201 
383.201 
384.200 
385.200 
380.200 
387.199 
388.198 
389.198 
390.198 
391.198 
392.198 
393.198 
394.198 
395.198 
396.198 
397.198 
398.198 
399.198 
400.198 
401.19s 
402.198 
403.198 
404.199 
405.199 
406.199 
407.200 
408.200 
409.201 
410.201 
411.202 
412.202 
413.203 
414.203 
415.204 
416.205 
417.206 
418.206 

I 

Differenc 

0.998 
999 
999 
999 
999 
999 
998 
999 

0.999 
1. OOO 
0.999 

999 
999 
999 

0.999 
1. OOO 
0.999 
0.999 
1.000 
0.999 
1. OOO 
0.999 
1. OOO 
0.999 
1. OOO 
0.999 
1. OOO 
1. OOO 
0.999 
0.999 
1. OOO 

OOO 
OOO 
OOO 
OOO 
ooo 
000 
OOO 
OOO 
OOO 

1. OOO 
OOO 
OOO 
OOO 
OOO 

001 
OOO 
OOO 
001 
OOO 

1.001 
OOO 
001 
OOO 
001 
OOO 
001 
001 
001 

1. OOO 

d. 

70 
Meridional 
dlstance. 

418.206 
419.207 
420.208 
421.209 
422.209 
423.210 
424.211 
425.212 
426.213 
427.214 
428.216 
429.217 
430.218 
431.219 
432.220 
433.222 
434.223 
435.224 
436.226 
437.227 
438.229 
439.230 
440.232 
441.234 
442.235 
443.237 
444.239 
445.241 
446.242 
447.244 
448.246 
449.248 
450.250 
451.252 
452.254 
453.256 
454.258 
455.260 
456.262 
457.264 
458.267 
459.269 
460.272 
461.274 
462.277 
463.279 
464.282 
465.284 
466. 287 
467.289 
468.292 
469.295 * 

470.297 
471.300 
472.303 
473.306 
474.309 
475.312 
476.314 
477.317 
478.321 

Dlflerencs 

1.001 
001 
001 
OOO 
001 
001 
001 
001 
001 
002 

1.001 
001 
001 
001 
002 
001 
001 
002 
001 
002 

1.001 
002 
002 
001 

, 002 
002 
002 
001 
002 
002 

1.002 
002 
002 
002 
003 
002 
002 
002 
002 
003 

1.002 
003 
002 
003 
002 
003 
002 
003 
002 
003 

1.003 
002 
003 
003 
003 
003 
003 
002 
003 

1.004 

- - 
Mh- 
U t e s .  

0 
1 
2 
3 
4 
6 
6 
7 
8 
9 
10 
11 
12 
13 
14 
16 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
20 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
46 
46 
47 
48 
49 
60 
61 
62 
63 
64 
66 
MI 
67 
68 
69 
60 - 



- - 
Yh- 
Ut-.  

- 
0 
1 
2 
3 
4 
6 
6 
7 
8 
9 
10 
11 
12 
13 
14 
16 
16 
17 

. 18 
19 
20 
21 
22 
23 
24 
26 
2u 
27 
28 
29 
30 
31 
32 
33 
34 
36 
36 
37 
38 
30 
40 
41 
42 
43 
44 
45 
4u 
47 
48 
49 
60 
61 
62 
63 
M 
66 
66 
67 
68 
69 
60 - 

hfer1dIonal 
distance. 

478.321 
479.324 
480.327 
481.330 
482.333 
483.337 
484.340 
485.343 
486.347 
487.350 
488.354 
489.357 
490.361 
491.365 
492.369 
493.372 
494.376 
495.380 
496.384 
497.388 
498.392 
499.396 
500.400 
501.404 
502.408 
503.412 
604.416 
605.420 
506.424 
507.429 
608.433 
609.437 
610.442 
511.446 
612.451 
513.455 
514.460 
515.465 
516. 469 
517.474 
618.479 
519.484 
520.489 
521.494 
622.499 
523.504 
524.509 
525.514 
526. 510 
627.525 
528.630 
529.635 
530.540 
531.646 
532.551 
533.567 
534.563 
535.668 
536.574 
637.580 
538.585 

, 
Dlffermcc 

1.003 
003 
003 
003 
004 
003 
003 
004 
003 
004 

1.003 
004 
004 
004 
003 
004 
004 
004 
004 
004 

1.004 
004 
004 
004 
004 
004 
004 
004 
006 
004 

1.004 
005 
004 
005 
004 
005 
005 
004 
005 
005 

1.005 
005 
005 
005 
005 
005 
005 
005 
006 
005 

1.005 
005 
006 
006 
006 
006 
005 
006 
006 

1.005 

go 

Xffer'erence 

1. 006 
006 
006 
00G 
006 
006 
006 
006 
006 
007 

1. 006 
006 
006 
007 
006 
007 
006 
007 
006 
007 

1.007 
00: 
007 
006 
007 
007 
007 
008 
007 
007 

1.007 
008 
007 
007 
008 
007 
008 
007 
008 
008 

1.007 
008 
008 
008 
008 
008 
008 
008 
008 
008 

1.008 
009 
008 
009 
008 
009 
008 
009 
008 

1.009 

loo 

)ifferena 

1.009 
009 
009 
009 
009 
009 
009 
010 
009 
009 

1.009 
010 
009 
009 
010 

009 
010 
010 
009 

1.010 
010 
010 
010 
010 
010 
011 
010 
010 
010 

1.011 
010 
011 
010 
011 
011 
010 
011 
011 
011 

1.011 
011 
01 1 
011 
01 1 
011 
011 
011 
012 
011 

1.012 
011 
012 
012 
011 
012 
012 
012 
012 

1.012 

oio 

THE MERCATOR PROJECTION.  

MERCATOR PROJECTION TABLE-Continued. 
[Meridional distnnceafor the spheroid. Compresicn 

8 O  

Morldional 
distance. 

538.585 
539.591 
540.597 
541. 603 
542. 609 
543.615 
544.621 
545.627 
546. 633 
547.639 
548.646 
549.652 
650. 658 
551.664 
552.671 
553.677 
554.684 
565.690 
556. 697 
557.703 
658.710 
559.717 
560.724 
561.731 
562.737 
563.744 
564.751 
565.758 
566.766 
567.773 
568.780 
569.787 
570.796 
571.802 
672.809 
573.81 7 
574.824 
676.832 
576.839 
677.847 
578.855 
579.862 
680.870 
581.878 
682.886 
583.894 
684.902 
685.910 
586.918 
587.926 
588.934 
689.942 
690.951 
591.959 
592.968 
593.976 
594.985 
595.903 
597.002 
598.010 
599.019 

Y er i dl an a 1 
distance. 

I 

599.019 
GOO. 028 
601.037 
602.046 
603.054 
604.063 
G05.072 
606.081 
607.091 
608.100 
609.109 
610.118 
611.128 
612.137 
613.146 
614.156 
615.166 
616. 175 
617.185 
618.195 
619.204 
620.214 
621.224 
622.234 
623.244 
624.254 
625.264 
626.275 
627.285 
628.295 
629.305 
630.316 
631.326 
632.337 
633.347 
634.358 
635.369 
(336.379 
637.390, 
638.401 
639.412 
640.423 
G41.434 
642.445 
643.456 
644.467 
645.478 
646.489 
647. 500 
648.512 
649.523 
660.635 
651.646 
652.668 
653.670 
654.581 
655.593 
656. 605 
657.617 
658.629 
659.641 

Meridional 
distance. 

659.641 
680.653 
661.665 
662.678 
663.690 
664.702 
665.715 
666.727 
667.740 
668.752 
669.766 
670.778 
671.790 
672.803 
673.816 
674.829 
675.842 
676.855 
677.868 
678.881 
679.8M 
680.907 
681.920 
682.934 
683.947 
684.961 
685.974 
686.988 
688.002 
689.015 
690.029 
691.043 
692.057 
693.071 
694.085 
695.099 
696.113 
697.128 
698.142 
699.156 
700.171 
701.185 
702.200 
703.215 
704.229 
705.244 
706.259 
707.274 
708.289 
709.304 
710.319 
711.334 
712.349 
713.364 
714.379 
715.395 
716.410 
717.425 
718.441 
719.457 
720.472 

I 

3iffW'erenCf! 

, 
1.012 

012 
013 
012 
012 
013 
012 
013 
01 2 
013 

1.013 
01 2 
013 
013 
013 
013 
013 
013 
013 
013 

1.013 
013 
014 
013 
014 
013 
014 
014 
013 
014 

1.014 
014 
014 
014 
014 
014 
015 
014 
014 
016 

1.014 
015 
015 
014 
015 
016 
015 
015 
016 
015 

1.016 
015 
016 
015 
016 
015 
015 
016 
01 6 

1.015 

119 

- - 
Mln- 
u t a  
- 
0 
1 
2 
3 
4 
6 
6 
7 
8 
9 
10 
11 
12 
13 
14 
16 
16 
17 
18 
19 
20 
21 
22 
23 
24 
26 
2% 
27 
x8 
29 
30 
51 
52 
33 
34 
36 
3% 
87 
38 
35 

40 
41 
42 
Is 
14 
45 
46 
47 
48 
49 
60 
61 
62 
65 
b1  
65 
66 
67 
68 
69 
60 - 



120 

Mln- 
Utes. 

0 
1 
2 
3 
4 
6 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
26 
26 
27 
28 
29 
30 
31  
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
46 
40 
41 
48 
49 
bo 
61  
62 
63 
64 
66 
66 
67 
be 
69 
60 - 

U. S. COAST AND GEODETIC SURVEY. 

MERCATOR PROJECTION TABLE-Continued. 
[Ueridional distances for the spheroid. Compression .& 

12O I 
Kerldionsl 
dlstnnco. 

720.472 
721.488 
722. 504 
723.520 
724.535 
725.551 
726.567 
727.584 
728.600 
729.616 
730.632 
731.649 
732.665 
733.682 
734.698 
735.715 
736.732 
737.749 
738.765 
739.782 
740.799 
741.816 
742.833 
743.850 
744.868 
745.885 
746.902 
747.919 
748.937 
749.954 
750.972 
751.990 
753.007 
754.025 
755.043 
756.061 
757.079 
758.097 
759.115 
760.134 
761.152 
762.170 
763.189 
764.207 
765.226 
760.244 
767.263 
768.282 
769.301 
770.320 
771.339 
772.358 
773.377 
774.396 
775.415 
776.434 
777.454 
778.473 
779.493 
780.513 
781.532 

Ifference. 

1.016 
016 
016 
015 
016 
016 
017 
016 
016 
016 

1.017 
016 
017 
016 
017 
017 
017 
016 
017 
017 

1.017 
017 
017 
018 
017 
017 
017 
018 
017 
018 

1.018 
017 
018 
018 
018 
018 
018 
018 
019 
018 

1.018 
019 
018 
019 
018 
019 
019 
019 
019 
019 

1.019 
019 
019 
019 
019 
020 
019 
020 
020 

1.019 

13O 

derldloml 
distance. 

, 
781.532 
782. 552 
783.572 
784.592 
785.612 
786.632 
787.652 
788.672 
789.692 
790.712 
791.733 
792.753 
793.773 
794.794 
795.814 
796.835 
797.856 
798.877 
799.898 
800.919 
801.940 
802.061 
803.982 
805.003 
806. 025 
807.046 
808.068 
809.089 
810.111 
811.133 
812.155 
813.177 
814.199 
815.221 
816.243 
817.265 
818.287 
819.309 
820.332 
821.354 
822.377 
823.399 
824.422 
825.444 
826.467 
827.490 
828.513 
829.536 
830.559 
831.582 
832.605 
833.629 
834.652 
835.676 
836.699 
837.723 
838.747 
839.771 
840.794 
841.818 
842.842 

iffercnce. 

1.020 
020 
020 
020 
020 
020 
020 
020 
020 
021 

1.020 
020 
021 
020 
021 
021 
021 
021 
021 
021 

1.021 
021 
02 1 
022 
021 
022 
02 1 
022 
022 
022 

1.022 
022 
022 
022 
022 
022 
022 
023 
022 
023 

1.022 
023 
022 
023 
023 
023 
023 
023 
023 
023 

1.024 
023 
024 
023 
024 
024 
024 
023 
024 

1.024 

14' 

derldioml 
distance. 

, 
842.842 
843.866 
844.890 
845.915 
846.939 
847.963 
848.988 
850.012 
851.037 
852.061 
853.086 
854.111 
855.136 
856.161 
857.186 
858.211 
859.236 
860.262 
861.287 
862.312 
803.337 
864.363 
865.389 
866.415 
867.440 

869.492 
870.518 
871.544 
872.571 
873.597 
874. 623 
875. G49 
876. 676 
877.702 
878.729 
879.756 
880.782 
881.809 
882.836 
883.863 
884.891 
885.918 
886. 946 
887.973 
889.001 
890.028 
891.056 
892.084 
893.112 
894.140 
895.168 
896.106 
897.224 
898.252 
890.280 
900.308 
901.337 
902.365 
903.394 
904.422 

-868.466 

-, , 
1.024 

024 
025 
024 

' 024 
025 
024 
025 
024 
025 

1.025 
025 
025 
025 
025 
025 
026 
025 
025 
025 

1.026 
026 
026 
025 
026 
026 
026 
026 
027 
026 

1.026 
026 
027 
026 
027 
027 
026 
027 
027 
027 

1.028 
027 
028 
027 
028 
027 
028 
028 
028 
028 

1.028 
028 
028 
028 
028 
028 
029 
028 
029 

1.028 

150 
~~ 

doridloml 
dlstonca. 

904.422 
905.451 
906.480 
907.509 
908.538 
909.567 
910.596 
911.626 
912.655 
913. 684 
914.714 
915.743 
916.773 
917.803 
918.832 
919.862 
920.892 
921.922 
922.953 
923.983 
925.013 
926.044 
927.074 
928.105 
929.135 
930.166 
931.197 
932.228 
933.259 
934.290 
935.321 
936.352 
937.384 
938.415 
939.447 
940.478 
941.510 
942.542 
943.573 
944.605 
945. 637 
946. 669 
947.702 
948.734 
949.766 
950.799 
951.832 
952.864 
953.896 
954.929 
955.962 
956.995 
958.028 
959.061 
960.095 
961.128 
962. 101 
963.195 
964.228 
965.262 
96G. 296 

Iffercnce. 

1.029 
029 
029 
029 
029 
029 
030 
029 
029 
030 

1.029 
030 
030 
029 
030 
030 
030 
03 1 
030 
030 

1.031 
030 
031 
030 
031 
031 
031 
031 
031 
031 

1.031 
032 
031 
032 
031 
032 
032 
031 
032 
032 

1.032 
033 
032 
032 
033 
033 
032 
032 
033 
033 

1.033 
033 
033 
034 
033 
033 
034 
033 
034 

1.034 

- - 
[in- 
tes. 

0 
1 
2 
3 
4 
6 

7 
8 
9 

10 
11 
12 
13 
14 
16 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 

21 
28 
b 
30 
31 
32 
33 
34 
35 
30 
31 
38 
39 
40 
41 
42 
43 
M 

45 
40 
41 
48 
40 
so 
51 
bZ 
63 
64 
66 
60 
67 
68 
60 
60 

a 

2a 

- 



T H E  MERCATOR PROJECTION. 

1. 045 

2; 
045 

MERCATOR PROJECTION TABLE-Continued. 
[Morldlonal dlstanccs for tho spheroid. Compression &] 

18' I1 17 ' Ii 18' II 19' 

1153.893 
54.943 
55.994 
57.046 
58.097 
59.149 
GO. 201 
61.253 
62.305 

121 

::: I i 
'*E! I 
ii I 
047 I 
047 I 

MID- 
Utes. 

63.357 
1164.411 
65.461 
66.514 
67.566 
68.619 
69.672 
70.724 
71.777 

0 
1 
2 
3 
4 
6 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
18 
17 
18 
19 
20 
21 
22 
23 
24 
26 
26 
27 
2a 
20 
30 
31 
32 
33 
34 

36 
36 
31 
38 
39 
40 
41 
42 
43 
44 
46 
46 
41 
48 
49 
80 
61 
62 
63 
64 
66 
66 
67 
68 
69 
60 

.7 

8;: :;: 
034 

Uoridlonal 
dlstanco. 

29.522 
30.561 
31. GOO 
32.640 
33.680 

, 
966.296 
967.330 
968.364 
969.398 
970.432 
971.466 
972.500 
973.534 
974.568 
975.603 
976.638 
977.673 
978.707 
979.742 
980.777 
981.812 
982.847 
983.882 
984.918 
985.953 
986. 988 
988.024 
989. om 
990.095 
991.131 
992.167 
993.203 
994.239 
995.276 
996.312 
997.348 
998.385 
999.421 
1OOO. 458 
01.495 
02.532 
03.5G9 
04.606 
05.643 
06. 680 

1007.718 
08.755 
09.793 
10.80 
11.878 
12.906 
13.943 
14.981 
16.019 
17.058 

1018.096 
19.134 
20.172 
21.210 
22.249 
23.288 
24.327 
25.366 
2G. 405 
27.444 

1028.483 

1. 039 

:;; :: 
::: 
040 ::: 
041 :: ::: 
:! 
E; 
041 

1. 041 

92.052 
93.098 
94.143 
95.188 
96.234 
97.279 
98.325 

1099.370 
1100.416 
1101.462 
02.508 
03.554 
04. GO1 
05.647 
06.693 
07.740 
08.787 
09.833 
10.861) 

1111.927 
12.974 
14.021 

' II ' 

"' 1 
i i  

1091.007 

15.069 
16.116 

::$ ::; 
;;; 
036 

39.920 
.40.960 
42. OOO 
43.041 
44.082 
45.122 
46.163 
47.204 
48.245 

Narldional 
)'fferencc' 11 dlstnncc. 

035 

I 
036 

;;; 

le;;; 

037 ::: 
:;; 
037 

037 

:$ 
":;: 
037 

:;; 
:!: ::: 
038 

!!: 
03g 
039 
03' 
03' 
03' 
Og9 ' 

1 

' II ' 

1038.879 

1049.286 
50.327 
51.368 

, 52.409 
53.451 
54.493 
55.534 
56.576 
57.618 
58.6GO 

1059.702 
Go. 744 
61.786 
62.628 
63.870 
64.913 
(35.956 
66.998 
68.041 
G9.084 

1070.127 
71.170 
72.213 
73.257 
74.300 
75.343 
76.387 
77.431 
78.475 
79.518 

1080.602 
81.607 
82.661 
83.695 
84.739 
85.784 
86.828 
87.873 
88.918 
89.963 

1091.007 

042 

llffWenCC 

17.163 
18.211 
19.259 
20.307 
21.354 

1.052 
051 
052 
051 
052 
052 
0.52 
052 
053 
052 

1.052 
053 
052 
053 
053 
052 
053 
053 
054 
053 

1.053 
054 
053 
054 
054 
054 
054 
054 
054 
055 

1.054 
055 
055 
055 
055 
055 
055 
055 
056 
055 

1.056 
055 
056 
056 
056 
05 G 
056 
057 
056 
057 

1.056 
057 
057 
057 
057 
058 
057 
058 
057 

1.058 

1. 049 
04' 1 

0 
1 
2 
3 
4 
6 
6 
7 
8 
9 

10 
11 
12 
13 
14 
16 
18 
17 
18 
19 
20 
21 
22 
23 
24 
26 
26 
27 
a3 
29 

so 
31 
32 
33 
34 
36 
36 
37 
38 
39 
40 
41 
42 
43 
44 
% 
46 
41 
48 
49 
60 
61 
aa 
63 
64 
66 
68 
61 
68 
69 
80 - 

1185.478 
86.530 
87.585 

. ~~ 

l. 042 

043 

::: 
1. 043 

E: 
E; 
l: 

1.045 

gi 
044 

045 '' 044 

1122.403 
23.451 
24.499 
25.547 
26.595 
27.641 
28.693 
29.741 
30.790 
31.839 

1132.888 
33.937 
34.987 
36.036 
37.086 
38.135 

I 39.185 
40.235 
41.285 
42.335 

1143.385 
44.435 
45.485 
46.536 
47.586 
48.637 
49.688 
50.738 
51.789 
52.840 

1153.891 

050 

":$ 
051 

E; 
051 

:ii '' 05' 
050 

05.530 
1206.589 
07.643 
08.700 
09.757 
10.814 
11.871 

13.986 
15.044 
16.101 

1217.159 

12.929 
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- - 
M In- 
uta. 

- 
0 
1 
2 
3 
4 
5 
6 
1 
8 
9 
10 
11 
12 
13 
14 
16 
16 
11 
18 
19 
20 
21 
22 
23 
24 
26 
28 
27 
28 
29 
30 
31 
32 
33 
34 
36 
38 
31 
38 

40 
41 
42 
43 
44 
4s 
46 
47 
40 
43 
bo 
61 
62 
63 
64 
65 
66 
67 
bs 
69 
60 

as 

U. S. COAST AND GEODETIC SURVEY. 

MERCATOR PROJECTION TABLE-Continued. 
[Morldional distnnccs for the spheroid. Compression 9&] 

20° 
Morldional 
dfstance. 

, 
1217.161 

18.217 
19.275 
20.333 
21.392 
22.450 
23.509 
24.567 
25. 626 
26.685 

1227.744 
28.803 
29.862 
30.921 
31.980 
33.040 
34.099 
35.159 
36.218 
37.278 

1238.340 
39.399 
40.459 
41.519 
42.580 
43.640 
44.701 
45.762 
46.823 
47.884 

1248.945 
8 . 0 0 6  
51.068 
52.129 
53.191 
54.252 
55.314 
56.376 
57.438 
58.501 

1259.563 
60.626 
61. 688 
62.751 
63.814 
64.877 
65.940 
67.003 
68.067 
69.130 

1270.192 
71.257 
72.321 
73.385 
74.449 
75.513 
76.577 
77.642 
78.706 
79.771 

1280.835 

IiEerence. 

, 
1.058 

058 
058 
059 
058 
059 
058 
059 
059 
059 

1.059 
059 
059 
059 
060 
059 
060 
059 
060 
060 

1.061 
060 
060 
061 
060 
061 
061 
061 
061 
061 

1.061 
062 
061 
062 
061 
062 
062 
062 
063 
062 

1.063 
062 
063 
063 
063 
063 
063 
064 
063 
064 

1.063 
064 
064 
064 
064 
064 
065 
064 
065 

1.064 

21° 

, 
1280.835 

81. 900 
82.965 
84.030 
85.095 
86.161 
87.226 
88.292 
89.357 
90.423 

1291.489 
92.555 
93.621 
94.688 
95.754 
96.821 
97.887 

1298.954 
1300.021 

01.088 
1302.155 

03.223 
04.290 
05.355 
06.425 
07.493 
08.561 
09.629 
10.697 
11.765 

1312.834 
13.902 
14.971 
16.040 
17.109 
18.178 
19.247 
20.316 
21.386 
22.455 

1323.525 
24.595 
25.665 
26.735 
27.805 
28.875 
29.945 
31.016 
32.086 
33.157 

1334.228 
35.299 
36.370 
37.442 
38.513 
39.585 
40. 657 
41. 728 
42. 800 
43.872 

1344.945 

1.065 
065 
065 
065 
066 
065 
066 
065 
066 
066 

1.066 
066 
067 
066 
067 
066 
057 
067 
067 
067 

1.068 
067 
068 
067 
068 
068 
068 
068 
068 
069 

1.068 
069 
069 
069 
069 
069 
069 
070 
069 
070 

1.070 
070 
070 
070 
070 
070 
071 
070 
071 
071 

1.071 
07 1 
072 
07 1 
072 
072 
071 
072 
072 

1.073 - 

2 2 O  

Meridlonal 
distance. 

1344.945 
46.017 
47. 089 
48.162 
49.235 
50.307 
51.380 
52.453 
53.526 
54.600 

1355.673 
56. 747 
57.820 
58.894 
59.968 
61.042 
62. 116 
63.191 
64.265 
65.340 

1366.415 
67.489 
68.564 
69.640 
70.715 
71.790 
72.866 
73.942 
75.017 
76.093 

1377.169 
78.245 
79.322 
80. 398 
81.475 
82.551 
83.628 
84.705 
85.782 
86.860 

1387.937 
89.014 
90.092 
91.170 
03 24', 

94. 404 
95.482 
96. 661 
97.639 

1338.718 
1399.797 
1400.876 

01.955 
03.034 
04.114 
05.193 
06.273 
07.353 
08.433 

1409.513 

. I  

Y C .  "-0 

MTorencc. 

1.072 
072 
073 
073 
072 
073 
073 
073 
074 
073 

1.074 
073 
074 
074 
074 
074 
075 
074 
075 
075 

1.074 
075 
076 
075 
075 
076 
076 
075 
076 
076 

1.076 
077 
076 
077 
076 
077 
077 
077 
078 
077 

1.077 
078 
078 
078 
078 
078 
078 
079 
078 
079 

1.079 
079 
079 
079 
080 
079 
080 
080 
080 

1.080 

23' 

Morldlonal 
distance., 

, 
1409.513 

10.593 
11.673 
12.754 
13.834 
14.915 
15.996 
17.077 
18.158 
19.239 

1420.321 
21.402 
22.484 
23.566 
24.647 
25. 729 
26.812 
27.894 
28.976 
30.059 

1431.142 
32.225 
33.308 
34.391 
35.474 
36.557 
37.641 
38.725 
39.809 
40.893 

1441.977 
43.061 
44.146 
45.230 
46.315 
47.400 
48.485 
49.570 
50.655 
51.741 

1452.826 
53.812 
54.998 
66.084 
57.170 
58.256 
59.343 
60.429 
61.516 
62.603 

1463.690 
64.776 
65.864 
66.951 
68.038 
69.126 
70.214 
71.302 
72.390 
73.478 

1474.566 

, 
1.080 

080 
081 
080 
08 1 
081 
081 
081 
08 1 
082 

1. 081 
082 
082 
08 1 
082 
083 
082 
082 
083 
053 

1.083 
083 
083 
083 
083 
084 
084 
084 
084 
084 

1.084 
085 
084 
085 
085 
085 
085 
085 
086 
085 

1.086 
086 
086 
086 
086 
087 
086 
087 
087 
087 

1.086 
088 

. 087 
087 
088 
088 
088 
088 
088 

1.089 

- - 
Kh- 
rte.9. 

- 
0 
1 
2 
3 
4 
6 
6 
7 
8 
9 
10 
11 
12 
13 
14 
16 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
31 
38 
39 
40 
41 
42 
43 
44 
46 
46 
47 
48 
49 
60 
61 
62 
63 
64 
66 
66 
67 
68 
69 
60 - 
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MERCATOR PROJECTION TABLE-Con tinued. 

os9 45.622 
46.720 ::: 47.818 
48.916 ::: 50.015 

1551.113 "E:: 52.212 
53.311 ::; 54.410 
55.509 

58.808 ::: 59.906 
091 61.008 

1562.108 "8:; , 63.209 
64.309 ::: ' , 65.410 

092 66.511 
67.612 ::: 68.713 
69.814 ::! 70.915 
72.017 092 

1573.119 
74.221 

Og3 75.323 
Og3 76.425 ::: , 77.527 

78.629 ::: ! 79.732 
80.835 

Og4 81.938 ::: 83.041 
1584.144 
85.248 

Og5 86.351 
Og4 87.455 
Og5 88.559 095 

095 ,,,96 91.871 
92.976 

Og5 1 94.081 096 
1595.186 

Og6 I 97.396 
OgG 98.501 

:i; 1 1599.607 
1600.712 

E:! 01.818 02.924 
Og7 ~ 04.030 
Og7 I 05.136 

1606,243 

89.66a " 
OS5 90.767 

1.096 I 96.291 

'. Og7 

Mln- 
uta. 

1. 097 

"0"g; ::; 
098 

0 
1 
2 
3 
4 
ti 
6 
7 
8 
9 

10 
11 
12 
13 
14 
16 
16 
17 
16 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
31 
38 
39 
40 
41 
42 
43 
44 

45 
46 
47 
48 
49 
50 
61  
62 
63 
64 
65 
56 
57 
68 
50 
60 - 

1606.243 
07.349 
05.456 
09.563 
10.670 
11.777 

[JdWl?iOn81 distances for the spheroid. Comprmlon &*I 
2 4 O  It 2 5 O  I t  26O i 27 

1. 099 ::: 
!$ 
099 iz iz 
'*;$ 

i:i 
101 

i:: 
lo' 

102 

'-::; 
i:: 
lo2 
103 
lo3 
lo3 
lo3 
103 

'*ig 
104 

IerIdionnl 
listnnco. 

474.566 
75.655 
76. 743 
77.832 
78.921 
80.010 
81.099 
82.189 
83.278 
84.368 
485.458 
86.548 
87.638 
88.728 
89.819 
90. 909 
92.000 
93.091 
94.182 
95.273 
496. 364 
97.455 
9s. 547 
499. 639 
500.730 
01.822 
02.914 
04.007 
05.099 
06. 192 
1507.284 
08.377 
09.470 
10.563 
11.66 
12.750 
13.843 
14.937 
16. 031 
17.125 

1618.219 
19.313 
20.408 
21.502 
22.597 
23. 692 
24.787 
25.882 
26.978 
28.073 

1529.169 
30.265 
31.361 
32.457 
33.553 
34,650 
35.746 
36.843 
37.940 
39.037 

1540.134 

1617.315 
18.423 
19.632 
20.640 
21.749 
22.858 
23.967 
25.076 
26.185 
27.295 

1628.404 
29.514 
30.624 
31.734 
32.844 
33.955 
35.065 
36.176 
37.287 
38.398 

1639.309 
40.621 
41.733 
42.844 
43.956 
45.068 
46. 181 
47.293 
48.406 
49.518 

1650.631 
51.744 
52.857 

Meridional 
Berace. / /  distance. 

105 . 
l*lo5 ' 
lo' 
lo5 
lo' 
105 

1661.769 
(32.884 
G3.998 
65.113 
66.229 
67.344 

Merldlonnl 
lnorence' 11 distance. 

106 
106 
lo' 
lo' '. lo7 

1 ;"9;;; 
70.691 

I 71.807 
1072.923 

inoronce 

1.117 
11 6 
117 
117 
117 
117 
117 
118 
117 
118 

1.118 
119 
118 
118 
119 
119 
119 
119 
120 
119 

1.120 
120 
120 
120 
121 
120 
121 
121 
121 
121 

1.122 
121 
122 
122 
122 
123 
122 
123 
122 
123 

1.124 
123 
124 
123 
124 
124 
124 
125 
124 
125 

1.125 
125 
125 
126 
125 
126 
126 
126 
127 

1.126 

- - 
Iln- 
te3. 

0 
1 
2 
3 
4 
6 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
26 
26 
27 
20 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
12 
43 
44 
46 
46 
47 
48 
49 

60 
51 
62 
63 
M 
66 
50 
61 
68 
89 
80 - 
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- 
Mln- 
utea. 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
1G 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
3'1 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
bo 
6 1  
62 
63 
64 
66 
66 
67 
68 
69 
60 -- 

2 8 O  I 
[Neridional distnnces fcr thespherold. Ccmpresslcn & 3 

29 O I 30° I1 31' 

Neridional 
dlstnncc. 

izi 
"13' 

ii: 
ti: 
141 

i:; 
14' 
141 

'-;:: 
ig 
142 iz 
143 
143 
143 

1.143 

iii 
E 
144 
145 
144 
14' 
145 

1. 145 

i:: 
146 
146 

740.206 
41.333 
42.460 
43.587 
44.714 
45.841 
46.969 
48.096 
49.224 
50.352 

1751.481 
52.609 
53.738 
54.866 
55.995 
57.124 
58.254 
59.383 
60.513 
61.643 

1762.773 
63.903 
65.033 
66.164 
67.295 
68.426 
69.557 
70.688 
71.820 
72.951 

1774.083 
75.215 
76.347 
77.479 
78.612 
79.745 
80.877 
82.011 
83.144 
84.277 

1785.411 
86.545 
87.679 
88.813 
89.948 
91.082 
92.217 
93.352 
94.487 
95.622 

1796.758 
97.893 

1799.029 
1800.165 

01.301 
02.438 
03.574 
04.711 
05.848 
06.985 

1808.122 

85.903 
87.053 

1888.204 
89,355 
90.506 
91.657 
92.809 
93.960 
95.112 
96.264 
97.416 
98.569 

1899.721 
1900.874 

02.027 
03.181 
04.334 
05.488 
06.642 
07.796 
08.950 
10.105 

1911.259 
12.414 
13.569 
14.724 
15.880 
17.035 
18.191 
19.347 
20.503 
21.660 

' 1922.816 
23.973 
25.130 
26.287 

I 27.445 

mence.  

1.127 
127 
127 
127 
127 
128 
127 
128 
128 
129 

1.128 
129 
128 
129 
129 
130 
129 
130 
130 
130 

1.130 
130 
131 
131 
131 
131 
131 
132 
131 
132 

1.132 
132 
132 
133 
133 
132 
134 
133 
133 
134 

1.134 
134 
134 
135 
134 
135 
135 
135 
135 
136 

1.135 
136 
136 
136 
137 
136 
137 
137 
137 

1.137 

146 
146 
146 
147 

'147 

Xeridional 
cUstance. 

808.122 
09.260 
10.398 
11.535 
12.673 
13.812 
14.950 
16.089 
17.228 
18.367 

1819.506 
20.645 
21.785 
22.924 
24.064 
25.204 
26.345 
27.485 
28.626 
29.767 

1830.908 
32.049 
33.190 
34.332 
35.474 
36.616 
37.758 
38.900 
40.043 
41.186 

1842.329 
43.472 
44.615 
45.759 
46.902 
48.046 
49.190 
50.335 
51.479 
52.624 

1853.769 
54.914 
56.059 
57.204 
58.350 
59.496 
60.642 
61.788 
62.934 
64.081 

1865.228 
66.375 
67.522 
68.669 
69.817 
70.964 
72.112 
73.260 
74.409 
75.557 

1876.706 

, 

1 28.603 

1 32.077 
33.235 I 

--I 

1144: 
147 

ii: 
i:: 

Mer ldional 
inercnce.') distance. 

37.871 
39.031 
40.191 
41.351 
42.511 
43.671 

-- ' I '  

I -- 
44.832 

1945.992 

M0r idiom1 
dlstance. 

150 
150 
150 
150 
151 

1.151 
151 
151 
152 
151 
152 
152 
152 
153 
152 

1.153 
153 
154 
163 
154 
154 
154 
154 
155 
154 

1.155 
155 
155 
156 
155 
156 
156 
156 
157 
156 

1.157 
157 
157 
158 
158 
157 
158 
159 
158 
159 

1.159 
159 
159 
160 
160 
160 
160 
160 
161 

1.160 

51.799 
52.961 
54.123 
55.285 
56.448 

1957.611 
58.774 
59.937 
61.100 
62.263 
63.427 
64.591 
65.756 
66.920 
68.085 

1969.249 
70.414 
71.580 
72.745 
73.911 
75.077 
76.243 
77.409 
78.575 
79.742 

1980.909 
82.076 
83.244 
84.411 
85.579 
86.747 
87.915 
89.084 
90.252 
91.421 

1992.590 
93.759 
94.929 
96.098 
97.268 
98.438 

1999.609 
2000.779 

01.950 
03.121 

2004.292 
05.463 
06.635 
07.807 
08.979 
10.151 
11.323 
12.496 
13.669 
14.842 

2016.015 -~ 

Ifference 

, 
1.161 

161 
162 
161 
162 
162 
162 
162 
163 
163 

1.163 
163 
163 
163 
164 
164 
165 
164 
165 
164 

1.165 
166 
165 
166 
166 
166 
166 
166 
167 
167 

1.167 
168 
167 
168 
168 
168 
169 
168 
169 
169 

1.169 
170 
169 
170 
170 
171 
170 
171 
171 
171 

1.171 
172 
172 
172 
172 
172 
173 
173 
173 

1.173 

- - 
[In- 
tea. 

0 
1 
2 
3 
4 
6 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
16 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 

40 
41 
42 
43 
44 
46 
48 
47 
48 
49 
so 
61  
62 
63 
64 
65 
66 
67 
68 
69 
80 

as 

- 
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- 
Min- 
utes. 

0 
1 
2 
3 
4 
6 
6 
7 
8 

- 9  
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
26 
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MERCATOR PROJECTION TABLE-Continued, 
[ Mnridionnl distances for the Yplieroid. Comprwion & 

32 O 

Moridiunol 
distance. 

, 
!OlG.O15 

17.189 
18.363 
19.537 
20.711 
21.885 
23.060 
24.235 
25.410 
26. 585 

2027.761 
28.936 
30.112 
31.288 
32.464 
33.641 
34.818 
35.995 
37.172 
38.349 

2039.527 
40.705 
41.883 
43.061 
44.239 
45.418 
46.597 
47.776 
48.955 
GO. 134 

2051.314 
52.495 
53.676 
54.856 
56.036 
57.217 
58.399 
59.580 
60.762 
61.944 

2063.126 
64.308 
65.491 
66.674 
67.857 
69.040 
70.223 
71.407 
72.591 
73.775 

2074.959 
76.144 
77.328 
78.513 
79.698 
80.884 
82.069 
8% 256 
84.441 
85.628 

2080.814 -- 

lineranco 

1.174 
174 
174 
174 
174 
175 
175 
175 
175 
176 

1.175 
176 
176 
17 6 
177 
177 
177 
177 
177 
178 

1.178 
178 
178 
178 
179 
17 9 
179 
179 
179 
180 

1.181 
180 
181 
180 
181 
182 
181 
182 
182 
182 

1.182 
183 
183 
183 
183 
183 
184 
184 
184 
184 

1.185 
184 
181, 
185 
186 
185 
186 
186 
187 

3.186 

33" 

Neridionnl 
distnnce. 

, 
2086.814 

85.001 
89.188 
90.376 
91.563 
92.751 
93.939 
95.127 
96.315 
97.504 

2098.693 
2099.882 
2101.071 

02.260 
03.450 
04.640 
05.830 
07.021 
08.211 
09. 402 

2110.593 
11.785 
12.976 
14.168 
15.360 
16.552 
17.745 
18.937 
20.130 
21.323 

2122.517 
23.711 
24.904 
26.098 
27.293 
28.487 
29.682 
30.877 
32.072 
33.268 

2134.464 
35.660 
36.856 
38.052 
39.249 
40.446 
41.643 
42.841 
44.038 
45.236 

2146.434 
47.633 
48.831 
50.030 
61.229 
52.428 
53.627 
64.827 
66.027 
57.227 

2158.428 

ifferencc 

1.187 
187 
188 
187 
188 
188 
188 
188 
189 
189 

1.189 
189 
189 
190 
190 
190 
191 
190 
191 
191 

1.192 
191 
192 
192 
192 
193 
192 
193 
193 
194 

1.194 
193 
194 
195 
194 
195 
195 
196 
196 
196 

1.196 
196 
196 
197 
197 
197 
198 
197 
198 
198 

1.199 
198 
199 
199 
199 

1.199 
1.200 

200 
200 

1.201 

34 O 

M'cridlonnl 
distance. 

?156.426 
89.629 
GO. 830 
62.031 
63.232 
64.434 
65.636 
66.838 
G8.041 
69.243 

2170.446 
71.649 
72.853 
74.056 
75.260 
76.464 
77.668 
78.873 
80.077 
61.282 

2182.488 
83. G93 
84.899 
86.105 
87.311 
88.518 
89.724 
90.931 
92.138 
93.346 

2194.554 
95.762 
96.970 
98.178 

2199.386 
2200.595 

01.804 
03.014 
04.223 
05.433 

2206.643 
07.854 
09.065 
10.276 
11.487 
12.698 
13.910 
15.122 
16.334 
17.546 

2218.759 
19.972 
21.185 
22.398 
23.611 
24.825 
26.039 
27.253 
28.468 
29.683 

2230.898 

, 
Mlerenco. 

1.201. 
201 
201 
201 
202 
202 
202 
203 
202 
203 

1.203 
204 
203 
204 
204 
204 
205 
204 
205 
206 

1.205 
20G 
206 
206 
207 
206 
207 
207 
208 
208 

1.208 
208 
208 
208 
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2 10 
209 
210 
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212 
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213 

1.213 
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213 
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215 
215 

1.215 

360 
Neridionol 
distance. 

1230.898 
32.113 
33.329 
34.545 
35.761 
36.977 
38.194 
39.411 
40.028 
41. M5 

!243.063 
&. 281 
45.499 
46.717 
47.936 
49.155 
50.374 
51.593 
62.813 
54.033 

1255.253 
56.473 
57.693 
58.914 
GO. 135 
61.357 
62.578 
63.800 
65.022 
66.245 

2267.4G7 
68.690 
69.913 
71.137 
72.361 
73.585 
74.809 
76.033 
77.258 
78.483 

2279.708 
80.934 
82.159 
83.385 
84.612 
85.838 
87.065 
88.292 
89.519 
90.747 

2291.975 
93.203 
94.431 
95.660 
96.889 
98.118 

2299.347 
2300.577 

01.807 
03.037 

2304.267 

, 
iflerence. 

1.215 
216 
216 
216 
216 
217 
217 
217 
217 
218 

1.218 
218 
218 
219 
219 
219 
219 
220 
220 
220 

1.220 
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221 
222 
222 
223 
222 

1.223 
223 
224 
224 
224 
224 
224 
225 
225 
225 

1.226 
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226 
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226 
227 
227 
227 
228 
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229 
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.. 
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U. S. COAST AND GEODETIC SURVEY. 

MERCATOR PROJECTION TABLE-Continl 
rbferidtonal distancas for tho sphoroid. Compressicn & 
L 

36O 
Meridional 
dlatanca 

, 
504.267 

05.498 
06.729 
07.960 
09.192 
10.423 
11.655 
12.887 
14.120 
15.353 

2316.586 
17.819 
19.053 
20.287 
21.521 
22.755 
23.990 
25.225 
26. 460 
27.695 

2328.931 
30.167 
31.404 
32.640 
33.877 
35.114 
36.351 
37.589 
38.827 
40.065 

2341.303 
4 2 . 9 2  
43.781 
45.020 
46.260 
47.500 
48.740 
49.980 
51.221 
52.462 

2353.703 
M. 944 
56.185 
57.427 
58.669 
59.912 
61.154 
62.397 
63.641 
64.884 

2366.128 
67.372 
68.616 
69.861 
71.106 
72.351 
73.597 
74.842 
76.088 
77.335 

2378.581 

, 
1.231 

231 
231 
232 
231 
232 
232 
233 
233 
233 

1.233 
234 
234 
234 
234 
235 
235 
235 
235 
236 

1.236 
237 
236 
237 
237 
237 
238 
238 
238 
238 

1.239 
239 
239 
240 
240 
240 
240 
24 1 
24 1 
24 1 

1.241 
241 
242 
242 
243 
242 
243 
244 
243 
244 

1.244 
244 
245 
24 5 
245 
246 
245 
246 
247 

1.24G 

31 O 

Merldlonal 
distance. 

!378.581 
79.828 
81.075 
82.323 
83.570 
84.818 
66.066 
87.315 
86.564 
89.813 

2391.062 
92.312 
93.562 
'94.812 
96.062 
97.313 
98.564 

2399.816 
2401.067 

02.319 
2403.571 

04.624 
06.076 
07.320 
08.582 
09.836 
11.090 
12.344 
13.598 
14.853 

2416.108 
17.363 
18.618 
19.874 
21.130 
22.386 
23.643 
24.900 
26.157 
27.415 

2428.672 
29.930 
31.189 
32.448 
33.707 
34.966 
36.225 
37.485 
38.745 
40.006 

2441.266 
42.527 
43.788 
45.050 
46.311 
47.573 
48.836 
60.098 
51.361 
52.624 

2453.888 

IMeronce. 

, 
1.247 

247 
24 8 
247 
24 8 
248 
249 
24 9 
24 9 
249 

1.250 
250 
250 
250 
251 
251 
252 
251 
252 
252 

1.253 
252 
253 
253 
254 
254 
254 
254 
255 
255 

1.255 
255 
256 
256 
256 
257 
257 
257 
258 
257 

1.258 
259 
259 
259 
259 
259 
260 
260 
261 
260 

1.261 
261 
262 
261 
262 
263 
262 
263 
263 

1.2M 

38O 
Merfdional 
distance. 

~ 

I 

2453. 888 
55.152 
56.416 
57. 660 
58.945 
60.210 
61.475 
62.741 
64.007 
65.273 

2466.539 
67.806 
69.073 
70.340 
71.608 
72.876 
74.144 
75.413 
76.681 
77.950 

2479.220 
80.489 
81.759 
83.030 
84.300 
85.571 
86.642 
88.114 
89.385 
90.657 

2491.930 
93.202 
94.475 
95.748 
97.022 
98.296 

2499.570 
2500.844 

02.119 
03.394 

2504.669 
05.945 
07.221 
08.497 
09.773 
11.050 
12.327 
13.604 
14.882 
16.160 

2517.438 
18.717 
19.996 
21.275 
22.554 
23.834 
25.114 
26.395 
27.675 
28.956 

2530.238 

mwmco. 

I 

1.264 
264 
264 
265 
265 
265 
286 
266 
266 
266 

1.267 
267 
267 
268 
268 
268 
269 
268 
269 
270 

1.269 
270 
271 
270 
271 
271 
272 
271 
272 
273 

1.272 
273 
273 
274 
274 
274 
274 
275 
275 
275 

1.276 
276 
276 
276 
277 
277 
277 
278 
278 
278 

1.279 
279 
279 
279 
280 
280 
281 
280 
281 

1.282 

1. 

m0 1 
Meridional 
distance. 

1 

2530.238 
31.519 
32.801 
34.083 
35.366 
36.649 
37.932 
39.215 
40.499 
41.783 

2543.068 
44.352 
45.637 
46.922 
48.208 
49.494 
50.781 
62.067 
53.354 
64.641 

2555.939 
57.216 
58.504 
59.793 
61.081 
62.370 
63.660 
64.949 
66. 239 
67.629 

2568.820 
70.111 
71.402 
72.694 
73.986 
75.278 
76.570 
77.863 
79.156 
80.449 

2561.743 
83.037 
84.331 
85.626 
86.921 
88.216 
89.511 
90.807 
92.103 
93.400 

2594.697 
95.994 
97.292 
98.590 

2599.888 
2601.186 

02.485 
03.784 
05.084 
06.383 

2607.683 

1 

1.282 
282 
262 
283 
283 
283 
283 
284 
284 
285 

1.284 
285 
265 
286 
286 
287 
286 
287 
287 
268 

1.287 
288 
289 
288 
289 
290 
269 
290 
290 
291 

1.291 
291 
292 
292 
292 
292 
293 
293 
293 
294 

1.294 
294 
295 
295 
295 
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296 
296 
297 
297 

1.297 
, 298 
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1.300 
1.299 
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MERCATOR PROJECTION TABLE-Continued. 
rMeridiona1 distances for the spheroid. Comprasslon I& 

= 

Mln- 
Utes. 

0 
1 
2 
3 
4 
6 
6 
7 
8 
0 

10 
11 
12 
13 
14 
16 
16 
17 
18 
19 
20 
2i 
22 
23 
24 
25 
I 
27 
28 
28 
30 
31 

' 32 
33 
34 
36 
36 
37 as 
39 
40 
41 
42 
43 
44 
M 
46 
47 
u3 
49 
M)  
51 
s2 
63 
M 
56 
66 
67 
68 
60 
80 - 

L 

40' 

, 
607.683 
08.984 
10.284 
11.585 
12.886 
14.188 
15.490 
16.792 
18.095 
19.398 

!620. 701 
22.004 
23.308 
24.612 
25.917 
27.222 
28.527 
29.833 
31.139 
32.445 

1633. 751 
35.058 
36.365 
37.672 
38.980 
40.288 
41.597 
42.906 
44.215 
45.524 

2646.834 
48.144 
49.454 
50.765 
52.076 
53.388 
54.700 
66.012 
57.324 
68.637 

2659.950 
61.263 
62.677 
63.891 
65.205 
66.520 
67.835 
69.160 
70.466 
71.782 

2673.099 
74.415 
75.732 
77.049 
78.367 
79.685 
81.003 
82.322 
83.641 
84.960 

2686.280 

ifference. 

1.301 
300 
301 
301 
302 
302 
302 
303 
303 
303 

1.303 
304 
304 
305 
305 
305 
306 
306 
306 
306 

1.307 
307 
307 
308 
308 
309 
309 
309 
309 
310 

1.310 
310 
311 
311 
312 
312 
312 
312 
313 
313 

1.313 
314 
314 
314 
316 
316 
315 
316 
316 
317 

1.316 
317 
317 
318 
318 
318 
319 
319 
319 

1.320 

41 O 

Meridional 
distonco. 

2686.280. 
87.600 
88.920 
90.241 
91.562 
92.884 
94.206 
95.528 
96.850 
98.173 

2699.496 
2700.820 
02.143 
03.467 
04.792 
06.117 
07.442 
08.767 
10.093 
11.419 

2712.746 
14.073 
15.400 
16.727 
.18.055 
19.383 
20.712 
22.041 
23.370 
24.700 

2726.030 
27.360 
28.690 
30.021 
31.352 
32.684 
34.016 
35.348 
36.681 
38.014 

2739.347 
40.681 
42.015 
43.350 
44.684 
46.019 
47.355 
48.691 
60.027 
61.363 

2762.700 
54.038 
55.375 
56.713 
58.052 
59.390 
60.729 
62.069 
63.409 
64.749 

2766.089 

-- , 
llflerence. 

1.320 
320 
321 
321 
322 
322 
322 
322 
323 
323 

1.324 
323 
324 
325 
325 
325 
325 
326 
326 
327 

1.327 
327 
327 
328 
328 
329 
329 
329 
330 
330 

1.330 
330 
331 
331 
332 
332 
332 
333 
333 
333 

1.334 
334 
335 
334 
335 
336 
336 
336 
336 
337 

1.338 
337 
338 
339 
338 
339 
340 
340 
340 

1.340 

42 O  
NerIdlonal 
distance. 

2766.089 
67.430 
68.771 
70.112 
71.454 
72.796 
74.138 
75.481 
76.824 
78.168 

2779.512 
80.856 
82.201 
83.546 
84.891 
86.237 
87.583 
88.930 
90.277 
91.624 

2792.971 
94.319 
95.667 
97.016 
08.365 

2799.714 
2801.064 
02.414 
03.764 
05.115 

2806.466 
07.818 
09.170 
10.522 
11.875 
13.228 
14.581 
15.935 
17.289 
18.643 

2819.998 
21.353 
22. 709 
24,005 
25.421 
26.777 
28.134 
29.492 
30.850 
32.208 

2833.566 
34.925 
30.284 
37.643 
39.003 
40.364 
41.724 
43.085 
44.447 

~ 28:;: !: 

1.341 
341 
341 
342 
342 
342 
343 
343 
344 
344 

1.344 
345 
345 
345 
346 
346 
347 
347 
347 
347 

1.348 
348 
349 
349 
349 
350 
350 
350 
351 
351 

1.352 
352 
352 
353 
353 
353 
354 
354 
354 
355 

1.356 
356 
356 
356 
356 
357 
358 
358 
358 
358 

1.359 
359 
359 
360 
361 
360 
361 
362 
362 

1.362 

Nerldional 
distance. 

, 
2847.171 
48.533 
49.896 
51.260 
52.623 
53.987 
55.352 
56.716 
68.081 
59.447 

2860.813 
62.179 
63.546 
64.913 
66.280 
67,648 
69.016 
70.384 
71.753 
73.123 

2874.492 
75.862 
77.233 
78. 604 
79.975 
81.347 
82.719 
84.091 
85.4G4 
86.837 

2888.211 
89.585 
90.959 
92.333 
93.708 
95.084 
96.460 
97.836 

2899.212 
2900.589 
2901.966 
03.344 
04.72L 
06. loo 
07. 47tl 
08.858 
10.238 
11.618 
12.998 
14.379 

2915.760 
17.142 
18.524 
19.906 
21.289 
22.672 
24.056 
25.440 
26.824 
28.209 

2929.594 

lfference. 

1.362 
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364 
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364 
365 
364 
365 
366 
366 

1.966 
367 
367 
367 
368 
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369 
370 
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37 1 
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373 
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382 
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383 
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it: 
416 

:ii 
le418 

i;i ::: 
420 

;;; 
ti; 
":;: 
1;; 
424 

:;: 
425 
426 

1*427 

jz; 
g: 
428 

4423; 
ii: 
i:; 
432 

:: 
jg '' 435 

424 

1.431 

432 
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, 
3098.747 
3100.182 

01.617 
03.053 
04.490 
05.927 
07.364 
08.802 
10.240 
11.678 

3113.117 
14.557 
15.997 
17.437 
18.878 
20.319 
21.761 
23.203 
24.645 
26.088 

3127.531 
28.975 
30.419 
31.864 
33.309 
34.755 
36.201 
37.647 
39.094 
40.541 

3141.989 
43.438 
44.886 ' 
46.335 
47.785 

50.686 
52.137 
53.588 
55.040 

3156.492 
57.945 
59.398 
60. 852 
62.306 
63.761 
65.236 
68.671 
68.127 
69.584 

72.498 
73.956 
76.414 

78.332 
79.791 
81.251 
82.712 
84.173 

3185.634 

49.235 

3171.041 

76.873 

lldERCATOR PROJECTION TABLE-Continued. 
[Meridional dlstnnces for the spheroid. Compression 2b.3 - 

4po II 46 O I1 47 O 

1. 435 

::; 
::: 
:$ 

::$ zi 
::;' 
ii: 

";;: 

437 

1.440 

443 

445 

446 
446 
447 ::; 
449 ::! 
;; 
451 
451 
451 
4 52 
452 

"ti; 
454 :z 
455 
455 
456 
457 
457 

1. 457 
458 

459, 

Meridlorn1 
distanco. 

2929.894 
30.979 
32.365 
33.751 
35.138 
36.525 
37.913 
39.300 
40.688 
42.077 

2943.466 
44.855 
46.245 
47.635 
49.026 
50.417 
51.808 
53.200 
54.592 
55.985 

2957.378 
58.771 
GO. 165 
61.559 
62.953 
64.348 
65.744 
67.140 
68.636 
69.932 

2971.329 
32.727 
74.124 
75.522 
76.921 
78.320 
79.719 
81.119 
82.519 
83.920 

2985.321 
86.722 
88.124 
89.527 
90.929 
92.332 
93.736 
95.140 
96.544 
97.949 

2999.354 
3OOO. 769 

02.165 
03.672 
04.978 
06.385 
07.793 
09.201 
10.609 
12.018 

5013.427 

, 
3185.634 

87.096 
88.558 
90.021 
91.484 
92.945 
94.412 
95.876 
97.341 

3198.807 
3200.273 

01.739 
03.206 
04. 674 
06. 142 
07.610 
09.079 
10.548 
12.018 

3214.959 
16.430 
17.902 
19.374 
20.846 
22.319 
23.793 
25.267 
26.741 
28.216 

3229.691 
31.167 
32.643 
34.120 
35.597 
37.075 
38.553 
40.032 
41.511 
42.991 

3244.471 
45.951 
47.432 
48.914 
50.396 
61.878 
53.361 
54.844 
56.320 
67.813 

3259.298 

. E:;:: 
63.765 
65.242 

13.488 

1.385 1 3013.427 
386 j 14.837 

, 19.068 387 

388 
387 

3":; 
389 

1. 389 
390 
390 

;;; 
33:; 
392 
393 
393 
393 
394 
394 
394 
395 
396 
396 
396 
396 
397 

''33;; 
398 
399 
399 
399 
400 
400 
401 
401 

1*401 

402 
403 
404 
404 
404 
405 
405 

1 4 0 5  
406 
407 
400 
407 
408 
408 
408 
409 

1'409 

I 20.479 

1 1 24.716 
26. 129 

3027.542 
28.956 
30.370 
31.784 
33.199 
34.615 
36.031 
37.447 
38.863 
40.280 

3041. 698 
43.116 
44.534 
45.953 
47.373 
48.792 
50.212 
61.633 
53.054 
54.475 

3055.897 
57.319 
68.741 
60.164 
61.588 
63.012 
64.436 
65.8flO 
67.286 
68.711 

3070.137 
71.564 
72.991 
74.418 
75.846 
77.274 
78.702 
80.131 
81.561 
82.991 

3084.421 
85.852 
87.283 
88.714 
90.146 
91.578 
93.011 
94.444 
95.878 
97.312 

3098.747 

:i: :!: '' 461 

' II 

66.729 
68.217 
69.705 
71.194 
72.683 

3274.173 

DifIoreace 

, 
1.462 

462 
463 
4 63 
464 
464 
464 
465 
466 
466 

1.466 
467 
468 
468 
468 
469 
469 
470 
470 
471 

1.471 
472 
472 
472 
473 
474 
474 
474 
475 
475 

1.476 
476 
477 
477 
478 
478 
479 
479 
480 
480 

1.480 
481 
482 
482 
482 
483 
483 
484 
485 
485 

1.485 
486 
486 
487 
487 
488 
488 
489 
489 

1.490 
-, 

- - 
Mtn- 
Utes. 

0 
1 
2 
3 
4 
6 
6 
7 
8 
9 
10 
11 
12 
13 
14 
16 
16 
11 
18 
19 
20 
21 
22 
23 
24 
26 
26 
27 
28 
29 
30 
31 
32 
33 
a4 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
41 
48 
49 
60 
61 
62 
63 
64 
66 
66 
67 
58 
59 
80 - 
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laerence. 

, 
1*551 

552 
553 

129 

"&&,' 
3550.654 

52.239 
53.824 
55.410 

, 

win- 
Utes. 

I 555 
555 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
26; 
20 
27 
28 
29 
30 
31 
32 
33 
34 
36 
36 
37 
38 
39 
40 
41 
42 
43 
44 
46 
46 
41 
48 
49 
60 
61  
62 
63 
64 
66 
66 
57 
58 
69 
80 - 

56.997 
58.584 
60.172 
61.761 
63.350 

MERCATOR PROJECTION TABLE-Continuod. 
[Meridional distances for the spheroid. Cornpansion AT] 

I 48O II 49O I1 50' I 61' 

-. , 

"ti! :!: 
493 
492 ::! 

'*::: 
ji: 
497 
498 
498 
498 
499 
500 

1*500 
500 
501 
501 
502 
502 

504 
504 

'.'05 

iii 
'07 
507 
507 

E;; 
509 
510 

1*610 
510 
511 
511 
512 
512 
513 
514 
514 
614 

''i:; 
;;; 
517 

ii! 
519 

1a620 

Maridionnl 
dlstnnce. 

, 
3364.456 

65.976 
67.497 
69.018 
70.539 
72.061 
73.584 
75.107 
76.631 
78.155 

3379.680 
81.205 
82.731 
84.257 
85.783 
87.310 
88.838 
90.367 
91.896 
93.425 

3394.955 
96.485 
98.016 

3399.547 
3401.079 

02. 612 
04.145 
05.678 
07.212 
08.747 

3410.282 
11.817 
13.353 
14.890 
16.427 
17.965 
19.503 
21.042 
22.581 
24.121 

3425.661 
27.202 
28.744 
30.286 
31.828 
33.371 
34.915 
36.459 
38.004 
39.549 

5441.095 
42.641 
44.188 
45.735 
47.283 
48.831 
60.380 
,61.929 
63.479 
55.030 

I 3458.681 

, 
1274.173 

75.663 
77.154 
78.645 
80.136 
81.629 
83.121 
84.614 
86.108 
87.602 

1289.096 
90.591 
92.087 
93.583 
95.079 
96.576 
98.074 

$299.572 
$301.070 

02.569 
$304.069 

05.569 
07.069 
08.570 
10.071 
11.573 
13.075 
14.578 
16. 082 
17.586 

3319.090 
20.595 
22.100 
23. GO6 
25.113 
26. 620 
28.127 
29. 635 
31.143 
32.652 

3334.162 
35.672 
37.182 
38.693 
40.204 
41.716 
43.228 
44.741 
46.255 
47.769 

3349.283 
50.798 
62.314 
63.830 
55.340 
66.863 
68.381 
59.899 
61.417 
62.936 

3364.450 

, 
1'520 

i;; 
521 
522 
523 
523 
524 

i;: 
1.525 

!j2' 

:ii 
zi; 

3456.581 
58.132 
59.G84 
61.237 
62.790 
64.344 
65.899 
67.454 
69.009 
70.565 

3472.122 
73.679 
75.236 , 76.794 
78.353 

81.472 
83.033 
84.594 

1 79.912 

558 
559 
559 
560 
561 "' 
561 
562 

1.563 

5566; 
564 
565 
565 
566 
567 
667 
567 

69.712 

72.896 
74.489 
76.083 
77.677 
79.272 
80.868 

3582.464 

1 85.657 
87.255 
88.853 
90.452 
92.052 
93.652 
95.262 
96.853 

3598.455 

i 71.304 

I 84.060 

UXWOnC - 
1 

1.685 
585 
586 
587 
587 
588 
589 
589 
589 
590 

1.591 
592 
592 
692 
593 
694 
594 
595 
596 
596 

1.596 
597 
598 
598 
599 
800 
600 
600 
601 
602 

1. Go3 
603 
604 

$604 
g05 

g05 
Got 
g07 
607 
607 

1.60: 
60f 
G1C 
G1C 
611 
611 
615 
612 
61: 
61r 

1.614 
61: 
611 
61( 
61; 
61: 
611 
61! 
611 

1.62( 

532 
533 
533 

din- 
.t@. 
- 
0 
1 
2 
3 
4 
B 
6 
7 
8 
9 

10 
11 
12 
13 
14 
16 
16 
17 
18 
19 
20 
21 
22 
23 
24 
26 
24 
27 
28 
29 
30 
31 
32 
33 
34 
36 
30 
37 
38 
39 
40 
41 
42 
43 
44 
46 
40 
47 
48 
49 
60 
61  
68 
63 
64 
66 
66 
67 
68 
69 
60 - 

90.843 
92.406 I 93.970 
95.535 

: 

I 97.100 

64662'-31-9 

568 
569 i z;: I 
570 

i;i I 

1.574 I 
574 ' 
675 1 

677 I 
577 
677 

571 I 

573 1 
673 I 

;;; 

3600.058 
01.661 
03.265 
04.869 

08.079 
09.685 

12.899 
3614.506 

18.115 
17.724 
19.334 
20.944 

iz:;;; 
25.778 

06.474 

l l V 2 O 2  

579 
1*680 1 ::: 

i'i I 
682 
6s3 

1. 685 

3630.617 
32.231 
33.846 
35.462 
37.078 
38.695 
40.312 
41.930 
43.648 
45.167 

3646.787 

546 
1.54' 

549 

!t: 
651 
551 

~ 3534.835 
! 36.415 

11 37.995 
39.575 1 41.156 
42.737 
44.319 
45.902 
47.485 
49.069 

i 3550.654 



130 

= 

Mln- 
Utes.  

0 
1 
2 
3 
4 
6 
6 
7 
8 
9 

10 
11 
12 
13 
14 
16 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
36 
34l 
37 
38 
39 

40 
41 
42 
43 
44 
4s 
46 
47 
48 
49 
60 
61 
62 
63 
54 
66 
MI 
67 
68 
69 
60 - 
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BfERCATOR PROJECTION TABLE-Continued. 
[Meridional distanca for the spheroid. Comprwion &] 

62O 63O II 64O II 
Meridional 
dItJtanc0. 

3646.787 
48.408 
50.029 
51.650 
63.272 
54.895 
56.619 
68.143 
59.767 
61.393 

3663.019 
64.645 
66.272 
67. 900 
69.528 
71.157 
72.787 
74.417 
76.048 
77.679 

3679.311 
80.944 
82.577 
84.211 
85.845 
87.480 
89.116 
90.752 
92.389 
94.027 

3695.665 
97.304 

3098.943 
3700.583 

02.224 
03.866 
05.508 
07.150 
08.793 
10.437 

3712.082 
13.727 
15.373 
17.019 
18. 666 
20.314 
21.962 
23.611 
25.261 
26.911 

3728.562 
30.213 
31.865 
33.518 
35.171 
36.825 
38.480 
40.135 
41.791 
43.447 

3746.105 

, 
1.658 

658 
659 
660 
661 
661 
662 
662 
663 
664 

1.664 
665 
666 
666 
667 
668 
668 
669 
669 
670 

1.671 
672 
672 
673 
673 
674 
675 
676 
676 
677 

1.677 
678 
679 
679 
680 
681 
681 
682 
683 
684 

1. 684 
685 
685 
686 
687 
688 
688 
689 
689 
690 

1.691 
692 
692 
693 
694 
694 
095 
695 
696 

1.697 

3845.738 
47.436 
49.134 
50.833 
52.533 
54.234 
55.935 
57.637 
59.339 
61.042 

3862.746 
64.450 
66.155 
67.861 
69.568 
71.275 
72.983 
74.691 
76.400 
78.110 

3879.821 
81.533 
83.245 
84.958 
86.672 
88.386 
90.101 
91.816 
93.533 
95.250 

3896.967 
3898.686 
3900.405 

02.125 
03.845 
05.566 
07.288 
09.011 
10.734 
12.458 

3914.183 
15. DO9 
17.635 
19.362 
21.090 
22.818 
24.547 
26.277 
28.008 
29.739 

3931.471 
33.203 
34.937 
36.671 
38.406 
40.142 1 41.878 
43.615 
45.363 
47.091 

3948.830 

I , 
3948.830 '*::: 50.570 52.311 

699 64.052 
700 55.794 701 
701 57.537 

59.281 
702 61.025 
702 62.770 
703 64.516 
704 

3966.262 
1*704 68.009 

706 69.757 
706 71.506 
707 73.255 
707 

75.005 708 76.756 
708 709 78.508 

80.260 710 82.013 
711 

3983.767 la712 85.522 
712 87.277 
713 89.033 
714 90.790 
714 

92.548 
715 94.306 
715 96.065 
717 97.825 
717 3999.586 
717 

4001.347 
03.109 

'lg 04.872 720 06.635 
720 08.399 721 

10.164 
722 11.930 
723 13.697 723 15.464 
724 17.232 725 

4019.001 1*720 20.770 
726 22.541 
727 24.312 
728 26.084 
728 

27.856 
729 29.630 
730 31.404 
731 33.179 
731 34.955 
732 

4036.731 
1.732 38.608 

734 
734 40.286 

42.066 
735 43.844 
736 

45.624 
736 47.405 
737 49.187 
738 50.970 
738 b2.753 
739 4054.537 

)Ifltuence 

, 
1.740 

741 
741 
742 
743 
744 
744 
745 
746 
746 

1.747 
748 
749 
749 
750 
751 
752 
752 
753 
754 

1.755 
755 
756 
757 
758 
758 
759 
760 
761 
761 

1.762 
7 63 
763 
764 
765 
766 
767 
767 
768 
769 

1.789 
771 
771 
772 
772 
774 
774 
775 
776 
776 

1.777 
778 
779 
779 
780 
781 
782 
783 
783 

1.784 

- - 
MiU- 
Utes. 

- 
0 
1 
2 
3 
4 
6 
6 
7 
8 
9 

10 
11 
12 
13 
14 
16 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
36 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
4B 
60 
61 
62 
63 
64 
66; 
66 
61 
68 
69 
60 - 



- 
Min- 
Utes .  

, 
1.833 

:: 
837 

:; 
:i: 

"E; 
844 

;;; 
El 
848 

1*850 

g! 
852 
852 
854 

::! 
1.868 

i;; 
862 

;;; 

865 
866 

1.866 
867 

i:: 
870 
871 :;: 
887795 

1.875 
87G 
877 

"s'7; 
iiy 
ii; 
883 

0 
1 
2 
3 
4 
6 
0 
7 
8 
9 
10 
11 
12 
13 
14 
la 
16 
17 
18 
19 
20 
21 
22 
23 
24 
26 
24 
21 
28 
29 
30 
31 
32 
33 
34 
36 
30 
37 
38 
39 
40 
41 
42 
43 
44 
46 
46 
47 
48 
49 
60 
61 
62 
68 
64 

65 
66 
67 
68 
69 
00 

*;::;E 
78.254 
80.139 
82.026 
83.913 
85.801 
87.691 
89.581 
91.472 

4293.364 
95.256 
97.150 

4299.045 
4300.940 

02.836 
04.734 
06.632 
08.531 
10.431 

4312.332 
14.233 
16.136 
18.040 
19.944 
21.849 
23.755 
25.663 
27.571 
29.480 

4331.389 
33.300 
35.212 
37.125 
39.038 
40.953 
42.868 
44.784 
46.701 
48.619 

4360.538 
62.458 
54.379 
56.301 
58.224 
60.148 
62.072 
63.997 
65.924 
67.851 

4369.779 
71.709 
73.639 
16.570 
77.502 
79.434 
81.368 
83.303 
85.239 
87.175 

4389.113 

THE MERCATOR PROJECTION. 

'*E: 
ii! 
887 

MERCATOR PROJECTION TABLE-Continued. 
[Merldiond dlstancas for the sphorold. Comprcsslon &] 

60' II 67 II 6 8 O  II 68' 

4389.113 
91.052 
92.991 
94.932 
96.873 

Merldlonal 
distance. 

4054.537 
56.321 
58.106 
59.892 
61.079 
63.467 
65.255 
67.044 
68.834 
70.625 

4072.417 
74.210 
76. 004 
77.799 
79.594 
81.390 
83.187 
84.984 
86.783 
88.582 

4090.382 
92.182 
93.983 
95.785 
97.688 

4099.392 
4101.197 

03.002 
04.808 
06.615 

4108.423 
10.231 
12.040 
13.850 
16.661 
17.473 
19.285 
21.098 
22.912 
24.727 

4126.543 
28.360 
30.177 
31.995 
33.814 
35.634 
37.454 
39.275 
41.097 
42.920 

4144.744 
40.669 
48.394 
50.220 
52.047 
53.875 
56.704 
57.534 

, 

i; 
890 

:!; 
892 

895 
896 
898 
898 

E 

59.304 
61.195 

4163.027 

4398.815 
4400.759 

02.703 
04.648 
06.594 

4408.541 
10.489 
12.438 
14.388 
16.339 
18.291 
20.244 
22.197 
24.152 

II 

E 
M)G 

E: 
E 

'*::; !:: 
915 
915 ;:; 
ii: 
":i! 
!i$ 
924 

:ii 
927 

:ii 
'*::! 

931 

!:; 
:!: 
936 
936 

31.981 
33.940 
35.901 
37.802 
39.825 
41.788 
43.753 
45.718 

4447.684 
49.652 
61.620 
63.589 
65.560 
57.531 
59.503 
61.476 
63.451 
65.426 

4467.402 
69.379 
71.357 
73.336 
75.317 
77.298 
79.280 
81.263 
83.247 
85.232 

4487.218 
89.205 
91.193 
03.182 
95.172 
97.163 

4499.165 
4501.148 

03.142 
05.137 

Meridional 
lIfiererenco. / j distance. 

1.938 4507.133 1 

, 
1.939 

939 
941 
941 
942 
944 
944 
945 
946 
947 

1.948 
949 
950 
961 
952 
953 
953 
955 
956 
956 

1.958 
959 
959 
961 
961 
963 
963 
965 
965 
966 

1.968 
968 
969 
971 
971 
972 
973 
975 
975 
976 

1.917 
978 
979 
981 
981 
982 
983 
984 
986 
986 

1.987 
988 
989 
990 
991 
992 
993 
994 
995 

1.996 

131 

- - 
Yln- 
Itas. 

- 
0 
1 
2 
3 
4 
6 
6 
7 
8 
0 
10 
11 
12 
18 
14 
16 
16 
17 
18 
10 
20 
21 
22 
25 
24 
26 
28 
27 
28 
29 
30 
31 
52 
53 
SI 
36 
36 
37 
38 
39 
M 
41 
42 
43 
44 
46 
46 
47 
48 
40 
60 
61 
62 
63 
64 
66 
66 
67 
68 
60 
60 - 
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A1 in- 
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60 - 

U. S. COAST AND GEODETIC SURVEY. 

MERCATOR PROJECTION TABL-ntinued. . _  
[Merldloml dlstnnxa for lhe spheroid. Compression A] 

6Qo 61 O II 6 2 O  II 63’ 

MerldIonsl 
distnnce. 

1507.133 
09.130 
11.128 
13.127 
15.128 
17.129 
19.131 
21.134 
23.139 
25.144 

1527.150 
29.157 
31.166 
33.175 
35.185 
37.197 
39.209 
41.222 
43.237 
45.252 

1547.269 
49.286 
51.305 
53.324 
55.345 
57.367 
59.389 
61.143 
63.438 
65.464 

4567.491 - 69.519 
71.547 
73.577, 
75.609 
77. (141 
79.674 
81.708 
83.743 
85.780 

4587.817 
89.850 
91.895 
93.936 
95.978 

4598.020 
4600.064 
02.109 
04.155 
06.202 

4608.250 
10.299 
12.349 
14.400 
16.452 
18.506 
20.6GO 
22.816 
24.672 
26.730 

4628.789 

001 

2.060 4754.350 
56.478 

8;; 58.607 60. 736 :z 62.867 

::: 71.403 69.268 

4775.678 “8;; 77.817 79.958 
82.099 
84.242 
86.386 
88.531 
90.677 
92.825 

2. 082 4797.123 
4799.274 8; 4801.427 
03.580 8:; 05.735 

088 07.891 
10.048 
12.206 
14.366 ::; 16.526 

2. 093 4818.688 
20.851 :;: 23.016 25.181 

!:; 27.348 
099 29.516 

31.685 
33.856 
36.027 
38.200 

4 w .  374 ”!$ 42.550 
,06 44.726 

46.904 i:i 49.083 
llo 51.263 

53.445 
65.628 ’,:: 57.812 

115 59.997 

2. 116 4862.183 
64.371 

’17 66.560 

iii 68.750 
121 70.942 

121 73.134 
76.328 
77.524 
79.720 
81.918 

4884.117 

$:E 
8;; . 73.540 

073 
074 
075 
077 
077 
07’ 

g; 94.973 

102 
103 

125 
2*126 

, , 
2. 128 

i;; 
iii 
133 
135 

ti; 
138 

2. 139 

4884.117 
86.317 
88.518 
90.721 
92.925 
95.130 
97.336 

4899.544 
4901.753 
03.964 

4906.175 
08.383 

iz 15.035 
145 17.253 

19.472 i2: 21.693 
23.915 

tz: 26.138 
4928.362 
30.588 iii 32.815 35.043 
37.273 
39.504 
41.736 
43.970 
46.204 
48.441 

4950.678 
52.917 
55.157 
57.398 i:i 59.641 

169 61.885 
64.130 i;i 68.625 66.377 

173 70.874 
174 

2. 176 4973.125 
75.377 i;: 77.630 
79.885 

yG 82.141 
84.398 
.86.&57 
88.917 
91.178 

i:; 93.441 
4995.704 
4997.970 
5000.236 
02.504 
04.774 

;;; 10.603 12.818 

2. 151 

157 

2. 163 

2* i:: 
190 
192 
192 

07.045 :: 09.317 11.590 ::: 13.805 16.141 
log 5018.419 

Ulerenee 

, 
2.200 
201 
203 
204 
205 
206 
208 
200 
211 
211 

2.213 
215 
215 
217 
218 
219 
221 
222 
223 
224 

2.226 
227 
228 
230 
231 
232 
234 
234 
237 
237 

2.239 
240 
241 
243 
244 
245 
247 
248 
249 
251 

2.252 
253 
255 
256 
257 
259 
260 
261 
263 
2 63 

2.266 
266 
268 
270 
271 
272 
273 
275 
276 

2.278 

- - 
[In- 
tes. 

0 
1 
2 
3 
4 
6 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
26 
26 
27 
28 

30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
46 
40 
47 
48 
40 
60 
61 
62 
63 
64 
66 
60 
61 
68 
69 
60 

m 
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60 

Mh- 
lltea. 

5157.629 

0 
1 
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3 
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0 
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8 
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10 
11 
12 
13 
14 
16 
16 
17 
18 
19 
20 
21 
22 
23 
24 
26 
20 
27 
28 
29 

30 
31 
32 
33 
34 
35 
30 
37. 
88 
39 
40 
41 
42 
43 
44 
46 
40 
47 
48 
49 
60 
61 
62 
63 
64 
66 
66 
67 
68 
69 

MERCATOR PROJECTION TABLE-Continued. 
[Meridional distancas for the spheroid. Compression & 

Meridional 
dlstnnca 

, 
i018.419 

20.698 
22.978 
25.259 
27.542 
29.827 
32.113 
34.400 
36.688 
38.978 

5041.269 
43.562 
45.856 
48.151 
50.447 
52.745 
55.045 
57.346 
59.648 
61.952 

5064.257 
66.563 
68.871 
71.180 
73.491 
75.803 
78.117 
80.432 
82.748 
85.066 

5087.386 
89.706 
92.028 
94.351 
96.676 

5099.002 
5101.330 

03.659 
05.989 
08.321 

5110.655 
12.990 
15.326 
17.664 
20.003 
22.344 
24.686 
27.029 
29.374 
31.721 

5134.060 
36.419 
38.770 
41.122 
43.476 
45.831 

50.545 
52.905 
55.266 

48.188 

, 
2.279 

280 
281 
283 
285 
286 
287 
288 
290 
291 

2.293 
294 
295 
296 
298 , 
300 
301 
302 
304 
305 

2.306 
308 
309 
311 
312 
3 14 
316 
316 
318 
320 

2.320 
322 
323 
325 
326 
325 
329 
330 
332 
334 

2.336 
336 
338 
339 
341 
342 
343 
345 
347 
348 

2.350 
351 
352 
354 
355 
357 
358 
359 
361 

2.363 

6 6 O  

Meridional 
dLstanCfh 

, 
i157.629 

69.993 
62.359 
64.726 
67.094 
69.464 
71.835 
74.208 
76.583 
78.959 

i181.337 
83.716 
86.096 
88.478 
90.861 
93.246 
95.632 

i198.020 
i200.410 

02.801 
5205.194 

07.588 
09.983 

14.779 
17.179 
19.581 
21.984 
24.389 
26.795 

5220.203 
31.612 
34.023 
36.435 
38.849 
41.265 
43.682 
46.101 
48.521 
50.942 

5253.366 
65.791 
58.217 
60.645 
63.074 
85.506 
67.938 
70.373 
72.809 
75.246 

6277.686 
80.126 
82.668 
86.012 
87.457 

92.364 
94.803 
97.265 

6299.709 
5302.164 

12,380 

89.905 

l M m c e  

I 

2.364 
366 
367 
368 
370 
371 
373 
375 
376 
378 

2.379 
380 
382 
383 
385 
386 
388 
390 
391 
393 

2.394 
395 
397 
399 
400 
402 
403 
405 
406 
408 

2.409 
411 
412 
414 
416 
417 
419 
420 
421 
424 

2.425 
426 
428 
429 
431 
433 
435 
436 
437 
440 

2.440 
442 
444 
445 
448 
449 
449 
452 
454 

2.455 

geO 

Moridional 
dIStanC8. 

, 
5302.164 

04.621 
07.079 
09.538 
11.999 
14.463 
16.928 
19.394 
21.862 
24.331 

5326.802 
29.275 
31.750 
34.226 
36.704 
39.183 
41.664 
44.147 
46.631 
49.117 

6351.605 
54.094 
56.585 
59.078 
61.572 
64.068 
66.5115 
69.064 
71.565 
74.068 

6376.572 
79.078 
81.586 
84.095 
86.607 
89.119 
91.634 
94.150 
9G. 6G8 

5399.187 
5401.709 

04.231 
06.756 
09.282 
11.810 
14.340 
16.871 
19.404 
21.939 
24.476 

5427.014 
29.554 
32.096 
34.640 
37.185 
39.732 
42.281 
44.832 
47.384 
49.938 

5452.493 

, 
2.457 

458 
459 
461 
464 
465 
466 
468 
469 
471 

2.473 
475 
476 
478 
479 
481 
483 
484 
486 
488 

2.489 
491 
493 
494 
496 
497 
499 
501 
503 
504 

2.506 
508 
509 
512 
512 
515 
516 
518 
519 
522 

2.522 
525 
526 
628 
530 
631 
533 
636 
637 
538 

2.540 
542 
544 
645 
547 
549 
551 
652 
664 

2.555 

67 O 

Meridional 
distanca 

i452.493 
55.051 
57.610 
60.171 
62.734 
65.298 
67.865 
70.433 
73.003 
75.574 

i478.148 
80.724 
83.301 
85.880 
88.461 
91.043 
93.627 
96.213 

5498.801 
5601.390 
5503.981 

06.573 
09.166 
11.761 
14.358 
16.957 
19.559 
22.162 
24.767 
27.375 

5529.985 
32.597 
35.212 
37.829 
40.447 
43.067 
45.688 
48.312 
60.937 
63.564 

5556.192 
68.822 
61.454 
64.088 
66.723 
69.360 
72. OOO 
74.641 
77.284 
79.929 

5582.576 
85.225 
87.875 

93.182 
95.839 

6598.497 
6601.157 

03.819 
06.483 

5609.149 

, 

90. 528 

Uflerence 

2.558 
559 
561 
563 
564 
567 
568 
570 
571 
574 

2.576 
577 
579 
581 
582 
584 
586 
588 
589 
591 

2.592 
593 
595 
597 
599 
602 
603 
605 
608 
610 

2.612 
615 
617 
618 
620 
621 
624 
625 
627 
628 

2.630 
632 
634 
835 
637 
640 
641 
643 
045 
647 

2.849 
650 
653 
654 
657 
658 
660 
662 
664 

2.666 

- - 
bfh- 
I-. 

- 
0 
1 
2 
3 
4 
6 
0 
7 
8 
9 

10 
11 
12 
13 
14 
16 
10 
17 
18 
19 
20 
21 
22 
23 
24 
26 
26 
27 
28 
29 

30 
51 sa 
33 
84 
36 
50 
87 
88 
39 
46 
41 
42 
Is 
44 
46 
46 
47 
48 
29 
60 
61 
62 
69 
M 
66 
68 
67 
68 
69 
00 - 
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28 
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31 
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U. S. COAST A N D  GEODETIC SURVEY. 

MERCATOR PROJECTION TABLE-Continued. 
[Merldlonsl distancas for the spheroid. Comprwicn & 

6 8 O  

Meridional 
dbtance. 

5609.149 
11.817 
14.487 
17.159 
19.832 
22.508 
25.186 
27.865 
30.547 
33.230 

5635.915 
38.602 
41.292 
43.983 
46.676 
49.371 
52.068 
54.767 
57.468 
60.171 

5602.876 
05.583 
68.292 
71.003 
73.716 
76.431 
79.148 
81.867 
84.588 
87.311 

5690.036 - 92.763 
95.492 

5698.223 
5700.956 

03.691 
06.429 
09.168 
11.909 
14.652 

5717.398 
20.145 
22.894 
25.646 
28.399 
31.155 
33.913 
36.672 
39.434 
42.198 

5744.964 
47.732 
60.502 
53.274 
56.049 
68.825 
61.604 
64.384 
67.167 
69.952 

6772.739 

, 
DMerence 

, 
2.668 

670 
672 
673 
676 
678 
679 
682 
683 
685 

2.687 
690 
691 
693 
695 
697 
699 
701 
703 
705 

2.707 
709 
711 
713 
715 
717 
719 
721 
723 
725 

2.727 
729 
731 
733 
735 
738 
739 
741 
743 
746 

2.747 
749 
752 
753 
756 
758 
759 
762 
764 
766 

2.768 
770 
772 
775 
776 
779 
780 
783 
785 

2.787 

69' 

Merldlomi 
distance. 

, 
5772.739 

75.528 
78.319 
81.112 
83.907 
86.705 
89.605 
92.306 
95.110 

5797.917 
5800.725 

03.535 
06.348 
09.162 
11.979 
14.798 
17.620 
20.443 
23.269 
26.096 

5828.926 
31.758 
34.593 
37.429 
40.267 
43.108 
45.951 
48.797 
51.644 
54.494 

5857.346 
60.200 
63.057 
65.915 
68.776 
71.639 
74.595 
77.372 
80.242 
83.114 

5885.989 
88.865 
91.744 
94.625 

5897.508 
5900.394 

03.282 
06.172 
09.065 
11.960 

5914.857 
17.756 
20.658 
23.562 
26.468 
29.377 
32.288 
35.201 
38.117 
41.035 

5943.955 

, 
2.789 

791 
793 
795 
798 
800 
801 
804 
807 
808 

2.810 
813 
814 
817 
819 
822 
823 
826 
827 
830 

2.832 
835 
836 
838 
841 
843 
846 
847 
850 
852 

2.854 
857 
858 
861 
863 
866 
867 
870 
872 
875 

2.876 
879 
881 
883 
886 
888 
890 
893 
895 
897 

2.899 

'304 
906 
909 
911 
913 
916 
918 

2.920 

802 

Meridional 
distnnce. 

6943.955 
46.878 
49.803 
52.730 
55.659 
58.591 
61.526 
64.463 
67.402 
70.343 

5973.287 
76.234 
79.182 
82.133 
85.087 
88.043 
91.001 
93.961 
96.925 

5999.890 
6002.856 

05.828 
08.801 
11.776 
14.763 
17.733 
20.716 
23.701 
26.688 
29. 678 

6032.670 
35.665 
38.662 
41.661 
44.664 
47.668 
51). 675 
53.685 
56.697 
59.712 

6062.729 
65.748 
68.770 
71.794 
74.821 
77.861 
80.883 
83.918 
86.956 
89.996 

6093.038 
96.083 

6099.130 
6102.180 

06.232 
08.287 
11.345 
14.406 
17.469 
20.534 

6123. GO2 

, 
2.923 

925 
927 
929 
932 
935 
937 
939 
941 
944 

2.947 
948 
951 
954 
956 
958 
960 
964 
965 
968 

2.970 
973 
975 
977 
980 
983 
985 
987 
990 
992 

2.995 
997 

2.999 
3.003 

004 
007 
010 
012 
015 
017 

3.019 
022 
024 
027 
030 
032 
035 
037 
040 
043 

3.045 
047 
060 
052 
055 
058 
061 
063 
066 

3.008 

71' 

M ~ l d i ~ ~ i  
distance. 

6123.602 
26.673 
29.746 
32.822 
35. 900 
38.981 
42.065 
45.151 
48.240 
51.332 

6164.426 
57.523 
60.622 
63.724 
66.829 
69.937 
73.047 
76.160 
79.275 

.82.304 
6186.514 

88.638 
91.764 
94.893 

6198.025 
6201.159 

04.296 
07.436 
10.579 
13.724 

6216.872 
20.023 
23.176 
26.332 
29.491 
32.653 
35.818 
38.985 
42.155 
46.328 

6248.603 
51.682 
64.863 
58.047 
61.234 
64.424 
67.616 
70.811 
74.010 
77.211 

6280.414 
83.621 
86.831 
90.043 
93.258 
96.476 

6299.697 
6302.921 

06.148 
09.378 

6312.610 

Merence 

, 
3.071 

073 
076 
078 
081 
084 
086 
089 
092 
094 

3.097 
099 
102 
105 
108 
110 
113 
115 
119 
120 

3.124 
126 
129 
132 
134 
137 
140 
143 
145 
148 

3.151 
153 
156 
159 
162 
165 
167 
170 
173 
175 

3.179 
181 
184 
187 
190 
1.92 
195 
199 
201 
203 

3.207 
210 
212 
215 
218 
221 
224 
227 
230 

3.232 

- - 
M h -  
U t e 3  

- 
0 
1 
2 
3 
4 
6 
0 
7 
8 
0 

10 
11 
12 
13 
11 
16 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
31 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
60 
61 
62 
63 
64 
86 
60 
67 
68 
69 
60 - 
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BIERCATOR PROJECTION TABLeConthi 
[Meridional dlstancas for the sphorold. Compranrlon & 

c_ , 
3.235 
238 
242 
244 
247 
250 
253 
256 
259 
262 

3.264 
267 
271 
273 
277 
279 
283 
286 
288 
292 

3.295 
297 
300 
304 
307 
310 
313 
316 
319 
322 

3.325 
328 
331 
334 
537 
341 
344 
347 
350 
353 

3.356 
359 
362 
365 
369 
372 
375 
378 
381 
385 

3.387 
391 
394 
397 
401 
404 
407 
410 
413 

3.417 - 

135' 

- 
Mh- 
utea. 

- 
0 
1 
2 
3 
4 
6 
6 
7 
8 
9 

10 
11 
12 
15 
14 
16 
16 
17 
18 
10 
20 
21 
22 
!a 
24 
28 
26 
27 
28 
29 
30 
31 
32 
33 
34 
36 
36 
37 
38 
30 
40 
41 
42 
43 
44 
18 
46 
47 
48 
49 
60 
61 
62 
53 
64 
66 
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FIXING POSITION BY WIRELESS DIRECTIONAL BEARINGS?’ 

. A  very close approximation for plotting on a Mercator chart the position of a 
ship receiving wireless bearings is given in Admiralty Notice to Mariners,No. 952, 
June 19, 1920, 8s follows: 

I.- GENERAL. 

Fixing &tion by directional wireless ia very similar to fixing by c r m  bearing from *bIe objects, 
the principal difference being that, when using a chart on the Mercator projection allowance has to be 
made for the curvature of the earth, the wireless stations being generally a t  very much greater distancee 
than the objects ueed in an ordinary crow bearing fix. 

Although fixing position by wireleee directional bearinga ia dependent for ita accuracy upon the 
degree of precision with which it is at present p k b l e  t o  determine the direction of tVireleea wavea, con- 
firmation of the c o w  and distance made good by the receipt of additional bearings, would afford con- 
fidence to those responaible in the veesel aa the land is approached under weather conditions that preclude 
the employment of other methods. 

A t  the present time, from shore stations with practiced operators and inatrumenta in good adjustment, 
the maximum error in direction should not exceed 2’ for day working,but it ia to be noted that errors at 
night may be larger, although sutlicient data on this point is not at  preeent available. 

11.--TRACK OF WIRELERS WAVE. 

The track of a wireleas wave being a great cede  is represented on a chart on the Mercator projection 
by a fiat curve, concave toward tho Equator; this flat curve ia moat curved when it runs in an eaat and 
west direction and flattens out aa the bearing changes toward north and south. When exactly north 
and south it is quite flat and is then a straight line, the meridian. The true bearing of a ship from a 
wirelose telegraph station, or vice verea, is the angle contained by the great circle paSaing through either 
pd t ion  and its respective meridian. 

111.- CONVERGENOT. 

Meridians on the earth’s s u r t ~ e  not being p k l l e l  but converging at the polea, it follows that a great 
circle will intersect meridiana aa it c r m  them a t  a varying angle unleaa the great circle itself paem 
through the poles and bccomes a meridian. The difference in the anglee formed by the intersection of a 
great circle with two meridiane (that is, convergency) depends on the angle the gmat c h l e  makee with 
the meridian, the middle latitude between the meridians, and the difference of longitude between the 
meridians. 

This difference is known aa the convergency and can be approximately calculated from the formula- 
Convergency in minutes=diff. long. in minutes x &I mid. lat. 

Convergency may be readily found from the convergency scale (see fig. 62), or it may be found by 
travense table entering the diff. long. 88 distance and mid. lat. aa course; the resulting departure being 
the convergency in minutee. 

1Y.-TRUE AND MEROATORIAL BEARINGS. 

Meridians on a Mercator chart being represented by parallel linea, i t  follows that the frus bearing of 
the ahip from the station, or vice vem,  can not be repreeented by a straight line joining the two poaitiona, 
the straight line joining them being the mean mercatorial bearing, which diffem from the true bearing 

a A valuablo oonMbutIon to thh subJect by 0. W. Littlehala, appeared in tho Journal of the American &clety of Nswl 
Engineers, February, 1820, under the title: “The Prospective Utlllzatlon of Vmsel-toBhore Rsdlommpass Be8rIngs in Aerial and 
Transomdo Nsvigatlon.” 

Binca going to press our attention hss been d e d  to a dlagmm on Pilot Chart No. 1400, February, 1821, entitled “Padtion 
Plotting by Radio Bearings” by Elmer 8. Collins, nautical expert, U. 8. Hydrogrsphio Odsca. On thh diagram them fa 
gtven a method of !lxhg the pmltlon of a vessel on a Merartor chart both by plottlng and by computation. 

The Admiralty us09 deed-reckoning pceItIon for prehninsry fix wheteas by the Hydmgraphia OdsUJ method thep- 
S I X  Is obtained by laying the radlocompass bearlnga on the Morcstor chart. The Bydrogrsphlo OWca also glvw a method d 
computation whereln the radlocompass beartngs nre used in a manner very similar to Sumner Unes. 

Bee also the parapph cotreha dtrectional bemln98 under the chapter anOmonlc Projection, p. 141. 
137 
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by *+ the convergency. As it is this mean mercatorial bearing which we require, all that is necesssry 
when the true bearing ia obtained from a W/T station is to add to or subtract from it 4 the convergency 
and lay off thia bearing from the station. 

N ~ ~ ~ . - - C h a r t e  on the gnomonic projection which facilitate the plotting of true bearings are now in 
course of preparation by the Admiralty and the U. S. Hydrographic Office. 

8 

V.-SIGN OF TRE 4 CONVERGENCY. 

Provided the bearinge are alwaya measured in degrees north 0’ to 360’ (clockwise) the t4gn of this 1 

N. lat.. ..................... -4 convergency is + to the bearing given by the WIT station 

N. lat ........................ 4 convergency h - to the bearing given by the WIT station 

S. 1st. ...................... .The opposite. 

convergency can be &ply determined as follows: 

when ship h E. of station. 

when ship is W. of station. 

When the W/T station and the ship are on opposite sidca of the Equator, the factor ain mid. lat. is 
necessarily very ma l l  and the convergency is then negligible. All great circles in the neighborhood 
of the Equator appear on the chart aa straight lines and the convergency correction aa described above is 
immaterial and unnecessary. 

VI .-EXAMPLE. 

A ship ia by I). R.=inlat. 48’45/ N.,  long. 25’ 30/ W., and obtains wireless bearings from Sea View 
2443’ and from Ushant 2773’. What h her position? 

Sea View .......... .Lat. 55’ 22/ N. Long. 7’ 19$/ W. 
D. R.. ............ .Lat. 48’ 45/ N. Long. 25’ 30/ W. 
Mid. lat. .......... 52’ 03i N. Diff.long. 1090.’5 

Convergency= 1090.5 X Bin 52’=859’, 
or 4 convergency=7’ 09’ 

The true bearing signaled by Sea View waa 244%’; aa ship is weat of the station (north lat., we Par. V) 
tho 3 convergency will be “minw” to the true bearing signaled. 

Therefore the mercatoria1 bearing will be 2374’ nearly. 
Similarly with Ushsnt. 

Lat. D. R. ........ -46’ 45‘ N. Long. 25O3W W. - Lat. Uahant. ....... -46’ 263/ N. Long. 5’ 05+/ W. 

Mid. lat. .......... .48’ 36’ N. Diff. long. 1224.’5 W. 
Convergency=l224.5X~h 46’ 36’=919/, 

or 3 c0nvergency=7~ 40‘ 

the 4 convergency will be “minw” to the true bearing signaled. 
be 270’ nearly. 

will be in: 

The true bearing oignaled by Uahant waa 2774’; aa ship is west of the station (north lat., Bee Par. V) 
Therefore the mercatorial bearing will 

hy ing  off 2374’ and 270’ on the chart from Sea View and Ushsnt, respectively, the intersection 

Lat. 48’ 274/ N., long. 25’ 05’ W., which h the ship’s position. 
Nom.-In plotting the positions the largest scale chart available that embracea the area ahould be 

wed. A station pointer will be found convenient for laying off the bearings where the distances are 
great. 

The accompanying chartlet (see Fig. 62), drawn on the Mercator projection, shows the above posi- 
tions and the error involved by laying off the true bearings as signaled from Sea View W/T station and 
Ushant W/T station. 

The black curved lines are the great circlea passing through Sea View and ship’s position, and Ushant 
and ship’s position. 

The red broken lines are the true bearings laid off as signaled. their intorsection “B” being in lati- 
tude 50‘ 14/ N., longitude 25’ 46‘ W., or approximately 110’ from the correct position. 

The red firm lines are the mean meratorial bednga laid off from Sea View and Ushant and their 
intersection “C” gives the ship’s position very nearly; that is, latitude 48’ 273/ N., longitude 25’ 05’ W. 
’ 

m Desd reckonlng. 
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FIXING POSITION BY WIRELESS DIRECTIONAL BEARINGS. 139 

Pdtion “A” is the ship’s D. R. position, latitude 48’ 45’ N:, longitude 25’ 3W W., which waa used 
for calculating the 4 convergency. 

NOTE.-AE the true position of the ship should have been used to obtain the 3 convergency, the 
quantity found is not correct, but it could be recalculated using lat. and long. “C” and a more correct 
value found. This, however, is only nece88&IY i f  the error in the ship’s sssumed position is very great, 

VI1.-ACCURACY OF THIS METHOD OF PLOTTINQ. 

Although this method L not rigidly accurate, it can be used for all practical purposes up to 1,OOO 
d e s  range, and a very close approximation found to the lines of position on which the ship is, a t  the 
moment the Stationa receive her signals. 

VII1.-USE OF W/T BEARINQS WITH OBSERVATIONS OF HEAVENLY BODIES. 

It follows that WIT bearings may be used in conjunction with position lines obtained from ohserva- 
tions of heavenly bodies, the position lines from the latter being laid off aa straight lines (although in t h i ~  
case also they are not strictly BO), due consideration being given to the pomible error of the W/T bearings. 
Moreover, W/T besrings can be made UEC of at short distances aa “position lines, ” in a similar manner to 
the so-called “Sumner line” when approaching port, making the land, avoiding dangera, etc. 

lX.-UONVERSE METHOD. 

When ships are fitted with apparatus by which they record the wireless bearings of shore statiom 
whose positions are known, the eame procedure for laying off hearings from the ehore stations can be 
adopted, but it i~ to be remembered that in applying the 4 convergency to these it must be 
applied in the converae way, in both hemispheres, to that laid down in paragraph V. 



THE GNOMONIC PROJECTION. 

DESCRIPTION. 
[see Plate IV.] 

The gnomonic projection of the sphere is a perspective projection upon a tm- 
gent plane, with the point from which the projecting lines are drawn situated at  
the center of the sphere. This may also be stated aa follows: 

The eye of the spectator is supposed to be situated a t  the center of the terrestrial 
sphere, from whence, being at once in the plane of every great circle, it  will see these 
circles projected as straight lihes where the visual rays passing through them inter- 
sect the plane of projection. A straight line drawn between any two points or 
places on this ’chart represents an arc of the great circle passing through them, and 
is, therefore, the shortest possible track line between them and shows a t  once all the 
geographical localities through which the most direct route passes. 

FIG. 63.--Diagram illustrating the theory of the gnomonic projection. 
The four-slded flgure QR8T 15 the imaginary paper formlng a “tangent plene,” whlch touches 

the sur- of the globe on the cantral meridinn of the chart. The N.4. ariS of the globe fs con- 
wived as produced to a point P on whlch all meridians converge. Where i n m g b r y  llnw drawn 
from the cantor of the earth through points on I t s  surieoe fall on the tangent plane, these 
points can be plotted. The tangent paper belng viewed in the !lgure from underneath, the 
outllne of the island is reversed 89 in a looking glape; if the paper were tramparent, the outllne, 
when 88811 from the further aide (the chart dde) would be In ita natural roletion.-From charts: 
T U  Use and M h g ,  by 0. Herbert Fowler, Ph. D., Unlvdty  College, London. 

Obviously a complete hemisphere can not be constructed on this plan, since, 
for points 90° distant from the center of the map, the projecting lines are parallel 
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to the plane of projection. As the distance of the projected point from the center 
of the map approaches 90a the projecting line approaches a position of parallelism 
to the plane of projection and the intersection of line and plane recedes indohitely 
from the center of the map. 

The chief fault of the projection and the one which is incident to its nature 
is that while those positions of the sphere opposite to the eye are projected in approxi- 
mately their true relations, those near the boundaries of the map are very much 
distorted and tho projection is useless for distances, areas, and shapes. 

The one special property, however, that any great circle on the sphere is repre- 
sented by R straight line upon tke map, has brought tho gnomonic projection into 
considerable prominence. For the purpose of facilitating great-circle sailing the 
Hydrographic Office, U. S. Navy, and the British Admiralty have issued gnomonic 
charts covering in single sheets the North Atlantic, South Atlantic, Pacific, North 
PacSc, South Pacific, and Indian Oceans. 

This system of mapping is now frequontly employed by the Admiralty on plans 
of harbors, polar charts, etc. Generally, however, the area is so small that the 
difference in projections is hardly apparent and the charts might as well be treated 
as if they were on the Mercator projection. 

The use and application of gnomonic charts as supplementary in laying out ocean 
sailing routes on the Mercator charts have already been noted in the chapter on the 
Mercator projection. In  the absence of charts on the gnomonic projection, great- 
circle courses may bo placed upon Mercator charts either by computation or by the 
use of tables, such aa Lecky’s General Utility Tables. I t  is far easier and quicker, 
however, to derive these from the gnomonic chart, because the route marked out 
on it will show a t  a glance if any obstruction, as an island or danger, necessitates a 
modified or composite course. 

WIRELESS DIRECTIONAL BEARINQS. 

The gnomonic projection is by its special properties espocially adapted to the 
plotting of positions from wireless directional bearings. 

Observed directions may be plotted by means of a protractor, or compass 
rose, constructed a t  each radiocompass station. The center of the rose is at the radio 
station, and the true azimuths indicated by it are the traces on the plane of the 
projection of the planes of corresponding true directions a t  the radio station. 

MATHEMATICAL THEORY OF THE GNOMONIC PROJECTION. 

A simple development of the mathematical theory of the projection dl be 
givon with sufficient completeness to enable one to  compute the necessary elements. 

In  figure 64, let PQP’Q’ represent the meridian on which the point of tangency 
lies; let ACB be tho trace of the tangent plano with tho point of tangency at C; and 
lot the.radius of tho sphere be represented by R; let tho anglo COD be donoted by 
p; then, CD -0C tan COD =R tan p .  

All points of tho sphere at arc distance p from C\vill be roprcsentcd on tho projoc- 
tion by a circle with radius equal to CD, or 

p - R  tmp. 
To reduce. this expression to rectangular coordinates, let us suppose the circle 

drawn on the plane of the projoction. In k u r e  65, let Y 1’‘ represent the projection 
of the central meridian and XX’ that of the great circlo through C (see Sg. 64) 
perpendiculnr to the cantral moridian. 
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8' 0 

P' 

Fro. 84.4nomonic projection-detorminstion of tho radial dktance 

Y 

Fro. 65.-Gnomonic projectiondetermindoation of the coordinate8 
on the mapping plane. 

If the angle XO F i3 denoted by W ,  we have 

x =p cos w =R tan p cos w 

y=p sin w =R tan p sin w ;  

R sin p cos w 
cos p X- 

R sin p sin u. 
1J' cos 2, 
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Now, suppose the plane is tangent to the sphere a t  latitude a. The expression 
just given for x and y must be expressed in terms of latitude and longitude, or cp 
and h, X representing, as usual, the longitude reckoned from the central meridian. 

In figure 66, let T be the pole, & the center of the projection, and lot P be the 
point whose coordinates are to be determined. 

Fro. 66.-Gnomonic projection-tamsformation triangle on the sphere. 

The angles between great circles a t  the point of tangency are preserved in the 
projection so that w is the angle between &P and the great circle perpendicular to 
TQ a t  Q; 

and, 

From the trigonometry of the spherical trianglo wo have 

cos p =sin a sin cp +cos a cos X cos cp, 

sinp_ sin X 
cos 9 cos w )  

or sin p cos w = sin h cos cp, 

and 
sin p sin o = cos a sin cp - sin a cos X cos v. 

On the substitution of these values in the expressions for x 
as definitions of the coordinates of tho projection- 

R sin X cos o 

nd y, we 

.I/- sin a sin cp+cos a cos Xcoscp‘ 

R (cos a sin cp - sin a cos X cos cp) 

btain 

sin a sin cp+cos a cos X cos cp 
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The Y axis is the projection of the central meridian and the X axis is the pro- 
jection of the great circle through the point of tangency and perpendicular to the 
central meridian. 

To put 
them in more convenient form, we may transform them in the following manner: 

These expressions are very unsatisfactory for computation purposes. 

R sin X cos cp 
sin a (sin cp + cos cp cot a cos A) 2- - 

Let 
* 

then 

But 

and 

Hence 

R cos a (sin cp - cos cp tan cy cos A) -. 
Y =  sin cy (sin cp+ cos cp cdt a cos X) 

cot @=cot a cos X, 

tan ?=tan  a cos X, 

R sin X COS (D 
5-  sin a - (sin cp sin fi + cos cp cos 8) sin /3 

R cos a (sin cp cos y - cos cp sin 7 )  cos r 
y=sin a .  - (sin cp sin @ + cos cp cos j3: sin fl 

cos (cp-p)=sin cp sin f3+co3 cp cos @, 
sin (cp - y) = sin cp cos y - cos cp sin y. 

R sin @ sin X cos cp 
sin a cos ((0-8) 
R cot a sin /3 sin ( (0-7)  

coy Y cos (a-8) 

X- 

y=- -. 
These expressions are in very convenient form for logarithmic computation, 

or for computation with a calculating machine. For any given meridian p and y 
are constants; hence the coordinates of intersection along a meridian are very easily 
computed. It is known, a priori, that the meridians are represented by straight 
lines; hence to draw a meridian we need to know the coordinates of only two points. 
These should be computed as far apart as possible, one near the top and the other 
near the bottom of the map. After the meridian is drawn on the projection i t  is 
sufficient to compute only the y coordinate of the other intersections. If the map 
extends far enough to include the pole, the determination of this point will give one 
point on all of the meridians. 

x Since for this point X = 0 and cp=2 9 we get 

8=ff, 
y=a, 
x = o ,  
?J=R cot a. 

If this point is plotted upon the projection and another point on each meridian 
is determined near the bottom of the map, the meridians can be drawn on the projec- 
tion. 
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If the map is entensive enough to include the Equator, the intersections of the 
straight line which represents it, with the meridians can be easily computed. When 
cp=O, the expressions for tho coordinates become 

x=RtanX sed a, 

y = - R t m a .  

A line parallel to the X axis at the distance y = - R tan CY represents the Equator. 
Tho intersection of the meridian X with this line is given by 

x = R  tan X sec a. 

When the Equator and the pole are both on the map, the meridians may thus be 
determined in a very simple manner. The parallels may then be determined by 
computing the y coordinate of the various intersections with these straight-line 
meridians. 

If the point of tangency is at  the pole, a=2 and the expressions for the coordi- 

' 

?r 

nates become 
x-R cot cp sin X, 

y= -R cot V, COS X. 

In  these expressions X is reckoned from the central meridian from south to east. 
Letting X=-+X'  U As usually given, 

and dropping the prime, we obtain the usual forms: 
is reckoned from the east point to northward. 2 

x = R cot cp COS X, 

y-R cot cp sin X. 

The parallels are reprezented by concentric circles each with the radius 

p R Cot Q. 

T n o  meridians are ropzesented by tho oqually spaced radii of this system of 

If the point of tangency iY on the Equator, a=O, and the expressions become 
circles. 

x=R tan X, 

y = R tan cp sec 1. 

The meridians in this case are represented by straight l i e s  perpendicular to 
the X axis and parallel to the Y axis. The distance of the meridian X from the 
origin is given by x = R  tan X. 

Any gnomonic projection is symmetrical with respect to the central meridian 
or to the Y axis, so that the computation of the projection on one side of this axis is 
sufficient for the complete construction. When the point of tangency is a t  the polo, 
or on the Equator, the projection is symmetrical both with respect to the Y axis 
and to the X axis. It is sufEicient in either of these cases to compute the inter- 
sections for a single quadrant. 

Another method for the construction of a gnomonic chart is given in the 
Admiralty Manual of Navigation, 1915, pages 31 to 38. 

64562°-31-10 
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As stated concisely by Prof. Hinks, “the problem of showing the sphere on a single 
sheet is intractable,” and i t  is not the purpose of the authors to enter this field to any 
greater extent than to present a few of the systems of projection that have at  least 
some measure of merit. The ones herein presented are either conformal or equal- 
area projections. 

THE MERCATOR PROJECTION. 

The projection was primarily designed for tho construction of nautical charts, 
and in this field has attained an importanco beyond all others. Its use for world 
maps has brought forth continual criticism in that the projection is responsible for 
many false impressions of the relative size of countries differing in latitude. These 
details have been fully described under the subject title, “Mercator projection, ” 
page 101. 

The two errors to one or both of which all map projections aro liable, are changes 
of area and distortion as applying to portions of the earth’s surface. The formcr 

Fra. 67.-Mercator projection, from latitude 60’ muth, to latitude 78O north. 

error is well illustrated in a world map on this projection where a unit of area at  the 
Equator is represented by an area approximating inSnity as we approach the pole. 
Errors of distortion imply deviation from right shape in the graticules or network 
of meridians and parallels of the map, involving deformation of angles, curvature 
of meridians, changes of scale, and errors of distance, bearing, or area. 

In  the Mercator projection, however, as well as in the Lambert conformal conic 
projection, the changes in scale and area can not t d y  be considered as distortion or 
as errors. A mere alteration of size in the same ratio in all directions is not considered 
distortion or error. These projections being conformal, both scale and area are 
corroct in any restricted locality when referred to the scale of that locality, but as the 
scale varies with the latitude large areas aro not correctly represented. 

USEFUL FEATURES OF THE MERCATOR PROJECTION IN WORLD Mms.--Granting 
that on the Mercator projection, distances and areas appear to be distorted relatively 

146 
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when sections of the map differing in latitude are compared, an intelligent use of the 
marginal scale will determine these quantities with sufficient exactness for any giveh 
section. In  many other projections the scale is not the same in all directions, the 
scale of a point depending upon the azimuth of a line. 

As proof of the impossibilities of a Mercator projection in world maps, the critics 
invariably cite the exaggeration of Greenland and the polar regions. I n  the considers 
tion of the various evils of world maps, the polar regions are, aftor all, the best placas 
to put the maximum distortion. Generally, our interests are centered between 
65’ north and 55’ south latitude, and it is in this belt that other projections present 
difliculties in spherical relations which in many instances are not readily expressed in 
analytic terms. 

Beyond these limits a circumpolar chart like the one issued by the Hydrographic Office, U. 8. 
Navy, No. 2560, may be employed. Polar charta can be drawn on the gnomonic projection, the point 
of contact between plane and sphere being a t  the pole. In practice, however, they are generally drawn, 
not BB true gnomonic projections, but a8 polar equidistant projectiom, the meridians radiating 88 

straight lines from the pole, the parallels struck aa concentric circles from the pole, with all degrem 
of latitude of equal length a t  all parts of the chart. 

However, for the general purposes of n circumpolar chart from latitude 60’ to the pole, the polar 
stere0,sraphic projection or the Lambert conformal with two standard parallels would be preferable, 
In the latter projection the 360 degreea of longitude would not be mapped within a circle, but on a 
sector greater than a semicircle. 

Nom.-The Mercator projection has been employed in the construction of a hydrographic map of 
the world in 24 sheeta, published under the direction of the Prince of bfonaco under the title “Carte 
Bathymbtrique des Ochns. ” Under the proviaions of the Seventh Intarnational Geographic Congress 
held a t  Berlin in 1899, and by recommendation of the committee in charge of the charting of suboceanic 
relief, nasembled a t  Wiabaden in 1903, tho project of Prof. Thoulet waa adopted. Thanks to the generoua 
initiative of Prince Albert, the charta have obtained considerable success, and Bome of the sheets of a 
second edition have been issued with the addition of continental relief. The Rheeta measure 1 meter in 
length and GO centimeters in height. The series ie comtructed on 1 : l O  000 OOO equatorial scale, embracing 
10 sheets up to latitude 72’. Beyond thb latitude, the gnomonic projection b employed for mapping the 
polar regiona in four quadrants &h. 

The Mercator projection embodies all the properties of conformality, which 
implies true shape in restricted localities, and the crossing of all meridians and 
parallels at  right angles, the same as on the globe. The cardinal directions, north 
and south, east and west, always point the same way and remain parallel to the 
borders of the chart. For many purposes, meteorological charts, for instance, this 
property is of great importance. Charts having correct areas with cardinal directions 
iunning every possible way are undesirable. 

While other projections may contribute their portion in special properties from 
an educational standpoint, they cannot entirely displace the Mercator projection 
which has stood the test for over three and a half centuries. I t  is the opinion of the 
authors that the Mercator projection, not only is n fixture for nautical charts, but 
that it plays a definite part in givingus a continuous conformal mapping of the world. 

THE STEREOGRAPHIC PROJECTION. 

The most widely known of all map projections aro the Mecator projection 
already described, and the stereographic projection, which dates back to ancient 
Greece, having been used by Hipparchus (160-125 B. C.). 

The stereographic projection is one in which the eye is supposed to be placed 
at the surface of the sphere and in the hemisphere opposite to that which it is desired 
to project, The exact position of tho eye is a t  the extremity of the diameter passing 
through the point assumed as the center of the map. 
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It is the only azimuthal projection which has no angular distortion and in 
which every circle is projected as a circle. It is a conformal projection and the 
most familiar form in which we see it, is in the stereographic meridional as employed 
to represent the Eastern and Western Hemispheres. In the stereographic meridi- 
onal projection the center is located on the Equator; in the stereogriphic horizon 
projection the-center is located on any selected parallel. 

Another method of projection more frequently employed by geographers for 
representing hemispheres is the globular projection, in which the Equator and central 
meridian are straight lines divided into equal parts, and the other meridians are 

Fro. 68.-Stereographic meridional projection. 

circular ATCS uniting the equal divisions of the Equator with the poles; the parallels, 
except the Equator, am likewise circular arcs, dividing the extreme and central 
meridians into equal parts. 

In the globular representation, nothing is correct except the graduation of the 
outer circle, and the direction and graduation of the two diameters; distances and 
directions can neither be measured nor plotted. It is not a projection defined for 
the preservatioa of special properties, for it does not correspond with the surface of 
the sphere according to any law of cartographic interest, but is simply an arbitrary 
distribution of curvcs conveniently constructed. 
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The two projoctions, stereographic and globular, a ro  noticeably different when 
seen side by side. In the stereographic projection the meridians intersect the 
parallels a t  right angles, as on the globe, and the projection is better adapted to the 
plotting and measurement of all kinds of relations ss pertaining to the sphere than 
any other projection. Its use in the conformdl representation of a hemisphere is 
not fully appreciated. 

In the stereographic projection of a hemisphere we have the principle of 
Tchebicheff, namely, that a map constructed on a conformal projection is the best 
possible when the ccnle is constant along the whole boundary. This, or an approxi- 

ha. 89.4tereographic horizon projection on the horizon of P&. 

mation thereto, seems to be the most satisfactory solution that has been suggested 
in the problem of conformal mapping of a hemisphere. 

The solution of various problems, including the measurement of angles, direc- 
tions, and distances on this projection, is given in U. S. Coast and Geodetic Survey 
Special Publication No. 57. The mathematical theory of the projection, the con- 

. 

U An interesting paper on thls pmlectlon appscued fn the American Journal of Bclence, Vol. XI, February, 1901, The Starm. 

The appllcatlon of tbb profeotlon to the solutlon ofapherld prohleme Ls glven In Not- on Btsreographlo Projwtlon, by Prof. 

A praatid we of the stereographio projectlon le Illwtreted In the Star Finder deviaed by 0. T. Rude, hydropaphlo and 

p p b l c  Projectlon and its Posslbllltlea from a Oraphid Btandpoht, by 8. L. Penfield. 

W. W. Hendorfckson, U. 8. N., Annapolls, U. 8. Naval Institute, 1906. 

m e t l o  enghmr, U. 8. Ccast and Oeodetlc Survey. 
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struction of the stereographic meridional and stereographic horizon projection, and 
tables for the construction of a meridional projection are also given in the same 
publication. 

THE AITOFF E Q U A L F A  PROJECTION OF THE SPHERE.. 
(See Plate V and fig. 70.) 

The projection consists of a Lambert azimuthal hemisphere converted into a 
full sphere by a manipulation suggested by Aitoff 

It is similar to Mollweide’s equal-area projection in that the sphere is repre- 
sented within an ellipse with the major axis twice the minor axis; but, since the 
parallels are curved lines, the distortion in the polar regions is less in evidence. 
The representation of tho shapes of countries far east and west of the central meridian 
is not so distorted, because meridians and parallels nrc not so oblique to one another. 
The network of meridians and parallels is obtained by the orthogonal or perpen- 
dicular projection of a Lambert meridional equal-area hemisphere upon a plane 
making an angle of 60’ to the plane of the original. 

The fact that it is an equivalent, or equal-area, projection, combined with the 
fact that it shows the world in one connected whole, makes i t  useful in atlases on 
physical geography or for statistical and distribution purposes. It is also employed 
for the plotting of the stars in astronomical work where the celestial sphere may be 
represented in one continuous map which will show a t  a glance the relativc dis- 
tribution of the stars in the different regions of the expanse of the heavens. 

OBSERVATIONS ON ELLIPSOLDAL PRoJEcTIoNs.-Some criticism is made of ellip 
soidal projections, as indeed, of all maps showing the entire world in one connccted 
whole. It is said that erroneous impressions arc created in the popular mind either 
in obtaining accuracy of area at the loss of form, or the loss of form for the purpose of 
preserving some other property; that while these are not errors in intent, they are 
errors in effect. 

It is true that shapes become badly distorted in the far-off quadrants of an Aitoff 
projection, but the continental masses of special interest can frequently be mapped in 
the center where the projection is a t  its best. I t  is true that the artistic and mathe- 
matically trained eye will not tolerate “the world pictured from a comic mirror,” 
as stated in an interesting criticism; but, under certain conditions where certain 
properties are desired, these projections, after all, play an important part. 

The mathematical and theoretically elegant property of conformality is not of 
sufficient advantage to outweigh the useful property of equal area if the latter prop- 
erty is sought, and, if we remove the restriction for shape of small areas as applying 
to conformal projections, the general shape is often better preserved in projections 
that are not conformal. 

The need of critical consideration of the system of projection to be employed in 
any given mapping problem applies particulary to the equal-area mapping of the 
entire sphere, which subject is again considered in the following chapters. 

A base map without shoreline, size 11 by 223 inches, on the Aitoff equal-area 
projoction of the sphere, is published by the U. S. Coast and Geodetic Survey, the 
radius of the projected sphere being 1 decimeter. Tables for the construction of this 
projection directly from z and y coordinates follow. These coordinates were obtained 
from the Lambert meridional projection by doubling the 2’s of half the longitudes, 
the y’s of half the longitudes remaining unchanged. 

. 

U Ab:, written, D. Ntow. A detalled account of thls proJection Is @veri in Petermanns Mlttellunpm, I=, vol. 38, pp. 85-87. 



Fro. 70.-The Aitoff equal-area projection of the sphere With the Amdm in center. 



TABLE FOB TEE CONSTRUCTION OF AN A I "  EQUAL-AREA PILOJEOTION OF THE SPHERE. 
[ W a s  d projected sphere equals 1 decimeter. Rectsngnlar coordinates in dedmilllmeters.] 
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....__. 
....... _...... 

............... ...... . . . . . . . _..... _..... . . . . . . . 
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Thus, in the Lambert meridional projection, the coordinates at latitude 20°, 
longitude 20°, are 

x = 0.33123 decimeter, or 331.23 decimillimeters. 
y = 0.35248 decimeter, or 352.48 decimillimeters. 

For the fitoff projection, the coordinates at  latitude Z O O ,  longitude 40°, will be 
x = 2 x 331.23 = 662.5 decimillimeters. 
Y= 352.5 docimillimeters. 

The coordinates for a Lambert equal-area meridional projection are given on 
page 75. 

THE MOLLWEIDE HOMALOGRAPHIC PROJECTION. 

This projection is also linown tt9 Babinet's oqual-surface projection and ib 
distinctive character is, as its name implies, a proportionality of areas on the sphere 
with the corresponding areas of the projection. The Equator is developed into a 
straight line and graduated equally from 0' to 180Oeither way from the central 
meridian, which is perpendicular to it and of half the length of the representative 
line of tho Equator. The ptlrallels of latitude are all straight lines, on each of which 
the degrees of longitude are equally spaced, hut do not bear their truo proportion 
in length to those on the sphere. Their distances from the Equator are determined 
by the law of equal surface+, and their values in the table have been tabulated 
between the limits 0 a t  the Equator and 1 for the pole. 

Fro. 71.--The Nollweide homalographic projection of the sphere. 

The ma idan  of 90' on &her side of the central meridian appears in the 
projection aa a circle, and by intersection determines the length of 90' from the 
central meridian on all the parallels; the other meridians are parts of elliptical 
arcs. 

Extending the projection to embrace the whole surface of the sphero, the 
bounding line of the projection becomes an ellipse; the area of the circle included 
by the meridians of 90' equals that of the hemisphere, and the creacent-shaped 
areas lying outside of this circle between longitudea f 90' and f 180' are togethar 
oqual to that of the circle; also the mea of the projection between parallels f30° 
is equal to the same. 



154 0. 9. COAST AND GEODETIC SURVEY. 

In  the ellipse outside of the circle, the meridional lengths become exaggerated 
and infinit.ely small surfaces on the sphere and the projection are dissimilar in form. 

The distortion in shape or lack of conformality in the equatorial belt and polar 
regions is the chief defect of this projection. The length which represents 10 de- 
grees of latitude from the Equator exceeds by about 25 per cent the length along 
the Equator. In the polar regions i t  does not matter so much if distortions become 
excessive in the bounding circle beyond 80 degrees of latitude. 

The chief use of the Mollweide homnlographio projection is for geographical 
illustrations relating to area, such as the distribution and density of population or 
the extent of forests, and the like. It thus serves somewhat the same purpose ag 
the Aitoff projection already described. 

The mathematical description and theory of the projection are given in Lehrbuch 
der Landkartenprojectionen by Dr. Norbert Herx, 1885, pages 161 to 165; and 
Craig (Thomas), Treatise on Projoctions, U. S. Coast and Geodetic Survey, 1882, 
pages 227 to 225. 

COI\STRUCTION OF THE MOLLWEIDE HOMALOORAPHIC PROJEOTlON OF A IJEYISPHERE. 

Having drawn two construction Iines perpendicular to each other, lay off north 
and south from the central. point on the central meridian the lengths, sin 8, which are 
given in the third column of the tablas 95 and which may be considered as y coop 

Fro. 72.--The MolIweide homalographic projection of a hemiephere. 

dinatm, these lengths being in terms of the radius as unity. The points so obtained 
w i l l  be the points of intersection of each parallel of latitude with the central meridian. 

With a compws set to the length of the radius and passing through the upper 
and lower divisions on the central meridian, construct a circle, and this d represent 
the outer meridian of a hemisphere. Through the points of intersection on tho 
central meridian previously obtained, draw lines parallel to the Equator and they 
will represent the other parallels of latitude. 
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For the construction of the meridians, it  is only nocessary to divide the Equator 
and parallels into the necessary number of equal parts which oorrespond to the 
unit of subdivision adopted for the chart. 

HOMALOORAPITIC PROJECTIOX OF THE BPHERE. 

In  tho construction of a projection including the entire sphere (fig. 71), we 
proceed as before, excepting that the parallels are extended to the limiting ellipse, 
and their lengths may be obtained by doubling the lengths of the parallels of the 
hemisphere, or by the use of the second column of the tnbles under tho values for 
cos e, in which cos e represents the total distance out along a given parallel from 
tho central to the outer meridian of the hemisphere, or 90 degrees of longitude. In 
the projection of a sphere these distances will he doubled on each side of the central 
meridian, and the Equator becomes the major axis of an ellipse. 

Equal divisions of the parallels corresponding to the unit of subdivision adopted 
for the chart will determine points of intersection of the ellipses representing the 
meridians. 
TABLE FOR THE COXBTRUCTION OF THE MOLLWEIDE HOMALOORAPRIC PROJECTION. 

L a t h d o  
(P 

0 ,  

0 0 0  
0 3 0  
1 0 0  
1 3 0  
2 0 0  

2 8 0  
3 0 0  
3 8 0  
4 0 0  
4 m  

6 0 0  
6 8 0  
6 0 0  
0 8 0  
7 0 0  

7 8 0  
8 0 0  
3 8 0  
8 0 0  
8 8 0  

10 00 
10 30 
11 00 
11 so 
12 00 

12 30 
13 00 
13 30 
14 00 
14 30 

I6 00 
16 30 
10 00 
10 so 
17 00 

17 30 
' 18 00 

18 SO 
18 00 
18 30 

m o o  
21 00 
21 80 
2 2 0 0  
2 2 3 0  

m a 0  

-- 

m e  

1.0000000 
0.8898707 
0. g e g m  
0.8887884 
0.8888240 

0. geeQ1n 
o.m164!2 
0. PO88489 
0.8884887 
0. QeSoe70 

0.8870507 
0. 8971672 
0. BBB6189 
0. PP0ozaQ 
0. PO63842 

0.8w7127 
0.8638838 
0. QQ3m 
0.8823&17 
0.861514 

0.8805870 
0.8888322 
0.8888204 
0.8876014 
0.9804550 

0.9853012 
0.8841004 
0.9828517 
0.9816656 
0.8802124 

0. 87R8217 
0.9773830 
0.87M1870 
0.0148837 
0.8727827 

0.8094770 

0.8858908 

amiiw 
0. wnm 
0. m41m 
0. m m  
0. mno 
0.06S4130 
0.9584008 
0. 8643400 
0.8522324 

sh e 

0.00000000 
0. Mws5431 
0.01S70813 
0.0#)58114 
0. ozIll423 

0.03428822 
0.04111710 
0.04788680 
0.06481466 
0.08188l16 

0. oBBso 
0.07634880 
0. WlaQ50 
0. oBm780 
0. OQdeaUo 

0.lMOBBlO 

0.11835236 
0.12317506 

0.13881155 
0.14382360 
0.15343085 
0.16723380 
0.16403180 

O.l7'oWs20 

0.19117536 
0.18784810 

0. aW71Mw) 
0.21147680 
0.218u050 
0.22487846 
0.23171080 

0.23846380 
0.241518120 
0.25180120 
0.26501370 
0.18531e40 

0. m1m 
0. 27mm 
0.28113&130 
0. zPzOf.010 
0.28871850 
0.90537380 

a 10862680 

0 . 1 a w 6  

0. inoi3es a iw~710 

I1 

easIsl 
885383 
085331 
085278 
6861PO 

BBw88 
0848.50 wm wm 
684485 

884280 
884070 
883830 
883580 
063270 

w055 
682330 
881980 
881010 

881196 
880745 
880285 
67@10 
679330 

078345 
077W 
077276 
07MW 

e m 7 0  

e78845 

074785 
074115 
073430 

072W 

870470 
BBBBBO 

888880 
o88030 
@37180 
888340 
BBMIO 

e7mo 

e71250 

e ,  

22 30 
2 3 0 0  
23 30 
2 4 0 0  
24 30 

25 00 
25 30 
2 8 0 0  
20 30 
2700 
27 30 
28 00 
2830 
2 8 0 0  
2830 

30 00 
30 30 
31 00 
31 30 
32 00 

32 30 
3 3 0 0  
53 30 
3400 
3430 

35 00 
35 30 
30 00 
36 30 
37 00 

37 30 
3 8 0 0  
3830 
38 00 
39 30 

40 00 
40 30 
41 00 
41 30 
4 2 0 0 .  
42 so 
4 3 0 0  
4330 
4 4 0 0  
44 80 
46 00 

~ 

0.8622324 
0. 8500756 
0.8478704 
0. P450170 
0.8433152 

0. 8406840 
0.8385064 
0.8361174 
0.8336210 
0. 8310754 

0.8284808 
0.8358374 
0.9231446 
0.8204a30 
0. 8170118 

0.8118800 
0. 6089400 
0. w59m 
0. m 1 w  

0.8888210 
0. R988820 
0.89348u 
0.8802624 
0.8888820 

0.8838208 
0. B8M2e3 
0.8767850 
0.87329M 
0. fflQ74M 

0.8801484 
0.8BW102 
0.85wJm 
0.8550482 
0.8612442 

0.84733878 
0.84347781 
0.83Q5179 
0.83650m 
0.8314384 

0. W31m 
0. w1m 
Q8J88JQ 
0.8140326 
0.8101888 
0.8058058 

0. ~i4noe 

sin e 

0.30637380 
0.31101840 
0.31866580 
0.3W2R210 
0 . 3 3 1 m  

0.33850520 
0,34510150 
0.361 88730 
0.35R2625O 
0.30482BBo 

0.37138oOo 

0.38446240 
0.38087120 
0.39747840 

0.4@3P7m 
0.4104E870 
0.41082880 
0.41338400 
0.4298uwo 

0.433825840 
0.44%7510 
0.44rlo7810 
0.4'5546720 
0.46184240 

0.48820350 
0.47455020 
0.48088340 
0.4A718820 
0.483Mxuu) 

0.48978870 
0.60806870 
0.61231080 
0.61864BM) 
0.52476Q80 

0. b30974m 
0. &3710160 
0.54333170 
0.64w84.50 
0. m1w 

0. MI73660 
0.56783690 
0.67381650 

0.68801010 
0.68204970 

0. sn8m 

0. a7eonlo 

85Bo 
058580 
057520 
058430 
055310 

054m 
653040 
65lB80 
8507#) 
649540 

848290 
047010 
645720 
044400 
643040 

041070 
040300 
B3RQIO 
037520 
030110 

034070 
633220 
031 880 
030180 
8ZR580 

627000 
625420 

012130 
820440 

018740 
017010 
015280 
019610 
011700 

800810 
808MO 
BOB160 
8M9w 
802980 

023700 
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TABLE FOR THE CONSTRUCTION OF THE MOLLWEIDE HOMALOQRAPHIO PROJECTION- 
continued. 

[rsLn~-2e+s in2e . ]  

Latitude 
v 

0 ,  

45 00 
45 30 
46 00 
46 30 
47 00 

47 30 
48 00 
48 30 
49 00 
49 30 

6 0 0 0  
6030 
61 00 
61 30 
62 00 

62 30 
6 3 0 0  
6330 
MOO 
6430 
65 00 
65 30 
6800 
M u )  
67 00 

57 30 
6 8 0 0  
6 8 8 0  
69 00 
59 30 

d o 0 0  
6080 
61 00 
61 a0 
62 00 

62 30 
6 3 0 0  
8330 
64 00 
64 30 

6 6 0 0  
65 30 
66 00 
6630 
67 00 
67 30 

COS e 

0.8068058 
0. M14604 
0.7088804 
0.7924049 
0.7877840 

0.7831270 
0.7784036 

0.7687885 
0.7838925 

0.7689408 
0.7639317 
0.7488643 
0.7437375 
0.7385513 

0.7333054 
o.nTBBB5 
0.7226332 
0.7172058 
0.7l17175 

0.7Cn6650 
0 6948780 
0.8881380 
0.6833342 

0.6774641 
0.87152R5 
0.6866270 
0.6694m 
0.6688232 

0.6471191 
0.6408458 
0.634W19 
0. e 2 m 9  
0.8218001 

0.8oEH076 
0.6016988 

0. MKu)sl9 

0.5911107 
0.5740394 
0.160870 
0.6598024 
0.6526339 
0.6151701 

0. n % m i  

a. 7081676 

0. 6160407 

n. m g i 4 a  

h e  

0.58204370 
0.69804760 

0.808886330 
0.61693870 

0.82188190 
0.62776410 
0.63384540 
0.63960680 
0.84534360 

0.66115980 
0.6.5495270 
0.66272360 
0.88847200 
0.67419710 

0.67988810 
0.6S-557740 
0.691W180 
0.69686130 
0.70218580 

0.70801400 
0.71368830 
0.71912650 

O.)a010670 

0.78666570 
0.74097870 
0.7463i350 
0.75114020 
0.76707900 

0.76766850 
0.77292120 
0.77814310 
0.78833450 

0.7sR49620 
0.79362470 
0.70372260 
0.80378wx) 
0.80882300 

0.81382120 
0.81879254 
a ~za72wu) 
0.82f42800 
0.83348040 
0.83831840 

0.8040~170 

0.7~462e2n 

o. 7 6 ~ ~ 7 0  

8o0380 
698410 
696360 
694340 
692320 

I590220 
688130 
m020 
MW800 
681800 

679310 
677080 
574860 
572610 
570200 

667830 
665440 
662850 
580460 
657880 

665370 
652820 

647050 
645000 

542300 
639480 
536670 
633853 
S W 7 0  

52R080 
525170 
622180 
519140 
616070 

612050 
-20 
508610 
603400 
600120 

493410 
48940 
488440 
482800 

m a 7 0  

490830 

0 ,  

87 30 
68 00 
6R 30 
69 00 
69 30 

70 00 
70 30 
71 00 
71 30 
72 00 

72 30 
7 3 0 0  
7 3 3 0  
74 00 
74 30 

76 00 
76 30 
76 00 
76 30 
7700 

78 00 
78 30 
78 00 
79 30 

8000 
' 8 0 8 0  

81 00 
81 30 
82 00 

82 30 
83 00 
83 a0 
84 00 
84 80 

8500 
8 5 8 0  
88 00 
8 8 8 0  
87 00 

87 30 
8800 
8 8 3 0  
80 00 
8930 

n 30 

I 

cos 0 

0.6461794 
0.6377379 
0.530207l 
0.6225801 
0.6148716 

0. m 7 w  
0.4991511 
0.4911423 
0.4830314 
0.4748167 

0.4664942 
0.4580813 
0.4486146 
0.4408511 
0.432om 

0.4231614 
0.4141166 
0.4049364 
0.3956158 
0.3881634 

0.3765408 
0.3607705 
0.3569322 
0.3467146 
0.3364137 

0.3258234 
0.3152a5 
0.3043189 
0.2821755 
0.2817783 

0.2701079 
0.2681516 
0.2459837 
0.2332737 
0.2022700 

0.2088385 
0.1829149 
0.1784407 
0.1633412 
0.1474833 

O.laOBB80 
0.1126372 
0.0829882 
0. U710bN 
0.0447616 
0.0000000 

Dlflerence 

0.83831840 I . ~~..~... 
0. R4311240 

0. x 5 2 w  
0.86726740 

0.88191080 
0. R6851180 
0.87107820 
0 . 8 7 M I o  
0.88008460 

0.88452400 
0.88882040 

0.80768020 
0.90134180 

n. s m m o  

0. m327300 

0.90805620 
0.91022420 
0.91434520 
0.91841800 
0.82243460 

0.82640010 
0.93031160 
0.9341sRBO 
0.83797060 
0.94171410 

0.94639800 
0.94901590 
0.95267020 
0.95805840 
0.95948020 

0. DB283Mo 

0.97843890 

0.97837520 
0.98121620 
0. 98396070 
0.98656970 
0.98908470 

0.99142650 
0.99363920 
0.88566640 
0.99747270 

1.00000000 
0. 99~997717 

479303 
47WO 
471840 
4 6 . w  

460120 
466440 
452380 
44R160 
443940 

439640 
435260 
430720 

4 1 ~ 3 2 0  

%% 
4 l W  
412100 

40lsBo 
388650 

391140 
335710 
380200 
374350 
368190 

381800 
365430 
a m 2 0  
3421S0, 
3349m 

327470 
319470 
311160 
3WE00 
293830 

284000 
273550 
261ww) 
249500 
236180 

220870 
203MO 
180030 
162500 
100230 

4070en 

GOODE'S HOMALOGRAPHIC PROJECTION (INTERRUPTED) FOR THE CONTINENTS AND 
OCEANS. 

[See Plate VI and fig. 73.1 

Through the kind permission of Prof. J. Paul Goode, Ph. D., we are able to 
include in this paper a projection of the world devised by him and copyrighted by 
the University of Chicago. It is an adaptation of the homalographic projection 
and is illustrated by Plate VI and by figure 73, the former study showing tho world 
on the hdograph ic  projection (interrupted) for the continents, the latter being the 
same projection interrupted for ocean unit%. 

The homalographic projection (see fig. 71) which providea the base for the new 
modification waa invented by Prof. Mollweide, of Halle, in 1805, and is an equal- 
area representation of the entire surface of the earth within an ellipse of which the 
ratio of major axis to minor axis is 2 : 1. The first consideration is the construction of 
an equal-area hemisphere (see fig. 72) within the limits of a circle, and in this pro- 
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jection the radius of the circle is taken as the square root of 2, the radius of the 
sphere being unity. The Equator and mid-meridian are straight lines at right angles 
to each other, and are diameters of the map, the parallels being projected in right 
lines parallel to tho Equator, and the meridians in ellipses, all of which pass through 
two fixed points, the poles. 

WORLD MAPS. 
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In view of the above-mentioned properties, tho Mollweide projection of the 
hemisphere offers advantages for studies in comparative latitudes, but shapes become 
badly distorted when the projection is extended to the whole sphere and becomes 
ellipsoidal. (See fig. 71 .) 

In Prof. Goode's adaptation each continent is placed in the middle of a quad- 
rillage centered on a mid-meridian in order to secure for i t  the best form. Thus 
North America is best presented in the meridian 100" west, while Eurasia is well 
taken care of in the choice of 60' e a t ;  the other continents are balanced as follows: 
South America, 60' west; Africa, 20' east; and Australia, 150' east. 

Besides the advantwe of equal area, each continent and ocean is thus balanced 
on its own axis of strength, and world relations arc, in a way, better shown than one 
may see them on a globe, since they are all seen at onc! glance on a flat surface. 

In the ocean units a middle longitude of each ocean is chosen for  the mid-meridian 
of the lobe. Thus the North Atlantic is balanced on 30' west, and the South Atlantic 
on 20' west; the North Pacific on 170' west, and the South Pacific on 140" west; the 
Indian Ocean, northern lobe on 60" east, and southern lobe 90' east. 

We have, then, in one setting the continents in true relative size, whilo in another 
setting the oceans occupy the center of interest. 

The various uses to which this map may be put for statisticttl data, distribution 
diagrams, etc., are quite evident. 

Section 3 (the eastern section) of figure 73, if extended slightly in longitude and 
published separately, suggests possibilities for graphical illustration of long -c 1' istance 
sailing routes, such as New York to Ruenos Aires with such intermediate points as 
mny be desired. While these could not serve for nautical charts-a province that 
belongs to the Mercator projection-they would he better in form to bo looked at  
and would be interesting from an educational standpoint. 

As a study in world maps on an equal-area representation, this projection is a 
noteworthy contribution to economic geography and modern cartography. 

LAMBER'r PROJECTION OF THE NORTHERN AND SOUTHERN HEMISPHERES. 

[See Plate VII. J 

This projection was suggested by Commander A. B. Clements of the U. S. 
Shipping Board and h t  constructad by the U. S. Coast and Geodetic Survey. 
It is a conformal conic projection with two standard parallels and provides for 
a repetition of each hemisphere, of which the bounding circle is the Equator. 

The condition that the parallel of latitude 10" be held as one of the standards 
combined with the condition that the hemispheres be repeated, fixes the other 
standard parallel at 48' 40'. 

The point of tangency of the two hemispheres can be placed at will, and the 
repetition of tho hemispheres provides ample room for continuous sailing routes 
between any two continents in either hemisphere. 

A map of the world has been prepared for the U. S. Shipping Board on this 
system, scale 1: 20 000 000, the diameter of a hemisphere being 54 inches. By a 
gearing device the hemispheres may be revolved so that a sailing route or line of 
commercial interest will pass through the point of contact and will appear aa a con- 
tinuous line on the projection. 

Tables for the construction of this projection are given on page 80. The 
scalo factor is given in tho last column of the tables and may bo used if greater accu- 
racy in distances is desired. In  order to correct distances measured by tho graphic 
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scale of the map, divide them by the scale factor. Corrections to area may be applied 
in accordance with the footnote on page 81. With two of the parallels true to scale, 
and with scale variant in other parts of the map, care should be exercised in applying 
corrections. 

In  spite of the great extent covered by this system of projection, the property 
of form, with a comparatively small change of scale, is retained, and a scale factor 
for the measurement of certain spherical rclations is available. 

COi_YFORM.AL PROJECTION OF THE SPHERE WITHIN A TWO-CUSPED EPICYCLOID. 

[Sec Plate VIII.] 

The shape of the sphere when developed on a polyconic projcction (see fig. 47) 
suggested the development of a conformal projection within the area inclosed by a 
two-cusped epicycloid. The distortions in this case appear in the distant quadrants, 
or regions, of lesser importance. 

Notwithstanding tho appearance of similarity in the bounding meridians of the 
polyconic and the conformal development, the two projections are strikingly different 
and present an interesting study, the polyconic projection, however, serving no 
purpose in the mapping of the entire sphere. 

For the above system of conformal rcpresentation wo are indebted to Dr. F. 
August and Dr. G. Bellermann. The mathematical development appears in Zeit- 
schrift der Gesellschaft fiir Erdlimde zu Berlin, 1874, volume 9, part 1, No. 49, 
pages 1 to 22. 

GWOU’S DOUBLY PERIODIC PROJECTION OF THE SPHERE. 

[See fig. 74.1 

In  Annals Hydrographiques, second scries, volumc 9, pages 16-35, Paris, 1887, 
we have a description of an interesting projection of the cntire sphere by Lieut. E. 
Guyou. It is a conformal projection which provides for the repetition of the world 
in both dir’ections-east or west, north or south, whonce the name doubly periodic. 
The necessary deformations are, in this projection, placed in the oceans in a more 
successful manner than in some other representations. 

The accompanying illustration shows the Eastern and Western Hemispheres 
without the duplicatum noted above. 

Two interesting projectiom for conformal mapping of the world are not included in this review 
as they have already been discussed in United States Coast and Geodetic Survey Special Publication 
No. 67, pages 111 to 114. Both of these are by Lagrange, one being a double circular projeotion in 
which Paris is selected as center of least alteration with variation ns slow as possible from that 
point; the other shows the earth’s surface within a circle with the center on the Equator, the 
variations being most conspicuous in the polar regions. 

In the representation of moderate areas no great difficulties are encountered, 
but any attempt to map the world in one continuous sheet presents difficulties that 
are insurniountable. 

For conformal mapping of the world the Mercator projection, for many pur- 
poses, is as good as any, in that it gives a definite measure of its faults in the border 
scale; for equal-area mapping, Profesaor Goode’s interrupted homalographic projection 
accomplishes a great deal toward the solution of a most difficult problem. 

NOTE.-since the publication M the first edition, ending with the preceding 
paragraph, other solutions of the problem of equal-area mapping of the world have 
appeared, some of which are given in the following pages. 



FIG. 75 - SINUSOIDAL OR MERCATOR EOUAL-AREA PROJECTION 



* RECENT CONTRIBUTIONS TO WORLD MAPPING. 

The growing interrelation of countries of the Orient and Occident and the tre- 
mendous importance of scientific research have recently given an intellectual stimulus 
to the art and science of cartography, especially as appliod to the greater problems 
which &rise in the mapping of areas of continental or world proportions. 

Brief mention will here be mado of a few of the more important studies or con- 
tributions to the subject which have appeared since the publication of the first edi- 
tion of this book. The first projection to be described with its application to world 
mapping is the so-called sinusoidal. 

SINUSOIDAL OR MERCATOR EQUAL-AREA PROJECTION. 

This projection has already been mentioned on page 68 under the heading 
“ Sanson-Flamsteed projection.” It was employed in the Mercator-Hondius atlases 
as oarly as 1606 for a map of South America. In  the following years its use was 
extended to the mapping of Africa and to groups of continents of hemispherical 
proportions. 

The projection as employed in the Mercator atlases appeared without a name but 
was subsequently called the Sanson-Flamsteed, and, later on, the sinusoidal pro- 
jection, the latter term boing appropriate only from the viewpoint that the meridians 
are sine curves. Sanson, however, did not use this projection until 1650 and Flam- 
steed used it first in 1729. 

Such, then, is its brief history and one of its applications is illustrated by the 
accompanying diagram (see fig. 75) as taken from the Nordisk Varlds Atlas, Stock- 
holm, 1927. 

DESCRIPTION. 

1. The sinusoidal is an equal-area projection; that is, the projection is true for 
area scale throughout. A square inch on any part of the map covers the same ground 
area as a square inch on any other part. 

2. It gives true linear scale for all measurements paralleling the Equator and 
on the vertical (or, as in this case, tho central) meridian of each figure. Other 
linear measurements, however, are variable. 

3. It provides an unusually convenient base for plotting data, since the intervals 
betweon parallels are true and the meridional divisions along each parallel are true 
and equal. 

4. It allows tho map to be divided into three tangential groupings-North and 
South America, Europe and Africa, Asia and Australia-thus covering as much of 
the earth’s surface &s may be desired. 

This same system of projection is employed by the Bureau of Foreign and 
Domestic Commerce, Washington, D. C., for purposes of statistical comparisons, 
such as population densities, natural resources, etc. The arrangoment employed 
by the American bureau is slightly different and perhaps better than that of the 
ntlas mentioned, due to the fact that this system adapts itself to an interrupted 
alignment as between the northern and southern continents. Whereas in the atlas 
we have three vertical groupings, in the bureau’s we have the benefit of five different 
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orientations to the north and south, North America being centered on meridian 
100’ west of Greenwich, South America on 70’ west, Europe and Africa on 20’ 
east, Asia on 120’ east, and Australia on 140’ east. 

In the various groupings of continental masses to be charted, to which this 
system of projection is applicable, it may be suggested that inasmuch as our 
interest in world mapping is confined within the limits of 70’ north latitude and 
70’ south latitude, ordinary maps need not be extended beyond those latitudes. 
Polar caps covering the remaining 20’ can be placed in the vacant spaces of the 
map on a circular equal-area projection on the same scale as the general map, or 
the main projection itself may be continued to include the poles. 

CONSTRUCTION OF THE PROJECTION. 

The construction of this projection is exceedingly simplo and is carried out as 
follows: Draw a straight line to represent the Equator and erect a perpendicular to 
it a t  the center of the sheet. On this central meridian lay off to the given scale the 
true distances of latitude north and south for every parallel to be represented on the 
map. These distances are given in Tables for a Polyconic Projection of Maps, 
U. S. Coast and Geodetic Survey Special Publication No. 5 (fourth edition). For 
small-scale maps, intervals of 1’ are given on page 7; for large-scale maps the general 
tables which follow may be used. Through the points thus determined draw lines 
parallel to the Equator and these will represent the parallels of latitude of the map. 

The meridians can be located by laying off to the given scale east and west 
from the central meridian their true intervals on each parallel. These intervals 
are given on page 6 of the publication mentioned above. By connecting tho cor- 
responding points thus established on the successive parallels, all of the meridians 
can be drawn and the projection completed. 

This useful projection which has appeared under so many names, none of which 
are d e h i b l y  satisfactory either from tho viewpoint of authorship or description, 
might well have been termed “MercatOr equal-area projection” in the first place, 
from the fact that the early atlases bearing his name gave us the first substantial maps 
in which it was employed. Mercator’s name has, howover, been so clearly linked 
with his nautical conformal projection that it becomes necessary to include with 
his name the words equal-area if we wish to disregard the later claimants of its 
invention, and call it the Mercator equal-area projection, A t  the present day the 
name sinusoidal, though meager in definition, is rather customary and can not be 
disregarded. 

MODIFIED SINUSOIDAL AND MOLLWEIDE PROJECTIONS. 

An interesting projection for world maps somewhat similar to the one just 
described has been devised by S. W. Boggs, of the Department of State, Wash- 
ington, D. C. This projection is in a sense a mathematical mean between the sinu- 
soidal and Mollweide projections. Its appearance a t  the poles is more pleasing 
than the sinusoidal in that the polar points are not so conspicuous as in the former. 
While this feature is an improvement to the general appearance of the map, the 
scale and shape of land masses in the equatorial regions are not as good as in the 
sinusoidal projection. The properties of the projection are in a general way a 
mean of the properties of the two projections from which it is derived. 

The mathematical theory that forms the basis of the projection was developed 
by Mr. Adams, one of the authors of this publication, and the first computations were 
made by Mr. Boggs under his supervision. 



FIG. 76 - AZIMUTHAL EOUIDISTANT PROJECTION OF THE WORLD 
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LAMBERT EQUAL-AREA MERIDIONAL PROJECTION. 

This projection has already been described on page 73 of this publication. I t  
has been used successfully for hemispheres, and we find an interesting example in the 
Eastern and Western Hemispheres placed tangent to each other in Comptes Rendus, 
L’Association GBod6sique Internationale, vol. 111, 191 1. This arrangement of the 
land masses of the world probably presents a more graceful appearance than any 
other. 

The Nordisk Varlds Atlas shows a map of the Pacific Ocean where the projec- 
tion is extended to cover 210’ of longitude and serves as an ideal arrangement for 
this particular extensive configuration. 

AZIMUTHAL EQUIDISTANT PROJECTION. 

In the solution of various problems for determining true distances and azimuths 
from a given point, the azimuthal equidistant projection has in recent years come 
into prominent use. This type of projection was first employed by Postel in 1581; 
afterwards by Lambert in 1772, who regarded it as a zenithal projection; then again 
in 1799 by Antonio Cagnoli, who believed that he had invented it and gave i t  his 
name. We shall here adopt the name Azimuthal equidistant projection because the 
straight lines radiating from the center represent great circles in their true azimuths 
from it, and the distances along these linos are true-to scale. The projection is 
neither equal-area nor conformal. 

No projection can be devised which will give all distances to the correct scale, 
but this projection gives the distances correct from one point, the center of the map; 
and for a limited area, even one as large as th s  United States which has arc distances 
of 21O, the maximum error in distance is much less on this than on many other 
projections, not excepting the polyconic. 

The question often arises as to the degree of success of a given projection and 
the percentage of error of tho bearings and distances from a given point. Such a 
question is ofttimes difficult to answer and we may find it useful to test each projection 
by finding out how noarly it approximates the azimuthal equidistant projection. 

The greatest errors in scale on this projection are found along the bounding 
almucantar or circle of greatost radial distance. Along this circle distance measure- 
ments are in excess of true distancos, and on all almucantars the scale is increasingly 
too large as the distance from the center increases. 
/ A map on this projection is easy to construct when the center is one of the 

poles, since all that is required is to take to the givon scale a radius equal to the 
distance along a meridian from the pole to a given parallel and construct IL circle 
with the pole as center. This circle then represents the parallel. 

When the center of the map is any other point, the arc distances and the azi- 
muths from tho central point must be computed for the various intersections of the 
meridians and parallels. Coordinates for these intersections can then be computed 
to facilitate the construction of the projection. This is generally done on the suppo- 
sition of the e h t h  as a sphere. The computation for the spheroid is laborious and 
would only be warrranted in cases where extreme accuracy is sought and. when the 
compilation of the map in other respects is done with the utmost cam. By con- 
sidering the earth as a sphere with a mean radius, sufficient accuracy can generally 
be attained. 

The projection is of use for maps from which it is desired to scale accurately 
the distance and azimuth from the central point to any other point, and its use in 
aeronautics and for various other purposes is apparent. The chief difficulty lies in 
the fact that a separate computation and map are required for each central city. 

_ -  
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The computation is simple, however, and when once made for any given city would 
serve for all time for the construction of maps on any desired scale. 

The projection has been employed in celestial maps, in problems of crystalloptics 
by the Carnegie Geophysical Laboratory, by the National Geographic Society for 
maps of the Arctic Regions, North America, Asia, and Africa, and by the General 
Electric Co. for a map of the world. 

The accompanying illlistration (see fig. 76) shows, in a diagrammatic form, a 
map of the world on this projection with center a t  Schenectady, N. Y., and is used 
by permission of the General Electric Co. This map was prepared for the conven- 
ience of radio engineers of the General Electric Co. in interpreting transmission 
tests. Besides affording an easy means for measuring the distances from the point 
which is represented by the center of the map to any other point on the enrth’s 
surface, the map is supplied with a periphery scale so that any bertring from the center 
may be read directly in degrees. The map is valuable also in that it shows the 
nature of the intervening territory in a straight line between Schenectady and any 
other point. This feature is important for the radio engineer inasmuch as the dis- 
tance over which radio signals can be transmitted depends, among other things, on 
the nature of the intervening territory, especially as to whether it is land or water. 

TRUE GREAT CIRCLE DISTANCES FROM TWO POINTS. 

A projection can be constructed on which great circle distances from two points 
can be mappcd as straight lines true to scale but the azimuths will not be true. 
For example, a doubly equidistant projection based on New York and San Francisco 
can be computed so that the distances of all other cities from these two points will 
be true to scale but the azimuths will not be correct from either of these two points 
to any other point. 

In  a similar way true azimuths from two points can be maintained but the 
distances will not then be true to scale. 

Possibilities of the extensive use of tho gyroscopic compass and the employment 
of radio signals in the fixing of positions by wireless directional bearings present 
new problems in the navigation of ships and aircraft. The various uses and tests 
to which nautical and aerial charts are subjected may still further try the patience 
of the mathematical cartographer in devising more suitable systems of projection, 
or in supplying short-cut mathematical or automatic expedients as convenient ad- 
juncts to the Mercator chart. Additional special charts on the gnomonic projection or 
the azimuthal equidistant projection may serve a useful purpose in the solution of the 
various problems of grcabcircle sailing or in determining true distances and azimuths. 

There is a modern tendency in many places to exploit projections of various 
types, generally known as “balance of error,” or “minimum error” projections, 
projections sacrificing conformality, equal-area, and other useful properties, and for 
which there is no easy geometric accounting. These degenerating types can serve 
no useful purpose other than picture maps, which become untrustworthy in the 
derivation or application of spherical relations. 

The day may come when the preparation of our charts and their use may be 
further simplified by the employment of the centesimal system for the graduation 
of the circumference of the circle, and for the expression-of latitudes and longitudes, 
in place of the sexagesimal system of usual practice. In  this the French have taken 
the lead as they did in the introduction of the metric system, the commensurable 
advantages of which are universally recognized. 



THE PARABOLIC EQUAL-AREA PROJECTION FOR A MAP FOR THE WORLD. 

[See Plate IX.] 

In the Geographical Journal for November, 1929, Lieut. Col. J. E. E. Craster 
suggested the possibility of the construction of several equal-area maps that have 
much resemblance to the sinusoidal projection. In all of these the parallels are repre- 
sented by a system of straight lines parallel to the straight-line Equator. Of these 
the one that seems of most interest has the meridians rcpresented by parabolas and, 
hence, it may be called the parabolic equal-area projection. 

METHEMATICAL THEORY. 

Let us take the origin of coordinates at  the vertex of the parabola and let us 

represent the outer meridian by equation y2=2 mx. Then if we represent the central 

meridian by the straight l i e  ~ = 2 m ,  the meridian from pole to pole will equal 2m, 
which is half of the whole Equator which wilI have the length 4m. For simpIicity of 
computation we may assign the length 4 to the Equator and 2 to the meridian and 

then the outer meridian will have the equation y2 = Z. With this simplification one- 

quarter of the area of the sphere to be mapped will be represented by the area betweon 
the axis of 2 and the curve from z=O to z = 2 .  

One-half of the area of tho zone between the Equator and any given parallel will 
be represented on the map by the integral 

1 

1 

or 

The value of this integral in terms of y is, of course, 
A-2y-31~'. 2 

Since, when y is equal to 1, this map area must equal one-fourth of the area of the 
given sphere or rR2, we must have the equality 

Hence 
0 

R = 0.651470. 
Now the area of a zone on the sphere from the Equator to latitude 4 is known to be 

equal to 2rR2 sin 9. Then the half of this zone must be represented by the expression 
for A in terms of y as derived above. Hence the equation for the determination of 
the values of y for the various parallels is given by the solution of the equation 

2 2y-3y3=nR2 sin c$. 
166 
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4 But we have already derived the value of rR2 and found it equal to 3. 
the equation in y becomes 

With this value 

$-3yi-2 sin +=O. 
Now it happens that this equation is satisfied by the value y = 2 sin 4 j. With this sim- 

ple expression for y a table of y values can readily be computed to any desired degree 
of accuracy. This table has been computed for every 5' of latitude to six places of 
decimals and is published at the end of this section. 

The length of each parallel between the central meridian and the outer meridian 
4J 
3' can now be computed from the formula L=2-2y2. 

we can use the trigonometric table again by introducing this value of y and transform- 
ing the result. 

L=2(1-4 sin $), 

Since, however, y = 3  sin 

24 =2(2 cos - - 1 ) ,  3 
29 =4 cos --2.  3 

By use of this formulag table for the lengths of the parallels has been computed to 
six places of decimals and is published a t  the end of this section. 

These parallels are divided proportionately for the intersections of tho various 
meridians. If the lodegree meridians are to be drawn, the space between adjacent 
meridians will be equal to one-eighteenth of the tabular value for the length of the 
given parallel and all of the spacings are equal along any given parallel. This makes 
the projection one that can be constructed very easily, in fact just as easily as the 
sinusoidal projection which is noted for its facility of construction. 

As far as-we h o w ,  no previous use of this projection has been made either by 
Colonel Craster or by anyone else for the actual construction of a map, In his 
article Colonel Craster merely outlined the nature of the projection, together with a 
number of others of similar kind; some abbreviated tables of the y values were given 
that could be used as a basis for the construction of maps, but no table of the lengths 
of the parallels was given for any one of the number. In  the actual construction from 
the elements given in his article it would be necessary either to compute a table for 
the lengths of the parallels or to construct the outer meridian from coordinates com- 
puted from its equation in x and y. It would seem, therefore, that this map is the 
first example of the use of this method of projection for mapping purposes. 

Some time ago a representative of the Bureau of Foreign and Domestic Com- 
merce of this department, consulted with Mr. Deetz concerning the need for a suitable 
equal-area projection for a world map to be used in the work of that bureau. Mr. 
Deetz suggested that such a map, constructed on this projection, might meet their 
needs in a very satisfactory manner. After due consideration ft was decided to 
construct a study for such a map with this projection as basis, and Mr. Deetz compiled 
and constructed the map as shown in Plate IX. 

It was decided to construct the map symmetrically in three sections by making 
the central section include an extent of longitude of 160' and the two outer equal 
sections include 120' of longitude each. This gave an excess of longitude of 40' 
with 20° on the east side of the map and 20' on the west side. This is, in fact, an 
advantage as can be seen by consulting the map, for its shows India both in relation 
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to Europe and also in relation to eastern Asia, Chi, Japan, etc. As the continents 
are placed on the projection, they are all shown with a s m d  amount of distortion. 
North and South America, 4frica, and Australia are in the most favorable positions 
but Europe is also fairly well represented. Asia suffers most because of the necessary 
division, but the additional 20’ of longitude on the east and the west of the map 
contributes much toward lessening this defect as can easily be 6een from the map 
itself. 

This symmetrical tripartite construction makes it possible to place the Americas 
in the central section in such a way as to take advaatage of the most favorable part of 
the projection. This is a feature that was very much desired by the Bureau of 
Foreign and Domestic Commerce in connection with their statistical diagrams. Other 
arrangements or other divisions could be made to suit the convenience of the maker or, 
if desired, the whole world could be represented on continuous undivided projection 
and we believe it would show superiority to most other such extended projections of 
the sphere. 

On the sinusoidal projection the outer meridians intersect a t  a very acute angle at  
the poles, but on the parabolic projection a considerable improvement in this feature 
is  noticeable. All of the meridians, except the central ones, are represented a8 parabolas 
of which the equations in coordinates could be very easily derived. The parabola is 
a very graceful curve and 80 the resulting graticule is, on the whole, vory pleasing to 
the eye. The perfect symmetry of the whole map can not fail to be appreciated by . 
anyone who may find use for such a delineation of the earth’s surface. 

The map is strictly equal area in all of its parts and could be shown to be so by 
mathematical analysis, but we have not attempted to give the analysis in this article. 
Our object has been to give only enough mathematics to lead to the construction of 
the map through the computation of the necessary tables. These tables could be 
used for the construction of a map on any required scale. Colonel Cmte r  gave his 
table of (‘y” values to only four places of decimals and a comparison of his table with 
our 6-place table will  show that some of his results were uncertain by several units in 
the fourth place of decimals. This could be detected by a careful differencing of his 
table in the above-cited number of the Geographkd Journal. 

These differences are not great enough to be detected in a small-scale n a p  but 
they would show in ongof larger size. Colonel Crasteis object was merely to suggest 
the possibility of the construction of such 8 map and ho probably did not go into the 
mathematics of the projection with any great care. Our discovery that the value of 
“y” is given by 2 sin 3 makes’it possible to .compute the table with great accuracy 

even to many decimal places. Much credit should be given to Colonel Craster for his 
suggestion of the possibility of computing an equd-area projection of this kind that 
may be seen to have so many admirable qualities. 

Equal-area maps are especially valuable for illustrating statistical data, either in 
regard to physical features of the countries or in regard to commercial development. 
The Bureau of Foreign and Domestic Commerce is, of course, interested in the com- 
mercial use of such world maps and, hence, its desire to get om with valuable features 
as (L map as well as one having the equd-area property. We believe that this study 
indicates that the desired end has been attained in the use of a map on this parabolic 
equal-area projection. 

A second set of tables is appended that are so modified M to give a resulting map 
that has an area equal to 1 part in 50 000 000 squared of the area of the earth. In 
figures this means that any section of the map is 1 part in 2.5 x 10 of the area of the 

4 
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earth's surface that it represents. This exact surface relation may be of special 
interest to some cartographers. A square inch on any part of such a map will repre- 
sent 622 744 square miles of the surface of the earth. The linear scale, however, will 
obviously be variant but along the Equator it may be expressed as 1 : 51 225 000. 
If the values in thi? table are divided by 2 throughout, they will give a map having an 
area scale ratio of 1 part in or 10 with 15 additional ciphers after it. 

For area 
scale 1 in 
2.5X1016 

em. 
Il.21C07 
12.30427 
13.37803 
14.44248 
16.40373 

10.53185 
17.55507 
18.W527 
10.56384. 

LENGTH OF PARALLELS FROM CENTRAL MERIDIAN TO OUTER MERIDIAS. 

Latitude 

2.000000 
1.803233 
1.972054 
1.938231 
1.882180 

For area 
scale 1 in 
2.5XIC13 

em. 
30.11707 
38.88532 
3s. M1808 
37.02010 
37.00884 

35.83088 
31.31KUO 
32.71827 
30.79507 
28.03013 

Latitudo 
For area 
cnle 1 in 
2.5XlOl3 

' em. 
20.24700 
23.03072 
'Lo. 81408 
17.711804 
14.67007 

11.17103 
7.00123 
3.87335 
0 

' 
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