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HORIZONTAL INTENSITY VARIOMETERS. 

U y  GEORQR HARTNI~ZI,, Ohseriw in Charge, Cheltenhan Nagnetic Obswuatory. 

INTRODUCTION. 

The total intensity of the earth's m netic field at any place may 
be resolved into a vertical intensity ( Y ) and two rectangular com- 
ponent intensities in a horizontal plane. Choosing a pair of hori- 
zontal rectm ular axes, the X axis directed toward the. geographical 

horizontal components aro X and 1'. Tho rosultant of the X and Y 
intensities is customarily called the 'hOri20ntd intensity ( H ) .  Its 
magpitude is 

*The anglo B makes with the geographical meridian is the declination 

tan D = -  

north, and t a e Y axis directed toward the goographcal east, the 

H'=Xa+ Ya 

(D), and its magnitude is 
Y 
X 

It is the direction asumed by a sus ended magnet free to turn in a 

netic meridian is the vertical plano defined by the dec ination. 
yt magnetic observatorios i t  has become the established practice 
to record variations in D, H ,  and 2 by means of a set of three instru- 
monte, a D, an H, and a Z variometer, the set being called a magneto- 
graph. The D variometer is essentially a horizontal intensity 
variometer, as will be seen from the equation for tan D above; for 
any changes in the X and Y intensities must also change D. The 
choice of D and H was determined by the practical importance of 
the declination in surveying and navigation. 

AB will be shown later, a set of two horizontal intensity variometers 
mag be arranged so as to record independently any desired pair of 
horizontal compononts, such as x' and Y for cxample. 

Tho ma et of the D variometer lios in the magnetic meridian and 
is suspen CP ed by a delicate fiber of silk or quartz, free from torsion, 
and just large enough to sustain the weight of tho magnet in safety. 
The magnet of the B variometer, however, is perpendicular to the 
magnetic meridian, and henco tho couple acting on i t  must be counter- 
acted by an e ual couple,in the suspension. That form of suspen- 

Y' The 
horizontal plane; i t  is often called t K e variation of the com 

6 
eion in which t 1 e magnet is suspended by a single fiber, the counter- 
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acting couple being produced by tho torsional rigidity of the sub- 
stance of the fiber, is hers called the unijikr suspension. In the 
bi@r swpension, the magnet is sustained by two fibers a small 
&stance apart. In  practice the two fibers constitute a single con- 
tinuous fiber which passes around a pulley attached to the magnet 
s stem, and is fastened at two points vertically above the magnet. 
&e pur ose of the pulle is to equalize the tension in the two halves 

the fiber. 
To the magnets are fastened mirrors which reflect the light from 

an illuminated slit onto a cylindrical revolving drum, covered with 
photographic paper, which, when develo ed, IS the magnetogram. 

Attached to each variometer is a fixe B mirror which produces on 
the magnetogram a straight line-the base line. 

In  magnetographs, whch record all the variation curves on one 
sheet, the variometers are mounted in the magnetic prime vortical 
either east or west of the recording apparatus. Excc t in special 

north end of the N magnet may point cast or west, depending on 
the choice of direction for positive ordinates on the magnetogram. 

Magnetographs which record each variation curve on a separate 
sheet follow a somewhat different arrangement. In  the Adie type 
for example, the D variometer ma bo on the east side and the d 
variometer ma be on the west si e of the recording ap aratus, or 
vice versa. d e  2 variometer may be placed either nort or south 

of the B ber. In  genera T there will be some torsion in each half of 

types of D variometers, the D magnot points nort E ward. The 

B 
Yl 

there are two operatin 
namely, temperature c o e d  

cierd. and scale value. 

become weaker b an increase in temperature. Since the%:: 
tion in which the 3; magnet points does not depend on the strength 
of the magnet, the temperature coefficient of the D variometer is 
zero. The tempcrature coefficient of the H variometer is, strictly 
B eaking, the ratio of the a parent chan e in H per degree of chango 

subjected to a change of temperature only. Usually, however, the 
temperature coefficient is expressed in g-as per degree of temper- 
ature change. The commonly accepted unit of intensity in terres- 
trial magnetism is the gamma (y), which equals 0.00001 of tho 
C. G .  S .  unit. 

The scale value of the horizontal intensity variometer is usually 
expressed in gammas per millimeter of ordinate on the magnetogram. 
The methods most frequently used to determine the H scde.value 
consist in subjecting the variometer to a known change,. A H ,  in the 
field intensity by means of a magnet (method of deflections), or by 
means of an electric solenoid placed a t  an assigned distance from the 
H magnet. The scale value IS then the quotient of AH divided by 
the change in ordinate. 

In  the method by oscillations, the period of the magnet when 
in place in the variometer instrument, is compared with its pemod 
when it is removed and suspended north end north, and allowcd to 
oscillate under the influence of the H intensity. 

A correction for temperature is necessary because the m 

o ! temperature to the abso P ute value o B H ,  when the variometer is 
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In another incthod (method b torsion angle) the scale value is 

sus ension when the magnet is in lace in its recording position. 
&ill another method (method {y weight), which applies to the 

bifilar suspension only, consists in placing on the magnet an extra 
weight of known mass, the scale value being derived from the ob- 
served deflection. The last three methods are not, in eneral, con- 

The scale vduev of D and H variometers depend on the distance 
from the recordin ap aratus, and on the torsion factor of the sus- 
pension. Obvious B R  y t e most convenient scale value for the D 
variometer is 1 mm. of ordinate er minute of arc. The torsion 
factor being small, this scale vaue P is attained by placing the 
variometer a t  such a distance that the reciprocal of the distance in 
millimeters is equal to 2 tan l’, that is, a t  the distance of 172 cm., 
ap roximately. 

&%en all of the variometers of the magnetograph are mounted on 
one skie o€ the recording apparatus, so as to obtain a photo raphic 

pension of the H variometer is of the unifilar type, the distance of 
the H variometer from the recording apparatus is restricted to a 
small range. If the H variometer is too near the recording apparatus, 
its scale value will be too large, and equal increments in ordinate 
will not corres ond to equal jncremonts of angle a t  the center of the 
H magnet. I f i t  is too near the D variometer it will interfere with 
the pro er functioning of the D magnet. Moreover, i t  is seldom 

scale value. Nonce i t  is often necessary to uso control magnets to 
increase or decrease the scalo value. Control ma nets are placed 
above or below tho H ma net and parallel to it. h e n  the north 

in the same direction, the control magnet tends to turn the magnet 
out of the prime vertical, and so decreases the scale value and this 
increases the sensitiveness of the variometer. When the north pole 
of the 23 magnet and the north pole of the control ma net point in 

in the prime vertical, and this increases the scale value and decreases 
the sensitivcness of the variometer. 

The scale value of an H variometer having a bifilar sus ension can 

The value of D or R or 2 corresponding to its respective base-line 
is readily computed when the absolute value and tho ordinates of 
the variation curqes on the m etogram for the same time are 

Conversely, when the baso-line values are known, the absolute values 
of D and 1p and 2 can be derived from the m netogram which thus 

ma netic field. fi is apparent that the theory of the bifilar and unifilar types of 
suspension is an important part of a knowledge of the workmg of 
the complete instrument. 

derived from a measurement of t t e actual amount of torsion in the 

venient or feasible, but when feasible, are sometimes use B ul as checks. 

record of d l  three variation curves on one sheot, and when t a e sus- 

practica !I le to select a fiber of just the right size to give the desired 

Ft point 
pole of the H magnet and t 5 e north pole of the control ma 

opposite directions, tho control magnet tends to hold t f e H magnet 

be readily ad‘usted to the desired value by changing t i e distance 
betwoen the f! bers; no control magnets are necessary. 

known, together with the scale v r ue and the temperature coefficient. 

provides a complete and continuous record of T t e state of the earth’s 
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In  discussing the theory of the horizontal intensity variometer, 
then, the subject matter will be divided into two parts: 

Part 1 will contain the theory of the horizontal intensity vari- 
ometer pro er. 

Part 1 will be subdivided into the following sections: I. Rotation 
and fundamental equation; IT. Characteristics of the bifilar vari- 
ometer; 111. Characteristics of the unifilar variometer; IV. Charac- 
teristics common to both types of horizontal variomotors. 

Part 2 wi P 1 contain the theory of the bifilar and unifilar SUB ensions. 



Part 1.-THEORY OF THE HORIZONTAL INTENSITY VARIOM- 
ETER PROPER. 

I. NOTATION AND FUNDAMENTAL EQUATION. 

1. Notation- 
V =  potential energy. 
M= magnetic moment of suspended magnet. 
M’ =magnetic moment of control magnet. 
M, =magnetic moment of com ensating magnet. 

rvdistance between suspen a ed and control magnets or be- 

F0 =- 2Mo =field intensity of compensating magnet nt tho sus- 

F, =field mtensity of contro. 7 magnet in gammas. 

twaen suspended and compensating magnet. 
M’ F = - p  =field intensity of control magnet at  the suspended 

magnet. 

‘ pended magnet. 
EI =value of the horizontal intensity in C. G .  S. units. 

H0=base line or standard value at the station in C. G .  S. units. 
By = horizpntal intensity in ammns. 

h = torsion factor of the unifilar variometer; also torsion factor 
, for both fibers in the’ bifilar suspension. 

A =torsion factor of bifilar variometer. 
n = ordinate in millime+rs on magnetogram. 
t = an ular value in radians of 1 nun. on magnetogram. 
S =sc 9 e value in C. G .  S. units per ragan. 

So = base line scale value in C. G.. S. units por radian. 
s - scale value in gammas per millimetm of ordinate. 

so - base line scale value in gammas per millimetor of ortlinate. 
S’=scale value in C. G .  S. units per radian of unifilar with 

s’=scale valus in gnmmcls per millimeter of unifilar having a 

S’, = hase lino sculo d u e ,  in C. G .  S. units, unifilar with control 

control magnet. 

control magnet. 

m net. 

magnet. 

value. 

s’O=base T ine scnle valuo, in gammas, uniflar with control 

a=a factor, coeircient of n in series development of scale 

p=coefficient of m netic loss. 
-tern erature coo % cient. 

P -free alf eriod of sus ended magnet. 
Td =damped alf period o magnet. 
T,=hdf period of magnet due to H done. 

d- R g 
Choosing the magnetic north for the +X axis and the ma netic 

east for the + Y axis, we hnve for the angles counted from the + 5 axis 
toward the + Y axis: 

e-angle between suspended magnet and the magnetic 
meridian. 

9 
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Bo = a particular equilibrium value of 8. 
the recording spot of t h  li h t  is on the base line, and the 

rC. = a small an ular displacement of the magnet~from n position 
of eauili 5 rim. 

When O = -  2 corresponding value of % is H0. 

et and magnetic prime vertical, 
counted from + 

cp = angle lbetween 

6=an le through which the torsion head has been turned. 
?The fiber is assumed to bo frea from torsion when a 
marked line on the torsion heud and the magnet are 
parallel.) 

axis toward - X axis. 

T = angular torsion in the fiber when 8= f . 
K = an le between control m a p e t  and X axis. 

2 

Other sym B 01s will be explainedm tho text. 
2. Constants of sam le variometers.--Soma of thc cquations to ' 

be developed will bo i f lustratcd by a concrete cnsc of ench type of 
variometer having tlic following constants : 

Cmurlanta of bijhr. (lonsliinla os unijhr. 

1 mm. of ordinate=1!6. 
1 mm. of ordinato=1!13. M=lO. 

log e=6.61681. 
s=GO0 Ol.'G. log c=R.03982. 

log sin ~=9.93765. ~=4.2963=246?16. 
log e08 s=9.69862. log s-0.63309. 

log 8,=0.5611. log ~,=0.29003. 
8,=3.647. 61,= 1.9riy. 

q=0.00037. q-O.OOO677. 
6=150° Ol.'G. 6-5.8671 radians. 

U,,=0.192 C. G. S. unita=19200y. 

The standard position of the magnet is north end east. Increas- 
ordinates correspond to increasing H.  The + values of the 

or in% inate n are measured toward the top of the magnetogram. 
3. Fundamental equation.-The fundamental equation of the 

horizontal intensit variometer will bo expressed in the form of the 
potential energy o T the system of magnets and suspensions. Written 
in full it  is 

MM' h 
r 2 V -  - d4H COS e+ -- -s-- COS ( e - K )  - A  COS (6-e)+-(6-e)2 (1) 

The first term on the right is the potential energy of the suspended 
magnet. 'The second term is the mutual otential energy of athe 
suspended and control magnets. The thir a term is the potential 
energy .of the bifilar suspension. The last term is the potential 
energy due to torsion in the fibers. 

11. CHARACTERISTICS OF THE BIFILAR VARIOMETER. 

4. Equation of the bifllar variometer.-In discussing the char- 
acteristics of the bifilar variometer, we shall not consider control 
magnets, which are seldom, if ever, used on this t pe of variometer. 

torsion, or that the torsion factor h is so small as to be negligible. 
The equation of the bifilar variometer thus becomes: 

V= - MH COS e - A COS (6 - e> (2) 

Furthermore, it will be assumed, either that the 2 bers are free from 
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The couple tunding to incrouo e is 

-e= - MI1 sin B+A sin (6-e) (2') de 

For equilibrium, this couple is zero, so that tho equation of equi- 
librium is 

MI-I sin e = A  sin (6 -e) (3) 
5. Scale value of bifilar variometer.-Tho scale valuo, that is, the 

change in H corresponding to n unit change in 8, may be found by 
differentiating equation (3) with respect to I$, remembering that 
e decreases as H incroases. 

From cqiintion (3) wc hnvc 

A 12 
M sin Q-sin (6-e) 

- 

Eliminating A from equation (4) 

s=n [cot e+cot (s-e)] (6) 
The scale values of the bifilar variometer, expressed in the units we 
shall havo occasion to uso, are 

S=H [cot e+cot (6-e)] (C. G. S. units per radian) (54  

s H ,  Q [cot e + cot (6 -e)] (gammas per millimeter) (5b) 

One form may be converted to the other by introducing the nppro- 
riate factors. For example, to convert tho scnle valuo espressed in 8. G. S. units per radian into tho scalo value cxpressed in nmmas 

per millimeter, writo H in gammas, and multiply by e. %'or the 
base-line scnle values wo have, remembering that thon e=? and 
that b-O=r 

2 

So = H cot T (C. G .  S. units per radian) ( 6 4  

s,=E, E cot T (gammas per millimeter) (Gb) 

An inspection of equation (6b) shows that the scale value can bo 
deterrmned by measuring the torsion angle T. This method may be 
called scalo vduo by measuremont of torsion angle. 

G. Development of scale value in powers of the ordinates.-Intro- 
duce into equation (5) a small auxiliar angle.(p, which is tho angle 

Then 
between the suspended magnet and t Tl e magnetic prime vertical. 
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We sliall have frequent occasion to convert the angles cp and 0 into 
millimeters of ordinatcs by mcans of thc relations 

?r e=--ne and 6-e=T+ne 2 
also 

- c p =  ne and T - c p = T + n e  

Substituting (7) into cquation (Sa), 

S = H  [-tan cp+ cot ( T - c p ) ]  (9) 

The expression in the brackets on the right is n function of cp, 
and may be written: 

(10) f(cp) = - tan cp + cot ( T  - cp) 

and may be expanded in powers of cp by Mnclnurin’s theorem: 

Performing the indicated operations 

f(cp)+,-o=[- tan cp+cot (~-cp)]~-o=cot T 

1 =[-sec2 cp+cosecZ ( ~ - c p ) ] ~ - n =  - - I+ - . -  sinZ - T 

2 cos 7 
=[- 2 sec2 cp tan cp + 2 cosecz (7 - cp) cot (7 - cp>1~-,0= sing ;- 

When these expressions arc suhstitutctl, equation (1 1) becomes 

COS T 
f(p) = -tan cp+cot ( T - v )  =cot  7-9 

and the scnlo value, equation ( O ) ,  boconles 

8 = a [ c o t  7 - ((1 - am2 --J- T )+Vas=] sin3 ’T (12) 

Using e uation (8b), we obtain for tho scalo valuo exprossod in 

(13) 

powers o 4 tho ordinates : 

and for the wale value in gammns per millimctcr 

(14) 
1 COST 

8 = So -k R-,€’( 1 - sina 7--- T )7L + R’dSinS ?72. 
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This is of the form sought, namely: 
s = so + an + bna 

AS nn cxnmplc, uso tho constants of tho sainplc bifilar variometer 
given in paragraph 2. 

R = 3.647 - 0.0006907~~ + 0.0000080241~” (16) 

7. Characteristios of bifilar scale valae:-The term containing tho 
square of the ordinate na is of courso neg 

since sin27 is loss than unity for scalo values greater than zero, 
according to equation (6b). 

Hence the scale value of tho bifilar variometer decreases with 

. 
As seen from equations (13) and (14), Ybla t e coefficient of n is minus 

ordinate. As the weaker, and tho recordin spot of 
light drifts down 
durin the larger values. 

the trond of the sca 9 e values 

constant for all ordinary ranger; of ordinate and for a1 P ordinary 

is hover zcro for 6 an 1 e greater than zero. The limiting value of 

It s 7 iould be noted howevor, that tho coefficient of n in equations 
ractically’ 

In  the scale value e uu$ion ( 5 4  the esprossion in tho parenthesis 

(13) and (14) is vor,y small, so that the scale value is 

ranges of R. 

tho angle e is 6 ,  as muy be shown as follows: 
For equilibrium, 

MH sin e =  A sin (6- 0) 

Whon tho mugnot is in the magnetic prime vertical 

By divisioa 
MI& = A sin T 

R= 0 A sin (6-4) 
sin 7 sin 0 

(17) 

(18) 

IT 11 could become zoro thon 0 must oqual 6. Hence we boncludo 
that tho  bifilar variometer has IL scale value greater than zero for 
all \~alucs of B. 

In dotemining tho scale value by tho lnothod of deflections, the 
magnetic fiold at the H magnet is increased and decreased by a known 
amount,, AH, which is small coin ared with the absolute value of 

scale valuo cquation ( 5 4 ,  is re arded,as a particular constant. 
R, hence the original field is on t R e whole constant, and R, in the 

The scale value is obtained 7 rom the relation 

and wlion auxiliary ‘ma$.net is used the field strength of this 
magnot is determinod by placing i t  “ond on” in reference to the D 
magnot. The field strongtli is, in gammas, 

2:x W = A H =  H,  tan u,  

u being the deflection of the D magnet. The scale d u e  formula 
is thus: 

(1‘3) 
If, tun 21. 

8 = - - - -  n 
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8. Change in scale value due to turning torsion head.-As tho spot 
drifts down on tho magnotogram, i t  is occasionally necessary to 
restore i t  to its normal position. Also, if the magnet is twisted on 
its stem, a turning of the torsion head is necessary in order to bring 
the spot back to its ori inal position. The physical 

into two steps. First step: Let the magnet be ho d in place whilo 
the torsion head is turned. Tho torsion in tho suspension correspond- 
ing to the base-line scale value will bo changed, and consequently 
the basslino scctlo valuo will bo changed. Second step: Rolcaso tho 
magnet. The magnet will now movo to its new position of equilib- 
rium. The change in scalo valuo will thus consist of two parts: (1) n 
change in baao-lino scale value due to a change in the torsion cor- 
responding to a zero ordinate; (2) a change in scale value duo to tho 
change in tho position of the magnet. 

To determino the amount of the change in scale value due to turn- 
in the torsion hcad, let tho c uation of oquilibrium, equation (3), 
be oro tho torsion hcad is turnel, be: 

(20)  

Pnciplos involved will be more clear K y understood by dividin tho a justment K 

MII sin e, = A  sin (6, - 0,) 
ei 

After the hcad is turned, tho oqliation will bo 
ME! sin 8, = A  sin (6, - e,) 

From these two equations we obtain 

Noting that, from cquation @a) 
K e = - - r l E  and ~ - O = T $ ~ L E  2 

wo can write (22) in ordinates, as follows: 
cos ?&,E 

cos ? L I E  
sin ( T ~  + n,t) = sin (T i  + nlc) -- 

Sinco tho last factor on tho right is marly unily €or small changes in 

(24) 
That is, tho amount of chango of torsion in tho sus ension corre- 

a t out by turning the head. 
That tho hoad and magnet, for ordinary changes in ordinate, move 

to ether practically as a ri id body, when tho torsion head is turned, 

MI sin 0 = A sin (6 - e) 

e, wo httvo 
T2 = 7,  - (7L2 - n,) c 

s onding to zero ordinate is equal to tho chango in or b: ‘nato brought 

wi fi be made cvident by di ‘if orcntiating tho equation of oquilibriwn 

with respect to 6 and e 

The base-line scale valuo after turnin 
substituting r2 in the equation for basefiine scale value 

tho head will bo found by 

(24’) 6, = BII? cot T2 
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TEe change in baso-line scale value due to change in base-line to&on- 
that is, torsion corresponding to zero ordinate, will bo 

S , , - s S , , = t ~ 7  (cot Ta - cot T,) (25) 

Tho change in scale value duo to change in ordinate will be 

As=a (n,-n,) (26) 

whero a has the value determined from oquations (14) and (15). 
The oquation for tho scale value aftcr turning the torsion hoad will 
now be 

(27) 

Changes in scale value due to turning tho torsion hoad may also be 
investigated as follows: 

Tho scale valuo is 

s =sol +a (nz - I L , )  

s=a [cot e + cot (6-e)) (sa) 

By substituting from equations (8a) this may be oxprossod in ordinates 

(28) 

Tho scale values boforo and aftcr the torsion head has boon twnod 
aro, rospactivoly, 

S, = H [tan nlt + cot ( T ,  + u,e)l 

S,=H [tan n,e+cot ( ~ ~ + r q ) l  

S,-S,= H [tan n,c- tan n,e+cot (T,+%E) -cot ( ~ ~ + n , e ) ]  

S =  R[tan 7 ~ t  + cot  ne)] 

and, therofore, 

By moans of equation (24), tllis simplifies to 

S, - S, = I7 (tan n2e - tan n,e) 

Using the trigonoinotric formula. 
sin ( A  - B)  - -  
cos A cosB tan A - tan Z3= 

and making tho substitutions remeinbering that cos n,t and cos n,e 
aro vary nearly unity, wo wid get approximately 

S,-S,=Hsin [(n,-nl)t] 

s, - s, = H,e sin [ (n., - nJt] 
or in gammas! 

We shall now exemplify tho use of equations (26), (26), (27), and 
(29) by means of our sample bifilar variometer. 

the torsion hoad of the bifilar so as 
a minus ordinate of 80 mm. up to 

The problom is : Detormino the chan value du? to turning 
recording spot from 
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Here n, = 0 n,= -a0 -n,e=iO 30'. 

From oquation (24) tho now base-line torsion is 

r2 = 58" 31!K 

This value substituted in (24') gives for tho ncw bwe-line scale valuo 

so = 3.86 

The change in base-line scalo value, is from (25) : 

3.86-3.64 -0.22 

Tho chango in scale value duo to chan e from a minus ordinate of 
80 mm. to zero is, from (26) or from (147, since tho a factor is prao- 
tically unchanged: 

- 0.0006907 X 80= -0.05- 

The total change in scale valuo is 

+0.22-0.05= +0.17 

The change in scalc value from equation (29) is 

s,-sS,=I&e sin 1' 30'=0.17 

Tho formula for tho scalo vuluc now is s = 3.81 - 0.0007n. 
couple acting on the magnct is 

9. Scale value of bifllar by oscillations.-Wc havo seen that the 

-g= - MIgsin e + d  sin (s-e) de 

The kinetic reaction of 

Action and reaction 
motion is 

the mugnot is Xi, fi' boing llic momont of 

being equul and oppositc, the oquation of 

~ i i - t  MH sin e-A sin ( 6 - 0 )  = O  (30) 

When the magnet is displacod  through small an lo 9 from a position 

sin 9 6 -6,) - cos (6 -do)$. Substituting these cxprossion8, the equa- 
tion of motion will be: 

K ~ - I - [ M H  cos e0+~coo(6-e8,)]++ MH sin eo-A sin (6-e0j = o  (31) 
The period is 

of e uilibrium eo, sin 8 becomuv sin Bo + cos do+ an 8 sin (6 - 0) becomes 

(32) 
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The scale value for the position of equilibrium 0, is from equation (4) 

(33) 
MEZ cos e, + A  COS (a -e,) 

Main eo S =  

CoIhbiiiing (32) and (33) 

(34) 

Tho free period of tho ma net, whsn it has been removed from the 

the effect of H alone, is 

l?K l 2 R H  8 = = 
T2, M sin e, T2,MH sin e, 

variometer, and suspended % y u singlo fiber ao as to oscillate under 

Substitute in (34) 

s = Tzlg = $7 (for small ordinates) T2r sin eo 

From (32) when e,= 5 2 

When M= 0 or when H = 0, and SO 6 = 8, 

So that (a) when the magnet lies in the prime vortical, and (b) when 
no magnetic field exists or when bho suspended body is not magnetized, 
the oscillations are due to torsion alone. From equations (17), (35), 
and (37), 

cot 7 Pi 
Taf 
-= 

which equation provides a check on tho scale value determinod by 
memuring the torsion angle, or rathor, a chock on tho measurement 
of 7. 

of the magnet in place in the 
it will be necessary 

definite amount of 
it is released it will 

a730-22-2 
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continue to oscillato until all the onerg has beon dissipated. Recog- 
nizing tho fact that the magnet ani! damping box constitute an 
electromagnetic system, wo can understand just how tho enorgy is 
consumed. 

‘Through this aroa there 
passes a certain amount of ma net flux which is changing a t  a rato 

mduces an electromotive forco (hf. Thus, around tho boundary 

Consider a small area of tho damping box. 

proportional to tho angular ve ? ocit of tho magnet, and, thoreforc, 

of t Fi o electrical englnoor. The 

square of the angular velocity and inverse F y &? tho oquivalont resist,- 

and so tho loss its rouistanco, the mom rapidly tho cnergy is 8 issipatod, 

tho dampin box thcro whyls a closed 

being I the current around the 

E2 E Tho ruto at  which onorgy is dissiputcd is El=--; R R area is - = I .  

so that the rato of dissipation of enorgy is roportioriul dircctly to tho 

anco of the dumping box. The mor0 massive tho dam ing box, 

and tho more effective tho damping box in choclung tho free oscilla- 
tions of tho magnet. 

The total onorgy, at any instant, possessed by tho magnet and 

suspension is the sum of tho kinetic onergy 2 and tho potential 

energy V. 

1.02 

Therefore the abovo statement may bo expressed: 

where a is simply a factor of proportionality. 

entiation, and then dividing by 8, 

Performing the differ- 

Re+ XH sin 8 - A  sin (6-6) = -2 (39) 

E [ ~ ; ~ + & + [ M H  COS e,+A COS (s-e,)]~/=o (39’) 
Dividlng through by K, the equation may bo written in tho form: 

; + 2 4  +f’$=O (40) 
a .MH cos 0, + A  cos (6 -eo) 

where 2c=gand  $= K 
The equation ma 

system of logarithms. 

bo further simplified by substituting another, 
variable u such t g a t  $=e-% where e is the base of the natural 
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Thus tho equation (40) becomes 
il+ ( . - d ) u - O  

u = I' cos (ut - v) 
tho solution of which is 

wliero P = i ~ i i  arbitrary constaiit, and v =  an arbitrary phuso ttiigle, and 
4r 

w = - T  
For simplicity, tho t h o  inay bo choson so that 

?I.  = P cos w t  

Tllc solutioii of oquatioii (39) is, now, 

e =eo + 1c/ =eo + PL Y COS 

or iii ordiiintcs, by moans of equutioil (Sa) 

n e =  noe - Pe-ct cos ut 

T() cvlliullto P ,  suplloso ?Le = 7L1t wiloll t = 0. mull - P = 

n = 74, + (n, - no) e-ct cos ut 

- 
a id  (42) becomes 

(43) 

n, - n bcing tho amplitudc at  tho beginning of tlic motion, and no tho 
pquiligrium ordincite. If nl, n,, n3, ?tcSI aro the ordinatcs correspond- 
in to tho elongations of tho oscdlating magnet, which obviously 
fofiow oach othor at intervals of timc Td apart, we obtain from 
equation (43) 

or 
9 etc.,=eUTd n,- n, - n o  - 722 

no - n, ns -no 

Now, evidently, I L  - n2, 7~~ - 1 ~ 2 ,  n3 - n,, etc., aro simply the difforcnccs 
of tlio reudings cd the scalc at the successive olongations. Denote 
them by Ao, A,, 4, As, etc. Then 

'raking tlio logarithms 

Another useful rclation is 

whore N is the number of half periods. 
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A i s  the natural logarithm and is called tho logarithmic decrement. 
computed in common logarithms, and In  practice A is most easil 

then converted into natura P logarithms by the formula 
corn. log Nut. log A=- 0.4343- 

From equation (41) the damped period is 

(48s) 

The free period is obtained from this by setting cz = 0 

Thus the damped period is loiigcr thun tlic frce period by reason of 
the quantity c. 

From (484  and (46) 
+.. CZ 

1-F 
czIld=fT2= 8ZG1 - f’ -A= 

G2 - 

or 

(49) 
ca A= = -  f’ X Z + n l  

From (484 and (48b) 

C’ Eliminating tho ratio - b 

damped, or observed period, to the free period, 

equation (491, wo liavo for reducing the Y Y  

T h e  noteworthy feature of this equation is that to obtain tho free 
period all that is necessary is the observed period T d  and the logarith- 
mic decrement A, which is derived from scale readings at th? succes- 
sive elongations of the magnet. Substituting equation’ (50) in equa- 
tion (36), we obtain for the scale value by method of oscillations: 

In using the method of scale value by oscillations, i t  will be con- 
venient to make observations for period, and separate observations 
for elongations. 
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B means of equation (48) we obtain h-0.4923. d get the same value for h from the first and last differences by 
means of equation (47). Substituting the known quantities in 
equation (511, we obtain the scale value s=3.64. 

11. Stability of bifllsr variometer.-We have 

...... 

Log A. X I ~  
- _- - __ ___ 

211 2.3243 0.217l 
118 2.1072 .aoBB 
79 1.8876 .21M 

20 1.4624 .2071 
18 1.2563 ........ 
48 1 . ~ 1 2  .ales 

............. ., Moan log-.2138 

7ra K 
MH cos @,+A cos (6-e,) T2t= (32) 

and frdm equation (4) 

This substmiluted in equation (32) transforms it to 
M H  cos Or + A cos (6 -eo) = MS sin e,, 

If for any value of e greater than zero and less than T, and for values 
of R eater than zero, the scale value becomes zero, the period will 
bo i&ity, that is, the mu et will be unstable. The stability of the 

of the m not where 8 is zero the variometer will be unstable. 

0 to 6, at which position H must be zero also. In ths ran e the 

all valuos of H. 
We note here some points in connection with the periods of a 

bifilar variometer. 
If no magnetic field exists, that is, if H is zero, or if tho suspended 

body is not a magnet, that is, if M is zero, tho period is 

variometer is thus seen to r epend on its scale valuo. At any position 

In the T ifilar variometer (see equation 18) 6 can rane(e only from 

scale value is never zero. Hence the bifilar variometer is sta % lo for 

Tl x 
A 

Tar = - 

The oscillations of the magnet are then due to torsion alone. 
When the magnet is in the magnetic prime vertical, 6, =; 

7?K 
A COE r 

Pt5- 
The oscillations are still due to torsion alone, but are longer in the 
ratio 1: cos T 



22 U. S. COAST AND QEODETIC SURVEY: 

12. Becordin range of the bifllar veriometer.-Since the bifilar 

E. Or, practically speaking, a bi lar variometer can record all 
values of H permitted by the mechanical construction of the instru- 
ment. When the upper. and lower limits of 0 have been determined, 
the actual range that can be recorded may bc computed from equa- 
tion (18). 

R is stable for a f values of E, i t  is ca ablo of recording all values of 

111. CHARACTERISTICS OF THJl UNIFILAR VARIOMETER. 

13. Equation of the unifilar variometer.-Placing A=O in the 
fundamental equation (1) we obtain for the equation of the unifiler 
variometer having a control magnet: 

(53) 

We shall first discuss .the characteristics of u unifilar variometer 
that has no control magnet. 

l b  MM' V= - HA COS e+2 (6-e)a+-;;;j- COS ( e - K )  

Tho equation is then 

h (W V =  - M R C O S  fZ  ( 6 - e ) Z  

The couple tending to increase 0 is 

MHsin 6+h (6-4) av ---- 
OB- 

For equilibrium this is equal to zero, hence 

MHsinO=h (6-8) 

The scale value is 

1L - A c o t  e+- dH MHcosB+h 
de - Msin e M sin e - -- 

From equation (56) 
h H 

Msin 0 (6-e) 
-=- 

and substituting this in (579, we obtain for tho scale value equation 
of the unifilar variometer 

(58) ] (c. G .  S. units per radian) 

and for tho scale valuo in gammas per millimetor 

The corresponding base-line values are 

(60) 
H So= - (C. Q. 5. units per radian) 
7 
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60= Q 7 (gammas per millimeter) (61) 

In  these scale value equations H i s  rogarded as a constant. 

Introducing the angle @ into equation (58) 
14. Development of nnifllar scale value in powers of the ordinates.- 

Tho ox ression on the right in equation (62) is a function of (0, 

and may E o written 

(63) 
1 

7-cp 
f ((0) = -tan cp+- 

and may bo oxpandod in powers of cp by' Maclaurin's theorem: 

Performing the indicated operations, 

1 )  =- 1 f Wvd=(  - tan cp+- 
7--(P (p-0 7 (g)(p_o=[ -seta cp+- ] =-1+7" 1 

] =- 2 
(7-(012 (p-0 ($9 -[ - 2 seca v tan cp + - acpa (p-0 (7-cp08 p-0 7* 

Making tho substitutions, equation (62) becomes 

S = H  -- I-- [: .( :)+$] 
Changing this into ordinates, (cp- -m) 

In gammas per millimeter this is 

(66) 

For a concrete case, use the constants of the sample unifilar variom- 
otor given in paragraph 2. 

s = 1.95 +0.003457n +0.00000002na (67) 

15. Chsracterietics of unifilar soale vslue.4ince for practical 
scale values 7 is greater than unit , the coefficient of n in equations 

ometer increases with ordinate. Moreover, the a factor is so largo 
(65) and (66) is positive. Thus t g e scale value of the.unifilar vari- 
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that i t  must be taken into account in converting tho ordinates of 
the variation curvo into absolute values of E. As the magnet grows 
weaker the recording spot drifts down on the sheet; the trend of the 
scale values during the course of time should be toward decreasing 
values. From the scale value equation 

we see that the scale value is large for small values of 8, that is, for 
large ordinates; and that i t  becomes smaller with increasing e, that 
is, with decreasing ordinate. For H eater than zero and for a 
value of 0 reater than zero and less t Bp an T ,  the expression in tho 
parenthesis % ecomes equal to zero when 

tan 0 = 8 - 6  (68) 
In  the case of our sample uni6lar variometer 6-5.8671. The anglo 
at which the scale value is equal to zero is from equation (68), 0- 
103' 51'.3, that is when the north end of the ma net points 13' 51'.3 
to the south of the magnetic prime vertical. %hat H is not zero 
for 6 < ~  may be shown as follows: For equilibrium 

BB sin e=h(s-e) (56) 
When the magnet lies in the magnetic prime vertical 

' MHO = hr (69) 
By division 

(70) 

For practicable scale values, 6 is always considerably larger than e. 
Hence for e < T, H is never zero. 

We thus see that the unifilar scale value becomes zero for a small 
ordinate corresponding to a value of 0 somewhat greater than z .  

16. Une nal deflections of unifllar variometer.-When a deflecting 
magnet is Brought near the variometer an additional force acts u on 
the suspended magpet corresponding to a change of AH in H. d e n  
the magnet is reversed, but otherwise in the same position, the added 
force corresponds to - A H .  As the scale value changes with change 
of ordinate, the angular deflection and the distance in millimeters on 
the magneto am will be different in the twp cases. 

and i elow the undeflected position of the spot which for simplicity 
we shall take as the base line. Then 

H 6-e H - 0  - 
T sin 0 

Su pose t f at; n, and -n, are the deflections in millimeters above 

AH = (80 + an,) an, - son, + p2, - n, 8, + -n, S a ( g )  
Solving these equations for n, and $, we get, 

2 a A  
a (72) 
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(- 1 +J1++ -2aaK 

25 

(73) 

Also 3 = ratio of deflections. 
n1 

Forn=0.003457,AHY=100 ~ ~ ~ 1 . 9 5 ,  we find n,=49.15 and n,=53.88 
and for tho ratio of tho dchections 

For IL simple working formula, procood nn follows: From tho last 
members of (71) 

find dropping tcrms in a2 

(74) 
U 3 = 1 + -n, (approximately) 

n1 50 

The unoqual dofloctions of tho uiiifiltlr vnriometer may also be in- 
vestigated ns follows: Equation (70) inny he writton 

6-8  Hr 
sin8 H, 

= - - 

where 11 's  nre values in gammas. 
Introducing the nnglo q~ 

r-(p ZIT H E  7-(6 --__- - --E- 

cos (0 no 8, 1 - 3  cp' 

Solving for cp, we hnvo finally 

where H and H, rofer to values of H correspondin to deflected posi- 
tion of magnet. For the values t+,= 1.95 and A%,- 100 ns in tho 
example given ahovo 

54.00 
It, 49.02 !L-= 1.101. 
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17. Condition for constant scale value in the unifilar variometer.- 
From equations (72) and (73) it is evident that the une ual deflections 

viz : 
depend on the a factor in the series development of t 91 e scale value, 

(77) 

The a factor equals zero when T equals unity. 'As  T is not readily 
determined in practice, we may express tho a factor in n different form. 
From equation (61) 

H Y E  _-  
- 9 0  

When T =  1, the con8ition for constant scale vnlue is 

8, = H.,B (78) 

In general this condition means either a larger scale vaiue than is 
desned (about s,=2.5 being the usual vnlue) or that thevnriometer 
will have to be placed a t  a distance so far from the recording apparatus 
as to be impracticable. For examplo, in the case of our sample 
unifilar variometer we obtain: 

Two uestions now arise: (1) Can the scale value be reduced to the 
desire 3 value by means of control magnets? and (2) How is the a 
factor affected by a control magnet? These questions lead to n 
considera tion of control magnets. 

18. Control magnets for unifllar variometer.-Tho equation of the 
unifilar variometer having a control magnet is: 

s0=8.38 

COR ( e - K )  
V =  - M H ~ o s e + . g ( 6 - ~ ) ~ + ~  l b  d!iM' 

(53) 

To simplify this equation somewhat, let us  make use of the identities 

M' F,= -p- x IO' 

where R is the field intensity of the control magnet at a ppint on n 
line Derpendicular to its axis, at  distance r .  Equation (53) 1s now 

The equation of moments is 

-an- '' HH sin 8sh (6 -8)  + FMsin  ( e - K )  (81) 

The equation of equilibrium is 

MH sin 0 = h(6 - 0) + FiK sin (e - K )  (82) 
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Tho scalo value equation is 

1. F cos (e- K )  - (EH= Sf cot o f  ~- _ .  
do M sin 0 sin 8 

27 

(83) 

When this is substituted in (83) tho scale vnluo equation becomes 

(84) 
F sin (e - K )  F cos (e - K) s f = r 3  cot e+- - - - - -. . .- ( 6 3  (6-e)  sine sin 0 

Tho sciilc vriluo expressed in  gammas is 

Correspondin to theso two general scale valuo oquations, we shall 
have. when t f 10 suspended magnet is in the magnetic prime vortical 

(87) 
H,E- F,c COS K do= - - F,c sin K 

7 

From quati n (87) we seo thnt the control magnot is most effoctivo 
7r when K = - P  that is, when tho control magnot is psrnllel to tho sus- 

pended magnet. 
2 

Tho scale vnluo will then be 

Thus the scale value is decreased when suspended and control 
magnots point in the same direction, and it is increased when they 
point in opposite directions. Tho chango in scale value duo to tho 
control magnot is 

so - s', = F7€ (89) 

Let us noto tho effoct of placing tho control magnet in tho magnetic 
meridian K = O ,  the control magnet then being perpendicular to tho 
suspended magnet. Equation (87) will become 

( H, - F,) e 
8f0m 

7 
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We observe that the base-line scale value is changed to the extent 
the earth’s magnetic field at the suspended magnet is changed. 
The suspended magnet will also take up another position of equi- 
librium, ns may be seen by putting K = 0 in the equation of equilibrium 

M ( H -  F )  sin e =  MHz sin e = h  (S-e) (91) 

where I&= H -  F 

The approximate displacement of the magnet is F, 

back into t R e prime vertical. If si and s2 and 13, an fi Hz are the 
Now, sup ose the torsion head is turned so as tokrin the magnet 

baseline scale values and intensities before nnd ufter tho control 
magnet has been attached, wc shall havc: 

But from the equation of equilibrium, 

Combining (92) and (93) 
8, = 8 ,  

The scale value remains unchanged. For the same reason we may 
state that the scale value of- a unifilar variometer is the aame at 
whatever station on the earth it may be placed provided the torsion 
head is turned so as to bring the magnet into the samo position with 
reference to tho magnetic meridian. 

19. Effect of control magnet on a factor.-To answer the second 
uestion at the close of paragraph 17, it will be necessary to develop 

!he scale value of a urnfilar variometer having a control magnet in 
the form of a series. Introducing the angle (O into the scalo valuo 
equation (84) we obtain 

(94) 
F cos ( K  - (o)‘ - F sin ( K  - (o) 

S’=H(-tan p+- T!p)- (T-(O)  COS (O cos (O 

The first arenthesis on the right, has alread been dealt with (see 

third terms, and add the results to equation (64r Moreover, we 
may take advantage of the fact that as the coefficient of pa will 

equation B 6) so that it is only necessary to B evelo the second and 
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clearly be ne ligible, the first differential coefficient in Maclaurin's 
theorem is su fi; cient. The function of cp is then 

+sin K-COY K tan cp 
cos K +sin K tan cp 

E 

7-cp 

By differentiating 

df (T - cp) sin K seca cp i- cos K + sin K tan cp - COY K S W '  cp 2; = (. - (PI2 

Thus 

and in ordinatos 

The scale valuo in gwnmlw is 

As tho control magnot is most effective when pwttllol to tho suspended 

mugnet, we shall only consider the case who& K = ? -  We thus obtain 

for the a factor of a unifilar variometer having a control mugnet 
2 

Equtttion (97) is the ttnswer to the question as to how tho a fuctor 
is affected by tho control magnet. The a factor is increased or 
decreased by the control magnet, depending on the direction of its 
field that is, whether F is plus or mmus, with referonco to the sus- 

ended magnet. This equation may he put in a more convenient 

a,'=& (98) 

Form : 
Let 
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Then 
Fe e em 

H -f7= ; - ET+ - 
From equation (88) 

Combining ( O ! ) )  and (100) 

T=- 8'0 

E(R-x) 
Solving (101) for .c and multiplying by e2 

From cquation (88) 

Also 

(103) 

In  equations (98-104), n, 17, and s are exprcsscd in gurnrntls. 'l'lie 
condition for zero a factor inny bo found by equating the right-hand 
member of (102) to zero. The condition is 

S I o  = R E T  (105) 

Now s',= 5, T = 1 and lo ~=6.63982 are about the practicable vtllues 
'for those uantities an!$ for these values E,=11,459. Hence the 

however, we can tolerater a value a' = 0.001, which is as small as can 
be derived from observations, we find that for T =  1 and do= 5, in 
equations (98) and (101), By= 16,700, approximately. Thus tho 
answer to the first uestion at the close of par aph 17 is that tho 

where R is comparatively small, or at  stations where R can be made 
small enQugh by extra magnets. 

Evidently, the required scale value can be obtained in two ways: 
(1) By using a small fiber, giving a small scalo value, in which case tho 
control magnet will increase the scale value; (2) by using a large fiber, 
giving a large scale value, and reducing it to Ithe desired value by a 
control mngnet. The referable method will bo the one that gives 

It is practicable to increase or dcoi-ci~sc tho scale value to the extent 
of 47 by means of control magnets. 

condition 9 or zero a factor can not, in general, bo satisfied. If, 

condition for a neg 7 igible a factor can be sittis T ed only at  stations 

the smaller value for t R e a factor. 
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As a practical example of the use of c uations (98-104) lot us 

where II, = 15,600, and a scale value of 4.457 ( s ’ ~ )  is required. The 
control magnet is to mako a change of f 37 sny in the scale value. 

In the case of the small fiber, we obtain from oquation (102) second 
form, a’=0.0027, so bein in this case 1.457. 

formulas for the scalo values in the two CRSOS will be 

determino whether R large or small fiber will B e preferable a t  a station 

In the case of the 9 arge fibcr, s,=7.45 arid (~‘=0.0005. Tho 

and is to be pre 7 orrod. The B eld intensity F, of tho control magnet, 

s’ = 4.45 + 0.003n (small fiber) 
s’ = 4.45 + 0.00087~ (large fiber) 

63  thnt the lttr c fiber will ivu practically n constant scalo vnluo 

will bc found from tho second form of equation (103) and the strength 
and distance of the control magnot, if one or the othor is given, may 
be found from (104). 

As another example, determine whothor it is mforablo to use a 
ltuw or R sinall fiber at  a station whero R,=,l s ,200, tho required 
sca P e vduo being 2.57 (do). Assumo thiit the lnrge fiber alone gives 
R scale value s,=5.50, and that tho small fiber alone gives go= 1. 
From equation (102) wo obtain for tho scale values 

s’ = 2.50 + 0.0035n (small fiber) 
s’ = 2.50 + 0.0029n (large fiber) 

Thero is R small gain in using the large fiber. If the scale value 
without a control magnet WRS 2.57, we would obtain from equation 
(102), since so = s’, = 2.5 

s = 2.50 + .0033n (no control magnet) 
20. Remark on best position of control magnet.-In the preceding 

investigation tho control m not was assumed to be vertically 

magnot were placed in lino with the axis of the suspondod magnet, 
it  would be twice as offcctivo, sincc its fiold intensity is twice as great 
a t  R given distancc. 

above or below tho contor of Yl t e suspendod magnot. If the control 

Equation (104) would thcn bo replacod by tlie oquation 

By means of ti control magnot so placed i t  would bo practicd to 
increase or decroaso the scale vnluo at loast by 6.07 and the a factor 
could be correspondingly reduced. For example, for a scale vnlue 
of 2.5y(sfO) a t  a station where H ,  = 19200, so = 2.5 + 6.0 = 8.5 and 
from equation (102) we obtain: 

The a factor decreases with increase of scale value. 
value of 4.07, and H7= 19200, so= 10.0 and from (102) 

S’ = 2.5 + 0 . 0 0 2 5 ~ ~  

For a scale 

S‘ = 4.0 + 0.001G~~ 

Furthermore, it is entiroly fcnsiblt?, by lacing n control magnet in 
the magnetic meridian north or south o Y the suspended magnet, m d  



32 U. S. COAST AND GEODETIC SURVEY. 

in the same horizontal plane, to reduco the earth’s horizontal inton- 
sity by one-fourth of its value. Substituting H, = 14400, do = 2.5, 
and s0=8.5 in equation (102), wo obtain: 

Substituting H, = 14400, do = 4.0 and so = 10.0, we got 
S’ = 2.5 + 0.0013n 

R ’ =  4.0 (absolutoly constant). 

21. Change in scale value of unifllar due to turning torsion head.- 
The equation of equilibrium of the uniiilar without a control magnet 
before turning tho torsion head is: 

M H  sin 0, = 7 4 6 ,  -e,) (107) 
After turning the torsion head, the equation is 

From theae two equations, by division, 
MH sin e, = 7~(6, - e,) 

sin e, 
sin e, a2 - ez = (6, -e , )  - 

Converting (109) into ordinates by incuns of 
K or=-- 716 

COY n,e 
cos nle 7, + 7L2E = (7 ,  + ? L , E )  ~ 

or 
7% - ‘ T ~  = (n, - 7 4 4 ,  nourly 

(109) 

tlio relation 

(1 10) 

Thus the chan e in base lino torsion is equal to tlio angular change 
in ordinate. #hat the torsion head, fiber and magnet move togother 
very nearlg as if they wore parts of the sumo ngjd body may be 
shown by differentiating tho equation of oquilibrium urlth respect 
to 6 and 8. 

The bttso line torsion aftor tho head has been turned, is 
7, = 7, - (71, - n,) c (111) 

Tho base line scale value now is 

Tho change in bavo lino scalo valuo is 

- so, H, 6 
6 0 ,  - YO, = 

TI - (n, - n1)6 

Also 
u,(n, - n,) = change due to ordinate. (114) 
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The total change will be tho sum of (113) and (114). The a, factor 
ma be com uted from equation (102), but ordinaril the change is 

be very little change in bas0 line scale vaue  and the total change 
will be given approximately by equation (114). 

Changes in scale value duo to turning the torsion haad may also 
be investigated as follows: The scale value equation (59) in ordi- 
nates is 

P nog E 'gible. f n  case (na-nl)c is small com ared wit$ T ~ ,  there will 

Tho scale value before turning the head is 

After turning the hottd it is 

Tho change in scale value is 

1 
T~ + nae tan n 2 e  - tan n,e+ - - ~ 

71 + nIe 

The last two tcrnis on tho right cttiicel in virtue of equation (1 11). So 

s2 - s, = &e (tan n,e - tan n,e) 

Using tho trigonometric formula 

sin (A - B) 
cos A- tan A-tan B=-- 

and rememberin that cos rLle and cos n2e arc vory nearly unity, we 

t3,--6,=H,e sin (n,-n,)e (116) 

get, approximate 7 y, 

to increasing t i e  \ ordinato of our sample unifilar varioineter b 200 
As a practical xoblem, let us doterrnine tho change in scale vdua due 

mm. = So= .0873 radian. From equation ( I  11) T~ = 4.209. Srom 
equation (112) go2,= 1.99. The change in base line scale value is 
0.04. From equation (114) the chango due to change in ordinate 
is 0.69. The total chango is 0.04+0.69=0.73. The scale value 
formula now is 

8 = 2.68 + 0.003457n0 

The change in scale value from e uation (115) is 0.73. An approxi- 
mate value of the a factor may9be found by putting n,-n,= 1 m 
equation (115), inasmuch as the a factor is the change in soale value 
per unit change in ordinate. 

873'-22-3 
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22. Scale value of unifilar by oscillations.-Placing K = ;  in the 

equation of moments @1), equating the resulting equation to X 8  
and transposing all terms to the left side, we obtain for the equation 
of motion 

(1 16) 

ositioii of equilibrium 

, 

,?&+ MI2 sin o -h (a -e )  + F M  cos 0-0 

If the magnet is slight1 displnccd from u 
Bo, such that O=O,+$, w l ere $ is a small ang P c 

sin 0 will become sin e,,+$ cos I ) ,  

6 - 0 will become 6 - 0, - # 

cos e will become cos e,-$ sin bo 

Substituting these into equation ( 1  IC;) 

~ i j :  + MII cos e, + /& - F M  sin OJ$ = o (1 17) 
The period is 

x2 Ii 
MI1 cos e + h - PAM sin 0 

p= - 

x 
0 now indicating the position of equilibrium. 
scale value equation (83) we inay write it 

Placing K =  -- in the 2 

(119) 
M1;I cos 0 + 7~ - li'M sin 0 SI= ____ 

M sin 0 

Substituting from (1 18) 
xZ K x2 KH J"= 

Ti2 M sin8= 7ia M H  sin e 
The period of the suspcntletl inagnet when removed from the vurio- 
meter and oscillating under thc effect of II alone, and corrected for 
torsion , is 

x For the bttsc linc scale valuo O = -  2 

(122) 
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The observed period Td will roquire n correction for dumping to 
reduce it to the free period Tr. 

From e uation (118) wo notice that wlion tliu control magnet is 

%e period then is 
laced in 7 t io magnetic meridian (e = 0) it  har no offect on tho period. 

(1 23) 

When the suspended iiiugnct lies in the magnetic primo verticul, 
A e = -, tho period is 2 

(1 24) 

Tho oscillations are then due to the torsion and the control niugnct. 
Tho offect of the control magnet is to docroaso or increuse tho period, 
doponding on wlictlier it points in the same or in tho opposito d i m -  
tion with rcfercncc to tho suspondcd mugnat. If tliero is no control 
magnot, tho suspcndcd magnet oscillates undor tho offect of torsion 
don e .  

23. Stability of the unifllar variometer.-E(luution (SB) may bo 
writton 

MI1 cos O + h -  F M  sin O =  NS' sin e 
Substituting this in (117) the equation of motion becomes 

-I- ( MS' sin e)+ = o (125) 
in which sin e is always regarded (w positive. Wo thus soo thut tho 
scalo valuo dotormines tho churacter of the motion of the magnot. 
When tho scale value is plus, the coefficient of I) is plus, and ropre- 
sents a restoring force which, when tho magnet is displaced, tends to 
restore i t  to its original position. In this case tho solution of the 
oquation represents an oscillator motion about a position of oquilib- 

I) reprosents a displacing forco which tends to carry tho magnet 
farther and farther away from its original position. In  this case, 
tho solution of the equation is oxponentid in form, indicatin that 

tho scalo vnluu at which the magnot passes from a condition of stability 
to ono of instability. 

rium. If the scale valuo 1s less t t an zero, or minus, the coofkiont of 

the value of + continually incroascs. Thus tho critical value o 7 S' is 

m'hen tho scalo valuu is plus, tho solutioii of uquation (125) is 
+=P sin [(---) MS' sin e t + Y ]  

(1'26) 

whore Y n l d  Y are coiistants ticpanding on initiul conditions. Tlic 
solution for 0 is 

(127) 
e = 0, + P sin [( -R-) M S ' s i n e  t + "1 

where Bo is doterminod by tho condition 
MH sin e, - h ( b  - 0,) + FM COS eo = 0 

Tho period is 
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When the scale value is equal to zero the period becomes infinitely 
long, and when the scale value is minus, the period is imaginary. 
We thus conclude that the criterion for stability is that the scale value 
shall not be equal to zero for any value of H reater than zero. 

return to the general scale value equation 
To investigate the stability of the uni f?l nr variometer, let us 

Introducing the angle cp and assuming that the control magnet is 
in the prime vertical, so that K=? 2’ 

For instabilit , S’ = O .  
bility is founJ to be 

Solving for tan (D the critical angle of stt+ 

This equation can be readily solved by approximation, I€, F, and r 
bein given. As a first approximation, assume that cp=O in the ri ht  

of Q thus obtained on the right ain, and repeat the process until the 
desired accuracy is attained. %om this equation we can infer the 
effect of the quantities F and r on the critical angle cp. Without a con- 
trol magnet, we shall have 

han f member. Compute a value for tan (o, then substituto the va Fi ue 

1 tan cp=- 7-v 
In this case, the critical angle varies, roughly, inversely as 7 ;  that is 
the larger the fiber the greater is the critical angle. The controi 
magnet (F) decreases the critical angle (if the control magnet and 
suspended magnet point in the same direction). If the control 

et is reversed so that F is minus, the critical angle is increased. 

shown by the equation: 
“T It s o d d  be observed that the scale value depends on F and 7,  as 

We have seen that a given scale value may be obtained either by 
using a fiber of ’ust the right size to require no control magnet, or by 
using a small fi b er and a control magnet to increase the scale value, 
or by using a large fiber and a control magnet to decrease the scale 
value. 
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As a practical problem, let us take 2.57 as our requirsd scale value, 
and detcrmino from oquations (130), (61), and (89) which of the 
combinations just mentionod gives the greatest criticai anale. 

In  the case where no control magnet is necessary we ofhain from 
equation (131) 

cp= 18'15' (no control magnet). 

In  tho case of tho small fiber, tho scalo value is, without tho control 
magnet 1.07, say, so that the control magnet must increase the scale 
value by 1.57. From equation (61) ~=8.377. From (89) F -  
0.03438. Using these values, we obtain from equation (130) 

p - 17' 12' (small fiber and control magnot). 

In  tho case of the largo fiber if it is assumed that the scalo valuo 
without the control m a p e t  is 5.57, the control magnet must reduce 
this by 3.07. From (89) F-  0.06876. 
With these values in 7130) we obtain 

From e ualion (61) 7 = 1.523. 

cp=2lo 9' (large fiber with control magnet). 

Thus the variometer having the large fiber has the reatest stability. 

increases with ordinate the unifilar can manifestly record all large 
values of H ;  that is, all values of H greater than the base line value. 
When H is low enough, the magnet reaches a state of instability. 
We wish to ascertain the value of H corresponding to the critical 
an lo, at  which the magnet becomes unstable. 

24. Recording range of the nnifllar variometer.- t s the scale value 

Expressing the equation of equilibrium (82) in terms of p 

MH COS cp=h (7-p) + Fitisin cp (132) 
When p = 0, 

From (132) by transposition 
MHO = hr (133) 

MR cos cp-FMsin p = h  (r-p) 

From this equation and (133) 

H c o s p - F s i n p  -P- T - p  

HO 7 

or 
= S L - d . +  F tan 

From this equation we infer that for a articular value of p, B is 
smaller in proportion as 7 is smader. Apso that the critical value 
of H is largor on account of the control magnet. If, Ijowever, the 
control magnet is r e w e d ,  the critical value of H becomes less. 

When tho critical angle has been computed from e uation (130), 
the critical value of R is computed from equation (1347. 

cot3 cp 
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In  the use of equations (130) and (134) it should bc observed that, 
tho value of I1 in (130) is tho value of 11 derived from (134), so that 
both equations must be simultaneously satisfied. 

The desired accuracy may he attained hy a process of continual 
ap roximation. 

Est us now compute the critical values of 11 for three variometers, 
each having the scale values of 2.57 in thc three CBSOS mentioned 
above. It should be noted, however, that the critical angles have 
been computed on the assumption that the low or critical value of 
H is 0.192, which we have heretoforo regarded as the base line or 
station value. To save computations, we shall reverse the problem 
and determine what the base line or station value must be in order 
that A = 0.192 shall be the critical value. For this purpose we may 
write equation (134) 

One other point is to bc considered. The vrtlue of 7 computed from 
e uation (61) depends on the value of 11, which we aro seeking. 
derely for illustration, however, we shall us.e 7 computed from 
equation (61), with the valuc of 1-1-0.192. We thus obtain from 
equation (135) 

H,= 0.20150, range = 0.20150 - 0.19200 = 9507 (no control magnet) 
Bo = 0.20070, range = 0.20070 - 0.19200 = 8707 (small fiber) 
W, = 0.20360, range = 0.20360 - 0.19200 = 11607 (large fiber) 

As a matter of fact the angle 9, and hence the low value of Z?, 
is limited by the anguiar spacing of the regular and reserve mirrors, 
and b the mechanical construction of the variometer. When 4 has 

tion (134). 
During a magnetic storm, when 11 reaches low valuos, tho scalo 

value may become so small and the motion of the magnot so rapid 
that the recording spot of light fails to make any im ression on the 

variometer must be so adjusted that a t  low the motion of the 
m net is slow enou h to roduce a record. 

been K eterminGd, the lower limit of H may be computed from equa- 

photographic papcr. To meet this situation the sca P e value of tho 

%lving equation t134) POr 7 wo get, 

When cp has been determined from mechanical considerations, and 
when the low value of 11 and the field intensit of tho control magnet 

the scale value may bo then computecf) from equation (88). 
For a single exam le, let cp=(io30’, Bo,= 19200, and Hr- 18400; 

have been decided upon, 7 may bo corn uted P rom equation (I@) and 

and F =  0 (no contro P magnet). Wo obtain 

So= 3.54 

From equation (129) the scale value corresponding to f ly -  18400 
is 2 . 6 5 ~  
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For smitll angles, ns in this case, it  will 1)o sufficiont to coinpute 
the scttlo \rnliio n t  low R by tho iisuiil sculc vtiliie formula 

s = 3.64 + .0036t1, 
=s,+n n 

FIere n = - 2G0, givina s = 2.63. 
Tho lowor limit of $which the variometer can record may be detcr- 

minod exporimcntnll by bringing the auxiliary magnet, which is usoci 

bring tho resorve rocording spot to its lowost ossible limit. Tho 

flections of tho D vuriomoter. Tho change in the field intensity a t  
the H magnet is, in gammas, 

in the usual scale va 7 uo deflections, near enough to tho vuriometcr to 

magnetic moment m, of tho auxiliary mngnot, is R nown from the de- 

d m x  lo5 ' - -AH-, 
rq 

Tho lower limit of IT is thon no - An. 

ometers.- 
25. Comparison of characteristics of the bifllar and nnifllar vari- 

-____ 
I 

I 
IJnlfllnr vnrlometcr. I DlnIor vnrlomotor. 

&ale vnlus.. ....... 
Soale value ......... 
R faotor. ............ 
Defwtlons. ........ 
8CdOvalUO- o...... 
Btablllty ........... 
Rmrdlng range.. . 

3d by turning todon  head 80 us toin- 

VOly hK0.  ClXl bo reduoed 
! by control mnmot and Iarm A b r .  ......... I pmtlcally aymmetrlcnl.. 

Only wiion ji-0. .  ......... .......I 
Btable for oll vduceof H,IiIRh nnd I 

I All values ol R, high slid low.. ... 

I 

low. 
I 
i 

Umn$mrnotrlonl.- Lnck 01 ajmmetry OM be 
uoed b y  rontrolmagnot and large A m .  

Atlow Iintcrltlanlunglc. 
Unstnblo et low IJ at crltlcnl melo. 6taMllty 

lnoreoved by control magnot and large Aber 
All high vnluas 01 H. No 1J loss than thai 

corrcspondltig to tho crltlcol nnglo. Lower 
r y o  niuy I s  Incranscd by control mngnet 
an lorgenber. 

IY. CHARACTERISTICS COMMON TO BOTH TYPES OF VARIOMETER. 

26. Temperature coefacient of bifilar variometer.-Temperature 
changes can affect the bifilar variometer by chunging tho distance 
betweon tho fibers, owing to tho expansion of tho motallic matorials 
used in tho construction of tho, suspcnsion systom. Attompts 
have boen made to compcnsnto a bifilar vnriomotor for temperature 
by usin inotals of difforont coefficients of tliormnl expansion. Such 
metlio d s, howover, have not provod, satisfactory. 

The ofl'ect of temperaturo on tho bifilar vtwiometor is chiefly due to 
the change in tho inagnctic inomont of tho mngnet. 

Tho equation of equilibrium is 

Ml;r sin e = A  sin (6- 0)  (3) 

Difforentiato this with rospoct to 0 apd M 
&[ MEf cos 0 + A  cos (6 - e)] - - A &nOdM (137) 
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From equation (4) 

MlJ cos 0-1-A cos (6-0) = MS sin 0 (4) 

From (137) iind (4) 

For small changes we mriy write Sde = -An and d M -  A M, nnd there- 
fore 

(138) 

In  words, the proportional chnngo in H equals tho proportional 
chango in the magnetic moment. 

MSde = - HdB6 

AH AM -_ -- 
ri - M 

Let 

and so 

where t is the temperature, and q is the tempcrnture coefficiont of 
the magnet. From (138) and (140) 

AH 
a=-h-- 

Thus the temperature coefficient of the magnet may be derived from 
the observed apparent change in a, when the variometer is sub- 
jected to a change of temperature alone. 

27. Temperature coemclent of nnifllal' variometer.-Tem erature 

of the fiber, but this offect is small. Thus the temperature coefficient 
is chiefly due to the changes in the magnetic moments of tho s u e  
pended and control magnets. From (82) the equation of equilibrium, 
when the control magnet ie placed in the magnetic prime vertical, is 

MHsin e=h (6-e)-FMcose (1 42) 

changes can affect the unifilar variometer by changing the e P asticity 

Under tho same conditions 

be written 

In equations (142) and (143) 

tho scale value cquntion (83) may 

M R  cos 0 + h - FM sin 8 = MS' sin 8 (1 43) 

Let us adopt tho relation 

(143) becomes 
M ' = c M  (145) 

(146) 
M 2c MH cos e+?/,--;;, sin 8 -  MS' sin 0 

MH Rin 8=7L(Q-O)- ; ,  M z  cos 0 

and (142) becomes , 

(147) 
C 
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DifTerentiatc equation (147) with respect to e and. M and collect 
terms. 

( M H c o u B + i L - ~  M* sin B ) dB==-dM Asin8+$ McosB)  (148) 

Substituting from equation (146) 

2c AiS'sinOdo=-dM H s i n O f F  M c o s e  ( 
For small changes we may write 

S'de=AH 
d M = A M  

and (149) becomes 

A:= - AM( M +2cMcotO) HT3 

Using equation (140) 
AH 

When thoro is no control mngnet, c = o nnd 
AH !l=m 

It will be observed that the temperature coefficient in e uation (152) 

could possible take is 0.006. Hence the effect of 

is affected by the control magnet. However, about the P argest vnlue 

the term 

the control ma et  on tho temperature coefficient, for practical pur- 

28. Bsse-line drift.-It is well known that magnets radually grow 

the magnetic moment of the magnet, let us for simplicit dro the 
control magnet term in e uation (149), and divide &rougi by 

poses, may be r isregarded. 

weaker in the course of time. To show the offect of t B e slow loss of 

At$ representing time. we PI avo 

Now, if p is tho coefficient of magnetic loss with time, tho magnotic 
moment of tho magnek a t  any time is 

and 
M =  No ( 1 - p t )  

d M  - ZP 

(1 54) 

(166) 

Substituting this into equation (1 53) 

(1 56) 
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(Ee showing that a is plus when p is plus. Thus, c'n uccoutit of the loss 
of magnetic strength, the angle continually increases; that is, the 
recording s ot continually dnfts downward toward the base line. 

called the base line drift. Multiplying both sides of equation (153) 
by At 

Consequenty P there is a gradual increase in the base lino values, 

MS' a8 - A t =  - H % A t  
at at 

Now 
CEB 
at 8'- A t = A H  

and 

Substituting these in (157) wo get 

AH A M  
B - - M  
_-- 

(157) 

(158) 

That is, the a pnrent fractional chan e in R-i. e., a downward drift 

moment: 
From (154) and (158) 

of the recoring spot-equals tho 9 ractional chango in magnetic 

A H  P=m (159) 

Comparing the equations in this section with those in the preceding 
section we notico that they aro idontical. In fact, the tem erature 
coefficient and the coofficient of magnotic loss are duo to t R e same 
physical cause, namely, the weakening of the magnet, and manifest 
themselves in the samo way by an apparent decrease in H .  

29. R variometer compensated for temperature.-Let us investigate 
the possibility of compensating an H variometer for temperature b 
placing a magnot north (or south) of the variometer, and wit 
south end north. Tho equation of equilibrium is 

E 

and this may be writton 

(160') 

Here Ma is the magnotic moment of tho cornponsating mngnot. 
Differentiating with respect to t and M and M, 

(101) 
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Now lot 

p, and p2 being temperature coefficionts. From (162) 

By substituting. (163) in (161) 

d8 If tho vnriomoter is not to bo nffectod b$ tompornture chnngesJj 
must bo oqunl to zero. Theroforo, 

And if tho temporature coofficients nre oqunl pl=p, 

30. Design for a nnifllar variometer.-In the equation of equilibrium 
(160) it  will bo observod that tho effect of the corn ensating magnet 
is to roduce tho intensity of tho earth's magnetic fie1 B a t  tho suspendod 
magnet. It is this rcduced valuo that must bo usod in investgating 
the scalo value, tho a factor the critical anglo, stabilit 
recording ran o.  Denotiw tho roducod value by H', ti? e relation 

the 

of the reduco field to thoxaso line or station value is . 

I io  = Fo 4- H' (107) 

(168) 
H H'=  - 
2 

Assuming that oquation (166) holds, true, let us investigate the 
ossibility of dosigning a unifilar variomoter that will gossess the 

following charactoristicv: An a factor equal to zero, and consequently 
constant scale value, and symmetrical deflections; compensstlon for 

8; 

When condition (1GG) is satisfied 
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teinperature; ability to record a ran re of 8007 below station or base- 
l h  value at an an le 6’ 30’=cp. $‘ho reduced value of H is here 

Let us try these values in equation (136), assummg there is no control 
ma net, and use the value of T thus obtained in equation (61). We 
sha P 1 obtain a scale value of 3.37. 

Turning to equation (102) wo seo that by using a scale value so = 5.0 
(without a control magnet) and by reducing this to 3.57 (do) by means 
of a control magnet, the a factor becomes zero. Our roblem is 

meter so desi ned (a) ,  will be compensated for temperature b a 
magnet placefinorth or south of it, which reduces the earth’s &ld 
by one-half ( b ) ,  will have a constant scale value of 3.57 (c), can 
record at an angle considerably within the critical angle, a low value 
A, equal to 18400, which is 800r.below the station value, and is as 
low as is likely to be encountered in the severest magnotic storms. 

31. X Y variometers.-Referred to XY axes directed toward tho 
goographical north and east, thc couple acting on tho suspended 
magnet is evidently 

( 169) 
If the X and Y intensities vary about a mean value 0 will vary 

We may regard tho angle 0 in this e uation 

0.09600, and the re f uced value of H at the anglo cp = 6’ 30’ is 0.088. 

solved. Therefore, at a station where H ,  = 19200, a uni E: lar vario- 

C= - M X  sin e +  MY cos 8.  

about a mean direqtion. 

effect of the Y intensity will be small or negliible when 0 is nearly 
In the same way the effect of the X intensityewill be small or nogli- 
gible when 8 is nearly zero. Since the variations of the X and Y 
intensities of the earth’s magnetic fiold are small, the magnet will 
depart little from its mean position, so that the X variometer will 
be ractically unaffected by variations in Y ,  and tho Y variometer 
wil P be practically Unaffected by variations on X .  On tho other hand, 
if the mean position of tho magnet does not coincide with the X or 
Y axis, both X and Y are effective and the recorded variations are 
to that extent erroneous. 

The same reasoning will apply to an other set of rectangular axes. 
We conclude, then, that a suspendeBmagnet will respond to and 
correct1 record that component intensity only to which it is per- 
pendic d ar. Two variometers, whose suspended magnets are per- 
pendicular to each other, will resolve the resultant horizontal inton- 
sity into two rectangular components. Thus, it will be seen, that 
the ordinary D and E variometers are but perpendicular kinds of 
X Y  variometers. 

The characteristics of XY variometers may be investigated in 
the same wa as the case of D and H variometers. Control magnets 
may be use B to increase or decrease the sensitiveness. Scale values 
may be derived from the observed deflections produced by a h o w n  
chan e in that componont field intensity which the variometer 

32. Scale values of H variometer when magnet is in any position.- 
It will be of importance to derive expressions for tho scale values of 
an H variometer when the suspended magnot is not perpendicular 
to the magnetic meridian. For this purpose it will be necessary to 
kefer the suspended magnet to fixed axes. 

as the mean direction of the magnet. The equation shows t % a t  the 

recor 5 s. 
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.A little considoration will show that tho magnetic moridian so 
called, is not a k e d  diroction like the astronomic meridian. kho 
ma netic moridian, being defined by tho declination, vaties periodi- 

fixed axos tho mean direction of tho magnetic meridian, and the 
moan direction of tho magnetic primo vortical. We shall denote 
tho northward intensity by N and tho onstward intensity by E. 
Tho following relations subsist bctwcon the H ,  N ,  and B intensitios, cp 
boing tho anglo botweon H and N .  

ca 18 y during tho course of a day. Wo will, thereforo, take as our 

In cases whore (a is a small angle, N and a are practically 
magnitude, but d8or  slight1 in direction, so that in the 
discussion N can bo ro lacod t y H without appreciablo error. It wi 
be sufficient to cons1 .a or only one typo  of variometer, namely, the 
unifilar variomotcr. 

Tho equation of oquilibrium is 

M N  sin e- MFCOS e=h (8-8) (171) 
The N scalo value is 

i b  
s N =  -3- d N -  N cot e+ z=ine+ E 

From equation (171) 

Substitutine this into equation (172) 

S ~ = N  cote+--- + E  I-- ( 6-8  l ) ( E) 
Tho E scale vuluo is 

Substituting h, oquation (173) 

Se= 

(175) 

We can make an biterosting application of the E scde vduo, 
equation (175). Su poso the magnet is a t  rest in the magnetic 
meridian, which imp P ies that e =  E-0. Then,from (176) 
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and this is the force pnr radian acting on the m y t  To determinc 
h, turn the torsion head 90'. The magnet will e deflected through 
a small anglof, and the equation of equilibrium for thie case is 

"f = 1L (goo - f) 
or 

h - M H f  900- f (177) 

Substituting fir h, 

And the couple or torque per radian is 

If displaced the magnet will oscilluto according to the equation 

From this equation we derivc 

Ira Ii' 
Ta I+-- ( 900-f 

ML7= (179) 

33. The declination variometer as an B intensity variometer,- 
From equation (170) we have 

(150) 
P tan ' p - 3  

Regarding N as constant, we infer that E and q change to ether. 

in the declination. Thus the declination variometer is, in fact, an 
P intensity variometer. Let us determine ita scale value in tho 
case where cp and, therefore, E are both small. In  this case e in 
equation (175) becomes identical with 'p, and E tan cp is negligible. 

In  other words, i t  is changes in the B intensity that cause c E anges 

As in the preceding .section we get 

or, in gammas: 
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where the eneral angle p has been written €or the particular an& 
90'. If &e recordiy box is placed a t  such a distanco as to ma%e 
1 millimeter equal to minute of arc. 

.El7 8 ~ -  - 3437.8 

= 5.58 for H ,  - 19200 
Thus the D scalings could be reduced to E intensities in the same way 
as the H scalings are reduced to B intensities. Doubtless the use of 
the D variometer in this way would be of value in some physical 
investigations. 

B means of.control magnets the B intensity variometer could be 
ma B o as sensitive as dosircd. 

34. Maladjustment of the H variometer.-We shall now apply 
the equations for tho N and E scale valuos to tho case of an H vario- 
motor in which tho niagnot makos an ando (10' or loss) with tho 
magnetic prime vortical. 

E= N tan (O (180) 

From oquatioii 9 180) 

Substituting this in the scnlc valuo, equatioiis (174) (170), 

Now (o, the doviation of the declination from tho monii, is a periodic 
anglo, and is oither very small or zero. These scale values are then, 
approximately, 

SK=H(l +E) 
The angular displttcoineiit of tho suspended magnet caused by tho 

E intensity is and truo 11 is altered to an extent I!: 

The change from true II per 1' change in declination is, from (183) 
and (1801, 

AH= - 2 H  tan 1' ( 184) 
S 
S E  
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As an exam le, le t  the torsion head of our samplo Unifilar variometer 

with the magnetic prime vertical: Then 

since 360'=1240 mm. Expressing equation (182) in gammas, and 
using the value 6=5.867, we com Ute sR=26.5.  From (184) we 
obtain AH= 0.597 per 1' change in a eclination. 

When 0 is near 3 the scttle vulucs are 

be thrned 6 B , so that 0=84O, and the magnet makes an angle of 6' 

sX=  1.95+ (0.0035 X240) ~12.79, 

s 

IiT 

tan 0 Sv:= H - 6-e 
tan 0 H in equation (182) boing negligible in coinparison with I1 '6-8' 

From these two equations 

That is, thc ratio of tho E scttle valuc to the ZZ scale value is the 
tangent of the position angle of the ma nct. For a practical method, 

magqotic prime vertical., determine the scale value when the defloc- 
tion magnet is placed in tho magnetic primo vortical on enst and 
west, sides of the variomctcr. The ratio of the scale value thus ob- 
tained to the regular H scale value will, in accordance-with equation 
(187), determino tho osition anglo of the magnct. 

It is evident that 73 0th H and E act concurrently in making the 
actual curve on the ma etogram. A eneral idea of the effoct of 

n= A COS (ut + a), 

then, of determining tho position of t a e magnet with respect to tho 

E on H may be obtame r by assuming t % a t  H can be expressed 

and that tho effect of E can be expressed 
A H = B  COS (wt+ /3 )  

where w = T- and a and /3 are phase angles. 
be of the form 

This can be written 

2 s  Tho recorded curvc will 

C= A COS (ut+ a) + B COS (wt+P) 

c- P cos (wt+X)  
Where 

P = [ ( A  COS a + B  COS fl)'+(A sin u + B  S i n  /3)']* 
A sin a + B  sin /3 sin X".---p--- 

A co0 a + B  cos B cos X = p  
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From these oquations we should expect that the true 23 curve and 
the recorded curve C should diffor in amplitude and in phase angle, 
and conse uentl in the valuo and time of a maximum or minimum. 
For examp P P  e,  ta e a curve represented by the following 

n t  n t  
12 T 12 T -  C=25rcou---- .4rsin-----AH, 

in which T= 24 hours, the unit of time boing tho hour. 
thus : 

Wlion written 

7 r 1  H -  C=4y sin - 12 T 
the equation shows that true H is decreased during the first lialf of 
the day and increased during tho second half. Tho phase angles are: 

25 X- -81'-5.4 hours. Tho umplitude ie n 
a = O ,  p - 2 ,  tun X =  2--49 

P- (Aa+p)M-25.3y 
This curve now is 

r C-25.37 COS 12~ (1-5.4) 

This is a maximum when t equals 5.4 hours. In  this case there is 
little change in the valuo of the maximum, but a large chanBe in the 
time of the maximum (or minimum). If the curve were ths: 

a=p==X=O, P-297. So the curve is 

T t  

12 T c-29 y cos - 

In this caae the value of the maximum is consideralhy greator, but 
the time of the maximum (or minimum) remains unchanged. 

In both cases' the true B curve is evidently 

rt 
13-P H=25ycos 

873'-22---4 



Part II.-THEORY OF SUSPENSIONS OF HORIZONTAL INTEN- 
SITY VARIOMETERS. 

V. BIFILAR SUSPENSION. 

35. The simplifled bifllar suspension.-In tho figuro the fibers and 
their points of attachment are projected on a horizontal plane t h o u  h 
the center of gravity of the m -net 0. Fiber I, is attached to t !i e 
ma et S and to the su port at$. Its pro’ection is AS=x,  and it is 

attached to the mngnet at N ,  and to the su port at . I ts  projection 

The horizontal distance bctweon the points of attachment on the 
support is a, and b is the horizontal distance between the points of 
attachment to the magnet. 

In general, when periodic forces 
two applied at A and N ,  tho magnet 
will oscillate through an angle cp and 
its ccntor of gravity will also oscillato 
round a mean position. When the. 
bifilar suspension is used in a vari- 
ometer, the center: of gravity should 
remain stationary, since the angular 
motion only of the magnet is 
re uired. 

l e t  us ascertain what relations ’’ must subsist in order that 0 shall 

inc P ined to the vertica P at an angle #,. ISee F i s  1.) Fiber 1, is 

is B N = y ,  and it is inclined to the vertica P at an angle #,. 

B 

Fig. 1 .  remain at rest: 

T, and T,= tension in fibers, 
2, and XI = vertical and horizontal forces at S 
2, andX,= vertical and horizontal forcos at d, 
v, and v,=vertical distance between S and A,  and N 

and B,  respectively. Since the moments around any horizontal line 
through 0 are equal 

Let 

Z,. OS = Z,. O N  

Therefore, 
2,. x = 2,. y. 

OS O N  
X Y  
--- 

Hence, from d 
are similar, an as AS and B N are parallel 

amical considerations, the triangle AOS and NOU 

(191) 
Z,= T COS #, 

Z,= T COS #, 

r 
X ,  = Z! sin 9, 

x,= $ sin +2. (192) 
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From (191) 

Froin (192) 

If tlic canter of gravity is to remain ut rost 

Then €rom (103) und (104) 
s2 = x2* (195) 

ZX Zzy -2 _..-E----. 

1, cos $, 1, cos $2 

From (196) and (180) 
l1 cos $1 = I, cos J/,. 

Tho simplest construction is to make 1, equal to 1, and then $1 equals 
$2. Furtherinore, froin tho socond and fourth mombors of (193) and 
(194) z=y, and, thereforo, from (lS9), Z,=Z,. Froin (191) and 

(192) TI= T,. From (188) O S = O N .  Also Z,=Z,-?I mgboingtho 
weight of the magnet. Thus, tho simplified bifilar sus ension is ono 
whoso fibers aro oqual in length, aro e ually inclined to t R e vortical, are 

gravity of tho magnot. 
36. Potential energy of the bifllar suspension.-The potential cnorgy 

of tho bifilar suspension is 
v= w21, (198) 

in which z, = tho difference of the vertical distance Detween the oints 
A and S (or N and B)  beforo and after tho inagnot is turnod. &foro 
them net is turnod through an angle A, tho vertical distance bc- 
twoen "eh t e cantor of gravity of tho magnet and the support is 1. 

under equal tonsions, and are equaly 7 distant from the centor of 

After tho magnot IS turned, the vertical distance is 
(12- x y  

Tho diff oronco is 

But 
a2 bz ab COY X 

x2=-+-----.. 
4 4  2 

From (199), (2001, and (198) 

(201) 

37. The suspension . .  couple, bifllar suspension.-Tho couplo due to 

ab 
41' V= constant-mg .- cos X. 

tho susponsion is 
- ::= - mg ab sin x 

which tends to docronso tho unglo A, 
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It will be of interest to derive the coude another wav. Let C 
denote the couple then 

where p is the perpendicular distance between x and y. 
0- XIP, 

X, = very approximately 

as will be seen from equation (193). Also 

f==T x ab sin A, 

or 
ab sin X 

P W 2 S *  

Substituting (2041 and (205) in (203) 

ab C-mg sinX, 

(203) 

(204) 

(202) 

We still have to make an allowance for the torsion in the individual 
fibers. If the fibers are free from torsion when a and b are parallel, 
the total suspension couple acting on the magnet is evidently 

We may, however, safely neglect the term hX in the case of the 
bifilar suspension. 

Referrin the magnet and suspension to  a vertical plane and an 
x axis in t % e magnetic meridian, and denoting the position angle of 

et by e and the position angle of the torsion head (a) by 6 
we sha have 

x--6-0 (207) 

Neglecting the term h A, substituting (207) in (206), and equating the 
resulting equation to the couple due to the magnetic intensity H, 
we obtam for the equation of equilibrium 

(208) MH sin 0-m.g a sin (-6-0) 

the "Y 

ab 

Comparing this equation with equation (3) 

we observe that 
A i H s i d - A s i n  (s-e) (3) 

(209) 

A When e = 3 the scale value equation (4) becomes 

A COS 7 ab So- 7 - my ml cos 7 ,  
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From this equation it will be seen how the. scale value can be changed 
by changing the distances between the fibers; that is, by altermg 
a and 6.  

38. Scale value of the bifllar variometer by method of weights.- 
The fact that the weight, mg, is a factor in A s u g p t s  another method 
d determining the scale value of the bifilar variometer. 

Differentiate equihon (3) with respect to B and A,  
dA sin (6-0) 

a COS e + A COS (6 -e) ds= M 

But equation (4) is 
MH cos B+A cos (6-6) 

M sin e s= 
Multiplying equations (211) and (4) member by member 

dA sin (6-0) 
sin e sde- M 

From tho equation of equilibrium 
sin @-e) MH 

sin e - A  
-- 

And this substituted in (212) 

If we denote the weight of the magnet and its Rppurtenances by W, 
equation (2091 will be 

ab A =  W- 41 
ab dA d W  a A V  d A = d W  and-=-  

Also 
cEB-nc 

Hence 

or in gammas 

d W  S = H r  ne 

In practice i t  will be convenient to make the added Weight a suitable 
fraction of the weight W. 
39. Standard positions of bifllar suspension.-When the torsion 

faotor h is not neglected the total couple acting on the magnet is 

c- - i ~ a  sin e+A sin (6-e) + h  (6-e) 



54 U. S. COAST AND GEODETIC SURVEY. 

Equating this to the kinetic reaction of the magnet, and transposing 
all terms to the left side, we get for the equation of motion 

(215) 

. Aa in par Taph 9, if the magnet is displaced from a position of oqui- 

Ke+ MH sin 8- A sin ( 6 - 0 )  - h  (6-4) 

librium 8, % y a small angle $, so that 

e=e,+$ 

Equation (215) nssumes the form 

Ky? + [ MH cos eo + A cos (6 -e,) + IL] $ i o  (216) 

and 0, is determined by the condit,ion 

- MH sin B,+A sin (6-6,) + h  (6-0,) = 0 

The period of $ in (216), and consequently the period of 0 is 

p=.- A2 K 
M I -  cos e + A--i;i'@-ej+- A 

where e now indicates ti position of equilibrium. There are three 
standard positions of tho bifilar suspension, name1 magnet in 
equilibrium, (l) ,  when in the magnetic meridian, $), when tho 
torsion head is turned so as to bnng the magnel into the prime 
vertical, (3) when the magnet and heat1 are reversed with respect to 
the magnetic meridian. 

In  the first position, 6 = 0 = 0 .  The period is 

Here the magnet oscillates under the inlliwnce of tho magnotic fcld, 
and the torsion factor A ant1 1). 

.In the second position, e=,. A 'I'hc, period is 
L 

The magnet oscillates from the effect of the torsion fnctors only. 
In  the third position, 6 = 0 = ~  

Here it .will bo noticed that the ma netic field tends to displace the 

to restore it. As long as tho denominator in equation (220) is plus, 
the position is a stable one, and this is always a ossibility. Evidently 

of the the enominator in (220). 

magnet from its position, while at t 5 o samo time, the torsion tends 

et may be made as sensitive as desire (P by adjusting the value 
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As the third standard position of the bifilar suspension is of somo 
iiiiportunce in terrestrial magnetism, we slid1 bestow a littlc iiioro 
attention on it. Moreover, the discussion of this particular case leads 
to a consideration of a typo motion of the m a p e t  more general than 
any we havo hitherto treated, namely, the motion of a magnot undor 

At tho same time, in this connection, it will 
$0 of interest to point out a property common to all damped vario- 
meters. 

If, for simplicity, we consider that the angle 0 is the angle the south 
end of the m net makes with the magnetic meridian, and that the 

free motion of the magnet is: 

iven applied forces. 

magnetic men 3 ian is the equilibrium position, the equation of the 

l i e + ( ~ + h -  MH) e=o 
As variometer magnets are inclosed in damping boxes, it will he neces- 
sary to add a term to express tho damping effect. Denoto it by r .  
The equation of damped motion will be 

R e + k + ( A + 7 ~ -  MIir) O = O  (221) 

In  the case we are considering the applied force is evidontly the E 
intensity, which wo will assumo may be expressed 

E= Eo COS ut 

and T, is tho complete period (double oscillation). 2 1  Where a=- TE 
Tho equation of motion which we have to discuss is 

~ e + 1 9  + ( A  +I' - MR) o = - E,, cos ut = - EoeIWt .  (221) 

The complete solution of this oquation contains terms of two classes. 
One class exprosscs tho dam od motion of tho magnet, which as 

by the method of oscillations, soon dies out. The other class of terms 
ex resses the steady motion of the magnet. 

we havo found in discussing t R e mothod of dotermining scale vaiues 

Let us try as a solution, 

e == PeJw' (222) 

where j = J - 1 and e is tho base of the natural system of logarithms. 
The real part of PdUf is P cos ut, and the imaginary art is gP sin ut. 

Substituting equation (222) in (221), and solving for P 
m n  P has boon dotermined, tho solution wil f be 0-2' cosot. 

p=-- - Eo 
A f h -  M H - d R + w r  - - Eo 
A + ~ - M H - T  4*2 IqG 

- E. 
(223) 
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the last form being derived by considering equation (2201 which 
is here 

Should the poriod of the applied force, TE, become oqual to the free 
period of tlio magnet, TI, n condition of rosonanco would exist in 
which the amplitude of the ripplied forco is onormously magnified. 
But Tr is a matter of a fow soconds, while T,, oven in the ra id 
chnngos during a magnotic storm, is a matter of minutes so t E at  
terrns in TH in equation 223 may bo dropped. The soiution of 
equation (221) is now 

(224) 

We thus conclude that, at 
least under ordinary con- 
ditions, the ma eta of 3 variomoters fol ow the 

- E  
J 4 p -  

P dr 

'dT 

rd\Y 

The third standard posi- 
tion of the bifilar suspen- 
sion is, thereforel R D 
variometer b whch the 

be magnified to any ex- 
tent desirable. To determine the scale value of this sensitive typo 
of D variometer, it  will be sufficient to compare the recorded 
changes of the variometer with the changes in declination observed 
by moans of a magnetometer. 

VI. UNIF'ILAB SUSPENSION 

Fig. 2. changes in dec 1. mation may 

40. Quartz fibers.-The following h sical properties of quartz are 
taken from the Smithsonian Physicap Jables: 

Coofficient of cubical thermal expansion: 0 . 3 8 4 0 ~ 1 0 ~  
Coefficient of linear thermal expansion: 0 . 1 2 8 0 ~ 1 0 ~  
Rigidity modulus (selected value) : 2.833~10~~ 
Change of rigidity modulus with temperature 

I . ( = I . ( ~ ~ P - ~  ( 1 - 1 5 O ) l  a = 0.00012 
plS means p at 15'. 

Tensile strength, pounds per square inch, 116000 to 167000 
pounds. 
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41. Coulomb's law.-The important da t ion  in connection with 
the torsion of fibers of circular section is the following: 

C,"ctr'P 
2 1  - -  

in which C is the reactive couple,. r = radius, p = modulus of rigidity, 
Inlength and $ is the whole torsion in the fibor. 

This reh ion  was first givon b Coulomb, tho Franch physicist, in 
1786, and is sometimcs reforrodr to ns Coulomb's lnw. Tt may be 
derimd ns follows: 

Wo mu regard tho fiber ns  mndo up of olomcntnry fibers of cross 
section T B rdv and longth dz, deformed from their normal shape. . 2.) Tho u er and lower faces of the elementar fiber aro 

The upper face is displaced with referenco to the lowor face through 
the distance rd#. The reactive force F at the upper face, called into 
play by the distortion of tho olemontnry fiber, is, from the theory 
of elasticity: 

F=area x modulus of rigidity x change in angle. The moment 
of this forco is Fr, so that Fr integrated throughout the volume of 

Hence 

assume (see Fii to be para1 PP e planes perpendicular to the axis o P the fiber. 

tho fiber will give tho reactive couple. The change in angle is r - d$ ax 

The torsional .couple varies directly as the rigidity modulus, the 
amount of torsion in the fiber, and inversely as the len th. It should 

radius. 
This explains why it is so difficult to select a.fiber to give B particu- 

lar scale value. * The factor 7 is sometimes called the twist; that is, the torsion per 

unit length. The factor P T' is called the torsional rigidity. Its 
value ma be found by observing the period of an inertia weight 

42. Torsion faotor of the nnifllar variometer.-The torsional couple 
of the unifilar suspension is hr, so that the 7 ,  which has been used in 
the discussion of the unifilar vanometm wrresponds to $ in the ex- 
pression of Coulomb's law, equation (225). 

be noticed that the couple varies directly as the fourt 5 L power of the 

suspende B by the fiber. 

Therefore, we have 

and the torsion factor is 
(226) 

n.P+ 

43. Sire of flber for a given bsee-line soale vdue,--E'rom equation 
h-Tl- 

A 
(56) when 0-5, we have 

Combining this with equation (226) 
MH=hr 

(226') 
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H Eliminating tho ratio ; from equation (226') 

From equations (BO) and (61) 

80 So= - 
E x 105 

Hence tho radius of the fiber is given by 

where 80 is the scale value ox ressed in gammas and all the other 
quantities are ex ressed in C. 6 S. units. 

temperature changee in fiber.-Let a = the change of rigidity modulus 
per degree of temperature, and let /3= the coefficient of thermal 
expansion of quartz. 

44. Fraction o P temperature coe5cient of unifllar variometer due t o  

The rigidity modulus may be expressed 

P = P o  ( I f a t )  

The radius of the fiber may be expressed 
~4 = +,,(i + 4 ot) 

z-1, (1+/3t)  

The length of the fiber mny be expressotl 

Hence the torsion factor of the unifilar variometer a t  any tempera- 
ture, referred to a standard temperature, which for simplicity is here 
assumed to be Oo, is 

V T '  
h- 2t 

7 ~ 0 ~ ~ 0  = x - P  + (a+313)11 
= hJ l+  (a + 38)tl (22G) 

The rate of change of the torsion factor with temperature is 

g - h o  (a+38) (230) 
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For tho magnetic moment ut  uny toinperature 

and 
Y= M, (1 -91) 

The cquntiori of equilibrium of tho unifilar variometer is 

MH sin e = h ( 8  - e) (56) 
DiffereAtinte this equation regarding M, h,, nnd 0 ns vnrinbles 

or by menns of equation (57) 

7r and for tho bnso lino position O=s 
dH dM dh 
at 

Substituting cquat,ions (230) m d  231) in (232) 
-x+raz - M - =  -ri 

d I3 
dt - M - = f3M0q + h07 (a + 38) 

7r From ctqutition (M), when B= -, 2 
MI1 = hOr 

and oquntion (233) becomes I 

d h  
- M a  HMO2 + MH (a + 319) 

or very npproximntely . 
q+a+3/3 

dH 
Rat 

- -- = 

or 

(235) 

a+ 38 That is, tho temporntura cooficient of tho variometer q', is 1 +- 
Q 

x the tom eraturo coefficient of the magnet. I n  tho cnso of our 
snmplo uni R lnr vnriometer 

a + 3/3 = - 0.12, approximately, 
P 

nnd 
p' = 0.88~. 
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That is, the temperature coeffioiont of our sample unifilar variometer 
is some 90 per wnt of the temperature coefficient of the magnet. 

45. Useful formulas for reference.-Angular valuo of 1 mm. on 
magnetogram: 

(236) 
1 €=tan  e'=- 20R 

where e is in radians, c' is in minutes of arc, and R is the distance 
from the manetogram to the face of the movable mirror. 

Field intensity of magnet on its axis produced: 

Field intensity of a magnet at  a point perpendicular to its axis from 
its center. 

(238) 
M F- - ra 

The magnetic moment of a magnet may be experimentally deter- 
mined by placing it in the magnetic prime vertical east or west of a 
D variometer. 

87.8 
2 M - -  tan u 

where u is the observed deflection. 
and reversed position 

For a double deflectionin direct 

x - e  4 tan 2u 

T h e  magnetic moment may also be determined by placin it in the 

value ie known. 
magnetic meridian north or south of an H variometer w % ose scale 

19U'S 

2 x 10' M - -  (24 1) 

in which u' is the observed deflection in millimeters. For a double 
deflection 

19 (2u') 8 
M- 4x106 (242) 

General bifilar scale value : 

, ~ - ~ , e [ ~ t e + ~ 0 t  (s-e)] (g-1 (5b) 

(6b) 

Base line bifilar scale value: 

go = H, t cot T (gammas) 
a Iactor, bifilar scale value: 
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General unifilar scale value: 

Base line unifilar scalo valuo: 

a factor, unifilar scale valuo 

a = H , c ( l - $ )  

Baae-lino scale value, unifilar with control inagnot: 

a factor, unfiiltr scale value, with control magnet: 

61 

(59) 

METHODS OF DETERMINING SOALE VALUES.-(a) DejZections.-For 
the same magnet deflecting both the D and H variometers, a t  the 
same distance, we derive from (240)  and (242) 

' 

tan 2 u  
2 u' s=H, 

(a) Oscillations: 

(c) Torsion angle: 
S =  H,c cot r 

Here the angle r is measured. 
( d )  Weight: 

H,d W 

(244) 

Change in' scale value due to control magnet parallel to suspended 
magnet: 

Change in scltlo valuo due to turniug torsion head: 
As  = H,c sin (n,-n,)c (115) 

a factor derived from observations: From equations (71) we 
obtain 

where u, is the observed plus deflection, and u, is the observed minus 
deflection, and s is the computed scale value. 
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If I L  is the away ordinate, the base line scale value is 
so=s-an (246) 

a factor for unifilar with control magnot: 
R,%2 - soso 

(IJ = 
17, 

Critical angle of instabilily, unifilar with control magnet : 
n- F(7 - y )  

(102) 

tan cp-- R(7-,) + F  (130) 
T is obtained from (61). 

Critical angle, unifilar with no control magnet: 
I tun cp= - 

7-cp 
Value of H a t  critical angle: 

Base-line drift follows tho rolation : 
AH A M  
- I  = -- -x- 

TemDeraturo coeificient : 

(131) 

(134) 

(1 58) 

AR 
“mt 

Position angle of the suspended magnet: 

(1 S7) Sr: tun B = - - -  
S I ,  

Error in recorded R when the suspended magmet does not lie in 

AH=:  H tan 1’ (184) 

the prime vertical : 

Suspension couple of bifilar: 

Bifilar torsion factor: 
(202) 6 - 2 -  1- mg ab sin X 

“g 
A = -  41 uI) (209) 

Coulomb’Y law: 
7- *P’$ 
c-T 

Unifilar torsion factor: 
apr‘ h- -21- 

Size of quartz fiber for given scale value: 

(225) 

2 Mls, 
apc x 106 

r4 = 

n 


