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PREFACE

This volume was designed primarily as a working manual for use

in the United States Coast and Geodetic Survey and describes the
procedure used in this office for the harmonic analysis and prediction

of tides and tidal currents. It is based largely upon the works of

Sir William Thomson, Prof. George H. Darwin, and Dr. Rollin A.
Harris. In recent years there also has been considerable work done
on this subject by Dr. A. T. Doodson, of the Tidal Institute of the

University of Liverpool.

The first edition of the present work was published in 1924. In
this revised edition there has been a rearrangement of the material in

the first part of the volume to bring out more clearly the development
of the tidal forces. Tables of astronomical data and other tables to

facilitate the computations have been retained with a few revisions

and additions and there has been added a list of symbols used in

the work.
The collection of tidal harmonic constants for the world that

appeared in the earlier edition has been omitted altogether because

the work of maintaining such a list has now been taken over by the

International Hydrographic Bureau at Monaco. These constants

are now published in International Hydrographic Bureau Special

Pubhcation No. 26, which consists of a collection of loose sheets which
permit the addition of new constants as they become available.

Special acknowledgment is due Walter B. Zerbe, associate mathe-
matician of the Division of Tides and Currents, who reviewed the

manuscript of this edition and offered many valuable suggestions.

I
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MANUAL OF HARMONIC ANALYSIS
AND PREDICTION OF TIDES

INTRODUCTION
HISTORICAL STATEMENT

1. Sir William Thomson (Lord Kelvin) devised the m.ethod of

reduction of tides by harmonic analysis about the year 1867. The
principle upon which the system is based—which is that any peri-

odic ro.otion or oscillation can always be resolved into the sum of a

series of sim.ple harm.onic m.otions—is said to have been discovered

by Eudoxas as early as 356 B. C, when he explained the apparently

irregular m.otions of the planets by combinations of uniform, circu-

lar m.otions.^ In the early part of the nineteenth century Laplace

recognized the existence of partial tides that might be expressed by
the cosine of an angle increasing uniformly with the time, and also

applied the essential principles of the harm.onic analysis to the reduc-

tion of high and low waters. Dr. Thom.as Young suggested the

importance of observing and analyzing the entire tidal curve rather

than the high and low waters only. Sir George B. Airy also had an
important part in laying the foundation for the harm.onic analysis

of the tides. To Sir William Thomson, however, we m.ay give the

credit for having placed the analysis on a practical basis.

2. In 1867 the British Association for the Advancement of Science

appointed a com.m.ittee for the purpose of promoting the extension,

im.provem.ent, and harm.onic analysis of tidal observations. The
report on the subject was prepared by Sir William Thomson and was
published in the Report of the British Association for the Advance-
m.ent of Science in 1868. Supplem.entary reports were m.ade from
tiro.e to tim.e by the tidal com.m.ittee and published in subsequent
reports of the British association. A few years later a com.m.itte,

consisting of Profs. G. H. Darwin and J. C. Adam.s, drew up a very
full report on the subject, which was published in the Report of the

British Association for the Advancem.ent of Science in 1883.

3. Among the American m.athem.aticians who have had an im.portant

part in the development of this subject m.ay be named Prof. William
Ferrel and Dr. Rollin A. Harris, both of whom, were associated with
the U. S. Coast and Geodetic Survey. The Tidal Researches, by
Professor Ferrel, was published in 1874, and additional articles on
the harmonic analysis by the same author appeared from tim.e to

time in the annual reports of the Superintendent of the Coast and
Geodetic Survey. The best known work of Doctor Harris is his

Manual of Tides, which was published in several parts as appendices
to the annual reports of the Superintendent of the Coast and Geo-
detic Survey, The subject of the harm.onic analysis was treated

principally in Part II of the Manual which appeared in 1897.

1 Nautical Science, p. 279, by Charles Lane Poor.
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GENERAL EXPLANATION OF TIDAL MOVEMENT

4. That the tidal movement results from the gravitational attraction

of the moon and sun acting upon the rotating earth is now a well-

established scientific fact. The movement includes both the vertical

rise and fall of the tide and the horizontal flow of the tidal currents.

It will be shown later that the tide-producmg force due to this attrac-

tion, when taken in connection with the attraction between the par-

ticles of matter which constitute the earth, can be expressed by mathe-
matical formulas based upon the well-known laws of gravitation.

5. Although the acting forces are well understood, the resultant

tidal movement is exceedingly complicated because of the irregular

distribution of land and water on the earth and the retarding effects

of friction and inertia. Contraiy to the popular idea of a progressive

tidal wave following the moon around the earth, the basic tidal

movement as evidenced by observations at numerous points along the

shores of the oceans consists of a number of oscillating areas, the move-
ment being somewhat similar to that in a pan of water that has been

tilted. Such oscillations are technically known as stationary waves.

The complex nature of the movement can be appreciated when con-

sideration is given to the fact that such stationary waves may overlap

or be superimposed upon each other and may be accompanied by a

progressive wave movement.
6. Any basin of water has its natural free period of oscillation de-

pending upon its size and depth. The usual formula for the period

of oscillation in a rectangular tank of uniform depth is 2L/-iJgd, in

which L is the length and d the depth of the tank and g is the accelera-

tion of gravity. When a disturbing force is applied periodically at

intervals corresponding to the free period of a body of water, it tends

to build up an oscillation of much greater magnitude than would be

possible with a single application of the force. The major tidal

oscillations have periods approximating the half and the whole lunar

day.
HARMONIC TREATMENT OF TIDAL DATA

7. The harmonic analysis of tides is based upon an assumption that

the rise and fall of the tide in any locality can be expressed mathe-
matically by the sum of a series of harmonic terms having certain

relations to astronomical conditions. A simple harmonic function is

a quantity that varies as the cosine of an angle that increases uniformly

with time. In the equation y=Acos at, y is an harmonic function of

the angle at in which a is a constant and t represents time as measured
from some initial epoch. The general equation for the height (h) of

the tide at any time (t) may be written

h=Ho+A cos {at-\-a)+B cos ibt-{-0)-^C cos (c^+7)+ etc. (1)

in which Ho is the height of the mean water level above the datum
used. Other symbols are explained in the following paragraph.

8. Each cosine term in equation (1) is known as a constituent or

component tide. The coefficients A, B, C, etc. are the amplitudes of

the constituents and are derived from observed tidal data in each
locality. The expression in parentheses is a uniformly-varying angle

and its value at any time is called its phase. Any constituent term
has its maximum positive value when the phase of the angle is zero

and a maximum negative value when the phase equals 180°, and the
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term becomes zero when the phase equals 90° or 270°. The coefRcient

of t represents the rate of change in the phase and is called the sjjeed

of the constituent and is usually expressed in degrees per hour. The
time required for a constituent to pass through a complete cycle is

known as its period and may be obtained by dividing 360° by its

speed. The periods and corresponding speeds of the constituents are

derived from astronomical data and are independent of the locality

of the tide station. The symbols a, ^, y, etc. refer to the initial phases
of the constituent angles at the time when t equals zero. The initial

phases depend upon locality as well as the instant from which the
time is reckoned and their values are derived from tidal observations.

Harmonic analysis as applied to tides is the process by which the

observed tidal data at any place are separated into a number of

harmonic constituents. The quantities sought are knoAvn as harmonic
constants and consist of the amplitudes and certain phase relations

which will be more fully explained later. Harmonic prediction is

accomplished by reuniting the elementary constituents in accordance
with astronomical relations prevailing at the time for which the

predictions are being made.

ASTRONOMICAL DATA

9. In tidal work the only celestial bodies that need be considered
are the moon and sun. Although every other celestial body whose
gravitational influence reaches the earth creates a theoretical tide-

producing force, the greater distance or smaller size of such body
renders negligible any effect of this force upon the tides of the earth.

In deriving mathematical expressions for the tide-producing forces of

the moon and sun, the principal factors to be taken into consideration

are the rotation of the earth, the revolution of the moon around the

earth, the revolution of the earth around the sun, the inclination of

the moon's orbit to the earth's equator, and the obliquity of the

ecliptic. Numerical values pertaining to these factors will be found
in table 1.

10. The earth rotates on its axis once each day. There are, how-
ever, several kinds of days—the sidereal day, the solar day, the lunar
day, and the constituent day—depending upon the object used as a
reference for the rotation. The sidereal day is defined by astronomers
as the time required for the rotation of the earth with respect to the
vernal equinox. Because of the precession of the equinox, this day
differs slightly from the time of rotation with respect to a fixed star,

the difference being less than the hundredth part of a second. The
solar day and lunar day are respectively the times required for rotation

with respect to the sun and moon. Since the motions of the earth

and moon in their orbits are not uniform, the solar and lunar days
vary a little in length and their average or mean values are taken as

standard units of time. A constituent day is the time of the rotation

of the earth with respect to a fictitious satellite representing one of

the periodic elements in the tidal forces. It approximates in length
the lunar or solar day and corresponds to the period of a diurnal

constituent or twice the period of a semidiurnal constituent.
11. A calendar day is a moan solar day commencing at midnight.

Such a calendar day is known also as a civil day to distinguish it from
the astronomical day which commences at noon of the same date.
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Prior to the year 1925, the astronomical day was in general use by
astronomers for the recording of astronomical data, but beginning
with the Ephemeris and Nautical Almanac published in 1925 the
civil day has been adopted for the calculations. Each day of what-
ever kind may be divided into 24 equal parts known as hours which
are qualified by the name of the kind of day of which they are a part,

as sidereal hour, solar hour, lunar hour, or constituent hour.
12. The moon revolves around the earth in an elliptical orbit. Al-

though the average eccentricity of this orbit remains approximately
constant for long periods of time, there are a number of perturbations
in the moon's motion due, primarily, to the attractive force of the sun.
Besides the revolution of the line of apsides and the regression of the
nodes which take place more or less slowly, the principal inequalities

in the moon's motion which affect the tides are the evection and
variation. The evection depends upon the alternate increase and
decrease of the eccentricity of the moon's orbit, which is always a
maximum when the sun is passing the moon's line of apsides, and a
minimum when the sun is at right angles to it. The variation ine-

quality is due mainly to the tangential component of the disturbing
force. The period of the revolution of the moon around the earth
is called a month. The month is designated as sidereal, tropical,

anomalistic, nodical, or synodical, according to whether the revolution
is relative to a fixed star, the vernal equinox, the perigee, the ascend-
ing node, or the sun. The calendar month is a rough approximation
to the synodical month.

13. It is customary to refer to the revolul^ion of the earth around
the sun, although it may be more accurately stated that they both
revolve around their common center of gravity; but if we imagine
the earth as fixed, the sun will describe an apparent path around the
earth which is the same in size and form as the orbit of the earth
around the sun, and the effect upon the tides would be the same.
This orbit is an ellipse with an eccentricity that changes so slowly
that it may be considered as practically constant. The period of

the revolution of the earth around the sun is a year, but there are

several kinds of years. The sidereal year is a revolution with respect

to a fixed star, the tropical year is a revolution with respect to the
vernal equinox, the eclipse year is a revolution with respect to the

moon's ascending node, and the anomalistic year is a revolution with
respect to the solar perigee.

14. A calendar year consists of an integral number of mean solar

days and may be a common year of 365 days or a leap year of 366 days,

these years being selected according to the calendars described below
so that the average length will agree as nearly as practicable with
the length of the tropical year which fixes the periodic changes in the

seasons. The average length of the calendar year by the Julian

calendar is exactly 365.25 days and by the Gregorian calendar 365.2425
days and these may be designated respectively as a Julian year and a

Gregorian year.

15. The two principal kinds of calendars in use by most of the

civilized world since the beginning of the Christian era are the Julian

and the Gregorian calendars, the latter being the modern calendar in

which the dates are sometimes referred to as "new style" to dis-

tinguish them from the dates of the older calendars. Prior to the

year 45 B. C. there was more or less confusion in the calendars, inter-
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calations of months and days being arbitrarily made by the priesthood
and magistrates to bring the calendar into accord with the seasons
and for other purposes.

16. The Julian calendar received its name from Julius Caesar, who
introduced it in the year 45 B. C. This calendar provided that the
common year should consist of 365 days and every fourth year of 366
days, each year to begin on January 1 . As proposed by Julius Caesar,

the 12 months beginning with January were to be alternately 31 days
and 30 days in length with the exception that February should have
only 29 days in the common years. When Augustus succeeded
Julius Caesar a few years later, he slightly modified this arrangement
by transferring one day from February to the month of Sextilis, or
August as it was then renamed, and also transferred the 31st day of
September and November to October and December to avoid having
three 31-day months in succession.

17. The Gregorian calendar received its name from Pope Gregory,
who introduced it in the year 1582. It was immediately adopted by
the Catholic countries but was not accepted by England until 1752.
This calendar differs from the Julian calendar in having the century
years not exactly divisible by 400 to consist of only 365 days, while
in the Julian calendar every century year as well as every other year
divisible by 4 is taken as a leap year with 366 days. For dates before
Christ the year number must be diminished by 1 before testing its

divisibility by 4 or 400 since the year 1 B. C. corresponds to the year
A. D. The Gregorian calendar will gain on the Julian calendar

three days in each 400 years. When originally adopted, in order to
adjust the Gregorian calendar so that the vernal equinox should
fall upon March 21, as it had at the time of the Council of Nice in

325 A. D., 10 days were dropped and it was ordered that the day
following October 4, 1582 of the Julian calendar should be designated
as October 15, 1582 of the Gregorian calendar. This difference of
10 days between the dates of the two calendars continued until 1700,
which was a leap year according to the Julian calendar and a com-
mon year by the Gregorian calendar. The difference between the
two then became 11 days and in 1800 was increased to 12 days.
Since 1900 the difference has been 13 days and will remain the same
untU the year 2100.

18. Dates of the Christian era prior to October 4, 1582, will, in
general, conform to the Julian calendar. Since that time both cal-

endars have been used. The Gregorian calendar w^as adopted in
England by an act of Parliament passed in 1751, which provided
that the day following September 2, 1752, should be called September
14, 1752, and also that the year 1752 and subsequent years should
commence on the 1st day of January. Previous to this the legal
year in England commenced on March 25. Except for this arbitrary
beginning of the year, the old English calendar was the same as the
Julian calendar. When Alaska was purchased from Russia by the
United States, its calendar was altered by 11 days, one of these days
being necessary because of the difference between the Asiatic and
American dates when compared across the one hundred and eightieth
meridian. Dates in the tables at the back of this volume refer to
the Gregorian calendar.

19. The three great circles formed by the intersections of the planes
of the earth's equator, the ecliptic, and the moon's orbit with the
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celestial sphere are represented in figure 1 . These circles intersect in

six points, three of them being marked by symbols in the figure,

namely, the vernal equinox T at the intersection of the celestial equator
and ecliptic, the ascending lunar node Q, at the intersection cf the
ecliptic and the projection of the moon's orbit, and the lunar inter-

section A Sit the intersection of the celestial equator and the projection
of the moon's orbit. For brevity these three points are sometimes
called respectively "the equinox," "the node," and "the intersection."
The vernal equinox, although subject to a slow westward motion of

about 50" per year, is generally taken as a fixed point of reference for

the motion of other parts of the solar system. The moon's node has a
westward motion of about 19° a year, which is sufficient to carry it

entirely around a great circle in a little less than 19 years.

20. The angle co between the ecliptic and the celestial equator is

known as the obliquity of the ecliptic and has a nearly constant
value of 23}2°. The angle i between the ecliptic and the plane
of the moon's orbit is also constant with a value of about 5°.

Figure 1.

The angle I which measures the inclination of the moon's orbit to the
celestial equator might appropriately be called the obliquity of the

moon's orbit. Its magnitude changes with the position of the moon's
node. When the moon's ascending node coincides with the vernal
equinox, the angle I equals the sum of co and i, or about 28/^2°, and when
the descending node coincides with the vernal equinox, the angle

/equals the difference between co and i, or about 18/2°. This variation

in the obliquity of the moon's orbit with its period of approximately
18.6 years introduces an important inequality in the tidal movement
which must be taken into account.

21. In the celestial sphere the terms "latitude" and "longitude"
apply especially to measurements referred to the ecliptic and vernal
equinox, but the terms may with propriety also be applied to meas-
urements referred to other great circles and origins, provided they
are sufficiently well defined to prevent any ambiguity. For example,
we may say "longitude in the moon's orbit measured from the moon's
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node." Celestial longitude is always understood to be measured
toward the east entirely around the circle. Longitude in the celestial

equator reckoned from the vernal equinox is called right ascension,

and the angular distance north or south of the celestial equator is

called declination.

22. The true longitude of any point referred to any great circle in

the celestial sphere may be defined as the arc of that circle intercepted
between the accepted origin and the projection of the point on the
circle, the measurement being always eastward from the origin to the
projection of the point. The true longitude of any point will generally
be different when referred to different circles, although reckoned from
a common origin; and the longitude of a body moving at a uniform rate

of speed in one great circle will not have a uniform rate of change when
referred to another great circle.

23. The mean longitude of a body moving in a closed orbit and
referred to any great circle may be defined as the longitude that would
be attained by a point moving uniformly in the circle of reference at

the same average angular velocity as that of the body and with the
initial position of the point so taken that its mean longitude would be
the same as the true longitude of the body at a certain selected position

of that body in its orbit. With a common initial point, the mean
longitude of a moving body will be the same in whatever circle it may
be reckoned. Longitude in the ecliptic and in the celestial equator
are usually reckoned from the vernal equinox T , which is common to

both circles. In order to have an equivalent origin in the moon's
orbit, we may lay off an arc Q, T' (fig. 1) in the moon's orbit equal
to ^ T in the ecliptic and for convenience call the point T' the
referred equinox. The mean longitude of any body, if reckoned from
either the equinox or the referred equinox, will be the same in any of

the three orbits represented. This will, of course, not be the case for

the true longitude.
24. Let us now exam.ine more closely the spherical triangle Q>T A

m figure 1 . The angles w and i are very nearly constant for long
periods of time and have already been explained. The side ^T,
usually designated by N, is the longitude of the m.oon's node and is

undergoing a constant and practically uniform change due to the
regression of the moon's nodes. This westward m.ovem.ent of the
node, by which it is carried completely around the ecliptic in a
period of approximately 18.6 years, causes a constant change in the
form of the triangle, the elements of which are of considerable im-
portance in the present discussion. The value of the angle /, the
supplement of the angle ^ ^ T, has an im.portant effect upon both
the range and time of the tide, which will be noted later. The side

A T, designated by p, is the right ascension or longitude in the
celestial equator of the intersection A. The arc designated by
^ is equal to the side Q, T— side Q, A and is the longitude in the
moon's orbit of the intersection A. Since the angles i and co are
assumed to be constant, the values of /, v, and ^ will depend directly

upon N, the longitude of the moon's node, and m.ay be readily
obtained by the ordinary solution of the spherical triangle ^ T ^.
Table 6 give the values of /, v, and ^ for each degree of A^. In the
computation of this table the value of co for the beginning of the
twentieth century was used. However, the secular change in the
obliquity of the ecliptic is so slow that a difference of a century in
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the epoch taken as'the basis of the computation would have resulted

in differences of less than 0.02 of a degree in the tabular values.

The table may therefore be used without m.aterial error for reductions
pertaining to any m.odern time.

25. Looking again at figure 1, it will be noted that when the
longitude of the m.oon's node is zero the value of the inclination I will

equal the sum of w and i and will be at its maxjm.um.. In this position

the northern portion of the m.oon's orbit will be north of the ecliptic.

When the longitude of the m.oon's node is 180°, the moon's orbit

will be between the Equator and ecliptic, and the angle / will be
equal to angle co— angle i. The angle / will be always positive and
will vary from co— i to «+{. When the longitude of the m.oon's node
equals zero or 180°, the values of v and ^ will each be zero. For all

positions of the m.oon's node north of the Equator as its longitude
changes from 180 to 0°, v and ^ will have positive values, as indi-

cated in the figure, these arcs being considered as positive when
reckoned eastward from T and T', respectively. For all positions of

the node south of the Equator, as the longitude changes from. 360
to 180°, V and ^ will each be negative, since the intersection A will

then lay to the westward of T and T

'

DEGREE OF APPROXIMATION

26. The problem of finding expressions for tidal forces and the
equilibrium, height of the tide in term.s of time and place does not
admit of a strict solution, but approximate expressions can be ob-
tained which may be carried to as high an order of precision as desired.

In ordinary numerical computations exact results are seldom ob-
tained, the degree of precision depending upon the num.ber of decimal
places used in the computations, which, in turn, will be determined
largely by the magnitude of the quantity sought. In general, the

degree of approxim.ation to the value of any quantity expressed
num.erically will be determ.ined by the num.ber of significant figures

used. With a quantity represented by a single significant figure,

the error m.ay be as great as 33 J^ percent of the quantity itself, while

the use of two significant figures will reduce the maximum error to

less than 5 percent of the true value of the quantity. The large

possible error in the first case renders it of little value, but in the

latter case the approxim.ation is sufficiently close to be useful when
only rough results are necessary. The distance of the sun from the
earth is popular!}- expressed by two significant figures as 93,000,000
miles.

27. With three or four significant figures fairly satisfactory approxi-

mations may be represented, and with a greater number very precise

results m.ay be expressed. For theoretical purposes the highest at-

tainable precision is desirable, but for practical purposes, because
of the increase in the labor without a corresponding increase in util-

ity, it will be usually found advantageous to lim.it the degree of

precision in accordance with the prevailing conditions.

28. Frequently a quantity that is to be used as a factor in an expres-

sion may be expanded into a series of terms. If the approxim.ate

value of such a series is near unity, terms which would aft'ect the

third decimal place, if expressed numerically, should usually be re-

tained. The retention of the sm.aller terms will depend to som.e ex-
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tent upon the labor involved since their rejection would not seriously

affect the final results.

29. The formulas for the moon's true longitude and parallax on
pages 19-20 are said to be given to the second order of approximation,
a fraction of the first order being considered as one having an approxi-
m.ate value of 1/20 or 0.05, a fraction of the second order having an
approximate value of (0.05)^ or 0.0025, a fraction of third order having
an approxim.ate value of (0.05)^ or 0.000125, etc. As these form.ulas

provide important factors in the developm.ent of the equations repre-

senting the tide-producing forces, they determine to a large extent

the degrees of precision to be expected in the results.



DEVELOPMENT OF TIDE-PRODUCING FORCE

FUNDAMENTAL FORMULAS

30. The tide-producing forces exerted by the m.oon and sun are

similar in their action and ni.atheni.atical expressions obtained for one
ro.ay therefore by proper substitutions be adapted to the other. Be-
cause of the greater im.portance of the m.oon in its tide-producing
effects, the following development will apply prim.arily to that body,
the necessary changes to represent the solar tides being afterwards
indicated.

31. The tide-producing force of the moon is that portion of its

gravitational attraction which is effective in changing the water level

on the earth's surface. This effective force is the difference between
the attraction for the earth as a whole and the attraction for the differ-

ent particles which constitute the yielding part of the earth's sur-

face; or, if the entire earth were considered to be a plastic mass, the

tide-producing force at any point within the mass would be the force

that tended to change the position of a particle at that point relative

to a particle at the center of the earth. That part of the earth's

surface which is directly under the moon is nearer to that body than
is the center of the earth and is therefore more strongly attracted

since the force of gravity varies inversely as the square of the dis-

tance. For the same reason the center of the earth is more strongly

attracted by the moon than is that part of the earth's surface which
is turned away from the moon.

32. The tide-producing force, being the difference between the
attraction for particles situated relatively near together, is small com-
pared with the attraction itself. It may be interesting to note that,

although the sun's attraction on the earth is nearly 200 times as great

as that of the moon, its tide-producing force is less than one-half

that of the moon. If the forces acting upon each particle of the

earth were equal and parallel, no matter how great those forces

might be, there would be no tendency to change the relative posi-

tions of those particles, and consequently there would be no tide-

producing force.

33. The tide-producing force may be graphically represented as in

figure 2.

Let 0=the center of the earth,

C=the center of the moon,
P— any point within or on the surface of the earth.

Then OC will represent the direction of the attractive force of the

moon upon a particle at the center of the earth and PC the direction

of the attractive force of the moon upon a particle at P. Now, let

the magnitude of the moon's attraction at P be represented by the

length of the line PC. Then, since the attraction of gravitation varies

inversely as the square of the distance, it is necessary, in order to

represent the attraction at on the same scale, to take a line CQ of

such length that CQ : CP=CP^ : C0\
10
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34. The line PQ, joining P and Q, will then represent the direction

and magnitude of the resultant force that tends to disturb the posi-

tion of P relative to 0, for it represents tlie difi'erence between the
force PC and a force through P equal and parallel to the force QC
which acts upon 0. This last statement may be a little clearer to

the reader if he will consider the force PC as being resolved into a
force PD equal and parallel to QC, and the force PQ. The force

PD, acting upon the particle at P, being equal and parallel to the
force QC, acting upon a particle at 0, will have no tendency to change
the position of P relative to 0. The remaining force PQ will tend
to alter the position of P relative to and is the tide-producing
force of the moon at P. The force PQ may be resolved into a vertical

component PR, which tends to raise the water at P, and the hori-

zontal component PT, which tends to move the water horizontally.

Figure 2.

35. If the point P' is taken so that the distance CP' is greater than
the distance CO, the tide-producing force P'Q' will be directed away
from the moon. While at first sight this may appear paradoxical,

it w411 be noted that the moon tends to separate from P' , but as

is taken as the point of reference, this resulting force that tends to

separate the points is considered as being applied at the point P'
only.

36. To express the tide-producing force by mathematical equations,
refer to figure 2 and let

r= OP = distance of particle P from center of earth,

6= PC = distance of particle P from center of moon,
d= OC = distance from center of earth to center of moon,
2=C0P=angle at center of earth between OP and OC.

Also let

M=mass of moon,
E'^mass of earth,

a=mean radius of earth,

/x= attraction of gravitation between unit masses at unit
distance.

^=mean acceleration of gravity on earth's surface.

Since the force of gravitation varies directly as the mass and inversely
as the square of the distance.

Attraction of moon for unit mass at point in direction OC— —ir (2)
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Attraction of moon for unit mass at point P in direction PC=^rpr (3)

37. Let each of these forces be resolved into a vertical component
along the radius OP and a horizontal component perpendicular to the

same in the plane OPC, and consider the direction from toward P
as positive for the vertical component and the direction corresponding

to the azimuth of the moon as positive for the horizontal component.
We then have from (2) and (3)

Attraction at in direction to P=--w- cos z (4)

Attraction at perpendicular to OP=—Tr sin z (5)

Attraction at P in direction to P=-p- cos CPR (6)

Attraction at P perpendicular to OP^^nr sin CPU (7)

38. The tide-producing force of the moon at any point P is measured
by the difference between the attraction at P and at the center of

the earth. Letting

jPb= vertical component of tide-producing force, and
J^^= horizontal component in azimuth of moon,

and taking the differences between (6) and (4) and between (7) and
(5), we obtain the following expressions for these component forces

in terms of the unit /x:

F,/.=M(5^5i|^_S^-) (8)

F. I,=m(^^-'^) (9)

39. From the plane triangle COP the following relations may be

obtained

:

b2= r2-\-d^-2rd cos z=d'[l-2ir/d) cos z-^ir/dy] (10)

sm z
sin CPR=sm CPO={dlb) sin

2=|i_2(,/rf) eos B+ir/dy]*
<">

cos CPi;=(l-sin' CPR)*-
[l-2(rld)c^s1t(rldn

^'^^

40. In figure 2 it will be noted that the value of z, being reckoned

in any plane from the line OC, may vary from zero to 180°, and also

that the angle CPR increases as z increases within the same hmits.

Sin z and sin CPR will therefore always be positive. As the angle

OCP is always very small, the angle CPR will differ by only a very

small amount from the angle z and will usually be in the same quad-

rant. In obtaining the square root for the numerator of (12) it was
therefore necessary to use only that sign which would preserve this
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relationship. The denominators of (11) and (12) are to be consid-

ered as positive.

41. Substituting in equations (8) and (9) the equivalents for b, sin

CPR, and cos CPR from equations (10) to (12), the following basic

formulas are obtained for the vertical and horizontal components of

the tide-producing force at any point P at r distance from the center

of the earth:

„ , Mr cos z—r/d 1 ,^_.

^^ /'^=¥^ L{l-2(r/^)cos.+ (r/rf)^}^
""^^ '] ^^^^

7-. /
Mf sin z . ~\ ,. .V

^«
^^=°?L{l-2(r/d)cosz+WH •~"°

'J
^'*^

42. To express these forces in their relation to the mean accelera-

tion of gravity on the earth's surface, represented by the symbol g,

we have
gly.=Ela\ or n/g^a'/E (15)

in which E is the mass and a is the mean radius of the earth. Sub-
stituting the above in formulas (13) and (14), we may write

43. Formulas (16) and (17) represent completely the vertical and
horizontal components of the lunar tide-producing force at any point
in the earth. If r is taken equal to the mean radius a, the formulas
will involve the constant ratio MjE and two variable quantities

—

the angle z which is the moon's zenith distance, and the ratio ajd
which is the sine of the moon's horizontal parallax in respect to the
mean radius of the earth. Because of the smallness of the ratio ajd

it may also be taken as the parallax itself expressed as a fraction of a
radian. The parallax is largest when the moon is in perigee and at

this time the tide-producing force will reach its greatest magnitude.
A more rapid change in the tidal force at any point on the earth's

surface is caused by the continuous change in the zenith distance of

the moon resulting from the earth's rotation. The vertical com-
ponent attains its maximum value when z equals zero, and the hori-

zontal component has its maximum value when 2 is a little less than
45°. Substituting numerical values in formulas (16) and (17) and
in similar formulas for the tide-producing force of the sun, the fol-

lowing are obtained as the approximate extreme component forces

when the moon and sun are nearest the earth:

Greatest F, /(/=. 144X10"^ for moon, or .054X10-^ for sun (18)

Greatest Fa /5r=.107X10-^ for moon, or .041 X 10"^ for sun (19)

The horizontal component of the tide-producing force may be meas-
ured by its deflection of the plumb line, the relation of this component
to gravity as expressed by the above formula being the tangent of

the angle of deflection. Under the most favorable conditions the
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greatest deflection due to the moon is about 0.022" and the greatest

deflection due to the sun is less than 0.009" of arc.

44, To simphfy the preceding formulas, the quantity involving the

fractional exponent may be developed by Maclaurin's theorem into a

series arranged according to the ascending powers of rjd, this being

a small fraction with an approximate maximum value of 0.018. Thus

-=1+3 cos z {rid)
{l-2{r/d) cos z-\-{r/dy

+ 3/2 {dcos" z-l)(r/dy

+ 5/2 (7 cos^ z-3 cos 2) (r/c^)^+ etc. (20)

45. Substituting (20) in formulas (16) and (17) and neglecting the

higher powers of r/d, we obtain the following formulas:

F, /g=3 {MIE){aldy (cos^ 2-1/3) {rid)

+ 3/2 {MIE){ald)' (5 cos^ 2-3 cos z) {rid)' (21)

Fa /^=3/2 {MlE) {aid)' (sin 2 z) {rid)

+ 3/2 {MIE) {aid)' sin z (5 cos^ 2-I) {rid)' (22)

46. If r, which represents the distance of the point of observation

for the center of the earth, is replaced by the mean radius a, it will be

noted that the first term of each of the above formulas involves the

€ube of the ratio aid while the second term involves the fourth power
of this quantity. This ratio is essentially the moon's parallax ex-

pressed in the radian unit. These terms may now be written as sepa-

rate formulas and for convenience of identification the digits "3" and
"4" will be annexed to the formula symbol to represent respectively

the terms involving the cube and fourth power of the parallax. Thus

F,, lg=^ {MIE) {ald)'{cos' z- 1/3) (23)

F.4 /^=3/2 {MIE){aldy{h cos^ 2-3 cos 2) (24)

Faz lg=V^ {MIE){aldf sin 22 (25)

Fai lg=^l'^ {MIE) {aid)' sin 2 (5 cos^ 2- 1) (26)

Formulas (23) and (25) involving the cube of the parallax represent

the principal part of the tide-producing force. For the moon this is

about 98 per cent of the whole and for the sun a higher percentage.

The part of the tide-producing force represented by formulas (24) and

(26) and involving the fourth power of the parallax is of very little

practical importance but as a matter of theoretical interest will be

later given further attention.

47/ An examination of formulas (23) and (25) shows that the prin-

cipal part of the tide-producing force is symmetrically distributed

over the earth's surface with respect to a plane through the center of

the earth and perpendicular to a line joining the centers of the earth

and moon. The vertical component (23) has a maximum positive

value when the zenith distance 2=0 or 180° and a maximum negative

value when 2=90°, the maximum negative value being one-half as

great as the maximum positive value. The vertical component be-
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comes zero when z=cos~^±-y/l/3 (approx. 54.74° and 125.26°), The
horizontal component (25) has its maximum value when 2=45° and
an equal maximum negative value when 2=135°. The horizontal
component becomes zero when 2=0, 90°, or 180.

48. If numerical values applicable to the mean parallax of the moon
are substituted in (23) and (25), these component forces may be
written

F,z Ig at mean parallax=0.000,000,167 (cos^ 2—1/3) (27)

F^z Ig at mean parallax= 0.000,000,084 sin 22 (28)

For the corresponding components of the solar tide-producing force,

the numerical coefficients will be 0.46 times as great as those in the
above formulas.

49. For the extreme values of the components represented by (23)
and (25), with the moon and sun nearest the earth, the following may
be obtained by suitable substitutions

:

Greatest F,^ /gr=.140X10-6 for moon, or .054X10-^ for sun (29)

Greatest F^^ /.^=.105X10-« for moon, or .041X10-^ for sun (30)

Comparing the above with (18) and (19), it will be noted that the
maximum values of the lunar components involving the cube of the
moon's parallax are only slightly less than the corresponding maxi-
mum values for the entire lunar force, while for the solar components
the differences are too small to be shown with the number of decimal
places used.

VERTICAL COMPONENT OF FORCE

50. It is now proposed to expand into a series of harmonic terms
formula (23) which represents the principal vertical component
of the lunar tide-producing force. In figure 3 let represent the
center of the earth and let projections on the celestial sphere be as
follows:

C, the north pole
/ M' P'

,

the earth's equator
/ M, the moon's orbit

M, the position of the moon
P, the place of observation
CM M'

,

the hour circle of the moon
C P P'

,

the meridian of place of observation
/, the intersection of moon's orbit and equator

Also let

/ =angle M/M'= inclination of moon's orbit to earth's equator
t =arc P' M' or angle P(7M=hour angle of moon
X=7P'= longitude of P measured in celestial equator from

intersection I
j =/M= longitude of moon in orbit reckoned from intersection /
2 =PM= zenith distance of moon
Z>=M'M= declination of moon
r=P'P=: latitude cf P
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The solution of a number of the spherical triangles represented in

figure 3 will provide certain relations needed in the development of

the formulas for the tide-producing force.

51. In spherical triangle MCP, the angle C equals t and the sides

MC and PC are the complements of D and Y, respectively. We may
therefore write

cos 2=sin Y sin Z>+cos Y cos D cos t (31)

Substituting this value in formula (23), we obtain

F,, /g=3/2 iM/E){a/dy{l/2-3/2 sin^ r)(2/3-2 sin^ D)__.. F^^o lo

+ 3/2 iM/E){a/dy sin 2Fsin 2D cos t F,^: /g

+ 3/2 (M/E) {aldY cos^ Y cos^ D cos 2t ^,32 / g (32)

c

Figure 3.

52. In formula (32) the vertical component of the tide-producing

force has been separated into three parts. The first term is inde-

pendent of the rotation of the earth but is subject to variations aris-

ing from changes in declination and distance of the .moon. It in-

cludes what are known as the long-period constituents, that is to say,

constituents with periods somewhat longer than a day and in general

a half month or longer. The second term involves the cosine of the

hour angle (0 of the moon and this includes the diurnal constituents

with periods approxi.mating the lunar day. The last ter.m involves

the cosine of twice the hour angle of the moon and includes the

semidiurnal constituents with periods approximating the half lunar

day. The grouping of the tidal constituents according to their

approximate periods affords an important classification in the further

development of the tidal forces and these groups will be called classes

or species. Symbols pertaining to a particular species are often

identified by a subscript indicating the number of periods in a day,
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the subscript o being used for the long-period constituents. In
formula (32) the individual terms are identified by the annexation
of the species subscript to the general symbol for the formula.

53. As written, all of the three terms of formula (32) have the
same coefficient 3/2 (M/E) {a/dy. In each case the latitude (Y)
factor has a maximum value of unity, this maximum being negative
for the first term. For the long-period term (i^j,3o /g), the latitude

factor has a maximum positive value of ji at the equator, becomes zero

in latitude 35.26° (approximately), and reaches a maximum negative
value of— 1 at the poles, the factor being the same for corresponding
latitudes in both northern and southern hemispheres. For the diurnal
term (F„zi 19), the latitude factor is positive for the northern hemisphere
and negative for the southern hemisphere. It has a maximum
value of unity in latitude 45° and is zero at the equator and poles.

For the semidiurnal terms {F^^i /5'),the latitude factor is always posi-

tive and has a maximum value of unity at the equator and equals
zero at the poles.

54. For extreme values attainable for the declinational (D) factors,

consideration must be given to the greatest declination which can
be reached by the tide-producing body. The periodic niaximum decli-

nation reached by the moon in its 18.6 year node-cycle is 28.6° but
this may be slightly increased by other inequalities in the moon's
motion. The maximum declination for the sun, taken the same as the
obliquity of the ecliptic, is 23.45°. The declination factor of the
long-period term {F^^p /g) has a maximum value of 2/3 when the decli-

nation is zero. It diminishes with increasing north or south declina-
tion but must always remain positive because of the limits of the
declination. For the diurnal term (F^zi jg) the declinational factor
has its greatest value when the declination is greatest. For the moon
the maximum value of this factor is approximately 0.841 and for the
sun 0.730. This factor is positive for the north declination and
negative for the south declination. For the semidiurnal term (^^532 Ig)

the declinational factor for both moon and sun is always positive and
has a maximum value of unity at zero declination.

55. The greatest numerical values for the several terms of the
vertical component of the tide-producing force as represented by
formula (32) and applicable to the time when the moon and sun are
nearest the earth, are as follows:

Greatest F,3o /^=-.070X10-« for moon, or -.027X10-« for sun (33)

Greatest F,3i /5'=±.088X10-« for moon, or ±.030X10-« for sun (34)

Greatest F,32 /gr= + .105X10-« for moon, or -f.041X10-« for sun (35)

For the long-period term (33) the greatest value applies to either pole
and is negative. For the diurnal term (34) the greatest value applies
in latitude 45° and may be positive or negative according to whether
the latitude and declinational factors have the same or opposite
signs. For the semidiurnal term (35) the greatest value applies to
the equator and is positive.

56. Referring to formula (32), let a/c equal the mean value of
parallax ajd. Then ajd may be replaced by its equivalent (a/c) {cjd)

,

in which the fraction cjd expresses the relation between the true and,
the mean parallax. Also let U=(M/E) (a/cY, the numerical value
of which will be found in table 1. Expressing separately the three
terms of formula (32), we then have
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F,^, /g=3/2 U {c/dy (1/2-3/2 sin^ F) (2/3-2 sin^ D) (36)

Fm /g==S/2 U (c/dy sin 2Y sin 2D cos t (37)

Fv32 /fir=3/2 U (c/dy cos^ F cos^ D cos 2t (38)

57. Referring to figure 3, the following relations may be obtained
from the right spherical triangles MIM' and MP'M' and the oblique
spherical triangle MP'I:

sin Z>=sin 7 sin j (39)

cos D cos i=cos MP' (40)

cos MP'= cos X cos i+sin X sin j cos 7 (41)

cos D cos /=cos X cos j+sin X sin j cos 7
= cos2 -^7 cos (X-j) +sin2 ^7 cos (A"+j) (42)

58. Replacing the functions of D and t in formulas (36) to (38) by
their equivalents derived from equations (39) and (42), there are

obtained the following:

P,3o /S'=3/2 U{c/d)\l/2-3/2 sin^ Y) X
[2/3- sin^ 7+ sin^ 7 cos 2j] (43)

7^.31/^=3/2 Z7(c/^)3sin2FX
[sin 7 cos^ ^7 cos (X+90°-2j)
+ 1/2 sin 27 cos (X-90°)
+ sin 7 sin2 ^7 cos (X-90°+2i)] (44)

F„32 /^=3/2 ?7(c/c?)3 cos^ FX
[cos* ^7 cos (2X— 2i)

+ 1/2 sin2 7cos2X
+ sin*i7cos (2X+2i)]

^

(45)

The above formulas involve the moon's actual distance d and its

true longitude j as measured in its orbit from the intersection. While
these are functions of time, they do not vary uniformly because of

certain inequalities in the motion of the moon, and it is now desired

to replace these quantities by elements that do change uniformly.
59. Referring to paragraphs 23-24 and to figure 1, it will be noted

that longitude measured from intersection A in the moon's orbit

equals the longitude measured from the referred equinox T' less arc

^, and longitude measured from intersection A in the celestial equator
equals the longitude measured from the equinox T less arc v.

Now let

s'= true longitude of moon in orbit referred to equinox
s =mean longitude of moon referred to equinox
k = difference (s'—s)

Then
j=:s'-^=s-^+k

^
(46)

60. In figure 4 let S' and P' be the points where the hour circles of

the mean sun and place of observation intersect the celestial equator,

T the vernal equinox, and 7 the lunar intersection. Then X will

equal the arc P'l and v the arc 7T . Now let

A=mean longitude of sun
T=hour angle of mean sun

Then
X=T-\-h-v (47)
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61. Substituting the values of j and Xfrom (46) and (47) in formu-
las (43) to (45), these may be written

F,^o /g^^/2 C7(l/2-3/2 sin^ F)X
[{c/dy{2/S-sin^ I)

+ (c/dy sin2 / cos (2s-2^+2Ar)] (48)

7^,31/^=3/2 t7sin2FX
[{c/dy sin / cos2 ^I cos iT-2s+h+2^-p-\-90°-2k)
+ 1/2 {c/dy sin 2/ cos {T+h-v-90°)
-^{c/dy sin / sin^ ^I cos {T+2s+h-2^-v-90°+2k)] (49)

F,sJg=S/2 Ucos'YX
[{c/dy cos^ i/ cos (2r-2s+2/i+2^-2v-2A:)

+ 1/2 (c/rf)^ sin2 / cos (27+2^,-2^)

+ (c/dy sin^ i/ cos (2r+2s+2A-2^-2j'+2^) (50)

Figure 4.

Disregarding at this time the slow change in the function of /, the

variable part of each term of the above formulas may be expressed in

one of the following form.s— (c/t/)^ {c/dy cos A, {c/dy cos {Ai-2k), or

{c/dy cos {A— 2k), in which A includes all the elements of the variable

angular function excepting the multiple of k.

62. The foUowmg equations for the motion of the moon were
adapted from Godfray's Elementary Treatise on the Lunar Theoiy:

s'= true longitude of moon (in radians)

=s (m.ean longitude)

+2e sin (s— 2))+ 5/4 e^ sin 2(s— p) (elliptic inequality)

+ 1 5/4 me &m{s—2h+p) (evectional inequahty)

+ 1 1 /8 m^ sin 2 (s— /t) (variational inequality) (51)
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cld= (true parallax of moon)/(mean parallax of moon)
—unity
+ e cos {s— 'p)-\-e^ cos 2(s— p) (elliptic inequality)

+ 15/8 me cos (.s— 2/i+p) (evectional inequality)

+m^ cos 2{s—h) (variational inequality) (52)

in which
s'= true longitude of moon in orbit (referred to equinox)
s=ro.ean longitude of moon
A=mean longitude of sun
2?=mean longitude of lunar perigee

e= eccentricity of moon's orbit= 0.0549
m=ratio of mean motion of sun to that of moon= 0.0748

The elements e and m are small fractions of the first order and the
square of either or the product of both may be considered as being of

the second order. In the following development the higher powers of

these elements will be omitted.
63. Since k has been taken as the difference between the true and

the mean longitude of the moon, we may obtain from (51)

k=2e sin (s— 2>)+ 5/4 e- sin 2{s—p)
+ 15/4 me sin (s-2/i+p) + ll/8 m^ sin 2{s-h) (53)

The value of k is always small, its maximum value being about 0.137
radian. It may therefore be assumed without material error that the
sine of k or the sine of 2k is equal to the angle itself. Then

sin 2k=2k= 4e sin (.s— 2J)+5/2 e^ sin 2(s—p)
+ 15/2 me sin (s-2A+2?) + ll/4 m- sin 2(s-/i) (54)

cos 2^=1—2 sin^ k=l—2¥
= 1— 4e^+ 46^ cos 2(.s— p) (55)

terms smaller than those of the second order being omitted.

64. Cubing (52) and neglecting the smaller terms, we obtain

(c/d)^= 1 + 3/2 e^-\-3e cos (s-p) + 9/2 e' cos 2{s-p)
+ 45/8 me cos {s— 2h-\-p)i-3 mr cos 2{8— h) (56)

Multiplying (54) and (55) by (56)

{cldf sin 2k =4:6 sin (s— p) + 17/2 e^ sin 2{s—p)
+ 15/2 me sin (.s-2/i+:p) + ll/4 m' sin 2is-h) (57)

(c/dy COS 2A:= 1-5/2 e^-\-S e cos {s—p)~^17/2 e^ cos 2(s—2))

+45/8 me cos {s—2h+p)-{-3 m^ cos 2{s-h) (58)

65. From (56), (57), and (58), we may obtain the following general
expressions applicable to the further development of formulas (48)
to (50). Negative coefficients have been avoided by the introduction
of 180° in the angle when necessary.

{c/dy cos {A— 2k) = (c/dy cos 2k cos ^+ {c/dy sin 2k sin A
= (1-5/2 e^) cos A
+ 7/2 e cos U-s+;p) + l/2e cos (A+s-p+180°)
+ 17/2 e^cos iA-2s-^2p)
+ 105/16 me cos (^-s+2/i-2?) + 15/16 me cos (A+s-2h+p+180°)
+23/8 m^ cos (A-2s+2h)-\-ll8 m' cos {A+2s-2h) (59)
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{cldf cos ^=(1 + 3/2 e^) cos A
+ 3/2 e cos (^— s+2>)+ 3/2 e cos {A+s—jp)
+ 9/4 e^ cos (^-2s+2p) + 9/4 e' cos (A+2s-2p)
+ 45/16 me cos (^—s+ 2/^—p) +45/16 me cos (A+s— 2/i+p)

+ 3/2 m^ cos (vl-2s+2/i) + 3/2 m^ cos (A+2s-2/i) (60)

(c/^)^ cos (^+2^)== (c/c?)^ cos 2k cos yl— (c/(i)^ sin 2A: sin ^
= (1-5/2 e^) cosyl
+ 7/2 e cos (^+s-^)+ l/2 e cos (^-s+:p+180°)
+ 17/2 e^cos (^+2s-2p)
+ 105/16 me cos (A+s-2/^+p) + 15/16 me cos (yl-s+2/i-:p+180°)
+23/8 m^ cos (^+2s-2A)+ l/8 m^ cos {A-2s+2h) (61)

66. After suitable substitutions for A have been made in the three

preceding equations they are immediately applicable to the final

expansion of the several terms in formulas (48) to (50), excepting the
first term of (48) for which formula (56) may be used directly. Each
term in the expanded formulas given below represents a constituent
of the lunar tide-producing force and for convenience of reference is

designated by the letter A with a subscript. There are also given the
generally recognized symbols for the principal constituents, and when
such a symbol is enclosed in brackets it signifies that the term given
only partially represents the constituent so named.

67. Formula for long-period constituents of vertical component of
principal lunar tide-producing force:

2^,30 /fi'=3/2 C/(l/2-3/2 sin^ 7) X
(A) [(2/3-sin2/){(l+3/2 e") permanent term
{A2) +3 e cos (s—p) Mm
U3) +9/2 e^ cos (2s-2p)
(^4) +45/8 me cos {s—2h+y)
{A,) +3 m^cos (2s-2/i)} MSf
(A) + sin2/{(l-5/2e2) cos (2s-2^) Mf
(^7) +7/2 e cos (3s—2?— 2^)

(^s) +1/2 e cos (s+:p+180°-2^)
(^9) +17/2 e^ cos (4s-22? -2^)
(^10) +105/16 me cos (3s—2/i+;p-2^)
(^n) +15/16 me cos (s+2A-2)+ 180°-2^)
(An) +23/8 m^ cos (4s-2/i-2^)
(^13) +1/8 m" cos {2h-2k) }] (62)

68. Formula for diurnal constituents of vertical component of
principal lunar tide-producing force:

F,n/g^^/2 Usm2YX
(Au) [sin/cos^ 1/2/

{(1-5/2 e') cos (r-2s+^+90°+2^-i/) O,
(^15) +7/2 e cos {T-Ss+h+p+ 90°+ 2^-p) Qi
(Au) +1/2 e cos {T-s+h-p-90°+2^-u) [M,]

(^17) +17/2 e^ cos (r-4s+ /i+22>+ 90°+ 2^-j.)._ 2Qi
(Ais) +105/16mecos(r~3s+ 3/i-|)+ 90°+2|-v). pi

(^19) +15/16 me cos (T-s-h+p-90°-^2^-p)
(^20) +23/8 m^ cos (r-4s+3A+90°+2^-;.) en

(^21) +l/8m2cos(r-^+90°+2^-j/)}
(Formula continued next page)
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(As) +sin27{ (1/2+ 3/4 e^) cos {T+h-'dO°-v) [Ki]

(As) +3/4ecos(T-s+/i+p-90°-j^) [Mi]

(^4) +3/4e cos (r+s+A-2)-90°-i^) Ji

(As) +9/8 e" cos (r-2s+A+2p-90°-v)
(Ae) +9/8e2cos(r+2s+A-2p-90°-i')
(A7) +45/32 me cos (r-s+3A-:p-90°-j/) xi

(As) +45/32 me cos (r+s-/fc+2>-90°-v) di

(A-0 +3/4 m^ cos (T- 2s+3/^-90° -v) MP,
(Ao) +3/4 m2cos(r+2s-/i,-90°-i')} SOi

+ sin I sin^ }^/

(Ai) {(1-5/2 e^) cos (r+2s+A-90°-2^-j/)___ OOi
(AO +7/2 e cos (r+3s+ /i-:p-90°-2^-i') KQi
(A3) +1/2 e cos (T+s+/i,+p+ 90°-2^-j/)

(A4) +17/2 e^cos (r+4s+A-22?-90°-2^-j/)
(As) +105/16 me cos (r+3s-A+:p-90°-2^-v)
(Ae) +15/16 me cos (r+s+ 3A-:P+ 90°-2^-v)
(At) +23/8 m^cos (r+4s-/i-90°-2^-j')
(As) +l/8m2cos(r+3/i-90°-2^-v)}l (63)

69. Formula for semidiurnal constituents of vertical component of

principal lunar tide-producing force:

(^40

(Ai
(A2
(^43

(A4
(^45

(^46,

(A7
(As
(-^49

(-^50

(Ai
(A2
(^53:

(-^54

\A.55

(-^56

(^57

(^S8^

(-^59

(-^60

(Ai
(-^62

(-^63

[cos" ^/{ (1-5/2 e2) cos (2r-2s+2A+2^-2j') M2
+ 7/2 e cos (2r-3s+2/i,+2?+ 2^-2i;) N2
+ 1/2 e cos (2r-s+2^-2)+ 180°+2^-2v) . [L,]

+ 17/2 e^ cos (2r-4s+2A+22>+ 2^-2j') ___ 2N2
+ 105/16 me cos {2T-3s+4h-p+ 2^-2v) . V2

+ 15/16 me cos (2r-s+^+180°+ 2^-2i') _ X2

+ 23/8 m^ cos (2r-4s+4/i.+2^-2v) M2

+ 1/8 m^cos (2T+2^-2j/)}

+sin2/{ (1/2+ 3/4 e") cos {2T+2h-2v) [K2]

+ 3/4 e cos (2r-s+2A+2?-2»/) [L2]
\

+ 3/4 e cos (2r+s+2/i-p-2f') KJ2 \
+ 9/8 e^cos (2r-2s+2/(,+22?-2f')
+ 9/8 e^ cos (2r+2s+2/i-22?-2i/)
+ 45/32 me cos {2T-s-\-4Ji—'p-2v)
+45/32 me cos l2T+s+p—2v)
+ 3/4 m^ cos (2r-2s+4^-2v)
+3/4 m^ cos {2T+2s-2v)}

+sinH/{ (1-5/2 e") cos (2r+2s+2/i,-2|-2j.)
+ 7/2 e cos (2r+3s+2/i-2?-2^-2»^)
+ 1/2 e cos (2r+s+2/i+p+ 180°-2^-2v)
+ 17/2 e^ cos (2T+4s+2A-2^-2^-2j')
+ 105/16 me cos (2r+3s+p-2^-2i')
+ 15/16 me cos (2r+s+4/i-p+180°-2^-2j;)
+23/8 m? cos (2r+4s-2^-2j^)
+ 1/8 m^ cos (2r+4/i,-2^-2j') }] (64)

70. Arguments.—Except for the slow changes in the values of I, ^,

and V which result from the revolution of the moon's node, each term
other than the permanent one in the three preceding formulas is an
harmonic function of an angle that changes uniformly with time.

This angle is known as the argument of the constituent, also as the

equilibrium argument when obtained in connection with the develop-
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ment of the equilibrium tide. By analogy, the argument of the per-

manent term may be considered as zero, the cosine of zero being unity.

71. The argument serves to identify the constituent by determining
its speed and period and fixing the times of the maxima and minima
of the corresponding tidal force. It usually consists of two parts

represented by the symbols V and u. When referring to a particular

instant of time such as the beginning of a series of observations, the V
is written with a subscript as Vq. The first part of the argument in-

cludes any constant and multiples of one or more of the following

astronomical elements

—

T, the hour angle of the mean sun at the

place of observation; s, the mean longitude of the moon; h the mean
longitude of the sun; and p, the longitude of the lunar perigee. The
second part u includes multiples of one or both of the elements ^ and v,

which are functions of the longitude of the moon's node and vary
slowly between small positive and negative limits throughout a 19-year

cycle. In a series of observations covering a year or less they are

treated as constants with values pertaining to the middle of the series.

They do not affect the average speed or period of the constituent.

Their values corresponding to each degree of N, the longitude of the

moon's node, are included in table 6, formulas for their computation
being given on p. 156.

72. The hourly speed of a constituent may be obtained by adding
the hourly speeds of the elements included in the V of the argument.
These elementary speeds will be found in table 1. The period of a
constituent is obtained by dividing 360° by its speed. The approxi-

mate period is determined by the element of greatest speed contained
in the argument. Thus, the hour angle T has a speed of 15° per
mean solar hour and all constituents with a single T in their argu-
ro.ents have periods approximating one day, while constituents with
argum.ents containing the multiple 2T have periods approximating
the half day. Next to T, the element of greatest speed is s the
mean longitude of the moon, and long-period constituents with a
single s in their arguments will have periods approximating the
month and with any m.ultiple of s the corresponding fraction of a
month. The arguments and speeds of the constituents are listed in

table 2. Numerical values of the arguments for the beginning of

each calendar year from 1850 to 2000 are given in table 15 for con-
stituents used in the Coast and Geodetic Survey tide-predicting

machine. Tables 16 to 18 provide differences for referring these
arguments to any day and hour of the year.

73. In order to visualize the arguments of the constituents depend-
ing primarily upon the rotation of the earth, some have found it

convenient to conceive of a system of fictitious stars, or "astres fictifs"

as they are sometim.es called, which move at a uniform rate in the
celestial equator, each constituent being represented by a separate star.

Thus, for the principal lunar constituent we have the mean moon and
for the principal solar constituent the mean sun, while the various
inequalities in the motions of these bodies are served by im.aginary
stars which reach the meridian of the place of observation at times
corresponding to the zero value of the constituent argument. For
the diurnal constituents the argum.ent equals the hour angle of the
star but for the semidiurnal constituents the argum.ent is double the
hour angle of the star.
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74. Coefficients.—The complete coefficient of each term of formulas
(62) to (64) includes several ira.portant factors. First, the basic factor
U, which equals the ratio of the mass of the moon to that of the earth
multiplied by the cube of the m.ean parallax of the moon, is common
to all of the terms. This together with the common numerical coeffi-

cient may be designated as the general coefficient. Next, the function
involving the latitude Y is known as the latitude factor, each formula
having a different latitude factor. Following the latitude factor is a
function of /, the inclination of the moon's orbit to the plane of the
earth's equator, which m.ay appropriately be called the obliquity factor,
each factor applying to a group of terms. Lastly, we have an indi-
vidual term, coefficient which includes a numerical factor and involves
the quantity e or m. Since these factors are derived from the equa-
tions of elliptic motion, they will here be referred to as elliptic factors

.

The product of the elliptic factor by the mean value of the obliquity
factor is known as the mean constituent coefficient (C). Numerical
values for these coefficients are given in table 2. Since all terms in
any one of the formulas have the same general coefficient and latitude
factor, their relative magnitudes will be proportional to their constitu-
ent coefficients. Terms of dift'erent formulas, however, have different
latitude factors and their constituent coefficients are not directly
comparable without taking into account the latitude of the place of
observation.

75. The obliquity factors are subject to variations throughout an
18.6-year cycle because of the revolution of the moon's node. Dur-
mg this period the value of / varies between the li?nits of w— i and
o}-\-i, or from. 18.3° to 28.6° approxi.mately, and the functions of /
change accordingly. In order that tidal data pertaining to different
years may be jnade comparable, it is necessary to adopt certain stand-
ard mean values for the obliquity factors to which results for different
years may be reduced. While there are several systems of means
which would serve equally well as standard values, the system adopted
by Darwin in the early development of the harmonic analysis of tides
has the sanction of long usage and is therefore followed. By the
Darwin method, the mean for the obliquity factor is obtained' from
the product of the obliquity factor and the cosine of the elements ^
and V appearing in the argument. This may be expressed as the
mean value of the product J cos u, in which J is the function of / in
the coefficient and u the function of ^ and v in the argument. Since
u is relatively small and its cosine differs little from, unity, the result-
ing m.ean will not dift'er greatly from the mean of J alone or from the
function of / when given its mean value.

76. Using Darwin's system as described in section 6 of his paper
on the Harmonic Analysis of Tidal Observations published in volume I
of his collection of Scientific Papers (also in Report of the British
Association for the Advancement of Science in 1883), the following
mean values are obtained for the obliquity factors in formulas (62) to

(64). These values were used in the computation of the corresponding
constituent coefficients in table 2. The subscript o is here used to
indicate the mean value of the function.

For terms Ax to Ar, in formula (62)
[2/3-sin2 7]o=(2/3-sin2 co)(l-3/2 sin^ i)-0.5021 (65)

For terms A^ to ^13 in formula (62)
[sin^ I cos 2|]o=sin2 co cos* 12=0.1578 (66)
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Far terms Au to ^21 in formula (63)

[sin / cos^ |/ cos (2^-j')]o= sin 00 cos^ |w cos^ ^i= 0.3800 (67)

For terms A2'> to .^30 in formula (63)

[sin 21 cos j/]o=sin 2aj (1-3/2 sin^ i) =0.7214 (68)

For terms A^i to ^38 in formula (63)

[sin I sin^ +7 cos (2^+ j')]o=sin co sin^ ^u cos* ^i=0.0164 (69)

For terms /I39 to yl46 in formula (64)

[cos* i/ cos (2^-2j')]o=cos* ^co cos* ii= 0.9154 (70)

For terms ^47 to ^55 in formula (64)

[sin^ / cos 2v]o=sin2 w (1-3/2 sin^ i) =0.1565 (71)

For terms ^55 to A^^ in formula (64)

[sin* |/ cos (2^+2j')]o=sin* > cos* ^2= 0.0017 (72)

77. The ratio obtained by dividing the true obliquity factor for

any value of / by its mean value may be called a node factor since it is

a function of the longitude of the moon's node. The symbol generally

used for the node factor is the small/. The node factor may be used
with a mean constituent coefficient to obtain the true coefficient

corresponding to a given longitude of the moon's node. Node factors

for the several terms of formulas (62) to (64) may be expressed by the
following ratios:

/(A) to f(As) =J(Mm) = (2/3-sin2 7)/0.5021 (73)

KA,) to /(A3)=/(Mf)=sin2 1 /0.1578 (74)

f{Au) toJ(A2i) =/(0i) =sin / cos^ ^I /0.3800 (75)

/(^o) to/(A3o) =/(Ji) =sin 2/ /0.7214 (76)

f(A,,) tof(A,s) =/(00,) =sin / sin^ i/ /0.0164 (77)

/(.43n) to /(As) =/(M2) = cos* U /0.9154
"

(78)

/(At) to/(A5)=sin2 / /0.1565 (79)

J(A,,) to/(.463)=sin* i / /0.0017 (80)

Node factors for the middle of each calendar year from 1850 to 1999
are given in table 14 for the constituents used in the Coast and
Geodetic Survey tide-predicting machine. These include all the
factors above excepting formulas (79) and (80). However, since
formula (79) represents an increase of only about one per cent over
formula (74), the tabular values for the latter are readily adapted to

formula (79). Node factors change slowly and interpolations can be
made in table 14 for any desired part of the year. For practical

purposes, however, the values for the middle of the year are generally
taken as constant for the entire year.

78. The reciprocal of the node factor is called the reduction factor

and is usually represented by the capital F. Applied to tidal coeffi-

cients pertaining to any particular year, the reduction factors serve
to reduce them to a uniform standard in order that they may be
comparable. Logarithms of the reduction factors for every tenth of
a degree of I are given in table 12 for the constituents used on the
tide-predicting machine of this office.

79. Formulas (62), (63), and (64), for the long-period, diurnal, and
semidiurnal constituents of the vertical component of the tide-pro-
ducing force may now be summarized as follows:

Let £"= constituent argument from table 2

(7=mean constituent coefficient from table 2

/ =node factor from table 14
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Then

F,so /g=^/2 C/(l/2-3/2 sin^F) S/(7 cos E (81)

F,si /fir=3/2 C7 sin 2r 2/(7 cos E (82)

F,32 /5f=3/2 ?7 cos^F S/C cos ^ (83)

Latitude factors for each degree of Y are given in table 3. The
column symbol in this table is Fwith annexed letter and digits corre-

sponding to those in the designation of the tidal forces. Thus, Yc3o

represerits the latitude factor to be used with force i^„3o, its value
being equal to the function (1/2— 3/2 sin^F). Taking the numerical
value for the basic factor f/from table 1, the general coefficient 3/2 U
is found to be 0.8373 XIQ-^

HORIZONTAL COMPONENTS OF FORCE

80. The horizontal component of the principal part of the tide-

producing force as expressed by formula (25), page 14, is in the direc-

tion of the azimuth of the tide-producing body. This component
may be further resolved into a north-and-south and an east-and-west
direction. In the following discussion the south and west will be
considered as the positive directions for these components. Now let

Fss /.^= south component of principal tide-producing force

Fw3 /.9=west component of principal tide-producing force

A = azimuth of moon reckoned from the south through the west.

From formula (25), we then have

F,3 /^=3/2 {M/E){aldy sin 2z cos A (84)

F^3 Ig=3l2 (M/E) {a/dy sin 2z sin A (85)

81. Referring to figure 3, page 16, the angle P'PM equals yl, the
azimuth of the moon. Now, keeping in mind that the angle MFC
is the supplement of A, the angle PCM equals t, and the arcs AIC and
PC are the respective complements of D and F, we may obtain from
the spherical triangle MFC the following relations

:

sin z cos ^=— cos F sin D+sin F cos D cos t (86)

sin z sin ^=cos D sin t (87)

Multiplying each of the above equations by the value of cos z from
formula (31), the following equations may be derived:

sin 2z cos\A=2 sin z cos z cos A
= 3/4 sin 2F (2/3-2 sin^D)
— cos 2F sin 21) cos t

+ 1 /2 sin 2F cos^D cos 2 1 (8^)

sin 2z sin A=2 sin z cos z sin A
= sin F sin 2D sin t

-\-cosYcos'Dsm2t (89)

82. Substituting in (84) and (85) the quantities from equations (88)

and (89), we have

F,, Ig = 9/8 {MIE) {a/dy sin 2F (2/3- 2 sin'D) F^so /o

- 3/2 (MjE) {a/dy cos 2F sin 2Z> cos ^ F^zi /g

+3/4 {M/E) {a/dy sin 2F cos'D cos2t Fs32 /g (90)

F„,3 /^= 3/2 (M/E) {a/dy sin F sin 2Z> sin / F^^i /g

+ Z/2 {M/E) {a/dy cos Ycos'D sin 2t F^32 /g (91)
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The south component is expressed by three terms representing respec-
tively the long-period, diurnal, and semidiurnal constituents. For the
west component there are only two terms—the diurnal and semidiur-
nal, there being no long-period constituents in the west component.
Each term has been marked separately by a symbol with annexed
digits analogous to those used for the vertical component to indicate
the class to which the term belongs.

83. Comparing formula (90) for the south component with formula
(32) for the vertical component, it will be noted that the same functions
of I) and t are involved in the corresponding terms of both formulas,
and that the terms differ only in their numerical coefficient and the
latitude factor. Allowing for these differences, summarized formulas
analogous to those given for the vertical component (page 26) may
be readily formerl. In order to eliminate the negative sign of the
coefficient of the middle term, 180° will be applied to the arguments of
that term. With all symbols as before, we then have

Fm /g=^/8 U sin 2YXfC cos E (92)

F,^, /fif=3/2 U cos 2FS/C cos (^+180°) (93)

^.32 /S'= 3/4 U sin 2Y S JC cos E (94)

84. Comparing the two terms in formula (91) for the west com-
ponent with the corresponding terms in formula (32) for the vertical
component, it will be noted that the D functions are the same but that,

in (91) the sine replaces the cosine for the functions of t. It may be
shown that the corresponding development of these terms will be
the same as for the vertical component except that in the developed
series each argument will be represented by its sine instead of cosine.
In order that the summarized formulas m_ay be expressed in cosine,
functions, 90° will be subtracted from each argument. With the same
symbols as before and allowing for differences in the latitude factors,
we obtain

F„3i /g=3/2 t/ sin F S fC cos {E-90°) (95)

i^.,32 lg=S/2 C/ cos F S fC cos (£"-90°) (96)

85. Formulas for the horizontal component of tide-producing force
in any given direction may be derived as follows: Let A equal the
azimuth (measured from south through west) of given direction, and
let Faso Ig, Fasi lg,_ and FaZ2 Ig, respectively, represent the long-period,
diurnal, and semidiurnal terms of the component in this direction
Then

Fa?.^ Ig= F,^o IgX cos A (97)

Fa^x Ig= F,^, IgX cos ^+ F„,3i IgX sin A (98)

Fa-i2 Ig

=

i^,,32 IgX cos A+ Fy,^2 IgX sin yl (99)

As the long-period term has no west component, the summarized
formula for the azimuth A may be derived by simply introducing the
factor cos A into the coefficient of formula (92) . For the diurnal and
semidiurnal terms it is necessary to combine the resolved elements
from the south and west components.

86. Referring to formulas (93) to (96) and considering a single
constituent in each species we obtain the following:
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Diurnal constituent,

3/2 UjC [cos 2Fcos A cos (^+180°)+sin F sin ^ cos (i?-90°)]

= 3/2 UjC (—cos 2F cos A cos £;+sin F sin A sin E)
= 3/2 UjC Pi cos (£'-Xi) (100)

in which

Pi= (cos^ 2F cos^ ^+sin2 F sin^ ^)^ (101)

sin F sin A
Xi= tan" (102)

cos 2 F cos A
Semidiurnal constituent,

3/2 UjC [sin F cos F cos A cos ^+cos F sin /I cos (£:-90°)]

= 3/2 UjC cos F (sin F cos ^4 cos J5:+sin A sin E)

= 3/2 L^O P2 cos (^-X) (103)

in which

P2=cos F (sin^ F cos^ A+sin^ A)'^ (104)

sin AX=tan-i
sin F cos A (105)

87. Summarized formulas for the horizontal component of the

tide-producing force in any direction A may now be written as follows:

P«3o /^= 9/8 U sin 2F cos ^ 2/C cos E

P.31 /^=3/2 C/Pi S/Ccos (S-A'O

P«32 /^=3/2 f/P2 S/Ccos (E'-X)

(106)

(107)

(108)

the values for Pi, P2, Xi and X2 being obtained by formulas in the

preceding paragraph. Pi and Po are to be taken as positive and the

following table will be found convenient in determining the proper

quadrant for Xi and X2.

A
quadrant
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POLE

Figure 6.
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of nature does not even approximate to that which might be expected
under the assumed conditions, the theory is of value as an aid in

visuahzing the distribution of the tidal forces over the surface of the
earth. The theoretical tide formed under these conditions is known
as the equilibrium tide, and sometimes as the astronomical or gravita-

tional tide.

89. Under the equilibrium theory, the moon would tend to draw
the earth into the shape of a prolate spheroid with the longest axis

in line with the moon, thus producing one high water directly under
the moon and another one on the opposite side of the earth with a

low water belt extending entirely around the earth in a great circle

midway between the high water points. It may be shown mathe-
matically, however, that the total effect of the moon at its mean dis-

tance would be to raise the high water points about 14 inches above
the mean surface of the earth and depress the low water belt about
7 inches below this surface, giving a maximum range of tide of about
21 inches. The corresponding range due to the sun is about 10 inches.

Figures 5 and 6 illustrate on an exaggerated scale the theoretical

disturbing effect of the moon on the earth. In the first figure the

moon is assumed to be directly over the ecpiator and in the last figure

the moon is approximately at its greatest north declination.

90. With the moon over the equator (fig. 5), the range of the equi-

librium tide will be at a maximum at the equator and diminish to

zero at the poles and at any point there will be two high and low
waters of equal range with each rotation of the earth. With the

moon north or south of the equator (fig. 6), a declinational inequality

is introduced and the two high and low waters of the day for any given

latitude would no longer be equal except at the equator. This
inequality would increase with the latitude and near the poles only

one high and low water would occur with each rotation of the earth.

Although latitude is an important factor in determining the range of

the equilibrium tide, it is to be kept in mind that in the actual tide

of nature the latitude of a place has no direct effect upon the rise and
fall of the water.

91. A surface of equilibrium is a surface at every point of which the

sum of the potentials of all the forces is a constant. On such a

surface the resultant of all the forces at each point must be in the

direction of the normal to the surface at that point. If the earth

were a homogeneous mass with gravity as the only force acting, the

surface of equilibrium would be that of a sphere. Each additional

force will tend to disturb this spherical surface, and the total deforma-
tion will be represented by the sum of the disturbances of each of the

forces acting separately. In the following investigation we need not

be especially concerned with the more or less permanent deformation

due to the centrifugal force of the earth's rotation, since we may
assume that the disturbances of this spheriodal surface due to the

tidal forces will not differ materially from the disturbances in a true

spherical surface due to the same cause.

92. The potential at any point due to a force is the amount of work
that would be required to move a unit of matter from that point,

against the action of the force, to a position where the force is zero.

This amount of work will be independent of the path along which
the unit of matter is moved. If the force being considered is the

gravity of the earth the potential at any point will be the amount
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of work required to move a unit mass against the force of gravity
from the point to an infinite distance from the earth's center. For
the tide-producing force, the potential at any point will be measured
by the amount of work necessary to move the unit of mass to the
earth's center where this force is zero.

93. Referring to formula (21) for the vertical component of the tide-

producing force, if the unit g is replaced by the unit /x from equation

(15), the formula may be written as follows:

Fv=^^ (cos^ 2- l/3)r+.^^(5 cos^ z-Z cos zY (109)

94. Considering separately the tide-producing potential due to the
two terms in the above formula, let the potential for the first term
involving the cube of the moon's distance be represented by Fs and
the potential for the second term involving the 4th power of the
moon's distance by F4. In each case the work required to move a unit
mass against the force through an infinitesimal distance —dr toward
the center of the earth is the product of the force by —dr, and the
potential or total work required to move the particle to the center of

the earth may be obtained by integrating between the limits rand
zero. Thus

F3=-^(cos2.— l/3)J°rrfr

3mM
2d^

3uiM
2d*

(cos^e-l/S)/'^ (110)

(5 cos^ 2— 3 cos z) r^ dr

-|^(5 cos^ 2-3 cos 2)r3 (111)

95. At any instant of time the tide-producing potential at different

points on the earth's surface will depend upon the zenith distance (2)

of the moon and may be either positive or negative. It will now be
shown that the average tide-producing potential for all points on the
earth's surface, assuming it to be a sphere, is zero. Assume a series

of right conical surfaces with common apex at center of earth and axis

coinciding with the line joining centers of earth and moon, the angle
between the generating line and the axis being 2. These conical
surfaces separated by infinitesimal angle dz will cut the surface of the
sphere into a series of equipotential rings, the surface area of any ring
being equal to a 2 tt r^ sin 2 dz. The average potential for the entire

spherical surface may then be obtained by summing the products of

the ring areas and corresponding potentials and dividing the sum by
the total surface area of the sphere. Thus

Average Vs= ^ ,3
- (cos^ 2—1/3) sin 2 dz

=^^^T-l/3 cos^ 2+1/3 cos 2T=0 (112)
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Average Vi= ..^ I (5 cos^ 2—3 cos z) sin z dz

=^^["-5/4 cos* 2+3/2 cos^ 2 '=0
(113)

96. Let Vg represent the potential due to gravity at any point on
the earth's surface. Since the force of gravity at any point on or

above the earth's surface equals nE/r^, the corresponding potential

becomes

r"^r=^ (114)Vg=nE

If the earth is assumed to be a sphere with radius a, the gravitational

potential at each point wiU equal nEja, which may be taken as the
average gravitational potential over the surface of the earth.

97. For a surface of equihbrium under the combined action of

gravity and that part of the tide-producing force involving the cube
of the moon's distance the sum of the corresponding potentials must
be a constant, and since the average tide-producing potential for the

entire surface of the earth is zero (par. 95), the constant will be the

average gravitational potential or jxEja. Then from (110) and
(114) we have

F,+ n=^(cos=z-l/3)r^+^=*f (115)

Transposing and omitting common factor /x, we may obtain

i^-^)<^^
^2,l2{MfE){ald)\cos^ z-ljS) (116)

Let

r=a-\-h (117)

so that h represents the height of the equilibrium surface as referred

to the undisturbed spherical surface of an equivalent sphere. Then

-^?^'=(^^==/^/a-3(Va)^+6(W^-etc. (118)

As fraction h/a is very small, its greatest value being less than

0.000001, the powers above the first may be neglected. Substituting

in (116) and writing h with subscript 3 to identify it with the prin-

cipal tide-producing force, we have

A3 /a=3/2 (M/E){a/dy (cos' 2-1/3) (119)

98. Similarly, for a surface of equihbrium under the combined
action of gravity and the part of the tide-producing force involving

the 4th power of the moon's distance, we have from (111) and (114)

V,+ V,=i^,{5 cos^ 2-3 cos zy-\-^=^ (120)
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{r-a)a'
^^j^^ (_M/E){a/dy (5 cos' 2-3 cos 2) (121)

Letting r=a+^4 and expanding the first member of the above formula,
it becomes equal to A4 /a after the rejection of the higher powers of this

small fraction. The formula may then be written

hi /a=l/2 (M/E)(aldy (5 cos' z-S cos z) (122)

99. Formulas (119) and (122) involving the cube and 4th power of

the moon's parallax, respectively, represent the equilibrium heights
of the tide due to the corresponding forces, the heights being expressed
in respect to the mean radius (a) of the earth as the unit. In deriving
these formulas the centrifugal force of the earth's rotation was dis-

regarded and the resulting heights represent the disturbances in a
true spherical surface due to the action of the tide-producing force.

It may be inferred that in a condition of equilibrium the tidal forces

would produce like disturbances in the spheroidal surface of the earth
and the h of the formulas may therefore be taken as being referred to

the earth's surface as defined by the mean level of the sea.

100. The extreme limits of the equilibrium tide, applicable to the
time when the tide-producing body is nearest the earth, may be
obtained by substituting the proper numerical values in formulas
(119) and (122). They are given below for both moon and sun.

From formula (119) involving the cube of parallax

—

Greatest rise =1.46 feet for moon, or 0.57 foot for sun (123)

Lowest fall =0.73 foot for moon, or 0.28 foot for sun (124)

Extreme range=2.19 feet for moon, or 0.85 foot for sun. (125)

From formula (122) involving the 4th power of parallax

—

Greatest rise =0.026 foot for moon, or 0.000025 foot for sun (126)

Lowest fall =0.026 foot for moon, or 0.000025 foot for sun (127)

Extreme range= 0.052 foot for moon, or 0.00005 foot for sun. (128)

lOL A comparison of formulas (23) and (119), the first expressing
the relation of the vertical component of the principal tide-producing
force to the acceleration of gravity (g) and the other the relation of

the height of the corresi^onding equilibrium tide to the mean radius (a)

of the earth, will show that they are identical with the single excep-
tion that the coefficient of the height formula is one-half that of the
force formula. Therefore the development of the force formula into
a series of harmonic constituents is immediately applicable in obtain-
ing similar expressions for the equilibrium height of the tide. Using a
notation for the height terms corresponding to that used for the force
terms, let h^o /a, hsi /a, and A32 /a represent, respectively, the long-
period, diurnal, and semidiurnal terms of the equilibrium tide involv-
ing the cube of the moon's parallax. Then referring to formulas (81)
to (83) we may write

h^o /a=S/4. t7(l/2-3/2 sin^ 7) S/C cos E (129)

hi /a=3/4 U sin 2Y -2 fC cos E (130)

h,2 /a=d/4: Ucoa' Y ^ jC cos E (131)

the symbols having the same significance as in the preceding discussion
of the tidal forces.
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TERMS INVOLVING 4TH POWER OF MOON'S PARALLAX

102. Formulas (24) and (26) represent the vertical and horizontal

components of the part of the tide-producing force involving the 4th
power of the moon's parallax. This part of the force constitutes

only about 2 percent of the total tide-producing force of the moon
and for brevity will be called the lesser force to distinguish it from the

principal or primary part involving the cube of the parallax. The
vertical component F^i /g has its maximum value when z equals zero

and, if numerical values pertaining to the moon and sun when nearest

the earth are substituted in formula (24), the extreme values for this

component are found to be 0.37X10"^ for the moon and 0.35X10"^^
for the sun. The horizontal component Fai /g has its greatest value

when z equals about 31.09° and the substitution of numerical values

in formula (26) gives the extreme value of this component as

0.26X10-^ for the moon or 0.24X10"^^ for the sun.

103. Substituting in (24) the value of cos z from (31), the vertical

component of the lesser force is expanded into four terms as follows:

F,Jg=l5/4. {MIE)(a/dy&m Y(cos' Y-2/5) sinZ>(5 cos2Z>-2)_ F,,o /g

+45/8 (M/£;)(a/(;)*cosF(cos2F-4/5)cosZ>(5cos2Z}-4)cos^ F,4i jg

+45/4 (M/E) {a/dy sin Y cos^ Y sin D cos^ D cos 2t F„42 /g

+ 15/8 (M/E) (a/dy cos^ Y cos^ D cos 3t i^„43 Ig

(132)

These four terms represent, respectively, long-period, diurnal, semi-
diurnal, and terdiurnal constituents, according to the multiple of the
hour angle t involved in the term. Each term is followed by a symbol
which is analogous to those used in the development of the principal

force.

104. Each term in formula (132) may be further expanded by means
of the relations given in formulas (39) and (42). Expressing these

terms separately we have

—

i^r4o /^=15/4 (M/E){a/dy sin Y(cos' 7-2/5) X
[3 (sin 7-5/4 sin^ /) cos (j-90°)
+ 5/4 sin^ I cos (3j-90°)] (133)

F,,, /g=45/8 {M/E)(a/dy cos Y (cos^ 7-4/5) X
[5/4 sin- / cos^ hi cos (X-3j)
+ (1-10 sin^ i7+15 sin* i/) cos^ i/ cos (X-j)
+ (1-10 cos2 1/+15 cos'' i/) sin2 i/ cos (X+j)
+5/4 sin^ I sin^ i/ cos (X+3i)] (134)

F,i2 /^=45/8 (M/E)(a/dy sin F cos^ FX
[sin I cos* 1/ cos (2X- 3^+90°)
+ 3 (cos^ K-2/3) sin / cos^ i/ cos (2X-i-90°)
+ 3 (cos2 K-1/3) sin I sin^ i/ cos (2X+i-90°)
+ sin / sin* U cos (2^+3i-90°)] (135)

i^.43 /^=15/8 (M/E){a/dy cos^ FX
[cos^ 1/cos (3.Y-3i)
+ 3 cos* |/ sin2 i/ cos (SX-j)
+ 3 cos^ i/ sin* |/ cos (SX+j)
+ sin«i/cos (3.Y+3i)] (136)

105. If the common factor (a/dY in formulas (133) to (136) is

replaced by its equivalent (a/cyxic/dy, these formulas may be de-
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veloped into numerous constituent terms by a method similar to that
already described in the development of the principal lunar force

(paragraphs 59-69). In the following development constituents of

very small magnitude are omitted. Those given are numbered con-
secutively with the constituent terms of the principal lunar force.

F,,o Ig^^^lA {MIE){a/cy sin Y (cos^ F-2/5) X
[(sin 7-5/4 sin^ I){S{l+2e^) cos (s-90°-^)

+ 9e cos {2s-p-90°-^)
+ 3e cos (p-90°-^)}

+ sin3 /{5/4(l-6e2) cos (3s- 90° -3^)
+ 25/4 e cos (4s-2>-90°-3|) }] (137)

F,4i /g=4:5/8 {M/E)(a/cy cos Y (cos^ F-4/5)X
[sin2/cosH/{5/4(l-6e2) cos (r-3s+ ^+3^-j')

+25/4 e cos {T-4s-\-h-\-p+ 3^-v)]

+ (1 - 10 sin^ i/+ 15 sin* i/) cos^ -^I

{(l+2e2) cos(r-s+/«,+ ^-v) [Ml]
+3e cos {T-2s-^h+p+ ^-u)
+ e cos (T+h-p+ ^-p)}

+ (1 - 10 cos^ i/+ 15 cos'' 1/) sin^ i/
{(l+ 2e2) cos (T+s+h-^-v)
-}-3ecos (T^2s-^h-p-^-v)]] (138)

F,,2 /^=45/8 {M/E){ajcy sin F cos^ Y X
[sin 7cos*^/{(l-6e2) cos (2r-3s+2/i+90°+ 3^-2j')

+ 5e cos (2T-4s+ 2/i,+:p+ 90°+ 3^-2j')

+ g cos {2T-2si-2h-p-90°+ 3^-2v)]

+ (cos^ i/-2/3) sin I cos^ i/

{3(l+2e2) cos (2T-s+2/i-90°+ ^-2j/)

+ 9e cos (2r-2s+2A+;p-90°+ ^-2j')}

+ (cos^ i/- 1/3) sin 7 sin^ ^7
{3(l+2e2)cos (2r+s+2A-90°-^-2z.)}] (139)

7^.43 /fif=15/8 {MIE)(a/cy cos^ FX
[cosH^{(l-6e2) cos (3r-3s+ 3/i+3^-3v) M3

+ 5e cos (3r-4s+ 3/i+2>+ 3^-3»')

+ e cos (3r-2s+ 3/i-pH-180°+ 3^-3v)
+ 127/8 e' cos (3r-5s+ 3/i+2p+ 3^-3j')

+ 75/8 me cos (3r-4s+5A-p+ 3^-3i')}

+ cos* ^7 sin^ -^7

{3(l + 2e2) cos (3r-s+ 3/i+^-3j^)

+ 9e cos (3r-2s+ 3/t+2?+ ^-3»^)}] (140)

(^34

(^65

(-^66

(-^67

(-^69

(^71

(-^72

(^73

(Au
(^75

(-^76

(-^77

(-^78

(-479

(-^80

(^S

(-^82

(-483

(As,

(^85,

(^86:

(-4.87

(4-88

106. All of the constituent terms in formulas (137) to (140) are
relatively unimportant but they are listed in table 1 because of their
theoretical interest. The only one of these terms now used in the
prediction of tides is (^32) representing the constituent M3 which has
a speed exactly three-halves that of the principal lunar constituent
M2. Term (-471 ) is of interest in having a speed exactly one-half that
of M2 and is sometimes called the true Mi to distinguish it from the
composite Mi which is used in the prediction of tides and which will

be described later.
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107. For simplicity and the purposes of this pubhcation, the mean
vahies of the obliquity factors in the terms of the lesser tide-producing
force will be taken as the values pertlaining to the time when / equals
CO or 23.452°, excepting that for constituent M3 and associated terms
the mean has been obtained in accord with the system described in
paragraph 75. The corresponding node factors (paragraph 77) may
then be expressed by the following formulas in which the denominators
are the accepted means of the obhquity factors:

/(^64) to/(A5) = (sin/-5/4sin='/)/0.3192 (141)

/(A7) to/(^68)=sin3//0.0630 (142)

/(^eo) to/(/l7o)==sin2/cos2iJ/0.1518 (143)

J{An) to/(^73)= (l-10 sinV+lS sin^i/) cos2i//0.5873 (144)

j{Au) to/(^75) = (l-10 COS21/+15 cos*i/) sin2i7/0.2147 (145)

/(^76) to /(Ays) = sin / cos^i//0.3658 (146)

/(^rg) to /(^so) = (cos^ij- 2/3) sin / cos^iJ/0. 1 114 (147)

j{A^;) = (cos-iJ- 1/3) sin I sin"i//0.0103 (148)

J(A,,) tof(As,)=f{M,)=cos'hI/0.8758 (149)

/(At) to /(.4s8) = cos^iJ sin2i//0.0380 (150)

Comparing formulas (149) and (78), it will be noted that the node
factor for M3 is equal to the node factor for M2 raised to the 3/2
power. Computed values applicable to terms As2 to Ase are included
in table 14 for years 1850 to 1999, inclusive.

108. For the tabulated constituent coefficients of the terms in

formulas (137) to (140) there are included not only the elliptic and
mean obliquity factors but also such other factors as may be necessary
to permit the use of the general coefficient (3/2 U) of formulas (81)

to (83) for the vertical component of the principal tide-producing
force. The common coefficient (AI/E) {a/cY of formulas (137) to

(140) is equal to U multiplied by the parallax a/c, and the latter

together Avith the necessary numerical factors is included in the
constituent coefficients in table 2. Formulas (137) to (140) may
then be summarized as follows:

Fmo /g=Sl2 Usin Y{cos'Y-2/5) 2/Ccos E (151)

^.41 19=^/2 Ucos F(cos2F-4/5) 2/(7 cos E (152)

Fh2 /^=3/2 U sin Y cos^F S/(7 cos E (153)

F,iz lg=S/2 U cos'Y llfC cos E (154)

109. It is to be noted that in formulas (151), (152), and (153), the
maximum value of the latitude factor in each is less than unity, being
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0.4, 0.2754, and 0.3849, respectively, if the sign of the function is

disregarded. In formula (154), as in the corresponding formulas for

the principal tide-producing force, the maximum value of this factor

is unity. In comparing the relative importance of the various con-
stituents of the tide-producing force the latitude factor should be in-

cluded with the mean coefficient. Attention is also called to the fact

that the relative importance of the constituents involving the 4th
power of the moon's parallax is greater in respect to the vertical com-
ponent of the tide-producing force than in respect to the height of the
equilibrium tide. In table 2 the mean coefficients are taken com-
parable in respect to the vertical component of the tide-producing
force and the constituent coefficients pertaining to the lesser force are
therefore 50 percent greater than they would be if taken comparable
in respect to the equilibrium tide.

110. The south and west horizontal components of the lesser tide-

producing force may be obtained by multiplying formula (26) by cos
A and sin A, respectively. Using the same system of notation as
before, we then have

F,, /g=3/2 (M/E) {a/dy sin z (5 cos^ z-1) cos A (155)

F^oi /^=-3/2 (AI/E) {aldy sin z (5 cos^ z-l) sm A (156)

111. By means of the relations expressed in formulas (31), (86),
and (87), the above component forces may be separated into long-
period, diurnal, semidiurnal, and terdiurnal terms as follows:

South component,

i^.4o/fir==-15/4 {M/E) (a/dy cos Y{cos^Y-4l5) smD{5 cos'D-2) (157)

Fsii /g=^5/8 iM/E)(aldy sin F(cos2F-4/15) cos D(5 cos'D-4:) cos t

(158)
Fs42 fg= -45/4 (M/E) {aldy cos r(cos2F-2/3) sin B cos'D cos 2t (159)

F,,, lg= 15/8 {MIE) {aldy sin Y cos^F cos^D cos 2,t (160)

West component,

Fy,i, lg=^ 15/8 (MIE) {a/dy{cos'Y-4:/5) cos D{5 cos2Z?-4) sin t (161)

F^o42 lg= 15/4 {MIE) {aldy sin 2Y sin D cos'D sin 2t (162)

F^iz lg= 15/8 {MIE) {aldy cos'Y cos^D sin 3t (163)

112. Comparing formulas (157) to (160) for the south component
force with the corresponding terms of (132) for the vertical com-
ponent, it will be noted that they differ only in the latitude factors
and in sign for two of the terms. With adjustments for these dif-

ferences the summarized formulas (151) to (154) are directly applicable
for expressing the corresponding terms in the south component.
Thus

Fsio lg^Sl2 U cos Y{cos'Y-4:l5) S/C cos{E-i- 180°) (164)

Fsii Ig=3l2 U sin r(cos2r-4/15) 2/(7 cos E (165)

Fsi2 lg=Sl2 Ucos Y{cos'Y-2l3) S/(7 cos(£'+180°) (166)

F,,, lg=Sl2 U sin Y cos^Y S/(7 cos E (167)

113. For the west component there is no long-period term. Com-
paring (161) to (163) with the corresponding terms of (132), it will
be noted that the ^-functions are expressed as sines instead of cosines
but they may be changed to the latter by subtracting 90° from each
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argument. With this change and allowing for differences in the
latitude factors and numerical coefficients, the summarized formulas
for the west component will be similar to those for the vertical com-
ponent and may be written as follows:

FuAi lg=l/2 U {cos'Y-4/5) 2/C cos (i?-90°) (168)

-P'i.42 /sr=l/2 Usm2YXjC cos (E-90°) (169)

F^is /g=d/2 U cos'Y XfC cos (£"-90°) (170)

114. To obtain the horizontal component of the lesser force in any
direction, the same procedure may be followed as was used for the
principal tide-producing force (paragraphs 85 to 87) . With the same
system of notation we then have

Faio/g=^/2 Ucos F(cos2r-4/5) cos AXfC cos (£"+180°) (171)

Fail /g=^/2 U Pi S/C cos (E-XO (172)

Fa,2 /g=m UP.^jC cos {E-X2) (173)

Fa,^ /g=S/2 UP.-ZjC cos {E-X,) (174)

in which

Pi= [sin2F(cos2F-4/15)2 cosM+ 1/9 (003^7-4/5)2 ginMj^^ (175)

P2=cos Y[{cos^Y-2j2,y 003^^+4/9 sin^F sin^^]^^ (176)

P3=cos2F(sin2F cos^^+sinM)^^ (177)

V ^„„-i (cos^F— 4/5) sin A .

^^-^^"^
3 sin F(cos2F-4/15) cos A ^^^^^

V j_
, 2 sin F sin ^ /-.-^n^^^^"^ -3(cos2F-2/3)cosA ^^^^^

X3=tan-' ^!^^ . (180)sm F cos A ^ '

The proper quadrants for X\, A'o, and Xz will be determined by the

signs of the numerators and denominators in the above expressions,

these signs being respectively the same as for the sine and cosine of

the corresponding angles.

115. Comparing formula (122) for the equilibrium height of the

tide due to the lesser tide-producing force with formula (24) for the

vertical component of the force, it will be noted that they are the
same with the exception that the numerical coefficient of the former
is one-third that of the latter. With this change, the summarized
formulas (151) to (154) for the vertical force may be used to express

the corresponding equilibrium heights. Following the same system
of notation as before, we have

^40 /a=l/2 L^sin F(cos2F-2/5) ZfCcos E (181)

hi /a=l/2 Ucos F(cos2F-4/5) 2/(7 cos E (182)

hi. /a= 1/2 U sin F cos^F 2/C cos E (183)

A43 /a=l/2 C/cos^FS/Ccos £ (184)

It is to be noted that the equilibrium height of the tide due to the

principal tide-producing force when measm'ed by the mean radius of

the earth as a imit is one-half as great as the corresponding vertical

component force referred to the mean acceleration of gravity as a

unit, while the equilibrium height due to the lesser tide producing
force similarly expressed is only one-third as great as the corresponding
force. In table 2, the coefficients (C) of the constituents derived
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from the lesser force are made comparable with the others in respect

to the vertical component force rather than in respect to the equi-
librium height.

SOLAR TIDES

116. Since the tide-producing force of the sun is similar in action
to that of the moon, the formulas derived for the latter are applicable,

with suitable substitutions, to the solar forces. Referring to formulas

(62), (63), and (64), let C7 be replaced by U\ representing the product
(S/E)(a/ciy in which aSIs the mass of the sun and (a/ci) its mean parallax.

Also replace e by ei, the eccentricity of the earth's orbit; / by co, the
obliquity of the ecliptic; s by h, the mean longitude of the sun; and
p by pi, the longitude of the solar perigee. For the solar forces the
arcs ^ and v become zero and all terms representing the evectional
and variational inequalities are omitted.

117. Making the changes indicated the solar constituents are now
expressed in the following formulas. Each term is marked for iden-
tification by the letter B with the same subscript used for the corre-

sponding term in the lunar tide. The usual constituent symbol is

also given for the more important terms. Using the same system of

notation as before,

Solar i^,3o /g =3/2 U, (1/2-3/2 sin^ F)X
(Bi) [(2/3-sin2 w){ (1+3/2 e\) permanent term
(^2) +3 61 cos (h—pi)
[Bs) +9/2 e^ cos (2h-2p^)]

(B,) +sin2 CO {(1-5/2 e^j) cos 2A Ssa
(^7) +7/2 e, cos (3h-pr)
(B,) +112 e, cos (/^+pi+ 180°)

(^9) +17/2 e^j cos (4/^-2^0 }] (185)

Solar F,3i Ig=3l2 Ui sin 2YX
{Bu) [sin CO cos^iwf (1-5/2 e^,) cos {T-h+90°) Pi

(5i5) +7/2eiCos (T-2/i+pi+ 90°) ttj

(Bu) +1/2 ei cos (r-p,-90°)
(Bn) +17/2 e\ cos {T-3h+2p,-{-90°)

]

(B22) +sin 2co{ (1/2+ 3/4 e\) cos (T+h-^0°) [Kd
(^23) +3/4 ei cos (r+:pi-90°)
(^24) +3/4erCos (T+2h-p,-90°) i^i

(^25) +9/8 e\ cos (T-h+2p^-90°)
(B26} +9/8 e\ cos (T+3h-2pi-90°)]
(B31) +sin CO sin^ -^cof (1-5/2 e\) cos (T+3/i,-90°)_._ 0i

(^32) +7/2 ei cos (T+4A-pi-90°)
(^33) +1/2 ei cos (T+2/i+2?i+90°)
(534) +17/2 e^j cos (T+5/^-2^1-90°)}] (186)

Solar i^„32 /9'=3/2 Ui cos^ YX
(^39) [cos* ^co{ (1-5/2 e\) cos (2T) S2

(^40) +7/2 ei cos (2T-h-\-pi) T2
(54i) +1/2 ei cos (2T+h-pi+l80°) R2
(B42) +17/2 e2, cos (2T-2A+2:Pi)}
(^47) +sin2co{(l/2+3/4e2j) cos (2T+2/i) [K2I

(^48) +3/4 61 cos (2r+A+2>i)
(^49) +3/4 61 cos (2r+3A-:pi)

(Formula continued on next page)
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(B,o) +9/8 e\ COS (2T+2p{)
{Ba) +9/8 e\ cos (2^+4/^-2^0

}

(^se) +sin^ +a){ (1-5/2 e\) cos (2^+4/^)
(^57)

" +7/2 ei cos (2r+5A-:pi)
(^58) +1/2 ei cos (2r+3/i+:pi+180°)
(As) +17/2 e^ cos (2r+6/i-22)i) }]

_
118. The general coefficient for the solar tide-producing force

differs from that of the lunar force in the basic factor. From the
fundamental data in table 1, the ratio of UijU is found to be 0.4602.
This ratio, which will be designated as the solar factor with symbol S'

,

represents the theoretical relation between the principal solar and
lunar tide-producing forces. In computing the constituent coefficients

of the solar terms for use in table 2, the solar factor was included in

order that the same general coefficient may be applicable to both
lunar and solar terms. All of the summarized formulas involving the
coefficients and arguments of table 2 are therefore applicable to both
lunar and solar constituents. For the solar constituents, however,
the node factor if) is always unity since w, the obliquity of the ecliptiC;

may be considered as a constant.
119. By substituting solar elements in formulas (137) to (140) the

corresponding solar constituents pertaining to the 4th power of the
sun's parallax are readily obtained. Since the theoretical magnitude
of the lesser solar tide-producing force is less than 0.00002 part of the
total tide-producing force of moon and sun, it is usually disregarded
altogether. However, certain interest is attached to three of the
constituents which are considered in connection with shallow water
and meteorological tides (p. 46). These are constituents Sa, Si, and
S3, corresponding respectively to terms A(,i, An, and ^32 of the lunar
series. They are listed in table 2 with reference letter B and cor-

responding subscripts. Sa has a speed one-half that of constituent
Ssa represented by term B^ of formula (185). Its theoretical argu-
ment as derived from term A^^ contains the constant 90°, but being
considered as a meteorological rather than an astronomical consti-

tuent, this constant is omitted from the argument. Constituents Si

and S3 have speeds respectively one-half and three-halves that of the
principal solar constituent S2.

120. The arguments of a number of the solar constituents include
the element pi which represents the longitude of the solar perigee.

As this changes less than 2° in a century, it may be considered as

practically constant for the entire century. Referring to table 4 it

will be noted that jh changes from 281.22° in 1900 to 282.94° in 2000.
The value of 282° may therefore be adopted without material error

for all work relating to the present century. With pi taken as a
constant, it will be found that a number of terms in table 2 have the
same speeds and may therefore be expected to merge into single

constituents. Thus, constituents receiving contributions from more
than one term are as follows: Sa from terms B2, B^, and ^54; Ssa
from terms -^3 and Bq-, Pj from terms B^ and B25; Si from terms B^^,

B23, and Byii >pi from terms ^24 and B^^', 4>i from terms B2& and ^31;
S2 from terms -S39 and ^50; and II2 from terms 541 and B^^. A few
other solar terms also merge.
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THE Ml TIDE

121. The separation of constituents from each other by the process
of the analysis depends upon the differences in their speeds. Constit-
uents with nearly equal speeds are not readily separated unless the
analysis covers a very long series of observations but they tend to
merge and form a single composite constituent. In formula (63),
terms Ai6 and ^23 have nearly equal speeds, one being a little less and the
other a little greater than one-half the speed of the principal lunar
constituent M2. These two terms are usually considered as a single

constituent and represented by the symbol Mi. Neglecting for the
present the general coefficient and common latitude factor, the two
terms may be written as follows:

term ^i6=l/2 e sin / cos^ i/cos (T-s+/t-p-90°+ 2^-j^) (188)

term ^23^3/2 e sin / cos I cos (T—s+/t+p— 90°— j') (189)

The latter term, having a coefficient nearly three times as great as
that of the first term, will predominate and determine the speed and
period of the composite tide while the first term introduces certain
inequalities in the coefficient and argument.

122. For brevity, let A and B represent the respective coefficients

of terms Ay^ and Ati and let

^=T-s+/i,+;p-90°-f' (190)

itude of the lunar perigee reckoned from

P=P+^ (191)

Also let P equal the mean longitude of the lunar perigee reckoned from
the lunar intersection. Then

We then have

term Ax(,=A cos (d—2P)
=A cos 2P cos e+A sin 2P sin d (192)

term ^3=5 cos 9 (193)

Mi=yli6+^23=(^ cos 2P+B) cos 0+^ sin 2P sin d

= iA'+2AB cos 2P+52)i cos fg-tan-^ /^^^^p^pl^

L A cos 2P-rPJ
^e^ml^^Ul^^^ (T-s+A+i)-90°-.-(?J (194)

in which

l/e„=[l/4+3/2^^cos 2P+9/4^J* (195)

rx J. 1
sin2P /.^„x^-^^^ 3cos//cos^i7+cos2P ^^^^^

If I is given its mean value corresponding to co, formula (195) may be
reduced to the form

1/Qa= (2.310+1.435 cos 2P)i (197)

Values of log Qa for each degree of P based upon formula (197) are
given in table 9.
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123. The period of the composite constituent Mj is very nearly an

exact multiple of the period of the principal lunar constituent M2,

and for this reason the summations which are necessary for the

analysis of the latter may be conveniently adapted to the analysis of

the former. With other symbols as before, let

e=T-s+h-90°+^-v (198)

Terms ^,6 and A23 may then be combined as follows:

term AiQ=A cos (d—P)
=yl cos P cos di-A sin P sin d (199)

term ^23=5 cos (0+P)
=B cos P cos d-B sin P sin d (200)

Mi=Ai6-^A2z={A^B) cos P cos d+{A-B) sin P sin 6

= {A^+2AB cos 2P+B')i cos r9-tan-i('^^tan pj]

e sin I cosV^,os(2^_5^;,_90o+^_,+ Q) (201)

in which

If 7 is given its mean value corresponding to co, formula (202) may
be reduced to the following form which was used for computing the

values of Q in table 10.

tan ^= 0.483 tan P (203)

124. Formulas (194) and (201) are the same except in the method
of representing the argument. The elements -\-p ~Qu in the first

formula are replaced by +^+Q in the latter, but it may be shown
from (196) and (202) that

Qu+Q=P=V-^ (204)

V-Qu^^-VQ (205)

The complete arguments are therefore equal but in formula (201)

the uniformly varying element p has been transferred from the V
of the argument and included in the value of Q where it is treated

as a constant for a series of observations being analyzed. The speed

of the argument as determined by the* remaining part of the V is

then exactly one-half that of the principal constituent M2 and with

this assumption the summations for the latter may be adapted to the

analysis of the former. It is to be noted, however, that the u in

this case has a progressive forward change of nearly 41° each year.

The true average speed of this constituent is determined by the V
•of formula (194) which includes the element jp.

125. The obliquity factor for the composite Mj constituent may be

expressed by the formula sin I cos^lX l/<?a- According to the work of

Darwin (Scientific Papers by Sir George H.Darwin, vol. 1, p. 39) the
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mean value of this factor is represented by the product sin w cos^ ^ co

cos*irXV2.307, which equals 0.3800X1.52, or 0.5776. When
deriving the node-factor formula for Mi, Darwin inadvertently omitted

the factor V2-307 and obtained the approximate equivalent of the
following:

Comparing the above with formula (75), it will be noted that

/(M0=/(O0Xl/^a (207)

Factors pertaining to constituent Mi in tables 13 and 14 are based
upon the above formulas.

126. Because of the omission of the factor ^2-307 from formula
(206), the node factors for Mi which have been in general use since

this system of tidal reductions was adopted are about 50 percent
greater than was originally intended, while the reciprocal reduction
factors are correspondingly too small. This constituent is relatively

unimportant and no practical difficulties have resulted from the omis-
sion. The Ml amplitudes as reduced from the observational data are
comparable among themselves but should be increased by 50 percent
to be on the same basis as the amplitudes of other constituents. The
predicted tides have not been affected in the least since the node
factors and reduction factors are reciprocal and compensating. The
theoretical mean coefficient for this constituent with the factor V2.307
included is 0.0317; but in order that this coefficient may be adapted
for use with the tabular node factors when computing tidal forces or
the equilibrium height of the tide, the coefficient 0.0209 with the

factor V2-307 excluded should be used.

127. Although Ml is one of the relatively imimportant constituents
and the error in the node factor has caused no serious difficulties, it

may be questionable whether it should be perpetuated. It is obvious,
however, that any change in the present procedure would lead to much
confusion unless undertaken by general agreement among all the
principal organizations engaged in tidal work. By making any change
applicable to the analysis of all series of observations beginning after

a certain specified date it would be possible to interpret the results on
the basis of the period covered by the observations without the neces-
sity of revising all previously published amplitudes for this constituent.

THE L2 TIDE

128. The composite L2 constituent is formed by combining terms
A41 and Aifi of formula (64). Neglecting the general coefficient and
common latitude factor these terms may be written

term ^41= 1/2 e cos* i/ cos {2T-s+2h-p+ 180°+ 2^-2v) (208)

term Ais=S/4: e sin^ / cos {2T-s+2hi-p-2v) (209)

A reference to table 2 will show that the mean coefficient of the first

term is about four times as great as that of the latter term. The first
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term will therefore predominate and determine the speed of the

composite constituent.

129. With other symbols as before, let A and B represent the

respective coefficients of the two terms and d the argument of the

first term. We then have

Aii=A cos d (210)

Ais=B cos (d+2P-180°)= -B cos (0+2P) (211)

L2=^4i+^48= (A—B cos 2P) cos d-\-B sin 2P sin d

= {A'-2AB cos 2P-^B')i cos [g-tan'^^f^'^^^^^p
j

= 1/2 6-^^/cos i2T-s^2h-j)+lS0°+2^-2v-R) (212)

in which

1/P„=(1-12 tan^ ^I cos 2P+36 tan* ^/)^ (213)

sin 2P (214)
P=tan"

1/6 cot' ^7- cos 2P

Values of log Pa and R computed from the above formulas are given

in tables 7 and 8, respectively.

130. The obliquity factor for the composite L2 constituent may be

expressed by the formula cos" -^/Xl/Pa- The mean value of 1/Pa is

approximately unity, and in accord with the Darwinian system the

mean for the entire obliquity factor is taken as the product cos*

•^ 0} cos^^i, which equals 0.9154 and is the same as the mean value of

the obliquity factor for the principal constituent Mg. Multiplying

this by the elliptic factor |e gives 0.0251 as the mean constituent

coefficient.

131. The node factor formula for constituent L2 based upon the

above mean for the obliquity factor is as follows:

^^^^^='^^5 X l/^a=/(M2) X 1/Pa (215)

Node factors for constituent Lg based upon the above formula are

included in table 14 for the middle of each year from 1850 to 1999,

inclusive. The logarithms of the reciprocal reduction factors covering

the period 1900 to 2000 are contained in table 13.

LUNISOLAR Ki AND K2 TIDES

132. Lunar diurnal term A22 of formula (63) and solar diurnal

term P22 of formula (186) have the same speed. Together they form

the lunisolar Ki constituent. Also, lunar semidiurnal term ^47 of

formula (64) and solar semidiurnal term P47 of formula (187) have

speeds exactly twice that of constituent Ki and together form the

lunisolar Kg constituent. In order that the solar terms may have

the same general coefficient as the lunar terms, the solar factor

UJU, which will be designated by the symbol S', will be transferred

from the general coefficient of the solar terms and included in the

constituent coefficients. Then, neglecting the general coefficient and
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latitude factors common to the terms combined, we have the following-

formulas in which numerical values from table 1 have been sub-
stituted for constant quantities.

term ^2a=-(l/2+3/4e2) sin 2/ cos (T-\-h-90°-v)
= 0.5023 sin 2/ cos (T+A-90°-v) (216)

term B22= (1/2+ 3/4:el)S' sin 2 co cos (T+h-90°)
= 0.1681 cos (T+h-90°) (217)

term^47=(l/2+ 3/4e2) sin^/ cos (2r+2A-2j^)
= 0.5023 sin^/ cos i2T-\-2h-2v) (218)

term 547=(l/2+ 3/4ef)»S' sin^ co cos (2T+2h)
= 0.0365 cos {T+2h) (219)

133. Taking first the diurnal terms, let A represent the lunar co-

efficient 0.5023 sin 2/ and let B represent the solar coefficient 0.1681.

We then have

A22-=A cos (T+h-90°-v)
=A cos V cos {T+h-90°)+A sin u sin (T+/t-90°) (220)

B22=B cos (T+h-90°) (221)

Ki=(A cos v+B) cos {T+h-90°)+A sin v sin {T+h-90°)

= (A'+2AB cos v+BY' cos fr+A-gO^-tan-^ .
^ ^^" ''

pi^

L ^ cos J'+ijJ
= Ci cos (T+/i-90°-/) (222)

in which

Ci= {A'+2AB cos v+B')^

= (0.2523 sin^ 2/+ 0.1689 sin 2/ cos i/+ 0.0283)"^ (223)

, , _j ^ sin V , _, sin 2/ sin i^ ,^^..
J' =tan ^-j r-D=tan '—.—^77 , ^ „„ .„ (224)A cos v-{-B sm 2/ cos j^+0.3347 ^

Values of v' for each degree of N, which is the longitude of the
moon's node, are included in table 6.

134. The obliquity factor for Kj will be taken to include the entire

coefficient (^^+2^15 cosv-{-B^)i and its mean value will be taken as
the mean of the product (A~-\-2AB cos v +5^)^ cos v'.

From (224) we may obtain

cos /= (A cos v+B)/(A''+2AB cos v+B^)^ (225)

Then for mean value of coefficient of Ki

[{A'^+2AB cos v+B')i cos v']o=[A cos v+5]o
= [0.5023 sin 2/ cos j/+0.1681]o=0.5305 (226)

the numerical mean for sin 27 cos v being obtained from formula (68)

.

For the node factor of Ki divide the coefficient of (222) by its mean
value and obtain

/(i?i) = (0.2523 sin^ 2/+0.1689 sin 2/ cos j'+ 0.0283)V0.5305
= (0.8965 sin2 27+0.6001 sin 27 cos 1^+0.1006)^ (227)
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The node factors for the middle of each year 1850 to 1999 are included
in table 14. Logarithms of the reciprocal reduction factors for each
tenth of a degree of / are given in table 12.

135. The semidiurnal terms ^47 and B^^ may be combined in a
similar manner. Letting A represent the lunar coefficient 0.5023
sin^/ and B the solar coefficient 0.0365, we have

A„=A cos {2T+2h-2v)
=A cos 2v cos {2T+2h)-\-A sin 2v sin (2Ti-2h) (228)

^47=5 cos (2T+2h) (229)

K2=iA cos 2v-\-B) cos i2T-\-2h)+A sin 2v sin {2T+2h)_

= (A'+2AB cos 2p+B')i cos \2T+2h-tiin-' .
^ ^^^

^1" r> 1
L ^ cos 2v-\-B J

-(72COS (2T+2/1-2/') (230)

in which

C2={A'+2AB cos 2p+B')i

= (0.2523 sin* 7+0.0367 sin^ I cos 2j^+0.0013)' (231)

^ ,, ^ , A sin 2v ^ ,
sin ^7 sin 2v

2v =tan~^ -i 7^—r-^= tan~A cos 2v^B sin^ 7 cos 2i/+ 0.0727 (232)

Values for 2v" for each degree of N are included in table 6.

136. The obliquity factor for K2 will be taken to include the entire

coefficient (A^-\-2AB cos 2?/ +-6^)^ and its mean value will be taken
as the mean of the product {A^-\-2AB cos 2v-\-B^)i cos 2v''.

Prom (232)

cos 2v"=(A cos 2v+B)/(A^+2AB cos 2v-\-B^)^ (233)

Then for the mean value of coefficient of K2

[{A^^2AB cos 2v-\-B^)i cos 2v"]o=[A cos 2p+B]o
= [0.5023 sin^ 7 cos 2j'+0.0365]o=0.1151 (234)

the numerical mean for sin^ 7 cos 2v being obtained from formula
(71). For the node factor of K2 divide the coefficient of (230) by its

mean value and obtain

/(K2) = (0.2523 sin* 7+0.0367 sin^ 7 cos 2^+0.0013)' /0.1151

= (19.0444 sin* 7+2.7702 sin^ 7 cos 2j/+0.0981)* (235)

See table 14 for node factors and table 12 for reciprocal reduction
factors.

METEOROLOGICAL AND SHALLOW-WATER TIDES

137. In addition to the elementary constituents obtained from the
development of the tide-producing forces of the moon and the sun,

there are a number of harmonic terms that have their origin in

meteorological changes or in shallow-water conditions. Variations
in temperature, barometric pressure, and in the direction and force
of the wind may be expected to cause fluctuations in the water level.

Although in general such fluctuations are very irregular, there are
some seasonal and daily variations which occur with a rough periodic-

ity that admit of being expressed by harmonic terms. The meteoro-
logical constituents usually taken into account in the tidal analysis are
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Sa, Ssa, and Si with periods corresponding respectively to the tropical

year, the half tropical year, and the solar day. These constituents

are represented also by terms in the development of the tide-producing

force of the sun but they are considered of greater importance as

meteorological tides. Ssa occurs in the development of the principal

solar force while Sa and Si would appear in a development involving
the 4th power of the solar parallax (par. 119). In the analysis of tide

observations both Sa and Ssa are usually found to have an appreciable

affect on the water level. Constituent Si is relatively of little im-
portance in its effect on the height of the tide but has been more
noticeable in the velocity of off-shore tidal currents, probably as a
result of periodic land and sea breezes.

138. The shallow-water constituents result from the fact that when
a wave runs into shallow water its trough is retarded more than its

crest and the wave loses its simple harmonic form. The shallow-water
constituents are classified as overtides and compound tides, the over-

tide having a speed that is an exact multiple of one of the elementary
constituents and the compound tide a speed that equals the sum or

difference of the speeds of two or more elementary constituents.

139. The overtides were so named because of their analogy to the

overtones in musical sounds and they may be considered as the

higher harmonics of the fundamental tides. The only overtides

usually taken into account in tidal work are the harmonics of the
principal lunar and solar semidiurnal constituents M2 and S2, the lunar
series being designated by the symbols M4, Mg, and Mg, and the solar

series by S4, Se, and Sg. The subscript indicates the number of

periods in the constituent day. These overtides with their argu-
ments and speeds are included in table 2a, the arguments and speeds
being taken as exact multiples of those of the fundamental con-
stituent. There are no theoretical expressions for the coefficients of

the overtides but it is assumed that the amplitudes of the lunar series

undergo variations due to changes in the longitude of the moon's
node which are analogous to those in the fundamental tide. The
node factors for M4, Ms, and Mg, respectively, are taken as the
square, the cube, and the fourth power of the corresponding factor

for M2. For the solar terms this factor is always zero.

140. Compound tides were suggested by Helmholtz's theory of

sound waves. Innumerable combinations are possible but the prin-

cipal elementary constituents involved are M2, S2, N2, Ki, and Oi.
Table 2a includes the compound tides listed in International Hydro-
graphic Bureau Special Publication No. 26, which is a compilation of

the tidal harmonic constants for the world. The argument of a
compound tide equals the sum or difference of the arguments of the
elementary constituents of which it is compounded. The node
factor is taken as the product of the node factors of the same con-
stituents. Table 2a contains the arguments, speeds, and node
factors of these tides.

141. Omitted from table 2a are a number of compound tides which
have the same speeds as elementary constituents included in table 2.

Thus, 2MS2, compounded by formula 2M2— S2, has the same speed as

constituent jU2 represented by term A45 of formula (64). Considered
as a compound tide there w^ould be a small difference in the u of the
argument and also in the node factor. Since there is no practical
way of separating the elementary constituent from the compound
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tide of the same speed, this has been treated solely as an elementary
constituent. Constituent MSf represented by term A^ of formula (62)

has the same speed as a compound tide of formula S2— M2. This con-

stituent is relatively unimportant and it makes little difference whether
treated as an elementary or a compound tide. Following the pre-

vious practice in this office it is treated in the harmonic analysis as a
compound tide with corresponding argument and node factor. When
included in the computation of tidal forces, however, the argument
and node factor indicated in table 2 should be used.



ANALYSIS OF OBSERVATIONS

HARMONIC CONSTANTS

142. In the preceding discussion it has been shown that under the

equilibrium theory the height of a theoretical tide at any place can be

expressed mathematically by the sum of a number of harmonic terms

involving certain astronomical data and the location of the place.

It has also been pointed out that for obvious reasons the actual tide

of nature does not conform to the theoretical equilibrium tide. How-
ever, the tide of nature can be conceived as being composed of the

sum of a number of harmonic constituents having the same periods

as those found in the tide-producing force. Although the complexity

of the tidal movement is too great to permit a theoretical computation

based upon astronomical conditions only, it is possible through the

analysis of observational data at any place to obtain certain constants

which can be introduced into the theoretical formulas and thus adapt

them for the computation of the tide for any desired time.

143. In the formulas obtained for the height of the equilibrium

tide each constituent term consists of the product of a coefficient by
the cosine of an argument. For corresponding formulas expressing

the actual height of the tide at any place, the entire theoretical coeffi-

cient including the latitude factor and the common general coefficient

is replaced by a coefficient determined from an analysis of observa-

tional data for the station. This tidal coefficient, which is known as

the amplitude of the constituent, is assumed to be subject to the same
variations arising from changes in the longitude of the moon's node

as the coefficient of the corresponding term in the equilibrmm tide.

The amplitude pertaining to any particular year is usually designated

by the symbol R wliile its mean value for an entire node period is

represented by the symbol H. Amplitudes derived directly from an

analysis of a limited series of observations must be multiplied by the

reduction factor F (par. 78) to obtain the mean amplitudes of the

harmonic constants. For the prediction of tides, the mean ampli-

tudes must be multiplied by the node factor/ (par. 77)_to_ obtain the

amplitudes pertaining to the year for which the predictions are to

be made.
144. The phases of the constituents of the actual tide do not in

general coincide with the phases of the corresponding constituents

of the equilibrium tide but there may be lags varying from to 360°.

The interval between the high water phase of an equilibrium con-

stituent and the following high water of the corresponding constituent

in the actual tide is known as the iihase lag or epoch of the constituent

and is represented by the symbol k (kappa) which is expressed in

angular measure. The amplitudes and epochs together are called

harmonic constants and are the quantities sought in the harmonic

analysis of tides. Each locality has a separate set of harmonic con-

stants which can be derived only from observational data but which
remain the same over a long period of time provided there are no

49
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physical changes in the region that might affect the tidal conditions.
145. If we let iji equal the height of one of the tidal constituents as

referred to mean sea level, it may be represented by the following
formula:

yi=fH cos (E-k) =jH cos {V+u-k) (236)

The combination symbol V-\-u is the equivalent of E and represents
the argument or phase of the equilibrium constituent.

146. Formula (236) is illustrated graphically in figure 7 by a
cosine curve with amplitude jH. The horizontal line represents
mean sea level and the vertical line through T may be taken to indi-

cate any instant of time under consideration. If the point M repre-

sents the time when the constituent argument equals zero, the interval

from M to the following high water of the constituent will be the
epoch K. The interval from the preceding high water to M is

measured by the explement of k which may be expressed as —k.
The phase of the constituent argument at time T is reckoned from M
and is expressed by the symbol (F+u). The phase of the constit-

FlGURE 7.

uent itself at this time is reckoned from the preceding high water
and therefore equals (y+ii— k).

OBSERVATIONAL DATA

147. The most satisfactory observational data for the harmonic
analysis are from the record of an automatic tide gage that traces a
continuous curve from which the height of the tide may be scaled at

any desired interval of time. This record is usually tabulated to give

the height of the tide at each solar hour of the series in the kind of

time normally used at the place. It is important, however, that the

time should be accurate and that the same system be used for the

entire series of observations regardless of the fact that daylight saving

time may have been adopted temporarily for other purposes during a

portion of the 3^(>ar. When the continuous record from an automatic
gage is not available, hourly heights of the tide as observed by other

methods may be used. The record should be complete with each
hour of the series represented. If a part of the record has been lost,

the hiatus may be filled by interpolated values ; or, if the gap is very

extensive, the record may be broken up into shorter series which do
not include the defective portion.
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148. If hourly heights have not been observed but a record of high
and low waters is available, an approximate evaluation of the more
important constituents may be obtained by a special treatment.
The results, however, are not nearly as satisfactory as those obtained
from the hourly heights.

149. Although the hoiu-ly interval for the tabulated heights of the
tide has usually been adopted as most convenient and practicable for

the purposes of the harmonic analysis, a greater or less interval might
be used. A shorter interval would cause a considerable increase in

the amount of work without materially increasing the accuracy of the
results for the constituents usually sought. However, if an attempt
were made to analyze for the short period seiches a closer interval

would be necessary. An interval greater than one hour would lessen

the work of the analysis but would not be sufficient for the satisfactory

development of the overtides.

150. In selecting the length of series of observations for the purpose
of the analysis, consideration has been given to the fact that the pro-
cedure is most effective in separating two constituents from each other
when the length of series is an exact multiple of the synodic period of

these constituents. By synodic period is meant the interval between
two consecutive conjunctions of like phases. Thus, if the speeds of
the two constituents in degrees per solar hour are represented by a and
h, the synodic period will equal 360°/ (a'^h) hours. If there were only
two constituents in the tide the best length of series could be easily

fixed, but in the actual tide there are many constituents and the
length of series most effective in one case may not be best adapted to

another case. It is therefore necessary to adopt a length that is a
compromise of the synodic periods involved, consideration being
given to the relative importance of the different constituents.

151. Fortunately, the exact length of series is not of essential im-
portance and for convenience all series may be taken to include an
integral number of days. Theoretically, different lengths of series

should be used in seeking different constituents, but practically it is

more convenient to use the same length for all constituents, an excep-
tion being made in the case of a very short series. The longer the
series of observations the less important is its exact length. Also the
greater the number of synodic periods of any two constituents the
more nearly complete will be their separation from each other. Con-
stituents like S2 and K2 which have nearly equal speeds and a synodic
period of about 6 months will require a series of not less than 6 months
for a satisfactory separation. On the other hand, two constituents
differing greatly in speed such as a diurnal and a semidiurnal con-
stituent may have a synodic period that will not greatly exceed a day,
and a moderately short series of observations will include a relatively

large number of synodic periods. For this reason, when selecting the
length of series no special consideration need be given to the effect of
a diurnal and a semidiurnal constituent upon each other.

152. The following lengths of series have been selected as conform-
ing approximately to multiples of synodic periods involving the more
important constituents—14, 15, 29, 58, 87, 105, 134, 163, 192, 221, 250,
279, 297, 326, 355, and 369 days. The 3r69-day series is considered as
a standard length to be used for the analysis whenever observations
covering this period are available. This length conforms very closely
with multiples of the synodic periods of practically all of the short-
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period constituents and is well adapted for the elimination of seasonal
meteorological effects. When observations at any station are avail-

able for a number of years, it is desirable to have separate analyses
made for different years in order that the results may be compared
and serve as a check on each other. Although not essential, there are

certain conveniences in having each such series commence on January
1 of the year, regardless of the fact that series of consecutive years

may overlap by several days because the length of series is a little

longer than the calendar year,

153. If the available observations cover a period less than 369 days,

the next longest series listed above which is fully covered by the
observations will usually be taken, any extra days of observations
being rejected. However, if the observations lack only a few hours
of being equal to the next greater length, it may be advantageous to

extrapolate additional hourly heights to complete the larger series.

The 29-day series is usually considered as a minimum standard for

short series of observations. This is a little shorter than the synodical
month and a little longer than the nodical, tropical, and anomalistic

months. It is the minimum length for a satisfactory development of

the more important constituents.

154. For observations of less than 29 days, but more than 14 days,

provisions are made for an analysis of a 14-day series for the diurnal

constituents and a 15-day series for the semidiurnal constituents, the
first conforming to the synodic period of constituents Ki and Oi,

and the latter to the synodic period of M2 and S2. Tlu-ough special

treatment involving a comparison with another station, it is possible

to utilize even shorter series of observations. This treatment is

rarely required in case of tide observations but is useful in connection
with tidal currents where observations may be limited to only a few
days.

SUMMATIONS FOR ANALYSIS

155. The first approximate separation of the constituents of the
observed tide is accomplished by a system of summations, separate
summations being made for all constituents with incommensurable
periods. Designating the constituent sought by A, assume that the

entire series of observations is divided into periods equal to the period

of A and each period is subdivided into a convenient number of equal

parts, the subdivisions of each period being numbered consecutively

beginning with zero at the initial instant of each period. All subdivi-

sions of like numbers will then include the same phase of constituent

A but different phases for all other constituents with incommensurable
speeds. The subdivisions will also include irregular variations arising

from meteorological causes. By summing and averaging separately

all heights corresponding to each of the numbered subdivisions over a
sufficient length of time, the effects of constituents with incommensur-
able periods as well as the meteorological variations will be averaged
out leaving intact constituent A with its overtides.

156. The principle just described for separating constituent A
from the rest of the tide is applicable if the original periods into which
the series of observations is divided are taken as some multiple of

constituent A period. In general practice, that multiple of the

constituent period which is most nearly equal to the solar day is taken
as the unit. This is the constituent day and includes one or more
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periods according to whether the constituent is diurnal, semidiurnal,

etc. The constituent day is divided into 24 equal parts,the beginning
of each part being numbered consecutively from to 23 and these are

known as constituent hours.

157. To carry out strictly the plan described above would require

separate tabulations of the heights of the tide at different intervals

for all constituents of incommensurable periods, a procedure involving

an enormous amount of work. In actual practice the tabulated solar

hourly heights are used for all of the summations, these heights being
assigned to the nearest constituent hour. Corrections are afterwards
applied to take account of any systematic error in this approximation.

158. There are two systems for the distribution and assignment of

the solar hourly heights which differ slightly in detail. In the system
ordinarily used and which is sometimes called the standard system,
each solar hourly height is used once, and once only, by being assigned
to its nearest constituent hour. By this system some constituent
hours will be assigned two consecutive solar hourly heights or receive

no assignment according to whether the constituent day is longer or
shorter than the solar day. In the other system of distribution, each
constituent hour receives one and only one solar hourly height neces-
sitating the occasional rejection or double assignment of a solar hourly
height. The difference in the results obtained from the two systems
is practically negligible but the first system is generally used as it

affords a quick method of checking the summations.

STENCILS

159. The distribution of the tabulated solar hourly heights of the
tide for the purpose of the harmonic analysis is conveniently accom-
plished by a system of stencils (fig. 10) which were devised by L. P.
Shidy of the Coast and Geodetic Survey early in 1885 (Report of
U. S. Coast and Geodetic Survey, 1893, vol. I, p. 108). Although
the original construction of the stencils involves considerable work,
they are serviceable for many years and have resulted in a very great
saving of labor. These stencils are cut from the same forms which
are used for the tabulation of the hourly heights of the tide and 106
sheets are required for the summation of a 369-day series of observa-
tions for a single constituent. Separate sets are provided for different

constituents. Constituents with commensurable periods are included
in a single summation and no stencils are required for constituents,

Oi, 02, Oi, etc.

160. The use of the stencils makes a standardized form for the
tabulation of the hourly heights essential. This form (fig. 9) is a
sheet 8 by 10^2 inches, with spaces arranged for the tabulation of the
24 hourly heights of each day in a vertical column, with 7 days of

record on each page. The hours of the day are numbered consecu-
tively from O*" at midnight to 23'' at 11 p. m. Wlien the tabulated
heights are entered, each day is indicated by its calendar date and
also by a serial number commencing with 1 as the first day of series.

The days on the stencil sheets are numbered serially to correspond
with the tabulation sheets and may be used for any series regardless
of the calendar dates.

161. The openings in the stencils are numbered to indicate the
constituent hours that correspond most closely with the times of the
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height vahies showing through the openings when the stencil is apphed
to the tabulations. Openings applying to the same constituent hour
are connected by a ruled line which clearly indicates to the eye the
tabular heights which are to be summed together. For convenience
in construction two stencil sheets are prepared for each page of

tabulations, one sheet providing for the even constituent hours and
the other sheet for the odd constituent hours.

162. The stencils are adapted for use with tabulations made in

any kind of time provided the time used is uniform for the entire

series of observations. For convenience the tabulations are usually
made in the standard time of the place. The series to be analyzed,
however, must commence with the zero hour of the day and this is

also taken as the zero constituent horn' for each constituent. Suc-
cessive solar hours will fall either earlier or later than the correspond-
ing constituent hour according to whether the constituent day is

longer or shorter than the solar day.
163. For the construction of the stencils it is necessary to calculate

the constituent hour that most nearly coincides with each solar hour
of the series.

Let a= speed or rate of change in argument of constituent sought
in degrees per solar hour.

2?=number of constituent periods in constituent day; 1 for

diurnal tides, 2 for semidiurnal tides, etc.

sA=number of solar hoiu" reckoned from at beginning of each
solar day.

s/is=number of solar hour reckoned from at beginning of

series.

dos=dsiy of series counting from 1 as the first day.
cA=number of constituent hour reckoned from at beginning

of each constituent day.
c^s=number of constituent hour reckoned from at beginning

of series.

Then
Of*f\

1 constituent period=^^— solar hours. (237)

1 constituent dav = ~ solar hours. (238)
a

1 constituent hour =

—

- solar hours. (239)
a

1 solar hour =t^- constituent hours. (240)

Therefore,

ichs)=^{shs)= j^[24:{ (dos) - 1 } + (sh)] (241)

164. The above formula gives the constituent hour of the series (chs)

corresponding to any solar hour of the series (shs). The observed

heights of the tide being tabulated for the exact solar hours of the

day, the (shs) with which we are concerned will represent successive

integers counting from at the beginning of the series. The (chs)

as derived from the formula will generally be a mixed number. As
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it is desired to obtain the integral constituent hour corresponding
most nearly with each solar hour, the (chs) should be taken to the
nearest integer by rejecting a fraction less than 0.5, or counting as

an extra hour a fraction greater than 0.5, or adopting the usual rule

for computations if the fraction is exactly 0.5. The constituent
hour of the constituent day (ch) required for the construction of the
stencils may be obtained by rejecting multiples of 24 from the (chs).

165. In the application of the above formula it will be found that the
integral constituent hour will differ from the corresponding solar

hour by a constant for a succession of solar hours, and then, with the
difference changed by one, it will continue as a constant for an-
other group of solar hours, etc. This fact is an aid in the prepara-
tion of a table of constituent hours corresponding to the solar hours
cf the series, as it renders it unnecessary to make an independent
calculation for each hour. Instead of using the above formula for

each value the time when the difference between the solar and con-
stituent hours changes may be determined. The application of the
differences to the solar hours will then give the desired constituent
hours.

166. Formula (241) is true for any value of (shs), whether integral or

fractional. It represents the constituent time of any instant in the
series of observations in terms of the solar time of that same instant,

both kinds of time being reckoned from the beginning of the series

as the zero hour. The difference between the constituent and the
solar time of any instant may therefore be expressed by the following

formula:

DiSerence=^ (shs) ~ {shs)=^'^^^^\shs) (242)

167. If the constituent day is shorter than the solar day, the speed a
will be greater than 15^, and the constituent hour as reckoned from
the beginning of the series will be greater than the solar hour of the
same instant. If the constituent day is longer than the solar day
the constituent hour at any instant will be less than the solar hour
of the same instant. At the beginning of the series the difference

between the constituent and solar time will be zero, but the difference

will increase uniformly with the time of the series. As long as the
difference does not exceed 0.5 of an hour the integral constituent
hours will be designated by the same ordinals as the integral solar

hours with which they most nearly coincide. Differences between
0.5 and 1.5 will be represented by the integer 1, differences between
1.5 and 2.5 by the integer 2, etc. If we let d represent the integral

difference, the time when the difference changes from (d—l) to d,

will be the time when the difference derived from formula (242)
equals (d—0.5). Substituting this in the formula, we may obtain

(shs)=-^^^^{d-0.5) (243)

in which (shs) represents the solar time when the integral difference

between the constituent and solar time will change by one hour from
(d—1) to d. By substituting successively the integers 1, 2, 3, etc.,

for d in the formula (243) the time of each change throughout the
series may be obtained. The value of (shs) thus obtained will
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generally be a mixed number; that is to say, the times of the changes
will usually come between integral solar hours. The first integral

solar hour after the change will be the one to which the new difference

will apply if the usual system of distribution is to be adopted. In
this case we are not concerned with the exact value of the fractional

part of (shs) but need note only the integral hours between which
this value falls.

168. If, however, the second system of distribution should be
desired, it should be noted whether the fractional part of (shs) is

greater or less than 0.5 hour. With a constituent day shorter than
the solar day and the differences of formula (242) increasing positively,

the application of the differences to the consecutive solar hours will

result in the jumping or omission of a constituent hour at each change
of difference. Under the second system of distribution each of the

hours must be represented, and it will therefore be necessary in this

case to apply two consecutive differences to the same solar hour to

represent two consecutive constituent hours. The solar hour selected

for this double use wOl be the one occurring nearest to the time of

change of differences. If the fractional part of the (shs) in (243) is

less than 0.5 hour, the old and new differences will both be applied to

the preceding integral solar hour; but if the fraction is greater than 0.5

hour the old and new differences will be applied to the integral solar

hour following the change.

169. With a constituent day longer than the solar day and the differ-

ences of formula (242) increasing negatively, the application of the
differences to the consecutive solar hours will result in two solar

hours being assigned to the same constituent hour at each change of

differences. Under the second system of distribution this must be
avoided by the rejection of one of the solar hours. In this case the

integral solar hour nearest the time of change will be rejected, since

at the time of change the difference between the integral and the true

difference is a maximum. Thus, if the fractional part of the (shs),

is less than 0.5 hour, the preceding solar hour will be rejected; but
if the fraction is greater than 0.5 hour the next following solar hour
will be rejected.

170. Table 31, computed from formula (243), gives the first solar

hour of the group to which each difference applies when the usual

system of distribution is adopted. Multiples of 24 have been rejected

from the differences, since we are concerned only with the constituent

hour of the constituent day rather than with the constituent hour
of the series, and these differences may be applied directly to the solar

hours of the day. For convenience equivalent positive and negative

differences are given. By using the negative difference when it does

not exceed the solar hour to which it is to be applied, and at other

times using the positive difference, the necessity for adding or

rejecting multiples of 24 hours from the results is avoided.

171. The tabulated solar hour is the integer hour that immediately
follows the value for the (shs) is formula (243). An asterisk (*)

indicates that the fractional part of the (shs) exceeds 0.5, and that

the tabular hour is therefore the one nearest the exact value of (shs).

If the second system for the distribution of the hourly heights is

adopted, the solar hours marked with the asterisk will be used with
both old and new difference to represent two constituent hours, or

will be rejected altogether according to whether the constituent day
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is shorter or longer than the solar day. If the tabular hour is un-
marked, the same rule of double use or rejection will apply to the
untabulated solar hour immediately preceding the tabular unmarked
hour. For the ordinary stencils no attention need be given to the
asterisks. By the formula constituents with commensurable periods
will have the same tabular values, and no distinction is made in the
construction of the stencils. Thus, stencils for constituent M serve
not only for M2 but also for M3, M4, Mg, etc.

172. For the construction of a set of stencils for any constituent a
preliminary set of the hourly height forms is prepared with days of

series numbered consecutively beginning with 1 and each hourly
height space numbered with its constituent hour as derived by the
differences in table 31. The even and odd constituent hours are then
transferred to separate sets of forms and the marked spaces cut out.
In the Coast and Geodetic Survey this is done by a small machine
with a punch operated by a hand lever. Spaces corresponding to the
same constituent hour are connected by ruled lines which are num-
bered the same as the hours represented. Black ruling with red
numbering is recommended, the red emphasizing the distinction
between these numbers and the tabulated hourly heights which are
to be summed.

173. When in use the stencils are placed one at a time on the sheets
of tabulated heights, with days of series on stencils matching those on
the tabulations, and all heights on the page corresponding to each
constituent hour are then summed separately. For constituent S no
stencils are necessary as the constituent hours in this, case are identical
with the solar hours. For constituents K, P, R, and T with speeds
differing little from that of S, the lines joining the hourly spaces
frequently become horizontal and the marginal sum previously ob-
tained for constituent S becomes immediately available for the sum-
mation at hand. In these cases a hole in the margin of the stencil

for the sum replaces the holes for the individual heights covered by
the sum.

SECONDARY STENCILS

174. After the sums for certain principal constituents have been ob-
tained by the stencils described in the preceding section, which for con-
venience will be called the primary stencils, the summations for
other constituents may be abbreviated by the use of secondary sten-
cils which are designed to regroup the hourly page sums already ob-
tained for one constituent into new combinations conforming to the
periods of other constituents. Certain irregularities are introduced
by the process, but in a long series, such as 369 days, these are for the
most part eliminated, and the resulting values for the harmonic con-
stants compare favorably with those obtained by use of the primary
stencils directly, the differences in the results obtained by the two
methods being negligible. For short series the irregularities are less
likely to be eliminated, and since the labor of summing for such a
series is relatively small, the abbreviated form of summing is not
recommended. As the length of series increases the saving in labor
by the use of the secondary stencils increases, while the irregularities
due to the short process tend to disappear. It is believed that the
use of the secondary stencils will be found advantageous for all series
more than 6 months in leneth.



58 U. S. OOAST AISTD GEODETIC SURVEY

175. In the primary summations there are obtained 24 sums for each

page of tabulations, representing the 24 constituent hours of a con-

stituent day. In general each sum will include 7 hourly heights, and
the average interval between the first and last heights will be 6 con-

stituent days. A few of the sums may, however, include a greater

or less number of hourly heights within limits which may be a day
greater or less than 6 constituent days.

176. Let the constituent for which summations have been made by
use of the primary stencils be designated as A and the con-

stituent which is to be obtained by use of the secondary stencils as

B. For convenience let it be first assumed that the

heights included in the sums for constituent A refer to the exact

A-hours. This assumption is true for constituent S but

only approximately true for the other constituents. It is now pro-

posed to assign each hourly page sum obtained for constituent A to

the integral 5-hour with which it most nearly coincides.

Constituent A and constituent 5-hours separate at a uniform rate, and
the proposed assignment will depend upon the relation of the hours

on the middle day of each page of tabulations. The tabulated hourly

heights on each full page of record run from zero (0) solar hour on the

first day to the 23d solar hour on the seventh or last day of the page.

The middle of the record on each such page is therefore at 11.5 solar

hours on the fourth day, or 83.5 solar hours from the beginning of the

page of record.

177. Let a and b represent the hourly speeds of the constituents A
and B, respectively, and p and pi their respective subscripts, and let

n equal the number of the page of tabulation under consideration,

beginning with number one as the first page.

The middle of page n will then be

[168(n- 1) ^-83.5] or (168n-84.5) solar hours (244)

from the beginning of the series.

Since one solar hour equals a/15p constituent ^-hours (formula

240), the middle of page n will also correspond to

(168n. -84.5)Y|-constituent ^-hours (245)

from the beginning of the series.

As there are 24 constituent hours in each constituent day, the

middle constituent A-daj of each page will commence 12 constituent

il-hours earher than the time represented by the middle of the page,

or at

[(168w— 84.5)y|- — 12] constituents-hours (246)

from the beginning of the series.

178. The 24 integral constituent S-hours of the middle constituent

day of the page will therefore be the integral constituent S-hours

which immediately follow the time indicated by the last formula.

The numerical value of this formula will usually be a mixed number.
Let / equal the fractional part, and let m be an integer representing

the number of any integral constituent hour according to its order in

the middle constituent day of each page. For each page m will have
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successive values from 1 to 24. The integral constituent ^-hours
falling within the middle constituent day of each page of tabulations
will then be represented by the general formula.

[(168n— 84.5)^- — 12—/+m] constituent yl-hours (247)

from the beginning of the series.

179. The relation of the lengths of the constituent A.- and constit-

uent 5-hours is given by the formula

vb
1 constituent yl-hour= ^^--constituent 5-hours (248)

The constituent 5-hour corresponding to the integral constituent
^-hour of formula (247) is therefore

[(168n—84.5)t^— 12-/+m]^constituent 5-hours (249)

from the beginning of the series.

The last formula will, in general, represent a mixed number. The
integral constituent 5-hour to which the sum for the constituent A-
hour is to be assigned will be the nearest integral number represented
by this formula. Let gr be a fraction not greater than 0.5, which

^

applied either positively or negatively to the formula, will render it

an integer.

180. The assignment of the hourly page sums for constituent A-
hours to the constituent jB-hours may now be represented as follows^
multiples of 24 hours being rejected:

[(16871— 84. 5)y= 12—/+m— multiple of 24] constituent ^-hour
^^^

(250)
sum to be assigned to

[{(1687i-84.5)t| 12-/+m)^±</-multiple of 24] constituent 5-
hour.

1^^ ^^^ ^
(251)

Tlie difference between the constituent ^-hour and the constituent
•B-hour to'Which the JL-hour sum is to be assigned is

[{(168n-84.5)j|^-12-/+m}{^-l}±^-multiple of 24] (252)

By means of the above formula table 33 has been prepared, giving
the differences to be applied to the constituent ^-hours of each page
to obtain the constituent 5-hours with which they most nearly
coincide.

181. For the construction of secondary stencils the forms designated
for the compilation of the stencil sums from the primary summations
may be used Because of the practical difficulties of constructing
stencils with openings in adjacent line spaces it is desirable that the
original compilation of the primary sums should be made so that each
alternate line in the form for stencil sums is left vacant. As with the



60 XJ. S. COAST AND GEODETIC SURVEY

primary stencils, it will generally be found convenient to use two
stencils for each page of the compiled primary sums, although in some
cases it may be found desirable to use more than two stencils in order

to separate more clearly the groups to be summed. The actual

construction of the secondary stencils is similar to that of the primary
stencils. A preliminary set of forms is filled out with constituent B-
hours as derived by differences from table 33 applied to the constit-

uent ^-hours. The odd and even constituent 5-hours are then
transferred to separate forms and the spaces indicated cut out. The
openings corresponding to the same constituent 5-hour are connected

with ruled lines and numbered to accord with the constituent hour
represented. The page numbering corresponding to the page num-
bering on the compiled primary sums and referring to the pages of

the original tabulated hourly heights is to be entered in the column
provided near the left margin of the stencil.

182. In using the stencils each sheet is to be applied to the page of

compiled primary sums having the same page numbering in the left-

hand column as is given on the stencil. The primary sums applying

to the same constituent i?-hour are added and the results brought

together in a stencil sum form, where the totals and means are ob-

tained. A table of divisors for obtaining the means may be readily

derived as follows: In a set of stencil sum forms corresponding to

those used for the compilation of constituent A ])rimary sums the

number of hourly heights included in each primary sum is entered

in the space corresponding to that used for such primary sum. The
secondary stencils for constituent B are then applied and the sums
of the numbers obtained and compiled in the same manner as that

in which the constituent B height sums are obtained. The divisors

having been once obtained are applicable for all series of the same
length.

183. In the analysis the means obtained by use of the secondary

stencils may be treated as though obtained directly by the primary

summations except that a special augmenting factor, to be discussed

later, must be applied. The closeness of the agreement between the

hourly means obtained by use of the secondary stencils and those

obtained directly by use of primary stencils will depend to a large

extent upon the relation of the speeds of constituents A and B. The
smaller the difference in the speeds the closer will be the agreement.

184. To determine the extreme difference m the time of an indi-

vidual hourly height and of the 5-hour to which it is assigned by
the secondary stencils, let an assumed case be first considered in

which the tabulated heights coincide exactly with the integral A-hours,

and that on the middle day of the page of tabulated hourly heights

one of the integral 5-hours coincides exactly with an ^4-hour. At the

corresponding ^-hour, one ^-day later, the 5-hour will have increased

by 24 — constituent 5-hours. Rejecting a multiple of 24 hours,
•^ Pia

this becomes 24( —— 1 Y so that at the end of one ^-day after the

coincidence of integral hours of constituents A and B the constituent

A hourly height will differ in time from the integral constituent 5-liour

to which it is to be assigned by 24( -^
1 ) constituent 5-hours.
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At the end of the third ^-day this difference becomes 72f-^^-— 1
j

constituent 5-hours. The same difference with opposite sign will

apply to the third constituent day before the middle day of the page.

Now, taking account of the fact that the jB-hour on the middle day
of the page may differ by an amount as great 0.5 of a 5-hour from the
integral A-honr, and that the integral A-hour may differ as much as

0.5 of a constituent A, or 0.5 pb/viO of a constituent B hour from the
time of the actual observation of the solar hourly height, the extreme
difference between the time of observation of an hourly height and
the time represented by the 5-hour with which this height is grouped
by the secondary stencils may be represented by the formula

^ 1 j+0.f('^-f l)1 constituent 5-hours. (253)

The differences may be either positive or negative, and in a long
series it may reasonably be expected that the number of positive and
negative values will be approximately equal.

185. The above formula for the extreme difference furnishes a
criterion by which to judge, to some extent, the reliability of the
method. Testing the following schedule of constituents for which
it is proposed to use the secondary stencils, the extreme differences

as indicated are obtained. The differences are expressed in con-
stituent 5-hours and also in constituent 5-degrees. It will be
noted that one constituent hour is equivalent to a change of 15° in

the phase of a diurnal constituent, 30° in the phase of a semidiurnal
constituent, etc.

±

Constituent /I
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diurnal, 45° for sixth-diurnal, and 60° for eighth-diurnal constituents.
By the above schedule it will be noted that the extreme difference
exceeds 60° in only a few cases. The largest difference is 99° for

constituent 2Q when based upon the primary summations for O.
This is a small and unimportant constituent, and heretofore no analysis
has been made for it, the value of its harmonic constants being in-

ferred from those of constituent O. Although theoretically too small
to justify a primary summation in general practice, the lesser work
involved in the secondary summations may produce constants for

this constituent which will be more satisfactor;> than the inferred
constants.

FOURIER SERIES

187. A series involving only sines and cosines of whole multiples
of a varying angle is generally known as the Fourier series. Such a
series is of the form

h=Ho-\-Ci cos 0+Co cos 20+ Cg cos 36+ .^^..

+ Si sin 6+82 sin 26+ S^ sin 30+ ^"^^^^

It can be shown that by taking a sufficient number of terms the
Fourier series may be made to represent any periodic function of 6.

This series may be written also in the following form

:

h=Ho+Ax cos i6+a{)-\-A2 cos (20+ a.) + ^3 cos (30+a3) + (255)

in which

A^=[CJ+SJ]i and a^=-tan-' ^
m being the subscript of any term.

188. From the summations for any constituent 24 hourly
means are obtained, these means being the approximate heights
of the constituent tide at given intervals of time. These mean
constituent hourly heights, together with the intermediate heights,
may be represented by the Fourier series, in which
Ho=mean value of the function corresponding to the height of

mean sea level above the adopted datum.
0=an angle that changes uniformly with time and completes a

cycle of 360° in one constituent day. The values of 6 corresponding
to the 24 hourly means will be 0°, 15°, 30°, 330°, and 345°.

Formula (254), or its equivalent (255), is the equation of a curve
with the values of 6 as the abscissae and the corresponding values of

h as the ordinates. If the 24 constituent hourly means are plotted as
ordinates corresponding to the values of 0°, 15°, 30°, _ _ _ _ for 6,

it is possible to find values for Hq, Cm, and Sm, which when substituted
in (255) will give the equation of a curve that will pass exactly through
each of the 24 points representing these means.

189. In order to make the following discussion more general, let it be
assumed that the period of 6 has been divided into n equal parts, and
that the ordinate or value of h pertaining to the beginning of each of
those parts is known. Let u equal the interval between these ordi-
nates, then

n u= 2tt, or 360° (256)

Let the given ordinates be ^0, h^, ho h („-!) corresponding
to the abscissae o,u,2u (w— 1) u, respectively.
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It is now proposed to show that the curve represented by the
following Fourier series will pass through the n points of which the
ordinates are given:

h=Ho+Ci cos di-C. cos 2e-\- Ck cos k 6

-{-Si sin d^Szs'm 26+ Si sin Id
m=k m=}

^Ho+ XJ Cm COS md-f- ^ Sm sin md (257)
in=l m = l

in which the limit k=-^ if n is an even number, or /:=—^— if n is an

odd number; and the limit 1=^—1 if n is even, or —^ if n is odd,

190. By substituting successively the coordinates of the n given
points in (257) we may obtain rt equations of the form

m=fc in=l

ha.=Ho~\- XI Cm COS mau-i- ^ S^ sin mau (258)
m = l in=l

in which a represents successively the integers to (n— 1).

By the solution of these n equations the values of n unknown
quantities may be obtained, including Hq and the (n—l) values for

Cra and Sm- It will be noted that the sum of the limits k and I of

(257) or (258) equals (n—l) for both even and odd values of n.

191. The reason for these limits is as follows:

A continued series S Cm cos m a u may be written

Ci cos a ii+ C2 cos 2 a u-\- -fC cos n a u
+ C(„+i) cos {n-\- 1) a U+ C(«+2) cos (-^+ 2) a u-\- -\-C2n cos 2nau
-|0(2«+i) cos (2n-fl) au-\-C^2n+2) cos (2??+2) a u-\-

+ Csn COS 3 n a u
+ (259)

Since n u=2'w and a is an integer, the above may be written

[(7i+(7(„+i)+ (7(2„+i)+ ] cos a u
+ [C2+ C(„+2)+ C(2n+2)+ ] cos 2 a It

+
+ [0(„_i)+ C(2„-i)+ 6'(3»-i)+ ] COS (n—l) au
+ [Cn+C2n+ Czn+ ] COS n d 7/ (260)

Since cosn au=co% 2aT=l; cos {n— 1) a u=cos (2a it— a u) = cos a u;
cos (n—2) a u=cos 2 a u; etc.. (260) mav be written

{Cn+C2n+C,n^ ] COS

~r 1^1 I ^ (n+l) "I ^ (2ra+l) "T -

"r^f?j-i)~rty(2M-i)"r C(3re-i) + J
COS a u

I L^2 ~r ^ iji+2) "T ^ (2/Z+2) "r

H~^(w-2)~r^(2n-2) I
f^^3/^-2)~^ -J COS 2 tt U

\[(^k~r(^(n+k)'T^ (2n+k)+
+ C^n-k)+ C^2n-t)+ Can-tn+ ] COS k au (261'i

The first term of the above is a constant which will be included with
the Ho in the solution of (258). From an examination of (261) it is

evident that the cosine terms will be completely represented when
71 71— 1

k=-n> or —^f according to whether n is even or odd.

Similarly, the continued series 2 6',« sin m a u may be written
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[Sn+S,n^Ssn+ ] sin

+ ['S'i+ *S'(„,+i)4-»S(2re+l)+

—S(n-l)—S(2n-l)—S^3n-l)
—

] sill a U
+ [S'2+ 'S'(„+2)+ 'S'^2n+2)+

— S(n-2)— *S'(2n-2)—S rin-2)
—

] Sill 2 a U

+ [Si+ *S'(„+ 1)+ Si2n+ 1)+
— S(n- 1)

— S^2n- 1)
— Sfz„^ ;,

—
] sm I a u (262)

The first term in the above equals zero. The remaining terms will

take complete account of the series S Sm sin m a u, ii l=-^—l when

n is even, or —^ when n is odd.

From the foregoing it is evident that the limit of m will not exceed -x'

192. If we let u and a represent any angles with fixed values, m and p
any integers with fixed values, and a an integer having successive

values from to (n—1), it may be shown that

y^ sin (a m u-\-a)= . \ sin {\ in— I) m u~\-a] (263)
a=o Sin 2 tn u

2_\ cos (a m u^a)= . \ cos Ii (n— 1) mt^+«l (264)^ sin ^ m ?/

a=(n--i)
_ _ , sin i r/ (p— rn) u cos | (/i— 1) (p— m) u

y\ sm a V u sin a 7n ti=7 -.
—t—^ ^^

—
a^ sin i ip-m) u

1 sin I n (j)-rm) u cos ^ jn— l) (p-\-m) u . .

^
sin I (p-^m) u

a=(n-i) gjn i n Cp— m) u cos Kn— 1) ip—m) u
>j cos a 2? u cos a m i<= ^ ^ ^

-.
—t—, r

~ —^ sin I {p—m) u

II sin I n (p+ m) u cos ^ (n— l) (p+m) u , .

^
sin ^ ip-{-m) u ^ ^

a=(n-i)
, , sin i n (p—m) u sin h (n—1) (p— m) u

22 Sin a V u cos a m u= h =—r-7——s^

—
^0 sin I (p-m) u

11 sin \ n (p-^m) u sin h'{n.— \) (p+m) u
(oai^

^
sin I {p— m) u ^

2-K
193. If welet q:=0 andit=— .' or n u= 2t, then formulas (263) to

(267) may be written as follows:

. / m \
a=(n-i)

sinm 7rsin( m tt-- tt

j
J2 sin a mu= ^^ (268)
a = o

, ,- Sin m
•a = (n-l)

m
Sin — TT

n

/ m \
TT COS I m T IT I

y^ cos a m ti= (269)

a=o
sin — IT

n
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p—m "
a=rn-i)

^

sin (p—m) it cos (p—m) w—-—— -k

X) sin a ^ w sin a m u—\ ^= Vl. J
a=o . (p— m)

sm

sin (p+m) TT cos Mp+m) 7r-^i^ ^1

. 7>+m
sin TT

n

(270)

a=fn-i) sin (p—m) IT cos (p—m) it—-—— tt

Xj cos a p u cos a m -1^=^ ^ =1

a=o . p—m

+
sin (jp+m) IT cos (2)-

sin

-m) TT-

71

^]

sm ^^
IT

n

a=(n-i) sin (p—m) TT sin (jp—m) tt-

Xj sin a p 16 cos a m u=^ ^=

a=o . p—msm

+ 1-

sin (p-\-m) T sin (p- m) TT-

n
p-^rm

n

TT

^]

. p4-m
sm ^—— TT

(271)

p—m
"I

TT

n J

(272)

194. If ^ and m are unequal integers and neither exceeds ^; the

above (268) to (272) become equal to zero. Thus,
a=(n-l)

y^ sin a m ^=0
a=o

a=(n-l)

2D cos a m w=0
a=o

a=(n-l)

Xj sin a ^ u sin a m u=0
a=o

a=(n-l)

2D COS a 2> u cos « m u=0
a=o

a=fn-l)

2D sin a p It cos a m u—Q
a=o

(273)

195. If p and m are equal integers and do not exceed ^, formulas

(270), (271), and (272) will contain the indeterminate quantity
sm (p —m)TT , , -

, n= Q> and also when _p and m each equal k' the indetermin-p—msm ^-
TT

„, ... sin (p-\-m)Tr
ate quantity ——r~=^"

sin -TT
n
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Evaluating these quantities we have

sin (p— m)7r'

. p—m
sm X

and
sin (p+ m)7r'

sm TT

_7r cos {p— 171)77'

~
TT v—m

, V
- COS TT

{:p
—m)=o n n

_ TT COS (p+ m) -K

-n (274)

{p— ?n) = o

TT p+m =-w (275)
/ I \

~ cos T /
I

^

{p-f-m)=n n n _\{p-\-m)=n

In (275) it will be noted that when the integers p and m each equal

^, n must be an even number, and therefore cos mr is positive, while

cos TT is negative.

196. Assuming the condition that p and m are equal integers, each
ft

less than k, we have by substituting (274) in (270), (271), and (272),

a= (n-l)

y^, sin a p u sm a m u
a=o

i=(n-l)
y^, sin- a m w=| n
a=o

a=(n—1) a=(n-l)

>! cos a 2^ w cos a w 7i= ^ cos^ a m u=\ n
a=o a=o

a—(n— 1) _ a = (n— 1)

y^, sin a p u cos a m u= X) sin a m ^t cos a m t^=0
a=o a=o

(276)

(277)

(278)

197. Assuming the condition that p and m are each equal to -^

we have by substituting (274) and (275) in (270), (271), and (272),

(279)

a=(n-l)
y^, sin- a m u= ^ n+ ^ n cos 7r=0
a=o

a=(n-l)
y^, cos- a m. M= | n— ^ n cos 7^=?^
a=o

a=(n-l)
y^, sin a m '/ cos a m u=0
a=o

(280)

(281)

198. Returning now to the solution of (258), by substituting the
successive values of a from to (n— 1), we have

ho—Ho-i-Ci cos O+ C2 cos 0+ -\-C/t cos

+ Si sin 0-^8-2 sin 0+ + Si sin

hi=Ho-\'Ci cos u-\-C'2 cos 2w+ + (7^ cos ^-u

+ >S'i sin u+zSo sin 2u-r 4-*S'2 sin lu

h2=Ho-{-Ci cos 2u+(72 cos 4m+ -rCk cos 2^w
+ 5'isin 2ii+AS2sin 4w+ + 5'^ sin 2?^ ^ (282)

A.(n_i)=^o+C'i cos (n— l)u+C2 COS 2{n—l)u-\-

+ (7k COS (ri— l)^^u

+ *S'i sin {n—l)u-\-S2 sin 2(n— l)^<.•f_

+aS'j sin (:n— l)lu
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199. To obtain value of Ho, add above equations

a=(n-l)

X) K=n Ho
a=o

a=(n-l) a=(n-i) a=(n-l)

+ Ci X) cosau+(72 X) COS 2 a it+ + (7^ S cosakv
a=o a=o a=o

a=(n-l) a=(n-l) a=(n-l)

+ *Si S sin(Zi/+*S'2 X) sin2au+___ i-Si X) sin a i u
a=o a=o

'

' a=o

m = k a=(n-l) m = Z a=(n-l)

=niJo+X<^ni Xcos amii+X'^m X sin a mu (283)
m=l a=o in=l a=o

a=(n-l) a=(n-l)

From (273), X cos a m u and X sm a m u each equals zero,
a=o a=o

since neither Ar nor I, the maximum values of m exceeds -^

Therefore
a=(n-l)

X h,=n Ho (284)
a=o

and
1 a=(n-l)

Ho^~ X K (285)
"' a=o

200. To obtain the value of any coefficient C, such as Cp, multiply

each equation of (282) by cos a p u. Then

Kq cos 0=Hq cos

+ Ci cos O+ Ca COS 0+ + Cft cos

+ ^isin O+^Sosin 0+ +Sism
^1 cos p u=Ho cos p u
+ C'l cos u cos ^ 1*+ Co cos 2u cos p u-\- + (7^ cos k u cos 2? '?*

-{-Si sin It cos ^ u-^Sz sin 21^ cos 2? u+ + 5*^ sin ^ w cos p it

/12 cos 2p u=Hq cos 22? ii

-\-Ci cos 2U cos 2;p U-{-C2 cos 4lt COS 2^? u-{-

-\-Ck cos 2A; u COS 2^? ^t

+ *S'i sin 2u cos 2;p it+zSa sin 4:U cos 2^) 1^+
-\-Si sin 2^ ^6 cos 2p u

h(ri-i) cos (n—l) p u=Ho cos (ri— 1) p u
-\-CiCos (n—l) It cos (n—l) PU+C2COS2 (n—l) licos (n— l)pit+

-\-Cic cos (n—l) A: It cos (n—l) p u
+ /Si sin (n—l) ucos (n— 1) 2>ii+'S'2sin2 (n—l) it cos {n—l)pu-\-..
+ Si sin (n—l) I u cos (n—l) p u (286)

Summing the above equations

a= (D— 1) a=(n— 1)X ^« COS a p u—Ho X cos a p u
a=o a=0

a=(n-l) a=(D— 1)

+ Ci X cos a u cos a p u-\-Si X sin a it cos a p u
a=o a=o

(Formula continued next page)



68 U. S. COAST AND GEODETIC S'TJBVEY

a=(n— 1) a=(n— 1)

-\-C2 S COS 2a u cos a p u-{-S2 X) sin 2a u cos a p u
a=o a=o

a = (n— 1) a=(n-l)

-\-Cic Xj cos a k u cos a p U'\-Si Xj sin a Z u cos a p u
a=o a=o

a=(D— 1) m = fc a=(n— 1)

=Ho S cos a ^ u-\- S Cm X; COS a w, u cos a 2> 'i*

8=0 m=l a=o

m = ; a=(n— 1)

+ S 'S'm S sin a m It cos a p u (287)
ni = l a=o

201. Examining the limits of (287), it will be noted by a reference to

4)age 63 that k, the maximum value of m for the C terms is ^ when n

71 '~~ 1 . 71

is even and —^ when n is odd; also, that I has a value of «— 1 when

n—

1

n is even and —^ when n is odd. The limits of p, which is a partic-

ular value of m, will, of course, be the same as those of m.
a=(n-l)

By (273) the quantity X) cos a p u becomes zero for all the
a=o

a=(n-l)

values of p, and the quantity X) cos a mu cos a p u becomes zero
a=o

for all values of m and p except when p equals m. By (273), (278)
a=(n-l)

and (281) the quantity X] sin a m it cos a p u becomes zero for all
a=o

values of m and p.

Formula (287) may therefore be reduced to the form

a=(n-l) a=(n-l)
y^. hf,cos a p u=Cp X) cos^ a p u (288)
a=o a=o

For any value of p less than
2

a=(n-l)

X) cos^ a p u=i n (277)
a=o

71

but when P^-^j this quantity becomes equal to n (280).

Therefore for all values of p less than k

2 a=(n-l)

(7p=- X) h^cosapu (289)
71 1=0

7h
but when p is exactly ^

1 a=(n-l)

Cp=- X) K COS apu (290)
W a=o

Since in tidal work p is always taken less than ^, we are not especially

concerned with the latter formula.
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202. To obtain the value of any coefficient S, such as Sp, multiply
each equation of (282) by sin a p u. Sum the resulting equations and
obtain

a= (n— 1)
_

a=(n— 1)

y^. ha, sin a p u =Ho Xi sin a p u
a=o a=o

m=fc a=(D— 1)

+ Xj ^m Xj cos a m u sin a p u
m=l a=o

m = l a = (n-l)

+ S 'S'm Xy sin a m u sin a p u (291)
m=l a=o

a=(n-l)

By (273), (278), and (281) the quantities S sin a ^ w and
a=o

a=(n-l)

y^ cos a m u sin a p u are zero for all the values of m and p;
a=o

a=(n-l)

and Xj sin a m u sin a p u becomes zero for all the values of m
a=o

and p except when m and p are equal. In this case the limit of I for

n .
a=(n-l)

m and p is less than — and by (276), the quantity X) sin^ a p u
2 a=o

=^ n. Therefore, formula (291) reduces to the form

a=(n-l)

y^ ^a sin a p u=^ n Sp (292)
a=o

and
2 a=(n-l)

^p=- X) Ksinapu (293)
n a=o

203. By substituting (285), (289), (290), and (293) in (257), the
following equation of a curve, which will pass through the n given
points, will be obtained

I a=(n-l) r2 a=(n-l) "I

h=~ 2D ^a+ — S ^a COS a U COS Q
^ a=o L^ a=o J

r2 a=(ii-i) -|

+ — Xl A-a sin a u sin ^

p2 ^(n-l) -I

+ — 22 K COS 2 a w cos 2 6
L^ a=o J
r2 a=(n-l) -]

+ - X) hs, sin 2 a u \ sin 2 6
Ln a=o J

r2* ^"^-1)
, 1 cos A: ^+ - 2-1 li& cos kau\

Ln t^o J
r2 a=(n-l) -1

+ - X) /la sin Z a u sin ; ^ (294)
l_n a=o J
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204. Although by taking a sufficient number of terms the Fourier

series may thus be made to represent a curve which will be exactly

satisfied by the n given ordinates, this is, in general, neither necessary

nor desirable in tidal work, since it is known that the mean ordinates

obtained from the summations of the hourly heights of the tide in-

clude many irregularities due to the imperfect elimination of the me-
teorological effects and also residual effects of constituents having
periods incommensurable with that of the constituent sought. It is

desirable to include only the terms of the series which represent the

true periodic elements of the constituent. With series of observations

of sufficient length, the coefficient of the other terms, if sought, will

be found to approximate to zero.

205. The short-period constituents as derived from the equilibrium

theory are, in gener-al, either diurnal or semidiurnal. If the period

of 6 in formula (257) is taken to correspond to the constituent day,

the diurnal constituents will be represented by the terms with coefficient

Ci and ^1, and the semidiurnal constituents by the terms with co-

efficients C2 and *S'2. For the long-period constituents, the period of

6 may be taken to correspond to the constituent month or to the

constituent year, in which case the coefficients Cx and Si will refer to

the monthly or annual constituents and the coefficients C2 and »S'2 to

the semimonthly or semiannual constituents. For most of the

constituents the coefficients Ci, S^ C2, and *S'2 will be the only ones

required, but for the tides depending upon the fourth power of the

moon's parallax and for the overtides and the compound tides, other

coefficients will be required. Terms beyond those with coefficients

Cs and Ss, for the overtides of the principal lunar constituent are not
generally used in tidal work.

206. When it is known that certain periodic elements exist in a

constituent tide and that the mean ordinates obtained from obser-

vations include accidental errors that are not periodic, it may be
readily shown by the method known as the least square adjustment,

using the observational equations represented by (258), that the most
probable values of the constant Ho and the coefficients Cp and *S'p are

the same as those given by formulas (285), (289), and (293),

respectively.

207. Since in tidal work the value of Ho, which is the elevation of

mean sea level above the datum of observations, is generally deter-

mined directly from the original tabulation of hourly heights, formula

(285) is unnecessary except for checking purposes. Formulas (289)

and (293) are used for obtaining the most probable values of the

coefficients Cp and S^ from the hourly means obtained from the

summations.
208. When 24 hourly means are used n=24: and u=lb°, and the

formulas may be written
1 a=23

Cp=-^Z; ^acos 15 a 2? (295)
IZ a=o

1 a=23

S^=T^ 1] K sin Ibav (296)

in which the angles are expressed in degrees.

If only 12 means are used, the formulas become

Cp=4z: Aa cos 30 a 2) (297)
D a=o
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Sp=l^l^ K sin 30 a p (298)
D a=o

209. The upper part of Form 194 (fig. 16) is designed for the compu-
tation of the coefficients Cp and Sp in accordance with formulas (295)

and (296) to take account of the 24 constituent hourly means.
It is now desired to express each constituent in the form

y=A cos ip d^a) (299)

or using a more specialized notation by

y=A cos (p e-^) (300)

By trigonometry

A cos {p d—t) =A cos f cos p d+A sin ^ sin p 6 (301)
= (7p cos p 0+'S'p sin p 6

in which Cp=A cos f and Sp=A sin f (302)

Therefore,

tan (-=^ (303)
Op

and

A=-^= -S^,= -yJCffSl (304)
cos f sm f ^ P

' ^

Substituting in formulas (303) and (304) the values of Cp and Sp from
formulas (295) and (296), the corresponding values for A and I maj^

be obtained. Substituted in formula (300), these furnish an ap-

proximate representation of one of the tidal constituents, but a further

processing is necessary in order to obtain the mean amplitude and
epoch of the constituent.

AUGMENTING FACTORS

210. In the usual summations with the primary stencils for all the

short period constituents, except constituent S, the hourly ordinates

which are summed in any single group are scattered more or less

uniformly over a period from one-half of a constituent hour before

to one-half of a constituent hour after the exact constituent hour
which the group represents. Because of this the resulting mean will

differ a little from the true mean ordinate that would be obtained if

all the ordinates included were read on the exact constituent hour, as

with constituent S, and the amplitude obtained will be less than the

true amplitude of the constituent. The factor necessary to take
account of this fact is called the augmenting factor.

211. Let any constituent be represented by the curve

y-=A cos (at+a) (305)

in which
A=ihe true amplitude of the constituent

a=the speed of the constituent (degrees per solar hours)
if= variable time (expressed in solar hours)

a:= any constant.
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The mean value of y for a group of consecutive ordinates from t/2

hours before to t/2 hours after any given time t, r being the number
of solar hours covered by the group, is

I

<+r/2

-r/2

— I cos {at-\- a)dt=\ sm {at+a)
tJ t-Tl2 L TT ar Jt-r

360 A . . . ar 360 - ar . / ^ . \ /onc^= cos {at-{-a) sm 77-=— sm-7^A cos {at-\-a) (306)
IT Q/T Z TdT Z

212. Since the true value of y at any time t, is equal to A cos {at-\-a)

by (305), it is evident that the relation of this true value to the mean
value (306) for the group r hours in length is

A cos (at-ra) Tar

360 . ar . / . , X oan ' «^ (307)— sm 77- A cos {at-\-a) 360 sm 77-
TTttr Z Z

The quantity is the augmenting factor which is to be

360 sin-^

applied to the mean ordinate to obtain the true ordinate. In the use
of this factor it is assumed that all the consecutive ordinates within
the time t/2 hours before to t/2 hours after the given time have been
used in obtaining the mean. This assumption is, of course, only
approximately realized in the summation for any constituent, but the
longer the series of observations the more nearly to the truth it

approaches.
213. According to the usual summations with the primary stencils,

the hourly heights included in a single group may be distributed over
an interval from one-half of a constitutent hour before to one-half of a
constituent hour after the hour to be represented. In this case r

equals one constituent hour, or —- solar hours.

Substituting this in (307), the

augmenting factor= y?—
24 sm -f (308)

which is the formula generally adopted for the short-period constituents

and is the one used in the calculation of the augmenting factors in

Form 194. For the long-period constituents special factors are

necessary which will be explained later.

214. If the second system of distribution of the hourly heights as

described on page 53 is adopted, t equals one solar hour and formula

(307) becomes

augmenting factor=
360 sm

2
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It will be noted that formula (308) depends upon the value of 2> and
therefore will be the same for all short period constituents (S excepted)

with like subscripts. Formula (309) depends upon the speed a of the
constituent and will therefore be different for each constituent.

215. When the secondary stencils are used, the grouping of the
ordinates is less simple than that provided by the primary stencils

only. Let it be assumed that the series is of sufficient length so that

the distribution of the ordinates is more or less uniform in accordance
with the system adopted.

Suppose the original primary summations have been made for con-

stituent A with speed a and that the secondary stencils have been
used for constituent B with speed h. Then let 'p and jp' represent the
subscripts of constituents A and B, respectively.

The equation for constituent B may be written

y=B cos (bt-h^) (310)

216. In the primary summation for constituent A, the group of ordi-

nates included in a single sum covers a period of one constituent A
hour or —- solar hours. Expressed in time t, midway of this interval

and representing the exact integral constituent A hour to which the

group applied, the average value of the B ordinates included in such
a group may be written

^-l-B I ; cos (bti-^)dt
152? / t-^/:

=Fr B COS {bt+^) (311)

In which F,, for brevity, is substituted for the coefficient rsin ^r
•

' -^

'

IT po 2a
and gives the relation of the average B ordinate included in the A
grouping to the true B ordinate for the time t represented by that

group. The reciprocal of this coefficient will be that part of the

augmenting factor necessary to take account of this primary groupmg.
If the primary summing has been for the constituent S, this coefficient

may be taken as unity since the original S sums refer to the exact S
hour.

217. When the secondary stencils are applied to the constituent

A group sums, the groups applying to an exact constituent A hour at

any time t and represented by that time, will be distributed over an
15©'

interval of a constituent B hour, or —y-- solar hours.

For an integral constituent B hour at any time t within the middle
day represented by a seven-day page of original tabulations the limits

of this interval will be ( t
—^ ) and ( t-\—

^f"
)• For the same page
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of tabulations, letting t represent the same time in the middle day, the
limits of the group interval for the day following the middle one, are

('+^-T^-¥)-H'+^^+¥> Hwelet„= -3, -2, -1,0,

+ 1, +2, +3, respectively, for the seven successive days represented
by a single page of original tabulations, the limits of the group interval
for any day of the page may be represented by

• 360pn 15p
^+ a 26-yA'^'-^+m

218. Formula (311) gives the mean value of the B ordinate for

grouping of the A summations. The mean value of (311) obtained
by combining the groups falling in any particular day of page of

tabulations in the limits indicated above is

/360pn lop'

360pw 15p'
'^'^

a 2b

cos (6f+/3) dt
152?'

180 1 E, „r • /\. n ,

3606;?n
,

I5p'\

= F,F,B cos (ht-^^^^-^^^) (312)

24 1 . 15«'
if we put F2= 7 sin —~ for brevity.

219. Formula (312) represents the mean value of the B ordinate
for a particular day of the page record. The average value for the

7 days may be written

n=-3 \ « /

=^F,F2B [cos (6^+/3) cos (-3 ^^^)-sin (6/+/3) sin (-3 ^-^^)

+ COS (6^+/3) cos (-2 ^'^)-sin (6^+ ^) sin (-2 ^-^)

+ COS {bt^0) cos (-1 .^|l^^)-sin (6/+^) sin (-1 ^-^)

+ COS (6<+/3) cos — sin (bt+0) sin

+ COS (6^+/3) cos (^)-sin (6f+^) sin Q^)
(Formula continued next page)



HARMONIC ANALYSIS' AND PREDICTION OF TIDES 75

+ COS ibt+^) COS (2 ^)-sin {bt+^) sin (2 ^^^)

+ COS (&f+^) cos (3 ^)-sin (bt+^) sin (3 ^)]
=IF,F,b[i+2 cos^+2 cos 2 ^-^-^+2 cos 3^] cos (bt+^)

\F,F,B

\F,FoB

. ^ 3606p 3 3606??
sin 2 cos TT

-
. ,3Q0bv
sm 4

cos (bt-\-^)

. 126067>"
sin —

—

~
a

. ISObv
sin

cos (6i+i8). (313)

220. Replacing the equivalents of Fi and F2 in (313), the average
value of the B ordinate as obtained by the secondary summations
may be written

r24a . 156p"ir24 . 15»
']

sin
126067?"

^ . I8O67?
7 sm

B cos (6i+/3) (314)

Since the true ordinate of constituent B at any time t is equal to

B cos (6^4-/3), the reciprocal of the bracketed coefficient will be the
augmenting factor necessary to reduce the B ordinate as obtained
from the summations to their true values.

This augmenting factor may be written

7r6;?

24a sin
156??

2a

ttT?

24 sin
15??'

7 sin
1806/

. 12606??
sin

(315)

The first factor of the above is to be omitted if the primary sum-
mations are for constituent S. It will be noted that the middle factor

is the same as the augmenting factor that would be used if constituent
B had been subjected to the primary summations.

PHASE LAG OR EPOCH

221. The phase lag or epoch of a tidal constituent, which is repre-

sented by the Greek kappa (k), is the difference between the phase of

the observed constituent and the phase of its argument at the same
time. This difference remains approximately constant for any con-
stituent in a particular locality. The phase of a constituent argument
for any time may be obtained from the argument formula in table 2 by
making suitable substitutions for the astronomical elements. The
argument itself is represented by the general symbol (V-\-u) or E and
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its phase or value pertaining to an initial instant of time, such as the

beginning of a series of observations, is expressed by (Fo+'i^). Refer-

ring to formula (300), since 6 is reckoned from the beginning of the

series, the angular quantity (—f ) is the corresponding phase of the

observed constituent at this time. The phase lag may therefore be
expressed by the following general formula:

K=Vo+u-{-^)= V,+u-\-r (316)

222. Since the argument formulas of all short-period constituents

contain some multiple of the hour angle (T) of the mean sun, the

arguments themselves will have different values in different longitudes

at the same instant of time. If _2 ecLuals the coefficient ,of T or the

^subscript of the constituent and L equals the longitude of the^ace
In degrees reckoned west from Greenwich, L being considered as nega-

tive for east longitude, the relation between the local and Greenwich
argument for any constituent may be expressed as follows:

local (F+^)= Greenwich (V+u)-pL (317)

223. Also, since the absolute time of the beginning of a day or

the beginning of a year depends upon the time meridian used in the

locality, the initial instant taken for the beginnmg of a series of obser-

vations may differ in different localities even though expressed in the

same clock time of the same calendar day. If we let S equal the

longitude of the time meridian in degrees, positive for west and nega-

tive for east, the same meridian expressed in hours becomes ^S/IS.

Letting a equal the speed or hourly rate of change in the constituent

argument, the difference in argument due to the difference in the

absolute beginning of the series becomes aS/ld, and the relation

between the local and Greenwich argument due to this difference

may be expressed as follows:

local (Fo+'?^)= Greenwich {Vo+u)-2)L-^aS/15 (318)

In the above formula the local and Greenwich {Vo-\-u) pertain to the

same clock time but not the same absolute time unless both clocks are

set for the meridian of Greenwich.

224. Values of (Fo+u) for the meridian of Greenwich at the

beginning of each calendar year 1850 to 2000 are given in table 15

for all constituents represented in the Coast and Geodetic Survey
tide-predicting machine. Tables 16 to 18 provide differences for

referring the arguments to other days and hours of the year. In the

preparation of table 15 that portion of the argument included in the u
was treated as a constant with a value pertaining to the middle of the

calendar year. If the Greenwich iVo-\-u) with its corrections is sub-

stituted for the local (K+w) in formula (316), we obtain

K= Greenwich {Vo+u)-pL+aS/15-{-^ (319)

225. The phase lag designated by k is sometimes called the local

epoch to distinguish it from certain modified forms which may be used

for special purposes. In the preparation of the harmonic constants

for predictions it is convenient to combine the longitude and time

meridian corrections with the local epoch to form a modified epoch
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designated by k' or by the small g. The relation of the modified
epoch to the local epoch may then be expressed by the following
formula:

k' or ^=K+2^X—a»S/l 5= Greenwich {Vo-\-u)^l: (320)

226. The phases of the same tidal constituent in different parts of
the world are not directly comparable through their local epochs since

these involve the longitude of the locality. For such a comparison it

is desirable to have a Greenwich epoch that is independent of both
longitude and time meridian. Such an epoch may be designated by
the capital G and its relation to the corresponding local epoch ex-

pressed as follows:

Greenwich epoch ((j)=K+pi== Greenwich {Vo'\-u)^aSllb+ ^ (321)

227« The angle k may be graphically represented by figures 7
and 8. In figure 7, we have a simple representation of a single con-

J3

°a3
(1) U)

5 >, O >, <s E o g C

pL >^p(S-L)-H p« cL i-«-c(S-L)-

i i I—
-Greenwich V^+u >f« cS-

U Local V_+u

I

[* Local epoch (K)

|-« Greenwich epoch (G)

Fl.'rURE 8.

stituent. In this figure changes in the phase or angle are measured
along the horizontal line, positive change toward the right and nega-
tive change toward the left. The full vertical line indicates the
beginning of the series, at which time the angle p 6, or at, equals 0.

At the left of this vertical line, the symbol of a moon (M) indicates
the zero value of the equilibrium argument that precedes the begin-
ning of the series. For the principal lunar or solar constituent, this

will be simultaneous with a transit of the mean moon (modified by
longitude of moon's node) or of the mean sun, and for other short-
period constituents with the transit of a fictitious star representing
such constituent (p. 23). At the point represented by this moon,
the angle {V-\-u) has a value of zero. This angle increases to the
right, and at the beginning of the series has a value represented by
{Vo-\-u), which may be readily computed for the beginning of any
series. This interval from M to the time of occurrence of the first

following constituent high water is the epoch k. This represents the
lag or difference between the actual constituent high water at any
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place and the theoretical time as determined by the equilibrium
theory. The distance from the beginning of the series to the follow-

ing high water is the f of formula (300), which is determined directly

from the analysis of the observations. From the figure it is evident
that the k is the sum of (Vo-^-u) and T, and also that it is independent
of the time of the beginning of the series.

228. Figure 8 gives a more detailed representation of the epoch of a
constituent. In this figure the horizontal line represents changes in

time. Distances along this line will be proportional to the changes
in the angle of any single constituent, but since each constituent
has a different speed equal distances along this line will not represent
equal angles for different constituents. The time between the events
may be converted into an equivalent constituent angle by multiplying
by the speed of the constituent. The figure is to some extent self-

explanatory. The word "transit" signifies the transit of the fictitious

moon representing any constituent and also the time when the equili-

brium argument of that constituent has a zero value. For all short-

period constituents the time of such zero value will depend upon the

longitude of the place of observation as well as upon absolute time.

For long-period constituents the zero values are independent of the
longitude of the place of observation, and the "transits" over the
several meridians may be considered as occurring simultaneously,
which is equivalent to taking the coefficient p equal to zero. The
figure illustrates the relation between the Greenwich (Fo+ 'w) calcu-

lated for the meridian of Greenwich and referring to standard Green-
wich time and local (Fq+'m) referring to the meridian of observation
and the actual time of the beginning of the observations.

INFERENCE OF CONSTANTS '.

229. Under the conditions assumed for the equilibrium theory the
amplitudes of the constituents could be computed directly by means
of the coefficient formulas without the necessity of securing tidal

observations, and the phases would correspond with the equilibrium

arguments of the constituents. Under the conditions that actually

exist it has been found from observations that the amplitudes of the

constituents of a similar type at any place, although differing greatly

from their theoretical values, have a relation that, in general, agrees

fairly closely with the relations of their theoretical coefficients. It

has also been ascertained from the results obtained from observations

that the dift'erence in the epochs or lags of the constituents have a
relation conforming, in general, with the relation of the differences

in their speeds. This last relation is based upon an assumption that

the ages of the inequalities due to the disturbing influence of other
constituents of a similar type are equal when expressed in time.

230. If the mean amplitudes, epochs, and speeds of several constit-

uents A, B, C, are represented by H{A), H{B), H{C), k{A), k{B),

k{C), and a, b, c, respectively, the above relations may be expressed

by the following formulas:

mean coefficient of P^ (322)
mean coeihcient oi A
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or,

KiO-KiA)=^[K(B)-K(A)] (323)

(324)

By formula (322) the amplitude of a constituent (5) may be inferred
from the known amplitude of a constituent (A), and by formula (324)
the epoch of a constituent (CO may be inferred from the known epochs
of constituents (A) and (B).

231. These formulas have, however, certain limitations. They
are not applicable to shallow water and meteorological constituents,
nor are they adapted to the determination of a diurnal constituent
from a semidiurnal constituent or of a semidiurnal constituent from
a diurnal constituent. The results obtained by the application of

the formulas to tides of similar type may be considered only as rough
approximations to the truth. They may, however, be preferable to

the values obtained for certain constituents when the series of obser-
vations is short.

232. By substituting the mean values of the coefficients and the
speeds from table 2 the following special formulas may be derived
from the general formulas (322) and (324)

i?(J,) =0.079 i?(Oi);

iy(Mi) =0.071 H(0^);
H(00)=OM3H{0,);
H{Fr) =0.331 H(K,);
i?(QO =0.194 i7(O0;
iy(2Q) =0.026 i^(O0;
H{pi) =0.038 i7(0i);

Diurnal constituents

/<(Ji) =k(Ki) +0.496
k(MO =/c(Ki) -0.500
k(00) = /c(KO + 1.000
k(P,) =k(Ki) -0.075
/c(Q,) =/c(K,)-1.496
k(2Q) =k(Ki)- 1.992

kIpi) =k(Ki)- 1.429

[k(K0-k(O,)]

>(K0-/<(O0]
>(K0-/c(O0]
>(K,)-/c(0,)]

[k(K0-k(O0]

Semidiurnal constituents

mm ^

HiT,) --

H(.2) --

= 0.272
= 0.028
0.143

= 0.194
= 0.026
= 0.133
= 0.008
0.059

= 0.007
= 0.024
0.038

= 0.194

^(§2) ;

mm ;

mM,);
mM,);
mm;
m^2) ;

m^2);
mu,);
mu,);

/^(N2);

k(2N):

^(Rs) ^

k(p2)

--k{S2)

--k{S2)

:k(M2)-

^^(82)

^'^(82) •

^^'(82) •

-0.081

-0.464

1.000
-1.536

-2.072

2.000
-0.040

0.040
0.536
2.000
1.464
0.866

['<(S2)

[KiMo)

[k(S,)

[^(82)

[^'(82)

[4M2)

-'C(M2)]

-'^(N2)]

-k{M,)]

-x{N,)]

k(M,)]

-xiU,)]
-K'(Mo)]

-.(N2)]

(325)

(326)

(327)

(328)

(329)

(330)

(331)

(332)

(333)

(334)

(335)

(336)

(337)

(338)

(339)

(340)

(341)

(342)

(343)

233. In order to test the reliability of the results obtained by infer-

ence as above, 60 stations representing various types of tide in different
parts of the world where the harmonic constants had been determined
from observations were selected and a comparison was made between
the values for certain constants as obtained by inference and by
observations. The tests were applied to the diurnal constituents
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Ml, Pi, and Qi, and to the semidiurnal constituents K2, L2, and V2, and
formulas (326), (328), (329), (332), (333), and (342) were used for the

purpose. The following results were obtained for the differences

between values as obtained from inference and from observations.

The average gross difference is the average difference without regard

to the signs of the individual items, and the average net difference

takes into account these signs so that a positive difference may offset

a negative difference in the mean. The last two lines in the table

show the percentage of cases in v/hich the differences were less than

0.05 and 0.10 foot, respectively, for the amplitudes, and less than 10°

and 20°, respectively, for the epochs.

Maximum d ifference

Average gross difference

Average net difference -

.

Differences less than 0.0.0 foot or 10°

Differences less than 0.10 foot or 20°

Mi
ampli-
tude

Ft.
0.05
.02
.01

%
S3
100

Mi
epoch

Deg.
149
31
1

%
37
57

Pi
ampli-
tude

Ft.
0.27
.03
.01

%

Pi
epoch

Deg.
49

ampli-
tude

Ft.

0.05
.01

.00

%
96
100

epoch

Deg.
105
14

%
68
82

Maximum difference... —
Average gross difference..

Average net difference.

Differences less than 0.05 foot or 10°

Differences less than 0.10 foot or 20°

K2
ampli-
tude

Ft.
0.28
.02
.00

%
87
97

K2
epoch

Deg.
51

U
ampli-
tude

Ft.

1.09
.09
.08

U
epcch

104
25
4

ampli-
tude

Ft.

0.28
.04
.02

%

epoch

Deg.

By using formulas (334) and (343) for La and V2 the results are

slightly improved, the average net differences for the amplitude and

epoch "of L2 becoming 0.07 foot and 3°, respectively, the difference for

the epoch of V2 becoming 2°, while the average net difi'erence for the

amplitude of V2 remains unchanged.

234. Although there is a fairly good agreement indicated by the

average differences, it is evident that the inferred constants, especially

the epochs, cannot be depended upon for a high degree of refinement.

It may be stated, however, that for constituents with very small

amplitudes the epochs determined from actual observations may be

equally unreliable. This becomes evident when results from different

years of observations are compared. Fortunately, the large dis-

crepancies in epochs are found only in constituents of small amplitude

and are therefore of little practical importance.

235. Constituent H2 as determined by inference is relatively unim-

portant. However, this constituent has the same period as the

compound tide 2MS2 and when obtained directly from the analysis

of observations frequently differs considerably from the inferred m
both in amplitude and epoch. The inferred values for this constituent

cannot therefore be considered as very satisfactory.

236. Prior to the elimination process described in the next section,

certain preliminary corrections are applied to the amplitudes and
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epochs of constituents S2 and Ki because of the disturbing effects of

K2 and T2 on the former and Pi on the latter. In a short series of

observations these effects may be considerable because of the small
differences in the periods of the constituents involved.

237. Let
yi-=Acos (at+a) (344)

and
2/2=5 cos (6i+/3) (345)

represent two constituents, the first being the principal or predomi-
nating constituent and the latter a secondary constituent whose effect

is to modify the amplitude and epoch of the principal constituent.

The resultant tide will then be represented by

y=yi+y2=A cos {at+a)+B COS (6^+|3) (346)

Values of t which will render (344) a maximum must satisfy the
derived equation

Aasin {at-\-a)=-0 (347)

and the values of t which will render (346) a maximum must satisfy

the equation
Aa sin {at+a)+Bb sin {bt-\-^) = (348)

For a maximum of (344)

a '

in which n is any integer.

238. Let -=the acceleration in the principal constituent A due to

the disturbing constituent B. Then for a maximum of (346)

a

This value of t must satisfy equation (348), therefore we have

Aa sin (2n tt—^)+56 sin -i^n Tr—d—a)+ ^

= -Aa sin d+Bb sin f^^ (2n Tr-d-a) + ^-a-dl =0 (351)

At the time of this maximum, when

2n T—a—d
t= )

a

the phase of constituent A will equal

{2n T—a—d)-\-a

and the phase of constituent B will equal

^ (2nx-«-^)+ /3

Let 0= phase of constituent 5—phase of constituent A at this time.

Then

^=bz^(^2mr-a-e)^-^-a (352)
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Substituting the above in (351)

—Aa sin e+Bb sin {4>—9)

= —Aa sin d-\-Bb sin «^ cos d—Bh cos </> sin 6

= — (Aa+Bb cos (f)) sin 0+56 sin 4> cos 0=0 (353)
Then

Bb sin /„,..N
tan 6=^—. p, ^ ^ (354)^a+i^o cos 4>

^ ^

239. For the resultant amphtude at the time of this maximum sub-
stitute the values of t from (350), in (346), and we have

y=A cos (2w TT— 0)4-5 cos - {2n x—0— a) + /3

=A cos 0+5 COsT^^ (27?. 7r-0-a) + /3-a-0l

=^ COS 0+5 cos {<f>—d) (355)

=^ cos 0+5 cos cj> cos 0+5 sin (/> sin

= (v4+5 cos 0) cos 0+5 sin cp sin

= V^^+^^+2.45cosc/, cos(0-tan-^jf|^)
240. From (354)

^ , _, 5 sin _. sin </) . ,

0=tan ^ =tan ^-t (356)

^Y+5 cos (f) -^+ cos (/)

In the special cases under consideration the ratio j is near unity,

and the difference between and tan~^ . , r> r is therefore very
A-^B cos </)

small, so that the cosine may bo taken as unity.

The resultant amplitude may therefore be expressed by

V^'+52+2^5 cos </>=yl-*/ 1+^2+2^ cos (357)

The true amplitude of the constituent sought being A, the resultant

amplitude must be divided by the factor

V l+^'+2|cos0 (358)

in order to correct for the influence of the disturbing constituent.

241. The corrections for acceleration and amplitude as indicated

by formulas (350) and (358) may to advantage be applied to the con-

stants for constituent Kj for an approximate elimination of the effects

of constituent Pj and to the constants for S2 for an approximate
elimination of the effects of constituents K2 and Tj. By taking the

relations of the theoretical coefTicients for the ratios -^ and the differ-

ences in the equilibrium arguments as the approximate equivalents

of the phase differences represented by <j), tables may be prepared
giving the acceleration and resultant amplitudes with the arguments
referring to certain solar elements.

Thus, from table 2, the following values may be obtained.
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Effect of Pi on K,.
Effectof K2onS2-
EflectcfT2onS2-

0. 33086
0. 27213
0. 05881

Aa
'Bb

3. 03904
3. 66469

17. 02813

-2ft+/+180°
2^-2;-".

-ft+Pi

Substituting the above in (356) and (358) we have
Effect of Pi on Ki .

Acceleration =tan"^ „ nonn ttti n (359)
3.0390— cos (2ft— v)

Resultant amphtude=0.813Vl.6767-cos (2/i,-/) (360)

Effect of Kg on Sg

Accelerations tan-^
3.664T+cos"(2l-2v'')

^^^^>

Resultant amphtude=0.738Vl.9734+ cos {2h-2v") (362)

Effect of T2 on 83

Accelerations tan~^ -,„ ^^01 1 rr \ (363)
17.0281 + COS {h—pi)

Resultant amplitude=0.343V8.5318+ cos {h-p{) (364)

242. The above formulas give the accelerations and resulting

amplitudes for any individual high water. For the correction of th&

constants derived from a series covering many high waters it is

necessary to take averages covering the period of observations..

Tables 21 to 26 give such average values for different lengths of series,

the argument in each case referring to the beginning of the series.

In the preceding formulas the mean values of the coefficients were

taken to obtain the ratios j.- To take account of the longitude of

the moon's node, the node factor should be introduced. If the mean
coefficients are indicated by the subscript 0, formulas (356) and (358)

may be written

Accelerations tan~V/ a\ a /occv

Resultant amplitudes^l4-('-^|^l^°y+2^j^ cos (366)

f(A)
243. In the cases under consideration the ratio 'jrn^ will not differ

A a
greatly from unity, the ratio -^-r will be rather large compared with

cos (f), which can never exceed unity, and the acceleration itself is

relatively small. Because of these conditions the following may be
taken as the approximate equivalent of (365):
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A 1 J.- Ji^) ^ -1 sin
Acceleration=^^ tan-^^-^

(3^7)

Also because ^ in these cases is small compared with unity, the

following may be taken as the approximate equivalent of (366)

:

Resulting amplitude=l+'^^ryi + ('^Y+2 ^ cos <^-ll (368)

To allow for the effects of the longitude of the moon's node, the

tabular value of the acceleration should, therefore, be multiplied by

the ratio jfT) and the amount by which the resultant amplitude

differs from unity by the same factor. In the particular cases under
consideration the factor/, for constituents Pi, S2, and T2, is unity for

each. Therefore, for the effect of Pi on Ki, the ratio 7fA\~~77K~)
= F(Ki), and for the effect of K2 upon S2, this ratio is/(K2). For the
effect of T2 upon S2 the ratio is unity.

EUMINATION

244. Because of the limited length of a series of observations
analyzed the amplitudes and epochs of the constituents as obtained
by the processes already described are only approximately freed from
the effects of each other. The separation of two constituents from
each other might be satisfactorily accomplished by having the length
of series equal to a multiple of the synodic period of the two con-
stituents. To completely effect the separation of all the constituents
from each other by the same process would require a series of such a
length that it would contain an exact multiple of the period of each
constituent. The length of such a series would be too great to be
given practical consideration. In general, it is therefore desirable to
apply certain corrections to the constants as directly obtained from
the analysis in order to eliminate the residual effects of the constituent
upon each other.

245. Let A be the designation of a constituent for which the true
constants are sought and let B be the general designation for each
of the other constituents in the tide, the effects of which are to be
eliminated from constituent A.
Let the original tide curve which has been analyzed be represented

by the formula
y=Acos {at -\- a) + 1: B cos (bt-\-^) (369)

in which
y=the height of the tide above mean sea level at any time t.

/=time reckoned in mean solar hours from the beginning of
the series as the origin.

A=R(A) = true amplitude of the constituent A for the time
covered by series of observations.

B =R(B)= true amplitude of constituent B for the time cov-
ered by series of observations.

a= — ^(A)=true initial phase of constituent A at beginning of

series.
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i8= — f (J5) =true initial phase of constituent B at beginning of

series.

a= speed of constituent A.
6= speed of constituent B.

246. Formula (369) may be written

y^A cos a cos ai+2 B cos
{
{h— a)t-\-^] cos at

—A sin a sin a^— S B sin [{h—a)t-\-^] sin at

= [^ cos a+2 5 cos {(6— a)i+iS}] cos af

—U sin a+S 5 sin {(6— a)i+i8}] sin at (370)

The mean values of the coefficients of cos at and sin at of formula
(370) correspond to the coefficients Cp and S^ of formulas (295) and
(296) which are obtained from the summations for constituent A.

247. Let A' and a'= the uneliminated amplitude and initial phase,
respectively, of constituent A, as obtained directly from the analysis.

The equation of the uneliminated constituent A tide may be written

y=A' cos {at-\-a')=^A' cos a' cos at— A' sin a' sin at (371)

Comparing (370) and (371), it will be found that

A' cos a'=mean value of [A cos a+S B cos {{h-a)t+^]] (372)

A' sin a'=mean value of [A sin a+S 5 sin { (6-a)«+/8]] (373)

248. Let T=length of series in mean solar hours. Then the mean
value of

B cos [{h—a)t-\-^} within the limits ^=0 and t=T, is

^ I 5cos [{h-a)t^^]dt=^
(h-a)r

^^^^ {(&-a)r+)8}-sin ^]

180 sin i (6

—

a)T-r, .,,, ^ , ^-, /ot^\=-^ M&-q)r -^^^^ {|(6-a)T+i8} (374)

The mean value of 5 sin
{ {h—a)t-\-^] within the same limits is

^\B^\ri{{h-a)t+^]dt=^-~ 7j±-^-y^[cos
{
(6-a)r+^}-cos )8]

180 sin 1(6— a)r„ . ,,,, n i oi /otcx= T-^r—^Bsin{\{h-a)T-\-^] (375)

Substituting (374) and (375) in (372) and (373), and for brevity

letting

^^^lgO sin|(6-a)r^ (376)
TT \{h—a)T

we have
A' cos a'=A cos a+S F^ cos {i(6-«)^+/3} (377)

^' sin a'=^A sin a+S /'b sin [\{h-a)T-^^] (378)

Transposing,

^ cos a=A' cos a'-2 7^^ COS {\Q)-a)T-\- ^] (379)

^ sin a=A' sin a'-2 J^b sin {hQ)-a)T+^] (380)

Multiplying (379) and (380) by sin a' and cos a', respectively,
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A sin a' cos a=A' sin a' cos «'— 2 F^ cos {^(6— a)T+/3} sin a (381)

yl cos a sin a= ^' sin a' COS a'— S FbSin {|(6— a)r+,S} cos a' (382)

Subtracting (382) from (381)

A sin (a'-o;) = S Fb sin (K&-a)^+/3-a'} (383)

Multiplying (379) and (380) by cos a' and sin a' , respectively,

A cos a cos q:=A' cos^ a'— 2 Fb COS {M&— «)t+|3} COS a' (384)

^ sin a' sin q;=A' sin- a'— 2 F^, sin {!(&— a)T+i8} sin a' (385)

Taking the sum of (384) and (385)

A cos {a'-a)=A'-i: Fb COS { i(&-o)r+ /3-a'} (386)

Dividing (383) by (386)

, ^ . , ._ SFbsin {K6-a)T+/3-a^} . .

tan (a — a) =-77

—

„ t-, rrrL \

—

ris rr w^O^ ^ ^ — 2 Fb COS {|(o— a)r+/3— Q!
}

From (386)

^^__
^'-2 Fb COS {Ub-a)T^^-a'} .^^^.

cos (a'— a)

249. Substituting the value F^ from (376) and the equivalents

R'(A), R(A), R{B),-^'{A)-UA), and -f(5) foryl', A B, «', «, and
/3, respectively, we have by (387) and (388)

tan[f(^)-r(^)]=
^IgO sin |(6--a)r

^^^^ ^.^ {i(6-a)r-r(5)+r(-A)}
TT ^1,0 a)T

^ (389)

i?'(^)-S^^^|(|^^^^(5) cos {i(6-a)r-f(5) + r(A)}

iS'(-

i2(-A)=
iS'(^)-l]^ ^^j^=^R(B) cos {-H6-a)r-r(5) + r(4)}
" ^

cos[f(^)-f'(A)]
(390)

250. Formula (389) gives an expression for obtaining the difference

to be appHed to the uneliminated ^'(A) in order to obtain the true

^(A), and formula (390) gives an expression for obtaining the true

amplitude R(A). These formulas cannot, however, be rigorously

applied, because the true values of R{B) and f (5) of the disturbing

constituents are, in general, not known, but very satisfactory results

may be obtained by using the approximate values of RiB) and f (5)

derived from the analysis or by inference.

By a series of successive approximations, using each time in the

formulas the newly eliminated values for the disturbing constituents,

any desired degree of refinement may be obtained, but the first

approximation is usually sufficient and all that is justified because

of the greater irregularities existing from other causes.

251. Form 245 (fig. 19) provides for the computations necessary in

applying formulas (389) and (390). In these formulas the factors

represented by —•
^^^,7 —r^^ and the angles represented by
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•^(6— a)r will depend upon the length of series; but for any given
length of series they will be constant for all times and places. Table
29 has been computed to give these quantities for different lengths
of series. The factor as directly obtained may be either positive or
negative, but for convenience the tabular values are all given as
positive, and when the factor as directly obtained is negative the
angle has been modified by ±180° in order to compensate for the
change of sign in the factor and permit the tabular values to be used
directly in formulas (389) and (390).

252. An examination of formulas (389) and (390) will show that the
disturbing effect of one constituent upon another will depend largely

upon the magnitude of the fraction ±(i__ \ Assuming that b is

not equal to a, this fraction and the disturbing effect it represents will

approach zero as the length of series r approaches in value yV r> or

any multiple thereof, or, in other words, as r approaches in length
any multiple of the synodic period of constituents A and B. Also,
since the numerator of the fraction can never exceed unity, while the
denominator may be increased indefinitely, the value of the fraction
will, in general, be diminished by increasing the length of series and
will approach zero as t approaches infinity. The greater the dif-

ference (b—a) between the speeds of the two constituents the less

will be their disburbing effects upon each other. For this reason the
effects upon each other of the diurnal and semidiurnal constituents
are usually considered as negligible.

253. The quantities R(B) and f (5) of formulas (389) and (390) refer

to the true amplitudes and epochs of the disturbing constituents.
These true values being in general unknown when the elimination
process is to be applied, it is desirable that there should be used in the
formulas the closest approximation to such values as are obtainable.
If the series of observations covers a period of a year or more, the am-
plitudes and epochs as directly obtained from the analysis may be
considered sufficiently close approximations for use in the formulas.
For short series of observations, however, the values as directly
obtained for the amplitudes and epochs of some of the constituents
may be so far from the true values that they are entirely unservice-
able for use in the formulas. In such cases inferred values for the
disturbing constituents should be used.

LONG-PERIOD CONSTITUENTS

254. The preceding discussions have been especially applicable to
the reduction of the short-period constituents—those having a period
of a constituent day or less. They are the constituents that deter-
mine the daily or semidaily rise and fall of the tide. Consideration
will now be given to the long-period tides which affect the mean level
of the water from day to day, but which have practically little or no
effect upon the times of the high and low waters. There are five
such long-period constituents that are usually treated in works on
harmonic analysis—the lunar fortnightly Mf, the lunisolar synodic
fortnightly MSf, the lunar monthly Mm, the solar semiannual Ssa,
and the solar annual Sa. The first three are usually too small to be
of practical importance, but the last two, depending largely upon
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meteorological conditions, often have an appreciable effect upon the
mean daily level of the water.

255. To obtain the long-period constituents, methods similar to
those adopted for the short-period constituents with certain modifica-
tions may be used. For the fortnightly and monthly constituents
the constituent month may be divided into 24 equal parts, analogous
to the 24 constituent hours of the day. Similarly, for the semiannual
and annual constituents the constituent year may be divided into
24 equal parts, although it will often be found more convenient to
divide the year into 12 parts to correspond approximately with the
12 calendar months.

256. Instead of distributing the individual hourly heights, as for the
short-period constituents, a considerable amount of labor can be
saved by using the daily sums of these heights. The mean of each
sum is to be considered as applying to the middle instant of the period
from hour to 23d hour; that is, at the 11.5 hour of the day. If the
constituent month or year is divided into 24 equal parts, the in-

stants separating the groups may be numbered consecutively,
like the hours, from to 23, with the instant of the first group
taken at the exact beginning of the series. A table may now be
prepared (table 34) which will show to which division each daily
sum, or mean, of the series must be assigned.

257. Letting
a=the hourly speed of any constituent, in degrees.

p=l when applied to a monthly or an annual constituent, and
'p=2 when applied to a fortnightly or a semiannual constituent.
c?=day of series.

s= solar hour of day.
Then

and

also

1 constituent period=— solar hours (391)

I constituent month= solar hours (392)

1 constituent year= ~ solar hours (393)

Dividing the constituent month or year into 24 equal parts, the
length of

15©
1 constituent division=

—

~ solar hours (394)

Therefore, to express the time of any solar hour in units of the con-
stituent divisions to which the solar hourly heights are to be assigned,
the solar hour should be multiplied by the factor a/15p.

Thus,

Constituent division=t-^ (solar hour of series)

=^[24(^-1)+.]

=-^[24(d-l)+ n.5] (395)
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since in using the daily sums, the solar hour of the day to which each
such sum applies will always be 11.5 hour.

By substituting the speeds of the constituents from table 2 the

following numerical values are obtained for the coefficient y^:

Mf, 0.036,601,10; MSf, 0.033,863,19; Mm, 0.036,291,65;

Sa and Ssa, 0.002,737,91.

By using the appropriate coefficient and substituting successively

the numerals corresponding to the day of series (d), the corresponding
value of the constituent division to which each daily sum is to be
assigned may be readily obtained. The value of such division as

obtained directly from the formula will usually be a mixed number.
For table 34 the nearest integral number, less any multiple of 24, is

used.

258. The distribution of the daily sums for the analysis of the long-

period constituents may be conveniently accomplished by copying
such sums in Form 142 (fig. 12), taking the constituent divisions as

the equivalents of the constituent hours and using table 34 to deter-

mine the division or hour to which each sum should be assigned.

The total sum and mean for each division may then be readily ob-
tained. These means can then be treated as the hourly means of the

short-period tides according to the processes outlined in Form 194
(fig. 16) with such modifications as will now be described.

259. In using the daily means as ordinates of a long-period constitu-

ent consideration must be given to the residual effects of any of the
short-period constituents upon such means and steps taken to clear the
means of these effects when necessary. Constituent S2 with a period
commensurate with the solar day, may be considered as being com-
pletely eliminated from each daily mean. Constituents Ki and K2
are very nearly eliminated because the K day is very nearly equal
to the solar day. Other short-period constituents may affect the
daily means to a greater or less extent, depending largely upon their

amplitudes. Of these the principal ones are constituents M2, N2, and
Oi. In the distribution and grouping of the daily means for the
analysis of the several long-period constituents the disturbing effects

of the short-period constituents just enumerated, excepting the effects

of M2 upon MSf, will be greatly reduced, and in a series covering
several years may be practically eliminated. Because the period of

MSf is the same as the synodic period of M2 and S2 there will always
remain a residual effect of the constituent M2 in the constituent MSf
sums of the daily means, no matter how long the series, which must
be removed by a special process.

260o Let the equation of one of the short-period constituents be

y=A cos (at+a) (396)

Letting (/=day of series, the values of t for the hours to 23 of d
day will be

24(d-l),24(d-l)+ l,24:{d-l)+2, .... 24(c?- 1)4-23.

Substituting these values for t in (396) and designating the corre-
sponding values of the ordinate ?/ as ?/o, 2/1, 2/2 • . • 2/23 the following
are obtained:
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7/0 =A cos [24:{d—l)a+ a]

7/1 =A cos [24:id—l)a-\-a+a]

2/2 =^ cos [24(c^— l)a+a+2a] (397)

y2z=A cos [24(6?— l)a+a:+ 23a]

Representing the mean of these 24 ordinates for d day by y^, we have

ya=7^Acos {24(<i— l)a+o:} [1 + cos a+cos 2a+ -f cos 23a]

—^ A sin {24(c?— l)a+a}[sin a+sin 2a+ -f

1 . sin 12ar ,_ . . , ^. , . 23
= 24 ^ sirg^L''^"

{24{d-l)a+ a] cos y a

23 "1— sin {24{d—l)a-\-a} sin -^ a

=^ A ?^^Ll2ff
^^g {24((/-l)a+ «+11.5a}

24 sin }2a

-sin 23al

(398)

261. Formula (398), representing the average vahie of the constitu-

ent A ordinates contained in the daily mean for d daj, is the correction

or clearance that must be subtracted from the mean for that day in

order to eliminate the effects of A. It will be noted that if we let

A represent any of the solar constituents, Si, S2, 83,. S4, etc., the

factor sin 12a, and consequently the entire formula, becomes zero for

all values of d. By formula (398) clearances for each of the disturbing

short-period constituents for each day of series maybe computed and
these clearances then applied individually to the daily means, or, if

first multiplied by the factor 24, to the daily sums.

262. The labor involved in making independent calculations for

the clearance of the cft'ect of each short-period constituent for each

day of series would be considerable, but this may be avoided to a

large extent by means of a tide-computing machine.
If we let if= time reckoned in mean solar hours from the beginning

of the series, then for any value of 7/d, which must apply to the 11.5

hour of d day,
t=24id-l) + n.5

and
af= 24(rf-l)a+11.5a (399)

If the above equivalent is substituted in (398) and y^ replaced by

2/a, we have

y.=^^A'^^cosiat+a) (400)
24 sm fa

which represents a continuous function of t; and for any value of t

corresponding to the 11.5 hour of d day the corresponding value of

?/a will be ya. This formula is the same as that for the short-period
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constituent A, except that it includes the factor ^—.—j— in the
^4 Sin 26^

coefficient. The speed a is a known constant and the values of A
and a are presumed to have already been determined from the har-

monic analysis of the short-period constituents. Similarly, the dis-

turbing effects of other short-period constituents may be represented

by
1 „ sm 126 ,,

1 sin 12c / , , N /.^-.N

etc.

The combined disturbing effect of all the short-period constituents

may, therefore, be represented by the equation

, ^ 1 . sin 12a ... .

2/=2/a+2/6+etc.=24 ^
g^^^ 1^

cos {at^a)

+^ B -^^^ cos (6#+^) + etc. (402)
24 sm |6

^

263. This formula is adapted to use on the tide-computing machine..

With the constituent cranks set in accordance with the coefficients:

and initial epochs of the above formula, the machine will indicate

the values of y corresponding to successive values of t. The values,

of y desired for the clearances are those which correspond to t at the
11.5 hour on each day. Thus, the clearance for each successive day
of series may be read directly from the dials of the machine. In
practice, it may be found more convenient to use the daily sums
rather than the daily means for the analysis. In this case the co-

efficients of the terms of (402) should be multiplied by the factor 24
before being used in the tide-computing machine.

264. Assuming that all the daily sums are used in the analysis, the
augmenting factor represented by formula (308) which is used for

the short-period constituent is also applicable to the long-period con-
stituents, with p representing the number of constituent periods in a
constituent month or year. Thus, for Mm and Sa, p equals 1 , and
for'Mf, MSf, arid Ssa, p equals 2. For the long-period constituents a
further correction or augmenting factor is necessary, because the
mean or sum of the 24 hourly heights of the day is used to represent,

the single ordinate at the 11.5 hour of the day.
265. If we let formula (396) be the equation of the long-period

constituent sought, formula (400) will give the mean value of the 24
ordinates of the day which, in the grouping for the analysis, is taken
as representing the 11.5 hour of the day or the U hour of the series.

Since the true constituent ordinate for this hour should be A cos.

sm n
{ata-\-a), it is evideiit that ,an,augmenting factor of 24 • ^^^ m\ist be

applied to the mean ordinates as derived from the sum of the 24
hourly heights of the day in order to reduce the means to the 11.&
hour of each day.



92 U. S. OOAST AND GEODETIC SURVEY

266. The complete augmenting factor for the long-period constit-

uents, the year or month being represented by 24 means, will be
obtained by combining the above factor with that given in formula
(308). Thus

^- J.
, T^V v/24 sin \a ,..„,

augmentmg factor^ riT^X sin 12a
^^^^^

24 sm -~-

If the year or month is represented by only 12 means as when monthly
means are used in evaluating Sa and Ssa, the formula becomes

i.- J? i.
T© . .24 sin \a , ._ .,

augmentmg factor=^-2-g^^-^X-^j^-^2- (404)

Values obtained from these formulas are given in table 20.

267. The following method of reducing the long-period tides, which
conforms to the system outlined by Sir George H. Darwin, differs to

some extent from that just described. In this discussion it is assumed
that a series of 365 days is used. Let the entire tide due to the five

long-period constituents already named be represented by the equation

y=A cos {at^a)^B cos (6^+ |8) +C cos (af+7) (405)

+Z>cos ((i^+5) + Scos (^i+e)

268. For convenience in this discussion let t be reckoned from the

11.5th solar hour of the first day of series instead of the midnight
beginning that day. Every value of t to which the daily means refer

will then be either or a multiple of 24.

Let A', B', C, D', and E' , equal
A cos a, B cos j8, C cos 7, D cos 5, and E cos e, respectively, and

A", B", C", D", and E" , equal
—A sin a, —B sin /3,

— C sin 7, —D sin 5, and —E sin e, respectively.

(406)

Then formula (405) may be written

y=A' cos at-\-B' cos ht^C cos ct^D' cos dt^E' cos et

+A" sin at+B" sin ht^C" sin ct+D" sin dt+E" sin et (407)

In the above equation there are 10 unknown quantities, A', A'',

B', B" , etc., for which values are sought in order to obtain from them
the amplitudes and epochs of the five long-period constituents. The
most probable values of these quantities may be found by the least

square adjustment.
269. Let ?/,, y.2, .... yses represent the daily means for a 365 day

series, as obtained from observations. If we let n be any day of the

series, the value of t to which that mean applies will be 24(w— 1).

By substituting in formula (407) the successive values of y and the

values of t to which they correspond, 365 observational equations are

formed as follows:
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yi= A' cos 0+5' cos 0+ ... .

-\-A" sin 0+5" sin 0+ ... .

7/2= A' cos 24a+5' cos 246+ .

+A" sin 24a+5" sin 246+ .

yss5=A' cos 24X364(1+5' cos 24X3646+
+A" sin 24X364a+5" sin 24X3646+

(408)

270. A normal equation is now formed for each unknown quantity

by multiplying each observational equation by the coefficient of the

iniknown quantity in that equation and adding the results. Thus,
for the unknown quantity A', we have

?/i cos 0=A' cos^ 0+5' cos cos 0+ ....
+ yl" sin cos 0+5" sin cos 0+ • . • •

y.-> cos 24:a=A' cos^ 24a+5' cos 246 cos 24a+ ....
+A" sin 24a cos 24a+5" sin 246 cos 24a+ • . .

' (409)

1/365 cos (24X364a)=A' cos^ (24X364a)
+5' cos (24X3646) cos (24X 364a) + ....
+A" sin (24X 364a) cos (24X 364a)
+5" sin (24X3646) cos (24X 364a) + ....

Summing
n=3G.5 n=365^ ?/„ COS 24(71— l)a=^' XI cos^ 24(?i— l)a
n=l n=l

n=365

+A" X) sin 24(n-l)a cos 24(n— l)a
n=l
n = 365

+5' X COS 24(7^-1)6 COS 24(71- l)a
n=l
n=365

+ 5" X sin 24(71-1)6 cos 24(7i-l)a
n=]
n=365

+ (7' X)cos24(7i-l)c cos24(7i-l)a
n=l
n=365

+ (7"Xsin 24(7i-l)ccos 24(7i-l)a
n=l
n = 365

+D' X) cos 24(7?,- l)c? cos 24(71- l)a
n = l

n = 3G5

+D" X sin 24:{n-l)d cos 24(7i-l)a
n=l
n = 365

+ £;' X cos 24(71— l)e cos 24(7i— l)a
n=l

n=3fi?

-\-E" X) sin 24(7i-l)e cos 24(72-l)a (410)
n=l

which is the normal equation for the unknown quantity A'.

271. In a similar manner we have for the normal equation for tho

quantity A"
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S 2/n sin 24(71— 1)«

=A' S cos 24(n— l)a sin 24(n-l)a+A" 2 sin^ 24(n-l)a

+5' S cos 24(71— 1)6 sin24(n— l)a+B" S sin24(7i-l)6 sin 24(7i-l)a

+ C" S cos 24(71— l)c sin 24:(n—l)a-\-C" S sin 24(7i— l)c sin 24(7^- l)a

-\-D' S cos 24 (71— l)d sin 24 {n— l)a+D" S sin 24 (n— l)d sin 24 (ti- l)a

+ E" S cos 24(n,— l)e sin 24(71— l)a+^" 2 sin 24(7i— l)e sin 24(7i— l)a

(411)

the limits of n being the same as before.

Normal equations of forms similar to (410) and (411) are easily-

obtained for the other unknown quantities.

272. By changing the notation of formulas (265) to (267) the fol-

lowing relations may be derived

:

"^^ o^. / ,N 1 I 1 sin 247ia cos 24(71- l)a
X) 008^24 {n-l)a=^n+h • o^^

—
n=l sin 24(1

^ sin8760acos^736a
^ ^ sm 24a ^ ^

°^^ . o-^w ,N 1 , sin 247ia cos 24(71— l)aS sm^ 24(r?— l)a==*7i-| . ^. ^ —

_ 1 ^ sin 8760a cos 8736a
-l»^2-2

sin 24a
^^^"^^

n= 365

X) COS 24(r?,— 1)6 cos 24(7i— l)a
n=l

_^ sin 127i(6— g) cos 12(n— 1)(6— o)
~~^

sin 12(6-a)

,
sin 12n(b+a) cos 12(7i— l)(6+a)

'"^
sin 12 (6+ a)

^ sin 4380(6— a) cos 4368(6— a)
"~2

sin l2(6-a)

1 sin 4380 (6+ a) cos 4368 (6+ a) . .

+ ^ sin 12(6+«) ^ ^
n=365

XI sin 24(7i,— 1)6 sin 24(n— l)a
n=l

_i sin 127i(6— a) cos 12(7i— 1)(6— a)~^
sin 12(6-a)

_i sin 127i(6+a) cos 12(7i— l)(6+a)
^ sinl2(6+a)

_i sin 4380(6— a) cos 4368(6— a)~^
sin 12(6-a)

1 sin 4380 (6+ a) cos 4368 (6+ a) ,.. .>.~^
sinl2(6+a)

^^^^^
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n = 365

X) sin 24(w— 1)6 COS 24(?i— l)a
n = l

_i sin 12n{h—a) sin 12(n— 1)(6— a)
""2

sin 12 (6- a)

+ J
sin 12n(6-f q) sin 12(n — l)(64-a

sin 12 (6+ a)

1 sin 4380(6— a) sin 4368(6— fl)

4

sin 12(6— a)

1 sin 4380 (6+ ft) sin 4368(6+ 0)
"2"

sin 12 (6+ a)
(416)

(417 a)

273. By substituting in (412) to (416) tlio numerical values of

a, b, etc., from table 2, the corresponding; equivalents for these

expressions are obtained. These, in turn, may be substituted in

(410), (411), and similar equations for the other unknown quantities

to obtain the 10 normal equations given below. In preparing these

equations the symbols a, 6, c, d, and e are taken, respectively, as the

speeds of constituents Mm, Mf, MSf, Sa, and Ssa.

11=365

y^,
2/n cos 24(71— l)ft

= 183.05yl'+ 0.727?'+ 0.76r'+ 4.887)'^4.96ii:'

+2.14A"+4.29/?"+ 5.04O"-0.34Z>"-0.70Z"
n = 3(>5

y^, ?/„ sin 24(7?-— l)a

=2.14yl'-4.155'-4.90C'-f 3.8()/)'+ 3.887i'

+ 181.95^"+ 1.015"+ 1.06C"+ 0.34D"+ 0.68£'"
n=365

X]ynC0s24(ri.-l)6

= 0.72^'+ 183. 175'+ 0.56C"- 1.5077'- 1.51E"
-4.15^"+ 0.887?"+ 0.92(7"-0.09Z>"-0.18£"'

n=3(3.')

S^/nSin 24 (w— 1)6

= 4.29A'+ 0.885'+ 0.92C"+ 3.05O'+ 3.06£:'

+ 1.0lA"+ 181.835"-0.80e"-0.087:>"-0.17i?"
= 30)5

y^, T/n COS 24(7?,— 1)C

= 0.76A'+ 0.56B'+ 183.19C"-1.68Z>'- 1.707?'

-4.90^"+ 0.92j5"+ 0.97C"-0.117)"-0.21£'"
ii=3f.r>

YlVn sin 24(71— l)c

= 5.04^'+0.925'+0.97C'+ 3.247)'+ 3.25£:'

+ 1.06^"-0.805"+ 181.8lC"-0.107)"-0.20£"
n=3G5
y^,

7/n COS 24(71—1)6^

=4.88A'- 1.507?'- 1.68C"+ 182.387)'-0.24S'
+3.80^"+ 3.055"+3.24C"+ 0.007?"+ 0.0l£"'

n = 3f)5

y^, ^n sin 24(n— l)c?

= _0.34A'-0.095'-0.1lC"+ 0.00D'+ 0.00S'
+ 0.34^"-0.085"-0.10(7"+ 182.6277"+ 0.00£"'

(417b)

(417c)

(417d)
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n=365
y^, IJn COS 24(w— l)e

=4.96A'-1.515'-1.70(7'-0.24Z)'+ 182.38£:'

+3.88A"+ 3.065"+ 3.25O"+ 0.00Z)"+ 0.00^"
n=365

X^i/n sin 24(?i— l)e

"~^
=-0.70^'-0.185'-0.2lO'+ 0.0lZ)'+0.00^'

+ 0.684"-0.175"-0.20(7"+ 0.00L>"+ 182.62J5;"

(417e)

274. The numerical value of the first member of each of the above
normal equations is obtained from the observations by taking the
sum of the product of each daily mean by the cosine or sine of the
angle indicated. The solution of the equations give the values of A'

,

A", B' , B" , etc., from which the corresponding values of quantities

^4 and a, B and /3, etc., of formula (405) are readily obtained, since

A"
A=-^{A'y+{A"Y and a^tan-^-

A'

In calculating the corrected epoch, it must be kept in mind that the

t in this reduction is referred to the 11.5 hour of the first day of series

instead of the preceding midnight.

275. Before solving equations (417), if the daily means have not
already been cleared of the effects of the short-period constituents, it

will be necessary to apply corrections to the first member of each of

these equations in order to make the clearances.

The disturbance in a single daily mean due to the presence of a
short-period constituent is represented by equation (398). Intro-

ducing the subscript s to distinguish the symbols pertaining to the

short-period constituents, the disturbance in the daily mean of the
11^^ day of series due to the presence of the short-period constituent

A^ may be Written

[yAn=2^A, ^l^^-r^ cos (24(n-l)a3+11.5as+o:s}

The disturbances in the products of the daily means by

cos 24t{n—l)a and sin 24:{n—l)a

may therefore be written

[T/sln COS 24(71— 1) a

(418)

J_ . sin 12aa ^

'24 ^ sin |aa

and

[?/sln sin 24(n— l)a

1_ . sin V2aa
"~24 ^ sin ^dg

2 lCOS {24 (n-

+ COS {24(/i-

I [sin {24 (n

— sin {24(?i-

•1) (aa+a) + 11.5as+a8}

1) {a^—a)-\-l\.ba^-\-as]]

-1) (a8+a) + 11.5as+«8)

1) (a3-a) + 11.5a,+ as}]

(419)

(420)
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276. Then, referring to formulas (263) and (264)

n=365

X) [ys]n COS 24{n—l)a=
n=l

1 . sinj^sfsin 12X365(ag+a) r-,oN/oc^^ i ^ i ii -
i i

48^-^h^l^L sinl2(a3+a) ^'^^ {12X364(a,+a) + ll.oa3+a,)

+'^^^^Y§^=^^os {12X364(a,-a) + 11.5a,+ a,}] (421)

and

n=365

Xi [?/s]n sin 24(n— l)a=

1 , sin 12^3 Fsin 12X365 (ag+a) . r-.r.s.o/. w ,%,,-,- , •,

48^--SrKL sinl2(a3U) ^ ^"^ {12X364(a3+a) + ll.oa3+ae)

-^^^J|^^^^ sin {12X364(a3-a) + 11.5«,^«3}] (422)

Now let

^^8=^3 COS 0!a

and (423)

^"s=—^s sin as

then (421) and (422) may be reduced as follows:

n=365

Zi IVslu COS 24(71— l)a
n=l

_ 1 sin 12a3 rsin 12X365(^3+^) n^^oaAr i ^ 1 1 r; i

-iS-iiTKL sinl2(a3+a) '^' {12X364(a3+«) + 11.5a3}

sinl2X365(ag— a) nox/ocH^ \ i ii - t"I/«/+ sinl2(a3-a) ^^^ {12X364(a3-a) + ll.oa3]J^'3

1 sin 12a3 rsij^ 12X365(^3+^) • rios/o«^^ i \
i n - ^

+48-^511^1 sinl2(a3+a) ^^^ {12X364(a3+a) + ll.oa3]

sin 12X365(a,--a)
^.^ (i2X364(«3-«) + 11.5a3}V'3 (424)sm 12(0.3— a)

1. ^^ V s / I

=j
J 8 \ J

and

n=365

X) [?/s]nSin24(n— l)a
n=l

_ 1 sin 12a3 rsin 12X365(^3+^) sin {12X364(a3+a)-f ll.oag}

48 sin |aa |_ sin 12(^3+ a)

sin 12X365 (Qs— a) . ,,^,.„„w v , ,. ^ ,~] a,

sin 12(a,-a)
^'" tl2X364(«.-«) + n.5a.ljA'.

1 sin 12as fsin 12X365(as+a) f-,owoox/ 1 n , ., ., ^ •,

-isinriSrL sml2(«.+;) "^"^ {12X364(a.+a)+ ll.o«.)

-
''°sin^2^(e!-a7''^

COS {12X364(«.-a)+ 11.5a.}]4". (425)
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277. Formulas (424) and (425) represent the clearances for any
long-period constituent A due to any short-period constituent Ab.
The first must be subtracted from terms corresponding to

St/iiCOS 24:(n—l)a and the latter from terms corresponding to

Si/n sin 24(n—l)a of formula (417) before solving the latter.

278. In (424) and (425) the coefficients of A\ and A'\, which
for brevity we may designate as C, C" , S' , and S" , respectively,

contain only values that arc constant for all series and may therefore

be computed once for all. Separate sets of such coefficients must,
however, be computed for the effect of each short-period constituent
upon each long-period constituent. In the usual reductions in which
the effects of 3 short-period constituents upon 5 long-period con-
stituents are considered, 15 sets of 4 coefficients each, or 60 coefficients

in all, are required.

The coefficients are given in the following table: *

M2(C')--

(S')-i-

(S')..

(S")-

o. (eo-
cen-
es') -

(S').

Long-period constituents
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have a method of using these moans directly in the analysis for the
annual and semiannual constituents, thus avoiding any special sum-
mation for the purpose. The period of the annual constituent is ap-
proximately the length of the Julian year, that is, 365.25 days. If this

period is divided into 12 equal groups and the mean of the hourly
heights for each group taken, these means represent the approximate
height of the combined annual and semiannual constituents for the
middle of each group, and the middle of the first group will be the
initial point from which the zeta (f) as obtained by the usual process
is referred. As each group represents 30° of motion for the annual
constituent, or 60° for the semiannual constituent, to refer this f to
the actual beginning of the series of observations it will be necessary
to apply a correction of 15° for the annual constituent or 30° for the
semiannual constituent.

281. In obtaining the monthly means by calendar months the year
is divided only approximately into 12 equal groups. The following
table shows the difference between the middle of each group repre-
senting a calendar month and the middle of the corresponding group
obtained by dividing the Julian year into 12 equal parts. It is to be
noted that the hourly heights included in a monthly sum extend from
hour on the first day of the month to the 23d hour on the last day.

The middle of the group as reckoned from the beginning of the month
will therefore be 13.98 days, 14.48 days, 14.98 days, or 15.48 days,
respectively, according to whether the month has 28, 29, 30, or 31 days.

January
February.

-

March
April
May
Juno
July
August
September,
October
November,
December..

Sums--
l\reans_

IV[onth

Middle of group reckoned
from beginning of year

Julian
year

Days
15. 22
45.66
76.09

100. 53

136. 97
167.41
197. 84
228.28
258. 72
289. 16
319. 59
350. 03

Common
year

Bays
15.48
44.98
74.48

104. 98
1.35. 48
165. 98
196. 48
227. 48
257. 98
288. 48
318. 98
349. 48

Leap
year

Days
15.48
45.48
75. 48

105. 98
136. 48
166. 98
197.48
228. 48
258. 98
289. 48
3)9.98
350. 48

Differences

Common
year

Days
+0.26
-0.68
-1.61
-1.55
-1.49
-1.43
-1.36
-0.80
-0.74
-0.68
-0.61
-0.55

-11.24
-0.94

Leap
year

Days
+0.26
-0.18
-0.61
-0.55
-0.49
-0.43
-0.36
+0.20
+0.26
+0.32
+0.39
+0.45

-0.74
-0.06

Speed of Sa constituent per day =0.9850°.
Mean differences reduced to degrees of Sa.
Correction to f of Sa
Correction to r of Ssa :^

-0.93
14.07
28.14

-0.06
14.94
29.88

282. From the above table it is evident that in the summation for the
monthlj^ means for a calendar year the middle of each group of a
com.mon year is on an average 0.93° earlier than the middle of the
corresponding group when the Julian year is equally subdivided
and the middle of each group of a leap year is on an average 0.06°
earlier. Subtracting these values from 15°, the interval between the
beginning of the observations and the middle of the first group of an
equal subdivision, we have 14.07° and 14.94°, for common and leap
years, respectively, as a correction to be applied to the f of Sa as
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directly obtained, in order to refer the f to the hour of the 1st day
of January. For Ssa the corrections will be twice as great.

283. If the year commences on the first day of any month other than
January, the corrections will differ a little from the above. Calculated
in a manner similar to that above, the following table gives the
correction to be applied to the f to refer to the first day of any month
at which the series commences. The correction to the f of Ssa will
be twice the tabular value for Sa.

Observations commence

—

Jan. 1.

Feb. 1.

Mar. 1

Apr. 1.

May 1.

June 1.

Correction to f of Sa
to refer to begin-
ning of month

Common
year

14.07
13.50
15.89
16.31
16.72
15.15

Leap
year

14.94
14.45
15.93
15.43
15.93
16.43

Observations commence-

July 1.

Aug. 1.

Sept. 1

Oct. 1.

Nov. 1

Dec. 1.

Correction to T of Sa
to refer to begin-
ning of month

Common
year

16.56
14.98
14.41
14.82
14.24
14.65

Leap
year

15.93
15.43
14.94
15.43
14.94
15.43

284. If the monthly means extend over many calendar years, it may
be convenient to combine them for a single analysis. In- this case the
(Fo+'^) for January 1 may be taken as the average of the values for
the beginning of each year included in the observations, and the
correction to the f to refer to the beginning of the year will be a mean
of the values given above for common and leap years, weighted in
accordance with the number of each kind of year included. If only
a few years of observations are available, it is better to analyze each
year separately in order that the results may serve as a check on each
other.

285. The augmenting factors to be used for constituents Sa and Ssa
when derived from the monthly sea level values are based upon for-

mula (404) in paragraph 266 and are as follows:

Sa 1.0115, logarithm 0.00497.
Ssa 1.0472, logarithm 0.02003.

ANALYSIS OF HIGH AND LOW WATERS

286. The automatic tide gage, which furnishes a continuous record
of the rise and fall of the tide, now being in general use, it is seldom
necessary to rely only upon the high and low waters for an analysis.
It may happen, however, that a record of high and low water observa-
tions is available for a more or less isolated locality where it has been
impractical to secure continuous records. Such records, if they in-
clude all the high and low waters for a month or more may be utilized
in determining approximate values of the principal harmonic con-
stants, but the results are not as satisfactory as those obtained from
an analysis of the hourly heights.

287. An elaborate mode of analysis of the high and low waters is

contained in volume 1 of Scientific Papers, by Sir George H. Darwin.
Other methods are given by Dr. R. A. Harris in his Manual of Tides.
The process outlined below follows to some extent one of the methods
of Doctor Harris, extending his treatment for the K and O to other
constituents.
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288. The lengths of series may be taken the same as the lengths
used as the analysis of the hourly heights (see par. 152). It is some-
times convenient to divide a series, whatever its length, into periods of

29 days each. This permits a uniform method of procedure, and a
comparison of the results from different series affords a check on the
reliableness of the work.

289. The first process in this analysis consists in making the usual
high and low water reductions, including the computation of the

lunitidal intervals. Form 138 provides for this reduction. The
times and heights of the high and low waters, together with the times
of the moon's transits, are tabulated. For convenience the standard
time of the place of observations may be used for the times of the
high and low waters, and the Greenwich mean civil time of the moon's
transits over the meridian of Greenwich may be used for the moon's
transits. The interval between each transit and the following high
and low water is then found, and the mean of all the high water
intervals and the mean of all the low water intervals are then obtained
separately. The true mean intervals between the time of the moon's
transit over the local meridian and the time of the following high and
low waters being desired, the means as directly obtained must be
corrected to allow for any difference in the kind of time used for the
transit of the moon and the time of the tides and also for the difference

in time between the transit of the moon over the local meridian and
the transit over the meridian to which the tabular values refer.

290. If the tide is of the semidiurnal type, the approximate ampli-
tude and epoch for M2 may be obtained directly from this high and
low water reduction. On account of the presence of the other con-
stituents the mean range from the high and low waters will always
be a little larger than- twice the amplitude of M2. If the data are

available for some other station in the general locality, the ratio of

the M2 amplitude to the mean range of tide at that station may be
used in finding the M2 amplitude from the mean range of tide at the
station for which the results are sought. If this ratio cannot be ob-
tained for any station in the general locality, the empirical ratio of

0.47 may be used with fairly satisfactory results. After the ampli-
tude of M2 has been thus obtained, it should be corrected for the
longitude of the moon's node by factor F from table 12.

291. The epoch of M2 may be obtained from the corrected high and
low water lunitidal intervals HWI, LWI by the following formula:

M°2=M^^^+i^^X28.984+ 90° (426)

In the above formula HWI must be greater than LWI, 12.42 hours
being added, if necessary, to the HWI as directly obtained from the
high and low water reductions.

292. The difference between the average duration of rise and fall

of the tide at any place, where the tide is of the semidiurnal type, de-

pends largely upon the constituent M4. It is possible to obtain from
the high and low waters a constituent with the speed of M4 which,
when used in the harmonic prediction of the tides, will cause the mean
duration of rise and fall to be the same as that at the station. The
effect of M4 upon the mean duration of rise will depend chiefly upon
the relation of its amplitude and epoch to the amplitude and epoch
of the principal constituent M2. By assuming an M4 with epoch



102 U. S. OOAST AND GEODETIC StTRVEY

such, as to make the constituent symmetrically situated in regard to
the maxima and minima of M2, the amplitude necessary to account
for the mean duration of rise of the tide may be readily calculated.

293. Let Pi?= duration of rise of tide in hours as obtained from,

the lunitidal intervals,

a=Hourly speed of M2.= 28.°984.

M2=Amplitude of Mj.
M2°=Epoch of M2.
M4=AmpHtude of M4.
M4°-Epoch of M4.

Then, for M4 to be symmetrically situated with respect to the maxima
and minima of M2

M4°=2 M2°±90° (427)

in which the upper or lower sign is to be used according to whether
a(DR) is greater or less, respectively, than 180°. Multiples of 360°

may be added or rejected to obtain the result as a positive angle less

than 360°.

The equations of the constituents M2 and M4 may be written

2/1=M2 cos (at+ a) (428)

2/2=M4Cos (2ai+^) (429)

and the resultant curve

y=M2 cos (a<+a)+M4 cos (2af+/3) (430)

294. Values of t which will render (428) a maximum must satisfy

the derived equation
aMasin (af+«)=0 (431)

and for a maximum of (430) t must satisfy the derived equation

aMo sin (at+a) +2aMi sin (2a<+ /3) =0 (432)

For a maximum of (428)

a
in which n is any integer.

a

295. Let -= the acceleration in the high waters of M2 due to the

presence of M4. With the M4 wave symmetrically situated with
a

respect to the M2 wave, - will also equal the retardation in the low

water of M2, due to the presence of M4, and ^ will equal the total

amount by which the duration of rise of the tide has been diminished

by M4. If the duration of rise has been increased, 6 will be negative.

Then, for a maximum of (430)

^^2nT-a-d
^434)

a

and this value of t must satisfy equation (432).
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296. Substituting in (432), we have

aM2 sin (2nT—e)+2aMi sin {Amr—2a+^—2d) =
— aMi sin e—2aMi sin (2^+2a— /3) =

But

(435)

^=-2M2°+ M4° (436)

180'

From (427)

-2M2°+M4°=±90°

according to whether the duration of rise is greater or less than

or whether 6 is negative or positive.

Then

2a-/3=T90° (437)

according to whether 6 is positive or negative.

Substituting this in (435)

—aMg sine±2aM4 cos 20=0 (438)

and
M4 sing

M2 "^^ cos 20
^^'^^^

the upper or lower sign being used according to whether 6 is positive

or negative. As under the assumed conditions 6 must come within

the limits ±45°, the ratio of y^ as derived from (439) will always be

positive.

297. The duration of rise of tide due solely to the constituent M2 is

180°
_

a
The duration of rise as modified by the presence of the assumed Mi

is

^^_18O^_20
a a

Therefore
6=^180°-aDR) (441)

Substituting the above in (439) we have

M4_ , isin i90°-^aDR)_ , cos ^aPR .

M2~ "^
''cos {180°-aDR) ^ cos aDR ^ ^^

and

* ^ cos aDR

M4 must be positive, and the sign of the above coefficient will depend
upon whether aDR is less or greater than 180°.

298. The approximate constants for S2, N2, Im, and Oi may be
obtained from the observed high and low waters as follows : Add to

each low-water height the mean range of tide. Copy the high and
modified low water heights into the form for hourly heights (form 362),

always putting the values upon the nearest solar hour. Sum for the

desired constituents, using the same stencils as are used for the regular
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analysis of the hourly heights. Account should be taken of the num-
ber of items entering into each sum and the mean for each constituent

hour obtained. The 24 hourly means for each constituent are then to

be analyzed in the usual manner.
299. The results obtained by this process are, of course, not as

dependable as those obtained from a continuous record of hourly
heights. The approximate results first obtained can, however, be im-
proved by the following treatment if a tide-computing machine is

available. Using the approximate constants as determined above for

the principal constituents and inferred values for smaller constituents,

set the machine for the beginning of the period of observations and
find the predicted heights corresponding to the observed times of the

high and low waters. Tabulate the differences between the observed
and predicted heights for these times, using the hourly height form
and entering the values according to the nearest solar hour. These
differences are then to be summed and analyzed the same as the

original observed heights. In this analysis of the residuals the con-

stituent M2 should be included. The results from the analysis of the

residuals are then combined with the constants used for the setting

of the predicting machine.
300. In making the combinations the following formulas may be

used:
Let A' and k' represent the first approximate values of the constants

of any constituent.

A" and k", the constants as obtained from the residuals.

A and k, the resultant constants sought.

Then
A=-sl{A' cos k'-A" cos «")'+ {A' sin k'+A" sin /')' ^444)

and
, A' sin K -^A" sin k" ,. . ..

(c= tan-^ -T7 1 \ An Tt (445)A COSK +-A COSK

FORMS USED FOR ANALYSIS OF TIDES

301. Forms used by the Coast and Geodetic Survey for the harmonic
analysis of tide observations are shown in figures 9 to 19. A series of

tide observations at Morro, California, covering the period February
13 to July 25, 1919, is taken as an example to illustrate the detail of

the work.
302. Form 363, Hourly heights (fig. 9).—The liourly heights of the

tide are first tabulated in form 362. Although the zero of the tide

staft' is usually taken as the height datum, any other fixed plane will

serve this purpose. For practical convenience it is desirable that the

datum be low enough to avoid negative tabulations but not so low
as to cause the readings to be inconveniently large for summing.

303. The hours refer to mean solar time, which may be either local

or standard, astronomical or civil, but standard civil time will generally

be the most convenient to use. The series must commence with the

zero (0) hour of the adopted time, and all vacancies in the record

should be filled by interpolated values in order that each hour of the

series may be represented by a tabulated height. It is the general

practice to use brackets with interpolated values to distinguish them
from the observed heights. The record for successive days of the

series must be entered in successive columns of the form, and these
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columns are to be numbered consecutively, beginning with one (1)

for the first day of the series.

304. The series analyzed should be one of the lengths indicated in

paragraph 152. Series of observations very nearlj'^ equal to one of

these standard lengths may be completed by the use of extrapolated

hourly heights. If the observations cover a period of several years,

the analysis for each year may be made separately, a comparison of

the results affording an excellent check on the work.
305. The hourly heights on each page of form 362 are first summed

horizontally and vertically. The total of the vertical sums must
equal the total of the horizontal sums, and this page sum is entered in

the lower right-hand corner of the page.

!

; Porm 363

°lTcin?^7o?."o.f,fc'Ju",^r." TIDES: HOURLY HEIGHTS
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306. Stencils (figs. 10 and 11).—The first figure is a copy of the
M stencil for the even hours of the first 7 days of the series, and the
second figure illustrates the application of the same. This stencil

being laid over the page of hourly heights shown in figure 9, the
heights applying to each of the even constituent hours for this page
show through the openings in the stencil, where they appear con-
nected by diagonal lines, thus indicating each group to be summed.

307. For each constituent summation, excepting for S, there are

provided two stencils for each page of tabulated hoiuiy heights, one for

the even constituent hours and the other for the odd constituent hours.

Form 869

'"::v,s??:=?;oof,fcr.f.'',« iideS: hourly heights
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The stencils are numbered with the days of series to which they

apply, and special care must be taken to see that the days of series

on each stencil correspond with the days of series on the page of

tabulations with which it is used. For constituent S no stencils are

necessary, as the constituent hours correspond to the solar hours of

the tabulations and the horizontal sums from form 362 may be taken

directly as the constituent hour sums.
308. Form 1^2, Stencil sums (figs. 12 and 13).—The sums for each

constituent hour are entered in form 142, one line of the form being

used for each page of the original tabulations. The total of the hour

FiGUKE 11.
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sums in each line of the form must equal the corresponding page sum
of the hourly heights in form 362, this serving as a check on the sum-
mation. After the summing of all the pages of the series has been
completed for any constituent the totals for each constituent hour
are obtained, the divisors from table 32 entered, and the constituent

hourly means computed (fig. 13). These means should be carefully

checked before proceeding with the analysis. Large errors can usually

be detected by plotting the means.
309. Form 244 i Computation oj (Fq+w) (fig. 14).—This form pro-

vides for the computation of the equilibrium arguments for the

beginning of the series of observations, the computation being in

accordance with formulas given in table 2. For the most part the
form is self-explanatory. The values of the mean longitude of the



HARMONIC ANALYSIS AND PREDICTION OF TIDES 109

moon (s), of the lunar perigee (p), of the sun (h), of the solar perigee

(pi), and of the moon's ascending node (A'^), may be obtained from
table 4 for the beginning of any year between 1800 and 2000. The
values for any year beyond these limits may be readily obtained by
taking into account the rate of change in these elements as given in

table 1. The corrections necessary in order to refer the elements to

any desired month, day, and hour are given in table 5. As the tables

refer to Greenwich mean civil time, the argument used in entering

them should refer also to this kind of time, and in the lines for the

beginning and middle of the series at the head of the form space is

therefore provided for entering the equivalent Greenwich hour. Any
change in the day may be avoided by using a negative Greenwich
hour when necessary. For example, 1922, January 1, hour, in the

standard time of the meridian 15° east of Greenwich, may be written

as 1922, January 1,-1 hour in Greenwich time, instead of 1921,

December 31, 23 hour, as would otherwise be necessary. If a negative

argument is used in table 5, the corresponding tabular value must be
taken with its sign reversed. For the middle of the series the nearest

integral hour is sufficient.

310. The values of I, v, ^, v' , and 2v" are obtained for the middle
of the series from table 6, using N as the argument. If iV is between
180° and 360°, each of the last four quantities will be negative, but 7

TIDES: STENCH- SUMS.

Station: Uorrfl«..CallfflmlA. Lat. : _.a5?..^!..ll.

Component: .'^'i!?.....Length of flarica:.163 SflriMhaginar 1919 - Feb.-15-O \^„.\Z0'* 61' V,
i>«l». Yr lit. Dt. a.

Kind of time used :__12iQ?I» _ _ Computed by .EW*.A.KunMl.lt.D«o.9»192qj

tt^
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is always positive. Although table 6 is computed for the epoch,

January 1, 1900, it is appHcable without material error for any series

of observations.

311. The values of u of Lg and u of Mi, may be obtained from table

13 for any date between 1900 and 2000, inclusive, using the value ofN
for interpolation. If the series falls beyond the limits of this table,

the following formulas may be used:

u of Ij2=2^-2v-R (par. 129)

uoiMy=^-v^Q (par. 128)

(446)

(447)

The values of ^ and v may be taken from form 244, the values of R
and Q from tables 8 and 10, respectively, using the arguments / and
P for the middle of the series.

TIDES: Computation of F„ + tt.

Station E°r.r°jLA%l.ri!°rM?.

B^linninooStmc.^fil I.eb.. 13

MidMc of series 1.9J.& Uav _5__

Con*.putc all values to t\fo dc<r:ai::l placrts.

120° 51' ff.

Lat.
.35 °. 22 '....N..._ £<,„(,. ..120,8.5.W^_. =t

163..^... Timemer. .1.20., 0.0..W.„ s
nCr,r„i.,kti,.\

1 20 1

Table- in Harmonic Analysis and Preuirtion of the Tide.

Ar. / 1 Ureaiwick Ar.\

p \ 8 ( Lcnglh. of

Tal-Ic 4, td: JaDiu7y 1 or year

TiWo 5, ccrrect;oa tj Isl of rjocth

Tabic 5, corrcctloQ to <i3y of mooUi ...

Tabic 5, corroctica to orv^nwich hr—

.

lijgolo

(H=J

..2.68.-.04.I
27..-.41.,

....4.8.-.47.J.._ 2-iE.

-i58.-..iz..| 1.-.34.,

4-39 i n rJA

(i)=P,

..37..9.-.6.0.

...30.-.5.6.

I1.-.83.

n 7.7.

..2.81.-..55

.Q.-.OO

119.02 !„,_ 32,24 522 32 !,

For the middle of series.

(5)=» = Af.

..27..-.41.-1 2Si-.2X.

..1S.-.S2..L .-B:.2S.

....Q.-.45..I .-D.-.2X.

41.32 ;,„„ 245.11

(7)-/(TaKcO) -

(|l)-i.(Tab!c6) -

(9)-£ (Tatlo C> -

(10)- k' (Tabic C)

-

(ll)-2«"(TaUc6)-

...Zl.:7.&..

...r.i2.-.ea..

...-11.-.7.1..

......a.-.53..

...=-.i6.-.6a..

(12)-P-(S)-(9)~

ofL.±160*-
")
i+W-

(Tsble 13)

H)-uof M,+
(Table i;>)

(l5)-S«-i« .

(10)-(3)+(15)

(l;)-(16)+«' -..

52.-.e3..

...170, 6....

..a22.-.fi....

._..-0.-..?.5..

„-221.-.A.7..

51.47

(18>.(l)-(2) . - .?.?.-_T.?.

(w)-07;+(i8)-

—

X55:..Z5.

(so)-2 (ic) .... .3.9.2.\.9.4.

(2i)-(i)+(2)-- lfiX:ZS.

(22)-(20)-(21) - 13JL-6.8-

(»)- (i6)-(i) - .?.Q.?.*..4.5

ot)-m-i.i) ..~ 97.

(25)-(?3)+(2<)- .2.Q5r 4?.

(!6!-2(25) _..4G-..?,4.

(n)-(2j)+(26) - „2.5.Q.-..2.§.

<ai)-(i)-(!) .-- _1.3& J.?..

(2»)-2(2ii) - ZS1:.&S..

(»)-(28)+«0' - 35JL'-i.S..

(31)-U6)-(B) - S£S:^i.'i..

(32)-(3)-(4)..- _..4Q:..7.7.

(33)-2(l5) - .-rl."..?.©..

(34)-(j)-(i) ..- .?.Q.?;_.?.9.

(M)-2 (3i) - ^:.39.

(36)-(M)-(M)- .0'..2.4

<3'0-(3)-(2)..- .?.?.Q.*..Q8

(3S)-2(3I) - 220. X6

Jl

138..-25.

12 -PS

,.15.0..-.9.3.

.51.-.47..

8-53

V.-^U-2(M -.)- 14Pt52
If,

V.+II-2 !>i.)- .1.8.7. 56

..46..84

-86 -78

..CO.- 00.. c.+u .-3.?.;94

.

326.66.

282:.94.

ie-65

+(2!)- i3i.-.£a.

4.m>- 170-6

v,+u. .3.02 ..2.8

.(a^ .202' 45

(2N),

32Q.-.0.6..

-8 6-78

..2.9.?.: 28.

334.15
-35i.46

,.-1.7...3.1.

342 .•.69.

r.+tt- +(ai) - ..4.6.-.fl4.

-(27)±16q*

..20.-.2.6.

..?.34;.1.5.

35i.4"6

...£8.5. ...6.1.

325.61

(ii)+27o' -....2.6.?,.. 15..

_,3, -522.32

..-5.3.-..17.

:.3Q6....8.S.

- .3.42.-.£a.

-86-78

2SS.:ai.

(2Q),

+ Q,... 255..91

-iu.'i- —86 .78

169. IS

220. 77

"-r."TO

r.+i*-(33) -...3.58. 30

y.-n.-^(33i- ..3.5.6. -. .6-0-

V.+u-3(33)-.

-K33)- .358:.3.0..

-rr,>- -40-77

..5.17,.5.5.

K)±iso- ......18.Q....2.4.

- (18)
-86.78

v.+i,..- S3.-.46.

..4.6.-.B4.

46-60
..9.3.-.4-4

,.,...95..-.44.

. 86-76
.a£D.-22.

+ Q,.._ 255:91

+ <3s)- 226. 16

f OraenwUb bour-onsUulbour-f(6*-*-U).

476.07
116 ..07

lonsitudc: acgBtiTc for L»st longitude,

+ M. - .4.6:.84

+ K. . 66.66

93.68
-60."66'

+ N, .

r.+-a.

(MN).

4.6:.84.

326- 06

.366-.90.
6'--.90'.

405- 14
'45. 14

(2i.M),

355- 60
-^'6. 8'4

..SO9...7.6.

M(

t,„.+ (29)-.2.61;.4.6

MSf

I- B,.--

- M, .

..558,.5.0

-46. 84
K.+u- 511:A5..

V.+Ii-+(I81 - -.SS...?.?

.+u-+2(3)-.2.8.4r..5-4.

Figure 14.
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312. In finding the difference between the longitude of the time
meridian (S) and the longitude of the place (i) consider west longitude
as positive and east longitude as negative. In the ordinary use of

form 244 it is assumed that civil time has been used in the tabulations
of the observations. If, however, the original hourly heights as

tabulated in form 362 are in accordance with astronomical time in

which the hour represents the noon of the corresponding civil day
and the 12th hour the following midnight, form 244 will still be
applicable if the longitude of the time meridian (S) is taken equal to

the civil time meridian plus 180°. For example, if tabulations have
been made in astronomical time for a locality where the civil time is

based upon the meridian 15° E., the value for S should be taken
as —15 + 180, or 165°. If tabulations have been in Greenwich
astronomical time, S should be taken as 180°.

313. Form 2Ii.I^a, Log F and arguments jor elimination (fig. 15).

—

Items (1) to (11) are compiled here for convenience of reference for

Form 244 a

TIDES: Log F and Arguments for Elimination

Station Morra^.-CallfomlfL

Length of series l,G5. days. Series begins -. mS Febi....l3 0....

Component
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this and form 452. Items (1) to (6) are obtained from values given in
form 244. Item (7) is obtained from table 7, using items (2) and (3) as
arguments, and item (8) is obtained from table 9, using item (3) as
argument. Items (9) to (11) are obtained after the rest of the form
has been filled out.

314. The log i*^for each of the listed constituents, except L2 and Mi
and those for which the logarithm is given as zero, may be obtained
from table 12, using item (2) as the argument. For constituents
L2 and Ml

Log F(L2) =log F(M2)+item (7) (448)

Log F(Mi)=log F{Oi) +item (8) (449)

If the tidal series analyzed was observed between the years 1900
and 2000, the log ^(La) and log F(Mi) may be taken directly from

Form 19*
Department of Commerce
coast and geodetic survet

TIDES: HARMONIC ANALYSIS

Station

Comptment .,

Uorrq, California 35° 22' N

Seriis beffina . Length of serUa _

Long. .

Time i

120° 51' v;

Hourly Means (rom Form I

(1) Hours to 11

(2) Hours 12 10 23....
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tafele 13, using the year of observations, together with item (1), as

argument.
315. Form 194, Harmonic analysis (fig. 16).—This form is based,

primarily, upon formulas (295), (296), (303), and (304) and is designed
for the computations of the first approximate values of the epochs
(/c) and the amplitudes {H) of the harmonic constants. Provisions

are made for obtaining the diurnal, semidiurnal, terdiurnal, quarter-

diurnal, sixth-diurnal and eighth-diurnal constituents, but only such
items need be computed as are necessary for the particular constituents

sought. For the principal lunar series Mi, M2, M3, M4, Mg, and Mg,
compute all items of the form. For the principal solar series Si, S2, S4,

and Se, items (14), (16), (33), (35), and (37) may be omitted. For
the lunisolar constituents Ki and K2, items (14), (16), and (23) to

(37) may be omitted. For the diurnal constituents Ji, Oi, 00, Pi, Qi,

2Q, and pi, items (5), (6), and (14) to (37) may be omitted. For the

semidiurnal constituents L2, N2, 2N, R2, T2, X2, H2, 1^2, and 2SM, items

(3), (4), (8) to (16), and (23) to (37) may be omitted. For ter-

diurnal constituents MK and 2MK, items (5), (6), (9), (12), and
(18) to (37) may be omitted. For quarter-diurnal constituents MN
and MS, items (3), (4), (8) to (25), and (35) to (37) may be omitted.

In the bottom portion of the form the symbol of the constituent is

to be entered at the head of the column or columns indicated by the

subscript corresponding to the number of constituent periods in a

constituent day, the remaining columns being left blank.

316. The hourly means from form 142 (fig. 13) are entered as items

(1) and (2) in regular order, beginning with the mean for hour.

Item (4) consists of the last five values of item (3) arranged in reverse

order. Item (6) consists of the last six values of item (5) in their

original order. For the computations of this form the following

tables will be found convenient: table 19 of this publication for

natural products, Vega's Logarithmic Tables for logarithms of linear

quantities, and Bremiker's Funfstellige Logarithmen for logarithms

of the trigonometrical functions. In the last table the angular argu-

ments are given in degrees and decimals.

317. In choosing between items (44) and (45) the former should

be used if the tabular value of (41) in the first quadrant is greater

than 45° and the latter if this angle is less than 45°. In referring

(41) to the proper quadrant it must be kept in mind that the signs

of the natural numbers corresponding to (38) and (39) are respectively

the signs of the sine and cosine of the required angles. Therefore

(41) will be in the first quadrant if both s and c are positive, in the

second quadrant if s is positive and c negative, in the third quadrant
if both s and c are negative, and in the fourth quadrant if s is nega-
tive and c positive. In obtaining (49) use (46)+ (47) for all

constituents except S, and (46)+ (48) for S. The log factor jP for

item (50) may be obtained from form 244a.
318. Form 194 is designed for use when 24 constituent hourly

means have been obtained and all the original hourly heights have
been used in the summation. If in the summation for a constituent

each constituent hour of the observation period received one and
only one of the hourly heights, it will be necessary to take the log-

augmenting factor from table 20 and add this to the sum of items

(46) and (48) to obtain item (49), striking out item (47).
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319. This form is also adapted for use with the long-period con-
stituents. Assuming that the daily means have been cleared of the
effects of the short-period constituents (p. 89), and that these means
have been assorted into 24 groups to cover the constituent period,
the 24 group means may then be entered in form 194 in place of the
24 hourly means used for the short-period constituents. Then, treat-

ing the constituents Mm and Sa the same as the diurnal tides and
the constituents Mf, Msf, and Ssa as the semidiiu-nal tides, the form
may be followed except that the log-augmenting factor must be taken
from table 20 and then combined with items (46) and (48) to obtain
item (49), striking out item (47).

320. To obtain Sa and Ssa from the monthly means of sea level, or
tide level, the following process may be used: Enter the monthly
means beginning with that for January in alternate spaces provided for
the hourly means in form 194, placing the value for January in the
space for the hour. For convenience consider all the intermediate
blank spaces as being filled with zero values and make the computa-
tions indicated by (3) to (12) and (18) to (21). Correct the co-
efficients of S] and c, from 12 to 6, at top and foot of columns (9), (12),

(19), and (21). In bottom of form enter Sa in column having sub-
script 2 and Ssa in column with subscript 4 in order to obtain correct

augmenting factors and strike out numerals indicating subscripts.

For (38) and (39) take the logarithm of twice the values of 6s and 6c
as obtained above. The f's as obtained from (40) must have the
following corrections applied in order to refer them to hour of the
first day of January—common years, Sa correction= + 14.07°, Ssa
correction =-|- 28. 14°; leap years, Sa correction= + 14.94°, Ssa cor-

rection= +29.88°. For convenience in recording the results it is

suggested that the f as directly obtained from (40) be entered (in

its proper quadrant) in the space just below the logarithm from which
it is obtained, and that the f corrected to the fii'st day of January
be entered in the same line in the vacant column just to the right.

The F+w, computed to the first day of January, may then be entered
immediately under the corrected ("'s and the k' of (43) readily obtained.
For (49) the combination (46) + (47) will be used.

321. Form 452, R, «, and ^ Jrovi analysis and inference (figs. 17 and
18)—This form provides for certam computations preliminary to the
regular elimination process. The constants for constituents Ki and
S2 as obtained directly from form 194 may be improved by the appli-

cation of corrections from tables 21 to 26; and constants for some of

the smaller constituents, which have been poorly determined or not
determined at all by the analj^sis, may be obtained by inference. If

the series of observations is very short, the inferred values for the
constants of some of the constituents may be better than the un-
eliminated values from fomi 194.

322. Form 452 is based upon paragraphs 229 to 243. It is designed
to take account of the diurnal constituent on one side (fig. 17) and the
semidiurnal constituents on the other side (fig. 18). The amplitudes
and epochs indicated by the accent (') are to be taken from form 194
and the quantities indicated by the asterisk (*) from form 244 or 244a.
If the series is less than 355 days, values for Si and 2SM may be
omitted.

323. For all short series the values in columns (4) and (8) are to be
computed in accordance Avith the equivalents and factors in columns
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(3) and (7) respectively. If the series is 192 days or more in length,

the K of Ml, Pi, and K2 for column (4), and the log R of Mi, Pi, and
K2 for column (8) may be taken directly from form 194, and if the

series is 355 days or more in length the k and log R of all the com-
ponents for which analyses have been made may be taken directly

from the same form. When a value is thus taken directly from the

analysis, the corresponding equivalent in column (3) and factors in

column (7) are to be crossed out.

324. The tabular values of items (12) and (13) for the diurnal con-

stituents and items (14) to (18) for the semidiurnal constituents may
be obtained from tables 21 to 26 or from plotted curves representing

these tables, but for a series of 355 days or more in length the acceler-

ations may'be taken as zero and the resultant amplitude factors as

unity.

Form 402

DEPARTMENT OF COMMEftCE
U. S. COAST AND CCODCnC SUItVCY

Statu

TIDES: /?, ", AND f, FROM ANALYSIS AND INFERENCE.

.l'°t.r°A...*??.'^ij?°.™V^. - —

.i.?.i.?.»....?'.?)?r.V-?.ry...]l:?.._Length of Series T.?.^. - days. Series begii

DIURNAL COMPONENTS.

1
a



116 U. S. COAST AND GEODETIC StTHVEY

325. The k's of Ki and S2 are to be corrected by the accelerations as
indicated before entering in column (4), and in computing item (14)
for the diurnal constituents and (21) for the semidiurnal constituents
the corrected k's are to be used. If the two angles in item (14) for

the diurnal constituents, or in items (20) or (21) for the semidiurnal
constituents, differ by more than 180°, the smaller angle should be
increased by 360° before taking the difference, which may be either
positive or negative. In computing column (8) it will be noted that
the corrected log R's of Kj and S2 are to be used in inferring other
constituents depending upon them.

326. Form 245, Elimination of component effects (fig. 19).—This
form is based upon formulas (389) and (390). One side of the form
is designed for the elimination of the effects of the diurnal constitu-
ents upon each other and the other side for use with the semidiurnal
constituents, the two sides being similar except for the listing of the

Form 4:53

DEPARTMENT OF COMMER
U. S. COAST AND CEOpmc SURVTT

TIDES 1 /?, ^ AND r, FROIVI ANALYSIS AND INFERENCE.

Station ^°ri9..:..9.^}:^.f°r.^^. — _

Length of Scriea A??. _ daye. Series begins .l?.l.?.»...?.?.^?!?i?:?y..i?

SEMIDIURNAL COMPONENTS.

2SM

FnoM Akaltsis.

0-090

..0-_0fi5..

0. 263

.P:.3l4...

0-.QI5..

0J.10.

20 63

...2.a-..52

32& 84

...3.06.43

...9.9^.2.0

118. 79

From Analysis and I

M.-+(20)

(icy

(N,y

n;-(20)

s;

(s;)'3.Q4i^(i6)

m;+o.4mx(2i).

m;-(2i)

m;-0.866X(2O).

(2SMT ;.

304. 2

329.9^

..5.Q9.-..4..

286.9

.2.6S...4..

.304;^..

..?.Q4.:.2..

.504*2..

306.

S

..5.12..6..

.289 -8

..2_9.9_-.6_

302.3

,...46.;B..

320.1

.2S3..-.5.

.212.-.1.

.35.8:3..

.317*5..

...?3.».5..

...?3...4.

..1.8Q.:g.

....5.

28

..262...

..?2.7_

„_3i.-.

...S5.-

.306...

..347....

..215-.

219.

.110.

(9)=I*=..21..7.6...(2 dec.); (10)=P«=.._53».03..(2 dec.); (11)=/(K,)«....Q..89.7..(3 dec.)

(12)=(A-/')"= 3-5-1 (Odec.); (13)=(A-p,)'= .41 (0 dec.)

(14)=acceleration in Sj due to K,=Table 23x/(Kj)=.-..l*-4 °(1 dec.)

(15)=acceIeration ia Sj duo to Ta=Table 25 =-.T.?..».0 o
(j ^^-^

(16)=(14) + (15) = -0.6 "(1 doc.)

(17)=reaultant amplitude, S, and K,=l+[TabIo 24X/(KJ]=. is.Ol
^ (2 dec.)

(18)=rcau]tant amplitude. S,and Tj=Table 26= 0»98 (2dec.)

(19)=Iog. (17)+log. (18, = 9.9955 (4 dec.)

(20)=(M;-N;)=_-.2.1»5—(i dec.); (21)=(S;-MJ)= -4.2 (l dec.)

*i FBOU ANALT3U i

eg. il'(Mj)

fi(M,)=fi'(Mi)

og. i?'(N.)

B(N,)=y(N,)

0.272

J!(S,)-

.og..F(K,)'

og. JJ(K,)

Jt(K,)

0.143

log. iJ(NJ

eg. -R.'

log. R{L,)

i!(L,)

log. 0.133

og. .R(N.)

log. R(2N)
B(2N)

log. 0.008

log. RJS,)

log. fl(E,)

log. ii'(S,)

(19)

log. ii(SJ

ii(S,)

+ 9.4346
+ 9. 5017
- 0- 0472

8- 8891

+ 9.1553
+ 9.4201
- 9- g6&7

+ 9.1239
+ 9.4201
8-5440

+ 7.9031
+9-5017

+9-4972
-9-9955
9-5017

Erpla-nation.—Obtain from Form 194 the ampUtudee and epochs indicated by the accent (');

aad from Form 244 or 244a the quantitieB indicated by the asteiiak (*).

If the series ia less than 355 days, omit 2S&{. For all ahort eeriee, the valnee in columns (4)

and (8) will be computed in accordance witii the E<juivalentB and Factors in colunma (3) and (7),

respectively; but if the eeriee is 192 days or more in length, the r of K, for column (4) and the

log. R of K3 for column (8) may be taken directly from Form 194;andif theeerieaiaSSSdayBor
more in length, the k and log. R of all the components for which analyeiB has been made may
be taken directly from the same form. ^STien a value ifl thus taken directly from the analysis,

the corresponding equivalent in column (3) and factors in column (7) should be croased out.

The tabular valuee for (14) to (18) may be obtained &t>m Tables 23 to 26 in Special Publi-

cation No. 98, or from plotted curves representing these tables. For a eeriee of 355 days or more,
(14)=(15)=(16)=0: (17)=(18)=1; and (19)=0-

Obtain the k 01 Sj by applying (16) to (S'Y from Form 194, and use this corrected x in com-
puting (21). If the two angles in eitber (20) or (21) differ by more than 180^, add 360" to the
smaller oeiore taldng the difference, which may be either positive or negative.

In computing column (8) it will be noted that the corrected log. i£ of S, is to be used In in-

ferring other components depending upon this one.

log. 0.059

log. -R(3i>

-f- 8.7709
+9-5017
8 -2726

-f 7.8461
+0-0955

log. iI'(2SM)

i?(OD=.ie'(aD

Figure 18.
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constituents. The symbol A represents the constituent to be cleared,

and the symbol B is the general designation for the disturbing con-
stituents. The symbol applying to constituent A is to be crossed out
in column (1) and entered in column (8). The values for items (9)

and (19) are to be taken from columns (1) and (2) of form 452.

327. For obtaining column (2) it will be found convenient to copy
the logarithms of the R's of B from column (8) of form 452 on a hori-
zontal strip of paper spaced the same as table 29. Applying this

strip successively to the upper line of the tabular values for each con-

TIDES: ELIMINATION OF COMPONENT EFFECTS

Station : .V;°r.r.°i...California.

Length
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stituent the logarithms of the resulting products for column (2) may
be readily obtained. Similarly, for column (4), the f's of B from
column (6) of form 452 may be copied on a strip of paper and applied
to the bottom line of the tabular values for each constituent and the
differences obtained. The natural numbers for column (3) correspond-
ing to the logarithms in column (2) can usually be obtained most
expeditiously from table 27, this table giving the critical logarithm for
each change of 0.001 in the corresponding natural number. If the
logarithm is less than 6.6990, the natural number will be too small to
appear in the third decimal place, and the effects of the corresponding
constituent may be considered as nil. The products for columns (6)
and (7) may be conveniently obtained from table 30. In column (8)
the references to (6) and (7) are to the sums of these columns. The
values of log F{A) and (Fo+^i) for column (8) may be obtained from
forms 244 and 244a.

328. In the use of this form it will be noted that the R's and f 's

referring to constituent B are to be the best known values whether
derived from the analysis or by inference, but the R' and f ' of con-
stituent A, entered as items (9) and (19), respectively, must be the
unmodified values as obtained directly by form 194.

ANALYSIS OF TIDAL CURRENTS

329. Tidal currents are the periodic horizontal movements of the
waters of the earth's surface. As they are caused by the same periodic
forces that produce the vertical rise and fall of the tide, it is possible
to represent these currents by harmonic expressions similar to those
used for the tides. Constituents with the same periods as those con-
tained in the tides are involved, but the current velocities take the
place of the tidal heights. There are two general types of tidal cur-
rents, known as the reversing type and the rotary tj^pe.

330. In the reversing type the current flows alternately in opposite
directions, the velocity increasing from zero at the time of turning
to a maximum about 3 hours later and then diminishes to zero again,

when it begins to flow in the opposite direction. By considering the
velocities as positive in one direction and negative in the opposite
direction, such a current ma}* be expressed by a single harmonic
series, such as

T^=Acos {at^oc)+B cos (6f+i8) + (7 cos (c^+7)+etc. (450)

in which y=velocity of the current in the positive direction at any
time t.

A, B, C, etc.=maxinium velocities of current constituents.

a, b, c, etc.=:speeds of constituents.

a, (8, 7, etc. = initial phases of constituents.

331. In the rotary type the direction of the current changes through
all pohits of the compass, and the velocity, although varying in

strength, seldom becomes zero. In the analysis of this type of cur-

rent it is necessary to resolve the observed velocities in two directions

at right angles to each other. For convenience the north and east

directions are selected for this purpose, velocities toward the south
and west being considered as negatives of these. For the harmonic
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representation of such currents it is, therefore, necessary to have two
series—one for the north and the other for the east component.

332. For the analysis of either type of current the original hourly
velocities or the resolved hourly velocities are tabulated in the same
form used for the hourly heights of the tide. To avoid the incon-

venience of negative readings in this tabulation, a constant, such as

3 knots, is added to all velocities. These hourly velocities are then
summed with the same stencils that are used for the tides, and the
hourly mean velocities are analyzed in the same manner as the hourly
heights of the tide. The same forms are used for the currents, with
the necessary modifications in the headings. The rotary currents
will be represented by a double set of constants, one for the north
components and the other for the east components.

333. For a 29-day series of observations, it is recommended that
the analysis be made for the M series, the S series, and for N2, Ki,
and Oi. For longer series additional constituents may be included.

In the analysis of current velocities, the harmonics of the higher
degrees such as M4 and Mg may be expected to be of relatively greater

magnitude than they are in the tides. From theoretical considera-

tions it may also be shown that the magnitude of the diurnal constit-

uents as compared with the semidiurnal constituents in a simple tidal

oscillation is only about one-half as great in the current as in the tide.

However, because of the complexity of the tidal and current move-
ment, the actual relation between the various constituents as deter-

mined by the analysis is subject to wide variations. The constituent

Si, which is usually negligible in the tides, may be found to be of ap-
preciable magnitude in offshore currents because of the effect of d^ily

periodic land and sea breezes. However, as this constituent has a
speed very nearly the same as that of Ki it can be separated from the
latter only by a long series of observations, preferably a year or more.

334. Form 723 (fig. 20) provides for the determination of harmonic
constants from a series of current observations by comparison with
corresponding constants from a tidal series covering the same period
of time. This comparison is to be used if the series of observations is

less than 29 days and may be used for longer series if desired. For
the purpose of this comparison the hourly predicted heights at the tide

station are usually to be preferred to actual observations since meteor-
ological uTegularities appearing in observed tides do not necessarily

appear in a similar manner in the observed currents. In this work
both currents and tides for the simultaneous period are to be summed
for constituents M, S, N, K, and O; and the analysis is then carried

through form 194 (Tides: Harmonic Analysis) to obtain the values
of B' and f ' for each constituent. The harmonics M4, Me, and Mg
are to be obtained for the current series, but may be omitted in the
tidal series.

335. Enter in Form 723 the accepted H and k of the principal tidal

constituents for the reference station and also the values of W and f

'

obtained from the analyses of the simultaneous series of tides and
currents. The necessary calculations in the form are self-explana-

tory. The corrected velocity amplitude of each current constituent
is obtained by a ratio on the assumption that for each constituent the
relation of the corrected amplitude to the uncorrected amplitude is

the same for both tide and current. The ratio derived for the con-
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stituent M2 is used also for the higher harmonics of M, this being-

considered more rehable than ratios determined directly from the

much smaller amplitudes of these harmonics. The corrected epoch
(k) for each current constituent is calculated on the assumption that

the difference between the corrected and uncorrected epoch is the same
for tide and current. For convenience the zetas (f) rather than the

kappas from the simultaneous observations are used in the form and
a longitude correction, column (10), is introduced to allow for this

fact. Differences in column (9) for the higher harmonics of M2 are

derived from the difference for that constituent because of the uncer-

tainty in the determination of epochs of constituents of very small

amplitudes.
336. Short series of current observations are frequently taken at

half-hourly intervals. As individual observations are somewhat
rough, the utilization of the half-hourly observations will add ma-
terially to the accuracy of the results obtained from an analysis.

Moreover, the closer spacing of the half-hourly values will give a

better development of the higher harmonics of M which are of greater

relative importance in the currents than in the tides. Special stencils

have been prepared for the summation of these observations. Obser-

vations taken on the exact hour are tabulated in form 362 as usual,

while observations on the half-hour are offset to the right on the

intermediate lines. As the series of observations under consideration

are short, provisions have been made for obtaining only the diurnal

constituents Ki and Oi; the semidiurnal constituents M2, S2, and N2;

and the higher harmonics of M.
337. For the diurnal constituents, the special stencils provide for

the same distribution, with the inclusion of the half-hourly values, as

is obtained with the standard stencils used for the hourly values only.

Hourly means for the constituents are obtained and entered in form
194 and all subsequent computations are the same as those based
upon the use of the standard stencils.

338. For the semidiurnal constituents M2, S2, and N2, the semi-

diurnal period is divided into 24 parts. Special stencils for the con-

stituents M2 and N2 provide for the distribution of the observed half-

liourly velocities into the 24 groups indicated by this division. No
stencil is required for the constituent So, the necessary grouping being

accomplished by combining sums for afternoon observations with
those for the forenoon observations of corresponding hours. Thus,
the noon observations will be included with those taken at midnight,

and the observations at 12:30 p. m. with those taken at 0:30 a. m.
339. The resulting means obtained for the semidiurnal constituents

by the method described above are in reality half-hourly means, but
in adapting form 194 for the analysis, these means may be entered

in order in the spaces provided for the hourly means. Then, after

doubling all subscripts in the form, the necessary computations may
be carried out as indicated. Thus, all computations for the semi-

diurnal constituents will be made in the spaces originally designed

for the diurnal constituents. The computations for all higher har-

m.onics of even subscripts may be carried out in the same form using

the spaces originally designed for the harmonics with subscripts one-

half as great. In this adaptation of the form no provision is made for

the computation of a harmonic of odd subscript which is here of rela-
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tively little importance. Other forms which are used in connection
with the analysis will not be affected by the use of the special stencils
for the half-hourly velocities.

340. Observations on the half-hour may also be analyzed sepa-
rately from those on the exact hour, using the standard stencils for
the summation. In this case the stencils are moved to the right one
column and dropped one line, thus covering the hourly values and
exposing those occurring on the half-hour. Allowance must be made
for the difference of a half hour in the beginning of the series when
computing the (Vo-\-uys in form 244. This may be conveniently
done by assuming a time meridian a half-hour or 7}^° westerly from
the actual time meridian used so that the first half-hourly observation
will correspond to the hour of the assumed time meridian. The
difference of 15 minutes for the middle of the series has a negligible

effect in the computations and may be disregarded. In other respects
the analysis is carried on in the same manner as the analysis for the
hourly observations, and the results obtained afford a useful check
on the latter.



PREDICTION OF TIDES

HARMONIC METHOD

341. The methods for the prediction of the tides may be classified

as harmonic and nonharmonic. By the harmonic method the ele-

mentary constituent tides, represented by harmonic constants, are
combined into a composite tide. By the nonharmonic method the
predictions are made by applying to the times of the moon's transits
and to the mean height of the tide systems of differences to take
account of average conditions and various inequalities due to changes
in the phase of the moon and in the declination and parallax of the
moon and sun. Without the use of a predicting machine the har-
monic method would involve too much labor to be of practical service,
but with such a machine the harmonic method has many advantages
over the nonharmonic systems and is now used exclusively by the
Coast and Geodetic Survey in making predictions for the standard
ports of this country.

342. The height of the tide at any time may be represented har-
monically by the formula

h=Ho+^fH cos [at-\-{V^+u)-K] (451)
in which

^= height of tide at any time t.

Ho=iaesin height of water level above datum used for pre-
diction.

H=mean amplitude of any constituent A.
y=factor for reducing mean amplitude H to year of pre-

diction,

a= speed of constituent A.
t=tim.e reckoned from some initial epoch such as beginning

of year of predictions.

(Fo+^)=value of equilibrium argument of constituent A when
t=0.

K= epoch of constituent A.

In the above formula all quantities except h and t may be con-
sidered as constants for any particular year and place, and when these
constants are known the value of h, or the predicted height of the
tide, may be computed for any value of t, or time. By comparing
successive values of h the heights of the high and low waters, together
with the times of their occurrence, may be approximately determined.
The harmonic method of predicting tides, therefore, consists essen-
tially of the application of the above formula.

343. The exact value of t for the times of high and low waters will
be roots of the first derivative of formula (451) equated to zero,
which may be written

—

•^=—2 ofH sin [at-]-(Vo+u)—K]=0 (452)

123
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Although formula (452) cannot, in general, be solved by rigorous

methods, it may be mechanically solved by a tide-predicting machine
of the type used in the office of the Coast and Geodetic Survey.

344. The constant Ho of formula (451) is the depression of the

adopted datum below the mean level of the water at the place of predic-

tion. For places on the open coast the mean water level is indentical

with mean sea level, but in the upper portions of tidal rivers that have
an appreciable slope the mean water level may be somewhat higher

than the mean sea level. The datum for the predictions may be more
or less arbitrarily chosen but it is customary to use the low-water plane

that has been adopted as the reference for the soundings on the

hydrographic charts of the locality. For all places on the Atlantic

and Gulf coasts of the United States, including Puerto Rico and the

Atlantic coast of the Panama Canal Zone, this datum is mean low
water. For the Pacific coast of the United States, Alaska, Hawaii
and the Philippines, the datum is in general mean lower low water.

For the rest of the world, the datum is in general mean low water
springs, although there are many localities where somewhat lower

planes are used. After the datum for any particular place has been
adopted its relation to the mean water level may be readily obtained

from simple nonharmonic reductions of the tides as observed in the

locality. The value of Ho thus determined is a constant that is

available for future predictions at the stations.

345. The amplitudeH and the epoch k for each constituent tide to be
included in the predictions are the harmonic constants determined by
the analysis discussed in the preceding work. Each place will have
its own set of harmonic constants, and when once determined will

be available for all times, except as they may be slightly modified

by a more accurate determination from a better series of observations

or by changes in the physical conditions at the locality such as may
occur from dredging, by the depositing of sediment, or by other

causes.

346. The node factor/ (par. 77) is introduced in order to reduce the

mean amplitude to the true amplitude depending upon the longitude

of the moon's node. The factor/ for any single constituent, therefore,

passes through a cycle of values. The change being slow, it is cus-

tomary to take the value as of the middle of the year for which the

predictions are being made and assume this as a constant for the entire

year. The error resulting from this assumption is practically negli-

gible. Each constituent has its own set of values for /, but these

values are the same for all localities and have been compiled for

convenient use in table 14 for the middle of each year from 1850 to

1999.

347. The quantity a represents the angular speed of any constituent

per unit of time. In the application of formulas (451) and (452) to

the prediction of tides this is usually given in degrees per mean solar

hour, the unit of t being taken as the mean solar hour. The values

of the speeds of the different constituents have been calculated from
astronomical data by formulas derived from the development of the

tide-producing force which has already been discussed. These speeds

have been compiled in table 2 and are essentially constant for all

times and places. The quantity (Vo+tt) is the value of the equilib-

rium argument of a constituent at the initial instant from which the

value of t is reckoned; that is, when t equals zero. In the prediction
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of tides this initial epoch is usually taken at the midnight beginning
the year for which the predictions are to be made. In strictness the
V, or uniformily varying portion of the argument alone, refers to the
initial epoch, while the u, or slow variation due to changes in the
longitude of the moon's node, is taken as of the middle of the period
of prediction and assumed to have this value as a constant for the
entire period. The quantity (Vo-\-u) is different for each constituent
and is also different for each initial epoch and for different longitudes
on the earth. In table 15 there have been compiled the values of

this quantity for the beginning of each year from 1850 to 2000 for the
the longitude of Greenwich. The values may be readily modified to

adapt them to other initial epochs and other longitudes.

348. Let

X=west longitude in degrees of station for which predictions
are desired.

S=west longitude in degrees of time meridian used at this

station.

For east longitude, L and S will have negative values.

Now let

^=0 when referring to the long-period constituents.

1 when referring to the diurnal constituents.

2 when referring to the semidiurnal constituents, etc.

then p will be the coefficient of the quantity T in the equilibrium
arguments. Now, T is the hour angle of the mean sun and is the only
quantity in these arguments that is a function of the longitude of the
place of observation or of prediction. At any given instant of time
the difference between the values of the hour angle Tat two stations

will be equal to the difference in longitude of the stations. If, there-
fore, the value of the argument (Vo-hu) for any constituent at any
given instant has been computed for the meridian of Greenwich, the
correction to refer this argument for the same instant to a place in

longitude L° west of Greenwich will be —pL, the negative sign being
necessary as the value of T decreases as the west longitude increases.

349. The instant of time to which each of the tabular values of

the Greenwich (Vg-{-u)'s of table 15 refers is the hour of the Green-
wich mean civil time at the beginning of a calendar year. In the
predictions of the tides at any station it is desirable to take as the
initial epoch the hour of the standard or local time customarily
used at that station. If, therefore, the longitude of the time merid-
ian used is S° west of Greenwich, the initial epoch of the predictions
will usually be S/15 mean solar hours later than the instant to which
the tabular Greenwich (Vo-'ru)'s are referred.

350. In formulas (451) and (452) the symbol a is the general desig-

nation of the speed of any constituent; that is to say, it is the hourly
rate of change in the argument. The difference in the argument due
to a difference of S/15 hours in the initial epoch is therefore aS/ld
degrees. The total correction to the tabular Greenwich iVo-\-u) of

any year in order to obtain the local {Vo+u) for a place in longitude
L° west at an initial epoch of hours of time meridian S° west at the
beginning of the sa.me calendar year is
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aS
15

pL. (453)

The general expression for the angles of (451) and (452) may now
be written

aS
at-^ (Vo-^u)—K= at+ Greenwich. {Vo+uj-^-j^—pL—K (454)

351. In order to avoid the necessity of applying the corrections

for longitude and initial epoch to the Greenwich (Vo-\-uys for each
year, these corrections may be applied once for aU to the k's.

Let

^^.-pL-K=-K' (455)
15

Then (454) may be written

a^+(T^o+it)-«=a^+ Greenwich {yo^u)—K' (456)

Thus, by applying the corrections indicated in (455) to the k's for

any station, a modified set of epochs is obtained. These will remain
the same year after year and permit the direct use of the tabular
Greenwich (Fo+^i)'s in determining the actual constituent phases at

the beginning of each calendar year.

352. Let

Greenwich (Fq+'W')—K=a (457)

then formulas (451) and (452) may be written

A=^0+S /^ cos (a^

+

a) (458)

for height of tide at any time, and

XI a/^ sin (a^ 4- a) = (459)

for times of high and low waters. Formula (458) may be easily

solved for any single value of t, but for many values of / as are neces-

sary in the predictions of the tides for a year at any station the labor

involved by an ordinary solution would be very great. Formula
(459) can not, in general, be solved by rigorous methods. The in-

vention of tide-predicting machines has rendered the solution of both
formulas a comparatively simple matter.

TIDE-PREDICTING MACHINE

353. The first tide-predicting machine was designed by Sir William
Thomson (afterwards Lord Kelvin) and was made in 1873 under the

auspices of the British Association for the Advancement of Science.

This was an integrating machine designed to compute the height of

the tide in accordance with formula (458). It provided for the sum-
mation of 10 of the principal constituents, and the resulting pre-

dicted heights were registered by a curve automatically traced by
the machine. This machine is described in part I of Thomson and
Tait's Natural Philosophy, edition of 1879. Several other tide-

predicting machines designed upon the same general principles but
providing for an increased number of constituents were afterwards
constructed.
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354. The first tide-predicting machine used in the United States was
designed by WilUam Ferrel, of the U. S. Coast and Geodetic Survey.

This machine, which was completed in 1882, was based upon modified

formulas and differed somewhat in design from any other machine
that has ever been constructed. No curve was traced, but both the

times and heights of the high and low waters were indicated directly

by scales on the machine. The intermediate heights of the tide could

be obtained only indirectly. A description of this machine is given;

in the report of the Coast and Geodetic Survey for the year 1883^.

355. The first machine made to compute simultaneously the height

of the tide and the times of high and low waters as represented by
formulas (458) and (459), respectively, was designed and constructed

in the office of the Coast and Geodetic Survey. It was completed in

1910 and is known as the United States Coast and Geodetic Survey-

tide-predicting machine No. 2. The machine sums simultaneously

the terms of formulas (458) and (459) and registers successive heights

of the tide by the movement of a pointer over a dial and also graphi-

cally by a curve automatically traced on a moving strip of paper.

The times of high and low waters determined by the values of t which
satisfy equation (459) are indicated both by an automatic stopping

of the machine and also by check marks on the graphic record.

356. The general appearance of the machine is illustrated by figure

21. It is about 11 feet long, 2 feet wide, and 6 feet high, and weighs
approximately 2,500 pounds. The principal features are: First, the

supporting framework; second, a system of gearing by means of which
shafts representing the different constituents are made to rotate with
angular speeds proportional to the actual speeds of the constituents;

third, a system of cranks and sliding frames for obtaining harmonic
motion; fourth, summation chains connecting the individual constitu-

ent elements, by means of which the sums of the harmonic terrns of

formulas (458) and (459) are transmitted to the recording, devices;

fifth, a system of dials and pointers for indicating in a convenient man-
ner the height of the tide for successive instants of time and also the

time of the high and low waters; sixth, a tide curve or graphic represen-

tation of the tide automatically constructed by the machine. The
machine is designed to take account of the 37 constituents listed in

table 38, including 32 short-period and 5 long-period constituents.

357. The heavy cast-iron base of the machine, which includes the

operator's desk, has an extreme length of 11 feet and is 2 feet wide.

This forms a very substantial foundation for the superstructure,

increasing its stability and thereby diminishing errors that might
result from a lack of rigidity in the fixed parts. On the left side of

the desk is located the hand crank for applying the power {1, fig. 24),

and under the desk are the primary gears for setting in motion the

various parts of the machine. The superstructure is in three sections,

each consisting of parallel hard-rolled brass plates held from 6 to 7
inches apart by brass bolts. Between these plates are located the

shafts and gears that govern the motion of the different parts of the

machine.
358. The front section, or dial case, rests upon the desk facing the

operator and contains the apparatus for indicating and registering;

the results obtained by the machine. The middle section rests upon a,

depression in the base and contains the mechanism for the harmonic
motions for the principal constituents M2, S2, Ki,^ 0^, 'Nz, and M4. The
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rear section contains the mechanism for the harmonic motions for

the remaining 31 constituents for which the machine provides.
359. The angular motions of the individual constituents, as indicated

by the quantity at in formulas (458) and (459), are represented in the
machine by the rotation of short horizontal shafts having their bear-
ings in the parallel plates. All of these constituent shafts are con-
nected by a system of gearing with the hand crank at the left of the
dial case and also with the time-registering dials, so that when the
machine is in operation the motion of each of these shafts will be
proportional to the speed a of the corresponding constituent, and for

any interval of time or increment in t as indicated by the time dials

the amount of angular motion in any constituent shaft will equal
the increment in the product at corresponding to that constituent.

360. Since the corresponding angles in formulas (458) and (459) are
identical for all values of t, the motion provided by the gearing will be
applicable alike to the solution of both formulas. The mechanism
for the summation of the terms of formula (458) is situated on the side

of the machine at the left of the operator, and for convenience this

side of the machine is called the "height side" (fig. 21), and the mech-
anism for the summation of the terms of formula (459) is on the right-

hand side of the machine, which is designated as the ''time side"

(fig. 22).

361. In table 37 are given the details of the general gearing from the

hand-operating crank to the main vertical shafts, together with the

details of ail the gearing in the front section or dial case. It will be
noted that S-6 (fig. 25) is the main vertical shaft of the dial case and
is connected through the releasablc gears to the hoin- hand, the

minute hand, and the day dial, respectively. The releasable gears

permit the adjustment of those indicators to any time desired. After

an original adjustment is made so that the hour and miinite hand will

•each read at the same instant that the day dial indicates the begin-

ning of a day, further adjustment will, in general, be unnecessary, as

the gearing Hself will cause the indicators to maintain a consistent

relat^ion throughout the year, and by use of the hand-operating crank

the entire system may be made to indicate any time desired. The
period of the hour-hand shaft is 24 dial hours, and the hand moves

over a dial graduated accordingly {3, fig. 23). The minute-hand

shaft, with a period of 1 dial hour, moves over a dial graduated into

60 m'inutes {2, fig. 23).

362. The day dial, which is about 10 inches in diameter, is graduated

into :366 parts to represent the 366 days in a leap year. The names of

the months and numerals to indicate every fifth day of each month are

inscribed on the face of the dial. This dial is located just back of the

front plate or face of the machine, in which there is an arc-shaped open-

ing through which the graduations representing nearly two months

are visible at any one time (4, fig. 23). The progress of the days as the

machine is operated is indicated by the rotation of this dial past an

index or pointer just below the opening {6, fig. 23). This pointer is

secured to a short shaft which carries at its inner end a lever arm with

a pin reaching under the lower edge of the day dial, against which it is

pressed by a light spring. A portion of the edge of the dial equal to

the angular distance from January 1 to February 28 is of a slightly

larger radius, so that the pin pressing against it rises and throws the

iday pointer to the right one day when this portion has passed by. On
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Figure 21.—COAST and Geodetic survey Tide-Predicting machine.
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Figure 23.—Tide-Predicting Machine. Recording Devices.
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Figure 24—Tide-predicting Machine, Driving Gears.
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Figure 25.
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Tide-Predicting Machine, Dial Case from height Side.
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FIGURE 26—TIDE-PREDICTING MACHINE, DIAL CASE FROM TIME SIDE.
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FIGURE 27.—Tide-Predicting Machine. Vertical Driving shaft of
MIDDLE SECTION.
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Figure 28.—Tide-Predicting Machine, forward Driving Shaft of
Rear section.
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Figure 29.—Tide-Predicting Machine. Rear End.
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FIGURE 30.—TIDE-PREDICTING MACHINE, DETAILS OF RELEASABLE GEAR.
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Figure 31.—Tide-Predicting machine, details of constituent crank.
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the last day of December this pointer will move back one day to its

original position.

363. On the same center with the day pointer there is a smaller index
(7, fig. 23) Avhicli may be turned either to the right toward a plate in-

scribed "Common year," or to the left to a plate inscribed "Leap
year " ^^^len this smaller index is turned toward the right, the day
pointer is free to move in accordance with the change in radius of the
edge of the dial. If the smaller index is turned toward the left, the
day pointer is locked and must hold a fixed position throughout the
year. For the prediction of the tides for two or more common years
in succession the day dial must be set forward one day at the close of

the year in order that the days of the succeeding year may be cor-

rectly registered. The day dial can be released for setting by the nut
{5, fig. 23) immediately above the large dial ring. A slower move-
ment of the day dial is provided by a releasable gear on the vertical

shaft 5*-^ (fig. 25).

364. There are three main vertical shafts S-13 (fig. 27), S-U
(fig. 28), and S-16 (fig. 29), to which are connected the gearing for the
individual constituents. The period of rotation of each is 12 dial

hours, and all move clockwise when viewed from above the machine.
The connections between these main shafts and the individual con-
stituent crankshafts are, in general, made by two pairs of bevel gears
and an intermediate horizontal shaft, except that for the slow moving
constituents Sa, Ssa, Mm, Mf, and MSf, a worm screw and wheel and
a pair of spur gears are in each case substituted for a pair of bevel
gears. In each case the gear on the main vertical shaft is releasable

so that each crankshaft can be set independently.
365. Main shaft S-13 in the middle section of the machine drives 9

individual crankshafts representing 6 constituents, 3 of them being
provided with two crankshafts each. These 6 constituents are M2>
S2, Ki, No, M4, and Oi, the first three having the double crankshafts.
Main shaft S-14. at the front of the rear section of the machine drives

16 crankshafts representing one constituent each. These are Mg,.

MK, S4, MN, V2, Se, M2, and 2N in the upper range, and MS, Mg, ~K2r

2MK, L2, M3, 2SM, and Pi in the lower range. Main shaft S-16 at
the back of the rear section drives 15 crankshafts. The constituents^

represented are 00, X2, Si, Mi, Ji, Mm, and Ssa, in the upper range,,

and 2Q, R2, T2, Qi, pi, Mf, MSf, and Sa in the lower range.

366. For each of the five long-period constituents motion is com-
municated from the intermediate shaft by a worm screw and wheel
to a small shaft on which is mounted a sliding spur gear. The latter

engages a spur gear on the crankshaft, but may be easily discon-
nected by drawing out a pin on the time side of the machine, thus
permitting the crankshaft to be turned freely when setting the-

machine.
367. Gear speeds.—The relative angular motion of each constituent

crankshaft must correspond as nearly as possible to the theoretical

speed of the constituent represented. The period of rotation of each
of the three main vertical shafts being 12 dial hours, the angular
motion of each of these shafts is 30° per dial hour. Table 38 con-
tains the details of the gearing from the main vertical shafts to the
individual crankshafts, the number of teeth in the different gears
for each constituent being given in columns I, II, III, andlV. In design-
ing the predicting machine it was necessary to find such values for these
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columns as would give gear speeds approximating as closely as possible
with the theoretical speeds of the constituents. By comparing the
gear speeds as obtained with the corresponding theoretical speeds it

will be noted that the accumulated errors of the gears for an entire

dial year for all the constituents are negligible in the prediction of

the tides.

368. Releasable gears.—Releasable gears (52, fig. 27) on the main ver-

tical shafts permit the independent adjustment of the time indicators

and individual crankshafts. The details of these gears are illustrated

in figure 30. A collar C, with a thread at its upper end and a flange

at the bottom, is fastened to the shaft by means of three steel screws.

The gear wheel A fits closely upon this collar and rests upon the flange.

It has sunk into its upper surface a recess a, which is filled by the
flange of collar B. When in place, the latter is-prevented from turning
iby a small steel screw reaching into a vertical groove c in the collar C.

The lower surface of collar B is slightly dished, and the collar is split

twice at right angles nearly to the top. When the milled nut D is

screwed down with a small pin wrench, the edge of the collar B is

pressed against the edge of the recess a with such force as to make
slipping practically impossible. When the nut is loosened, the gear
may be turned independently of the main driving shaft. A small
wrench (56, fig. 28) is used for setting these gears. Each of the three

main driving shafts is provided with a clamp (55, fig. 28) to secure the
sbaft from tiuTiing when the nut of the releasable gear is being loosened
(Or tightened.

369. Constituent cranks.—Secured to the ends of the constituent

crank shafts, which projects through the brass plates on both sides of

the machine, are brass cranks (40, fig. 25) which are provided for the

constituent amplitudes. Those on the left or height side of the
machine are designated as the constituent height cranks and are

used for the coefficients of the cosine terms of formula (458), and
those on the right or time side of the machine are designated as the

constituent time cranks and are used for the coefficients of the sine

terms of formula (459). The time crank on each constituent crank
shaft is attached 90° in advance (in the direction of rotation) of the

height crank on the same shaft. For the constituents Sa and Ssa no
time cranks are provided, as the coefficients of the sine terms corres-

ponding to these constituents are too small to be taken into account.

The direction of rotation of each constituent crank shaft with its con-

stituent cranks is clockwise when viewed from the time side of the

machine and counterclockwise when viewed from the height side.

The details of a constituent crank are shown in figure 31. The
pointer a is rigidly attached to the crank as an index for reading its

position on a dial. In each crank there is a longitudinal groove b

with flanges in which a crank pin d may be clamped in any desired

position. The crank pin has a small rectangular block as a base

which is designed to fit the groove in the crank, and through the

center of the crank pin there is a threaded hole for the clamp screw/.

Attached to the under side of the crank-pin block is a small spring

c that presses the block outward against the flanges of the groove,

keeping it from slipping out of place when undamped and at the

same time permitting it to be moved along the groove when setting

the machine. The crank pin may be securely fastened in any de-

sired position by tightening up on the clamp screw, which, pressing
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against the small spring at the back, forces the crank-pin block
outward against the flanges of the groove with sufficient pressure
to prevent any slipping. A milled head wrench B is used for tighten-

ing the clamp screw. A small rectangular block e of hardened steel

is fitted to turn freely upon the finely polished axle of the crank pin.

This block is designed to fit into and slide along the slot of the con-
stituent frame.

370. Positive and negative direction.—All the constituent crank shafts

and cranks may be grouped into two ranges—those above the medial
horizontal plane of the framework being in the upper range and those

below this plane in the lower range. In the following discussion

direction toward this medial plane is to be considered as negative
and direction away from the plane as positive; that is to say, for all

constituents in the upper range the positive direction will be upward
and the negative direction downward, while for the constituents in the
lower range the positive direction will be downward and the negative
direction upward.

371. Constituent dials.—To indicate the angular positions of the
•constituent crank shafts, the pointer {a, fig. 31) moves around a dial

{Jf-l, fig. 25) which is graduated in degrees. These dials are fastened
to the frame of the machine back of the constituent cranks on both
sides of the machine, those on the time side being graduated clockwise
and those on the height side counterclockwise. These dials and
pointers are so arranged that the angular position of a constituent

crank shaft at any time will be the same whether read from the dial

on the height side or from the dial on the time side of the machine,
and at the zero reading for any constituent the height crank will be
in a positive vertical position and the corresponding time crank in a
horizontal position. At a reading of 90° the height crank will be
horizontal and the time crank in a negative vertical position.

372. With the face of the machine registering the initial epoch, such
as January 1, hour, of any year, the value of t then being taken as

zero, each constituent crank shaft may be set, by means of its releas-

able gear, so that the dial readings will be equal to the a of the corre-

sponding constituent as represented in formulas (458) and (459). If

the machine is then put in operation, the dial readings will, for succes-

sive values of t, continuously correspond to the angle {at-\-a) of the
formulas, as the gearing already described will provide for the
increment at.

373. Constituent sliding frames.—For each constituent crank there
is a light steel frame (42, fig. 25) fitted to slide vertically in grooves in

a pair of angle pieces attached to the side plates of the machine. At
the top of the frame there is a horizontal slot in which the crank pin
slides. As the machine is operated the rotation of the crank shafts

with their cranks cause each crank pin to move in the circumference
of a circle, the radius of which depends upon the setting of the pin on
the crank. This motion of the pin, acting in the horizontal slot of

the sliding frame, imparts a vertical harmonic motion to that frame.
The frame is in its zero position when the center horizontal line of the
slot intersects the axis of the crank shaft. Positive motion is the
direction away from the medial horizontal plane of the machine and
negative motion is toward the medial plane. The displacement of

each constituent height frame from its zero position will always equal
the product of the amplitude setting of the crank pin by the cosine
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of the constituent dial reading, and the displacement of each consti-

tuent time frame will always equal the product of the amplitude
setting by minus the sine of the constituent dial reading.

374. Constituent pulleys.—Each constituent frame is connected with
a small movable pulley (43, fig. 25). For all constituents except
M2, S2, N2, Ki, Oi, and Sa on the height side and M2, S2, N2, and M4
on the time side this connection is by a single steel strip, so that the

pulley has the same vertical motion as the corresponding frame.

375. Doubling gears.—Because of the very large amplitudes of some
of the constituents two methods were used in order to keep the lengths

of the cranks within practical limits. For M2, S2, and Ki two sets of

shafts and cranks were provided, so that the amplitudes of these

constituents may be divided when necessary and a portion set on
each. A further reduction in the length of the cranks for these and
the other large constituents is accomplished by the use of doubling
gears between the sliding frame and movable pulley. Two spur

gears with the ratio of 1:2 (48, fig. 25) are arranged to turn together

on the same axis. The smaller gear engages a rack (46) attached to the

sliding frame and the larger gear engages a rack (^7) attached to the

constituent pulley. Each rack is held against its gear by a flange

roller (4^), and counterpoise weights are provided to take up the

backlash in the gears. Through the action of these doubling gears

any motion in the sliding frame causes a motion twice as great in the

constituent pulley. Doubling gears are provided on the height side of

the machine for constituents AI2, S2, N2, Kj, Oi, and Sa and on the

time side for constituents M2, S2, N2, and M4.
376. Scales for amplitude settings.—The scales for setting the con-

stituent amplitudes are attached to the frame of the machine and are,

in general, graduated into units and tenths (44, fig- 25). The scales

are arranged to read in a negative direction; that is, downward for

the constituents of the upper range and upward for the constituents

in the lower range. On a small adjustable plate (45) attached to

each constituent pulley there is an index line which is set to read zero

on the scale when the sliding frame is in its zero position. For
setting the crank pins for the constituent amplitudes the cranks to

be set are first turned to a negative vertical position. For the cranks

on the height side of the machine this position corresponds to a dial

reading of 180° and for the cranks on the time side to a reading of 90°.

377. The scales on the height side of the machine, which are used in

setting the coefficients of formula (458), are graduated uniformly one-

half inch to the unit. On the time side of the machine the scales are

modified in order to automatically take account of the additional

factor involving the speed of the constituent which appears in each of

the coefficients of formula (459). Dividing the members of this for-

mula by m, the speed of constituent M2, it becomes

J2-fH sin (ai+a) = (460)

The modified scales are graduated 0.5 ajm inch to the unit. The use

of the modified scales on the time side of the machine permits both

the height and time crank for any constituent to be set in accord with

the factor jH which is common to the coefficients of both formulas

(458) and (459). There are also provided for special use on the time
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side of the machine unmodified scales graduated uniformly to read in

a positive direction.

378. Summation chains.—The summations of the several cosine

terms in formula (458) and of the several sine terms in formula (459)
are carried on simultaneously by two chains, one {27, fig. 25) on the
height side and the other {28, fig. 26) on the time side of the machine.
The chains are of the chronometer fuse type, of tempered steel, and
have 125 links per foot. The total length of the height chain is 27.6

feet and of the time chain 30.6 feet. A platinum point is attached
to one of the links of the time chain 3.5 feet from its free end for an
index.

379. Each of these chains is fastened at one end near the back part
of the machine by a pair of adjusting screws {63, fig. 29, and 54, fig. 22).

From these adjusting screws each chain passes alternately downward
under a constituent pulley of the lower range and upward over a con-
stituent pulley of the upper range, spanning the space between the
rear and middle section of the machine by two idler pulleys and con-
tinuing until every constituent pulley on each side of the machine is

included in the system. The movable pulleys are so arranged that
the direction of the chain in passing from one to another is always
vertical and parallel to the direction of the motion of the sliding frames.

380. Summation wheels.—The free or movable end of each of the
chains is attached to a threaded grooved wheel {29, 30, fig. 25), 12

inches in circumference and threaded to hold more than seven turns

of the chain, or about 90 inches in all. These are called the height and
time summation wheels. Each is mounted on a shaft that admits a
small lateral motion, and by means of a fixed tooth attached to the
framework of the machine and reaching into the threads of a screw
fastened to the shaft the latter when rotating is forced into a screw
motion with a pitch equal to that of the thread groove of the summa-
tion wheel; so that the path of the chain as it is wound or unwound
from the summation wheel remains unchanged.

381. The height summation wheel {29, fig. 25) is located near the
front edge of the middle section of the machine, where it receives the

height summation chain directly from the nearest constituent pul-

ley. The time summation pulley {30) is located inside the dial case
near the lower left side, and three fixed pulleys are used to carry the
time chain from the end constituent pulley to the summation wheel.
Counterpoise weights are connected with the shafts containing the

summation wheels in order to keep the summation chains taut.

382. When all of the sliding frames on either side of the machine
are in their zero positions, the corresponding summation wheel is

approximately half filled by turns of the summation chain. Any
motion of a sliding frame in a positive direction will tend to unwind
the chain from the wheel, and any motion in the negative direction

will tend to slacken the chain so that it will be wound up by the
counterpoise weight. With several of the sliding frames on either

side of the machine moving simultaneously, the resultant motion,
which is the algebraic sum of all, will be communicated to the sum-
mation wheel. The motion of the sliding frame being transmitted
to the chain through a movable pulley, the motion of the free end of

the chain must be twice as great as that in the pulley. The scale of

the pulley motion is one-half inch to the unit of amplitude, and there-
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fore the scale of the chain motion is 1 inch to the unit, and one com-
plete rotation of the summation wheel represents a change of 12 units

of amplitude.
383. The zero position of the height summation wheel is indicated by

the conjunction of an index line {50, fig. 25) on the arm attached to

the wheel and an index line {51, fig. 25) on a bracket attached to the

framework of the machine just below the summation wheel, the

wheel itself being approximately one-half filled with the summation
chain. The length of the chain is adjusted so that the summation
wheel will be in its zero position when all the sliding frames on the

height side of machine are in their zero positions. It will be noted

that the conjunction of the index lines will not alone determine the

zero position of the wheel, since such conjunctions will occur at each

turn of the wheel, while there is only one zero position, which is that

taken when the constituent frames are set at zero.

384. The zero position of the time summation wheel is indicated by
the conjunction of an index point {11, fig. 23) attached to the time

summation chain and a fixed index {12, fig. 23) in the middle of the

horizontal opening near the bottom of the dial case, and the length of

the time smnmation chain is so adjusted that this conjunction will

occur when all sHding frames on the time side of machine are in their

zero positions.

385. Predicted heights of the tide.—When the machine is in operation,

the sum of all the cosine terms of formula (458) included in the settings

for a station will be transmitted through the height summation wheel

to the face of the machine and there indicated in two ways—first by
a pointer moving over a circular height scale {8, fig. 23) and second

by the ordinates of a tide curve that is automatically traced on a

roll of paper {15, fig. 23). The motion of the height summation wheel

is transmitted by a gear ratio of 30 : 100 to a horizontal shaft which

is located just back of the dial case. One complete rotation of this

shaft represents 40 units m the height of the tide. From this shaft

the motion is carried by two separate systems of gearing to the height

pointer on the face of the machine and to the pen that traces the

tide curve.

386. Height scale.—The height pointer is geared to make one com-
plete revolution for a change of 40 units in the height of the tide. A
height scale, with its circumference divided into 40 equal parts and
each of these unit parts subdivided into tenths, provides for the direct

registering of the sum of the cosine terms of formula (458) as com-
municated through the summation wheel. This scale has its zero

graduation at the top and is graduated positively to the right and
negatively to the left. The height pointer can easily be adjusted to

any position by means of a small milled nut {10, fig. 23) at the end of

its shaft. If it should be desired to refer the predicted heights to mean
sea level, this pointer must be adjusted to read zero at the same time

that the summation wheel is in its zero position; but if it is desired

to refer to some other datum, the pointer will be adjusted according

to the elevation of mean sea level above this datum. For the value

of ^ in formula (458) the pomter will be adjusted to a reading corre-

sponding to the adopted value of Ho at the time the summation
wheel is in its zero position, then this value of Ho wiU be automatically

included with the sum of the cosine terms of that formula. As the
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machine is operated the height pointer will indicate the predicted
height of the tide corresponding to the time shown on the time dials.

387. In order to increase the working scale of the machine when pre-

dicting tides with smaller ranges, two additional circular height scales

are provided, one with the circle divided into 20 units and the other
into 10 units, with the units subdivided into tenths. These scales

may be easily removed or replaced on the machine, the scale in use
being secured in place by a small button at the top (9, fig. 23). The
20-unit scale may be conveniently used when the extreme range of

the predicted tide at any place is between 10 and 20 feet, and the
10-unit scale when the extreme range is less than 10 feet. If the 20-

unit scale is to be used, the value of each coefficient of both the cosine

and the sine terms must be doubled before setting the component
cranks, and if the 10-unit scale is used these original coefficients must
first be multiplied by 4 before setting the values in the machine. If

the extreme tide is less than 4 feet, the 40-unit dial may be readily

used as a 4-unit scale by considering the original unit graduations as
tenths of units in the larger scale. In this case the coefficients of the
cosine and sine terms of the formula must be multiplied by 10 before
entering in the machine. The factor used for multiplying the coeffi-

cients to adapt them to the different height scales is called the work-
ing scale of the machine. Working scales of 1, 2, 4, and 10 are now
in general use to take account of the different ranges of tide at the
places for which predictions are made.

388. Predicted times of the tide.—Simultaneously with the summation
of the cosine terms of formula (458) on the height side of the machine,
the summation of the sine terms of formula (460), which was derived
from formula (459), is being effected on the time side. Being con-
cerned only with the time at which the sum of the sine terms is zera,

no provision is made for registering the sum except at this time,
which is indicated on the machine by the conjunction of the index
point on the time chain and the fixed platinum index in the dial case.

Near the time of a high water the index on the chain moves from right

to left and near the time of a low water from left to right. The con-
junction of the movable and fixed index is visible to the operator of

the machine and he may note the corresponding dial readings for the
time and height of the high or low water.

389. Automatic stopping device.—This device provides for auto-
matically stopping the machine at each high and low water. Secured
to the hand-crank shaft is a ratchet wheel and just above the ratchet

wheel is a steel pawl {25, fig. 24) operated by an electromagnet {26}

mounted under the desk top. The electric circuit for the electromag-
net is closed by a contact spring that rests upon a hard-rubber cylinder

{31 , fig. 25) on the rear end of the shaft on which the time summation
wheel is mounted. A small platinum plug in this rubber cylinder

comes in contact with the spring, which is fitted with a fine motion
adjustment, when the time summation chain registers zero. This
closes the circuit and draws the pawl against the ratchet wheel,
thereby automatically stopping the machine. The lateral screw
motion of the shaft on which the rubber cylinder is mounted prevents
the platinum plug from coming in contact with the spring on any
revolution other than the one which brings the time chain to its zero
position. The circuit is led through an insulated ring on the hub
of the hand crank where a contact is kept closed by a spring. After
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the operator has noted the time and height readings of the high or
low water he may easily break the circuit at the crank hub by a slight

inward pressure against the crank handle, thus releasing the arma-
ture and pawl and permitting the machine to be turned forward to

the next stop. By means of a small switch {23, fig. 24) just below the
crank the circuit may be held open to prevent the automatic device
from operating when so desired.

390. Nonreversing ratchet.—Upon the crank shaft, close to the bear-
ing in the desk frame, there is a small ratchet wheel and above this

there is a pawl (24, fig. 24) that is lifted away from the wheel by friction

springs when the machine is being turned forward but which is

instantly thrown into engagement when the crank is accidentally

turned backward. By pushing in one of the small buttons (22, fig. 24)

just above the crank the pawl is locked so that it cannot engage the

ratchet, thus permitting the machine to be turned backward when
desired. Pressure on another button releases the pawl.

;391. Tide curve.— The tide curve which graphically represents the
rise and fall of the predicted tide is automatically traced on a roll of

paper by the machine at the same time that the results are being
indicated on the dials. The curve is the resultant of a horizontal

movement of the paper, corresponding to the passing of time, and a
vertical movement of a fountain pen (13, fig. 23), corresponding to the

rise and fall of the tide. The paper is 6 inches wide with about 380
feet to the roll, which is sufficient to include a little more than a full

year of record of the predicted tides at a station. The paper should
^be about 0.0024 inch thick in order that the complete roll may be of

:a suitable size for use in the machine.
392. Within the dial case, near the upper right-hand corner, is a

mandrel (33, fig. 25), which can be quickly removed and replaced. It

is designed to hold the blank roll of paper, the latter being wound upon
a wooden core especially designed to fit on the mandrel. At the

bottom of the mandrel is an adjustable friction device to provide
tension on the paper. From the blank roll the paper is led over an
idler roller (34, fig. 25), mounted in the front plate of the dial case,

then across the face of the machine for a distance of about 13 inches

to a feed roller (35, fig. 25), then over the feed roller to the receiving

roller (36, fig. 25), upon which it is wound.
393. The feed roller governs the motion of the paper across the face

of the machine and is provided near each end with 12 fine needle points

to prevent the paper from slipping. The feed roller is controlled

by the main vertical shaft of the dial case through gearing of such
ratio that the feed roller will turn at the same rate as the main
vertical shaft; that is to say, one complete turn of the feed roller

will represent 12 dial hours in time. The feed roller being 6 inches

in circumference the paper will be moved forward at the rate of

one-half inch to the dial hour. A ratchet and pawl (37, fig. 25) are

so placed as to leave the paper at rest when the machine is turned
backward. If desired, the paper feed can be thrown out of action

altogether by turning a small milled head on the ratchet gear.

394. To provide for the winding up of the paper on the receiving

roller there is a sprocket wheel (38, fig. 25) held by adjustable friction

to the upper end of the feed roller. Fitted to the top of the receiving

roller is a smaller sprocket which is driven by a chain from the feed-

roller sprocket. The ratio of the sprockets is such as to force the
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receiving roller to wind up all the paper delivered by the feed roller,,

the tension on the paper being kept uniform by the friction device.

To remove a completed roll of record the smaller sprocket is lifted

from the receiving roller and a pin {39, fig. 25) at the back of the dial

case is drawn out, releasing the upper bearing bracket. The bracket
can then be raised and the receiving roller with its record removed.
A similar bracket secured by a pin is provided for the removal of the'

mandrel on which the blank roll of paper is placed.

395. Marigram gears.—The pen that traces the tide curve is mounted^
in a carriage which is arranged to slide vertically on a pair of guiding:
rods and is controlled from a horizontal shaft at the back of the dial'

case. On this shaft there is mounted a set of three sliding change
gears {18, fig. 26), which are designed to mesh, respectively, with
three fixed gears mounted on a shaft just above. By sliding the
change gears in different positions any one of them may be brought
into mesh with its corresponding fixed gear. These gears provide
for ratios of 1:1,2:1, and 3:2, according to whether the innermost,,
the middle, or the outer gears are in mesh. At the outer end of the
shaft containing the fixed gears is a thread-grooved wheel 4 inches
in circumference {19, fig. 26), to which is attached one end of the
pen-carriage chain {20, fig. 26). The chain is partly wound upon the
wheel and from it passes through the dial case to the front of the
machine, then upward over a pulley near the top to a counterpoise'
weight within the dial case. The pen carriage is secured to this chain;

by means of a clamp and can be adjusted to any desired position.

396. Scale of tide curve.—With a working scale of unity, the rotation:

of the height summation wheel, as transmitted through marigram.
gear ratio of 1 : 1 to the curve-line pen, will move the latter vertically
0.1 inch for each unit change in the sum of the harmonic terms and
this may be taken as the basic or natural scale of the graphic record.
This scale may be enlarged by the factor 3/2 or 2 through the use of
one of the other gear ratios and may be further modified to any
desired extent by the introduction of an arbitrary working scale-

factor. Letting G equal the marigram gear ratio (1, 3/2, or 2) and
S equal the working scale factor applied to the amplitude settings,.

the vertical scale of the graphic record may be expressed as follows:

1 inch of graph represents 10/GS units of summation (461)

1 summation unit is represented by GS/10 inches in graph (462)

The scale ratio of the graph will differ with different units used in.

the predictions. Thus

Graph scale (amplitude settings in ieet) = GSJ120 (463)

Graph scale (amplitude settings in meters)= 6''*S'/393.7 (464)

Graph scale (amplitude settings in decimeters)= 6^*S'/39.37 (465)

397. In selecting the marigram gear ratio and scale factor for the
predictions at any station, it is the general aim to secure as large a
scale as possible while keeping the graph within the limits of the paper.
Some consideration must be given also to the limits of the height
dial scale and in some instances to the mechanical limits of the indi-
vidual amplitude settings. The marigram gear ratio affects the
graph only but the scale factor affects also the amplitude settings and
the height dial readings. The extreme ampHtude of the graphic
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record is limited by the width of the paper which extends 3 inclies on
either side of the medial line, but for mechanical reasons it is desirable
in general to keep the record within a band 2}^ inclies on either

side of the medial line. The following table suggests suitable scale,

dial, and gear combinations for different tidal ranges and different

current velocities. The tabular marigram scales are applicable only
when the foot or knot has been used as the unit for machine settings.

The marigram amplitude limits given in the last column are expressed
in the same unit that is used in setting the machine regardless of what
unit that may have been.

Working scale, height dial, marigram gear, and scale

Tidal range
limits
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400. Hour-marking device.—The arm for the datum-Hne pen is se-

cured to the outer end of a shaft which carries two armatures, one for

the upper and the other for the lower of two electromagnets {17, fig.

26). A spring keeps the armatures at equal distances from their re-

spective electromagnets. The upper electromagnet is designed for

indicating the hours on the datum line and is in a circuit that is

opened and closed by a platinum-tipped contact spring resting upon
the edge of an ivory disk in which are embedded, equally spaced, 24
narrow strips of platinum {32, fig. 25). The ivory disk is mounted
on the shaft of the hour pointer, and as this rotates the platinum
strips successively make an electric contact that throws the datum-
line pen downward for an instant, making a corresponding jog in the
datum line, the downward stroke of the pen indicating the exact
hour. An extra strip of platinum placed close to the one representing
the midnight hour causes a double jog for the beginning of each day,
the downward stroke of the second jog indicating the zero hour.

401. High and low water marking device.—The lower electromagnet
is in a circuit that is closed when the platinum index on the time
chain {11, fig. 23) is in contact with the fixed platinum index {12);
that is to say, at the times of high and low waters. When this con-
tact is made, the electromagnet attracts the armature, which throws
the datum-line pen upward, causing a corresponding upward jog in

the datum line, and thus automatically marking the time of the high
or low water. A small switch {21, fig. 24) just above the hand-crank
shaft permits the cutting out of the current from the two electromag-
nets.

402. Adjustment of machine.—The adjustment of the machine
should be tested at least once each year and at any other time when
there is any reason for believing that a change may have taken place.

The following adjustments are required.

403. Height-chain adjustment.—All amplitudes should be set at zero,

so that the turning of each constituent crank shaft will produce no
miotion in the height chain. This should bring the summation wheel
to its zero position, but on account of a certain amount of backlash
and flexures in the machine this wheel may not be in an exact zero
position even when the chain is in adjustment. Now, set a single

constituent with a very small amplitude and operating the machine
with the hand crank, note whether the index of the summation wheel
oscillates equal distances on both sides of its zero position. If not,

the chain should be adjusted by the adjusting nut at its fixed end at
the back part of the machine.

404. Time-chain adjustment.—The adjustment of the time chain is

similar to that of the height chain. The zero position is indicated by
the conjunction of a small triangular-shaped index on the chain and
a fixed platinum index in the middle of the horizontal opening in the
dial face. A small amplitude being set on one of the constituent
time cranks and the machine operated by the hand crank, the chain
index should oscillate equal distances on both sides of the platinum
point. If it does not, the necessary adjustment may be made at the
fixed end of the chain.

405. Hour-hand adjustment.—This must be so adjusted that it will

register the exact hour at the same instant the circuit for the electro-

magnet is closed for the hour mark on the marigram, which is indi-

cated by a downward stroke of the datum-line pen. It is also neces-
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sary that the zero hour or beginning of the day shall correspond to the

double hour mark on the marigram. This adjustment may be accom-
plished by moving the hour hand on its shaft after releasing its set

screw. A finer adjustment may be effected by changing the position

of the contact spring back of the dial face.

406. Minute-hand adjustment.—This is to be adjusted to read zero

on the exact hour indicated by the hour hand and the closing of the

electric circuit for the hour mark. The adjustment may be accom-
plished either by moving the minute hand on its shaft after releasing

its set screw or by means of the releasable gears on the main vertical

shaft of the dial case. The adjustments just described are those which
need be made only occasionally. Other adjustments are taken into

account each time the machine is set for a station.

407. Setting predicting machine.—The time indicators on the face

of the machine are first set to represent the exact beginning of the

period for which predictions are to be made, which will usually be

hour of January 1 of some year. The hour and minute hands should

always be brought into place by the turning of the operating crank in

order that the adjustment of these hands relative to the electromag-

net circuit may not be affected. The date dial may, however, if

desired, be set independently, using the binding nut just above the

large dial ring for releasing and clamping. If only a small inotion of

the date dial is necessary, it is generally preferable to set it by the

operating crank. The year index should be set to indicate the kind

of year.

408. In the usual operation of the machine a ratchet prevents the

operating crank from being turned backward, but this ratchet may
be released when desired by pressing on a button in the side of the

machine just above the crank. After the face of the machine has

been thus set to register the beginning of the predictions the three

main vertical shafts should be clamped to prevent them from turning.

409. To set the height amplitudes.—All the constituent cranks on the

left or height side of the machine are first turned, by means of the

releasable gears on the main vertical shafts, to a vertical position, the

cranks of the upper range of constituents pointing downward and
those in the lower range upward, in which position all angles will read

180°. For the long-period constituents the cranks can be more
quickly brought to the vertical position by drawing out small knobs
on the time side of the machine, thus disconnecting the gearing.

The cranks are then turned by hand to the desired position and the

knobs pushed back into place. The amplitudes may now be set

according to the scales attached to the sides of the machine. The
crank pin is undamped by a small milled head wrench and is then

moved along its groove until the index at the scale registers the

amplitude setting given in Form 445, when it is clamped in this posi-

tion. If no amplitude is given for any constituent, the corresponding

crank must be set at zero.

410. To set time amplitudes.—The process is similar to that for the

height amphtudes, the cranks on the time side of the machine being

first turned to a vertical position with all angles reading 90°. The
cranks are to be set with the same amplitudes as were used for the

height side, the modified scales automatically taking account of the

true dift'erences in the amplitudes. For the constituents Sa and Ssa

the amplitudes are set on the height side only.
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411. To set constituent angles.—After the amplitudes have been set

and checked on both sides of the machine the angles are set for the
beginning of the period of predictions, these settings being given in

Form 445. The angles may be set from either side of the machine,
except for constituents Sa and Ssa, for which there are no dials on
the time side, as the readings are the same for both sides. As each
constituent angle is set its releasable gear is clamped to the main
vertical shaft. After all the angles have been thus set the three main
vertical shafts must be undamped to permit them to turn.

412. Changing height scale.—There are tlu-ee interchangeable height
scales, known as the 40-foot, the 20-foot, and the 10-foot scale. The
40-foot ring may also be conveniently used as a 4-foot scale. The
scale to be used for any station is indicated in Form 445. In removing
a scale from the machine a small button at the top is turned to release

the ring, which is then lifted slightly as it is being removed. The
desired scale is then placed on the machine and secured in place by a
button. Before removing or replacing the height scale it is desirable

that the height pointer be set approximately 45° to the left of its

zero position in order to interfere least with the removal or replacement
of the scale.

413. The datum or plane of reference.—The hand-operating crank
should be turned forward or backward until the index of the summa-
tion wheel on the height side of the machine indicates mean sea level.

It must be kept in mind, however, that as the index lines may come
in conjunction at each complete rotation of the summation wheel
there is a possibility of being misled in regard to the mean sea-level

position. When in doubt, the operating crank should be turned
forward to obtain a number of conjunctions, the corresponding height
dial reading for each being noted. The conjunction that corresponds
most closely with the average of such height readings will be the one
that applies to the true zero position. Each complete turn of the
height summation wheel will cause a change in the height reading of

12 units, 6 units, or 3 units, respectively, according to whether the
40-unit, 20-unit, or 10-unit dial is used. The height hand, which can
be released by the milled nut on the face of the machine, may now
be set to the scale reading that corresponds to the height of mean sea
level above the datum which has been adopted for the predictions,
this value being given in Form 445.

414. The marigram gear.—There are three gear combinations, desig-
nated as the 1:1, 3:2, and 2:1 ratios. The gear ratio to be used for
any station is indicated in Form 445. When it is necessary to change
the gear ratio, the machine should be first turned to its mean sea-
level position. The change is then effected by sliding the lower set
of gears horizontally, being careful to hold the upper set with one
hand to prevent it from turning when the gears are released. Before
engaging the gears in their new ratios the counterpoise for the pen
carriage should be brought to a position approximately midway
between the limits of its range of motion. The 1 : 1 ratio is obtained
by sliding the lower set of gears as far as possible toward the height
side of the machine, thus engaging the innermost gears; the 3:2 ratio
by moving these gears toward the time side until the outer gears are
engaged, and the 2 : 1 ratio by engaging the middle gear of each set.
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415. In setting up the machine for successive stations there is a
mechanical advantage in making the necessary gear changes before

setting the new amphtudes if the gear changes are in the order of

2:1, 3:2, 1:1, and after setting the amphtudes if the gear changes
are in the reverse order. This precaution will lessen the chances of

jamming the curve pen carriage and throwing the height chain off its

pulleys when setting the amplitudes.
416. Inserting paper roll.—To place the paper on the machine, re-

move the mandril that is mounted within the dial case near the upper
right-hand corner and slip the roll of paper over the mandril, the

roll being so placed that the winding is clockwise when viewed from
above and when on the machine the paper unwinds from the outer
side of the roll. In placing the roll on the mandril care should be
taken to see that the small projection on the base of the latter enters

the cavity in the wooden core, so that the roll will fit flat against the

base. After the mandril with the roll of paper has been returned to

the machine and secured in place, the end of the paper is passed around
a roller to the face of the machine, across the face, and over the feed

roller at the left of the machine. The end is then inserted into the

slit in the receiving roller, which is given a few turns to take up the

slack paper and make it secure. Before passing the paper over the

feeding roller and on the receiving roller these rollers should be released

to permit them to turn independently, the release being effected by
turning the small milled head on a ratchet stud gear near the base of

the feeding roller and by lifting off from the top of the receiving roller

the small knob holding the connecting chain. After the paper has
been secured to the receiving roller these connections should be
restored.

417. Curve pen adjustment.—With the machine in its mean sea-level

position, the curve pen must be adjusted to bring the pen point on
the mean sea-level line as drawn by the base-line pen. This adjust-

ment may be effected by releasing the pen carriage from the oper-

ating chain and moving it to the desired position, where it is clamped
in place by the binding screw.

418. Verification of machine settings.—Each step in the adjustment
and setting of the machine should be carefully checked before pro-

ceeding with the next step. After the setting of the machine for any
station has been completed an excellent check on the work is afforded,

if the predictions for the same station for the preceding year are

available, by turning the machine backward several days and then
comparing the predicted tides with those previously obtained.

419. Predicting.—The datum and curve fountain pens are filled and
put in place, the electric cut-out switch under the base of the machine
closed, and the ratchet of the operating crank set to prevent the

machine from being turned backward. If the predicted height of the

tide for any given time is desired, the machine may be turned forward
until the required time is registered on the time dials and the cor-

responding height read off of the height dial.

420. If the predicted high and low waters for the year are desired,

the operating crank is turned forward until the machine is auto-

matically stopped by the brake at a high or low water. To avoid the

strain on the machine due to sudden stops, the operator should watch
the small index on the time chain, and as this approaches the fixed

index in the center of the opening on the face of the machine, turn the
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crank more slowly until the machine is stopped as the indexes come
in contact with each other. The time and height may then be read
directly from the dials on the face of the machine. The movement
of the height pointer before the stopping of the machine and also
the tide curve will clearly indicate whether the tide is a high or low
water. After the tide has been recorded an inward pressure on the
crank handle will release the brake and the machine can be turned
forward to the next tide, the process being repeated until all the
tides of the year have been predicted and recorded.

FORMS USED WITH TIDE-PREDICTING MACHINE
421. Form 444, standard harmonic constants jor 'predictions (fig.

32).—This form provides for the compilation of the harmonic con-
' OF COMMERCE

Form No. 41

Station I^orro, California

J^^^llj,^^}
STANDARD HARMONIC CONSTANIS FOR PREDICTION

35L,t. ...^.-.. :....22.'JJ.

Long.l2Q. °
..SI.'.Wj.

Long.- 120.85°.C.
COKPO-
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stants for use in the prediction of the tides and also for certain per-

manent preUminary computations to adapt the constants for use

with the U. S. Coast and Geodetic Survey tide-predicting machine
No. 2. The form is used in a loose-leaf binder.

422. The constituents are listed in an order that conforms to the ar-

rangement of the corresponding constituent shafts and cranks on the

predicting machine. The accepted amplitudes and epochs are to be
given in the columns provided for the purpose. At the bottom of the

page a space is provided for indicating the source from which the con-

stants were derived.

423. The column of Remarks provides for miscellaneous informa-

tion pertaining to the predictions. This includes the kind of time in

which the predictions are to be given, the approximate extreme
range of tide at the place for determining the proper scale to be
used, the height dial, the marigram gear, the marigram scale, and
the datum to which the predicted heights are to be referred.

424. The extreme range may be estimated from the predictions for

a preceding year or may be taken approximately as twice the sum of

the amplitudes of the harmonic constants. The height dial, mari-

gram gear, and marigram scale which are recommended for use with

different extreme ranges are given in the table on page 138.

425. The principal h5^drographic datums in general use are as fol-

lows: Mean low water for the Atlantic and Gulf coasts of the United
States and Puerto Rico. Mean lower low water for the Pacific coast

of the United States, Canada, and Alaska, and the Hawaiian and
Philippine Islands. Approximate low water springs for the rest of

the world, with a few exceptions. For use on the predicting machine
the datum must be defined by its relation to the mean sea level, and
this relation is usually determined from a reduction of the high and
low waters.

426. Column A of Form 444 is designed for the differences by
which the epochs of the constituents are adapted once for all for use

with the unmodified Greenwich (Fo+'?^)'s of each year. These dif-

ferences take account of the longitude of the station and also of the

time meridian used for the predictions, and are computed by the

formula

/-K=pL-'^ (466)

in which

/—K=adapted epoch— true epoch.

^= subscript of constituent, which indicates number of periods

in one constituent day. For the long-period constituents

Mm, Ssa, Sa, MSf, and Mf, p should be taken as zero.

L=longitude of station in degrces;+ if west,— if east.

a= speed of constituent in degrees per solar hours.

*S'= longitude of time meridian in degrees ;
+ if west,— if east.

aS
The values of the products yv for the principal time meridians may

be taken from table 35. For any time meridian not given in the

table the products may be obtained by direct multiplication, taking

the values for the constituent speeds (a) from table 2.

427. Column B is designed for the reduction of the amplitudes to

the working scale of the machine. The scale is unity when the 40-
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foot height dial is used, 2 for the 20-foot height dial, 4 for the 10-foot

height dial, and 10 for a 4-foot height dial. The working scale

should be entered at the head of the column and used as a factor

with the amplitudes in order to obtain the values for this column.

428. Columns C and D are designed to contain the adapted epochs

in positive and negative forms which may be used additively with the

Greenwich (Fo+ti)'s. It will be found most convenient to compute
column D first, by applying the difference in column A to the k in

the preceding column and entering the result with the negative sign.

If the direct application of the difference should give a negative

result, this must be subtracted from 360° before entering in column B.

DEPARTMENT OF COMMERCE
U. S. COAST AMD GEODETIC SURWET

Fonu No. 446 1^^^} SETTINGS FOR TIDE PBEDICTING MACHINE

Station tlorrPjL..Califprnia __ Yeae 19.23.

Compo-
nent
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The values for column C may then be obtained by applying 360°

to the negative values in column D.
429. Form 445, settings jor tide-predicting machine ffig. 33).—This

form is designed for the computations of the settings for the predicting
machine for the beginning of each year of predictions. The forms
are bound in books, a separate book being used for each year of

predictions. This form is used in connection mth Form 444, and
for convenience the order of arrangement of the constituents is identi-

cal in the two forms. The name of the station, the time meridian,
the height dial, marigram gear, marigram scale, and datum plane
are copied directly from Form 444.

430. For the amplitude settings the amplitudes of column B of
Form 444 are multiplied by the factors /from table 14 for the year for

which the predictions are to be made. A convenient way to apply
these factors is to prepare a strip of paper with the same vertical

spacing as the lines on Form 444 and enter the factors / for the
required year on this strip. The strip may then be placed alongside
of column B of Form 444 and the multiplication be performed. The
same strip will serve for every station for which predictions are to be
made for the given year. It has been the recent practice to enter
the amplitude settings to the nearest 0.05 foot as being sufficiently

close for all practical purposes.
431. For the dial settings for January 1, hour, the Greenwich

equilibrium arguments of (Vo-\-u)'s from table 15 are to be applied, ac-

cording to the indicated sign, to the angles of column C or Z) of Form
444, using the angle in column D if it is less than the argument,
otherwise using the angle in column C. For the application of the

(Vo-\-u)'s a strip similar to that used for the factors/ should be pre-

pared. The same strip will serve for all stations for the given year.

For the dial settings it is customary to use whole degrees, except for

constituent M2, for which the setting is carried to the first decimal
of a degree.

432. The settings for February 1 and December 31 are used for

checking purposes to ascertain whether there has been any slipping

of the gears during the operation of the machine. To obtain the dial

settings for February 1, O*", and December 31, 24*^, prepare strips

similar to those for the/'s and (Vo-\-u)'s. On one enter the angular
motion of the constituents from January 1, 0**, to February 1, O''; on a
second and a third strip, the angular motion for February 1, 0*^, to

December 31, 24**, for a common and leap year, respectively. For
checking purposes a fourth and fifth strip may contain the angular
changes for a complete common and a complete leap year, respectively.

The values for these strips may be obtained from table 36. These
strips will be found more convenient if arranged with two columns
each, one column containing the values in a positive form and the
other column containing the equivalent negative value which is

obtained by subtracting the first from 360°. These strips are good
for all years, distinction being made between the common and leap
years. By applying the first strip to the dial settings for January
1 the values for February 1 are readily obtained, and by applying
the second or third strip to the latter settings those for the end of

the year are obtained. The values obtained by applying the fourth
or fifth strips to the settings for January 1 should also give the correct
setting for the end of the year, and thus serve as a check. The
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angular changes for computing the settings for any day of the year

may be obtained from tables 16 and 17.

PREDICTION OF TIDAL CURRENTS

433. Since the tidal current velocities in any locality may be

expressed by the sum of a series of harmonic terms involving the

same periodic constituents that are found in the tides, the tide-

predicting machine may be used for their prediction. For the cur-

rents, however, consideration must be given to the direction of flow,

and in the use of the machine some particular direction must be

assumed. At present the machine is used for the prediction of

reversing currents in which the direction of the flood current is

taken as positive and the maximum velocity in this direction corre-

sponds to the high water of the predicted tide. The ebb current is

then considered as having a negative velocity with its maximum
corresponding to the low water of the predicted tide. Rotary cur-

rents may be predicted by taking the north and east components
separately but the labor of obtaining the resultant velocities and
directions from these components would be very great without a

machine especially designed for the purpose. Predictions can, how-
ever, be made along the main axis of a rotary movement without

serious difficulties. Formulas for referring the harmonic constants of

the north and east components to any desired axis are given in Coast

and Geodetic Survey Special Pubhcation No. 215, ]\Ianual of Current
Observations.

434. The harmonic constants for the prediction of current velocities

are derived from current observations by an analysis similar to that

used in obtaining the harmonic constants from tide observations. In

the current harmonic constants, however, the amplitudes are expressed

in a unit of velocity, usually the knot, instead of the linear unit that

is used for the tidal harmonic constants. Forms 444 and 445 for the

computation of the settings for the tide-predicting machine are

applicable for the current predictions and the procedure in filhng out

these forms is essentially the same as described in paragraphs 421-432

for the tide predictions.' The node factors (/) and arguments (Fo+w)
are the same as for the tides. The height dial, marigram gear and
scale suitable to the current velocity can be obtained from the table

on page 138. Instead of a sea level elevation there should be entered

in the column of "Remarks" the velocity of any permanent current

along the axis in which the predictions are to be made. This velocity

should be marked plus (4-) or minus (— ) according to whether the

permanent current is in the flood or ebb direction.

435. The predicting machine is set with the current harmonic con-

stants in the same manner as for the tidal harmonic constants. To
take account of the permanent current the height summation wheel

should be brought to its zero position and the height hand then set

at a dial reading corresponding to the velocity of the permanent
current, the hand being set to the right of the scale zero if the per-

manent current is in the flood direction and to the left if in the ebb
direction. The hand crank should be then turned to bring the

height hand to its zero position and the curve-pen set at the medial
line of the paper, this line now representing zero velocity or slack

water.
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436. The operation of the machine for the prediction of the cur-
rents is similar to that for the prediction of the tides. The machine
automatically stops at each maximum flood and ebb velocity and the
corresponding times and velocities are then recorded, the flood veloci-
ties being read to the right and the ebb velocities to the left of the
scale zero. In the prediction of the currents the times of slack water
are also desired. These are indicated by the zero position of the
recording hand as well as by the intersections of the curve and medial
line in the graphic record. The velocity of the current at any inter-
mediate time can be read directly from the height dial when the
machine has been turned to the time desired and it may be also scaled
from the graphic record.

437. Predictions of hydraulic currents in a strait, based upon the
difference in the tidal head at the two entrances, may be made by
means of harmonic constants derived from the tidal constants for

the entrances. Differences in tidal range or in the times of the high
and low waters at the two ends of a strait will cause the water surface
at one end alternately to rise above and fall below that at the other
end, thus creating a periodic reversing current in the strait. Theo-
retically, disregarding friction or inertia, the velocity of the current
would vary as the square root of the difference in head, being zero
when the surface is at the same level at both ends and reaching a
maximum when the difference is greatest. Actually there will gen-
erally be a lag of some minutes in the response of the current
movement to the difference in head which must be determined from
observations.

438. Let the two ends of the strait be designated by A and B, with
the flow from A toward B considered as flood or positive and the flow
in the opposite direction as ebb or negative. With the waterway
receiving the tide from two sources, the application of the terms
''flood" and "ebb" will be somewhat arbitrary, and care must be
taken to indicate clearly the direction assumed for the flood move-
ment. In the following discussion tidal constants pertaining to
entrances A and B will be distinguished by subscripts a and b, respec-
tively, and those pertaining to the difference in tidal head by the
subscript d. Since the usual constituent epochs known as "kappas"
refer to the local meridian, it will be necessary for the purpose of

comparison between places on different meridians to use the Green-
wich epochs "G" (par. 226), these being independent of local time and
longitude.

439. For any one constituent let T represent time as expressed
in degrees of the constituent reckoned from the phase zero of its

Greenwich equilibrium argument. Also let Ya and Y^ represent the
height of the constituent tide for any time T as referred to the mean
level at locations A and B, respectively; and let Ya equal the difference

(Ya—Yn). Formulas for heights and difference may now be written

Ya=Ha cos (T-Ga) for location "A" (467)

Yt,=Ht, cos (T-G,) for location "5" (468)

Ya=Ha cos {T-Ga)-H, cos {T-G,)

= {Ha COS Ga—Hi COS G^) COS T-\- (Ha sin Ga—Hi, sin Gb) sin T

=Ha cos (T-G,) (469)
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in which
Ha=[m+m-2HaH, cos iG,-Ga)]'^

Gd^tan .1 Hg sin Gg—Hb sin Gb

Hg cos Ga—Hb cos Gb

(470)

(471)

The proper quadrant for Ga is determined by the signs of the numer-
ator and denominator of the above fraction, these being the same,
respectively, as for the sine and cosine of the angle. Formulas (470)
and (471) may be solved graphically (fig. 34) by drawing from any
point C a line CD to represent in length and direction Hg and Gg,

respectively; from the point D a line DE to represent in length and
direction Hb and {Gb±180°), respectively. The connecting line from

180

C to E will represent by its length the amplitude Ha and by its direc-

tion the epoch Ga-

440. Formulas (470) and (471) may be modified to adapt them for
use with tables 41 and 42.

From (470) we may obtain

HalHg={l+ {HblHgy+2{Hbim cos (6^,-(7„±180°)]i (472)
or

Ha/Hb=[l + {HJHby+2(HJHb) cos {Gg-Gb±l80°)]i (473)

and from (471) we have

T^Ti (r r\ (Hb/Hg) sin {Gb-Gg±180°)
lan i(T, ^a)-^_^^j^^ij^^^ ^^g (^^_(9^^180°) ^^'^^
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or

Tan {Ga-0,±\^Q ^-1+ (i?JH,) cos ((?,-(?, ±180°) ^^^^^

Formulas (472) and (474) are to be used when the ratio HJHa does not
exceed unity. In this case take argumentr of the tab\es'=Hi,IHa, and
argument x=(Gb—Ga±lSO°). If the ratio HJHa exceeds unity use

formulas (473) and (475) and take argument r=Ha/Hb and argument
x=(Ga—Gb±180°). The tabular values will give the ratios and
angular differences lepresented in the first terms of the formulas.

Therefore, in order to obtain the amplitude H^, the tabular value
from table 41 must be multiplied by Ha if the ratio Ht,/Ha does not
exceed unity, or by Ht> if this ratio does exceed unity. Also to obtain
the epoch Ga, the tabular value from table 42 must be increased by Ga
if the ratio does not exceed unity or by (Gb± 180°) if the ratio is greater

than unity.

441. By the formulas given above separate computations are made
for each of the tidal constituents. The values obtained for Ha and Ga
are the corresponding amplitudes and Greenwich epochs in an har-

monic expression for the continually changing difference in elevation

of the water surface at the two entrances to the strait. When only a
single time zone is involved, the small g's or modified kappas («') per-

taining to that zone may be substituted for the Greenwich epochs (G)

in the formulas. For the prediction of the current, further modifica-

tions are necessaiy in the amplitudes to reduce to velocity units and in

the epochs to allow for the lag in the response of the current to the

changing difference in water level at the two entrances to the strait.

442. Since the velocity of an hydraulic current is theoretically

proportional to the square root of the difference in head, we may write

(Velocity)2= constant ((7)X height difference (476)

If we now let V equal the average velocity of the current at time of

strength as determined from actual observations and assume that the

corresponding difference in water level is 1.02 times the difference

resulting from the principal constituent M2, we may obtain an approxi-

mate value for the constant (C) by the formula

(7=FV(1-02M2) (477)

in which M2 is the amplitude of the constituent M2 in the harmonic
expression for the difference in head. The application of the factor

(C) to all the constituent amplitudes in this expression has the effect

of changing the height units into units representing the square of the

velocity of the resulting current.

443. The lag in the current is usually determined by a comparison

of the times of strengths and slacks from actual observations with

preliminary predictions of the corresponding phases based upon the

harmonic constants derived by the method just described. This lag

expressed in hours is multiplied successively by the speed of each

constituent and the result applied to the preliminary epoch for that

constituent.
444. In order that the magnitude of the constituent amphtudes may

be adapted for use with the predicting machine, a scale factor (S) is
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introduced. This factor, which depends upon the velocity of the cur-

rent, is selected with the view of obtaining a reasonably large working
scale without exceeding the limitations of the predicting machine. The
following scale factors are suggested

:

Average velocity of current at time of strength: Scale factor

Less than 0.3 knot 20
From 0.3 to 0.5 knot - 10
From 0.5 to 1.0 knot 5

From 1.0 to 1.5 knots 3
From. 1.5 to 2.0 knots 2

From 2.0 to 3.0 knots 1

From 3.0 to 4.0 knots 0.5

From 4.0 to 5.0 knots 0.25

From 5.0 to 10.0 knots 0.1

In practice, the scale factor is usually combined with the factor (G)

and the product applied to each of the constituent amplitudes in the

expression for difference in head.
445. Using the harmonic constants, modified in the manner de-

scribed above, in the predicting machine, the resulting dial readings

will represent the square of the current velocity. In order to avoid
the necessity of extracting the square root of each individual reading,

a square-root scale may be improvised and substituted for the regu-

lar height dial on the machine. From a consideration of the con-
struction of this machine, it can be shown that with a scale factor of

unity the angular position of a velocity graduation as measured in

degrees from the zero point will be 9°X(velocity)2. Thus the 1-knot
graduation will be spaced 9° from the zero, the 2-knot graduation at

36°, the 3-knot graduation at 81°, etc. For any scale factor (S), the
formula for constructing the square-root scale becomes

Angular distance from dial zero= 9° X-SX (velocity)^ (478)

446. To take account of any nontidal current not attributed to

difference in head at the two entrances to the strait, a special gradu-
ation of the square-root scale is necessary. Let Vo represent the
nontidal current velocity, positive or negative according to whether it

sets in the flood or ebb direction, and let V represent the resultant

velocity as indicated by any scale graduation, positive or negative
according to whether it is flood or ebb. The angular distance of any
scale graduation as measured from an initial point, usually marked by
an arrow, may then be expressed by the following formula:

Angle in degrees= 9

X

SX (V—Vo)- (479)

The required angle is to be measured to the right or to the left of the
initial point according to whether the angle (V—Vo) is positive or
negative. Wlien setting the predicting machine the velocity pointer
must be at the initial point marked by the arrow when the sum of

the harmonic terms is zero.

447. In the graphic representation of the summation of the har-
monic terms by the predicting machine, the scale of the marigram
depends upon the marigram gear ratio as well as upon any scale factor
which may have been introduced. With a gear ratio of unity, the
scale of the marigram is 0.1 inch per unit of machine setting. In the
summation for the hydraulic currents, the marigram read by a natural



152 U. S. COAST A^'D GEODETIC SURVEY

scale would indicate the square of the velocity. A special square-root
reading: scale for taking the velocities direct from the marigram may
be prepared as follows: Let I"= distance of any velocity graduation
from zero of scale. Then

Y (in inches) = 0. 1 X (scale factor) X (gear ratio) X (velocity)^ (480)

With the scale factor and gear ratio each unity, 1 knot of velocit}^

would be represented by 0.1 inch on the marigram, 2 knots by 0.4

inch, 3 knots by 0.9 inch, etc. With a scale thus constructed the
velocity of the tidal current may be taken directly from the mari-
gram. Any non tidal current which is to be included may afterward
be applied.



TABLES

EXPLANATION OF TABLES

Table 1. Fundamental astronomical data.—This table includes
fundamental constants and formulas with references which form the
basis for the computation of other tables contained in this volume.
Because of the smallness of the solar and lunar parallax no distinction

is made between the parallax and its sine. The eccentricity of the
earth's orbit and the obliquity of the ecliptic are given for epoch
January 1, 1900. The former changes about 0.000042 per century
and the latter about 0.013 of a degree in a century. The values given
may therefore be considered as applicable to the present century.
The formulas for longitude of both sun and moon are the same as

used in the previous edition of this book and are from the work of

Simon Newcomb. In a later work by Earnest W. Brown, slightly

different values are obtained for the elements of the moon's orbit but
the differences may be considered negligible in so far as the tidal work
of the present century is concerned. In these formulas it will be noted
that T is the number of Julian centuries reckoned from Greenwich
mean noon on December 31, 1899, of the Gregorian calendar which
corresponds to December 19, 1899, by the Julian calendar. In the
application of these formulas to early dates special care must be taken
to make suitable allowances for the particular calendar in use at the
time. See page 4 for information in regard to calendars.

Table 1 includes the numerical values of the mean longitude of the
solar and lunar elements for the beginning of the century years
1600 to 2000 and also the rate of change in these longitudes as of

January 1, 1900. As the variations in these rates are very small,

they are applicable without material error for all modern times.
This table includes also the principal astronomical periods depending
on the solar and lunar elements with formulas showing how they are
derived. In these formulas the longitude symbol is used to represent
its own rate of change according to the unit in which the period is

expressed.

Table 2. Harmonic constituents.—This table includes the arguments,
speeds, and coefficients of the constituent harmonic terms obtained
in the development of the tide-producing forces of the moon and sun.
They are grouped with reference to the formulas of the text from
which they are derived, the long-period constituents first, followed
by the diurnal, semidiurnal, and terdiurnal terms. The reference
numbers in the first column correspond to the numbered terms of the
formulas of the text, the letter A indicating a term in the lunar
development and the letter B a term in the solar development. In
the second column the usual symbols are given for the principal
constituents, parentheses being used when the term only partially
represents the constituent.
For an explanation of the constituent argument (E) see page 22.

The argument consists of two parts—the V which contains the

153
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uniformly changing elements and determines the speed and period of
the constituent, and the u which is a function of the moon's node with
slow variations and which is treated as a constant for a limited series
of observations. Because of the very small change in the element pi
it may for practical purposes also be treated as a constant with a mean
value of 282° for the present century.
The constituent speeds are obtained by adding the hourly rates of

change in the elements appearing in the V of the arguments. The-
hour angle {T) of the mean sun changes at the rate of 15° per hour.
The hourly rate of change for each of the other elements will be found
in table 1.

For an explanation of the constituent coefficients (C) see page 24.

The coefficients of the solar terms include the solar factor S' (para-
graph 118), and coefficients of the lunar terms involving the 4th power
of the moon's parallax include the factor ajc (paragraph 108), in
order that all terms may be comparable when used with the common
basic factor U. It is to be noted that in the present system of coef-
ficients for the terms of the principal tide-producing force there is

included a factor "2" which was formerly incorporated in the general
coefficient. For the terms involving the 4th power of the parallax
there is a corresponding factor of "3" in order that all terms may be
comparable in respect to the vertical component force.

In general the coefficients have been computed in accordance with
the coefficient formulas of the text, but exceptions were made for the
evectional and variational constituents pi, V2, X2, and )U2, the coeffi-

cients of which are based upon computations by Professor J. C.
Adams who was associated with Darwin in the investigation of har-
monic analysis and who carried the development of the lunar theory
to a higher order of precision than is provided in this work. (See

pp. 60-61 of the Report of British Association for the Advancement of
Science for year 1883.)

The node factor (/) is explained on page 25. The last column of
table 2 contains references to the formulas for the node factors of the
various constituents.

Table 2a. Shallow-water constituents.—In this table there are listed

the overtides and compound tides which are described on page 47.

Table 3. Latitude factors.—This table includes numerical values of
the latitude (Y) functions which appear in the text as factors in

formulas representing component tidal forces and the equilibrium
height of the tide. The combination symbol at the head of each
column is taken to suggest the formula to which it applies. Thus,,

the letters v, s, and w refer respectively to the vertical, south, and
west components of the force, the letter v being applicable also to the
formulas for the equilibrium height of the tide which have the same
latitude factors as the corresponding terms in the vertical component
of the force. The first numeral "3" or "4" indicates whether the
formula is from the development of the principal force involving the
cube of the parallax or from the development involving the 4th power
of the parallax of the tide-producing body. The last digit "0,'^

"1," "2," or "3" refers to the species of the constituents and indicates

whether they are long-period, diurnal, semidiurnal, or terdiurnal.

In several cases the same latitude factor is applicable to a number of

different groups as indicated at the head of the column in the table.
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The following formulas were used in computing the latitude factors.

The maximum value (irrespective of sign) with corresponding latitude
is also given for each function.

F«3o=(l/2— 3/2 sin^F) maximum— 1 when Y=±90°.
Ffl3i=sin 2F maximum±l when F=±45°.
Ys3o, Ys32, and Yy,i2, same as Y.si

F;,32=cos^F maximum+1 when Y—0.
Yioi3 same as Yv^2

Ysz\= cos 2Y maximum±l when F=0 or±90°.
Ywzi=sm Y maximum ±1 when F==±90°.
i^«;32=cos F maximum+1 when F=0.
F„4o=sin F (cos^F— 2/5)___ maximum +0.4 whenF=± 90°.

F,4i=cos F (cos^F— 4/5)___ maximum— 0.2754 when F= ±58.91°.

YsiQ same as Y^u
F,42=sin F cos^F maximum ±0.3849 when F=±35.26°.
Fs43 same as F„42

Fj,43=cos^F maximum+1 when F=0.
Fs4i= sin F (cos^F— 4/15) __ maximum+ 0.2667 when F=±90°.
Fs42=cos F (cos^F— 2/3)___ maximum— 0.2095 when F=±61.87°.
F^4i= (cos2F-4/5) maximum— 0.8 when F= ±90°.

Table 4. Mean longitude of lunar and solar elements.—This table
contains the mean longitude of the moon (s), of the lunar perigee (p),
of the sun (h), of the solar perigee (pi), and of the moon's ascending
node (N), for January 1, hour, Greenwich mean civil time, for each
year from 1800 to 2000, the dates referring to the Gregorian calendar.

These values are readily derived from table 1, the rate of change in

the mean longitude of the elements for the epoch January 1, 1900,
being applicable without material error to any time within the two
centuries 1800 to 2000 covered by table 4. The same rate of change
may also be used, without introducing any errors of practical impor-
tance, to extend table 4 to dates beyond these limits. In extending
the table, care should be taken to distinguish between the common
and leap years, and for the earlier dates due consideration should be
given to the kind of calendar in use. (See p. 4 for discussion of
calendars.) It will be noted that each Julian century contains 36,525
days, while the common Gregorian century contains only 36,524 days,
with an additional day every fourth century.

Table 5. Differences to adapt table 4- to any month, day, and hour.—
These differences are derived from the daily and hourly rate of change
of the elements as given in table 1, multiples of 360° being rejected
when they occur. The table is prepared especially for common years,
but is applicable to leap years by increasing the given date by one
day if it is between March 1 and December 31, inclusive. The cor-
rection for the hour of the day refers to the Greenwich hour, and if

the hour for which the elements are desired is expressed in another
kind of time the equivalent Greenwich hour must be used for the
table.

Table 6. Values of I, v, ^, v' , and 2v" jor each degree oj N.—Referring
to figure 1 (page 6), note that by construction arc ^T/ equals arc
,0, T . Then in the spherical triangle ^ T^, the three sides are A^, v,

and (N-0, and the opposite angles are respectively (180°-/), i, and co.
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Therefore we have the following relations which may be used in com-
puting the values of /, v, and ^ in the table:

cos /=cos i cos w— sin i sin w cos N
= 0.91370-0.03569 cos A^

tan l(N-^i-p)=^^^4T^^ tan iA^=1.01883 tan ^N
cos |(co+^)

tan h(N-^-v)=^^^4T^^ tan ^.¥=0.64412 tan |iV

For the computation of v' and 2p", formulas (224) and (232) on
pages 45-46 may be used. The tabular values themselves were taken
from the preceding edition of this work where they were based upon
formulas differing slightly from those given here but any differences

arising from the use of the latter may be considered as negligible.

Table 7. Values of log Ra for amplitude of constituent L2.—Values
in this table are based upon formula (213) on page 44.

Table 8. Values of R for argument of constituent L2.—Values in

this table are derived from formula (214) on page 44.

Table 9. Values of log Qafor amplitude of constituent Mi.—Values in

this table are based upon formula (197) on page 41.

Table 10. Values of Q for argument of constituent M,.—Values in

this table are derived from formula (203) on page 42.

Table 11. Values of u for equilibrium arguments.—This table is

based upon the u-formulas in table 2 and includes values for the

principal lunar constituents for each degree of N. The u's of L2 and
Mi, which are functions of both N and P are given separately in

table 13 for the years 1900 to 2000.

Table 12. Log factor F for each degree of I.—The factor F is the

reciprocal of the node factor/ to which references are given in table 2.

The values in table 12 are based upon the formulas for these factors

and are given for all the lunar constituents used in the tide-predicting

machine, excepting values for L2 and Mi which are given separately

in table 13.

Table 13. Values of u and log F for L2 and Mj.—From a com-
parison of the u's of constituents L2, Mj, and M2 in table 2, it will be

noted that the following relations exist:

uoiU={uoiM2)-R
-uof Mi=|(uof M2) + Q

Also, the following relations may be derived from formula (215) on
page 44 and formula (207) on page 43 since the factor F is the recip-

rocal of the node factor/;

log F{U)=^\og F(M2)+log Ra

logi^(Mi)=logi^(Oi)+logQ,

The values for table 13 were computed by the above formulas, the

component parts being taken from tables 7 to 12, inclusive. The
values for log F{Mi) in this table are in accord with Darwin's original
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formula from which a factor of approximately 1.5 was inadvertently
omitted (see page 43).

Table 14. Node jactor J for middle of each year 1850 to 1999.—The
factor/ is the reciprocal of factor F. The values for the years 1850 to

1950 were taken directly from the Manual of Tides, by R. A. Harris,
and the values for 1951 to 1999 were derived from tables 12 and 13.

Table 15. Equilibrium argument {Vo-\-u) for beginning of each year
1850 to 2000.—The equilibrium argument is discussed on page 22.

The tabular values are computed by the formulas for the argument
in table 2, the Vo referring to the value of V on January 1, hour
Greenwich mean civil time, for each year, and the u referring to the
middle of the same calendar year; that is, Greenwich noon on July
2 in common years and the preceding midnight in leap years. The
value of the T of the formulas is 180° for each midnight, and the
values of the other elements for the V may be obtained from table
4. The u of the argument may be obtained from tables 11 and 13

after the value of N has been determined for the middle of each year
from tables 4 and 5. In constructing table 15 the values for the
years 1850 to 1950 were taken directly from the Manual of Tides, by
R. A. Harris, and the values for the years 1951 to 2000 were computed
as indicated above.

Tables 16, 17, and 18.—These tables give the differences to adapt
table 15 to any month, day, and hour, and are computed from the
hourly speeds of the constituents as given in table 2. The differ-

ences refer to the uniformly varying portion V of the argument, it

being assumed that for practical purposes the portion u is constant
for the entire year.

The approximate Greenwich {Vq-^u) for any desired Greenwich
hour may be obtained by applying the appropriate differences from
tables 16, 17, and 18 to the value for the first of January of the
required year, as given in table 15. To refer this Greenwich (Fo+'m)
to any local meridian, it is necessary to apply a further correction

equal to the product of the longitude in degrees by the subscript of

the constituent, which represents the number of periods in a con-
stituent day. West longitude is to be considered as positive and
east longitude as negative, and the subscripts of the long-period

constituents are to be taken as zero. This correction is to be
subtracted.

The {Vo-\-u) obtained as above will, in general, differ by a small
amount from the value as computed by Form 244, because in the
former case the u refers to the middle of the calendar year and in

the latter case to the middle of the scries of observations.

Table 19. Products for Form 194-—This is a multiplication table

especially adapted for use with Form 194, the multipliers being the
sines of multiples of 15°.

Table 20. Augmenting factors.—A discussion of augmenting factofs

is given on page 71. The tabular values for the short-period constit-

uents are obtained by formulas (308) and (309) on page 72, and those
for the long-period constituents by formulas (403) and (404) on
page 92. For constituents Si, S2, etc. the augmenting factor is unity.

Tables 21 to 26.—These tables represent perturbations in Ki and
S2 due to other constituents of nearly equal speeds. They are based
upon formulas (359) to (364), inclusive, on page 83.
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Table 27. Critical logarithms for Form 21^5.—This table .^s de-

signed for quickly obtaining the natural numbers to three decimal
places for column (3) of Form 245 from the logarithms of column (2)

.

The logarithms are given for every change of 0.001 in the natural

number. Each logarithm given in this table is derived from the

natural number that is 0.0005 less than the tabular number to which
it applies. Intermediate logarithms, therefore, apply to the same
natural number as the preceding tabular logarithm. For example,
logarithms less than 6.6990 apply to the natural number 0.000 and
logarithms from 6.6990 to 7.1760 apply to thenaturalnumber 0.001, etc.

Table 28. Constituent speed differences.—The constituent speeds as

given in table 2 were used in the computation of this table.

Table 29. Elimination factors.—These tables provide for certain

constant factors in formulas (389) and (390). Separate tables for

each length of series and different values for each term of the formulas

are required. The tabular values are arranged in groups of three,

determined as follows:

T^. ^ 1 1 -.1 , 180 sin 1(6— a)T
First value= logarithm oi T-fr

—
t"

Second value= natural number -r^—r—^ always taken as

positive.
^

^ \{h-a)r

Third value=+(6— a)r, if ——f-^

—

:—^ is positive,

wi. \ I 1 on •< sin +(6— a)T . ,.

or -^(6— a)T±180, it ——^-^

—

~- is negative.
-^[p a)T

Table 30. Products for Form 2Jf-5.—This table is designed for ob-
taining the products for columns (6) and (7) of Form 245.

Table 31. For construction of primary stencils.—This table gives

the differences to be applied to the solar hours in order to obtain the
constituent hours to which they most nearly coincide. Each differr

ence applies to several successive solar hours, but for brevity only
the first solar hour of each group to which the difference applies is

given in the table.

An asterisk (*) indicates that the solar hour so marked is to be used
twice or rejected according to whether the constituent speed is greater

or less than 15^, when in the summation it is desired to assign a

single solar hour to each successive constituent hour. For the
usual summations in which each solar hour height is assigned to the
nearest constituent hour no attention need be given to the asterisk.

The table is computed by substituting successive integral values for

d in formula (243) and reducing the resulting solar hour of series (s^s)

to the corresponding day and hour. The solar hour to be tabulated
is the integral hour that immediately follows the value of {shs) of

the formula. If the fractional part of {shs) exceeds 0.5, the tabular
solar hour is marked by an asterisk (*). The successive values of d,

although used positively in formula (243), are to be considered as

negative in the application of the table when the speed of the con-
stitutent is less than \bp. When the constituent speed is greater than
15^, the difference is to be taken as positive. All tabular differences

are brought within the limits +24 hours and —24 hours by rejecting
multiples of ±24 hours when necessary, and for convenience in use
all differences are given in both positive and negative forms.
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The following example will illustrate the use of the table: To find

constituent 2Q hours corresponding to solar hours 12 to 23 on 16th
day of series. By the table we see that solar hour 12 of the 16th day
of series is within the group beginning on solar hour 8 of the same day
with the tabular difference of +19 or —5 hours, and that the differ-

ence changes by —1 hour on solar hours 15 and 21, the latter being
marked by an asterisk. Applying the differences indicated, we have
for these solar hours on the 16th day of series:

Solar hour 12, 13, 14*, 15, 16, 17, 18, 19, 20, 21*, 22, 23
Difference -5 -5 -5 -6 -6 -6 -6 -6 -6 -7 -7 -7

Constituent
2Qliour 7, 8, 9*, 9, 10, 11, 12, 13, 14, 14*, 15, 16

In the results it will be noted that the constituent hours 9 and 14 are

each represented by two solar hours. If it should be desired to limit

the representation to a single solar hour each, the hours marked
with the asterisk should be rejected.

To find constituent 00 hours corresponding to solar hours to 18

on the 22d day of series. The hour of the 22d day is in the group
beginning on solar hour 14 of the preceding day with the tabular

difference of +14 or —10 hours, and changes of +1 hour in the
differences occur on solar hours 3 and 17 of the 22d day. It will be
noted that the hour 3 is marked by an asterisk. Applying the
differences from the table as indicated, we have for the 22d day
of series:

Solar hours 0. 1, 2, 3*, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, IP, 16*, 17, 18
Differences. +14; +14, +14, +15, +15, +15, +15, +15, +lfi, -9, -9, -9, -9, -9, -9, -9, -9, -8, -8

Constituent
00 hours.. 14, 15, 1(5, 18, 19, 20, 21, 22, 23, 0, 1, 2, 3, 4, 5, 6, 7, 9, 10

In the results it will be noted that constituent hours 17 and 8 are

missing. If it is desired to have each of these hours represented also,

the solar hours marked by asterisks will be used again. In this table

the constituents have been arranged in accordance with the length of

the constituent day.
Table 32. Divisors for primary stencil sums.—This table contains

the num.ber of solar hourly heights included in each constituent hour
group for each of the standard length of series when all the hourly
heights have been used in the sum.mation.

Table 33. For construction of secondary stencils.—Constituent A is

the constituent for which the original primary summations have been
made, and constituent B is the constituent for which the sum.s are to

be derived by the secondary stencils. The "Page" refers to the page
of the original tabulations of the hourly heights in Form 362. The
differences in this table were calculated by formula (252), and the
corresponding "Constituent A hours" from formula (250), m being
assigned successive values from 1 to 24 for each page of record.

Special allowance was made for page 53 of the record to take account
of the fact that in a 369-day series this page includes only 5 days of

record. The sign of the difference is given at the top of the column.
For K-P and R.-T the positive sign is to be used for constituents
K and R and the negative sign for constituents P and T.
For brevity all the 24 constituent hours for every page of record

are not directly represented in the table. The difference for the
omitted hours for any page should be taken numerically one greater
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than the difference for the given hours on that page. For an example,
take the hours for page 2 for constituent 00 as derived from con-
stituent J. According to the table the difference for the constituent

hours 10 to 3, inclusive, is 9 hours; therefore the difference for the
omitted hours 4 to 9, inclusive, should be taken as 10 hours. For
constituent 2Q as derived from constituent O the three differences

usually required for each page are given in full.

The use of the table may be illustrated from the example above, as

follows:

Page 2—
J-hours 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11
Difference +9, 9, 9, 9, 10, 10, 10, 10, 10, 10, 9, 9

00-hours 9, 10, 11, 12, 14, 15, 16, 17, 18, 19, 19, 20

J-hours 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23
Difference +9, 9, 9, 9, 9, 9, 9, 9, 9, 9, 9, 9

00-hours 21, 22, 23, 0, 1, 2, 3, 4, 5, 6, 7, 8

The period 24 hours should be added or subtracted when necessary

in order that the resulting constituent hours may be between and 23.

Table 34. For summation of long-period constituents.—This table

is designed to show the assignment of the daily page sums of the

hourly heights to the constituent divisions to which they most nearly

correspond. The table is based upon formula (395). The constituent

division to which each day of series is assigned is given in the left-hand

column. For Mf, MSf, and Mm there will frequently occur two
consecutive days which are to be assigned to the same constituent

division. In such cases the day which most nearly corresponds to the

constituent division is the only one given in the table, and this is

marked by an asterisk (*). The missing day, whether it precedes or

follows the one marked by the asterisk, is to be assigned to the same
constituent division. For Sa a number of consecutive days of series

are assigned to each constituent division. In the table there are

given the first and last days of each group.

Table 35. Products aS/lS for Form 444-—This table contains the

products of constituent speeds and time meridian longitudes for

formula (466) which is used in obtaining values of (k'-k) for column A
of Form 444.

Table 36. Angle differences for Form 44^-—This table gives the

differences for obtaining and checking the dial settings for February 1

and December 31, as entered in Form 445. The differences are de-

rived from tables 16 and 17.

Table 37. Coast and Geodetic Survey tide-predicting machine No. 2—
General gears.—This table gives the details of the general gearing from
the hand-operating crank to the main vertical shafts, together with
the details of the gearing in the front section or dial case. In this

table the gears and shafts are each numbered consecutively for con-

venience of reference, the gears being designated by the letter G and
the shafts by the letter S. In the second column are given the face

of each bevel or spur gear and the diameter of each shaft. The next
two columns contain the number of teeth and pitch of each bevel and
spur gear. The pitch is the number of teeth per inch of diameter of

the gear. The worm screw is equivalent to a gear of one tooth, as it

requires a complete revolution of the screw to move the engaged wheel
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one tooth forward. The period of rotation of each shaft and gear is

relative and refers to the time as indicated on the face of the machine,

which for convenience is called dial time.

Table 38. Coast and Geodetic Survey tide-predicting machine No. 2—
Constituent gears.—This table contains the details of the gearing from
the main vertical shafts to the individual constituent cranks. Colunm
I gives the number of teeth in the bevel gear on the main vertical

shaft; colunm II, the number of teeth in the gear on the intermediate

shaft that meshes with the gear on the vertical shaft; column III, the

number of teeth in the gear on the intermediate shaft that meshes with

the gear on the constituent crank shaft; and column IV, the number
of teeth in the gear on the crank shaft.

For the long-period constituents the worm gear is taken as the

equivalent of one tooth. For each of these constituents there is a

short secondary shaft on which sliding gears are mounted, but the

extra gears do not affect the speed of any of the crank shafts except

that for constituent Sa in which case a ratio of 1 :2 is introduced.

The crank-shaft speed per dial hour for each constituent is equal to

3Qo^column I column III
^^^ constituent Sa the product of

column 11 column IV
both values appearing in each of the columns II and III is to be taken

as the value for the column. The column of ''Gear speed per dial

hour" contains the speeds as computed by the above formula.

For comparison the table contains also the theoretical speed of each

of the constituents and the accumulated error per year due to the

difference between the theoretical and the gear speeds.

For convenience of reference the table includes also the maximum
amplitude settings of the constituent cranks.

Table 39. Synodic periods oj constituents.—This table is derived

from table 28, the period represented by 360° being divided by the

speed difference and the results reduced to days.

Table 40. Day of year corresponding to any date.—This table is

convenient for obtaining the difference between any two dates and
also in finding the middle of any series.

Table 41. Values oj h in formula h={l+r^-\-2r cos a;)=.—This table

may be used with formulas (472) and (473) on page 149 to obtam
constituent ampHtudes for the prediction of hydraulic currents.

Table 42. Values of k in formula k=tan-\ ^l^^^ —This table
2 '~\~i COS JO

may be used with formulas (474) and (475) on pages 149-150 to

obtain constituent epochs for the prediction of hydraulic currents.
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Table 1.—Fundamental astronomical data

Mean distance, earth to sun 92, 897, 416 miles -

Mean distance, earth to moon 238, 857 miles "

Equatorial radius of earth (Hayford's Spheroid of 1909) 3, 963. 34 miles <

Polar radius of earth (Hayford's Spheriod of 1909) 3, 949. 99 miles "

Mean radius of earth (o), (Intern. Ell.) 6,371,269 meters ^ = 20,903,071 feet
= 3,958. 91 miles

Solar parallax (Paris Conference) 8.80" " = 0. 000, 042, 66 radian
Lunar equatorial horizontal parallax (Brown) _57' 2.70" " — 0. 016, 59 radian

Mean solar parallax in respect to mean radius (o/ci) 0. 000, 042, 61 radian
Mean lunar parallax in respect to mean radius (a/c) 0. 016, 57 radian

Eccentricity of earth's orbit (ei), epoch Jan. 1, 1900 0. 016, 75 "

Eccentricity of moon's orbit (e) 0. 054, 90 "^

Obliquity of the ecliptic (co), epoch Jan. 1, 1900
23° 27' 8.26" ' = 23. 452°

Inclination of moon's orbit to plane of ecliptic {i)

5° 08' 43.3546" "^ = 5. 145°

Ratio of mass of sun to combined mass of earth and moon
(Sitter) 327, 932 >>

Ratio of mass of earth to mass of moon (Hinks) 81. 53 ''

Mass of sun/mass of earth (S/E) 331, 954
Mass of moon/mass of earth (M/E) 0. 012, 27

Solar coefficient Ui = (S/E) (a/c ,)* .2569 x 10"^

Basic factor U = (M/E) (a/c) ^ .__. .5582 x lO'^

Solar factor ,S' = Ui/U 0.4602

In the following formulas for longitude, T represents the number of Julian
centuries (36525 days) reckoned from Greenwich mean noon, December 31, 1899
(Gregorian Calendar)

.

Mean longitude of sun (h)

= 279° 41' 48.04" + 129,602,768.13" T + 1.089" T^ «

Longitude of solar perigee (p i)

= 281° 13' 15.0" + 6,189.03" T + 1.63" T^ + 0.012" T^ -=

Mean longitude of moon (s)

= 270° 26' 14.72" + (1336 rev. + l, 108,411.20")T+9.09"T2+ 0.006,8"7^3 <=

ILongitude of lunar perigee (p)
= 334° 19' 40.87" + (11 rev. + 392,515.94") T - 37.24" T^ - 0.045" T^ '

Longitude of moon's node (A'^)

= 259° 10' 57.12" - (5 rev. + 482,912.63") T + 7.58" T^ + 0.008" T^ <=

VRatio of mean motion of sun to that of moon (m) 0. 074, 804

" American Ephemeris and Nautical Almanac for year 1940, p. xx.
•> Table of astronomical constants by W. de Sitter, published in Bulletin of the Astronomical Institutes

of the Netherlands, Vol. VIII, No. 307, July 8, 1938, pp. 230-231.

« Astronomical Papers for the American Ephemeris, by Simon New comb; Vol. VI, pp. 9-10, and Vol.
IX, pt. 1, p. 224.

<* The Solar Parallax and Belated Constants, by William Harkness, p. 140.
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Table 1.—Fundamental astronomical data—Continued

MEAN LONGITUDE OF SOLAR AND LUNAR ELEMENTS FOR CENTURY YEARS

Epoch, Gregorian calendar
Greenwich mean civil time

Sun

h

Solar
perigee

Pi

Moon Lunar
perigee

P

Moon's
node
N

1000, Jan. 1, hour
1700, Jan. 1, hour
1800, Jan. 1, hour
1900, Jan. 1, hour
2000, Jan. 1, hour

279. 857
280. 624
280. 407
280. 190
279. 973

276. 067
277. 784
279. 502
281. 221
282. 940

99. 725
47.604

342. 313
277. 026
211. 744

7.417
116.501
225. 453
334. 384
83.294

RATE OF CHANGE IN MEAN LONGITUDE OF SOLAR AND LUNAR ELEMENTS (EFOCH, JAN. 1, 1900)

Elements Per Julian cen-
tury (36525 days)

Per common
year (365 days)

Per solar day Per solar hour

Sun (ft)

Solar perigee (pi).

Moon (s)

Lunar perigee (p)

.

Moon's node (AT)

100r+ 0.769
1.719

1336r+307. 892
llr+109. 032
-5r-134. 142

359. 761, 28
0. 017, 18

13r+129. 384, 82
40. 662, 47

-19.328,19

0. 985, 647,

3

0. 000, 047,

1

13. 176, 396.

8

0.111,404,0
-0. 052, 953.

9

0. 041, 068, 64
0. 000, 001, 96

0. 549, 016, 53

0, 004, 641. 83
-0, 002, 206, 41

MEAN ASTRONOMICAL PERIODS

{Symbols refer to rate of change in mean longitude)

Solar days
Sidereal day, 3607(360°+ft) 0.997,270
Lunar day, 3607(360°+ft-«) 1.035,050

Nodical month, 3607(s-iV) 27.212,220
Tropical month, 360%« 27.321,582
Anomalistic month, 360°/ (s-p) 27.554,550

Synodical month, 3607(«-ft) 29.530,588
Moon's evectional period, 3607(s-2ft+p) 31,811,939

Eclipse year, mo°/(h-N) 346.620,0
Tropical year, 3607ft 365.242,2
Anomalistic year, 3607(ft-Pi) 365.259,6

Common year 365.000,0
Mean Gregorian year 365.242,5
Mean Julian year 365.250,0
Leap year 366.000,0

Evectional period in moon's parallax, 3607(ft—P) 411.784,7

Revolution of lunar perigee, 3607p 8.85 Julian years
Revolution of moon's node, 3607iV- . 18.61Julian years

Revolution of solar perigee, 3607Pi 209 Julian centuries
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Table 2.

—

Harmonic constituents

Symbol

Mm.

MSf_
Mf...

Ssa-

Sa.

Oi...
Qi—
(M,)....

2Qi—

(K,)..

(M,).._.
Ji

MPi.
SOi..
OOi,.

KQ,..

Argument (E)
Speed per
solar hour

LUNAR LONG-PERIOD TERMS, FORMULA (62)

Zero (permanent term).
s—p _

2s-2p

s-2ft+p_
2s—2h
2s

3s-p
s+p+180°.
4«—2p

Zs-2h+p
s+2h-p+lS0°
is-2h

zero,

zero.

zero-
zero.
-2?-

-2f-
-2f.
-2f.

-2?-
-2f-
-25-

-2J.

zero
544, 374,

7

088, 749,

4

471,521,1
015, 895,

8

098, 033,

1

642, 407,

8

553, 658, 4
186, 782, 5

509, 554, 3

626, 512,

113, 928, 8

0. 082, 137, 3

LUNAR LONG-PERIOD TERMS, FORMULA (137)

S-90°
2s—p-90°-
p-90°

3s-90°-...
4s-p-90°

-3f-
-3f-

SOLAR LONG-PERIOD TERMS, FORMULA (185)

Zero (permanent term).
h-pi
2h—2pi

Zh-pi
ft+Pi+180°

4ft-2pi

zero,

zero.

zero,

zero,
zero.

549, 016, 5

093, 391,

2

004, 641,

8

647, 049,

6

191, 424, 3

zero
041, 066, 7

082, 133, 4

082, 137, 3

123,204,0
041,070,6

0. 164, 270,

6

SOLAR LONG-PERIOD TERM, PARAGRAPH 119

I
zero _| 0.041,068,

LUNAR DIURNAL TERMS, FORMULA (63)

T-2s+h+90°
T-3s+h+p+90°.
r-s+ft-p-90°..

T-4s+ft+2p+90°
r-3a-t-3ft-p+90°
T-s-ft+p-90°..

T-4s+3/i+90°.
T-h+90°
r+fe-90°

T-s+h+p-90°,.
T+s+h—p-QO°,.
T-2s+h+2p-90°

T+2s+h-2p-90°
T-s+Sh-p-W.
T+s-h+p-90°..

+2^~v.
-f2f-;-.
-{-25-''-

+2f-^.
-F2f-^.

13, 943, 035,

6

13, 398, 660,

9

14. 487, 410,

3

12, 854, 286,

2

13, 471, 514, 5

14, 414, 556,

7

12, 927, 139,

8

14, 958, 931,

4

15. 041, 068, C

14. 496, 693. 9

15. 585, 443, 3

13. 952, 319, 2

16. 129, 818,

14. 569, 547, 6
15. 512, 589, 7

LUNAR DIURNAL TERMS, FORMITLA (63)

T-2s+3h-90°.
T+2s-h-Q0°..
T+2s+h-90°..

T+3«+ft-p-90°.
T+s+h+p+90°--
T+is+h-2p-90°

T+3s-h+p-90°
T+s+3h-p+90°
T+4s-ft-90°....

T-f3A-90°..

— v..
— c__

-2f-

-25-;'.
-2f-v.
~2^-p-.

-2^-v.
-2i-v.
-2i-p.

-2i-v..

14. 02.5, 172,

9

16. 056, 964,

4

16. 139, 101,

7

16. 683, 476,

4

15. 594, 727,

17. 227, 851,

1

16. 610, 622,

8

15. 067, 580, 6

17. 154, 997, 5

15. 123, 205,

9

Coeffi-

cient (C)

0.5044
0. 0827
0. 0068

0.0116
0. 0084
0. 1566

0. 0303
0. 0043
0. 0040

0. 0043
0. 0006
0. 0025

0. 0399
0.0065
0. 0022

0. 0032
0. 0009

0.-2340

0.0118
0. 0003

0. 0728
0. 0043
0. 0006

0. 3771
0. 0730
0. 0104

0. 0097
0. 0142
0. 0015

0. 0061
0. 0003
0. 3623

0. 0297
0. 0297
0. 0024

0.0024
0. 0042
0. 0042

0. 0030
0. 0030
0. 0163

0. 0032
0. 0005
0. 0004

0. 0004
0.0001
0. 0003

Factor-f
formula

(73)

(73)

(73)

(73)

(73)

(74)

(74)

(74)

(74)

(74)

(74)

(74)

(74)

(141)

(141)

(141)

(142)

(142)

unity
unity
unity

unity
unity
unity

unity

unity

(75)

(75)

(75)

(75)

(75)

(75)

(75)

(75)

(76)

(76)

(76)

(76)

(76)

(76.)

(76)

(76)

(76)

(77)

(77)

(77)

(77)

(77)

(77)

(77)

(77)
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Table 2.

—

Harmonic constituents—Continued

^f I

Symbol

Argument (E)
Speed per
solar hour

Coeffi-

cient (C)
Factor-f
formula

^69-

^71-

^73-
^74-

^75-

Bii
Bu
Bis

Bn.
B22-

£23-

B2i-
-B20-

B31-
B32-
B33-

£34-

Bn.

Note 1

.

Note 2.

^38-
440-
^41-

^42-
^43-
^44-

^45-
^48-
^47-

^48-
^49-
AiO.

An.
As2.
All.

Ait,.

Asi..

Alt.

Aij-.

Asi..

^60-
^61-

^83

LUNAR DIURNAL TERMS, FORMULA (138)

(M,)—

-

Pl-

(Ki).

M2-
N2--
(L2).

2N2.

(12....

(S2)-

(K2).

(L2)-
KJ2_

T-3s+h
T -4s+h+p.
T-s+h

T-2s+h+p.
T+h-p.....
T+s+h

T+2s+h -p. -i-v.

13. 394, 019,

12. 849, 644, 4
14. 492, 052,

1

13. 947, 677, 4

15. 036, 426,

8

15. 590, 085, 2

16. 134, 459,

9

SOLAR DIURNAL TERMS, FORMULA (186)

r-ft+90°
T-2h+pi+^(f.
r-pi-90°

r-3ft+2pi+90°
T+ft-90°
T+pi-90°

lgT-2s+Sh
^•»¥=Sr-f^^p
!ST-s+2h-p+lS0°

T+2h-pi-gO°.
T-h+2pi-90°.
r+3ft-2pi-90°

r+3ft-90°. _-

7+4^-^1-90°
T+2h+pi+g0°

T+5h-2pi-i

zero.
zero_
zero.

zero,
zero,
zero-

zero.
zero,
zero.

zero.
zero,
zero.

14.958,931,4
14. 917, 864,

7

14. 999, 998,

14.876,798,0
15. 041, 068, 6
15. 000, 002,

15.082,135,3
14. 958, 935,

4

15. 123, 202,

15. 123, 205,

9

15. 164, 272, 6
15. 082, 139,

2

15. 205, 339,

3

zero..

SOLAR DIURNAL TERM, PARAGRAPH 119

T.
I
zero.

| 15.000,000,0

COMBINATION DIURNAL TERMS, FORMULAS (194), (201), AND (222)

14. 496, 693,

9

T-s+h+p-90°.
T-s+h-90°
r+A-90°

-^-Qu...

— f' 15. 041, 068,

6

LUNAR SEMIDIURNAL TERMS, FORMULA (64)

ZT-4
2T-3s+J,h-p.
&T-s+p+\m°.

2T-is+Jth

ZT-s+Zh+p...
2T+s+Sh-p....
ST-2s+!lh+2p.

$T-s+4h-p.
ST+s+p

ST-Ss+4h.
ST+2S
BT+2s+Sh.

ST+Ss+Sh-p
ST+s+2h+p+18Q°
ST+4s+Sh-ep

ST+Ss+p
BT+s+4h-p+im''
ST+4S

+2«-2;..
+2J-2c.
+2J-2:'-

+2f-2v.
+2f-2;/.
+2f-2^.

+2^-2;/.
+2f-2i'-
-2;-

-2v
-2v

-2f-2j'.

-2f-2.'.
-2f-2r.
-2f-2^.

-2f-2v.
-2f-2v.
-2f-2;'.

28. 984, 104, 2
28. 439, 729, 5

29. 528, 478, 9

27. 895, 354,

8

28. 512, 583,

1

29. 455, 625, 3

27. 968, 208,

4

30. 000, 000,

30. 082, 137, 3

29. 537, 762, 6
30. 626, 512,

28. 993, 387, 9

31. 170, 886, 7

29, 610, 616, 2

30. 553, 658, 4

29. 066, 241,

5

31. 098, 033,

1

31, 180, 170, 3

31. 724, 545,

30. 635, 795,

6

32. 268, 919, 7

31. 651, 691, 4
30. 708, 649,

3

32. 196, 066,

1

2T+4h -2{-2;' 30.164,274,6

Adapted for use with tabular node factors, theoretical value is 0.0317. See p. 43.

0.0116
0. 0032
0. 0367

0.0060
0. 0020
0. 0134

0. 0022

0. 1755
0. 0103
0.0015

0.0004
0. 1681
0.0042

0.0042
0.0001
0.0001

0.0076
0. 0004
0.0001

0. 0209'

0. 5305

0. 9085
0. 1759
0. 0251

0. 0235
0, 0341

0, 0066

0, 0219

0, 0006
0, 0786

0,0064
0. 0064
0.0005

0.0005
0,0009
0,0009

0.0007
0.0007
0,0017

0.0003

(143)

(143)

(144)

(144)

(144)

(145)

(145)

unity
unity-

unity

unity
unity
unity

unity
unity
unity

unity
unity
unity

unity

unity

(206)

(227)

(78)

(78)

(78)

(78)

(78)

(78)

(78)

(78)

(79)

(79)

(79)

(79)

(79)

(79)

(79)

(79)

(79)

(80)

(80)

(80)

(80)

(80)

(80)

(80)

(80)
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Table 2.

—

Harmonic constituents—Continued

Ref.
No. Symbol

Argument (E)
Speed per
solar hour

Coeffl-

eient (C)
Faetor-f
formula

^78-
^77-
^78-

^79-

Asi.

Bit.

541-

B42-

S47-

B49-

Bso-

Biu

Bee-
BS7-

Note 3.

Note 4.

^82-
^83-
^54-

^85-
^86-
A%7.

(K2)-

L2..

K2.

M3-

LUNAE SEMIDIURNAL TERMS, FORMULA (139)

2T-4s+Sh+p+90°.
ST-gS+2h-p-90°.

gT-s+Sh-90°
2T-Ss+Sh+p-90°
ST+s+^h-^O"

+3f-2r.
+3J-2;'.
+3f-2j'.

28. 435, 087, 7
27. 890, 713,

28. 979, 462, 4

29. 533, 120,

8

28. 988, 746,

30. 631, 153,

8

SOLAR SEMIDIURNAL TERMS, FORMULA (187)

ST
2T-h+pi
eT+h-pi+lid"

3T-&
2T+i
BT+h+pi..,

ST+3h-pi..
2T+Spi
ST+4h-Spi.

2T+ih
ST+5h-p,
ST+Sh+pi+180°.

zero,
zero-

zero-

zero-
zero.

zero.

zero,

zero,
zero.

zero,

zero,
zero.

2T+eh~2pi
I
zero.

30. 000, 000,

29. 958, 933, 3

30. 041, 066, 7

29. 917, «66,

6

30. 082, 137,

3

30.041,070,6

30. 123, 204,

30. 000, 003,

9

30. 164, 270,

6

30. 164, 274,

6

30. 205, 341, 2

30. 123, 207, 9

30. 246, 407,

9

COMBINATION SEMIDIURNAL TERMS, FORMULAS (212) AND (230)

2T-s+2h-p+\?,(y I +2f-2v-R
I
29.528,478,9

2T+2h..
I

-2:/" .| 30.082,137,3

LUNAR TERDIDRNAL TERMS, FORMULA (140)

ST-3s+Sh
ST-4s+3h+p
ST-2s+Sh-p+lS0°,

+3i-iv 43.476,156,3
+3^-3./ 42.931,781,6
+3^-3;' 44.020,531,0

+3f-3</ 42.387,406,9

+3f-3j' 43.004,635,2

+f-3^ 44.574,189,4

ST-2s+Sh+p.... +5-3;' 44.029,814,7

SOLAR TERDIURNAL TEEM, PARAGRAPH 119

ST
I
zero

|
45.000,000,0

ST-5s+3h+2p.
3T-4s+5h-p..
3T-s+3h-.

0. 0223
0.0062
0.0012

0. 0209
0. 0034
0. 0019

0. 4227
0. 0248
0,0035

0. 0010
0. 0365
0. 0009

0. 0009

0. 0008

0. 0251

0. 1151

0. 0178
0. 0050
0. 0010

0. 0009
0. 0007
0. 0024

0. 0004

(146)

(146)

(146)

(147)

(147)

(148)

unity
unity
unity

unity
unity
unity

unity
unity
unity

unity
unity
unity

unity

(215)

(235)

(149)

(149)

(149)

(149)

(149)

(150)

(150)

unity

Note 1—Combines terms ^le and A23.

Note 2—Combines terms -422 and B22.

Note 3—Combines terms .441 and ^48
Note 4—Combines terms ^47 and B47.
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Table 2a.

—

Shallow-water constituents

167

Symbol
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Table 3.

—

Latitude. factors

Y
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Table 3.

—

Latitude factors—Continued

Y
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Table 4.

—

Mean longitude of lunar and solar elements at Jan. 1, hour,
Greenwich mean civil time, of each year from 1800 to 2000

[s=mean longitude of moon; p—mean longitude lunar perigee; h=mean longitude of sun; pi=mean longitude
solai peiigee; N=longitude of moon's node]

Year.
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Table 4.

—

Mean longitude of lunar and solar elements at Jan. 1, hour,
Greenwich mean civil time, of each year from 1800 to 2000—Continued

Year
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Table 5.

—

Differences to adapt table 4 to any month, day, and hour of
Greenwich mean civil time

DIFFERENCES TO FIRST OF EACH CALENDAR MONTH OF COMMON YEARS i

Month
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Table 6.— Values of I, v, ^, v' , and 2v" for each degree of N.

N
Positive
always

28.60

28.60
28.60
28.59

28.59
28.58
28.58

28.57
28.56
28.55

28.53
28.52
28.50

28.49
28.47
28.45

28.43
28.41
28.39

28.36
28.34
28.31

28.29
28.26
28.23

28.20
28.16
28.13

28.09
28.06
28.02

27.98
27.94
27.90

27.86
27.82
27.77

27.73
27.68
27.63

27.58
27.53
27.48

27.43
27.38
27.32

Diff.

1

1

1

1

1

2

1

2
1

2

2

2

2

2

3

2

3

2

3

3

3

4
3
4

3

4

4

4

4

4

4
5

4

5

5

5

5

5

5

5

6

Positive when N is between and 180°; negative when N is

between 180 and 360=

0.00

0.19
0.38
0.56

0.75
0.94
1.12

1.31
1.50
1.68

1.87
2.05
2.24

2.42
2.61
2.79

2.98
3.16
3.34

3.52
3.70
3.88

4.06
4.24
4.42

4.60
4.78
4.95

5.13
5.30
5.48

5.65
5.82
5.99

6.16
6.33
6.50

6.66
6.83
6.99

7.15
7.31
7.47

7.63
7.79
7.94

Diff.

19

19

18
19

19
18

19

19

18

19

18

19

18

19
18

19

18
18
18

18
18
18

18

18

18

18
17
18

17

18

17

17

17

17

17

17

16

17

16
16

16

16
16

16

15

0.17
0.34
0.51

0.67
0.84
1.01

1.18
1.35
1.51

1.68
1.85
2.02

2.18
2.35
2.51

2.68
2.84
3.01

3.17
3.34
3.50

3.66
3.82
3.98

4.14
4.30
4.46

4.62
4.78
4.94

5.10
5.25
5.41

5.56
5.71
5.86

6.01
6.16
6.31

6.46
6.61
6.75

6.90
7.04
7.18

Diff.

17

17

17

16

17

17

17

17

16

17

17
17
16

17
16
17

16

17

16

17
16
16

16
16
16

16
16

16

16

16
16

15

16
15

15

15
15

15

15

15

15

14

15

14

14

0.00

0.13
0.27
0.40

0.54
0.67
0.80

0.94
1.07
1.20

1.34
1.47
1.60

1.73
1.86
1.99

2.12
2.25
2.38

2.51
2.64
2.77

2.90
3.03
3.15

3.28
3.40
3.53

3.65
3.78
3.90

4.02
4.14
4.26

4.38
4.50
4.62

4.74
4.85
4.97

5.08
5.19
5.30

5.41
5.52
5.63

Diff.

0.00

0.28
0.57
0.85

1.14
1.42
1.70

1.99
2.27
2.55

2.83
3.11
3.39

3.67
3.95
4.23

4.51
4.78
5.06

5.33
5.60
5.87

6.14
6.41
6.68

6.94
7.21
7.47

7.73
7.99
8.25

8.50
8.75
9.00

9.25
9.50
9.74

10.22
10.46

10.69
10.93
11.16

11.38
11.60
11.82

Diff.

28

29
28
29

28
28
29

28

N

360

359
358
357

356
355
354

353
352
351

350
349
348

347
346
345

344
343
342

341
340
339

338
337
336

335
334
333

332
331
330

329
328
327

326
325
324

323
322
321

320
319
318

317
316
315
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Table 6.

—

Values of I, v, ^, v' , and 2v" for each degree of N—Continued

N
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Table 6.— Values of I, v, f, v' , and 2v" for each degree of N—Continued

N
Positive
always

Positive when iVis between and 180° ; negative whenN is between
180 and 360°

v'
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Table 6.— Values of I, v, ^, v' , and 2v" for each degree of N—Continued

N
Positive
always

20.13

20.05
19.98
19.91

19.84
19.77
19.71

19.64
19.58
19.51

19.45
19.39

19.33

19.27
19.22
19.16

19.11
19.05
19.00

18.95
18.91

18.86

18.82

18.78
18.74

18.70
18.66
18.62

18.59
18.56
18.53

18.50
18.47
18.45

18.43
18.41
18.39

18.37
18.36
18.34

18.33
18.32
18.32

18.31
18.31
18.31

Diff.

Positive when N is between and 180°; negative when N is

between 180 and 360°

10.62

10.47
10.31
10.15

9.81
9.63

9.45
9.27

8.28
8.07
7.85

7.63
7.41
7.18

6.95
6.72

6.24
5.99
5.74

5.49
5.24
4.98

4.72
4.46
4.19

3.92
3.65
3.38

3.10
2.83
2.55

2.27
1.99

1.71

1.42
1.14
0.86

0.57
0.29
0.00

Biff.

15

16
16

17

17

18

18

18

19

19

20
20
21

21
22
22

22
23
23

23
24
24

25
25
25

25
26
26

26
27

27

27
27
28

27
28
28

28
28
29

28
28
29

28
29

9.87

9.73
9.59
9.44

9.29
9.13
8.97

8.80
8.63
8.46

8.10
7.91

7.72
7.52
7.32

7.12
6.91

6.70

6.49
6.27
6.05

5.82
5.59
5.36

5.13
4.89
4.65

4.41
4.16
3.91

3.66
3.41
3.16

2.90
2.64
2.38

2.12
1.86
1.60

1.33
1.07
0.80

0.54
0.27
0.00

Diff.

14

14

15

15

16

16

17

17
17

18

18
19

19

20
20
20

21

21

21

22
22
23

23
23

23

24
24
24

25
25
25

25
25
26

26
26
26

26
26
27

26
27
26

27
27

7.00

6.89
6.78
6.66

6.55
6.43
6.31

6.18
6.06
5.93

5.80
5.66
5.52

5.38
5.24
5.09

4.95
4.80
4.65

4.50
4.34
4.19

4.03
3.87
3.70

3.54
3.37
3.20

3.03
2.86
2.69

2.52
2.34
2.17

1.99
1.81

1.63

1.45
1.27
1.09

0.91
0.73
0.55

0.37
0.18
0.00

Diff.

11

11

12

11

12

12

13

12

13

13

14

14

14

14

15

14

15

15

15

16

15

16

16

17

16

17

17

17

17

17

17

18

17

18

18

18

18

18

18

18

18

18

18

19

18

2p"

13.18

12.96
12.73
12 49

12.25
12.01
11.76

11.51
11.26
11.00

10.74
10.48
10.21

9.94
9.66
9.38

9.10
8.81
8.52

8.23
7.94
7.64

7.34
7.04
6.74

6.43
6.12
5.81

5.50
5.19
4.87

4.55
4.23
3.91

3.59
3.27
2.94

2.62
2.29
1.97

1.64
1.31

0.99

0.66
0.33
0.00

Diff.

22

23
24
24

24
25
25

25
26
26

26
27
27

28
28
28

29
29
29

29
30
30

30
30
31

31

31

31

31

32
32

32
32
32

32
33
32

33
32
33

33
32
33

33
33
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Table 9.

—

Log Qa for amplitude of constituent Mi

179

p
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Table 10.

—

Values of Q for argument of constituent Mj

p
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Table 10.— Values of Q for argument of constituent Mi—Continued

180.0

180.5
181.0
181.5

181.9
182.4
182.9

183.4
183.9
184.4

184.9
185.4
185.9

186.4
186.9
187.4

187.9
188.4
188.9

189.4
190.0
190.5

191.0
191.6
192.1

192.7
193.3
193.8

194.4
195.0
195.6

196.2
196.8
197.4

198.0
198.7
199.3

200.0
200.7
201.4

202.1
202.8
203.5

204.2
205.0
205.8

Diff.

0.5

0.5
0.5
0.4

0.5
0.5
0.5

0.5
0.5
0.5

0.5
0.5
0.5

0.5
0.5
0.5

0.5
0.5
0.5

0.6
0.5
0.5

0.6
0.5
0.6

0.6
0.5
0.6

0.6
0.6
0.6

0.6
0.6
0.6

0.7
0.6
0.7

0.7
0.7
0.7

0.7
0.7
0.7

0.8
0.8

225 205.8

226
227
228
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Table 11.— Values of u for equilibrium arguments

[Use sign at head of column when Nis between and 1S0°, reverse sign when Nis between 180 and i

N
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Table 11.— Values of u for equilibrium arguments—Continued

[ Use sign at head of column when N is between and 180°, reverse sign when N is between 180 and S60°

N
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Table 11.— Values of u for equilibrium arguments—Continued

[Use sign at head of column when Nis between and 180°, reverse sign when Nis between 180 and S80°]

N
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Table 11.

—

Values of u for equilibrium arguments—Continued

[Use sign at head of column when N is between and 180°, reverse sign when N is between 180 and 360°

N
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Table 12.

—

Log factor F corresponding to every tenth of a degree of I

"--v.^ 7
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Table 12.

—

Log factor F corresponding to every tenth of a degree of I—Con.

Constituent"

20.1° Diff. Diff. 20.3° Diff. 20.4° Diff. 20.5° Diff. 20.6° Difl.

Ji-
Ki.
K2.

Mi*, N2, 2N-
Ma
M4, MN
Me-
Mg-

Oi, Qi, 2Q, pi_

00

2MK.

Mf...
Mm.

0. 0482
0. 0340
0.0864

9.9885
9. 9827
9. 9770

9. 9655
9. 9540

0. 0570
0. 1940

0. 0225
0.0109

0.1255
9. 9617

-18
-11
-23

+3
+4
+5

+8
+10

-19
-63

-5

-41
+9

0.0464
0. 0329
0. 0841

9. 9831
9. 9775

9. 9663
9. 9550

0. 0551
0. 1877

0. 0217
0. 0104

0. 1214
9. 9626

-17
-11
-23

+2
+4
+6

+8
+11

-20
-63

-41
+9

0.0447
0. 0318
0.0818

9.9890
9. 9835
9. 9781

9. 9671
9. 9561

0.0531
0. 1814

0.0208
0.0098

0. 1173
9. 9635

-18
-11
-23

+3
+5
+6

+8
+11

-19
-63

-41
+9

0. 0429
0. 0307
0. 0795

9. 9679
9. 9572

0. 0512
0. 1751

0.0200
0.0093

0. 1132
9.9644

-18
-11
-24

+3
+4
+6

+8
+11

-19
-62

-9
-6

-41
+9

0. 0411
0. 0296
0. 0771

9. 9896
9.9844
9. 9792

9. 9687
9. 9583

0. 0493
0.1689

0. 0191
0.0087

0. 1091
9. 9653

-17
-11
-23

+3
+4
+5

+9
+11

-18
-62

-40
+9

0. 0394
0.0285
0. 0748

9. 9797

9. 9594

0. 0475
0.1627

0.0183
0.0082

0. 1051
9.9662

-17
-11
-23

+2
44
+6

+8
+11

-19
-62

-41
+9

Constituent

20.7° Diff. 20.8° Difl. 20.9° Difl.
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Table 12.

—

Log factor F corresponding to every tenth of a degree of I—Con.

\v^^^ I

Constituent^^
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Table 12.

—

Log factor F corresponding to every tenth of a degree of I—Con.
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Table 12.

—

Log factor F corresponding to every tenth of a degree of I—Con.

Constituent^^^
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Table 12.

—

Log factor F corresponding to every tenth of a degree of I—Con.

27.3°

9. 9469
9. 9639
9.9114

0.0114
0.0171
0.0228

0. 0342
0. 0456

9. 9431
9. 8065

9. 9753

9. 8748
0.0416

Diff.

-11
-8
-24

+4
+6
+7

+11
+15

-13
-46

-4
-1

-29
+14

27.4°

9. 9458
9. 9631
9. 9090

0.0118
0. 0177
0. 0235

0. 0353
0. 0471

9. 8019

9. 9749

9. 8719
0. 0430

Diff.

-11
-8
-24

+3
+5
+8

+11
+15

-13
-46

-5
-1

-30
+14

27.5°

9. 9447
9. 9623
9. 9066

0.0121
0.0182
0. 0243

0.0364
0. 0486

9. 9405
9. 7973

9. 9744
9. 9865

0.0444

Diff.

-10
-8
-24

+4
+6
+7

+11
+15

-12
-45

-4

-29
+13

27.6°

9. 9437
9.9615
9. 9042

0.0125
0. 0188
0. 0250

0. 0375
0. 0501

9. 9393
9.7928

9. 9740
9. 9865

9. 8660
0. 0457

Diff.

+4
+5
+8

+12
+14

-13
-45

-5
-1

-29
+14

27.7°

9. 9426
9. 9607
9.9018

0. 0129
0.0193
0. 0258

0. 0387
0. 0515

9. 9380
9. 7883

9. 8631
0. 0471

Diff.

-10
-8
-24

+4
+6
+7

+11
+15

-12
-45

-4

-28
+14

27.8° Diff.

9.9416
9. 9599

0.0133
0. 0199
0. 0265

0. 0398
0. 0530

9. 9368
9. 7838

9. 9731

9. 8603
0. 0485

43
+6
+8

+11
+15

-13
-45

-4
-1

-29
+14

27.9°

9. 9405
9. 9590
9. 8970

0. 0136
0. 0205
0. 0273

0. 0409
0. 0545

9. 9355
9. 7793

9. 9727
9. 9863

9. 8574
0. 0499

Diff.

-10
-8
-24

+4
+5
+7

+11
+16

-12
-45

-4

-29
+14

28.0°

9. 9395
9. 9582
9. 8946

0. 0140
0. 0210
0. 0280

0. 0420
0. 0561

9. 9343
9. 7748

9. 9723
9. 9863

9. 8545
0. 0513

Diflf.

-10
-8
-24

+4
+6
+8

+12
+15

-13
-45

-5
-1

-28
+14

28.1°

9.9385
9. 9574
9. 8922

0. 0144
0. 0216
0. 0288

0. 0432
0. 0576

9. 9330
9. 7703

9. 9718
9. 9862

9. 8517
0. 0527

Diff.

-10
-7
-24

+4
+6
+7

+11
+16

-12
-44

-28
+15

28.2°

9. 9375
9. 9567

0. 0148
0. 0222
0. 0295

0. 0443
0. 0591

9. 9318
9. 7659

9. 9714
9. 9862

9. 8489
0. 0542

Diff.

-10
-8
-24

+4
+5
+8

+12
+15

-12
-44

-4

-29
+14

Constituent

Ji-

Ki
K2

Ms*, N2, 2N.
Ms
Ml, MN
Me—-
Ms—
Oi, Qi, 2Q, p,

00

MK
2MK

Mf
Mm

28.3°

9. 9365
9. 9559
9.8874

0.0152
0. 0227
0. 0303

0. 0455
0. 0606

9. 9306
9. 7615

9. 9710
9. 9862

Difl.

-10
-8
-24

+3
+6
+8

+11
+15

-12
-44

-4

-28
+14

28.4°
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Table IS.— Values of u and log F of L2 and Mj for years 1900 to 2000

N

260

u of L2 Diff.

+11.4

255
250
245
240
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Table 13.— Values of u and log F of Lo and Mi for years 1900 to 2000—Con.

Year N MofLz Diff. m of Mi Diff. Log i^ (Lj) Diff. Log J^ (Mi) Difl

1914

1915

1916

1917

1918

1919

1920

1921

1922

1923

1924

1925

1926

1927

1928

1929

330

325
320
315
310

305
300
295

290
285
280
275

270
265
260
255

250
245
240
235

230
225
220
215

210
205
200
195

190

185
180
175

170
165
160

155
150
l'i5

140

135
130
125
120

115
no
105
100

95
90
85
80

75
70
65

-18.7

-14.3
-8.8
-2.9
+3.0

+8.6
+13.6
+17.4

+19.6
+19.4
+16.1
+9.6

+1.7
-5.4
-9.8
-11.6

-11.2
-9.4
-6.8
-3.7

-0.5
+2.6
+5.4
+7.6

+9.2
+10.1
+10.1
+9.0

+7.0
+4.1
+0.6
-2.9

-6.1
-8.5

-10.3
-9.8
-8.4
-6.3

-3.7
-0.7
+2.6
+5.8

+8.7
+10.9
+11.8
+10.9

+7.3
+0.9
-7.2
-14.5

-18.9
-20.0
-18.4
-15.0

-10.3
-4.8
+1.1
+7.1

Diff.
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Table 13.— Values of u and log F of L2 and Mj for years 1900 to 2000—Con.

Year u of L2 Di£E. u of Ml Diff. Log F (L2) Di£E. Log F (Ml) Dlfl.

1929

1930

1934

1935

1936

1937

1938

1939

1940

1943

1944

35
30
25
20

15

10

5

355
350
345

340
335
330
325

320
315
310
305

300
295
290
285

280
275
270
265

260
255
250
245

240
235
230
225

220
215
210

205
200
195
190

185
180
175
170

165
160
155

150

145
140
135
130

125
120
115
110

+7.1

+12.8
+17.6
+20.9
+21.3

+17.1
+6.7
-7.2

-17.8
-22.3
-22.0
-18.7

-13.8
-7.9
-1.6
+4.6

+10.5
+15.6
+19.5
+21.4

+20.3
+15.4
+6.9
-2.5

-9.6
-13.2
-13.5
-11.9

-9.0
-5.4
-1.6
+2.2

+.5.6
+8.5
+10.6
+11.8

+11.8
+10.7
+8.3

+5.0
+1.2
-2.4
-5.5

-7.6
-8.8
-9.1
-8.5

-7.2
-5.4
-3.2
-0.6

+2.1
+4.7
+7.1
+9.0

+10.0
+9.7
+7.6
+3.2

4.8
3.3
0.4
4.2

10.4
13.9
10.6

4.5
0.3
3.3
4.9

5.9
6.3
6.2
5.9

5.1

3.9
1.9
1.1

4.9
8.5
9.4
7.1

3.6
0.3
1.6

2.9

3.6
3.8
3.8
3.4

2.9
2.1

1.2
0.0

1.1

2.4
3.3

3.8
3.6
3.1
2.1

1.2
0.3
0.6
1.3

1.8
2.2
2.6
2.7

2.6
2.4
1.9
1.0

0.3
2.1
4.4

120.6

136.7
148.6
157.6
165.0

171.3
177.0
182.6

188.4
194.7
202.0
211.1

223.1
239.3
260.3
283.5

303.9
319.5
330.9
339.6

346.7
352.8
358.3

3.7

9.1

15.1

21.7
29.8

40.2
53.8
71.5
92.2

112. 5

129.3
142.0
151.6

159.0
165.2
170.5

175.2
179.7
184.2
188.7

193.6
199.1
205.6
213.5

223.6
236.fi

253.2
272.4

291.3
307.3
319.8
329.6

337.3
343.8
349.4
354.6

16.1

11.9
9.0
7.4
6.3

5.7
5.6
5.8

6.3
7.3
9.1
12.0

16.2
21.0
23.2
20.4

15.6
11.4
8.7
7.1

6.1
5.5
5.4
5.4

6.0
6.6
8.1
10.4

13.6
17.7
20.7
20.3

16.8
12.7
9.6
7.4

6.2
5.3
4.7

4.5
4.5
4.5
4.9

5.5
6.5
7.9
10.1

13.0
16.6
19.2
18.9

16.0
12.5

6.5
5.6
5.2

9.8923

9.9175
9. 9576
0. 0134
0. 0840

0. 1614
0. 2202
0. 2218

0. 1646
0. 0865
0.0145
9. 9569

9.9157
9. 8895
9. 8776
9. 8794

9. 8945
9. 9227
9.9637
0.0160

0. 0752
0. 1302
0. 1618
0.1548

0.1155
0. 0625
0.0129
9.9711

9. 9398
9.9190
9.9087
9. 9063

9.9126
9. 9262
9. 94.58

9. 9960
0.0216
0. 0432

0. 0573
0.0617
0. 0561
0.0422

0. 0228
0.0010
9. 9791
9. 9.591

9.9420
9.9290
9.9207
9. 9176

9. 9204
9. 9295
9. 9455
9.9685

9.9982
0. 0331
0. 0696
0. 1002

401
558
706
774

16

572

781

720
576
412

262
119
18

151

282
410
523
592

550
316
70

393

530
496
418
313

208
103
24
63

136
196
240
262

256
216
141

44
56
139
194

218
219
200
171

130
83
31

28

91
160
230
297

349
365
306

9.9184

9. 8498
9. 7828
9. 7270
9. 6850

9. 6569
9. 6428
9. 6421

9. 6550
9.6817
9. 7225
9. 7771

9. 8433
9.9110
9.9578
9. 9572

9.9123
9. 8490
9. 7896
9.7418

9. 7078
9. 6874
9. 6803
9. 6858

9. 7039
9. 7349
9. 7777
9. 8331

9. 8989
9. 9690
0. 0285
0.0555

0. 0395
9. 9949
9. 9427
9. 8952

9. 8569
9. 8285
9. 8099

9. 8002
9. 7989
9.8057
9. 8202

9. 8425
9. 8726
9.9107
9. 9564

0. 0077
0. 0586
0. 0966
0. 1044

0. 0745
0.0182
9. 9530

9. 8364
9. 7923
9. 7589
9. 7364

670
558
420
281

141

7
129

267
408
546
662

677
468

633
594
478
340

204
71

55
181

310
428
554
658

701
595
270
160

446
522
475
383

284
186
97

13

68
145
223

301
381
457
513

509
380
78

299

563
652
624
542

441
334
225



HARMONIC ANALYSIS AND PREDICTION OF TIDES 195

Table 13.— Values of u and log F of L2 and Mj for years 1900 to 2000—Con.

Year N m of Lj Diff. MofMi Diff. Log. i^^CLj) Difl. Log J" (M,) DifE.

1944

1945

1946

1948

1949

1950

1951

1953

1954

1955

1956

1957

1959

105
100
95

70
65
60
55

50
45
40
35

30
25
20
15

10
5

355

350
345
340
335

330
325
320
315

310
305
300
295

290
285
280

275
270
265
260

255
250
245
240

235
230
225
220

215
210
205
200

195

190
185

180

+3.2

-3.0
-9.6
-14.9
-17.7

-17.9
-16.1
-12.7

-8.2
-3.0
+2.6
+8.1

+13.2
+17.4
+19.8
+19.0

+13.4
+2.0
-11.2
-20.1

-23.1
-22.0
-18.2
-12.9

-6.8
-0.3
+6.1
+12.1

+17.3
+21.1
-f-22. 6

+20.5

+13.8
+3.2
-7.2
-13.6

-15.9
-15.0
-12.2

-8.4
-4.0
+0.5
+4.8

+8.5
+11.5
+13.4
+ 14.0

+13.1
+10.6
+6.7
+2.3

-2.0
-5.4
-7.5
-8.5

-8.5
-7.6
-6.3
-4.4

6.6
5.3
2.8
0.2

1.8
3.4
4.5

5.2
5.6
5.5
5.1

4.2
2.4
0.8
5.6

11.4
13.2
8.9
3.0

1.1

3.8
5.3
6.1

6.5
6.4
6.0
5.2

3.8
1.5

2.1

6.7

10.6
10.4
6.4
2.3

0.9
2.8
3.8

4.4
4.5
4.3
3.7

3.0
1.9

0.6
0.9

2.5
3.9
4.4
4.3

3.4
2.1

1.0
0.0

0.9
1.3

1.9

354.6

359.7
4.8
10.3
16.5

24,0
33.5
46.1

63.1
84.6
107.2
126.2

140.7
161.

4

159.8
166.7

172.7
178.4
184.0
189.8

196.4
204.1
213.9
227.0

244.7
267.0
289.9
309.0

323.2
333.8
342.0
348. 7

354.7
0.2
5.7

11.4

17.7
25.1
34.4

46.6
62.7
82.9

104.

7

123.7
138.3
149.2
157.6

164.3
169.9
175.0
179.7

184.3
189.0
194.1
199.7

206.3
214.4
224.6
237.7

5.1

5.5
6.2
7.5

9.5
12.6

17.0

21.5
22.6
19.0
14.5

10.7
8.4
6.9
6.0

5.7
5.6
5.8
6.6

13.1

17.7

22.3
22.9
19.1
14.2

10.6
8.2
6.7
6.0

5.5
5.5
5.7
6.3

7.4
9.3
12.2

16.1
20.2
21.8
19.0

14.6
10.9
8.4
6.7

5.6
5.1
4.7
4.6

4.7
5.1

5.6
6.6

8.1
10.2
13.1

0. 1002

0. 1149
0. 1061
0. 0757
0. 0331

9. 9163

9. 8963

9. 9030

9. 9312
9. 9740
0.0319
0. 1025

0. 1749
0.2196
0. 2046
0. 1407

0. 0643
9. 9963
9. 9431
9. 9054

9. 8827
9. 8743
9. 8797
9. 8990

9. 9322
9. 9793
0. 0390
0. 1056

0.1639
0. 1881

0. 1643
0. 1085

0. 0485
9. 9948
9. 9528

9. 9230
9. 9055
9. 8987
9. 9020

9. 9144
9. 9348
9.9615
9. 9923

0. 0238
0.0511
0. 0693
0. 0746

0. 0669
0. 0492
0. 0260
0.0014

9. 9781
9. 9579
9. 9417
9. 9299

147

304
426
446

397
325
200

99
20
146
282

428
579
706
724

447
150
639
764

680
532
377
227

54
193

332

471

597
666
583

242
238
558
600

537
420

33
124

204
267
308
315

273

182
53
77

177
232
246
233

202
162
118

9. 7364

9. 7249
9. 7246
9. 7363
9. 7603

9. 7973
9. 8467
9. 9050

9. 9603
9. 9882
9. 9677

9. 8382
9. 7734
9. 7208
9. 6820

9. 6570
9. 6455
9. 6475
9. 6629

9. 6924
9. 7361
9. 7933
9. 8603

9. 9237
9. 9572
9. 9398
9. 8843

9. 8191
9. 7612
9. 7162
9. 6852

9. 6680
9. 6642
9. 0733

9. 7307
9. 7791
9. 8399

9. 9102
9. 9776
0. 0225
0. 0237

9. 9320
9. 8804
9. 8380

9. 7866
9. 7769
9. 7770

9. 7862
9. 8042
9. 8308
9. 8658

9. 9090
9. 9596
0.0151
0. 0692

115

3

117

240
370

494
583
553

279
205
589
706

648
526
388
250

115

20
154
295

437
572
670
634

335
174
555
652

579
450
310
172

38
91

225
349

484
608
703

674
449
12

379

538
516
424
312

202
97
1

92

180
266
350
432

506
555
541
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Table 13.— Values of u and log F of La and Mj for years 1900 to 2000- -Con.

N u of L2 Diff. MOf Ml DM. Log F (L2) Diff. LogF(M,) Diff. N

180

175
170

165
160

155
150
145

140
135
130

125

120

115
110
105

100

95
90
85

80
76
70
65

60
55

50
45

40
35
30
25

20
15

10
5

355
350

345
340
335
330

325
320
315
310

305
300
295
290

285
280
275
270

265
260
255
250

-4.4

-2.3
0.0

+2.3
+4.5

+6.5
+8.1
+8.9

+8.7
+7.2
+4.1
-0.6

-6.0
-11.0
-14.5
-16.0

-15.5
-13.4
-10.1
-5.9

-1.1
+4.0
+9.0
+13.3

+16.5
+17.9
+15.9
+8.9

-2.6
-14.2
-21.2
-23.1

-21.3
-17.2
-11.8
-5.6

+0.9
+7.4
+13.5

+18.6
+22.2
+23.1
+19.8

+11.1
-1.1
-11.7
-17.1

-18.0
-15.9
-12.2
-7.5

-2.4
+2.7
+7.3
+ 11.3

+14.4
+16.0
+15.9
+13.7

2.3
2.3
2.2
2.0

1.6
0.8
0.2

1.5

3.1
4.7
5.4

5.0

3.5
1.5
0.5

2.1

3.3
4.2
4.8

5.1
5.0
4.3
3.2

1.4

2.0
7.0

11.5

11.6
7.0
1.9
1.8

4.1
5.4
6.2
6.5

6.5
6.1

5.1

3.6
0.9
3.3
8.7

12.2
10.6
5.4
0.9

2.1

3.7
4.7
5.1

5.1
4.6
4.0
3.1

1.6
0.1
2.2

237.7

254.1
272.7
291.0
306.6

318.9
328.5
336.1

342.5
348.1
353.2
358.0

2.9
8.0
13.6
20.2

28.3
38.8
52.9
71.6

93.7
114.9
131.9
144.7

154.3
162.0
168.5
174.3

179.8
185.4
191.4
198.2

206.4
217.0
231.3
250.5

273.5
295.7
313.4

326.4
336.2
343.9
350.4

356.3
1.8
7.4
13.4

20.2
28.4
38.8
52.8

71.3
93.3
114.9
132.0

144.8
154.5
162.1
168.3

16.4

1-8.6

18.3

15.6
12.3

9.6
7.6
6.4

5.6
5.1

4.8
4.9

5.1

5.6
6.6
8.1

10.5
14.1

18.7
22.1

21.2
17.0
12.8
9.6

7.7
6.5
5.8
5.5

5.6
6.0
6.8
8.2

10.6
14.3
19.2
23.0

22.2
17.7
13.0

7.7
6.5
5.9

5.5
5.6
6.0
6.8

8.2
10.4
14.0
18.5

22.0
21.6
17.1
12.8

9.7
7.6
6.2

9. 9299

9. 9228
9. 9207
9. 9237
9. 9320

9. 9457
9.9648
9. 9890

0. 0170
0. 0465
0. 0728
0. 0894

0. 0902
0. 0733
0. 0428
0. 0058

9. 9690
9. 9370
9. 9125
9. 8969

9. 8921

9. 8981

9. 9161

9. 9470

9.9917
0. 0498
0. 1173
0. 1795

0. 2069
0. 1786
0. 1135
0.0418

9. 9794
9. 9310
9. 8975
9. 8785

9. 8735
9. 8826
9. 9058

9. 9437
9. 9965
0. 0628
0. 1355

0.1938
0. 2059
0. 1643
0. 0974

0.0313
9. 9767
9. 9359
9. 9088

9. 8945
9. 8919
9. 9005
9. 9188

9. 9462
9. 9805
0.0185
0. 0549

21
30
83
137

191

242
280

295
263
166

169
305
370
368

320
245
156
48

60
180
309
447

581

675
622
274

283
651

717
624

484
335
190

50

91

232
379

528
663
727
583

121
416
669
661

546
408
271

143

26
86
183

274

343
380
364

0. 0692

0. 1096
0. 1203
0. 0951
0. 0444

9. 9841
9. 9252
9. 8729

9. 8294
9. 7950

9. 7703
9. 7554

9. 7507
9. 7565
9. 7735

9. 8025

9. 8437
9. 8956
9. 9523
9. 9988

0. 0049
9. 9657
9. 8991

9. 7674
9. 7185
9. 6832
9. 6614

9. 6529
9. 6577
9. 0759
9. 7081

9.7545
9. 8137
9. 8803
9. 9370

9. 9555
9. 9227
9. 8603

9. 7946
9.7388
9. 6965
9. 6683

9. 6540
9. 6531
9. 6656
9. 6912

9. 7305
9.7833
9. 8482
9.9191

9. 9802
0. 0058
9. 9834
9. 9326

9. 8760
9. 8209
9. 7895
9. 7642

107

252
507
603

589
523
435

344
247
149
47

58
170
290
412

510
567
465
61

702
615

489
353
218
85

48
182
322
464

567
185

328
624
657

558
423
282
143

9

125
256
393

528
649
709
611

256
224
508
566

491

374
253

175
170
165
160

155
150
145

140

135
130
125

120
115
110

105

100
95
90
85

80
75
70
65

60
55
50
45

40
35
30

25

20
15
10

5

355
350

345
340
335
330

325
320
315
310

305
300
295
290

285
280
275
270

265
260
255
250
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Table 13.— Values of uand log F of L2 and Mi for years 1900 to 2000—Con.

Year N uofLi Diff. it of Ml Diff. Log J" (L2) Diff. Logi^(M,) Diff

1974

1975

1976

1977

1978

1980

1981

1982

1983

1985

1986

1987

1988

1989

245
240
235
230

225
220
215
210

205
200
195

190
185
180
175

170
165
160
155

150
145
140
135

130
125
120
115

110
105
100
95

85

70
65
60

55
50
45
40

35
30
25
20

15
10

5

355
350
345
340

335
330
325
320

+13.7

+9.6
+4.2
-1.1
-5.3

-8.0
-9.0
-8.8
-7.7

-5.9
-3.7
-1.4

+1.0
+3.2
+5.2
+6.9

+8.1
+8.6
+8.3
+6.9

+4.3
+0.6
-3.7
-8.0

-11.4
-13.4
-13.8
-12.8

-10.5
-7.3
-3.4
+0.9

+5.3
+9.5
+13.0
+15.3

+15.4
+12.0
+4.2

-6.6
-16.2
-21.5
-22.4

-20.1
-15.9
-10.4
-4.2

+2.3
+8.6
+14.5
+19.4

+22.6
+22.7
+18.1
+7.4

-6.0
-15.8
-19.8
-19.4

5.4
5.3
4.2
2.7

1.0
0.2
1.1

1.8

2.2
2.3
2.4

2.2
2.0
1.7
1.2

0.5
0.3
1.4

2.6

3.7
4.3
4.3
3.4

2.0
0.4
1.0
2.3

3.2
3.9
4.3
4.4

4.2
3.5
2.3
0.1

3.4
7.8

10.8

9.6
5.3
0.9
2.3

4.2
5.5
6.2
6.5

6.3
5.9
4.9
3.2

0.1
4.6

10.7
13.4

9.8
4.0
0.4

168.3

173.8
178.8
183.6
188.5

193.8
199.6
206.4
214.7

225.2
238.7
255.5

274.2
292.3
307.6
319.

5

328.8
336.2
342.4
347.8

352.7
357.3

1.9

6.7

11.9
17.9
25.0
34.0

46.0
62.0
82.1
103.8

122.9
137.6
148.7-

157.3

164.3
170.4
176.0

181.4
187.0
193.2
200.3

209.0
220.4
236.1
256.6

280.0
.301.

317.

3

329.2

338.3
345. 6
351.9
357.7

3.3
9.0
15.2
22.5

5.0
4.8
4.9
5.3

5.8
6.8
8.3
10.5

13.5
16.8
18.7

18.1
15.3
11.9
9.3

7.4
6.2
5.4
4.9

4.6
4.6
4.8
5.2

6.0
7.1

9.0
12.0

16.0
20,1
21.7
19.1

14.7
11.1
8.6
7.0

6.1

5.6
5.4

5.6
6.2
7.1

8.7

11.4
15.7
20.5
23.4

21.0
16.3
11.9
9.1

7.3
6.3
5.8
5.6

5.7
6.2
7.3

0. 0549

0. 0823
0. 0939
0. 0871
0. 0660

0. 0374
0. 0074
9. 9801
9. 9573

9. 9218

9. 9208

9. 9337
9. 9472

9. 9862
0. 0099
0. 0340

0. 0553
0. 0696
0. 0729
0. 0630

0. 0416
0. 0129
9.9817
9. 9524

9. 9278
9. 9101
9. 9006
9.9004

9. 9104
9. 9315
9. 9645
0. 0099

0. 0659
0. 1263
0. 1741

0.1839
0. 1474
0. 0849
0. 0199

9. 9639
9. 9210
9. 8920
9. 8768

9. 8754
9. 8880
9. 9150
9. 9572

0. 0151
0. 0868
0. 1629
0. 2165

0. 2126
0. 1553
0. 0809
0. 0132

274

116

68
211

300
273
228
174

118
63
10

135
177

213
237
241
213

143
33

287
312
293
246

177
95
2

100

211

330
454
560

604
478

365
625
650
500

429
290
152
14

126
270
422
579

717
761

536
39

573
744
677

9. 7642

9. 7508
9. 7486
9. 7568
9. 7751

9. 8033
9. 8411
9. 8882
9. 9436

0. 0042
0. 0631
0. 1070

0. 1199
0. 0971
0. 0502

9. 9413
9. 8936
9. 8538
9. 8221

9. 7989
9. 7842
9. 7783
9. 7816

9. 7947
9. 8184
9. 8533
9. 8990

9. 9523
0. 0031
0. 0307
0. 0146

9. 9597
9. 8894
9. 8218
9. 7646

9. 7201
9. 6889
9. 6706

9. 6652
9. 6729
9. 6941
9. 7291

9. 7781
9. 8395
9. 9035
9. 9506

9. 9524
9. 9068
9. 8400
9. 7750

9. 7215
9. 6820
9. 6565
9. 6451

9. 6469
9.6623
9. 6912
9. 7341

22
82
183
282

378
471
554
606

589
439
129

228
469
553
536

477
398
317
232

147
59
33

131

237
349
457
533

508
276
161

549

703
676
572
445

312
183

54

77
212
350
490

614
640
471
18

456
668
650
535

395
255
114
18

154
289
429

N

250

245
240
235
230

225
220
215
210

205
200
195

190
185
180
175

170
165
160
165

150
145
140
135

130
125
120
115

110
105
100
95

85
80
75

70
65
60

55
50
45
40

35
30
25
20

15
10
5

355
350
345
340

335
330
325
320
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Table 13.— Values of u and log F of L2 and Mi for years 1900 to 2000- -Con.

Year N u of L2 Difl. MOf Ml Diff.
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Table 14.

—

Node factor f for middle of each year, 1850 to 1999
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Constituent
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Table 14.

—

Node factor f for middle of each year, 1850 to 1999—Continued

Constituent 1880
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Table 14.

—

Node factor f for middle of each year, 1850 to 1999—Continued

Constituent
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Table 14.

—

Node factor f for middle of each year, 1850 to 1999—Continued

Constituent

Ji

K,
K2

U
Ml

Ma*, Nj, 2N, Xj, m2. fi-

Ms
M4,MN

Md.
Mg

Oi, Qi, 2Q,pi
00

MK
2MK

Mf
Mm

1940

0.836
0.S88
0.757

0.860
1.623

1.036
1.055
1.074

1.113
1.154

0.816
0.505

0.920
0.953

0.642
1.126

1941

0.827
0.882
0.748

1.021
1.313

1.038
1.057
1.077

1.118
1.160

0.806
0.486

0.915
0.950

0.626
1.131

0.846
0.894
0.766

1.180
0.879

1.035
1.053
1.071

1.108
1.147

0.826
0.526

0.925
0.957

0.659
1.121

1943

0.888
0.920
0.812

1.144
1.076

1.028
1.042
1.057

1.086
1.117

0.870
0.623

0.946
0.973

0.736
1.096

1944

0.944
0.956
0.882

0.876
1.714

1.018
1.027
1.036

1.055
1.074

0.929
0.774

0.974
0.991

0.848
1.061

1945

1.003
0.996
0.970

0.748
1.944

1.006
1.009
1.012

1.018
1.025

0.994
0.969

1.002
1.008

0.981
1.019

1946

1.057
1.034
1.068

1.091
1.480

0.994
0.990
0.987

0.981
0.975

1.055
1.189

1.028
1.021

1.120
0.976

1947

1.103
1.067
1.162

0.982
0.973
0.964

0.947
0.929

1.107
1.408

1.047
1.028

1.249
0.935

1948

1.136
1.091
1.242

0.894
1.927

0.972
0.959
0.945

0.919
0.894

1.147
1.598

1.061
1.032

1.354
0.902

1949

1.157
1.107
1.295

0.482
2.339

0.966
0.949
0.933

0.901
0.870

1.173
1.729

1.069
1.032

1.424
0.880

Constituent
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Table 14.

—

Node factor f for middle of each year, 1850 to 1999—Continued

Constituent
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Table 19.—Products for Form 194

[Multiplier= sin 15°=0. 359]
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Table 19.

—

Products for Form 194—Continued

[Multiplier= sin 15° = 0.359]
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Table 19.

—

Products for Form 194—Continued

[Multiplier=sui 30°=0.500]
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Table 19.

—

Products for Form 194—Continued

[Multiplier= sin 30° =0.500]
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Table 19.—Products for Form 15^—Continued
[Multiplier= sin 45° =0.707]
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Table 19.

—

Products for Form 194—Continued

[Multiplier=sin 45°=0.707]
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Table 19.

—

Products for Form 194—Continued

[Multiplier= sin 60° =0.866]
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Table 19.

—

Products for Form 194—Continued

[Multiplier=sin 60°=O.866]
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Table 19.—Products for Form 194—Continued

[Multiplier= sin 75° =0.966]
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Table 19.

—

Products for Form 194—Continued

[Multiplier=sin 75°=0.966I
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Table 20.

—

Augmenting factors

SHORT-PERIOD CONSTITUENTS,* FORMULA (308)

Augment-
ing factor

Logarithm Remarks

Diiirnal Ji, Ki, Mi, Oi, 00, Pi, Qi, 2Q, pi

Semidm-nal K2, Lj, M2, Nj, 2N, R2, T2,
X2, M2, "2, 2SM.
Terdiurnal M3, MK, 2MK
Quarter-dim-nal M4, MN, MS
Slxth-dim'nal Ma
Eighth-diurnal Ms --

1.0029
1. 0115

1.0262
1.0472
1. 1107
1.2092

0. 001241
0. 004972

0. 011220
0.020029
0. 045605
0. 082498

Each tabulated solar hourly height
used once and once only in summa-

> tion; group covers one constituent
hour; constituent day represented by
24 means.

SHORT-PERIOD CONSTITUENTS,* FORMULA (309)
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Table 21.

—

Acceleration in epoch of Ki due to Pi

[Argument ft—|c' refers to beginning of series]

229
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Table 23.

—

Acceleration in epoch of S2 due to Kg

[Argument ft—p" refers to beginning of series]

\,^^ Series

h-v" \
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Table 25.

—

Acceleration in epoch of S2 due to Tj

[Argument h—pi refers to beginning of series]

\Series.

h-pi \
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Table 26.

—

Resultant amplitude of S2 due to T2

[Argument h—pi refers to beginning of series]

\Series

ft—Pi\
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Table 27.

—

Critical logarithms for Form 245

233

Natural
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Table 29.

—

Elimination factors

[ Upper line for each constituent gives the logarithms of the factors; middle line, corresponding natural
numbers; lower line, angles in degrees]

SERIES 14 DAYS. DIURNAL CONSTITUENTS

Constituent sought
(A)
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Table 29.

—

Elimination factors—Continued

SERIES 15 DAYS. SEMIDIURNAL CONSTITUENTS

Constituent
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Table 29.

—

Elimination factors—Continued

SERIES 29 DAYS. DIURNAL CONSTITUENTS

Constituent sought
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Table 29.

—

Elimination factors—Continued

SERIES 29 DAYS. SEMIDIUBNAL CONSTITUENTS

Constituent
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Table 29.

—

Elimination factors—Continued

SERIES 68 DAYS. DIURNAL CONSTITUENTS

Constituent sought
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Table 29.

—

Elimination factors—Continued

SERIES 58 DAYS. SEMIDIURNAL CONSTITUENTS

Constituent
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Table 29.

—

Elimination factors—Continued

SERIES 87 DAYS. DIURNAL CONSTITUENTS

Constituent sought

h-

Ml-.

Oi-

00.

p,-..

Qi-

2Q..

S,...

Disturbing constituents (B, C, etc.)

.048
28

.6244

.042
57

.5225

.033
95

.7857

.061
322

.9030

8.3232
.021

123

7.9841
.010

151

8. 9481

8.2780
.019

47

8. 6798
.048

332

8. 6798
.048

8. 6607
.046

66

8. 6607
.046
294

9.8237
.666

86

8. 5225
.033

95

8.3232
.021

123

9. 9587
.909

43

8.0476
.011

19

Ml

.6244

.042
303

.6798

.048
332

.7857

.061
38

.5225

.033
265

.0002

.100
237

.6607

.046

. 5225

.033
95

. 4376

.003
195

.9556

.009
170

Oi 00

.5225

.033
205

.6607

.046
294

.7857

.061
322

.2641

.018
227

.2539

.018
199

.6798

.048
28

.6244

.042
57

.3155

.021
337

132

.7857

.061
38

.6607

.046
66

.5225

.033
95

.2641

.018
133

8. 3377
.022

152

7. 8138
.007

161

7. 4337
.003

8. 6579
.045

109

8.3116
.020

85

8.9030
.080
246

9.8237
.666

274

9.0002
.100

123

8.2539
.018

161

8.3377
.022
208

7. 7367
.005

9

8. 1982
.016

37

9.9587
.909
317

8. 5315
.034

113

Qi 2Q

8.3232
.021

237

8. 5225
.033
265

8. 6607
.046
294

8. 0798
.048
332

7. 8138
.007

199

7. 7367
.005

351

8. 6798
.048

28

8.4303
.027
308

9. 8640
.731
284

7. 9841
.010
209

8. 3232
.021

237

8. 5225
.033

265

8. 6244
.042
303

7. 4337
.003

351

8. 1982
.016
323

.048
332

8. 4014
.025

8.9351
.086

256

8.9481
.089

289

9. 9587

8. 4376
.027

165

8. 3155
.021

23

8. 6579
.045

251

9. 9587
.909

43

8. 4303
.027

52

8.4014
.025

8. 1689
.015

156

8.2780
.019
313

8.0476
.011
341

7. 9556
.009

190

8. 9351

.3116

.020
275

.5315

.034
247

.8640

.731
76

.9351

.086
104

.1689

.015
204
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Table 29.

—

Elimination factors—Continued

SERIES 87 DAYS. SEMIDIURNAL CONSTITUENTS

Constituent
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Table 29.

—

Elimination factors—Continued

SERIES 105 DAYS. DIURNAL CONSTITUENTS

Constituent sought
(A)

Ji...

Ki..

Mi_.

00-

Pi--

Qi--

2Q..

Disturbing constituents (B, C, etc.)

8.6704
.047

146

8. 5885
.039

112

8. 4422
.028

89

8. 4963
.031

202

8. 8322
.068

69

8. 2332
.017

55

7. 7808
.006

21

8. 3722
.024

18

8. 1065
.013

144

Ki

8. 6704
.047
214

8. 6704
.047

146

8.5381
.035

124

8.5381
.035

236

9. 7311
.538

103

8. 4422
.028

8.2332
.017

55

9. 9393
.870

52

7. 0766
.001

178

Ml

.5885

.039
248

.6704

.047
214

.4953

.031
158

.4422

.028
271

.8219

.066
318

.5381

.035
124

.4422

.028
89

.090
266

.3679

.023
32

.4422

.028
271

.5381

.035
236

.4953

.031
202

.2803

.019
293

.1856

.015
340

.6704

.047
146

.5886

.039
112

.6113

.041

.8929

.078
54

00

.4953

.031
158

.6381

.035
124

.4422

.028

.2803

.019
67

8. 4500
.028

47

7. 9556
.009

33

6. 4362
.000

179

7. 5174
.003

175

8. 1640
.015

121

.8322

.068
291

.7311

.538
257

.8219

.066
42

.1856

.015
20

.4500

.028
313

7.8500
.007

166

8.2067
.016

132

9. 9393
.870
308

8. 4685
.029

74

8.2332
.017

308

8. 4422
.028

271

8. 5381
.035

236

8. 6704
.047

214

7.9556
.009

327

7. 8500
.007

194

8.6704
.047

146

8.2396
.017
322

9. 7951
.624

268

2Q

7. 7808
.006
339

8. 2332
.017

305

8.4422
.028

271

8.5885
.039

248

6. 4362
.000

181

8.2067
.016

228

8. 6704
.047

214

7. 1241
.001

356

8.7943
.062
302

8. 3722
.024
342

9. 9393
.870

308

.090
94

8.6113
.041

72

7. 5174
.003

185

9. 9393
.870

62

8. 2396
.017

38

7.1241
.001

4

8.3820
.024

126

8.1065
.013
216

7.0766
.001

182

8.3679
.023

328

8.8929
.078

306

8.1640
.015
239

8.4685
.029

286

9. 7961
.624

92

8. 7943
.062

68

8.3820
.024

234
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Table 29.

—

Elimination factors—Continued

SERIES 105 DAYS. SEMIDIURNAL CONSTITUENTS

Constituent
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Table 29.

—

Elimination factors—Continued

SERIES 134 DAYS. DIURNAL CONSTITUENTS

Constituent sought
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Table 29.

—

Elimination factors—Continued

SERIES 134 DAYS. SEMIDIURNAL CONSTITUENTS

Constituent
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Table 29.

—

Elimination factors—Continued

SERIES 163 DAYS. DIURNAL CONSTITUENTS

Constituent sought
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Table 29.

—

Elimination factors—Continued

SERIES 163 DAYS. SEMIDIURNAL CONSTITUENTS

Constituent
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Table 29.

—

Elimination factors—Continued

SERIES 192 DAYS. DIUHNAL CONSTITUENTS

Constituent sought
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Table 29.

—

Elimination factors—Continued

SERIES 192 DAYS. SEMIDIURNAL CONSTITUENTS

Constituent
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Table 29.

—

Elimination factors— Continued

SERIES 221 DAYS. DIURNAL CONSTITUENTS

Constituent sought
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Table 29.— Elimination factors—Continued

SERIES 221 DAYS. SEMIDIURNAL CONSTITUENTS

Constituent
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Table 29.

—

Elimination factors—Continued

SERIES 250 DAYS. DIURNAL CONSTITUENTS

Constituent sought
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Table 29.

—

Elimination factors—Continued

SERIES 250 DAYS. SEMIDIURNAL CONSTITUENTS

Constituent
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Table 29.

—

Elimination factors—Continued

SERIES 279 DAYS. DIURNAL CONSTITUENTS

Constituent sought
(A)

h...

Kj..

Ml..

Oi--

00.

Pi..

Qi--

2Q.

Si.-

Disturbing constituents (B, C, etc.)

.012
23

8. 0469
.011

45

8. 0127
.010

99

8. 3961
.025

306

8. 3841
.024

118

7.8250
.007

121

7. 5672
.004

144

7. 9987
.010

ICO

7. 8339
.007

57

K,

.012
337

8. 0816
.012

23

8. 1800
.015

76

8.1800
.015

284

9. 3172
.208

95

8. 0127
.010

99

7. 8250
.007

121

9. 4495
.282

138

7. 7947
.006

35

Ml

8. 0469
.011

315

8. 0816
.012
337

.3961

.025
54

.0127

.010
261

.5477

.035
252

.1800

.015
76

.0127

.010
99

.031
295

7. 5510
.004

12

Oi

8. 0127
.010

261

8. 1800
.015

284

8. 3961
.025
306

7. 5571

.004
208

7. 7343
.005

199

8. 0816
.012

23

8. 0469
.011

45

8.1523
.014

241

8. 3798
.024

139

00

8. 3961
.025

54

8.1800
.015

76

8. 0127
.010

7. 5571
.004

152

7. 3456
.002

171

6. 7358
.001

175

7. 1964
.002

18

7.9211
.008

34

7. 7771
.006

111

8. 3841
.024

242

9. 3172
.208

265

8. 5477
.0.35

108

7. 7343
.005

161

7. 3456
.002

189

6. 8592
.001

4

7. 5574
.004

26

9.4495
.282

222

7. 9990
.010

120

7. 8250
.007

239

8. 0127
.010

261

8. 1800
.015
284

8. 0816
.012
337

6. 7358
.001

185

6. 8592
.001

356

8. 0816
.012

23

7. 8251
.007

219

9. 3242
.211
296

2Q

7. 5672
.004

216

7. 8250
.007
239

8. 0127
.010

261

8. 0469
.011
315

7. 1964
.002
342

7. 5574
.004

334

8. 0816
.012
337

7. 3460
.002

196

8.4421
.028
274

7. 9987
.010

200

9. 4495
.282
222

8. 4890
.031

65

8. 1523
.014

119

7.9211
.008

326

9. 4495
.282

138

7. 8251

.007
141

7. 3460
.002

164

8. 0384
.011

77

7. S339
.007
303

7. 7947
.006
325

7. 5510
.004

348

8. 3798
.024

221

7. 7771
.006

249

7.9990
.010
240

9.3242
.211

64

8.4421
.028

8.0384
.011
283
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Table 29.

—

Elimination factors—Continued

SERIES 279 DAYS. SEMIDIURNAL CONSTITUENTS

Constituent
sought (A)

Disturbing constituents (B, C, etc.)

K2 U M2 N2 2N E2 S2 T2 2SM

K2..

L2--

M2.

N2..

2N.

R2-

Si..

T2.

2SM.

.3961

.025
54

.1800

.015
76

.0127

.010

7.8250
.007

121

9. 4494
.281

138

9. 3172
.208

95

9.0421
.110

52

8.3841
.024

118

7. 8339
.007

57

7. 7947
.006

35

8. 2246
.017
294

.3961

.025
306

8.0816
.012

23

8. 0469
.011

45

8. 5211
.033
264

8. 3798
.024

221

6. 9057
.001
359

9. 3242
.211

64

6. 8592
.001

4

7. 7343
.005

161

.010
240

.1800

.015
284

.0816

.012
337

8.0816
.012

23

8. 0469
.011

45

8. 1523
.014
241

7. 7343
.005
199

7.8491
.007
336

8. 3798
.024

221

7. 7343
.005

161

8. 3798
.024

139

7. 7105
.005

218

.0127

.010
261

.0469

.011
315

.0816

.012
337

8. 0816
.012

23

7.8251
.007
219

6. 8592
.001
356

7. 9108
.008
314

7. 7343
.005

199

8. 3798
.024

139

9. 3242
.211

296

7. 2354
.002

195

7. 8250
.007
239

7.9866
010
292

8. 0469
.011
315

1. 0816
.012
337

7. 3463
.002

196

7. 8721
.007
294

.008
291

6. 8592
.001
356

9. 3242
.211

296

8. 4421
.028

274

.001
352

.4494

.281
222

.5211

.033
96

.1523

.014
119

7. 8251
.007

141

7. 3463
.002

164

9. 4496
.282

137

9.3172
.208

95

.010
160

7.9102
.008

100

8. 0384
.011

77

7. 8491
.007
336

.3172

.208
265

.3798

.024
139

7. 7343
.005

161

6. 8592
.001

4

7. 8721
.007

66

9. 4496
282
223

9. 4496
.282

137

8.0816
.012

123

7. 7105
.005

142

7. 9990
.010

120

7. 7343
.005

199

9. 0421
110
308

6. 9057
.001

1

7. 8491
007

24

7.9108
008
46

.008
69

9. 3172
.208

265

9. 4496
282
223

8.4891
.031

65

6. 8703
.001

5

7. 5.541

.004
162

8. 1523
.014

241

8. 3841
.024
242

9. 3242
.211

296

8. 3798
.024

139

7.7343
.005

161

6. 8592
.001

4

7.9987
.010
200

8. 0816
.012

237

8. 4891
.031
295

7.9990
.010

120

8. 2553
.018

97

6. 8592
.001

356

7.8339
.007
303

6. 8592
.001

356

7.7343
.005

199

8. 3798
024
221

9.3242
211

64

7. 9102
.008
260

7. 7105
.005

218

6.8703
001
355

.010
240

8. 0816
.012
337

7. 6697
.005
236

7. 7947
006
325

7.7343
005
199

8. 3798
.024
221

9. 3242
211

64

8.4421
028
86

8.0384
.011

283

.010
240

7. 5541
004
198

8. 2553
018
263

8.0816
012

23

7.8266
.007
259

8.2246
.017

66

7.9990
010
120

7.7105
.005

142

7. 2354
.002

165

6. 8588
.001

7.8491
007

24

7. 7343
005
161

8.1623
014
119

6. 8592
.001

4

7. 6697
.005

124

7. 8266
.007

101
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Table 29.

—

Elimination factors—Continued

SERIES 297 DAYS. DIURNAL CONSTITUENTS

Constituent sought
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Table 29.

—

Elimination factors—Continued

SERIES 297 DAYS. SEMIDIURNAL CONSTITUENTS

Constituent
sought (A)

Disturbing constituents (B, C, etc.)

Ka La Ma Na 2N Ra Sa Ta V2 2.SM

Kj..

La..

Ma.

Na..

2N.

Ra-

Sa-

Ta.

2SM.

7.5338
.003

173

8. 0269
.011

133

.010
94

7. 7726
.006

54

9.3359
.217

146

9.2565
.181

113

9. 1076
.128

79

8. 3896
.025

73

7.5223
.003

154

7. 3907
.002

14

8.2357
.017
272

7. 5338
.003

187

8.2770
.019

140

8.1622
.015

100

7. 9326
.009

60

8. 1514
.014
333

8. 4724
.030
300

8. 5711
.037
266

9. 3366
.217

7.5300
.003

161

7. 7467
.006

21

8.0286
.011

279

.0269

.011
227

.2770

.019
220

8.2770
019
140

8. 1622
.015

100

7. 5339
.003

193

7. 7467
006
339

8.1268
.013
306

8. 4724
030
300

7.7467
006

21

8.4724
030

60

7. 7179
005
319

.010
266

8. 1622
.015
260

8.2770
.019
220

8. 2770
.019

140

7.9031
.008

233

7. 5300
.003

199

7. 4214
.003

346

7. 7467
006
339

8.4724
030

60

9. 3366
.217

6.2014
.000
359

7. 7726
.006
306

7.9326
.009
300

8. 1622
.015

260

8. 2770
.019
220

7. 8741
.007
273

7. 8163
.007

239

7. 5240
003
205

7. 5300
.003

199

9. 3366
.217

280

:. 2220
.017
320

7. 5050
003
218

9. 3359
.217

214

8.1514
.014

27

7. 5339
.003

167

7. 9031
.008

127

7.8741
.007

87

.3362

.217
146

9. 2566
.181

113

;. 4204
.026

107

7. 0150
.001

.008
48

.1268

.013
306

9. 2565
181

247

8.4724
.030

60

7. 7467
006

21

7. 5300
.003

161

7. 8163
007
121

9. 3362
217
214

9. 3362
217
146

8. 2770
019
140

7. 7179
005

41

8.0286
Oil

81

7. 7467
.006
339

9. 1076
.128
281

8. 5711
.037

94

8.1268
.013

54

7. 4214
.003

14

7. 5240
.003

155

9.2566
181

247

9. 3362
217
214

7. 5385
003
174

7. 8920
.008

75

.0039

.010
115

7.5339
003
193

.025
287

9. 3366
217
280

8.4724
030

60

7. 7467
.006

21

7. 5300
.003

161

8.4204
026
253

8.2770
019
220

7. 5385
.003

186

8.0286
.011

81

8. 1647
.015

121

7.5300
.003

199

7.5223
.003
206

7.5300
.003

199

7. 7467
006
339

8.4724
030
300

9. 3366
217

7. 0150
001
352

7. 7179
.005
319

.008
285

.0286

.011
279

8.2770
019
220

7.6680
.005
298

7. 3907
.002
346

7. 7467
.006
339

8.4724
.030
300

9. 3366
.217

8.2220
.017

40

7.8897
.008
312

8.0286
.011
279

8.0039
010
245

8.1647
015
239

8.2770
019
140

8.2357
.017

8.0286
.011

81

7. 7179
.005

41

6. 2014
.000

1

7.5050
.003

142

8.1268
.013

54

7. 7467
.006

21

7. 5339
003
167

7.5300
003
161

7.6680
005

62

7. 7984
006
102

7. 7984
006
258
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Table 29.

—

Elimination factors—Continued

SERIES 326 DAYS. DIURNAL CONSTITUENTS

Constituent sought
(A)

Ml.

Ok.

00-

Qi-

2Q-

Disturbing constituents (B, C, etc.)

.1340

.014
150

.012
119

.8631

.007
125

.4352

.003
354

.3392

.022
111

.8244

.007
95

.6841

.005

8.2809
.019

130

7.0934
.001

170

Ki

8. 1340
.014

210

8. 1340
.014
150

7.7427
.006

156

7. 7427
.006
204

9. 0470
.111

141

7. 8631
.007

125

7. 8244
.007

95

9. 0723
.118

161

7.5061
.003

20

Mi

.012
241

8.1340
.014
210

7. 4352
.003

6

7. 8631
.007

235

7. 6587
.005
352

7. 7427
.006

156

7. 8631
.007

125

7. 7472
.006

191

8.0423
.011

50

O,

7. 8631
.007
235

7. 7427
.006
204

7. 4352
.003
354

7. 7018
.005
229

7.5483
.004
346

8. 1340
.014

150

8.0698
.012

119

7. 0956
.001

185

8. 3386
.022

45

00

7.4352
.003

7.7427
.006

156

7. 8631
.007

125

7. 7018
.005

131

8.0443
.011

117

7.7204
.005

101

7. 6227
.004

70

7. 9496
.009

136

6.6245
.000

176

Pi

8. 3392
.022
249

9.0470
.111
219

7. 6587
.005

7.5483
.004

14

8.0443
.011

243

7. 4186
.003

164

7. 7040
.005

133

9. 0723
.118
199

7.9254
.008

59

7.8244
.007
265

7. 8631
.007

235

7. 7427
.006
204

8.1340
.014
210

7.7204
.005
259

7. 4186
.003

196

8. 1340
.014
150

7.7258
.005
216

9.2882
.194
255

2Q

7. 6841
.005

296

7. 8244
.007
265

7. 8631
.007
235

8. 0698
.012
241

7.6227
.004

290.

7.7040
.005
227

8.1340
.014
210

7. 7948
.006
246

8. 3594
.023
285

8. 2809
.019
230

9. 0723
.118

199

7. 7472
.006

169

7. 0956
.001

175

7.9496
.009
224

9.0723
.118

161

7.7258
.005

144

7. 7948
.006

114

7.7844
.006

39

7.0934
.001

190

7. 5061
.003
340

8.0423
.011
310

8.3386
.022

315

6.6245
.000

184

7.9254
.008

301

9.2882
.194

105

8.3594
.023

75

7.7844
.006

321
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Table 29.

—

Elimination factors—Continued

SERIES 326 DAYS. SEMIDIURNAL CONSTITUENTS

Constituent
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Table 29.

—

Elimination factors—Continued

SERIES 355 DAYS. DIURNAL CONSTITUENTS

Constituent sought
(A)

h..

K,.

Ml.

Oi.

00.

Qi-

2Q-

8j-

Disturbing constituents (B, C, etc.)

7.9464
.009

159

7. 9167
.008

138

7. 5111
.003

157

7.8888
.008

341

8.0444
.011

149

7.6331
.004

136

7. 6506
.004

115

8.0032
.010

154

6.7724
.001

5

7.9464
.009

201

7.9464
.009

159

6.7064
.001

178

6.7064
.001

182

8. 4581
.029

170

7.5111
.003

157

7.6331
.004

136

8. 4598
.029

175

7.5794
.004

26

Ml

7. 9167
.008

222

7.9464
.009

201

7. 5111
.003

203

7. 7393
.005

191

6. 7064
.001

178

7.5111
.003

157

7. 8651
.007

196

7.9839
.010

47

Oi

7. 5111
.003
203

6.7064
.001

182

.008
341

6.7060
.001

185

7. 2500
.002

352

7. 9464
.009

159

7.9167
.008

138

6.7729
.001
357

8. 1364
.014

29

00

.008
19

6.7064
.001

178

7. 5111
.003

157

6.7060
.001

175

7. 3914
.002

168

7.3284
.002

154

7. 4740
.003

133

7. 1838
.002

173

7. 3105
.002

24

8.0444
.011

211

8. 4581
.029

190

7. 7393
.005

169

7.2500
.002

7.3914
.002

192

7.2957
.002

167

7. 5554
.004

146

8. 4598
.029

185

7. 7296
.005

36

7. 6331
.004
224

7. 5111
.003

203

6.7064
.001

182

7.9464
.009

201

7.3284
.002
206

7.2957
.002

193

7.9464
.009

159

7.4212
.003

198

9.1482
.141

230

2Q

7. 6506
.004
245

7. 6331
.004
224

7. 5111
.003
203

7. 9167
.008
222

7.4740
.003

227

7. 5554
.004
214

7.9464
.009

201

7. 5984
.004
219

8.3129
.021

251

8.0032
.010

206

8. 4598
.029

185

7. 8651
.007

164

6.7729
.001

3

7.1838
.002

187

8. 4598
.029

175

7. 4212
.003

162

7.5984
.004

141

7.6607
.005

31

6.7724
.001
355

7. 5794
.004
334

7. 9839
.010
313

8.1364
.014

331

7. 3105
.002
336

7.7296
.005
324

9. 1482
.141

130

8. 3129
.021

109

7.6607
.005
329
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Table 29.

—

Elimination factors—Continued

SERIES 355 DAYS. SEMIDIURNAL CONSTITUENTS

Constituent
sought (.A)

K,..

Lj-.

Mi-

ni...

2N..

Rj.

Tj.

2SM-

Disturbing constituents (B, C, etc.)

Kj Lj Mj Nj 2N R2

.008
19

6.7064
.001

178

7. 6111
.003

157

7. 6331
.004

136

.4589

.029
175

. 4581

.029
170

.4553

.029
165

.0444

.011

149

.7724

.001

5

7. 5794
004

26

7.6440
004
342

.008
341

7.9464
.009

159

7.9167
.008

138

7. 8652
.007

117

.0217

.011

336

.1364

.014
331

.2393

.017
326

.1482

.141
130

7. 2957
002
167

7.2500
002

7. 7296
005
324

6.7064
.001

182

7.9464
.009
201

7.9464
.009

159

7.9167
.008

138

6. 7712
.001

357

7.2500
.002
352

7. 4842
.003
347

8.1364
.014
331

7.2500
002

.1364

.014
29

7.2458
.002
345

7. 5111
.003

203

7. 9167
.008

222

7.9464
.009

201

7. 9464
009
159

7.4212
003
198

7. 2957
002
193

7.1008
001
188

7.2500
.002
352

.1364

.014
29

. 1482

.141

230

6. 7017
.001
.186

7. 6331
.004

224

7. 8652
.007
243

7. 9167
.008

222

7.9464
.009
201

7. 5985
.004
219

7. 5554
.004
214

7. 5017
.003
209

7. 2957
.002
193

.1482

.141

230

.3129

.021
251

7.2840
002
206

8. 4589
.029

185

8.0217
.011

24

6. 7712
.001

3

7. 4212
.003

162

7.5985
.004

141

8.4598
.029

175

8. 4586
.029

170

.0034

.010
154

7. 0678
.001

10

7.6606
005

31

7.4842
.003
347

8. 4581
.029

190

.1364

.014
29

7.2500
.002

7. 2957
002
167

7. 5554
.004

146

.4598

.029
185

8. 4598
029
175

7.9464
009
159

7.2458
002

15

7. 7296
005

36

7.2500
002
352

T2 M

8. 4553
.029

195

8.2393
.017

34

7.4842
.003

13

7.1008
.001

172

7. 5017
.003

151

8. 4586
.029
190

8. 4598
.029

185

7.8648
.007

164

7.3738
002

20

7. 7893
006

41

6. 7712
001
357

.0444

.011
211

.1482

.141
230

.1364

.014
29

7.2500
002

7. 2957
.002

167

1. 0034
.010
206

7. 9464
.009
201

.007
196

7.7296
.005

36

.0795

.012
57

7. 2957
002
193

6.7724
.001

355

7. 2957
002
193

7.2500
.002
352

.1364

.014
331

.1482

.141
130

7.0678
001
350

7.2458
002
345

7. 3738
.002
340

7. 7296
.005
324

7.9464
009
201

7.2393
.002
337

7. 5794
.004
334

7.2500
.002

352

8.1364
.014

331

9. 1482
.141

130

8. 3129
.021

109

7.6606
.005
329

7. 7296
.005
324

7. 7893
006
319

8. 0795
012
303

7.9464
.009

159

7.5728
004
316

2SM

7. 6440
.004

18

7. 7296
.005

36

7.2458
.002

16

6. 7017
.001
174

7.2840
.002

154

7.4842
.003

13

7.2500
002

6. 7712
.001

3

7. 2957
002
167

7.2393
002

23

7.5728
.004

44
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Table 29.

—

Elimination factors—Continued

SERIES 369 DAYS. DIURNAL CONSTITUENTS

Constituent sought
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Table 29.

—

Elimination factors—Continued

SERIES 369 DAYS. SEMIDIURNAL CONSTITUENTS

Constituent
sought (A)

Disturbing constituents (B, C, etc.)

Ka L2 Ma Na 2N Ta 2SM

Ks.

Lj.

Ma-

Na-

2N.

Ra-

Sa,

Ta-

2SM.

8. 3371
.022

112

6. 6332
.000

2

7. 8760
.008

73

7. 5509
.004

143

.0074

.010
2

.0072

.010
4

.0076

.010
6

.2982

.020
74

5. 7099
000

7.8892
.008

110

7. 1088
.001

185

.3371

.022
248

8. 3503
.022

70

7. 8740
.007

141

7. 6166
.004

31

8. 3758
024
250

8.4169
026
252

8. 4607
029
254

9. 0329
108

143

6. 5537
.000

178

7.9217
108

254

6. 6332
.000
358

8. 3503
.022
290

8. 3503
.022

70

7. 8740
.007

141

5. 7100
.000

6. 5537
.000

182

6. 9049
.001

183

i.4164

.026
252

6. 5537
.000

178

;.4169

.026
108

.5549

.000
183

7.8760
.008
287

7. 8740
.007

219

8. 3503
.022
290

8. 3503
.022

70

7. 8824
.008

.008
291

7. 8944
108

293

6. 5537
.000

182

.4169

.026
108

.0329

.108
217

7. 6658
.005
293

7. 5509
.004
217

7. 6166
.004
329

7. 8740
.007

219

.3503

.022
290

7. 5772
004
219

7. 6024
004
221

7. 6268
.004
222

.008
291

9. 0329
.108
217

. 0586

.011
327

7. 4452
.003
222

8. 0074
.010
358

8. 3758
.024

110

5. 7100
.000

7. 8824
08
71

7. 5772
004
141

8. 0074
.010

2

.0072

.010
4

.3235

.021

72

.1771

.000
179

7.9055
08
108

6. 9049
.001

183

8.0072
.010
356

8.4169
.026

108

6. 5537
.000

178

.008
69

7. 6024
.004

139

8. 0074
.010

358

.0074

.010
2

.3503

.022
70

6. 5549
.000

177

7. 9217
08
106

8. 0076
.010
354

8.4607
.029

106

6.9049
.001

177

7. 8944
008

67

7. 6268
.004

138

8. 0072
.010
356

;. 0074
.010
358

8. 3792
.024

6.7601
001
175

7. 9377
.009

104

8. 2982
.020
286

9. 0329
.108

217

8. 4169
.026

108

6. 5537
.000

178

.008

8.3235
.021

i. 3503
.022
290

8. 3792
024
291

7.9217
.008

106

7. 9044
.008

36

5. 7099
.000

.008
291

6. 5537
.000

182

8. 4169
.026
252

9. 0329
.108

143

6. 1771
.000

181

6. 5549
.000

183

6. 7601
.001

185

7.9217
008
254

.008
250

6. 5537
.000

182

8.4169
026
252

9. 0329
.108

143

i. 0586
.011

33

7. 9055
008
252

7. 9217
008
254

7. 9377
.009
256

7. 9044
008
324

8. 3503
.022

70

6.5537 5.7100 7.8885
. 000 . 000 . 008

182 291

8. 3503
022
290

6.5542 7.6990
. 000 . 005

185 255

.001
175

7. 9217
.008

106

6.5549
.000

177

7. 6658
.005

67

7. 4452
.003

138

6.9049
001
177

6. 5537
000
178

5. 7100
.000

.008

6. 5542
000
175

7. 6990
005
105
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Table 30.

—

Products of amplitudes and angular functions for Form 245
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Table 30.

—

Products of amplitudes and angular functions for
Form 245—Continued
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Table 31.—For construction of primary stencils

Difference
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Table 31.

—

For construction ofprimary stencils—^Continued

269

DifEerence
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Table 31.

—

For construction ofprimary stencils—Continued

Difierence
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Tablk 31.—For construction ofprimary stencils—Continued

Difference
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Table 31.

—

For construction of primary stencils—Continued

Difference
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Table 31.

—

For construction ofprimary stencils—Continued

Difforence
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Table 31.

—

For construction ofprimary stencils—Continued

Difference
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Table 31.—For construction ofprimary stencils—Continued

Difference
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Table 31.

—

For construction ofprimary stencils—Continued

Difference
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Table 31.—For construction ofprimary stencils—Continued

277

Difference
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Table 31.

—

For construction ofprimary stencils—Continued

Difference
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Table 31.

—

For construction ofprimary stencils—Continued

DifEerence

Hour
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Table 31.

—

For construction ofprimary stencils—Continued

Difference
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Table 31.

—

For construction ofprimary stencils—Continued

Difference
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Table 31.—For construction ofprimary stencils—Continued

Difference
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Table 31.—For construction ofprimary stencils—Continued

Difference Constituent MK Constituent X

Hour

+23
+22
+21
+20
+19

+18
+17
+16
+15
+14
+13

+12
+11
+10
+9
+8
+7

+6
+5
+4
+3
+2
+1

-1
-2
-3
-4
-5

-6
-7

-10
-11

-12
-13
-14
-15
-16
-17

-18
-19
-20
-21
-22
-23

d. ft.

138 13*

140 U*
142 9*

144 8
146 6
148 4

150 2*

152 0*

153 22*

155 21
157 19
159 17

161 15*

163 13*

165 11*

167 10
169 8
171 6

173 4*

175 2*

177 0*

178 22*

180 21

182 19

d. h.

184 17

186 15*

188 13*

190 11*

192 10
194 8

196 6
198 4*

200 2*

202 0*

203 23
205 21

207 19
209 17*

211 15*

213 13*

215 12
217 10

219 8
221 6*

223 4*

225 2*

227 1

228 23

d. ft.

230 21

232 19*

234 17*

236 15*

238 14

240 12

242 10
244 8
246 6*

248 4*

250 2*

252 1

253 23
255 21
257 19*

259 17*

261 15*

263 14

265 12
267 10
269 8*

271 6*

273 4*

275 3

d. h.

277 1

278 23
280 21*

282 19*

284 17*

286 16

288 14
290 12

292 10*

294 8*

296 6*

298 6

300 3

302 1

303 23*

305 21*

307 19*

309 18

311 16
313 14
315 12
317 10*

319 8*

321 6*

d. ft.

323 5

325 3

327 1

328 23*

330 21*

332 19*

334 18
336 16
338 14

340 12*

342 10*

344 8*

346 7
348 5

350 3
352 1*

353 23*

355 21*

357 20
359 18
361 16
363 14*

365 12*

367 10*

d. ft.

369 9
371 7

d. h.

1

2 4"

4 11'

6 18"

9 V
11 8'

13 16
15 23
18 6
20 13

22 20*

25 3"

27 10'

28 17*

32 0'

34 8
36 15
38 22

41 5
43 12-

45 19*

48 2

50 9

52 16*

d. ft.

55
57 7

59 14

61 21

64 4*

66 11*

68 18*

71 1*

73 8*

75 16

77 23
80 6

82 13

84 20
87 3*

89 10*

91 17*

94 0*

98 15

100 22
103 5
105 12

107 19"

d. ft.

110 2*

112 9*

114 16*

117
119 7
121 14

123 21
126 4
128 11*

130 18*

133 1*

136 8*

137 15*

139 23
142 6
144 13

146 20
149 3*

151 10*

153 17*

156 0*

158 7*

160 15

162 22

d. ft.

165 5

167 12

169 19*

172 2*

174 9*

176 16*

178 23*

181 7
183 14

185 21

188 4
190 11*

192 18*

195 1*

197 8*

199 15*

201 23
204 6

206 13
208 20
211 3
213 10*

215 17*

218 0*

Difference

Hour

+23
+22
+21
+20
+19

+18
+17
+16
+15
+14
+13

+12
+11
+10
+9
+8
+7

+6
+5
+4
+3
+2
+1

-1
-2
-3
-4
-5

-6
-7

-10
-11

-12
-13
-14
-15
-16
-17

-18
-19
-20
-21
-22
-23

Constituent X

d. ft.

220 7"

222 15

224 22
227 5

229 12
231 19

234 2*

236 9'

238 16"

240 23'

243 7

245 14

247 21
250 4
252 11

254 18'

257 1"

269 8'

261 15'

263 22'

266 6
268 13

270 20
273 3

d. ft.

275 10*

277 17*

280 0*

282 7*

284 14*

286 22

289 5
291 12
293 19
296 2*

298 9*

300 16*

302 23*

305 6*

307 14
309 21

312 4
314 11

316 18*

319 1*

321 8*

323 15*

325 22*

328 6

d. ft.

330 13

332 20
335 3
337 10
339 17*

342 0*

344 7*

346 14*

348 22
351 6
353 12
355 19

358 2
360 9*

362 16*

364 23*

367 6*

369 14

371 21

Constituent MS

d. ft.

1

2 6*

4 17*

7 4*

9 15*

12 2*

14 13*

17 0*

19 11*

21 23
24 10

26 21

29 8
31 19
34 6
36 17

39 4
41 15*

44 2*

46 13*

49 0*

51 11*

53 22*

56 9*

d. ft.

58 20'

61 7'

63 19
66 6
68 17
71 4

73 15

76 2
78 13

81
83 11'

85 22'

90 20'

93 7'

95 18'

98 5'

100 16'

103 4
105 15
108 2
110 13

113
115 11

d. h.

117 22
120 9
122 20*

125 7*

127 18*

130 5*

132 16*

135 3*

\137 14*

140^-4?^

142 13
145

147 11

149 22
152 9
154 20
157 7
159 18

162 5*

164 16*

167 3*

169 14*

172 1*

174 12*

d. ft

176 23*

179 10*

181 21*

184 9

186 20
189 7

191 18

194 5

196 16
-199 3

201 14

204 1'

206 12'

208 23'

211 10'

213 21'

216 8'

218 19'

221 6'

223 18
226 5
228 16
231 3
233 14

d. ft.

236 1

238 12
240 23
243 10'

245 21'

248 8'

250 19'

253 6'

255 17"

258 4'

260 15'

263 3

265 14
268 1

270 12
272 23
275 10
277 21

280 8
282 19'

285 6*

287 17'

290 4'

292 15'

d. ft.

295 2*

297 13*

300 0*

302 11*

304 23
307 10

309 21

312 8
314 19

317 6
319 17

322 4

324 15*

327 2*

329 13*

332 0*

334 11*

336 22*

339 9*

341 20*

344 8
346 19
349 6
351 17

d. ft.

354 4

356 15

359 2
361 13

364 0*

366 11*

368 22*

371 9*
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Table 31.

—

For construction ofprimary stencils—Continued

Difference
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Table 31.

—

For construction ofprimary stencils—Continued

Difference
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Table 31.—For construction ofprimary stencils—Continued

Difference
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Table 31.

—

For construction ofprimary stencils—Continued

Difierenoe
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Table 32.

—

Divisors for primary stencil sums

Constituent J

Series
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Table 32.

—

Divisors for primary stencil sums—Continued

Constituent L

Scries
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Table 32.

—

Divisors for primary stencil sums—Continued

Constituent N

Series 15
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Table 32.

—

Divisors for primary stencil sums—Continued

Constituent O

Series
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Table 32.

—

Divisors for primary stencil su/ns—Continued

Constituent P

Series

Hour

29 58 87 105 134 163 192 221 250 279 297 326 35i

105
105

105
106

105

105

105
106
105

105
105
106

105

105
106
105
106
104

105
104
104
104

104

105

135

134
134

135
134
134

134

135
134

134
i

134
135

134
134

135
133
134
133

134
133

134
133

133

134

164
163

165
164
164
163

163

164
163

164

163

164

163

162

163
162
163
162

163
162
163

162
162
163

193
192
192
193

193

192

192

193
192
193

192
192

191

192
192

191

192
192

192
191

192

191

191

192

222
221
222
222
222
221

221

222
221

221

220
221

220
221

221

220
221
221

221
220
221

221

220
221

251
250
251

251

251
250

251

251

249
250
249
250

249
250
250
249
250
250

250
249
250
250
249
250

280
279
280
280
280
279

279
279
278
279
279
279

278
279
280
278
279
279

279
278
279
279
278
279

298
297
298
298
297
296

297
297
296
297
297
297

296
297
298
296
297
297

298
296
297
297
296
298

327
297
327
327
326
325

326
326
325
326
326
326

325
326
327
325
326
326

327
325
326
326
325
327

356
354
355
356
355
354

355
356
354
355
355
356

354
355
356
354
355
355

356
354
355
355
354
356

369

369
368
369
370
369
368

370
368
369
369
370

368
369
370
368
370
369

370
368
369
369
368
370

Constituent Q

Series 29
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Table 32.

—

Divisors for primary stencil sums—Continued

Constituent 2Q

Series 29 58 87 105 134 163 192 221 250 279 297 326 355 369

Hour
83
101

102
89
75
75

83
102
101
89
75
75

83
101

101
87
74

74

81
101
101

87
74
74

113
116
117
104

90
90

113
117
116
104

90
90

113
117
117
103

90

113
117
117
103
90
90

142
141
142
129
115
136

142
142
141

129
115
136

142
142
142
128
115
136

142
142
141

127
114
135

167
166
167
154

159
167

167
167
166
154

159
167

167
167
167
153
159
165

166
166
166
152
158
166

192
191

192
196
192
192

192
192
191

197
191

192

192
191

191

194
191

190

191

191
191

194
191

191

217
216
233
230
217
217

217
217
232
230
215
216

216
216
231
229
216
215

216
216
231
229
216
216

242
255
269
255
242
242

241
254
267
255
240
241

241
254
268
254
241
240

241
254
268
254
241
241

279
293
293
279
266
266

277
293
292
280
265
266

277
293
293
279
266
265

278
292
293
279
266
266

309
308
309
295
282
282

309
309
308
296
281
283

307
308
308
294
281
280

308
307
308
294
281
281

334
333
334
320
307
332

334
334
333
320
305
331

332
333
333
319
306
330

333
332
333
319
306
331

359
358
359
345
355
358

358
358
357
345
353
358

357
358
358
344
354
357

358
357
358
344
354
358

Constituent R

Series 29
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Table 32.

—

Divisors for primary stencil sums—Continued

Constituent T

Series
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Table 32.

—

Divisors for primary stencil sums—Continued

Constituent ti

Series

Hour
0.
1

2
3..
4
5

6 _

7
8
9
10
11

12

13

14 ....

15 -,

16

17

18

19

20
21
22
23

58 87 105 134 163 192 221 250 279 297 326 355 369

86

105

107
105

104
106

106

103
106
107
104

105

105

105
104

106
107

104

103

106
106
104
106
105

101

135
135

134
134

135
133

133
136
134
134
134

134

133
134
136
134

133

133

135
134
134

136
132

131

163
164

164
163
162
163

163

163
164

163
163

162

163

164
163
164
162
162

163
164
163

164

162
161

192
194

193
190

192
193

190
193

194
191

191

192

193

191

193

193
191

190

193

193
191

193
192
190

223
223
221
219
222
220

220
223
222
219
221
222

220
221
222
222
219
220

222
221
221
222
220
219

252
252
250
249
249
250

250
251
250
249
251
2-19

250
251
250
250
249
249

250
251
250
250
249
249

280
282
280
276
279
280

278
280
279
279
278
279

280
279
278
280
278
277

280
281
277
279
279
278

299
298
296
296
298
297

297
299
296
296
298
297

297
297
298
297
296
297

296
297
295
295

326
327
326
325
326
327

326
326
326
326
326
326

327
326
325
327
326
325

327
327
325
326
325
325

356
356
355
353
356
356

354
355
356
354
355
356

356
353
355
357
354
354

356
356
353
356
356
352

Constituent v

Series

Hour

1 -
2
3
4
5

6
7

8
9
10

11

12
13

14-

15

16

17

18

19
20
21
22
23

29
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Table 32.

—

Divisors for primary stencil sums—Continued

Constituent p

Series

Hour

29 58 87 105 134 163 192 221 250 279 297 326 355

107
105
105
106
106
106

106
104
105
105
104
105

104

106
104
104
106
104

104
106
104
105
105
104

135

134
134
135

135

134

136

134
135
133

133

134

133

135

134
132

135

133

133
135

132

134
135

133

164
164
162
165
163
163

165
163
165
162
162
163

162
163

163
162
164
161

162
164
161

163
164
162

193
193
191

194
192
192

193
192
194
192
191

193

190
192
193
190
193
191

191

193
190

191

193
191

222
222
220
224
221

220

223
221
222
222
220
223

219
221

221

219
222
220

220
222
219
220
222
219

251
251
249
252
250
250

252
249
251
251
249
252

249
250
250
248
250
250

248
251

249
249
251

248

279
280
278
281
279
278

282
278
280
280
278
280

279
280
280
276
279
279

277
280
277
278
281
277

297
299
295
299
297
296

299
296
298
298
296
298

297
297
299
295
298
298

295
297
295
296
298
295

326
328
324
328
326
325

328
325
326
327
325
327

326
326
328
324
327
327

325
326
325
324
328
323

355
356
353
357
355
354

357
354
355
357
353
356

355
355
357
354
355
356

354
356
354
353
357
352

369

369
372
367
371
370
368

371
369
370
371
366
369

369
368
370
367
369
370

367
369
368
368
371

367

Constituent MK

Series

Hour

29
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Table 32.

—

Divisors for primary stencil sums—Continued

Constituent bMK

297

Series

Hour
._

1

2

3...
4
5

6
7 ._.

8
9

10 _.

11

12
13
14
15
16
17.

18..
19
20
21
22 :_.

23

58 87 105

106
106
106
105
105

106

104
105
105
104
105
106

105
104
104
105
105
104

106
105
104
105
106
104

134

134
134
134
133
134
135

134
135
134
134
135
135

134
134
133
134
135
133

135
134
133

133
134
133

163

164
164
163
163

164
164

163
164
163
164
164
164

162
162
162
162
163
162

163
162
162
163

163
162

192

193

193
192
193
192
192

191
192
192
192
192
193

192
191

191

192
192
191

193
192
191

192
193
191

221

221
221
222
221

222

221
221
221
222
221

222

221
221
220
221

222
220

222
221
220
220
221
219

250

251
250
250
251
250
251

250
251
250
251
251
251

249
249
249
249
250
249

250
249
250
250
250
249

280
280
279
280
279
279

278
280
279
279
279
280

278
278
279
279
279
278

280
278
279
279
279
278

297

298
298
297
298
297

296
297
297
297

296
296
297
296
297
296

298
296
297
297
297
296

326

326
327
325
326
326
327

325
327
326
326
326
327

326
325
326
326
326
325

328
325
326
326
326
325

365

355
356
355
355
355
357

354
356
355
356
355
356

356
354
355
355
354
353

356
354
355
354
355
354

Constituent MN

Series 29 87 163 221 260 279 297 365

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20-

21.

22.

23.

Hour
28
30
28
30
30
28

30
28
30
29
30
31

28
30
28
30
30
28

29
27
29
28
28
29

66
60
56
60
59
67

61

56
61
57
60
61

55
59
56
69
58
56

59
55

59
56
58
59

90
83
90
84
89
89

84
89
83

84

104
109

101

109
104
106

109
101
109

102
108

107

102
107
100
107

103
104

107
100
108
101

107
105

134
139
129

139
132
136

136
130
138
129

137

134

132
137

128
137
131

136

135
131

138

129
137
133

163

166
158
168
159

165

164
160
168

157
167

162

162
165
159
168
159
165

163

161

168
157
167
161

193

194

188
198
187
195

192
190
196
187

198
190

193
193
189

198
187
195

190
190
195
186
196

188

223
222
218
226
217
225

220
221

224
218
228
218

222
220
218
226
216
224

218
220
223
216
226
216

253
250
248
254
248
256

247
250
251
247
255
247

252
248
248
253
246
254

246
250
251

246
254
246

283
277
278
281

277
283

277
280
279
277
283
277

282
276
278
281
276
282

276
280
279
276
282
276

301

296
297
299
296
301

295
298
296
295
300
295

299
294
296
298
294
299

295
299
296
296
299
295

328
325
326
326
325
328

325
327
325
325
328
326

327
324
327
326
325
327

326
328
325
326
327
325

356
355
355
365
355
366

365
355
355
355
356
366

355
366
355
356
355
355

354
355
354
354
354
354
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Table 32.

—

Divisors for primary stencil sums—Continued

Constituent MS

Series
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Table 33.

—

For construction of secondary stencils

Con-
stituent

A.

Con-
stituent

B.
00 2Sm; K and P R and T MS

J
hours

0-23
10- 3
16- 4
23- 5
5- 6

0-23
19-12
1-12
8-13

14

0-23
3-20

10-21

16-22
23

6- 4
12- 5
19- 6
1- 7

0-23
21-14
4-14
10-15
0-23

23-21
6-22
12-23
19-

1

8- 6
15- 7
21- 8
4- 9
0-23

17-15
23-15
6-16
12-17
0-23

2-23
8-
15- 1

21- 2
0-23

10- 8
17- 9
23-10
6-11

0-23
19-16
2-17
7-14

Differ-

ence,
hours

J
hours

0-23
0-23
0-23
0-23
0-23

0-23
0-23
1-11
0-23
0-23

0-23
0-23
0-23
0-23
0-23

6- 3
0-23
0-23
0-23
0-23

0-23
0-23
4- 9
0-23
0-23

0-23
0-23
0-23
0-23
0-23

8- 1

0-23
0-23
0-23
0-23

0-23
0-23
6- 8
0-23
0-23

0-23
0-23
0-23
0-23
0-23

10-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23

Differ-

ence,
hours

S
hours

0-23
0-23
0-23
0-23
0-23

0- 1

0-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23
0-23

0-23
0-23
0-23
0- 8
0-23

0-23
0-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23
0-23

0-23
0-15
0-23
0-23
0-23

0-23
0-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23

Differ-

ence,
hours

S
hours

10
10
11

11

12
12
13

13

14

14

14

15
15
16

16

17
17
18
18

19

19

20
20
20

21

21

22
22

23

23

0-23
0-23
0-23
0-23
0-23

0-23
0-15
0-23
0-23
0-23

0-23
0-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23

Differ
ence,
hours

L
hours

0-23
0-23
17-21
0-23
0-23

0-23
0-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23

0-23
0-23
8-16
.0-23

Differ-

ence,
hours

L
hours

0-23
0-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23
0-23

0-23
0-23
0-23

12-20
0-23

0-23
0-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23
0-23

2-21
0-23
0-23
0-23
0-23

13-15
0-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23

0-23
0-23
0-23
0-23

Differ-
ence,
hours

10
10

10
11

11

12
12

12
13
13
14

14

14

15

15

16

16

16

17
17
18
18

19

19

19

20

20
21
21
21
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Table 33.

—

For construction of secondary stencils—Continued

Constit-
uent
A
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Table 33.

—

For construction of secondary stencils—Continued

301

Constituent A



302 U. S. COAST AND GEODETIC SURVEY

Table 34.

—

For summation of long-period constituents

Assignment of daily sums for constituent Mf

Constituent division



HARMONIC ANALYSIS AND PREDICTION OF TIDES 303

Table 34.

—

For summation of long-period constituents—Continued

Assignment of daily sums foe constituent Mm

Constituent division
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Table 35.—Products (-1) for Form 444
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Table 35.

—

Products l a^] for Form 444—Continued

305

(4)
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Table 36.

—

Angle differences for Form 445

Constituent

M2
S2
N2

Ki
M4
Oi

Me
(MK)3.
S4
(MN)4.

Vi

Ss

Hi
(2N)2..,

(OO)u.
X2

Si

Ml

Ji

Mm....
Ssa

Sa
MSf-_.
Mf
PI

Qi
T2
R2
(2Q)i..-

Pi
(2SM)2,
M3
L2

(2MK);
K2
Ms
(MS)4-

Jan. 1, Oh, to
Feb. 1, Oi>

+324.

2

+279

+31
+288
+294

+253
+355

+243

+333

+288
+234

+127
+315

+342

+76
+45
+61

+31
+36
+97
+303

+249
+329
+31
+204

+329
+36
+306
+9

+258
+61
+217
+324

-35.

-81

-329
-72
-66

-107
-5

-117

-27

-72
-126

-233
-45

-18

-284
-315
-299

-329
-324
-263
-57

-111
- 31
-329
-156

-31
-324
-54
-351

-102
-299
-143
-36

Feb. 1, Oh, to Dec. 31, 24ii

+136.

6

+93

+329
+274
+167

+49
+106

+230

+317

+274
+49

+131
+316

+248

+12
+44
+299

+329
+223
+162
+348

+123
+31
+329
+80

+31
+223
+25
+180

+304
+299
+186
+137

on year
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Table 37.

—

U. S. Coast and Geodetic Survey tide-predicting machine No. 2

GENERAL GEARS AND CONNECTING SHAFTS

Gears and Shafts
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Table 38.

—

U. S. Coast and Geodetic Survey tide-predicting machine No. 2

CONSTITUENT GEARS AND MAXIMUM AMPLITUDE SETTINGS

Constit-
uents

Ji—

.

Ki...
K2.__
L2-..
*Mi.

M2_-
Ms..
M4._
Ms..
Ms.-

N2-.-
2N..
0,...
00_.
Pi...

Qi...
2Q...
R2...
S,...
S2.-.

S4...
Sj...
T2...
X2.._.

M2

^2

P\

MK.
2MK
MN_

MS-.
2SM.
Mf..
MSf..

Mm.
Sa.._.

Ssa.-

Theoretical
speed

per hour

15. 5854433
15. 0410686
30. 0821372
29. 5284788
14. 4920521

28.9841042
43.4761563
57. 9682084
86. 9523126
115.9364168

28. 4397296
27. 8953548
13. 9430356
16. 1391016
14.9589314

13. 3986609
12.8542862
30. 0410667
15. 0000000
30. 0000000

60.0000000
90. 0000000
29. 9589333
29. 4556254
27. 9682084

28. 5125830
13.4715144
44. 0251728
42. 9271398
57. 4238338

58.9841042
31.0158958
1. 0980330
1.0158958

0. 5443747

0. 0410686

0. 0821372

Teeth in gear wheels

Vertical
shafts

107
61

122
104

103

103

86
118

140
118

65
68
92
134
91

127
85
63
70

75
90
81

131

125

69
120
81

135

118

69
84
149

93

51

51

Intermediate shafts

90
73
80
61

85

74
62
74

62
37

46
58
89
131

73

114

50
75
70

45
48
50
65
82

70
81

52
42

61

47
45
80

41

149
125
149

52
SI

96
56
59

59
70
103

Crank
shafts

IV

119
85
146

97
148

85
67
85

86
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Table 39.

—

Synodic periods of constituents
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Table 41.

—

Values of h in formula h=il+ r'^+ 2r cos x)i



EXPLANATION OF SYMBOLS USED IN THIS BOOK

Although the following list is fairly comprehensive, some of the
symbols given may at times be used in the text to represent other
quantities not listed below, but such application will be made clear

by the context.

A (1) General symbol for a tidal constituent or its amplitude. It is some-
times written with a subscript to indicate the species of the constituent
(par. 52)

.

(2) General symbol with an identifying subscript for a constituent term
in the development of the lunar tide-producing force (par. 66).

(3) The particular tidal constituent being cleared by the ehmination
process (par. 245).

(4) Azimuth of tide-producing body reckoned from the south through
the west (par. 80).

(5) Azimuth of horizontal component of force in any given direction
(par. 85).

a (1) Speed or rate of change in argument of constituent A.
(2) Mean radius of earth.

B (1) Tidal constituent following constituent ^ in a series.

(2) General symbol with an identifying subscript for a constituent term
in the development of the solar tid(i-producing force (par. 117).

(3) General symbol for disturbing constituents in elimination process
(par. 245).

b Speed or rate of change in argument of constituent B.

C (1) Mean constituent coefficient (par. 74).

(2) General symbol for coefficients of cosine terms in Fourier series (par,

187).

c Reciprocal of mean value of l/d.

Ci Reciprocal of mean value of 1/di.

D Declination of moon or sun.

d Distance from center of earth to center of moon.
di Distance from center of earth to center of sun.

E (1) Mass of earth.

(2) Argument of tidal constituent (same as V-\- u)

.

e Eccentricity of moon's orbit.

Ci Eccentricity of earth's orbit.

F Reduction factor, reciprocal of node factor / (par. 78)

.

Fa Horizontal component of tide-producing force in azimuth A. When
numerals are annexed, the first digit (3 or 4) signifies the power of the
parallax of the moon or sun involved in the development and the second
digit (0, 1, 2, or 3) indicates the species of the terms included in the
group. Thus Fa3o represents that part of the horizontal component in

azimuth A that comprises the long-period terms depending upon the
cube of the parallax.

Fa South horizontal component of tide-producing force. (See Ff, for explana-
tion of annexed numerals.)

Fy Vertical component of tide-producing force. (See Fg, for explanation of
annexed numerals.)

F„ West horizontal component of tide-producing force. (See Fa for explana-
tion of annexed numerals.)

/ Node factor (par. 77).

G (1) Greenwich epoch or phase lag of a tidal constituent (par. 226).
(2) Gear ratio of predicting machine (par. 396)

.

g (1) Mean acceleration of gravity on earth's surface.
(2) Modified epoch of tidal constituent, same as k' (par. 225)

.

H Mean amphtude of a tidal constituent (par. 143).

311
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Hq Mean water level above datum used for tabulation.

h, (1) Mean longitude of sun; also rate of change in same.
(2) Height of tide at any time.

hz Height of equilibrium tide involving cube of moon's parallax. A second
digit in the subscript limits the height to that due to terms of the single
species indicated by this digit (pars. 97 and 101).

hi Height of equilibrium tide involving 4th power of moon's parallax. A sec-
ond digit in the subscript has the same significance as in the case of h^.

I Obliquity of lunar orbit with respect to earth's equator.

i Inclination of lunar orbit to the ecliptic.

Ji Tidal constituent.

j Longitude of moon in its orbit reckoned from lunar intersection.

Ki, K2 Tidal constituents.

KJ2, KP., KQi Tidal constituents.

k Difference between mean and true longitude of moon (par. 59).

L Longitude of place; positive for west longitude, negative for east longitude.

L2, LPi Tidal constituents.

M Mass of moon.
M], M,, M3, M4, Me, Mg Tidal constituents.

Mf Tidal constituent.

MK3, 2MK3, MKi Tidal constituents.
i

Mm Tidal constituent.

MN4, 2MN6, MNS2 Tidal constituents.

MPi Tidal constituent.

2MS2, MS4, 2MS6, SMSg, 2(MS)s Tidal constituents.

MSf Tidal constituent.

MSNo, 2MSNr Tidal constituents.

m Ratio of mean motion of sun to that of moon (par. 62)

.

A'^ Longitude of moon's node; also rate of change in same.
N2, 2N2, NJ, Tidal constituents.

Oi, OOi Tidal constituents.

P Mean longitude of lunar perigee reckoned from lunar intersection (par. 122).

Pi Tidal constituent.

p (1) Mean longitude of lunar perigee; also rate of change in same.
(2) Numeral indicating species of constituent, frequently written as the

subscript of the constituent symbol. In special case used with long-
period constituents to show number of periods in month or year.

Pi Mean longitude of solar perigee; also rate of change in same.

Q Term in argument of constituent M, (par. 123).

Qe, Factor in amplitude of constituent Mi (par. 122).

Qu Term in argument of constituent Mi (par. 122).

Qi, 2Qi Tidal constituents.

R (1) Amplitude of constituent pertaining to a particular time (par. 143).

(2) Term in argument of constituent L2 (par. 129).

Eg. Factor in amplitude of constituent L2 (par. 129).

R2, RPi Tidal constituents.

r Distance of any point from center of earth.

S (1) Mass of sun.

(2) Longitude of time meridian; positive for west longitude, negative for
east longitude.

(3) General symbol for coefficients of sine terms in Fourier series (par. 187).

(4) Working scale factor of predicting machine.
S' Solar factor L\IU (par. 118).

Si, S2, S3, S4, Se, Sjj Tidal constituents.

Sa Tidal constituent.

SK3 Tidal constituent.

2SM6 Tidal constituent.



HARMONIC ANALYSIS AND PREDICTION OF TIDES 313

SOi, SO3 Tidal constituents.

Ssa Tidal constituent.

s Mean longitude of moon ; also rate of change in same.

s' True longitude of moon in orbit referred to equinox (par. .59).

T (1) Number of Julian centuries reclfoned from Greenwich mean noon,
December 31, 1899.

(2) Hour angle of mean sun.

(3) Time expressed in degrees of constituent reckoned from phase zero of

Greenwich argument (par. 439).

T2 Tidal constituent.

t (I) Hour angle of tide-producing body.

(2) Time reckoned from beginning of tidal series.

U Basic factor {MjE) (a/c)^.

Ui ' Factor {SjE) {a/Ci)K

u Part of constituent argument depending upon variations in obliquity of

lunar orbit (par. 71).

V (1) Principal portion of constituent argument (par. 71).

(2) Velocity of current (par. 330).

(F+ u) Constituent argument at any time.

(Fo+ i<) Constituent argument at beginning of a tidal series.

Vg Potential due to gravity at earth's surface (par. 96)

.

Vz Tide-producing potential involving cube of moon's parallax (par. 94)

.

F4 Tide-producing potential involving 4th power of moon's parallax (par. 94.)

X Longitude of observer reckoned in celestial equator from lunar inter-

section.

V Latitude of observer. When combined with a subscript consisting of a
letter and numerals, it represents the latitude factor to be used with
the tidal force component similarly marked (par. 79)

.

z Geocentric zenith distance of tide-producing body.

a (Alpha) General symbol for the initial phase of tidal constituent A.

(8 (Beta) Initial phase of constituent B.

y (Gamma) Initial phase of constituent C.

8 (Delta) Initial phase of constituent D.

e (Epsilon) Initial phase of constituent E.

f (Zeta) The explement of the initial phase of a constituent (par. 221).

di (Theta) Tidal constituent, same as XOi.

K (Kappa) Local phase lag or epoch of tidal constituent (par. 144).

k' Modified epoch of tidal constituent (par. 225).

X2 (Lambda) Tidal constituent.

ju (Mn) Attraction of gravitation between unit masses at unit distance.

;U2 Tidal constituent, same as 2MS2.

V (Nu) Right ascension of lunar intersection (par. 24).

v' Term in argument of lunisolar constituent Kj (par. 133).

2v" Term in argument of lunisolar constituent K2 (par. 135).

V2 Tidal constituent.

^ (Xi) Longitude in moon's orbit of lunar intersection (par. 24)

.

TT (Pi) An angle of 3.14159 radians or 180°.

TTi Tidal constituent, same as TKi.

pi (Rho) Tidal constituent, same as j/Ki.

0-1 (Sigma) Tidal constituent, same as vJi.

T (Tau) Length of series in mean solar hours (par. 248).

ipi (Phi) Tidal constituent, same as KPj.

XI (Cht) Tidal constituent, same as LPi.

vi'i (Psi) Tidal constituent, same as RPi.

CO (Omega) Obliquity; of ecliptic.

T Vernal equinox.

Q, Moon's ascending node.
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