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SYNOPSIS.

The action of gravity upon bodies moving over a rotating globe is
expressed in two wholly independent inertia reactions. One of
these has long been known and dignified by a specific title, the law.of
equal areas. Ite action in the dynamics of the atmosphere has been
fully discussed, even exploited, by practically all writers on the
subject. The other reaction has also long been known, but strangely
enough has never heen christened. Nameless and neglected, the
important part it plays in controlling the motions of the air has heen
overlooked and misunderstood, or even ascribed to friction and other
actions, with the result that serious fallacies have heen introduced in
many textbooks and writings both by the popular authors and even
the mathematicians. .

The present p?er aims to clear away these mistakes and proposes
that ﬂlle lzeglecte principle be dignified by the name of #he law of the
geoidal slope. .

The two actions are inseparable, simultaneous in their operation,
not directly antagonistic, but coordinate and complementary. Their
action on a body In frictionless motion on a rotating globe is analyzed
and made clear. '

The general motions of the atmosphere are briefly discussed as
steady motions under forces balanced against resistances, and the
principal equations of motion are given for cyclonic, anticyclonic,
and parallel systems of isobars; including a table of gradient winds for
different latitudes and conditions.

Numerous quotations from both popular and mathematical writers
are sibmitted, accompanied by notes clearly showing the errors herein
claimed to exist.

The crucial question at issue is submitted to be: What is the nature
of the frictionless circulation of the air of a polar hemisphere assumed
to be warm at the equator and cold at the poles? A rational answer to
this question is offered in which the irreconcilable differences between
the frictionless polar cyclone of the mathematicians and a rational
polar cyclone derived from the equations of the gradient winds are
clearly exhibited. :

The basic conditions which underlie the general circulation of the
atmosphere are stated in 12 fundamental principles.

HISTORICAL.

Many standard textbooks on Meteorology when treat-
ing of the motions of the atmosphere ca%ly attention to
the superhurricane winds which™ are called for by the
operation of the law of equal areas and claim these in-
conceivable velocities are prevented in nature by at-
mospheric friction, convection, turbulence, etc.

It appears W. M. Davis was the first to call attention
to the fallacy involved in such representations (Ele-
mentary Meteorology, p. 103), which he explained by
stating that the deflective influence of the earth's rota-
tion changes the direction only of 4 freely moving body
and can’ produce no effect on the velocity. He adds,
““If. & body were given a velocity of 25 miles an hour to
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are insufficient, because the operation of the law of equal
areas is one thing, while the action of the deflective in-
fluence of the earth’s rotation on bodies in free frictionless
motion is an entirely separate and different thing. These
two influences are just as separate and different in their
characteristies and actions, to use an imperfect analogy,

. a8 water is different from one of its constituents, oxygen

or hydrogen.

In the present state of this subject no valid represen-
tations appear to have yet heen made to show just why
it is the actual motions of the atmosphere are gentle and
beneficent whereas the theory of equal areas, which can
not he questioned, calls for winds of superhurricane force
and ineonceivable velocities.

Mr. H. W. Clough, in an article in this ReviEw (Aug.,
1920, 48: 463), enlarges upon Davis’s explanation of this
friction fallacy, and explains it by resort to the deflective
influence of the earth's rotation. These efforts, however,
do not constitute a sufficient explanation of the fallacy
or serve to account for the errors in the mathematical
writings of Ferrel, Bigelow, and others.

Any careful reader of either Davis’s or Clough’s re-
marks on the subject must wonder what discrimination
should be made between the law of equal areas and the
deflective influence of the earth’s rotation, or he must
infer that both Davis and Clough regarded these two
concepts as more or less identical. In fact, the whole
fallacy has arisen and spread chiefly because writers of
high authority have failed to adequately recognize the
distinction and the relation.

With full acknowledgment to the authors mentioned,
the writer believes the present paper sets forth and offers
the first correct explanation of serious fundamental errors
which have appeared in nearly all meteorological writings,
both popular and mathematical, during the past 60 years.

In order to present our subject matter in a direct and
logical manner, it will be necessary to review in the
briefest possible way what is already well known, but
not always consistently applied relative to—(1) the law
of the constancy of momentum, (2) the properties of a
gioidal surface, (3) the deflective influence of the earth’s
rotation, its effects on bodies in frictionless motion and
its relations to (1) and (2).

Readers who are already familiar with the fundamental
principles of dynamics governing the motions of the
atmosphere may pass over Sections I to V, inclusive, and
read at once the criticisms in Section VI. :
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I. Tee Law oF THE CoNsTANCY OF MOMENTUM.

This basic law of matter is of universal application and
its demands must of course be satisfied .in all cases.
Nevertheless, great care must be observed as to how the
law is applied to the motions of the atmosphere and of
bodies moving freely over any rotating globe.

The law simply states the fact of nature that unless
acted upon by extraneous forces the momenfum of a
given mass in motion remains constant. If an extraneous
central force -causes the body to move about a point or
axis then the moment of momentum remains constant.

Applied to motions on the earth’s surface or any
rotating globe the equation, stating this law, may be

written:
Er=E,r, or E cos ¢= E,cos %:oo%tant

(1)
in which r and », are the respective distances of the bod
from the axis of rotation on a globe with mean radius E.
E, then becomes the component of velocity in longitude
(eastward or westward) of a body on reaching the lati-
tude ¢, after leaving the latitude ¢ where its motion in
longitude was E.
quation (1) suggests the origin of the name ‘‘the law

of equal areas,”’” because for elemental -motions the
products like Er in any case of motion around a point is
twice the area swept over in a small unit of time by the
vector r, and in the case of rotation about an axis the
product E cos ¢ for elementary motions represents, for
unit radius, twice the area swept over by the vector from
the moving body to the axis of rotation when said area is
projected on the plane of the equator. By equation (1)
these areas are equal, each to each, whence the name.

R will be noticed equation (1) is wholly independent of
the velocity by which the change of latitude occurs. A given
change of latitude may occur in a minute or a year and
cause exactly the same change in the eastward (or west-
ward) velocity of the body if no other forces are in action.

The rotative velocity of a particle at the earth’s surface
in miles per hour at any latitude ¢ is

E=1038.7cos ¢ (2)

The table below gives values computed from equations
(1) and (2) for a body assumed to move without friction
exactly poleward from rest at the equator.

Tasre 1.—Velocities on the rotating earth satisfying the law of equal
areas.

{Velocities in miles per hour.)
Fastward | Ferrell
Tastward | Batmacd | “oeosiy | (4 ast
velocity. |ofbodyen| OLbedy | ward,
Latitude, e | arrival over — west-
- E. . ground. ward).
2 3 4 &

o -

0 00 1,089 1,039 0 — 348
10 00 1,023 1,056 — 820
20 00 978 1,105 - 129 - 29
30 00 900 1,199 209 - 100
35 16 848 1,116 877 0
40 00 1,356 560 + 108
50 00 868 1,616 948 + 410
60 00 519 2,077 1,558 + 65
70 00 355 3,037 2,682 +1,669
80 00 180 5,981 5,801 +3,807
90 00 0 -] © + o

1 Velocities satislyi

Farrel’s equation for frictionless circumpolar &yolone with
maximum pressure at Iatitude 35° 16", tati
mathematicans.

See discussion in later section on citations from
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Many textbooks represent that the impossible veloci-
ties in column 4 WO'lllI()l occur in nature if it were not for
friction and various internal wastes of kinetic energy.
These teachings are erroneous, because bodies can not
be moved over the earth’s surface subject only to the
law of equal areas. The computations above are appli-
cable to a boddy on the earth only on the assumption tﬁat .
the downward pull of gravity as it acts on t;:e moving
body is exactly perpendicular to the smooth geoid. This
;:.1111 not be the case, and herein lies the very root of the
acy. -

ThZ popular writers especially 'seem to have exploited
the operation of the law of equal areas and emphasized
the superhurricane velocities changes of- la.titutf; would
require if not restrained by friction. Im such teachings
the operation of what we now call the law of the geoidal
slope has not been adequately recognized. This is the
more surprising because 1t is also clearly set out in many,
sometimes even in the same textbooks and writings, that
bodies in frictionless motion over a rotating globe follow
a curved path without change of velocity. Davis says:
‘“ A body once set in motion under these conditions would
continue movin§ forever, always changing its direction
but never its velocity.” 2

All the facts of the matter were made clear by Ferrel
in 1858, but they have not been consistently applied in
many cases, even by Ferrel himself, and therefore
emphasis must be placed upon the neglected details, the
principle of the geoidal slope.

II. Tee Law oF THE GEOIDAL SLOPE.

It has long been taught and recognized that the figure
of the earth is not truly spherical, but that because ofg:he
revolution about its axis the form is geoidal, which by
definition is 6 Surface of which at each point is
perpendicular to the plumb line at that place. This
condition would be fully satisfied if the ‘earth’s surface
were entirely of water or other liquid.

General statement of the law.—The properties of a geoidal
surface, assumed to rotate from the west to the east,
maz be comprehended in a single statement as follows:

geoidal surface is a neutral or horizontal surface only
for bodies at rest upon it. That is, gravity is powerless to
set up any lateral motions among such bodies. "The surface
slopes toward the equator for every body having a relative
motion eastward and toward the pole for every body with a
motion westward. A component of the force of gravity pulls
the moving bodies down the slopes.

This principle follows ! éllizgctl bfronxl&ss the a,cti];)n of
gravity on a rotating yielding globe. uming  homgy
geneity, the figure of equilibrium will be spherical if the
globe 1s at rest. If rotating about an axis through the
center of mass the centrifugal reaction gives rise to a
component of gravity which acts tangent to the surface
and toward the equator. This force causes flattening at
the poles and bulging toward the equator. The amounts
will be nicely adjusted to the speed of rotation, and for
equilibrium the resultant downward pull of gravity,
represented in direction by the plumb line, will be just
perpendicular to the surface at each place.

Assuming that the globe revolves from the west to the
east, then any body which moves eastward over the
surface will actually mbve more rapidly around the axis
of paricés moviog trely o £ sotafing Ssihos of Lo urihy et Eagin rtuiation

lish
by Abbe and Russel, Smith. Mise. Coll,, vol. 51, No. 4. Whlpple:gfhe motion of &
particle on a smooth rotating globe, Phil, Mag., vol. 33, 6th series, 1917, p, 457.
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than the geoid itself, and for this body the equator is not
bulged out enough—that is, the geoid slopes downward
toward the equator. Just the reverse is true if the body
moves to the westward, because it is then revolving mors
slowly than the geoid about the axis, and the equator is
then bulged too much.

It is highly important in the study of the general circu-
lation of the atmosphere that the student form a clear
mental picture of the real terrestrial conditions brought
about by the operations of this geoidal law.

.For all the winds of the globe moving eastwardly, the
surface of the earth is like a trough with its axis or
bottom line coinciding with the equator and its lateral
slopes rising higher and more steeply with latitude and
the eastward velocity. A component of the force of

_____ Surface
N —
\ﬁlffxe“-
N
7
G, 4
c R
o =g, Sin i= g Sin i nearty *
% = 2wl Sin ¢
%

F1a. 1.—Action of gravity on matter on a rotating globe. For gIlobe at rest, surface is
spherical gnd plumb line extended passes throt:fh center. In rotation, surface is
geoidal, plumb line Pg passes beside center, and force is smaller. If body moves
eastward, plumb line inclined farther from center Pg, and component a, pulls body
down geoidal slope. .

Gymge Sin {==g Sin i nearly=2w V.sing

{~avity continually drives such winds down the slope
oward the equator.

On the other hand, the equator is like a ridge or a
geoidal divide for all winds moving to the westward.
The hemispheres in this casé are bowl-like forms to
. westwardly moving masses of air which are therefore

‘urged poleward by a component of gravity acting down
the slopes.

Students who are even fairly acquainted with meteroro-
logical literature, will recognize that there is little if
anything essentially new in the fundamental principles
involved in the foregoing statements.® These truths have
long been known but the novelty of the present effort is
the emphasis laid upon, the fact that the surface of the
earth in general is an up-hill surface in one sense to every

3 Ferrel: Professional Papers, 8ign. Serv. No. 8, p. 48, sec. 100; Popular Treatise on
‘Winds, p. 110, sec. 76. Davis: Elementary Meteorology, footnote, p. 115.
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moving body upon it, except when the motion is exactl
along a meridian or the equator. There is in action at aﬁ
times on such bodies, therefore, a component of gravity
drawing them toward the equator or the poles according
to the latitude and the relative velocity in longitude.
The relation of this matter to the operation of I::ile law
of equal areas as applied to the motions of the atmos-
phere in latitude, has long been seriously neglected or
overlooked.

It is the pull of gravity down the geoidal slopes, not
friction, which prevents the superhurricane velocities
exploited in the textbooks.

ith the foregoing brief discussion of (1) the law of
equal areas and (2) the law of the geoidal slope, it will
be easy to understand the combination of their effects
into the well-known deflective influence of earth’srotation.

III. Tre DerLECTIVE INFLUENCE OF THE EARTH'S
RotaTiON.

It is very suggestive of the profound obscurity of this
subject to recognize that it has occupied the attention
of scientists for fully 200 years; nevertheless several of
the most recent writi contaln erroneous statements
concerning its application in both meteorology and
astronomy. :

Two rotation effects.—It must not be forgotten, more-
over, that more than 60 years ago Wm. Ferrel®* without
emphasizing in any way the parts played separately by
the two components was, however, the first fully to
ana.llyze and evaluate both influences ef rotation as two
wholly separate and independent inertia reactions. The
operation of these require () that changes in latitude
must be accompanied by accelerations in longitude to
satisfly the demands of the law of equal areas; and (b)
that changes in longitude must be accompanied by forces
in the meridians arising from a tangential comdponent
of gravity which it is now proposed to comprehend under
the name of the law of the geoidal slope.

Ferrel also showed that the resultant of these two
coordinate and simultaneous influences was entirely
passive in its character, because it always acted exactly
perpendicular to the line of motion of any body and
therefore could not change the velocity but always
changed the direction of motion. :

The value of the force on a mass of m grams at latitude

¢, moving in any direction at a velocity V centimeters
per second is: L.
=2wm Vsin ¢ ____ Earth’s deflective influence (3)

in which o= g%z=angular velocity per second of the

rotation of the earth on its axis.

Since the possible changes in latitude, ¢, are small
for ordinary values of the velocity, V, along the path
the term sin ¢ is practically constant for any one locality,
hence f is proportional to V. When this is the only de-
flecting force 1n oi)leratlon the radius of curvature of the
path is given by the equation:

r—_L
T 2wsin ¢

@)

and r is also constant for any one locality, and therefore
the path of the body (if not too close to the equator) will
be nearly a circle not quite closed on its western side.

1 For a full explanation, see MONTHELY WEATHER REVIEW, September, 1918, 43, 506.
s Ferrel Wml.): Professional Papers No. § , Signa iBService ‘Annual’ Report, Chief
Slgnal Oﬂlcer, 1885, pt. 2, A Popular Treatise on Winds, ch. 3,
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This path will be traversed at a uniform velocity and the
time of rotation is easily seen to be:
277 _ 0w

T=T_w sin ¢

which is wholly independent of the velocity of the body.

-

If T is measured in siderial hours w=§—z and T=sin py
Near the poles, where sin ¢ is sensiblﬂ unity, the body
completes the circuit of its orbit in the time of half a
rotation of the earth. In-fact, at any latitude the
angular change in the direction of motion of any freely
moving body is double the angular turning of the ground
by the earth’s rotation.

The parts played by the two components of the de-
flective influence are clearly brought out in the discussion
of figure 2.
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g=2w Vsin Asin ¢
g, =2w Vcos Asin g

Fia. 2.—Path of body in frictionless motion at moderate velocity in Northern
Hemisphere.

The case of frictionless motion.

At P the body will be moving at an angle A to the
west-east line. q‘he north component, V sin A, and the
east component, V cos A, will give rise respectively to
the accelerations eastward—

@,=2 w Vsin A sin ¢.___angular momentum effect
and southward, .
as=2w V cos A sin ¢_. __slope effect.

This southward acceleration a, (or northward as the
case may require) is the extraneous force which prevents
the free operation of the law of equal areas. Without the
slope effect, or acceleration u,, figure 2, any body set
moving northward in a frictionless manner would con-
tinue to move northward indefinitely. If started at the
equator it would acquire the enormous velocities east-
ward given in Table 1, column 4. With the acceleration
a, the northward velocity is continuously checked until

Ocroser, 1920

reduced to zero. Practically all writers on this subject
up to the present time have disregarded the important
part the acceleration @, plays in terrestrial motions and
that a, and @, are complementary and inseparable in
their action. Furthermore, the law of the conservation of
momentum is satisfied at every point of the motion but
without any change in the velocity of the body over the

-ground.

Resuming the explanation of figure 2 and tracing the
action of the accelerations a. and a, through the four
quadrants of motion, it is plain that the momentym
effect (the law of equal areas) has, at P given the body
the eastward velocity 17 cos A. At the same time the
slope effect has reduced the initial northward velocity
from V to Vsin A, and will presently completely destroy
all the northward velocity. This is not lost, however,
but has been transformec{r to eastward velocity by the
law of equal areas. In fact, the eastward or westward
velocity at every point y the orbit is exactly that appro-
priate to the latitude and the initial velocity. The law of
equal areas accomplishes this control. If it were not for
the slope effect the law of equal areas would produce in-
definitely greater and greater velocities with each suc-
cessive latitude reached.

When the body has reached its highest latitude north- -
ward it will be running due east on a southward sloping
hillside and therefore be subject to a downhill component
of gravity the amount of which is given by the equation:

gsine=a=20 ¥, sin ¢

whence the inclinaéiop of the geoidal slope can be ob-
tained from the equation:

20V, sin ¢ ¢p)
- g

in which V, Is the eastward or westward velocity as the
case may require. '

As soon as the body in the second quadrant runs
downhill (southward) under the slope effect the momen-
tum effect cuts down and presently completely destroys
all eastward velocity. The body has now returned to the
latitude from which it started, and the slope effect has
given it the maximum velocity southward.

In the third quadrant the momentum effect must give
accelerated westward velocities and the body finds itself
running uphill on a geoidal slope, only to come fo rest at
the highest point it can attain (the lowest latitude),
thence turning it runs down the slope in the fourth quad-
rant of its orbit, which returns to a point a little west-
ward of the starting point as indicated. This hiatus is
due to the variations in sin ¢ along the path and the
corresponding changes in curvature. .

From this analysis it is clearly seen that in general
every body moving freely and in the most frictionless
manner conceivable is nevertheless constantly controlled
by the two contending influences, the latitude effect and
t,ﬁ,e slope effect. The law of equal areas is perfectly
valid, and if acting alone and in so far as changes of
latitude are concerned, would create just such velocities
in longitude as have been ascribed to it. However, no"
such influence is free to act, or, more correctly, Nature
opposes and nullifies one accelerating cause by another,
tlge one the well-known law of equal areas; the other the
law of the geoidal slope. The two are inseparably asso-
ciated, simultaneous in their operation, not antagonistic
of each other, but coordinate and complementary.

Thus it is seen there is no need to invoke frictign and
other wastes of energy to explain away the incredible
velocities in longitude due to the operation of the law of

sin a=
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equal areas. These velocities are automatically con-
trolled by gravity itself acting directly upon the masses
ih motion as they run upon the geoidal slopes created by
the motions and instantly adjusted in steepness to the
requirements df the case by the momentary velocities in
longitude. :
us far we have considered only frictionless motions
at a uniform velocity due to an initial impulse. We must
next consider in the briefest pogsible manner the steady
motions of the air under constantly acting pressure
adients with or without friction. 'We need not consider
ow the gradients or the resistances are produced or
maintained, but the results attained will aid in readily
understanding the fallacies to be shown in the quota-
tions which will be given later.

MorioNs UNDER FORCES BALANCED

IV. SteADY
. AGAINST RESISTANCES.

Pressure gradients.—The immediate forces which pro-
duce the general motions of the atmosphere arise b
virtue of, and are measured by, pressure gradients. Suc
gradients in air and other fluids are gravity reactions and
1n the grand case of the whole atmosphere the permanent
gradients depend chiefly uﬁlon the great contrasts of tem-

erature which are %erpetu y maintained by the unequal

eating of the earth’s surface by the sun, which, in con-
junction with the continuous loss of heat by terrestrial
radiation, cause the perpetual warmth of the%‘ropics and
the extreme cold of the polar regions.

Resistances.—Convections of all kinds, turbulence, and
eddy motions probably constitute by far the greatest
resistances to atmospheric motions, but these are aug-
mented by surface frictions and the flow over and around
obstacles, and finally by the internal viscosity, which,
however, becomes vanishingly small in the upper atmos-
phere. In fact, it is difficult to conceive of any serious
resistance to motions in the higher strata, especially
where convection is small or absent as in the stratosphere.
Nevertheless, all these influences operate to retard or
destroy motions. The %reat gyratory system of flow of
cyclones, for example, all great and small motions of the
air would soon run down and stop if not continuously
maintained by an extraneous force or gradient. A part
of the dgra.dients which sustain motions is constantly ex-
pended in overcoming resistances and the final state of
steady motion ° is one in which the winds flow steadily
across the isobars at a small angle. While this action
resulting from resistance causes only a very small loss of ve-
locity, 1 or 2 per cent, perhaps, below a state of frictionless
flow, it will be accompanied by a very important and
relatively considerable deflection of the winds amounting
to 10° to 20° or more from the theoretical direction.

Motions near the Equator.—The deflective influence of
the earth’s rotation is zero at the Equator and very feeble
for distances of several degrees of latitude either side
thereof.” Within this wide equatorial belt motions of the
air are of the simplest possible character, elsewhere the
deflective influence is a more and more powerful disturb-
ing factor attaining its maximum value at the poles. For
present purposes it suffices to consider only horizontal
pressure gradients and motions such as might occur over

the oceans, because all winds are chiefly parallel to the .

ground, which is nearly horizontal in all but a few cases.

¢ The term ‘“steady motion’* with the same meaning as herein seems to have been
introduced by Oberbeck, Mech. Earth’s Atmos. Abbe, Smith. Misel, Coll. 843, p. 177.

7The tropical hurricanehasitsinfrequent and mysterious origin on the horders of thte
region hereconsidered. Thisphenoménon, however,isan entityinitself, but it plays no
part in the present considerations. The mathematical basis for the dreaded velocities
of its wind systems is, however, completely understood and expressed by equation (15)
for horizontal motions.
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Imagine a small portion of free air, a cubic centimeter
of air, for example (fig. 3) in a region where the pressure
is high at the left and low at the right, as suggested by
the isobars B, B, B,, etc. Each face of the cube 1s
subjected to a pressure over the whole surface which
may be represented by the several forces p,, P, . . . Ds.
In addition, the cube has mass and is pulled downward
by gravity, represented by the relatively small force
W=pg, in which p=the mass of the cubic centimeter of
air under the given conditions, and g is the acceleration
of gravity. Now, since the pressure is assumed tp
diminish steadily from left to right, p, will be greater
than p,, and the cube will be urged toward the riﬁht by a
force ép=p,—p,. Since we assume there is no change in
pressure in the direction parallel to the isobars, then
the two pressures p; and p, are equal and neutralize each
other so far as motion of the cube is concerned, and may
therefore be disregarded. Finally, p, must be greater
than p, by just enough to make

Pi=Dstpg (8

which is the equation of forces in the vertical. If , is
too great, the body will be pushed vertically upward, or

F1G. 3.—Forees resulting from atmospheric pressure gnd gravity upon a cube (1 e. e,) of
alr,weight 1#7, and causing motioninthedirection 4, to i: ( )-

as it is commonly but less correctly stated, ‘‘it will
ascend.” If p, is not great enough, the body of air is
said to be heavy, that is, it is insufficiently supported
by the pressure of the surrounding medium, and it de-

. scends or falls under gravity.

We here assume the forces in the vertical are in equi-
librium and may therefore be disregarded. Assuming
further that our cube of air is not acted upon by any
other forces than surface pressures, the excess force 8p
must move the cube down the gradient from a place of
higher to a place of lower pressure, as from A, to A,.

The force ép in this case is the pressure gradient and
may be found from the spacing of -the isobars by the
following: '

RuLe.—The pressure gradient at a given place
may be found from a weather map of the locality in
question by dwiding the difference in pressure be-
tween two isobars by their perpendicular distance
apart.

whence the equation:
6P=P1_Pz=Blng ' (9)
in which K is a constant depending upon the units in

which the isobars B and the distance between them, d,
are expressed. '
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It will be instructive to calculate the velocity which a
portion of air will acquire if free to move in a frictionless
manner and acted upon by no other force than the
pressure gradient §p.

Take a gradient of 4 millibars (4,000 dynes) per 100
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Motions controlled by (le{iecti've influence.—1t was shown
"in figure 3 that a unit volume of air acted upon only by
a pressure gradient 5P would move simply down the
radient as from A4, to 4,. (See also fig. 4.) We know,
lowever, that no sooner is air set in motion than it is

kilometers (0.1 inch per 53 miles). While compara- deflected to the right) or the left in the Southern Hemi-
] sphere) by the influence of the
o/ earth’s rotation. Instead, there-

&% foge. of movinf from a to a,, figure

N R 4, as one would be led to expect,

: the air will follow some such course
{” ' W as shown by the dotted line a to a.
Lo - We can not trace the beginnings of
atmosphe;-ii-.lmoti(})lns in any a((:itua.l

< - . case, or follow the intermediate

— _ s == - @ stepsuptotheattainmentof steady

uniform motion.? We can. how-
ever, cleaily define the condition of
steady motion such as shown in fig-

ure 4, which is intended to repre-

angle across the isobars.'®

— H
/ / - sent anextended system of straight
_— / / // and parallel isobars, B,, B,, etc.,
T /% — —— =" a" corresponding to high pressure to
|- = the lei't and %ow ressure to the
/ / - / © _— e right. Under such conditions the
- —_ l ~ —~—". . whole mass of air would flow in a
e T R\ = ——— ~ > steady stream along straight and
’//j_.};/' ol parallel lines, such as indicated by
_ L As the arrows, inclined at a slight

F16. 4.—Diagram showing equilibrium motion of winds in straight lines under some frictional resistance for a pressure

system represented by parallel straight-line isobars.

tively steep, nevertheless such a gradient is frequently
shown on weather maps. The mass of a cubic centi-
meter of air varies, but may be taken at p=.0012 grams.
From well-known equations of motion we have for
velocity at end of ¢ seconds

2,

v= (10)
or at the end of one hour
v=26.8 miles per hour. (in

Hence air starting from rest and moving under the
conditions assumed, gains velocity at the rate of 26.8
miles per hour. The distance traversed in the first
hour would be 13.4 miles.?

“Within the equatorial belt where the deflective in-
fluence is very small the motions of the air are almost
strictly in accord with equation (10) and figure 3. Fric-
tion slows down the motion somewhat, but in all cases the
air flows almost directly from the place of high to the
place of low pressure. Owing to the ahsence of any
causes adequate to produce and maintain marked con-
trasts, widespread uniformity of temperature and pres-
sure i8 the ruling characteristic of this belt, accompanied
by direct flow and easy intermixture of differing air
masses, so that calms and light winds only are found,
except in certain regions, as the Indian Ocean, where the
monsoons prevail.

The surface winds, at least of the equatorial helt, are
};robably not true steady motions
orces. This will be made more obvious In a later section
treating of gradient winds for the globe.

8 Gold has given a much more extended treatment of this in Proe. Roy. Soc., vol. 80,
'%a 425, 1908; also Mechanics Earth’s Atmosphere, Abbe, 8mith. Miscl. Coll., vol. 51,
0. 4. .

ainst bhalanced.

The equation of this steady mo-
tion is easilv deduced from the
diagram of forces at D), figure 4,
representing a unit volume of air.
The pressure gradient 8 P is shown resolved into two
components. .

ép sin 4, acts parallel to the direction of motion

and overcomes frictional resistance.
8p cos 4, acts normal to the motion and nullifies
the earth’s deflective influence.

That is,
op cos i=f=2wp Vsin g
y 8 cos .'i.
2w p sin . (12)

Equation €12) gives the velocity of the ‘‘steady wind"’
for t.]lle gradient 3p, the wind crosses the isobars at the
angle i. . If the friction diminishes, the parallel com-
ponent, &p sin i will acclerate the speed, but f will also.
then increase and will further deflect the line of motion
and diminish %, so that, clearly, when friction is wholly
ahsent the angle i becomes zero; that is, the flow is strictly
parallel to the isobars and we have the special equation
for frictionless motion in a straight line (a great circle).

dp=2wp Vsing

(13)

Equation (13) gives the velocity of the well-known
gradient wind for stiaight isobars.

Steady winds and m'ag'i.mt winds.—The system of winds
shown in figure 4 is intended to represent continuous

? Shaw, Sir Napier: Manual of Meteorology, Pt. IV, p. 3, and Barometer Manual for
use of Seamen. Metl. Off. 61, 1919, p. 8 et seq]. i

19 Strictly speaking, such a system of parallel isobars must be a system of great circles
having a common poie and therefore converging in both directions, but the amount of
this convergence, within even an extended region such as here considered, is insignifi-
cantha]nd 1o appreciable errar, therefore, is involved if we assume such isobars to be
parallel
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motion at a uniform velocity under a uniform pressure

adient and a constant state of friction. It is entirely
incidental that the isobars are straight instead of curved
lines. There are two points to be emphasized: (a) that
all the forces acting are completely balaneed; (b) that
one of these forces is friction, to overcome which the
component of the gradient §p sin i must act directly
along the path of the wind, which must be inclined across
the isobars at the angle 7. This example furnishes a
complete case of steady winds under balanced forces.
The active torce of the pressure gradient 8p is split up
into two components; one, §p cos¥:, balances the passive

V= r[wsiﬂﬁ—wwsz'nr)z- alcosi

rr
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* winds under balanced forces when all friction is excluded.

By this usage, all natural winds when forces are bal-
anced, are designated steady winds because friction is
always present and the winds then blow across the
isobars.  True gradient winds flow strictly parallel to the
eing zero, &
state never attainable in nature.
The steady winds of the globe.—The motions of figure

4 represent by far the greater portion of the permanent
steady winds of the globe, because, especially over the
ocean and away from the immediate proximity of cy-
cloni¢c and anticyclonic centers, the isobars are long

v =r[ V22T (s sin ) -w sin o]

LY

‘RELATIVE VELOCI'

=
o

- ~~=GRADIENT ~WINDS ™ IMAGINARY - = - = | -

.*-- ——

-.'ANTIC\I'CLONE-: ------ e - CYC'J‘:ONE— -J-

%

Fi:. 5.—Idealized diagram to show steady motions of winds within and between highs and lows. For clearness winds are shown crossing the isobars at the appreciable angle

due to friction. In the HIGH, Cindicates the isobar with critical curvature.

€” i3 an isobar of same curvature in the Low. The active force causing all

i
e motions {8 the

pressure gradient Ap. Frictionis overcome by the component of the gradient Apsmi. A force ‘i-: is required to give the requisite curvature to the path of the winds; 7 is the
deflective influence, which is balanced by the component of the ﬁm%ient, Ap cos i, All diagrams of forces are carefully to scale for a uniform gradient over the diagram.

The lower portion shows the zone of imaginary gradient-winds in the
gradient.

action of the deflective influence; the other, §p sin 4,
overcomes the frictivnal restraints. The resulting steady
winds blow across the isobars at an angle, 7, which in
the free air especially will be small.

A number of meteorologists are not careful enough
in the use of terms and call any winds under balanced
forces gradient winds. The writer strongly urges, in the
interests of clearness of language, that the term, gra-
dient wind be reserved and used only for theroretical

igh, and the relative velocities from the critical 1sobar of the high to the center of the lJow under uniform

sweepi’il‘ﬁ lines, the curvature of which is entirely second-
ary. These isobaric lines simply mark out the winding
lanes and highways in the atmosphere along which the
motions of tﬁe air must take place, never flowing quite
{mrallel to the isobars but always cutting across the
ines at some angle according to the amount of friction.

Such winds are perfectly free to flow either with or
without friction over wide ranges of latitude at veloci-
ties moderate or otherwise .depending quite entirely
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upon the gradient.
ressure, if motion is constrained, automatically satis-
es the requirements of both the latitude and the slope
effects, whatever the friction and the velocity.

Steady Winds with Curved Isobars.—Cyclones and

anticyclones are well-defined cases of wind systems fol- -

lowing strongly curved isobars and the fundamental
conditions of steady motions are illustrated in figure 5.
A “migH,” anticyclone, and a ‘“row,” cyclone, are
shown in juxtaposition and with closed isobars drawn
as circles only to simplify the presentation. No sugges-
tion is implied that this diagram represents Nature,
except that when, in any actual cases, the gradients,
curvature of the 1sobars, and friction are of the kind
shown at any particular point on the diagram; then
the velocities of steady motion will be of the nature indi-
cated. Moreover, this motion will be that with ref-
erence to the existing pressure system at the time and
place. 1t .is well known that Highs and Lows travel
at considerable velocities in definite directions. There-
fore, the actual motion of the winds over the ground will
be those compounded from (1) the motions appropriate
to the system of curved isobars and (2) the motions of the
system as a whole.

Any unit volume of air of mass p moving over a path
of radius of curvature r, must be acted upon by a cen-

pV?

tripetal force — acting radially inward !*. It is plain

from the diagrams of forces in figure 5 that.for winds
inclined to the isobars at an angle i, the equations of
motions become: :

For Lows:?
pV? _ ] .
-F=6p cos 1—2wp Vsin ¢ (14)
from which
V= {Jap s:s L (w sin ¢)?—w sin go] (15)
Similarly for HiGHS:
2
p—g—=2prsin ¢—dp cos 1 (16)
which gives
V=r wsin ¢—\/ (w sin @2—62%3] an
In all cases, :
Frictional resistance =4p sin ¢ (18)

For perfectly frictionless winds cos i=1 and equa-
tions (15) and (17) for strictly gradient winds become:

V=r[‘/ i—z—:‘+ (w sin ¢)? —w sin ¢:| ....cylonic (15a)

V=r wsineg— -\/ (w sin ¢)? ——%_’ ....anticyclonic (17a)
When r= both become: .
___op . .
=Zup 8in ¢ (13) straight isobars.
Figure 5 shows the directions of motions for the

Northern Hemisphere, the directions being reversed for
the Southern Hemisphere. '

11 The value of r when large should be taken with due reeard for the curvature of the
earth, but r can never be very accurately determined in practical cases and the consid-
eration of the earth’s curwature may generally be disreggrded.

1t Equation (15) may be written with the + signin the second member for clockwise
rotation in the cyclone. J. 8. Dines has called a;tention to this interesting possibility.
MoNTHLY WEATHER REVIEW, Feb., 1019, 47: 87,
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While equations (15) and (17) are basic and funda- -
mental as defining the general steady motions of the
atmosphere, yet duwversity of conditions, irregularity of
pressure .- distrabution, changes with time before a state of
equilibrium is_attained, errors in mapping supposed con-
dations, and other factors combine to ma5ce natu.rali winds in
particular cases dyffer widely and frequently from the theo-
retical deductions herein presented. It is worth while,
however, to develop somewhat fully certain important
results based upon assumed ideal conditions, because
these will aid greatly in reaching a full comprehension
of atmospheric circulation.

A few of the things equations (15) and (17) tell us as
to the possibilities of steady atmospheric motions
follow:

(1) When the flow is frictionless :=0 and the equa-
tions are then the equations forsgradient winds and the
flow is strictly parallel to the isobars.

(2) When r= o both equations reduce to (12) or (13)
for straight line isobars and motions, with or without
friction, as the case may be. '

(3) When ép and friction=0, the equations deter-
mine the frictionless motion of a body set in motion at
a velocity V. _

(4) From equation (15) for lows it appears that not-
withstanding diminution of air density as the pressure
falls there seems to be no limit to the steepness or inten-
sity to which thie pressure gradient in cyclonic motion
may attain® The velocity %E may become indefinitely
high as the radius of curvature r becomes smaller and
smaller, provided the gradient is sustained. This corre-
sponds to the enormous velocities of the winds found in
the funnels of tornadoes and near the centers of tropical
cyclones.

(5) In contrast with the conditions shown for Lows,
equation (17) for uigHs leads to very different results.
Gold * has pointed out that the value of V from (17) will

5p cos i

be imaginary for all values of P which are larger

than o®sin® . It is also obvious that when op cos v _

w® sin® ¢ the velocity V will have its maximum value
which can be shown to be

op cos i
°=wp sin ¢ {19)
The corresgonding radius of curvature of the wind path
(of the isobar, if 2=0) will be : .
dpcosi
°= puFsin? o (20)
-From these equations we learn that for every anticy-
clone the condition of the steady flow of winds nearly

parallel to the isobars can not be satisfied within the
central regions of the high because the radius of curva-
ture is too short and very high velocities are necessary.

Critical isobar.—The word critical has come to be ap-
plied to the limiting conditions in anticyclones under
which “gradient” or ‘“steady’’ winds become possible.
Thus wefa've “critical isobar,” “ curvature,” “velocity,”
and the like. .

The critical isobar of a HIGH is significant in atmospheric
motions in that, within the area inclosed by it, the winds
blow outwardly at a relatively high angle across the
inner isobars. Unless friction is too great, the speed of

13 Mechanics of the Earth’s Atmosphere, Abbe, C. Paper by Gold, E., Smith, Misl.
Coll., No. 4, p. 113, phere, ! per by S0 B
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outflow will be accelerated by the gradient and attain a
relatively high velocity. The flow then comes to be
more and more deflected by the earth’s influence until
it reaches the isobar of critical curvature, where it comes
into a state of steady motion at its maximum, or the
critical velocity.

Because of these conditions we find that beginning with
small gradients and gentle winds at the central portions
of highs we may 1001% for winds of the highest velocities
far away from the center and along the critical isobar,
whose diameter is generally considerable. Beyond the
isobar, especially in the direction of an adjacent low
pressure system, the curvature of the isobar and also the
speed of the wind diminishes as the isobars merge into
parallel straight lines. Passing onward from this region
toward the center of a Low the velocity decreases as the
curvature of the isobars increase, but generally in nature
the gradient in lows increases toward the center, and at
times becomes very steep with high gradient wind
velocities.

Comparing equations (12) and (19) we see the steady
‘wind along the isobar of critical curvature is exactly
twice as great as the steady wind for parallel straight
isobars, and for the dame pressure gradient and angle <.

While the steepest gradients and the highest winds
occur with cyclonic conditiohs, nevertheless gradient
winds of the anticyclone have much higher velocities
than those of the cyclone, when the pressure gradient
and curvature of isobars are the same in both cases. It
can easily be shown that regardless of the latitude the
velocity along an isobar of critical curvature of the anti-

cyclone is i =2.414 times the wind along an isobar

V2=
of the same curvature and same pressure gradient in a
cyclone.

In the foregoing the configuration of the anticyclonic
system has been regarded as closely circular in outline.
In nature, however, HiGHS repeatedly occur of gentle
gradients and enormous extent, not only laterally, but
especially extended longitudinally so as to constitute a
veritable ridge of high pressure, overspreading an ex-
tended region. Such are frequently found over ocean
areas. The isobaric lines of such a system lack curva-
ture and are practically parallel straight lines in the
direction along the axis of the miGH, and the outflow
therefrom, when the equilibrium stage has been attained,
conforms closely to the motion shown in figure 3. The
parallel straight lines are in fact the isobars of eritical
curvature for this condition and the critical speed in this
case, equation (12), as we have seen, will be only half as

eat as the maximum possible speed for the same gra-

ibnt in a AIGH with circular configuration; that is, with
a radially divergent gradient.

‘These considerations explam why it is that weather
maps frequently show great areas of high pressure in
which the gradients are very gentle for a long distance
from the center, beyond which critical distance the iso-
bars, often nearly or quite straight lines, are crowded
close together, marking a strong gradient and accom-
panied by high winds. '

All this means simply that the air flowing initially down

the gradient while gaining velocity finally attains its equi-,

librium state in steady motion nearly parallel to the iso-
bars. The air flows across the isobars with difficulty
and therefore the transfer of great masses of air from one
place to another in order to satisfy a pressure deficit can
not be easily and quickly effected. The principle of
frictionless gradient winds means flow perpendicular to,

MONTHLY WEATHER REVIEW.

573

not down the gradient. This thought leads to an inter-
esting dynamic paradox, which may be stated thus:

- Dynamic paradoz.—If air is caused to flow from one
place on a rotating globe to a more or less distant
place (not near the equator) by a fixed pressure gradient
steadily maintained, then paradoxically the greater the
friction the more direct and easy the flow; the less the
friction the more difficult the flow. If the friction is
zero the flow to the distant place may be impossible, but
the maximum velocity in the steady state will be finite,
depending upon the gradient. (See discussion of the
critical isobar in the HIGH.) ’

The permanent low pressure at the poles may be ex-
plained by noting that the outflow of air from this region
as a whole is over the surface and in the lower strata,
where friction, convection, etc., are greater than in the
case of incoming air at higher levels. Hence, the region
experiences a deficit of air until a pressure gradient is
built up under which the inflow and outflow are just
balanced. This principle is of course obvious enough
but its wide application in connection with the existin,
permanent contrasts of pressure needs to be emphasize
and recognized.

The following table presents instructive data givin
§radient winds computed from equations just discusseg
or different latitudes:

TABLE 2.—G'radient winds and curvature of isobars for critical conditions
in different lutitudes.

[Isobars spac?d 100 miles per g inch.

Density p=.0010 per ce. corresponds to
ree air at about 1 mile. ]

Units are miles and miles per hour.14

ies Radins | Velocity { Velocity
Critical yrs

Latitude (degrees). velocty [olgritial| same | for,
(High). | (mjles.) | in Low. | isobars.
Infinite. | Infinite. | Infinite. | Infinite.
7)) 8,160 154 186

189 2100 78.2 94,4

120 984 53.5 84.5

100 595 41.6 50.2

§.3 419 349 42.1

74.5 328 30.9 37.3

68.7 278 28.5 34.3

65.5 254 27.1 32.8

61.6 216 26.8 32.3

14 A more complete table in metric and English units for various gradients has been
ullw}isheg b% ;.:l;e writer in Smithsonian Meteorological Tables, fourth edition, 1918,
'ables 42 an .

V. EarTi’s SuRFACE NEARLY GEOIDAL AND FRICTION-
LESS.

Since our present object is to consider certain funda-
mental influences governing the great general motions of
the atmosphere, we may regard the irregularities in the

eoidal surface represented by the waves of the sea, for
instance, or even the elevations of the islands and con-
tinents, however rough their topo?raphy or lofty their
mountains, as inconsequential or-of secondary influence.
It is well known these topographic reliefs are insignificant
as roughness on even a large-sized globe. On the other
hand, it is also true that the whole atmosphere, although
without definite outer boundary, is itself only a relatively
thin layer. For example, the troposphere within whic
all the great convective actions occur embraces fully
75 per cent of the atmosphere yet has a thickness of only
7 or S miles. On a 12-inch globe a layer of the thickness
of an ordinary blotting paper might represent this air,
and the most lofty mountains almost pierce it at several

oints, and very extended mountain ranges project into
1t to heights of 2 or 3 miles. The actual superficial area
covered by these real obstacles to the great motions of
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the atmosphere, however, is but a small fraction of the
whole surface of the globe, of which perhaps more than
90 per cent may, for present purposes, be regarded as'
oceans and smooth lowlands. Accordingly, in followin
the statements presented herein the reader is requestec
to keep vividly in mind the actual smoothness of the real
geoids,}l) surface of the earth and for the time being forget
the irregularities which appear so exaggerated to our
limited perceptions.

Careful reflection upon the foregoing seems to justify
the statement that the geoidal form of the earth in the
lower strata of the atmosphere, as a matter of fact, is
realized with great perfection because the highly mobile
air itself, rather than even water, constitutes the real
surface. Portions of the air which remain at rest or
nearly so because of terrestrial roughness themselves con-
stitute the gﬁoidal surfaces upon which the great motions
of the air take place in a nearly frictionless manner. We
are not required to think of motions over rough, irregular
land areas, but simply of the free masses of moving air
gliding easily and almost without friction over relatively
thin layers of air held partly stationary by, and filling up,
the actual roughness of the globe, in a manner which
transforms, or literally lubricates, the actual solid figure
into one of great smoothness over which the atmosphere
moves in a practically frictionless manner. Obviously,
however, turbulence and the convection of large masses
of air offer very important obstructions to the move-
ments in question and add to the smaller losses of energy
due to the fiiction at the earth’s surface.

These considerations lead indeed to the view that the
actual motions of the atmosphere as we know them are
in reality very nearly frictionless motions, and if every
bit of frictional resistance were removed the motions
under existing gradients would be much the same as at

resent. The energy now dissipated by friction would

e saved and wind velocities would be slightly increased.
Friction now permits and facilitates a very material inter-
zonal flow, which would be suspended without friction, in
which case, after a time, the present contrasts of tem-
perature between the equator and the poles would be
changed, causing changes in the pressure gradients.
There is nothing, however, attendant upon the removal
of all friction to support Ferrel's conception of the fric-
tionless circumpolar cyclone.

Throughout all that precedes an effort has been made
to acquaint the reader fully with a correct view and
understanding of the forces, conditions, and influences
causing and modifying the motions of the atmosphere
and of bodies on a rotating globe. With such a ccrrect
understanding in mind the serious errors in the existing
literature of the subject can be most clearly presented
?.nﬁi discussed in connection with quotations such as
ollow:

VI. CitaTioNns FrRoM AUTHORITIES SHOWING FALLACIES
HereiN Discussep.

There are two essentially different aspects of what is
actually one fundamental fallacy leading to inconceivable
wind velocities in atmospheric motions. (1) The equa-
tions offered by the mathematicians such as Ferrel,
Helmholz, Oberbeck, and Bigelow, for example, all lead
to very high velocities, which are difficult to explain.
(2) .Another class of writers, such as Davis, Hann, Angot,
Milham, McAdie, Humphreys, and others, have endeav-
ored to present the principles of atmospheric motions in
popular language, but have introduced misinterpretations
of their own so as to increase the confusion and misrepre-
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sentations. Since a fundamental difficulty still remains
after clearing up the fallacy in the writings of the popular
writers, it seems best to gegin with the latter and then
discuss the faults in the work of the mathematicians.

CITATIONS FROM POPULAR WRITERS.

Davis, W. M.—Mention has been made already .that
Davis first called attention to the friction fallacy when
discussing Hadley’s faulty theory concerning the change
of velocity of winds with change of latitude.

Although on the right track in these matters, he was
not consistent and later fell into the fallacy of super-
hurricane velocities growing out of vortical motions.
After having applied the law of the conservation of areas
to the vortical motions of water in a basin dischar,
through the center and likened the same to the vortlcgj
circulation of the atmosphere around the poles, Davis
says (Elementary Meteorology, p. 110): _

136. Cause of low pressure around the poles.—If the explanation of
section 134 be now applied to the atmosphere, with the supposition
that.there is no loss of velocity by friction or other resistance, it is clear
that an excessive velocity and a still more excessive centrifugal force
would be developed in the circumpolar vortices. Itshould be noticed
that the eastward motion of 1.000 miles an hour that the air has over
the equator is increased as the overflow approcahes the pole; at lati-
tude 60°, where the distance from the #xis is half what it was at the
equator, the eastward velocity has doubled; that is, it has become
2,000 miles an hour, or 1,500 miles faster eastward than the earth’s
surface at that latitude. Forty miles from the pole it would be 100,000
miles an hour; and so tremendous a velocity on so short a radius would
suffice to hold the air away from a closer a.p})roach to the pole, if it
could, indeed, approach so close as this; at any less distance there would
be a vacuum.

But the action of friction and other resistances can not be neglected.
The presence of almost as great an atmespheric pressure in the polar
regions as at the equator assures us that the imaginary case of no fric-
tion is far from the actual case. Although the resistances suffered
by the upper air currents can not be great, they successfully prevent
the realization of the enormous circumpolar velocities that would
result in the case of no friction and no intermingling of currents.

The correctness of these statements may be questioned
from two points of view.

(1) Friction and the dissipation of energy l;ﬁ convec-
tion, turbulence, eddy motions, viscosity, and all imagin-
able internal wastes are of the greatest importance and
can not be neglected or overlooked in the full analysis
of atmospheric motions. On the other hand, it is wrong
to. imply that slight atmospheric friction and other
resistances suffice to prevent the attainment of_ the
inconceivable eastward velocities of 1,500 miles per hour
at latitude 60° and 100,000 miles per hour at %0 miles
from the poles, which the computations by the law of
equal areas give. It is very clear there is a serious error
here. Friction plays an important part in the circulation
of the atmosphere, but it does not play the part ascribed
to it in the statement quoted. ] .

(2) The-law of equal areas applies to motions under a
central force. Now in the case of the vortical whirl of
water, or even of the cyclone, the hurricane, or the
tornado, the only active central force is the convergent
pressure gradient in the system. Gravity is not in such
cases an active central force causing the gyrations except
to the extent its action is expressed as a pressure gradient.
A%a.m, in the case of the circumpolar cyclone, practically
all the authorities treat it just as if gravity were the
active central force, This 1s entirely erroneous. . The
only circumpolar winds which are possible under any
assumptions are simply the winds which would occur
anywhere with the same pressure gradient, friction, and
deflective force. We have already shown that the law
of equal areas in connection with rotation about the
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earth’s axis can not act alone in any of these cases.
It must act with the slope effect, simply as a passive
. . P ’ Py pas
influence which only guides the moving masses in a
manner such that the Jaw of momentum is satisfied at
every point with no change in velocity unless such is
retgured by actual changes in the gradient or the friction.
n a rotating earth the whole effect of rotation on
atmospheric motions may be summed up in these words:

Rotation compels motions to become gyratory and the
gyrations must always. be in particular directions.

The deflective influence, f, varies in value from zero at
the equator to a maximum value at the poles. This force
represents the whole influence of the rotation. It is pro-

ortional to, but is powerless to produce or change ve-
ocity. On a stationary earth the motions of the atmos-
here would not in general assume a gyratory character.
Nevertheless, a gyratory motion could be set up just as
it is easy to set up vortical outflow of liquid from & basin.
In such cases the direction of gyration depends entirely
upon the initiating cause and might be in either direc-

tion ad libitum, whereas rotation of a globe compels rela- -

tive motions thereon to become gyratory and in a par-
ticular direction. But the motions must he set up first
by some extraneous force, a pressure gradient as a rule.
The advocates of polar hurricanes do not show the source
of the inconceivable forces or gradients which alone could

roduce the excessive velocities. Air at full pressure

owing directly into a vacuum—a maximum conceivabhle
gradient—could not attain the excessive velocities
claimed for frictionless polar circulation. As is fully
shown in Section IV by the equations for steady winds
either with or without friction, acceleration of velocities
ceases immediately when the pressure gradient and the
deflective force are balanced. This absnlutely fixes the
possible velocity in any case and these are always mod-
erate. :

To move a body northward or in any direction on a
frictionless stationary globe, we need only to push it
northward or in any direction in which motion is desired.
To meve it northward on a globe rotating from west to
east we must push the body, not northward,.but constantly
westward, when it will move westward to a slight extent
but northward indefinitely unless started exactly at the
equator. On a stationary globe steady motions take
place in the line of action of the producing force. On a
rotating globe, perpendicular to said line of action if fric-
tionless, and nearly perpendicular if friction is slight.
These truths have long been known, but writers have
neglected their consistent application.

t will be shown later that anticyclonic gyrations are
impossible on a stationary earth.

iLaaM.—The fallacy by this author is found in the
following passage:'®

146. The effect of this deviation to the right on the air masses which,
due to convection, are moving from the equator toward the poles on
the outside of the atmosphere must now be considered. Instead of
moving directly from the equator poleward, the air masses will be
deviated to the right in theqNorthem Hemisphere and become more
and more a west air current encircling the pole in a great whirl. Itisa
principle of mechanics that whenever a rotating body is not acted upon
by outside forces, the moment of momentum must remain a constant.
The formula for the moment of momentum is SMVR, where M repre-
sents the mass of each particle of the rotating body, v the velocity of
the particle, and R the radius, that is, the distance of the particle
from the center of rotation. This product MVR must be summed up
for all the particles of the rotatiugbbody, and thus ZM VR represents
the moment of momertum of the body. As this ring of whirling air
about the pole approaches it, the mass remains constant, the radius is
decreaging, and thus the veiocity must steadily increase, and it has
been computed that, if the velocities were not held down by friction,

15 Mjlham: Meteorology, par. 146, p. 161, edition 1912,
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they would amount to hundreds of thousands of miles per hour. A
whirl of air with these high velocities must cause centrifugal force,
and this centrifugal force will hold air away from the pole, thus causing
a diminution in the barometric pressure. The amount of land at the
north pole is much greater than at the south pole. One would thus
expect wind velocities and the diminution in pressure to be larger at
the south pole than at the north pole.

As in the case of Davis, no distinction is made by Mil-
ham bhetween the earth's deflective influence and the
operation of the law of equal areas. This is the more
remarkable because earlier, even on the same page, this
author says: ‘“The earth’s rotation influences air moving
in any direction and the velocity does not increase as the
equator is approached.” Why, then, should it increase
as the p}(I)le is approached ? ] )

Vox HELMHOLTZ ' encountered the excessive velocities
required by the law of equal areas and overlooked the
correlative influence we herein designate the law of the
geoidal slope

On page 82 we find:

For air that is resting quietly at the Equator in the zone of calms
and is thence pushed up to the latitude of 10°, this expression gives
tne acquired wind velocity 14.15 meters per second, and similarly
for air pushed up to latitude 20°, 57.63 meters, and for 30°, 133.65
meters per second.

Since 20 meters per second is the velocity of a railroad express train,
therefore these numbers show without further consideration that such
gales do not exist over any broad zone of the earth. We therefore ought
not to make the assumption that the air which has risen at the Equator
reaches the earth’s surface again unchecked in its motion even 20°
farther northward.

The matter is not much better if we assume the atmospheric ring
resting at some intermediate latitude. In that case it would give an
east wind at the Equator, but a west wind at 30° latitude; but both
vqlo&:ities would far exceed the ordinary velocities of the observed
winds,

Since now in fact observations do demonstrate a circulation of the
air in the trade-wind zomes, therefore the question recurs: By what
means is the west-east velocity of this mass of air checked and altered?
The resolution of this question is the object of the following remarks,

Helmholtz then sets up equations from whish he
determines the conditions of equilibrium between super-
incumbent strata with differing motions and tempera-
ture. In arriving at these equations he introduces terms
representing the effects of the centrifugal reactions which
we call the slope effect and then considers the turbulent
and whirling intermixture which result from instability
of strata. There seems to be no logical justification in
classifying the slope effect with friction, turbulence, ete.,
and it seems quite uncertain what the effects of turbu-
lence, etc.,-would be in his equations if he had treated
the slope effect in a proper manner. Helmholtz’s con-
clusions read:

From these considerations, I draw the conclusion that the principal
obstacle to the circulation of our atmosphere, which prevents the
development of far more violent winds than are actually experienced,
is to be found not so much in the friction on the earth’s surface asin
the mixing of differently moving strata of air by means of whirls that
originate in the unrolling of surfaces of discontinuity. In the interior
of such whirls the strata of air, originally separate, are wound in con-
tinually more numerous, and therefore also thinner layers spirally
about each other, and therefore by means of the enormously extended
surfaces of contact there thus becomes possible a more rapid interchange
of temperature and equalization of their movement by friction.

Humpnreys, W. J—Statements claiming that atmos-
pheric frictions, turbulence, etc., prevent the excessive
velocities called for by the law of equal areas appear
anew in the publication entitled ‘Physics of the Air,”
Journal of the Franklin Institute, November, 1917,
page 660 (Book Form, p. 131), as follows:

Hence the velocity of the transferred air [from lat. 30° to lat. 60°],
in question with reference to the surface is »"—s=1,036 miles per hour=
436 meters per second.

16 Meehauics_ of the Earth’s Atmosphere. Translations by Cleveland Abbe. Smith-
sonian Miscl. Col., 843, 1891, V. On atmospherie motions.
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As a matter of fact, no such enormous velocities of the wind as the
grinciple. of the conservation of areas would lead one to expect in the
igher latitudes are ever found, either at the surface or at other levels.
This, however, does not argue against the applicability of the principle
itself, but only shows that in the case of atmospheric circulation there
are very eoffective damping or retarding influences in operation.

The resistance due to the viscosity of the atmosphere is one of these

retarding influences, but its effect probably is very small. A larger
effect doubtless comes from surface turbulence induced by trees, hills,
and other irregularities. A still greater velocity control, probably
so great that all others are nearly negligible in comparison, except
near the surface, is vertical convection. This phenomenon leads to
extensive interchanges between lower and upper layers of the atmos-
phere, thus indirectly increasing the effect of surface friction probably
several fold and tenaing to bring all the lower, vigorously convective,
portion of the atmosphere to a common velocity. Because of these
several means of control the actual wind velocity everywhere is differ-
ent and at high latitudes much less than it otherwise would be.

* Not only is the velocity of the wind changed through change of lat-
itude, but also the rate at which its direction with reference to the
surface of the earth varies or tends to vary.

It seems obvious, on sober reflection, that the slight
frictional resistances itemized in the foregoing could not
possibly reduce the inconceivable velocity of 1,036 miles
per hour to even hurricane winds, much less hold it down
to the average gentle winds of our everyday experience.

Like others, this author disregards the operation of
the slope effect. In fact, in the publication cited all

discussion of the slope effect, the dual nature of the.

deflective influence of the earth's rotation and the
interrelation between these concepts and the law of
equal areas is entirely omitted. A method is employed
for demonstrating the deflective influence which is of
doubtful value.because it conceals from the pupil the
very information it is most important for him to know
and fully understand, namely, that, as Ferrel so clearly
showed at the beginning, the- passive deflective influ-
ence is the resultant of.two wholly separate and inde-
pendent inertia reactions. These are the momentum
effect,in the one case, and a lateral component of the so-
called centrifugal effect or theslope effect in the other case.

Attention is called also to the the further misrepresen-
tations in the elosing paragraph of the quotation from
Physics of the Air. The opening words imply the ve-
locities of winds change with change of latitudes, whereas
.it has been shown repeatedly that change of latitude
does not in itself lead to changes in the velocity of winds
and freely moving bodies.

Furthermore, the rate of change of wind direction
with referepce to the surface of the earth, due to the
deflecting influence of the earth's rotation, is not cor-
.rectly expounded in the text following the quotation.
The numerical values of angular changes per hour given
in the table on page 665 (136 Book edition) are not
changes in the direction of the wind, as the context
clearly implies, but are simply the angular turning of the
ground, whereas the changing in the direction of motion
of winds and freely moving bodies is double the amounts
given, as already stated in Section III of this article.

MarviN, C. F.—The writer acknowledges having heen
formerly misguided by the concurrent writings of many
high authorities on these questions and himself sub-
scribed to the friction fallacy. (See Weather Fore-
casting in the United States, p. 17.)

These citation®, and several others of like import
which might be added, are erroneous, because the
writers have disregarded the slope effect and have as-
cribed to friction the part it plays in controlling the
operation of the law of equal areas. .

The soundness of any of the statements of excessive
velocities quoted can not be justified on the ground that
they are correct for the conditions upon which they rest.
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This defense is unacceptable. The statements quoted
were written for the instruction of uninformed readers
upon a very obhscure question of dynamics, and the
statements should-be correct on their face. The reader
can not be expected to supply missing information.
As a rule, the absence of friction is the only condition
specified and the inference is permitted and generally
entertained that bodies once set. moving in latitude
without friction would continue to change their latitude
indefinitely. In all the statements <dealing with ex-
cessive velocities under the law of equal areas the reader
is left ignorant of the peculiar conditions under which
the statements might be correct. For example, indefi-
nite changes of latitude with excessive velocities in
longitude would occur on the assumption, which how-
ever is nowhere stated, is not tenable and is not even
generally recognized as a condition—namely, that the
pull of gravity on the moving body is exactly perpendicular
to the smooth geoid. Such a condition is wholly im-
possible in nature.

Again, waiving the condition just stated, reflection
will show that the excessive velocities claimed in any
case, as for example, the velocity of 1,036 miles per hour,
might be attained by a body ieaching a latitude of 60°
provided it was started northward at 30° with a velocity of
1,036 riles prer howr,

We may feel confident that these limiting conditions
woilld have been fully mentioned if clearly perceived by
any of the writers, since to omit such important factors
consciously would have been inexcusable. On the other
hand the complete absence of any allusions to such limi-
tations justifies the claim that the statements are erro-
neous as they stand. In- any case, moreover, it is the
operation of the neglected slope effect, not friction, that
prevents the excessive velocities.

What we consider the fundamental fault still.remains,
and for this chiefly the mathematicians are responsible.
I think we may fairly say that the original error starts
with Ferrel and has been perpetuated for the last 60 years
in all standard writings. N

Ferrel's writings are very clear on the subject of the
deflective influence, and its two components, both of
which were properly included by appropriate terms in his
general equations.

Even to the present day it is difficult to overestimate
the remarkable originality of Ferrel’s-work especially
when we consider how little was known of general meteor-
ology at the time, 1858, he produced, in almost its finished
state, his mathematical theory of the circulation of the
atmosphere.

In spite of this, however, he appears to have fallen into
important errors arising from a disregard of the control
exercised by the slope effect which led to serious miscon-
ceptions of inconceivable velocities to which his final
equations lead when friction is assumed zero or negligible.

Citations from mathematical papers.

Il:; is believed the crucial question at issue may be stated
to be— : '

What is the nature of the frictionless circulation of the
air of a polar hemisphere assumed to be warm at the
equator and cold at the poles?

For such studies the two polar hemispheres of the earth
may be regarded as entirely independent units, com-
pletely separated by the plane of the equator extended,
across which all reactions are neutral.

Ferrel approached the solution of this question by first
assuming the air at rest and no temperature gradient, the
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air being given an initial impulse in the plane of the meri-
dians. e result gave him his circumpolar cyclone with
olar winds of inconceivable velocities whereby the air
rom its own motion would entirely recede from the poles,
be greatly depressed at the equator and form a bulge of
high pressure at lat. 35° 16’17

On page 195 of Recent Advances, he says:

Hence in this case of no friction between the atmosphere and the
earth’s surface any stratum of equal pressure, however rare it may be
and however high it may be in the equatorial and middle latitudes,
must be brought down to the earth’s surface near the poles.

This concept necessarily entails a_vacuous region of
material extent “near the poles,” and is so shown in figure

6. This condition of pressure distribution involves mo-

tion, and of this Ferrel says on the next page:

In the preceding results the motions are due to an initial impulse
giving the initial velocities u,, v, and &, and not to any constant tem-
perature disturbance, since @, which is the only quantity depending
upon temperature, has béen treated as a constant.

F1a. 6.—Reproduced from Ferrel, showing his frictionless cireumpolar cyclone.

This concept has been practically universally accepted
by meteorologists and taught up to the present time,
subz':lct, of course, to the assumptions upon which it is
based.

The superhurricane winds at different latitudes required
by this tl?eory have been given already in the last column
'o{ Table 1 and are repeated in Table 2 below.

These conclusions of Ferrel very largely underlie all his
subsequent theoretical deductions in which he endeavors
to' define the general circulation with temperature gra-
dients and friction properly included. To the last he
seems to have been able to satisfy his own mind at least

that friction would suffice to check the incredible veloci--

ties demanded by this theory at both the equator and the
poles.

Sober contemplation of such a circumpolar hurricane.

even granting frictionless motion simply compels the con-
clusion that it is obviously erroneous, unreasonable, and
impossible. If such is the case can we still believe his

17 Ferrel: Professional Papers, Signal Service, No. 8, p. 21, fig. 4: Recent Advances,
Annual Report, C. 8. O., 1885, pt. 2, p. 195, fig. 3; Popular Treatise on Winds, p. 118,
sec. 81; also pp. 48, 67-09.
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more complete solution of the complex problem with
temperature gradients and friction included is nevertheless
valid? Probably not.

As in the case of the popular writers the soundness of
the conclusions reached by the mathematicians can not be
justified on the ground that they satisfy assumptions.

et us examine this question briefly.

While for directness of presentation we shall confine
our analysis to Ferrel's writings as the leader in these
matters, nevertheless, his mistakes must be shared by all
those who have followed in his footsteps. '

He says of his frictionless circumpolar cyclone (see
citation above): ‘“‘In the preceding results the motions
are due to an initial impulse giving the initial velocities
U, Vo, and 2,”’. Elsewhere he makes it clear he assumes

- the initial state of the air before receiving the impulse

to be that of ‘‘rest relative to the earth’s surface.”
The assumption relative to the initial impulse is vague
and indefinite. It is difficult to imagine any kind of an
initial impulse that would satisfy the idea in Ferrel’s
mind, or even one that would produce results such as
he claims would follow. We may assume each particle
receives an impulse peculiar to itself, but clearly such a
condition involves great complexity, and it is certain
Ferrel never would have omitted to cover such an im-
%orta.nt- point if such a thought were entertained by him.

n the contrary, we may be sure Ferrel thought that,
in the absence of friction, particles set moving north-
ward would continue moving northward indefinitely.
For example, imagine that a great ring of free upper
equatorial air is given a powerful impulse projecting all
particles exactly poleward. Helmholtz entertained a
view somewhat like this. Would such an impulse induce
a circumpolar cyclone like Ferrel's? Not.at all. Every
particle disturbed by the impulse, if close to the equator,

"~ would tend to execute motions such as Whipple has

demonstrated, and if more distant from the equator the
motions set up would tend to circular paths, accordi
to the explanation of figure 2. If we wholly disregar
the action of the slope effect, as we feel confident Ferrel
and all those who have accepted his view unwittingl
did, it seems quite certain that the assumed atmospheric
ring once started northward would continue to cross
lines of latitude indefinitely, and at the same time take
on the high easterly velocities given in column 4 of
Table 1. Assuming, further, that the northward motion
of the ring is communicated without loss of energy, but

‘reduction in northward velocity, to all the other particles

of the polar hemisphere, it is easy to concede on an
untenahle basis, which neglects the slope effect, that a
frictionless circulation like Ferrel's, with inappreciable
motion in latitude but excessive eastward drift, especially
in high latitudes, might be induced. -

On this basis, however, Ferrel’s circumpolar cyclone is
erroneous because based upon an impossible condition
which he and his followers have unconsc¢iously adopted.

The writer is further inclined to believe that Ferrel’s
theoretical high pressure belt at latitude 35° 16’ is also
fallacious and in the nature of a mathematical fiction, or
the result of unnecessary or inapplicable assumptions.

However, this matter can not l?e lightly dismissed be-
cause Ferrel's entirely original work is strongly sup-
ported by like conclusions reached later by other mathe-
maticians, such as Helmholtz, as already cited, Oberbeck,
Bigelow, and others. This is made clear most easily by
citations from Bigelow '), who made a detailed com-

18 Report on international eloud observations. Anrual Report Chief of Weather
Bureau, 1898-99, pt. 2, p. 588. .
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arative study of the mathematical work of Ferrel,

rung, Guldberg, and Mohn, Oberbeck and Pockles.
igelow was not fully convinced of the soundness of the
conclusions reached by the mathematicians and con-
sidered the friction concept a perplexity. Taking up
Oberbeck’s work, which carried forward and improved
1(1ponogle work of Guldberg and Mohn, Bigelow writes
p. 606):

Oberbeck’s solution taken in connection with Ferrel’s, constitutes
the theory commonly taught by meteorologists. That it is partially
correct, even admitting the limitations with which the solution was
executed, is apparent, as it is verified by the general features of the
circulation of the atmosphere. But there are, nevertheless, some
img)orta.nt modificatfons which must be incorporated into this theory
before it reaches a satistactory statement. The first concerns the
return current from the tropics toward the poles; the second the process
of checking the excessive esatward drift 1n the higher latitudes; and
the third the evaluation of the friction coeflicient.

Bigelow by no means succeeds in clearing away the
perplexity of ‘the process of checking the excessive east-
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ward drift,” although he devotes several pages of his
cloud report to its discussion. He says (p. 607):

1i the source of retardation conceived by Prof. Ferrel is not correct,
is it possible to give another statement agreeing with the facts, and yet
efficient in its operation to gmduce the required results? For it must
be admitted that a very effective agency is in operation to act as a
brake or check of sufficient power to reduce the theoretical eastward
drift from the velocities of Table 122 [see Table 3] to those of Table
124. (Cloud report, p. 606.)
On page 614 he adds:

Fuller descriptions of these equations may be found in Prof. Ferrel's
works. The chief impression regarding them is that they are detached
in the discussion, one feature at a time alone being considered. Ober-
beck’s analysis has the advantage of much greater coherence and com-

leteness, and in that respect is more satisfactory. At the same time
1t must be admitted that both systems give about the same picture of
the general cyclone, if the assumptions introduced into the discussion
are taken to be correct. Our criticism shows that.these must be
modified before the ohserved motions of the atmosphere are completely
accounted for. It still remains, however, a very hard problem to solve
practically. ’

In his later work, Atmospheric Circulation and Radia-
tion, it seems Bigelow is still baffled and perplexed by
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the problem of friction and excessive velocities. On
page 179, about friction !® he writes:

‘This is a subject that has not been satisfactorily cleared up and it
will require much careful research.

After deriving again essentially Ferrel's equations,
Bigelow says (p. 191):

Ferrel discusses these equations and gives some approximately cor-
rect views regarding the general circu%ation. Oberbeck’s treatment
embraces the three equations of motion and the solution approaches
more closely to the flow of currents actually ohserved. The complete
intergration of the system is, however, more complex than has been
admitted and the problem awszits a better treatment. The actual
velocities and directior of motion, together with the temperature, must
be g0 handled as to embrace the general and local circulation in a
single comprehensive system,

Such are the comments of a man after spending more
than 15 years arduous study to the subject of theoretical
meteorology.

It seems quite certain, then, we are dealing here with
a very fundamental and important difficulty, if not a real-
error in the dynamics of the atmosphere, due apparently
to the treatment of, or limitations which have been
imposed upon, the general equations of motions by their
several authors.

. Rational polar eyclone.

Let us see if it is not possible to construet a more
rational answer to the crucial question of the circumpolar
cyclone by applying to the problem the equations for
cyclonic frictionless or gradient winds.

For this purpose we will confine ourselves closely to
results drawn directly from observations. Figure 7
shows the mean January pressure over the Northern
Hemisphere at an elevation of 1,500 meters, as redrawn
by Bigelow *° from studies by Tiesserenc de Bort.

Following the mathematicians’ assumptions that tem-
perature is constant along all parallels but progressively
different from latitude to latitude, there is only one
idealized barothetric map of such a polar condition possi-
ble, namely, a system of concentric circular isotherms
and isobars each parallel to lines of latitude. Such a
diagram, in no material sense, differs from the cyclone of
figure 5, and for simplicity figure 7 is idealized and
redrawn in figure 8.

The outermost isobars are shown as fragments of
straight lines and as arcs of very great radii because as
wind tracks the Equator is a straight line and the adja-
cent parallels have very great radii of curvature. This
helps the mind to see in the diagram the effects resulting
frolm the curvature of the earth from the Equator to the
pole.

: There is very little a prior: basis on which we can say
definitely what the actual pressures should be from lati-
tude to latitude in this hypothetical case, but the obser-
vations indicate a tendency to the existence in the lower
strata of a permanent high-pressure belt along tropical
latitudes accompanied by low pressures at the Equator
and the poles. This is very clearly apparent in de
Bort’s map. In an arbitrary manner, therefore, let
the belt o? maximum pressure be represented by the
very heavy isobar in figure 8 at latitude about 30°.
Within this isobar the circulation must necessarily be
cyclonic because the gradient decreases toward the
center. Between this isobar and the Equator the circu-

19 A contribution to this question of far-reaching importance has heen made recently
by G. 1. Taylor on eddy motions in the atmosphere. See Phil. Trans., vol. 215, 1915,
pp. 1-26. Proe. Roy. Soc., Ser. A, vol. 92, pn. 196-199.

For abstract and review of ahove by Eric R. Miller, see MONTHLY WEATHER REVIEW,
vol. 47, October, 1019, P 703. C.F. M. . ) .

0 Bigelow: Internatianal Cloud Report, loc. cit. Tiesserenc de Bort: Repori on
General Circulation of the Atmosphere, London, 1593.
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lation is obviously anticyclonic. For frictionless motions
the velocities are given by equations (15¢) and (17q),
but if we disregard, as is fully justified, a region near the
poles the actual curvaiure of the remaininF isobars can
everywhere be entirely neglected with scarcely appreciable
error. Consequently equation (13) for straight isobars
fives the desired relation between the wind velocities,
atitude, and pressure gradients. Now we can rot know
exactly what the final permanent pressure and tempera-
ture gradients would be after the atmosphere had at-
tained a stable state of perfectly frictionless motion.
'We do know, however, that the friction in the free air,
at least, is very small on the whole dnd we are compelled
to conclude that until time permits temperature con-
trasts to change the pressure gradients as shown in figure
7 very nearly at least represent gradients for frictionless
flow. -'With friction the winds must necessarily blow

—25.1

Fia. 8.—;Figure 7 idsalized by assuming pressure constant along parallels of latitude
and belt of high pressure uniformly at latitude about 30°. The pressure and gradients
are as nearly as practicable the same as in figure 7.

across the iSobars at a certain angle ¢, and the velocity
will then be given by equation (12), viz:

__ 8p cos i "
" 2pw sin ¢ (12)

Now the angle 4 is everywhere quite small except clese
to the surface of the earth and near the Equator. Even
if 4 has a value of 10° or 15° the value of cosine i will
differ but 1 or 2 per cent from unity, hence perfectly
frictionless winds under these conditions can not exceed
the velocities with friction by more than a very few

er cent. These considerations which set forth the dif-
erence between winds with and without friction are too
generally overlooked and disregarded. The important
point is that steady winds flow across the isobars ai angles
as greai as 10° to 15° wich only a small falling off in
velocily below the gradient velocity. ] o

Assuming figure 8 to represent literally frictionless
conditions we can easily calculate the gradient velocities
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for the different latitudes from equation (13). For this
purpose we must recognize that over the belt of maxi-
mum pressure the %'adient and hence the velocity is
zero. Toward the Equator it is feeble, as shown by
Teisserer.c de Bort's 2hart, viz., about 4 mm. in 30°,
which is a gradiei.t of orly ore-tenth inrch per 1,400
miles. Within the heavy isobar the gradients are steeper
and nearly uriform except that data are mostly wanting
within 10° or 15° of the pole. We know to a certainty,
however, that no unusual gradients obtain even here.
The data we have show we are fully justified in spacirg
the polar isobars at about one-tenth mch per 5°, or 350
miles. Taking p=.00100, equation (13), also Smith-
sonian Meteorological Tables, 4th edition, Table No. 42,
gives the approximate iradient winds for this ravional
circumpolar cyclone as shown in the following Table 3,
in which is also included the velocities for the circum-
polar frictionless hurricane arrived at by the mathe-
maticians. '

TaBLE 3.—Contrasting the frictionless circumpolar winds in the lower
strata derived by the mathematicians and the gradient winds in a rational
circumpolar cyclone.

[Velocities in miles per hour. +eastward, —westward flow.]

Assumed

Mathemati-| Rational ,

Tatitude|cal ecyclonel cyclone g;cadifgﬁ
velocity. |veloeity. -

per

° ! AMiles.
0 00 — 346 —00 | 1,500
10 00 — 32 —12| 1,500
200 * — 239 -6 1,500
30 00 ~ 100 -0 o
35 15 0 + 6 1,000
40 00 + 108 +16 350
50 00 + 410 +13 350
80 00 + 865 +12 350
70 00 +1,669 +11 350
8000 ® -+3,807 +10 350
90 00 [+ ?

Obviously, the velocities by the two methods of solu-
tion are irreconcilable to a striking extent, although both
in fact are derived from exactly the same fundamental
dynamic principles. The analytic treatment in oné case
leads to unknown and inconceivable winds at the poles
and excessive velocities at the equator, while the results
reached by the other treatment are rational throughout.

The writer is convinced the gradient winds are correctly
derived, whereas the mathematicians in the final solution
have circumscribed and limited their general equations
in a manner which has literally precluged the operation
of the law of the geoidal slope and has left the law of
equal areas free to require the inconceivable velocities
to which their equations lead. This is obviously a
difficulty only in the solution, not in the original state-
ment of the equations. The one solution which seemingly
all mathematicians have been satisfied to follow 1s
fallacious because the latitude effect and the slope
effect are not simultaneously satisfied, as must be the
case.

The writer Em‘ticula,rly requests that the reader will
not suppose that the so-called rational polar cyclone is
offered as a representation of what exists in nature.
Nothing of the kind is intended. It is a mere fragment
and is offered to show a method of solution of certain
equations of motion in such a way as to satisfy the
requiremerits of terrestrial mechanics. In this method
the gradient is recognized and treated as the independent
variable. Moreover, the dependent deflective influences
due to relative velocity and the earth’s rotation are
simultaneously, not separately and independently, satis-
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fied as-in the usual mathematical treatment. To make
the application of this method to the entire polar hemi-
sphere, isobaric maps must be available for all altitudes
from the surface to the limits of the atmosphere. More
attention must be given to the motions in the vertical.
The flow of air in any given layer or stratum will be
determined by the pressure distribution in that stratum,
and this can not be correctly inferred in many cases
from the surface pressures, as meteorologists are too
prone to do. . .

_ There is no inherent necessity whatever that- the
“ideal circumpolar cyclone shall be centered at the pole.
The center might just as well be over Alaska or Iceland
or elsewhere. There may be even two or more centers.
The circulation is produced by the gradient, which in turn
results from temperature contrasts. The rotation of
- the earth simply requires a gyratory circulation, whereas
the mathematicians have fairly made the rotation produce
the circulation. This seems to result from a failure to
discriminate adequately between real active forces, like a
pressure gradient, and those other things, like the momen-
tum effect, thé slope effect, the earth's deflective in-
fluence, and the so-called centrifugal force, which are all
passive inertia reactions and which unfortunately are
treated too often as if they were real forces capable in
and of themselves of causing definite motions. All these
quantities, including friction, are wholly dependent
terms in the physics of these questions. It will be
rioticed that the local and the circumpolar cyclone are
identical mathematical concepts except for the following
unimportant particulars. .

The polar cyclone is large, with many isobars, of enor-
mous radii of curvature, 1s cold at the center and warm
at the outer limits. The value of f, the deflective in-
fluence of the earth’s rotation, vgries all the way from
zero at the equator to a maximum finite value at the
poles. Finally, the polar cyclone is stationary. _

The locul cycloneis small, with isobars of short radii.
The contrasts of temperature in it are uncertain and
probably of "incidental significance. The value of f
changes but little throughout -its extent. Finally, in
Feneral the system often has a definite motion of trans-
ation.

Nonrotating earth.—It will also be noticed that a correct
mathematical theory of the cyclone on a rotating earth
can be transferred bodily to the atmosphere of a sta-
tionary earth, and vice versa, assuming of course all
other conditions remain unchanged. For the stationary
earth, =0, and some initial impulse is then required to
start a gyration, which may be clockwise or counter-
clockwise ad libitum. In other words, the only effect of
the earth’s rotation on the mathematical theory of
cgclones is (a) to introduce into the equations of motion
the passive reaction f, of variable magnitude, dependin,
uponlatitude and velocity; (b) to compel gyration in a
cases and always in a particular direction. These con-
siderations prompt the suggestion to the mathematicians
that the theory of cyclones be first built up for conditions
of a stationary earth.

Reference to the diagram of forces, figure 5, for the
anticyclone shows that if f'=0 (stationary earth) there
can ge no force to give curvature to the wind tracks.
Hence what we now know as anticyclonie circulation could
have no existence on a stationary earth. All gyratory circu-
lation must necessarily be cyclonic on a stationary earth,
just as is found to be the case on the rotating earth near
the Equator, where f is small or zero. However, on a
stationary earth gyration must be set up by some ex-
traneous force and may be in either direction.
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There is another very important consideration I wish
to urge.

Ferrel’s generalized frictionless polar cyclone with no
change of temperature or pressure in longitude, as like-
wise the idealized rational cyclone of figure 8, even any
sly;stem of mean monthly isobars, as Tiesserenc de Bort’s

art for January, should not be supposed to REPRESENT
a polar circulation and pressure. ’Flll)e most that can be
said of these generalized, averaged, or ideal systems is
that they lead to a circulation and pressure distribution
that are equivalent to the actual circulation. By actual
I mean the circulation hour by hour, day by day, with
all its great changes’ :

We may say that a triangle is equivalent to a circle if

‘the areas are equal, but the one'form can not represent

the other. Neither does the generalized circulation rep-
resent what actually occurs in nature, although the final
effects may be equivalent the one to the other. '

In the 1dealized polar cyclone the isobars necessarily
run parallel to the latitude and for frictionless gradient
motion interpolar flow is impossible. Actually, how-
ever, the isobars from hour to hour and day to day cross
the lines of latitude ad libitum with unrestricted inter-

olar flow possible at any and all times with or without
riction. ‘ :

Critical mathematical examination may show it to be
impossible to construct an idealized circumpolar circula-
tion which is equivalent to and fairly represents the
actual daily circulation and at the same time will fully
satisfy the requirements of the law of equal areas and friction
as they erist. Such an idealized circulation can not be

an actual circulation but only equivalent thereto.:

We must not, therefore, assume, although it seems
perfectly plausible to do so, that the pressure and tem-
perature are constant along lines of latitude. This limi-
tation involves an incompatability with the operation of
the law of equal areas and leads to irrational results be-
cause it precludes isobaric lines from crossing parallels of
latitude as we find them to do freely in nature.

If we let friction modify as it does the motions in the -
ideal cyclone of figure 8, what are the results? The
difference is very slight. Let the friction angle i be 10°.
In the free air it is probably less. By equation (12) the
“steady’ winds will fall only 1% per cent in velocity
below the gradient velocity of Table 3, and by the
equation

Motion along meridians= ¥ sin 4

we find the whole mass of air could move poleward at a
velocity of about 17 per cent of the actual linear motion.

This method of analysis, although obviously incomplete

in many details, nevertheless leads to a perfectly moderate

and rational eyclonic circulation either with or without

friction. ’ :

Returning to a consideration of Table 3, the remark-
able feature of the gradient winds therein is the very
moderate velocities everywhere except near the Equator,
where alone the theoretical winds are seemingly incon-
sistent with observation. Any of these values will be
halved or doubled by doubling or halving the spacing of
the isobars. Clearly, therefore, these gradient -winds
harmonize in a wholly satisfactory manner with observa-
tions, because even m the equatorial belt of calms the
discrepancy is not real, but only apparent, for two
reasons: (1) The gradients here in general are very
feeble, less than one-tenth inch per 1,000 miles. (2) The
circulation in many cases, probably never attains any
approach to the case of gradient winds, especially at the
surface. Feeble gradients, slight temperature contracts,
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and weak deflective forces over a wide equatorial belt
constitute conditions under which the air flows easily
and directly from place to place at small velocities, which
even very slight friction suffices to hold down far below
the theoretical velocities representing frictionless mo-
tions under strictly gradient conditions.

1t is very certain E‘om the foregoing that the equations
of tho mathematicians for frictionless motion on a
rotating globe must yield wind velocities comparable
with those in Table 3 for gradient winds before one can
be satisfied that a fairly satisfactory analytical solution
of the general circulation of the globe is attained. Pos-
sibly tﬁe problem may be approached anew by recog-
nizing that the great systems of permanent isobaric lines
for the surface and free air really mark out the great
winding lanes and highways nearly parallel to which the

erpetual flow ahd counterflow of the air must take place
getween the equator and the poles.

It is impossible in this already overlong article to cover
fully all phases of the issues raised or point out the
numerous fallacies in textbooks consequ?_lpt upon the
general disregard of the action of the slope effect in atmos-
pheric motions.

Hann and Hildebrandsson,* with others, have ques-
tioned the accuracy of Ferrel's theories of the general
circulation by showing material inconsistencies between
theory and observations. The writer does not know,
however, that any serious question has been raised here-
tofore regarding the soundness of the mathematical
analysis itself or the correctness of the agplicatlon of the
physical and dynamic principles involved. If the repre-
sentations in this paper are sustained, the cause for dis-
crepancies between theory and observations is identified.

very convincing proof that the claim of excessive
olar winds for frictionless conditions is erroneous may
ge found in the sober reflection that atmospheric friction,
especially in the free air, is very small at the most and
that many observations tell us polar winds and pressure
gradients do not differ materially from winds and gradi-
ents elsewhere.

Pilot balloon observations.—The foregoing studies give a
new significance and importance to the observations in
the free air by means of pilot balloons, which in a com-
paratively inexpensive way tell us at least during clear
weather the velocity and direction of the wind in the
various strata. By extending the observations to the
highest altitudes attainable and occupying stations in
equatorial and polar regions, about which little definite
is now known, information of great value upon the mo-
tions and pressure gradients in the free air can be secured.

Obviously much work is now necessary to reconstruct
a new mathematical analysis of atmospheric motions free
from the faults it is believed have been brought to light
in this paper.

SUMMARY AND CONCLUSIONS.

The writer is conscious the foregoing representations
are more or less involved and indirect because it has been
necessary, first, to establish and call attention to certain
deep-seated and widespread errors in meteorological liter-
ature and at the same time to clearly explain the opera-
tion of certain obscure dynamic actions which, while here-
tofore known, nevertheless have been neglected or not
consistently applied in mathematical writings as they
should have been. It, therefore, appears appropriate to
conclude this paper with a number of categorical state-

11 Hann: MONTHLY WEATHER REVIEW, 1914, vol. 42, p. 612, Hildebrandsson:
MoxNTALY WEATHER REVIEW, 1019, vol. 47, p. 37%.
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ments giving important principles which the motions of
the atmosphere must satisfy.

I. The rotation of the earth or any globe on its axis
gives rise to two inseparable, independent, dynamic reac-
tions upon matter in free relative motion. (1) The con-
servation of angular momentum requires that cha of
latitude be accompanied by changes of velocity in Iongi-
tude. (2) A component of cehtrifugal reaction intro-
duces forces in the plane of the meridians whenever
there are any relative motions in longitude. (3) These
two reactions must always be simultaneously satisfied.

. Their resultant is the so-called deflective influence of the

earth’s rotation, which is entirely passive in its effects.

_ Free frictionless motions.—A body set into free fric-
tionless motion over a smooth rotating globe by some
initia] force which then ceases to act will continue in
motion forever, never changing its velocity, but con-
stantly changing the direction of the motion unless it is
exactly along the equator. :

II. Sustained force and ultimate velocity.—If the force
is not of a periodic character but sustained indefinitely a
constant velocity of finite value will be attained. Enor-
mous or infinite velocities result only from enormous or
infinite forces. An initial impulse imposed upon an
atmosphere at rest Jeads in general to initial surgings
and oscillations with subsidence into eddy motions and
vortical secondary developments which ultimately must
embrace the whole atmosphere if not dissipated by fric-
tion. A permanent circumpolar cyclone, even if assumed
to be limited to one hemisphere, can not be induced by
an elementary initial impulse, as Ferrel assumed. The
initial cause must be adequate to create the cyclone
which would then continue forever if not subsequently
dissipated by friction. o

II1. Deflective influence passive.—Neither the deflec-
tive influence not its components can act alone and
produce motions. Their parts are to control and modify
the directions only, of motions whenever set'up or main-
tained by extraneous forces. .

IV. Active forces and welocities atiainable.—Since the
deflective influences are powerless to produce or change
velocities, therefore the velocities which can be attained
will depend entirely upon the extraneous forces and the
resistances encountered by the motions thus set up.

V. Deflective influences always satisfied.—Whatever en-
tirely free motions may be set up, the demands of the
slope effect and the latitude effect will always be auto- -
matically satisfied according to the momentary velocity
in longitude and the changes in latitude. If the motions
are constrained, as by tracks, banks or like fixed obstacles,
the demands of the deflective influences will be expressed
as lateral pressures of some kind.

VI. Friction_always present to produce rest.—In all at-
mospheric motions, convections, turbulence, frictions and
internal wastes of energy of many kinds are always pres-
ent. These will soon dissipate and stop any free motions
not continually maintained by active forces.

VII. Pressure gradients actwe forces.—The immediate
forces which produce the general motions of the atmos-
phere arise by virtue of, and are measured by, pressure.
gradients. o _

VIII. Gravity, pressure gradients, temperature con-
trasts.—Pressure gradients in air and other fluids are
gravity reactions and in the grand case of the whole atmos-
phere the permanent gradients depend chiefly apon the
great contrasts of temperature which arise and are per-
petually maintained by the unequal heating of the
earth’s surface by the sun which, in conjunction with
the continuous losses of heat by terrestrial radiation, -
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cause the perpetual warmth of the tropics and the ex-
treme cold of the polar regions.

IX. Steady motions 'umser balanced forces.—Whatever
free motions may be continuously maintained against
resistances by active forces, a state of steady motion
under balanced forces must soon be established. If the
active forces and the opposing resistances are constant
the velocities in the steady state will always be constant
regardless of the direction of motion. Changes of both
velocity and direction must always accompany changes
in amount or character of the active forces or resistances,
except in the improbable.case in which simultaneous
changes in both force and friction just offset each other.

X. Flow of air tends to minimum, or state of rest.—The
flow of masses of the air from places of higher to places of
lower pressure obviously at once tends to reduce or
dissipate the pressure gradient to fill up the low, after
which friction stops the motion. Such flow also tends
to reduce or remove temperature contrasts and any like
causes which tend to create. and maintain gradients.
In other words, all motions of the atmosphere due to tem-
perature contrasts and pressure gradients tend automatically
to the minimum of motions, or to a state of rest. First,
because even without friction the flow and intermixture

MONTHLY WEATHER REVIEW.

. all the frictional affects between the air an

OctoBERr, 1920

must equalize temperatures and dissipate gradients or
reduce these to a minimum. Second, the surging and
oscillating motions of great complexity which con-
ceivably might be set up and continue forever without
friction, must by it be readily damped out or reduced
to a steady state of the minimum motion.

XI. The motions of the air must satisfy the equations
of continuity which require that the inflow and outflow for
a §ven’regi0n shall be equal on the average.

XII. Hadley and others since assume, without ade-
uake basis of proof, however, that the algebraic sum of
the earth for
the entire surface of the globe is zero, because otherwise a
change in the period of rotation of the earth on its axis
should be in evidence.

The foregoing is believed to clearly state principles of
great fundamental impbrtance in dynamic meteorology.
The whole difficult problem of the mechanics and ther-
modynamics of the atmosphere is comprehended in the
steady winds and the changing motions, for which simply
the conditions are stated in paragraphs IX and X,

The literature of mathematical meteorology in so far as
it relates to atmospheric circulation is an effort to satisfy
in mathematical terms principles IX and X.

THE GREAT CYCLONE OF MID-FEBRUARY, 1919,
By C. LERoy MEISINGER.
[Weather Bureau, Washington, D. C., Oct. 23, 1920.]

SYNOPSIS.

Between the 10th and 16th of February, 1919, the United States wit-
nessed the passaﬁe of a cyclonic storm of more than usual intensity,
with almost circular isobars, with a diameter sufficient to overreach the
northern and southern borders of the country, and with a persistence
which enabled it to retain its identity from the time it appeared in the
western United States until it disappeared off Newfoundland. A
study of this storm, based upon the upper-air data obtained at stations
of the Meteorological Section of the Signal Corps and of the Weather
Bureau, shows that the distribution of weather elements agrees closely
with the usual conditions as described by Bjerknes. The influence of
the storm extended at least as high as 3 kilometers, as shown by kites
and pilot balloons. There were high wind velocities, both at the sur-
face and aloft, which gave rise to widespread dust storms in the Middle
West. El%:lot maps show the distribution of pressure and winds (surface
and aloft) from the 12th to the 15th, inclusive.

INTRODUCTION.

It is not often that the endless procession of low-
pressure areas, sweeping across the United States from
west to east, reveals a member so strikingly symmetrical,
so intense, so persistent, and so remarkable in the dis-
tribution of cloudiness and precipitation as that of Feb-
ruary 10 to 16, 1919. Appearing on the morning of Feb-
ruary 10 off the coast of British Columbia, 1t moved
southeastward into the United States, and by the morn-
ing of the 11th was centered in northern Nevada. The
morning of the 12th found it centered at Denver, the 13th
in eastern Kansas, the 14th in central Illinois, the 15th in
New England, and the 16th found it over the Atlantic
east of Newfoundland. Its greatest intensity was
observed on the morning of the 13th at Kansas City,
where the sea-level pressure was 28.90 inches. Previous
to this time it had been gradually deepening, and in the
remainder of its journey across the United States it
diminished very slowly until it approached the ocean,
when it appeared to intensify slightly because of the
warmer air, the lesser surface friction over the water, and
the increasing latitude. With such a strong horizontal

adient of pressure, it was natural that there should be

igh winds; and with such active circulation that there
should be a strong surface temperature gradient. There-
fore, because of the almost ideal characteristics of this

Low, it has seemed worthy of study, not only as to surface
weather, but also as to the winds aloft.

WEATHER AND WINDS.

Precipitation.—In several recentl;;a})ers ! on the general
subject of forecasting weather, Prof. V. Bjerknes has
outlined in a very lucid manner the way in which masses
of cold and warm air interact in circulating about a
barometric depression, based upon his observations in
Norway. There are two distinct lines of discontinuity
in the moving cyclone, th? steering line, which is shaped
like an inverted “S’’ and ocecurs in the eastern half of the
depression, marking the front, at the surface, of a tongue
of warm southerly air; and the squall line, which trails
away from the center into the southwest quadrant of the
cyclone, marking the rear of the intruding tongue of
warm southerly air. Along the steering line tie southerly
air leaves the surface and overtides the easterly surface
current in the northern part of the depression; along the
squall line the cold northerly wind of the western side
of the depression underruns the tongue of warm southerly
air. Precipitation is closely related to these two lines:
along the steering line the rain falls owing to the dynamic
cooling of the southerly wind as it rises over the ea.sterlf',
and along the squall line the rain falls from the southerly
air, which is forced to ascend by the denser northerly
wind. A third cause of rain is frequently operative also
namely, the convection caused by the convergence of
winds within the tongue of southerly air.

The reason for outiming thus the observations of Prof.
Bjerknes is to draw attention to the striking accord which
exists jn the performance of the cyclone in question.
From the time the storm freed itself from the topo-
graphical hindrances of the Rocky Mountains the dis-
tribution of winds and precipitation during its eastward
march conformed perfectly with the mechanical outline
of Bjerknes. On the 12th, when the storm was centered

1 The structure of the atmosphere when rain Is falling. Quar. Jour. Royal Meteoro-
logical Society, Apri , pp. 119-140; abstract in Mo. WEATHER REvV., July, 1920,

1, 1920
48:401. Themeteorology of tgo temperate zone and the genersl atmospheric clrculation
Nature (London), June 24, 1920, pp. 522-524; abstract in later REVIEW.




