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with the ases of external s ace. Similarl~, little prog- 

time of Laplace of the total mass of the atmosphere. 
If the earth did not rotate and if the distribution of the 
atmosphere were adiabatic, it8 height would be limited 
to about 17 miles and the total mass would be a little 
more than one-millionth part of the entire mass of the 
earth. But the earth rotates and while the distribution 
near the surface of the oceans is approximately adiabatic 
it is probable that this law does not hold a t  any great 
height. Hence, if we suppose the mass distribution to 
be such as conceived b Laplace, the total mass must be 

then, are two capital roblems available for research by 

concerning the constitution of gases. 
Recent researches, and es ecially those of Bjerknes in 

tional treatment of the Tnet ic  properties of the atmos- 

ma has % een made towar B a determination since the 

much larger than the s ower limit just assigned. Here, 

aid of the more recent Y y acquired resources of knowledge 

his Dynamic Meteorolo , K ave gone far toward a ra- 

phere, and we may confident1 entertain the hope that 
rapid progkess will be practica l le in the near future. 

NOTE ON A MIRAGE AT SEA. 
, [Dated July 3,lQlQ.l 

Shi 's position [v. S. S. Rndnor] 40" 26' N., longitude 
64" If., apparent time of ship, 4 p. m. Light easterly 
winds, smooth sea, barometer 29.94 inches; my ersonal 
barometer, 30.00 inches; air, wet bulb, 59"; air, (% bulb, 
63"; temperature of sea at  surface, 53"; overcast with 
cuniulus clouds. Strong mirages noted all around. 
Four other ships were in sight at  bhe time. These vessels 
appeared a t  times to be steaming along at  the top of a 
hugh wall of ice; at  other times the bodies of the ship 
seemed to rise out of the water a t  least twice thew 
height. Horizon had all the appearance of a long, 
rugwed coast line.-M. S. Harloe, Lieut. Cmmnder, 
U. 3. N .  R. F. 

THE SUN'S INFLUENCE ON THE DIURNAL VARIATION OF THE ATMOSPHERIC POTENTIAL-GRADIENT.' 
By w. P. G .  SWANN. 

Professor uf Physire, Vniversity of JIiniiesota. 
[Dated Minneapolis, Minu., July 10,1919.1 

SmoPsIs.-The paper presents a view as to a p s d l l e  ongin of pnrt of 
the diurnsl variation of the atmospheric otential-mient. 

\-ariaus phenomena in cosmical physics fend support to the view that 
the lipper atmosphere is so highly conducting aa compared with the 
air near the earth's mrface that. for elertroatatir cr~nsideratioi~s. it may 
be looked 11 on as perfectly conducting. Thus, for example. we mav 
look u on a i  points on a sphere in the upper atmnsphere, runrentrh 
with t l e  earth. a- being at the same potential. 

If the conductivity of the atmos here depended only lipon the 
altitude, and were independent of t i e  poaition on the earth's eurface 
with reapect to the sun, the suriares 01 equal conductivity w d d  he 
spheres conrentric with the earth, and the conduckion current-den&y 
and yotential-gradient would he independent of the pxitinn on the 
earth s surface. If the sun emits an ioniziw radiation. however, we 
may expect, the surfaces of equal conductiv&v to be dented inward 
toward the earth when the sun is at the zenith.' Thus. the total resist- 
ance of a column of air of unit cross section, extending from the earth'q 
surface to a given altitude in the upper atmosphere. nmuld he lea& 
when the sun was a t  the zenith. It would remilt that the atinnppheric 
conduction current-densitv would be greatest when the Piin was at tlic 
zenith: and, if the conductkty of the air at the surface nC the rrtrtli were 
the same a t  all places. we should lave a higher potential-arxdient nn 
the sunlit portinns of the earth than on those remalte froni t h ~  Run. 

The idem contained in the alinve outline are illustrated in the second 
portion of the paper by an example whirl1 i s  worked out niathemnt- 
ically. The beanng of these conaderativns upon the effect of an eclipse 
on the potentialyadient is alm discoseed. 

Various phenomena in cosmical physics lend sup ort 
to the view that the upper atmosphere is hi hly con dp uct- 
ing as compared with the air near the eart fl . Thus, for 
example, Schuster has developed a theory of the diurnal 
variations of terrestrial magnetism which invokes, 
among its requiremenfs, a conductivity about 3 x 1 0 "  
timea as great as that at  the earth's surface. Such a 
value appears b no means unreasonable when viewed in 
the light of our % eliefs as to the processes a t  work in the 
u & atmosphere. The sun's ultra-violet light alone, 

order of magnitude required by Schuster's theory is 
able, as the writer has shown,l to account for a magnitude 
one thousandth of this amount, i. e., a conductivity so 
high that a column of air extending one-fourth of the 
way around the earth in the up er atmosphere would 
offer DO more resistance than wou P d a column of surface 
air of equal cross section, but only 3 cms. long. 

a Pi t ough insufEcient to account for a conductivity of the 

1 Read before the May meetln of the Mathematical Association of America. * Tm. ling., v. 21, pp. 1-8, d 6 .  

If the upper atmosphere has a conductivity approxi- 
mating even to that which the ultra-violet light is capable 
of accounting for in the sunlit regions, it may, for most 
electrostatic purposes, be considered as a perfect con- 
ductor. 

If two concentric s heres be maintained a t  a difference 

oints of the sur- 
the distance 

of otentinl, the fie1 B at the surface of the inner sphere 
wil Y , from symmetry, be the same a t  
face. If a dent be made in the outer 

potential- radieiit should be higher in the former case 
than in t !i e latter. Here, then, would be an influence 
playin a part in the determination of the diurnal varia- 
tion o the potential- adient, and of such a type as to 
predict a masimum o the potential-gradient by day and 
a minimum by night. 

On a view of this kind the air-earth conduction current- 
density a t  the earth's surface should go through XL diurnal 
variation of the same kind as the potential- radient, 
unless the surface conductivity also varies thro %out the 

general rule, the conductivity at the earth's surface varies 
in the opposite sense to the potential-gradient, and in 
such a way as to maintain the product of the two (the 
air-earth currentrdensity) more nearly independent ,of the 
time of day than either of its constituent factors. The 
general nature of the henomena is.such .as to suggest 

fl. f 

day. Actual observations bring out the fact 5 t at, a? a , 

that the quantity fun a anientally determined is the air- 
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earth current-density and that the diurnal variation of 
the potentid-gradient is the direct outcome df the auto- 
matm adjustment of the electric field of the atmosphere 
to maintain constancy in the air-earth currentrclensity 
while the conductivity suffers a diurnal variation. How- 
ever, i t  is by no means universally true that the con- 
duc tion currenbdensi ty remains even approsima tely 
constant. Thus, for esample, if we take the observations 
for potential-gradient and ionic-content obtained over the 
ocean on the fourth cruise of the yacht Cnmegie,’ 
Messrs. H. F. Johnston, B. Jones, I. A. Luke, and S. 
Mauchly, using the apparatus designed by the writer, and 
if we assume the air-earth current-density to be propor- 
tional to the product of the ionic-content and otential- 

maximum a t  9 a. m. and a smaller maximum a t  midnight. 

v 
gradient, we obtain a curve such as figure 1, s F, owing a 

1 Publlcatim No. 176 (Vol. 111) of the Carnegle Institution of Washington. p. 417. 

such a distribution as shall correspond to the ass’ ned 
distribution of potential-Gradient over the earth’s su 2 ace. 

If u is the conductivity, the equation of continuity 
takes the form: 

A limited class of solutions, but one which will fit our 
urpose, is one in which the current density is derivable 

from a potential +, so that 
a+ bV _-  a+ b v  

ar = 

Under these conditions, equation (1) becomes : 

which is La Place’s equation. 
Equations (3) lead immediately to: 

d + = d V  (4) 
Moreover, since + and V are perfect differentials, equa- 
tions (2) lead to 

Solving these equations by La Grange’s method, the 

(6) 

subsidiary equations become 
ar -ae . av -=--- (e?) (g)-o 

The solution of the first of these two is (u-const.) ‘0, 
and the second equation requires that z = const. Hence, 
the solution of (5) is IT=$ (a), where $ is an arbitrary 
function. 

Hence. from (4), + is a function of u. Thus both u and 
I’ are functions of +. 

pression for 1.’ will be given by: 

Thus, if + be chosen as a solution of La Place’s e uation, 
and u be taken as a function of +, the correspon 1 ing ax- 

(7 1 

The restriction that the currents shall be derivable from 
a >otent.id + thus limits us to problems where u is constant 

tion of +, which is itself a solution of La Place’s equation. 
Let us now suppose that V=O when r=a,  i. e., += 

const. when r = a ,  since 1,’ is a function of +. This will 
automatically necessitate the condition u =constant 
(say uo) when r=cz, since u is a function of +. Let us 

av 1 
aiJ=i  

\v I ien I7 is constant, and where u is expressible as a func- 

further suppose that, when s=a,  (&?is some assigned 

function of 0 which we shall iniagine expanded in a beries 
of Legendre coefficients in the form : 

where p = cos@. 
From (3) we have, 
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But, since $ is a solution of La Place's equation, i t  
must be of the form: 

Hence, from (9) and (IO), 

mu- b + l ) h  =- UoAn an-1 (11) 

Again, since $ = const. when T = a, we have : 

(11) and (12) serve to determine a, and b, in terms of 
A,, and we finally have 

If u be taken as any function of $, and be determined 
from (7), these values of u and T'will be consistent with 
the distribution of potential-gradient given by (S). 
As an example, let us suppose that, when T = a, 

where a is a constant. 
This is of the form (S), where Xo( l+a)=Ao,  and 
.Xoa=Al,  so that 

Now choose u of the form: 

where B is a constant. 
This value of u is a function of $, and reduces to uo when 
T = U .  From (2) and (16) we'have: 

If, for example, a=O.25, we see from (14) that the 
value of u given by (16) corresponds to a condition where 
the value of the potential-gradient with the sun a t  the 
zenith is 1.5 times the value with the sun a t  the antipodes. 

Further, if, with this value of a, we choose B so that the 
conductivit a t  an altitude of 10 kilometers, with the sun 
a t  the zeniti, is 30 times the corres onding value at  the 

that the potential-gradient at this altitude would attain 
only about one thirtieth of its value a t  the earth's surface, 
as experiment shows to be the case. This latter con- 
clusion, which is only a bi-product of the present prob- 
lem, would of course have followed on much more ele- 
men t 

earth's surface,' we find B = 1S17. 8f course, (17) shows 

considerations than those here presented. 
Ybriting. 

we see that 

so that z increases for all values of P for e<?, and even 
for e=s ,  z increases with T for values of rla less than that. 
given by 

2 

For a=0.35 as cited above, the value of Plusgreater than 
unity which satisfies this equation is ap roximately 3.82, 

8, which was chosen above so as to make the concluckivity 
a t  an altitude of 10 km. thirty times that a t  the surface, 
we should have, for the minimum value of u a t  r=3.82a, 

giving z=O.99 approsimately. With t P le value 1817 for 

u = uo x 10'81 

so that espression (16! indicates a practically per- 
fect c0nductivit.y a t  T = ~ . s ~ u . .  Further, t,he espression 
indicates a more rapid increase of conductivity with 
altitude when e =  zero than for any other value of e, and 
is thus of a type to re resent qualitatively the influence 

taken as indicating the intensity of the sun's e ect. 
Almnce of any effect due to the sun would be symbolized 
by a zero value for a, in which case (16) would indicate 
equal mtes d inorease of u and equal rates of decrease 
of - for all values of e. Moreover, (14) wrould, for this 

aT 
case, indicate constancy of the potential-gradient over 
the earth's surface. 

It ma he observed that the form which we have 
chosen 9 or u in this illustrative example, leads to a 
diminution with altitude when P is sufficiently great and 
cose is negative. This fact is not fundamental to our 

roblem, however; for if, in place of (16) for u, any other 
Function be chosen which is sensibly the same as (16) 
for 1.<3.~%, then, for a given total charge on the earth's 

I of a radiation from t i e  P sun. The constant a ma be 

av 

surface, the distribution of in the region r<3.S2a 

will be sensibly equal to (17), as may be seen from the 
following argument,, which is very similar to the usual 

roof of the uniqueness theorem for solutions of La 
$lace's equation, and the equation of continuity. 

1 The results of A Wigand (Ten Mag. v 19, pp 93-101 1911 indicate a value 
S'lxlO--'E.s.~. for*( at g,om meters. kirs at t i  eartiJs surlw, values r a g -  
ing all the wag from 0.4 to 3.0 E. 8. 0. are quoted. 
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Suppose there be two solutions V and V,. Then, from 
Green's theorem, 

The left-hand side is zero on account of the equation of 
continuity. The surface integral is taken over the sur- 
face composed of T = Q  and ?8=3.S2a,. Over Y = U ,  1. ant1 
17, are both constants. Over r=3.S2a,  r' and T', are 
sensibly constant, in view of the enormous conductivity 
there. Hence, over each surface, the integral is pro- 
portional to the corresponding value of 

This integral is zero: For, over t '=a,  u is'constant, ancl 
the integral is proportional to tlie difference between the 
total charges on the earth's surface for the two solutions, 
which difference is zero by the conditions of the problem. 
The integral (19) over the surface Y = U  represents the 
difference of the total currents from the earth for the 
two solutions, so that this difference is zero; and, as a 
result, the difference bet,ween the total currents through 
r=3.$3n, for the two solutions, must be zero. It follows 
from this last conclusion that the value of (19) over 
r=3.S2a is zero. Hence, the total surface integral in 
(18) is zero. 

We thus conclude that the remaining triple integral 
in (18) is zero, and this necessitates that V- V, shall be, 
at most, a constant, since the triple integral is a sun1 of 
squares. Again, the coilsta.nt inust be zero, since V= VI 
over T=U. Hence, within r=3.8%, the two solutions 
V and V, are sensibl the same. 

above demonstration exists in the fact that t he  highly 
conducting la er acts as an electric shield, which - 
a constant potential within. This, aga.in, is of importance 
in showing us that the distribution of potential-gradient 
over the sphere r = a has really resulted from the variable 
conductivl ty distribution assumed below the sphere 
r=3.82a, and is not a mere result of the conductivity 
distribution, and its concomitant charge distribution 
which our function (16) happens to predict for the es- 
trenie outer regions of the atmosphere (r> 3.8%). 

An interesting field of extension of the principles out- 
lined in this article is to be found in the solar ec.lipse. 
We should expect that the sudden removal of the sun's 
rays from any art of the,u per atmos here would htlve 

corresponding point on the earth's surfnce. This is in 
line m t h  such esperiments as have been made on the 
variation of the potential- radiellt during the eclipse. 

beginning of this article, we may liken the removal of 
the sun's rays to the production of a dent on the inside 
of the outer conducting sphere figuring in the illustration. 

From the physica r standpoint the significance of the 

vents externa T agencies froni doing more, than pro gre uce 

the effec.t of c I; ecreasing t K e potent,iaP-grailient at tlie 

Reverting to the crude il f ustration occurring a t  the 

RADIO DIRECTION CHANGES AND VARIATIONS OF 
AUDIBILITY. 

[Presented at the 

By CARL IiINSLEY and ALBERT SOBET. 
September meeth of the Institute of R e o  Engineers, New 

N. Y., and pubqished in their proceedings.] 
York, 

BYwmm.-The war afiorded very p o d  opportunit for experiment- 
ing with devices for discovering the aource of wireLss waves. Thls 
paper rliwussea experiments macle with the radiogoniometer and with 
the audibility meter with a view to determining a possible relation 
between direction of source ancl audibility. 

It is at onre evident that variations of audibility and direction are 
in a large measure clue to the changes in the uniformity of the trans- 
mitt.ing medium.. Thir is discuwd to determine whether or not the 
observed discontinuities are explainable upon this basis. It is sug- 
gested t,hzt much is dependent upon the ionization of the atmosphere 
by sunlight and the consequent absorption of electrical e n e w  which 
would account for the greater radius of transmission at mght; the 
existence of the reflecting Heaviside layer, nt an altitude of about 80 
km.; and the nighttime irregular characPer of the ionization at the 
base of the stratosphere. at about 10 km., forming variable reflecting 
mrfaces for nraveB.--L'. L. Y. 

INTRODUCTION. 

The developnient of methods for tlie determination of 
the point from which radio signals originate was actively 
carried on during 1918. The radiogoniometer measure- 
ments layetl an inc.reasiiigly im ortant r61e during the 

radio compass might be called on to .an extraordinary 
extent to assist in the projec.ted operations of the spnng 
of 1919, when an extensive use of aircraft would make 
necessary an exact method of navigation for cloudy 
weather both by day and night. 

There had been no opportunity, however, for an 
esnmination of the degree to which reliance-could be 
placed upon that method of determirung directions when 
the origin of the radio signals was known. Durin the 

carry on an estended series of measurements under tlie 
peculinrly favorable circumstances of widely separated 
stations operated by well-trained observers. 

fall of P mt year. It seemed pro % able that the so-called 

winter and spring of 1919 we were fortunately ab 5 e to 

DISCUSSION OF PROBLEM. ' 

It has been found that radio messages can be read at 
much greater distances than the previously. existing the- 
ories of the transmission of electromagnetic. waves had 
indicated as possible. As soon as an ap reciable arc of 

that the radio waves must bend around the earth. 
MncDonald was one of the first to show that the waves 
might be refracted sufficiently. This theory criticised, 
corrected, and finally approved, has been discussed by 
Rayleigh nnd Poincart5,2 also by PoincarrB in a series of 
articles, and by Love.' Other equations were develo ed 
by Nicholson in a series of papers,S and by R y h e y L . .  
Sommerfeldt had introduced a correction term y con- 
sidering a surface wave a t  the discontinuity in the spe- 
c.ific inductive capacity which occurs a t  the earth's sur- 
face. 

All of the comparatively sim le t,heories differed ma- 

differed widely. In  one particulnr, however, they agreed, 

the earrth's siirface had been spanned it R ecarne evident 

terially in the assumptions ma l! e so that the constants 

1 Proc. Royal Soc.. vol. 71, 251. 1Bw. Prw. RoyalSoc., v01.c. 72,p. 59,1904. Trans. 

:Fro,. or., ;i 4: A, im. 
a La LumiBre L t r l q i e  vol. 42 I-. 
4 Trans Royal Soc vol 515 A, d. 105 and 125.1915. 
8 PNI kag vol li' 1910. 
6 Ann: der iJhysik kol. 41 1913. 
7 Ann. der Physik: vol. 28: 1909. 
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