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ABSTRACT 

Based on the box method, finite-difference versions of a system of primitive equations in spherical coordinates 
k e  formulated 'for a spherical grid. Non-linear computational instability cannot occur in time integrations of these 
equations. Conservation of total mass is guaranteed by the finite-difference form of the continuity equation. The 
proposed scheme yields no fictitious sources of energy in the derivation of the difference formula for the budget of 
the total energy over the entire domain. The finite-difference equations for the budget of the relative and absolute 
angular momentum are not exact analogs of the continuous forms but nevertheless are very accurate. 

This system of primitive equations for a nine-level general circulation model of the atmosphere has been 
numerically integrated for 50 forecast days. The network of grid points covers the entire globe with nearly uniform 
spacing and has no artificial horizontal boundaries. The initial data were latitude-height-dependent zonal mean 
winds and pressures and zonal mean temperatures perturbed slightly by random numbers. The time integration 
was carried out without any finite-difference computational problems and baroclinic waves developed and propagated. 
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1 P-resent aE1iation: 

D.C. 

LIST OF SYMBOLS 

mean radius of earth 
lateral interface between box 0 and box 1 
scalar variable or vector component 
drag coefficient 
specific heat a t  constant pressure 
specific heat a t  constant volume 
two- and three-dimensional divergence 

operators (see section 2) 
D operator (see section 2) 
tension rate of strain 
shearing rate of strain 
pure deformation 
internal dissipation of kinetic energy 
E operator (see section 2) 
Coriolis parameter 
source term for X .  
frictional forces in zonal and meridional 

effect of thermal diffusion 
acceleration of gravity 
G operators (see section 2) 
H operators (see section 2) 
level number 
non-dimensional parameter in non-linear 

number of layers in the model 

directions 

horizontal viscosity 
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horizontal eddy viscosity coefficient 
vertical eddy viscosity coefficient 

L operators (see section 2) 
coefficient in metric term of equation of 

M operator (see section 2) 
N operators (see section 2) 
heat added per unit mass 
pressure 
surface pressure 
gas constant for dry air 
surface of a box 
horizontal area of a box 
time 
temperature 
eastward component of wind 
wind components a t  poles 
northward component of wind 
outward component of wind velocity on 

three-dimensional velocity vector 
horizontal velocity vector 
volume of a box 
weight=Al/AV 
work done by wind stress through lateral 

boundaries 
work done by wind stress through sigma 

surf aces 

motion 

surface of box 
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Ae 
AX 
6u, Au 
e 

a scalar; a component of Reynolds stress 

mean value of X 
a function of A, B, . . . 2 or a constant 
a function of Yo and Y ,  or a constant 
height of ground surface 
three-dimensional divergence operator 
horizon tal divergence operat or 

diffusive flux of heat 
ratio of pure deformation to  square of 

wave number 
latitude increment 
longitude increment 
sigma increment 
latitude 
effective wave number 
longitude 
density 
vertical coordinate= PIP, 
stress 
geopotential of sigma surface 
vertical P-velocity 
vertical cr-veloci ty 
angular velocity of earth’s rotation 

tensor 

u COS e 

1. INTRODUCTION 

In  this study, spherical coordinates are used rather than 
a map coordinate system and thus map projection factors 
do not appear in the equations. Furthermore, we have 
used a network of grid points nearly uniformly spaced 
over the entire globe. The analysis of a time integration 
of a general circulation model is facilitated when use is 
made of a coordinate system and grid network more 
naturally suited to a global problem. 

Previous to this study, Kurihara [2] carried out  test 

the special grid network which we have adopted in this 
research. His tests were successful, but his computation 
scheme, involving a number of interpolations, was compli- 
cated. In this study this complication has been avoided by 
means of the box method. 

It has been known for some time that for the purpose of 
deriving the finite-difference form of the differential equa- 
tions for an arbitrarily chosen grid or general polygonal 
mesh, there is a method which preserves the conservation 
properties of the original differential equations and a t  the 

proximation [5 ,  61. In addition, Bryan [l] recently proved 
that the method can also satisfy a quadratic-conserving 
condition by means of a special form to approximate the 
divergence of a quantity. We apply this method, which we 
shall call the “box method” to a system of primitive equa- 
tions in spherical coordinates to formulate the energy- 
conserving fini te-diff erence forms. 

The principle of the box method is simple. Imagine a 

I computations on a barotropic primitive equation model on 

I same time yields an empirically accurate difference ap- 

space domain containing volume elements of different 
sizes. Consider the equation: 

(1.1) -_- ax- v . ( V X ) + F  
bt 

where X is a scalar quantity; V, a three-dimensional 
velocity vector; v., a three-dimensional divergence 
operator; and F is a source term of the quantity X. 
Integration of the equation (1.1) over a volume element 
or a “box” gives 

In (1.2), denotes a mean value of X for a box of volume 
V and surface area S. The Gauss theorem is applied in 
deriving the f i s t  term on the right-hand side, where v n  is 
the outward component of velocity on the box surface. 
The second term represents the mean effect of a source or 
external force. The approximation of the first term by the 
box method is made by estimating the flow of a quantity 
to or from all the adjacent boxes. Notice that if the boxes 
are regularly placed, the box method takes a form similar 
to  the energy-conserving scheme proposed by Lilly (see 
the Appendix of [4]) and adopted by Smagorinsky, 
Manabe, and Holloway [4]. 

In this formulation, i t  is desirable that the correspond- 
ing finite-difference scheme does not create in the mean a 
fictitious source for the quantity X or its variance. Bryan 
[l] has shown how to establish the schemes which satisfy 
the above requirement and, therefore, are free from the 
so-called non-linear computational instability. The require- 
ment for the finite-difference form of the source term, i.e., 
the second term on the right-hand side of equation (1.2), 
is that, if it contains any transformations from another 
quantity, numerical consistency should exist. For example, 
in a system of energy equations which are derived from the 
finite-difference expressions of the primitive equations, 
the conversion between the two different types of energy 
must appear in the two corresponding equations as the 
same expression but of opposite sign. 

The formulation of the computation schemes for the 
system of primitive equations satisfying the above re- 
quirements is presented in section 3. In  section 4 the 
energy consistency of the proposed schemes is discussed, 
and in section 5 the results of a numerical integration of 
the system of equations for a global nine-level model is 
presented.2 

I. FINITE-DIFFERENCE OPERATORS AND THEIR 
CHARACTERISTICS 

In this section, we shall present definitions of some of the 
finite-difference operators. Since the box method will be 

3 During the preparation of this paper, we learned of work by M. Grimmer and D. B. 
Shaw of the British Meteorological Office, who derived a finitedifference formulation of 
the equations for a barotropic model in a manner similar to  ours. The results of their 
investigation are to be published. 
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/adjacent box ( I )  
key , box ( 0 )  

FIGURE 1.-Pictorial view of a key box (0) at latitude eif and longi- 
and part of an adjacent box ( I )  to the north. Thetwo boxes tude 

touch each other along area A l  at latitude ON=O;i+AOii/2. 

applied later to the equations written in the so-called 
u-coordinate system on the sphere, it is convenient to  
define a volume element as being bounded by two con- 
stant latitude surfaces, two constant longitude surfaces, 
and two constant sigma surfaces, as shown in figure 1. 
We consider that a key box has the indices (i, j ,  k) corre- 
sponding t o  the A, e,  and u coordinates. The center of the 
box is located at  latitude e l , ,  longitude A i l  and f f = f f k .  

Then the latitudes and longitudes of the lateral sides of 
the box are represented by O N = O z j +  (Ae, , /2>,  e ,=et ,  
- (AOij /2) ,  A E = A I j +  (AAi, /2) ,  and AW=Xtj-  (AAi5/2) .  The 
upper and the lower surfaces are given by f f = f f k - H  and 
V = U ~ + ~ ,  respectively. We assume that the boxes are con- 
nected in the vertical direction to  form columns and that 
the sigma levels are common t o  all columns. 

Hereafter, the value of X in a key box will be denoted 
by X i l k  or X o  or Xok, and that of an adjacent box by X 2 .  

The horizontal cross-section and the volume of a box 
shown in figure 1 are given by (2 .1)  and ( 2 . 2 ) ,  respectively. 

(2 .1)  

AVi j ( c k +  I 12- ffk - 112) ( 2 . 2 )  

ASt j=2a2 sin (3 - cos etjAAij 

Letting A,=the area of a lateral interface between the 
key box and a contiguous box I ,  we define a weight w 

wL=Al/AVi.ik ( 2 . 3 )  

which has the dimension of (length)-]. In  the particular 
case of our spherical grid system, the number of interfaces 
at  the east and west sides is just one as seen in figure 2 .  
However, we shall assume here that there is more than 

FIGURE 2.-Diagram of a key box surrounded by six adjacent boxes. 
On the north the key box joins box one a t  interface A I ,  and box 
two at interface As. Two additional boxes, of course, contact the 
key box on the top and bottom. 

one interface even at these sides for the sake of generality. 
Taking the symbols C and for the summation 

E ’  W 1  N ’  S ~ 

with respect to the interfaces a t  the east, west, north, 
and south sides of the box, respectively, we have 

WE= WW but WN f WS 
i 

where w E = C  w2, w W = C  w1, w N = C  W Z ,  and w,=C w,. 
In defining the finite-difference operators we employ 

the following notations: 

E W N S 

u=eastward wind velocity 
v=northward wind velocity 
W= vertical u-velocity = dg/d t 

P,  =surface pressurespressure at  u= 1 
A,  B, . . ., Z=scalar variable or vector component 

Y=function of A, B, . . ., 2 or constant 

of Yo and Y,, or a constant 
Y =a quantity which is defined as a function 

a=mean radius of the earth 
a=a cos f3 

dS=a2 COS e dAde 
dV=a2 COS e dxdedu 

B2( ) =two-dimensional divergence operator 

a,( ) =three-dimensional divergence operator 

Assume that u, v, and variables A, B, . . ., Z are 
given on the u-levels of integer k’s as shown in figure 3, 
and is computed a t  the tops and bottoms of the boxes, 
i.e., on the integer levels plus or minus a half. 
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DEFINITION O F  FINITE-DIFFERENCE OPERATORS k - l  

Assume that the expressions in continuous form on the 
left-hand sides of the formulas below are approximated 
by the corresponding finite-difference operators on the 
right-hand sides. 

I z, #J 

u,v,T w 

a. + 
$SfSBdY)dV+D(y 1 or wy 1 -1 

AV k+1/2 ---- 

FIGURE 3.-Vertical cross-section of a key box showing that the 
variables u, v, T, and w are defined a t  integer k levels whereas 
w and 6, are defined a t  half-integer levels or at the horizontal 

dV+G,(AB. . . 2) b(AB . . . 2) 
+ &SS. AV abX 

interfaces at the top and bottom of the key box. 

The functional forms of these operators follow. The 

tween the sums of a quantity along the north and south 
notation (q--T) and (G-9) denote thedifferencebe- G,(AB. . . z)= 

I 

+ (2.6) 

sides and that betweeh the sums a6ng the east and west 
sides, respectively. 2 2 
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This is a difference analog of the gradient of A B  in the 
zonal direction. The quantity grid distance does not 
appear explicitly in the above formulas but rather quanti- 
ties measuring the size of the box and the area of the 
interfaces. 

The difference operators D( y) and HI(  y) differ from 
M (  y ) and Nl(  "J) in the manner of estimation of the 
transport of a given quantity. Note that the former 
schemes resemble the "filtered factor" form, after the 
terminology of Shuman [3]. However, the latter schemes 
resemble the "semi-momentum" form. For example, the 
quantity P*u, which is the transport velocity of a property 
across the interface of two boxes 0 and I separated by a 
north-south boundary, is estimated in the former by 

whereas in the latter this term is computed by 

Shuman [3] has shown that both forms axe suitable for 
stable numerical integration of a system of non-linear 
equations which he derived. Furthermore, in either case, 
by approximating a transported quantity at  the interfaces 
of two adjoining boxes by a mean value for the two boxes 
as suggested by Bryan [I], we are able to  make the flux 
divergence term in any equation free from the so-called 
non-linear computational instability . 

CHARACTERISTICS OF THE OPERATORS 

The following are important characteristics of the 
operators. 

(1) If a quantity Y is invariant with the exchange of 
the box indices 0 and I ,  e.g., Y = YoYl or y = (Yl+ Y0)/2, 
or y =constant, the volume integral of D( y) and 
M (  Y) for the whole space vanishes, i.e., 

c D( y ) * A v i j k = o  
2 1 1 ;  

1 3  k 
c CM(y).Aviik=o (2.12) 

under the boundary conditions: o '=O at  the top and the 
bottom of the atmosphere. With the same condition on ?J, 
the global area integral of HI ( &/ ) and Nl( &/ ) also vanishes, 

C C HI(  y)*Astj=O 

C C N1( ?J)*Asij=o (2.13) 
i j  

t J  

(2) The global area integrals of Hz(Y)  and N2(y) 
become zero, 

C C Hz(Y)*ASij=o 
c c Nz(Y)*AS*r=O 

i j  

i j  

(3) The relations below also follow, 
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(2.14) 

L ( B ,  A)=Gi(AB)-AoGA(B) (2.16) 

h ( B ,  A)=Cs(AB)-&Ge(B) (2.17) 

uo Gh(P*A) + uoG~ (P*A) =Hz(A) -&HI ( 1 

+A,[uoGi(P*)+.voGe(P*)] ( 2 .  IS) 

These relations correspond to the following differential 
formulas: 

For (2.15) we have 

A2 A2 
AvH* (Af'*VH)=y 0,. ( f ' * V H )  + 0,. (5 P , V a )  

where VH is the vector of the horizontal wind and VH is 
the horizontal gradient operator in spherical coordinates. 

For (2.16) and (2.17), we have 

RVHA=Va(AB)-AVHB 
For (2.18), 

3. FINITE-DIFFERENCE FORMS OF THE SYSTEM OF 
PRIMITIVE EQUATIONS 

The equations of motion in A, e, CT coordinates are 
written 

where f is the Coriolis parameter; R, the gas constant for 
dry air; T,  temperature; cp, geopotential of a sigma sur- 
face; and F k  and Fs, frictional forces in the zonal and 
meridional directions respectively. The first law of thermo- 
dynamics is written 

I 269-089 0 - 67 - 3 



- a (P*ovo) = --D pp)- (j+ Auo)P*ouo 
at . . . . . . . . . . . .  . . . . . . . . . . . . .  k-1/2. .=k-1/2 

k + 1 / 2 . . . . . . . '  kl----__----_____. . . . . . . . . . . . . . . . . . . .  st fU ' L e  (P*? @)I+ ( (3.2A) 
. . . . . . . . . . . . . . . . . . . . . . . . . .  

- RGe (P,T) - . . . . . . . . . . . . . . . . .  
& k c  u k + ~ / 2  

(3.4A) 
b FIGURE 4.-Diagram of the vertical division of the model atmos- - P*o= --D (1) 
at 

b at *o-- 

phere into "K" layers centered a t  k sigma levels and bounded 
by Uk+H and (Tk-%. Star (*) level is the ground surface, and the 
top of the atmosphere is a t  ux=O. 

O r  

I K 
- P  - H i ( 1 ) A k U  

k = l  
(3.5A) 

I where 

equation takes either of the forms (3.4) and (3.5) 

or 

The vertical sigma- and P-velocities are to be obtained by 
the diagnostic relations (3.6) and (3.7) below. (See refer- 
ence [4].) 

W=L p* [uJ1D2 ( l ) d c r - l B 2 ( l ) d u ]  (3.6) 

w=P*W+u [%+u 

The relation (3.8) below gives the hydrostatic relation. 

(3.8) 

Figure 4 shows the vertical division of the air column 
into K layers and the assignment of a k index to each 
level. We assume that the variables u, u, T, and w are 
given for the levels having integer k, while 4, W, and u 

are for the levels with half-integer k. (See fig. 3.) The sur- 
face pressure P* is, of course, independent of k. 

VERSION I O F  THE FINITE-DIFFERENCE FORMS 

The above prognostic equations (3.1) through (3.5) are 
approximated by means of the finite-diff erence operators 
defined in the previous section as follows. 

The diagnostic relations corresponding to (3.6) to (3.8) 
are 

(3.6A) 

where &has to be related to & + 4 / J  or +kc->$ by (3.9) 

where L\kU=Uk+1/2-Uk-1/2.  Relation (3.9) insures that 
4 k = $ ( ' # % + 1 / 2 + 4 k - 1 / 2 )  (3.10) 

The last terms in (3.1A), (3.2A), and (3.3A) will be de- 
veloped in Appendix l .  

Condition (2.12) guarantees the conservation of total 
mass of the air in (3.4A). 
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Notice that the vertical summations (weighted by 
Aku/g) of the next-to-last terms on the right-hand sides of 
(3.1A) and (3.2A) take the values -LLx(P,, z* )  and instead of 
--Ls(P,, z* ) ,  where z, is the height of the earth's surface 
above mean sea level. These values evaluate the effect 
of mountains on the integrated momentum of the air 
column. If the boxes are licked to  form a ring along a 
latitude circle as in this study, the relation (3.11) below in (3.1) and 

is true. 

COS O,jGh(P*T)AS,j=O (3.11) 
1 

instead of 

b p T  "*ug)} { -R*-& 
Consequently, in this case the pressure gradient force 

tum only through the mountain torque. 
The differential form which seems suitable for repre- 

senting the budget of relative angular momentum is 
derived from (3.1) by using the relation 

contributes to the budget of total absolute angular momen- 
in (3.2). 

Then a system of finite-difference equations can be 
established by changing the forms of pressure gradient 
force terms from those in (3.1A) and (3.2A) to 

(11 [-D3(u)+T P,uv =-a3(au) (3.12) 
tane 1 and 

- 
Furthermore, the following relation is used to  obtain an - 
appropriate form of the budget of absolute angular 
momentum, 

respectively, and by replacing D- and HI-operators in 
(3.1A) through (3.8A) by Ad- and Nl-operators defined 
in the previous section. In  addition, the relation (3.9) 
and the boundary condition (3.14) are required to com- 
plete the system of equations. 

By means of (3.8A), the finite-difference form of the 
pressure gradient force for the X-direction in this version 
can be rewritten as follows 

(3.13) 

Examining (3.1A), we see that the finite-difference analog 
to the above conditions is not satisfied exactly. H ~ ~ ~ ~ ~ ~ ,  
based on the results of the angular momentum analysis 

bP*dst ajP*v= - B3(9st)--&- 

of the general circulation experiment [4] at the Geo- 
physical Fluid Dynamics Laboratory (GFDL) of ESSA, 
the truncation errors in this respect are supposedly not 
cumulative so that the numerical completeness in the 
budget of angular momentum is held to  a high degree of 
approximation. 

A complete system of primitive equations is formed by 
the relations (3.1A) through (3.8A) together with the 
boundary condition (3.14) : 

(3.14) - 
(J1/2=0, &+,/z=O 

In  addition, if use is made of the above-mentioned 
version of the finite-difference form, the relation to be 
derived from (3.4), i.e., 

2 bt (":)- T -- (?) - v.v-v*(vP;/z) 

also holds numerically. 

V E R S I O N  II O F  T H E  FINITE-DIFFERENCE F O R M S  

If boxes are placed along a latitude circle to form a ring, 
the summation cos O,,E~(AB)AS,, equals zero. There- 

fore, in this case, the volume integral of the term for the 
pressure gradient force does not reveal the presence of a 
fictitious source of momentum but contains only the 
effect of mountain torque resulting from the third term 
on the right-hand side of (3.15). In this respect, there is 
no difference between the two versions of the finite- 
difference forms. However, in an analysis of the momen- 
tum budget, Version I seems to be more suitable since 
the effect of mountain torque is explicitly shown by it, 
and this effect can be directly estimated for an air column. 

Regarding the co&servation of air mass and budget 
of relative and abso>ate angular momentum, Version I1 
has the same characteristics as Version I. 

i 

Another version of the finite-diff erence forms of theprimi- 
tive equations can be developed. In  this version, the terms 
of pressure gradient force in the momentum equations are 
transformed so that these terms take the forms, 

Because of the circumstances of computer programing, 
we used the difference equations written in Version I1 in 
our test integration of the equations for a general circula- 
tion model. 
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4. FINITE-DIFFERENCE FORMS OF THE ENERGY 
EQUATIONS 

ENERGY BUDGET FOR VERSION I 

In our derivation of the energy equations corresponding 
to the system of primitive equations, the differential forms 
of the equations are considered first. The equation for the 
change of kinetic energy is obtained from (3.1), (3.2), and 
(3.4) by using the relation (4.1) : 

(4.1) 
U 2 f V Z  a b u2+ v2 aP* 

at bt 2 at 
2 (P* -+u 5 (P*u) +v - (P*v) -~ ~ 

On the other hand, by use of (3.4), (3.7), and (3.8), the 
following relation is derived: 

ba bt 

Consequently, the following equation for kinetic energy 
is obtained: 

TU -R  -+uFx+vFe (4.3) 
U 

In order to derive the potential energy equation the 
relation (3.3) is first multiplied by c ,  as follows: 

b 
- at (P*c,T)=-Bdc,T)+R ++P*a+c,F, (4.4) 

The quantity cpT is related to the internal plus potential 
energy, ie., c,T++, through (3.8) 

* a  C,T=C,T+ RT=cDT++- - bfJ 

Accordingly, we derive the following: 

In (4.7), the volume integral of (uFx+vFo) represents the 
internal dissipation of kinetic energy and the work done 
by the wind against the surface stress, j !  contains the 
effects of radiation and condensation, and the volume 
integral of c,FT gives the diffusive exchange of sensible 
heat at the air-earth boundary. 

The finite-diff erence form of the kinetic energy equation 
corresponding to the above differential form is easily 
obtained by the relation: 

(4.1A) 

We can derive (4.2A) with the use of ,(2.4), (2.16), 
(2.17), (2.18), (3.4A), (3.7A), (3.8A), and (3.9), 

-uo{ R G ~ ( P , T ) + ~  6 k a  6 k [ a  * L ( P * , ~ ) I  > 
(4.2A) 

By use of (4.2A), the finite-difference form of the kinetic 
energy equation becomes 

} 1 
-uo { RGe(PJ') +G &h * Le(P*, cP)l = -Hd#& 

- 6k(P*&> 6 k ( @ )  apW R Too0 
6 k a  6ka at $ ( a k + % f a k - % )  

Notice that the volume integral of the first, second, and 
third terms on the right-hand side of (4.3A) vanishes as 
shown by (2.12), (2.14), and (3.14), respectively. 

The finite-difference form of (4.4) is easily obtained. 

1 da 9* ap* (4.5) 2 bt ( P  WCP T ) - - D  0 - ( c p  v) 
I 9 9 at 

Toma +P*o;+c,(FT)o (4.4A) 

~ 

The vertical integral of the sum of (4.3) and (4.4) +R $ ( u k + % S a k - % )  
becomes, therefore, 

The change of the total energy of the atmosphere is "[-f,p*4pTo$] 
given by the area integral of (4.6): at k = l  

I 

2 JJ ,*  ( C " T + 9 + 7 )  U2+V2 dv 7 
at 

b K  
=- dt [E k = l  P * o ( ~ , T o + ~ o )  $I---?. 2 (4.5A) 

dv The following equation for the change of total energy of =SSS(~F~tvA+P*4'c~F~) 7 (4.7) the air column is derived from (4.3A), (4.4A), and (4.5A) : 



August 1967 Yoshio Kurihara and J. Leith Holloway, Jr. 

Level k 

51 7 

Height in km. 

Atmosphere) 
Sigma (5 t and= d 

Integrating (4.6A) over the entire domain by means of 
(2.13) and (2.14), we obtain an equation which corresponds 
exactly to  (4.7), 

5 . 5  
6.0 
6. 5 
7.0 
7.5 

(4.7A) 

The finite-difference form of (4.7) above shows that there 
exists no fictitious source of energy in this scheme, and 
our finite-difference forms, Version I, of the primitive 
equations, are thus energetically consistent provided that 
time truncation error can be disregarded. 

.Em 4.08 
,685 3.11 
,770 2.14 
,835 1.51 
,900 . s i  

ENERGY BUDGET FOR VERSION II 

The finite-difference forms of the energy equations for 
Version I1 in the previous section are to be derived by the 
same procedure as used for Version I. The relations 
corresponding to (4.3A), (4.4A), and (4.6A) are obtained 
by replacing D-, Hl-, and H,-operators in these formulas 
by M-, Nl-, and N2-operators, respectively. The area 
integral of the relation expressing the change of total 
energy for an air column yields the formula which is 
exactly equivalent to (4.7A). Consequently, the Version I1 
system of equations in Section 3 is also consistent from 
the energetical point of view. 

5. RESULTS OF THE TEST COMPUTATION 
Our main purpose in establishing the finite-difference 

scheme based on the box method is to apply it to a 
spherical grid system to develop a numerical experiment 
of the general circulation on a global scale. As a test of the 
usefulness of the proposed schemes, we made the numerical 
integration of a system of primitive equations which are 
formulated in the form of Version I1 in section 3 for a 
nine-level general circulation model of. the atmosphere. 

The vertical division of the atmosphere into nine layers 
is only slightly changed from that used in the experiment 
[4]. See table 1. Figure 5 shows an octant of the grid system, 
in which the dots at  the centers of the boxes represent the 
grid points. The horizontal cross-sections of the boxes are 
shown in this figure. The grid system is the same kind as 
the spherical grid system 1 proposed by Kurihara [2 ] .  The 
resolution of the grid network is such that between the 
pole and the equator there are 24 points. As pointed out 
in [2], the distribution of grid points is chosen so that the 
resolution is nearly uniform with respect to the area. 

3.0 . 165 13.15 
10.65 

4.5 .400 7. 02 
5. 0 .500 5. 55 

8.0 940 .52 
8.5 . 17 

9.5 
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FIGURE 6.-Latitudinal distribution of zonal mean surface pressure 
a t  9 and 9.25 days. The mean surface pressure of the model 
atmosphere is about 28 mb. lower than observed because the 
model has the same mass of air as the actual atmosphere but it 
has no mountains. 

EWATOR 

-.--/-----A 

37 $8 39 days 

FIGURE 7.-Three-day time series of surface pressure a t  the 
north and south poles and a t  the intersections of 0" E. longitude 
with 45" N., 45" S., and the Equator. Since the surface is flat and 
uniform, the assignment of the location of the prime meridian 
is arbitrary. 

adjusting the lapse rate to the moist adiabatic value, if 
the former exceeds the latter, without changing the mean 
temperature of any column of air. 

Since the domain for which the calculations are made 
is global, no lateral boundary conditions are needed. The 
upper and lower boundary conditions, including the for- 
mulation of the air-earth interactions, are the same as used 
in [4]. The lower boundary is everywhere uniform and at  
sea level. 

The scheme of time integration, including the use of an 
implicit integration scheme for the vertical diffusion terms, 
and the method of periodic time smoothing are the same 
as that used in the experiment [4], except that the time 
interval is 7.5 min. in the present model. 

In the formulation of the radiational heating, the dis- 
tribution of solar insolation and atmospheric absorbers 
such as water vapor, carbon dioxide, ozone, and cloud are 

assumed to be the same as those adopted in the experi- 
ment for a hemispheric domain [4]. They are extended 
symmetrically into the Southern Hemisphere across the 
equator. 

The initial conditions for the test run are symmetric 
about the equator since time and zonal averages of the 
zonal component of winds, temperatures, and pressures for 
the last 70 days of the so-called dry general circulation 
model run [4] are given in each hemisphere. That is, the 
input data do not vary with longitude. Since the meridi- 
onal wind component was small in the mean, it was set to ze- 
ro initially in our run. As the only factor to destroy the sym- 
metry between hemispheres and zonal uniformity within 
each hemisphere, before the start of the run all the tem- 
peratures were perturbed by random numbers in a range 
within plus or minus O.1"K. The computations were ex- 
tended to 50 days without any special sign of computa- 
tional trouble. The maps of the output, which are made 
by interpolating the spherical grid onto a rectangular 
grid in which the latitudes are evenly spaced, shows that 
baroclinic waves with wave number 5 to 7 developed. 
The predicted patterns of variables remained smooth, and 
the behavior of the disturbances was reasonable. 

In  the early stages of the integration, an oscillation of 
the surface pressure with a period of about 11.5 hr. was 
observed. The range of oscillation a t  the poles reached 
15 mb. Figure 6 shows the latitudinal distribution of 
zonal mean surface pressure at  9 days and that at  6 hr. 
later. I t  is seen that the seiche of air took place in each 
hemisphere. Corresponding to this, a rather rough varia- 
tion of total relative angular momentum with time was 
also obtained in contrast to a slow variation of total ab- 
solute angular momentum. We suppose that the above- 
mentioned oscillation was initiated from an imbalance in 
the initial conditions, which may have resulted from one 
or more causes. At 8 later period in the test run, the state 
of quasi-equilibrium among the accelerations in the me- 
ridional direction seems to have been approached. As 
shown in figure 7, the range of oscillation a t  the poles 
decreased to 3 mb. We can see the passage of large-scale 
disturbances in middle latitudes in the same figure. 

In figures 8 through 12, global maps of various variables 
at  50 days are shown. As indicated by the time series of 
total kinetic energy, total absolute and relative angular 
momentum, and mean hemispheric temperature shown in 
figure 13, the state of the atmosphere a t  this time is still 
not close to the quasi-equilibrium. However , well-devel- 
oped disturbances do appear in middle latitudes, and no 
violent motions occurred a t  the low latitudes. Note that 
all patterns are smooth and there is no indication of com- 
putational trouble. In the map of the meridional compo- 
nent 01 wind, the existence of cross-equatorial flow is 
noticeable, which might imply a possibly important role 
of this flow in the general circulation of the atmosphere. 
A t  50 days there are still strong high-pressure areas over 
the poles with correspondingly low surface temperatures 
there. This is a phenomenon which occurs in all model 



August 1967 Yoshio Kurihara and J. Leith Holloway, Jr, 51 9 

6U"N 

30"N 

30"s 

60"s 

0" 90" 180" 270" 360" 
LONGITUOE 

FIGURE %-Surface pressure map a t  50 days. Contours are drawn every 10 mb. I n  this and the following maps, the latitudes are evenly 
spaced to the poles which occupy the entire top and bottom edges of the maps. The distortion a t  high latitudes is very great. 
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FIGURE 9.-hIap of geopotential height a t  level 5 (approximately 500 mb.) a t  50 days. Contours are drawn for every 200 m. 
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FIGURE 10.-Meridional com- 
ponent of the wind at level 5 
at 50 days (a) for the stand- 
ard run wit,h linear viscosity 
and for the runs (b) with no 
viscosity and (c) with non- 
linear viscosity. The latter 
two runs were started from 
40-day data of the standard 
run. Contours are drawn for 
every 10 rn./sec. Areas of 
northward flow are shaded. 
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FIGURE 11.-Vertical velocity a t  level 5 a t  50 days. Shaded areas are positive indicating sinking motion. Selected values are plotted 

on the map in microbars per second. 
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FIQURE 12.-Zonal component of the wind a t  level 9 (at approximately 990 mb. or 80 m. above the surface) at 50 days. Contours are drawn 
every 10 m./sec. Note the equatorial and polar easterlies and the westerlies (shaded) in middle latitudes. 
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FIGURE 13.-Time series O f  global mean kinetic energy, absolute 
and relative angular momentum, and temperature for the 50-day 
test run. The 11.5-hr. oscillation was filtered out of the data by a 
two-weight running mean of values 46 time steps apart. Beyond 
40 days the kinetic energy curve has three branches: one for the 
standard run with horizontal diffusion in the form of linear 
viscosity; a second for the test of the non-linear viscosity; and a 
third for the case with no horizontal diffusion at all. 

experiments a t  GFDL during the early stages of their 
development. Later the baroclinic waves break through 
to the poles, raise polar temperatures, and lower polar 
pressures. We have not extended the computaion to this 
latter stage. 

Cross-sections of the zonal-mean of zonal wind and of 
zonal mean temperature st 45 days are shown in figure 14. 
Notice the jet stream a t  level 3 (about 165 mb.) a t  about 
3 1 ON. and 33 O S . ,  and the easterlies in the Tropics. There 
is a high degree of symmetry between hemispheres a t  this 
relatively early stage in the time integration. 

The global mean kinetic energy is plotted in figure 15 
along with the terms contributing to its change, ie . ,  the 
global mean of the conversion of potential energy to kin- 
etic energy and the global mean total frictional dissipation 
of kinetic energy, for the 1-day period starting a t  day 45. 
The kinetic energ-y budget for this period is presented in table 2. 
These results support the discussions in section 4; Le., the 
energy budget is consistently held by the system of equa- 
tions used except for a small error resulting from time 
truncation. 

The budget of global mean absolute angular momentum 
is given in table 3. The change in global mean absolute 
angular momentum from 45 to  46 days is insignificantly 
small. Accordingly, the product of mean global torque and 
the length of time indicates roughly the extent of the 

LATITUDE 

I I 1 I I 1 I I I I I 

220 -30 
.010- 

LATITUDE 

FIQURE 14.--Meridional cross-section at 45 days of (top) zonal mean zonal wind (m./sec.) and of (bottom)zonal mean temperature (" K.) . 
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Absolute angular momentum at 46 days .....- 
Absolute angular momentum at 45 days--..-. 
Rate of increase .________.____._______________ 

TABLE 2.-Budget of kinetic energy for 46 to 46 days 

2.0377035X101fi gm. sec.-L 
2.0377000X1016 gm. sec.-1 
0.0000035X10~~=3.5X10~~ gm. sec.1 day-1 

Kinetic energy at 46 days .____...______________ 2.486X100 ergs cm.4 
Kinetic energy at 45 days _____...______________ 2.412X100 ergs (3111.4 
Rate of increase _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  0.074X100 ergs em.-* day -1 

Time mean global conversion. ___________._____ 
Time mean global dissipation ___..______.____._ 

Net mean conversion.. _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

Time mean global torque _...______.____...__ 
Time integrated torque over 1-day period.--. 

non-conservation of angular momentum in our model 
during this 1-day period. The mean torque error of about 
107 dynes/cm. is only a few percent of the magnitude of the 
mean surface torque in the Tropics or in middle latitudes. 
Therefore, this amount of error is practically negligible. 

I n  general the development of flow in this num&ical 
integration, such as the growth of baroclinic waves, ap- 
peared to be slow compared with the general circulation 
experiments by Smagorinsky, Manabe, and Holloway [4]. 
This might have been caused by the formulation of hori- 
zontal diffusion of momentum in the form of linear vis- 
cosity. In this case, diffusion is effective from the 
beginning of the run to  make the flow smooth. If we had 
used a type of non-linear viscosity, the mixing of any 
given quantity would have been small until the deforma- 
tion of the flow reached its normal level. 

In order to investigate the differences in the behavior 
of the flow resulting from the different types of viscosity, 
two other test runs, one without any horizontal viscosity 
a t  all and another with non-linear viscosity, were started 
from the 40-day data, and the computations were con- 
tinued for 10 days, in parallel with the standard run. In  
the run without viscosity, the flow accelerated and there 
was a marked reduction in the mean scale of the disturb- 
ances, but the integration remained stable without any 
catastrophic deterioration of the flow, and disturbances 
were still identifiable with ones found in the runs with 
viscosity. The surf ace pressure map and the distribution 
of meridional wind a t  level 5 (500mb.) at 50 days are 
presented in figure 16 and in the middle part of figure 10, 
respectively, for comparison with the maps for the orig- 
inal test run having linear horizontal viscosity. 

The surface pressure map at  50 days for the run in 
which the momentum diffusion in the form of non-linear 
viscosity was assumed after 40 days is presented in figure 
17. The bottom part of figure 10 shows the meridional 
flow at level 5 for the same run. The contours are quite 
smooth, perhaps ,because of a large value of the coefficient 
in the expression for the non-linear viscosity. In figure 13, 

I I I 
2 5  

5 8oooj CONVERSION 

t I I I I 
45 5 46 0 
DAYS 

45 0 

FIGURE 15.-Time series of global mean kinetic energy and absolute 
angular momentum together with terms contributing to their 
change; namely, conversion, dissipation, and surface torque, for 
the 1-day period starting a t  45 days. 

the variations of kinetic energy with time are plotted for 
the ten overlapping days during which the three different 
kinds of momentum diffusion were employed. In  the case 
of the non-linear viscosity, the new level of kinetic energy 
seems to be about 10 percent lower than that for the case 
of linear viscosity. Examining the maps of surface pres- 
sure and the meridional wind at  level 5 ,  we infer that the 
differences in energy level can be attributed to  changes 
in both the scale and the amplitude of the disturbances 
resulting from differences in the type of viscosity and in 
the value of the viscosity coefficient. The phase speed of 
disturbances is apparently also affected by the viscosity 
used. In the future, a decision is needed as to the most 
suitable form for representing the diffusion in order to 
simulate accurately the flow in the atmosphere. 

I n  conclusion, the test integration showed that: 
(a) A system of primitive equations formulated by the 

box method could be time integrated over a global do- 
main for 50 days without any sign of finite-difference com- 
putational trouble. 

(b) The nine-level model of the atmosphere withstood 
an initial imbalance in the wind field, and a rather high- 
amplitude seiche of air between the poles and the equator 
was damped out. 

(c) Baroclinic waves of wave number 5 to 7 developed 
in the model, the predicted patterns of the variables re- 
mained smooth, and the behavior of the disturbances was 
reasonable. 

(d) The accaracy in estimation of the budgets of energy 
and absolute angular momentum was reaffirmed by the 
analysis of the test integration. 

(e) The appropriate formulations of momentum difh- 
sion seem to be required for the accurate simulation of the 
flow. 
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FIGURE 16.-Surface pressure map at 50 days for the run started from 40 days of the standard run but computed without horizontal vis- 
cosity. Contours are drawn every 10 mb. 
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FIGURE 17.-Surface pressure map at 50 days for the run started from 40 days of the standard run but computed with horizontal diffusion 
in the form of non-linear viscosity. Contours are drawn every 10 mb. 
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Appendix 1. 

FINITE-DIFFERENCE FORMS OF THE FRICTIONAL 
FORCE, ENERGY DISSIPATION, AND HEAT DIFFUSION 

FRICTIONAL FORCE 

The frictional force term FA in the equation (3.1) and 
Fe in (3.2) represent the rate of change of P*u and P*v re- 
sulting from the diffusion of momentum. Let us define the 
following: 

T X ~  westward diffusive flux of eastward momentum 
7 x 0  southward diffusive flux of eastward momentum +* downward diffusive flux of eastward momentum 
rex westward diffusive flux of northward momentum 
~~8 southward diffusive flux of northward momentum 
7'' downward diff usive flux of northward momentum 

Then, FA and Fe written in the A, e, z coordinate system 
and in the A ,  e, u coordinate system, respectively, take the 
following forms: 

written in the form of the so-called non-linear viscosity 
as well as in a linear form. 

According to Smagorinsky [7], the non-linear viscosity 
can be formulated by (A1.5) and (A1.7) : 

bU 

% =-P, - rDT (in X, e, u coordinates) (A1.5) 

where the tension rate of strain DT, is given by 

(in A, 0, u coordinates) (Al.6) 

=-P, - bU rD, (in A, e, u coordinates) (A1.7) * 
where D, is the shearing rate of strain given below in the 
two coordinate systems 

The boundary conditions are 

The quantity rkS is a diffusive transfer of eastward 
momentum from the atmosphere to the earth across the 
surface u = l ,  flat or sloping, and ~ 8 3 ~  is the corresponding 
term for northward momentum. 

The horizontal diffusive flux of momentum will be 

In (A1.5) and (A1.7), r is defined by 

where K~~~ is the effective wave number having the dimen- 
sions of (length)-', and (Dl is pure deformation, i.e., 
ID] = [ D ~ + ~ s ] l ' z  which has the dimension (time)-'. 

In the version of linear viscosity, the horizontal stresses 
written in the X, e, z coordinate system are: 

av T"=PKN 
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In the above definition, KR is the horizontal eddy viscosity 
coefficient having the dimensions of (1ength)Z. (time)-l. 

On the other hand, the vertical diffusive flux of mo- 
mentum is usually defined as follows: 

In the above formulas, 

2 2 

If X in (A1.12) and (A1.13) is replaced by X cos 0, &k on 
the right-hand side should be Xolk cos 0, or Xolk cos 0,. 
The divisor cos 0 in (A1.l) should be cos eo in the finite- 
difference formulation. The conditions which are con- 
sistent with (A1.3) and (A1.4) can be obtained by as- 
suming that 

xoto=-xoll 

rXz=pKv du=-s '* - - u2 Kv - &u 
b2 R 2 T 2  ,'a 

P* u2 'v bv 
az ~2 ~2 aa 

(Al.10) 

( A l . l l )  

where Kv is the vertical eddy viscosity coefficient with 
the dimensions (length)2. (time)-'. 

frictional force, we need to determine what kind of stress 

TB'=pKv -=-g - - Kv - 

In  formulating the finite-difference schemes of the Xox=O 
and 

is acting a t  an interface between the key box and an 
adjacent box 1. Refer to figure A1 for definitions. West- 

XOIR+I = - xo,, 
XoiT+n= ( X E d O  

ward diffusive fluxes of momentum, denoted by T$$ and 
T",~ in the figure, are defined a t  the 0-1 interfaces on 
the east and the west sides of the box; southward fluxes, 
T ~ A  and &, are at  the north and the south interfaces; 
and downward fluxes, r?$+ and ~ : f - % ,  are a t  the bottom 
and the top of the box. 

and (A1.2) in the A, 8, u coordinate system can be obtained 
by using the following rules. Let X be a component of 
the Reynolds stress tensor. Then, the quantities on the 
left-hand sides of the formulas written below are expressed 
by the forms on the right-hand sides. 

In the finite-difference forms corresponding to (A1.5) 
bU and (A1.7) P, - takes the form 
bQ 

i 

I 
The finite-difference forms corresponding to (A1 .l) 2 

The deformation at  the interface of the boxes, Le., 
(A1.6) and (A1.8), can be estimated by applying the 
following rules : 

I % _.- * ' A  a t  the east interface or -.- at the north inter- aa OaX ade 
face 

E W  
( 6 k Q ) o z  (WE or N)O+(WW or s)t (A1.16) (A,-&). - -- 

2 

where A is a given variable. 

_.- % 'A  at the east interface or*.%& the north 

{ X W }  (Al.12) 

where 

I D l  GXOlk - 
ffbh ba ab8 bo 

where 

interface 

(-41.14) 
When A in (A1.16) and (A1.17) is ulcos 0, A.  should be 
estimated by uo/cos eo. The multiplying factor cos e in 
(A1.8) should be cos e, or cos Os in the correspmding 

_-_ bX 1 - ( X O k + 1 / 2 -  xo, -1 /*) ba Sku 
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(A1.17), and (A1.18) a t  the west or south interfaces are 
obtained by exchanging the subscripts 0 and 2 in the above 

tion, the zonal variation of a quantity at  a north or south 
formulas. In  the finite-diff erence formulation of deforma- 

interface and the meridional variation at  an east or west 

finite-difference form. The values corresponding to (Al .  IS), ( w K s G ) ~ = ~  (A g + r e $ v  s-grtzv) & 

1-7AA _______ 
aabX ab1 ba (DIS) - 

interface are taken to be zero, and the factor (v/a) tan e 
in tension is taken into consideration only at  the east and aaabe C O S B  aae au COS e +P cos e [” 2 (L)-- @ a  - ( ~ ) ] + + g ~  au 

west interfaces. Finally, the assumptions AOO=AO1, AOK+l 
= A O K  should also be used. The coefficient I’ in (A1.5) and 

where 

% bv N. a v  (A1.7) is estimated at each lateral interface by ( K ~ ~ ~ ) - ~ / D / ,  (DIS) 2-7Bx - ( -__--- 
daiYbX abX da 

( K ~ & ~ = ~ @ ( A & J ) ~  and IDI=[(DT)2+(DS)2]1’2 

The k, in the above is a non-dimensional parameter of 
order unity. 

The form of the vertical stress corresponding to (Al.10) 
is shown below as an example: 

The above equation does not apply when k=O and K .  

ENERGY DISSIPATION 

The dissipation of kinetic energy is derived here in 
X, e, a coordinates. The inner product of horizontal wind 
and the frictional force can be divided into three parts; 
namely, 

where (WKLT) represents the work done by wind stress 
through the lateral boundary; (WKSG), the work done 
through sigma surfaces; and (DIS) , the internal dissipa- 
tion of kinetic energy. Furthermore, both uFx and vF0 can 
be separated in the same way, 

uFA=( WKLT)1+ (WKSG)l+ (DIS), 

vFB=(WKLT)~+ (WKSG)z+ (DIS)2 

Vertical integration of (WKSG), by means of (A1.3) and 
(A1.4), yields the dissipation of kinetic energy a t  the 
ground surface by the work done against the surface 
stress : 

l ( W K S G )  -= -( r~S.u ,= l+r~S-vc=l )  (Al.21) da 
9 

On the other hand, the global area integration of (WKLT) 
vanishes. 

J J (WKLT)dS=O (A1.22) 
A S  

The internal dissipation in the case of non-linear viscosity 
becomes 

(A1.23) 

Using the frictional forces expressed according to the 
previously mentioned rules, we can define the finite- 
difference forms of (WKSG), (DIS), and (WKLT) so 
that the following conditions which correspond to (A1.20): 
(Al.21), and (A1.22), respectively, are satisfied: 

These six components are written as iollows: 

The internal dissipation takes the form corresponding 
to (A1.23) 
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where 
FIGURB A1.-Diagram of the locations of the westward diffusive 

fluxes of momentum, T;; and ~ :k ,  and westward diffusive flux 
of heat, -,&, a t  an east interface of the key box with an adjacent 
box; the southward diffusive fluxes of momentum, 7,:; and T& 

and southward diffusive flux of heat, ytlr, at a north interface 
of the key box with another contiguous box; and the downward 
diffusive fluxes, T::+% and T:;+%, of momentum and of heat, 
Y:~+%,  at the bottom of the key box. 

(in X, e, u coordinates) 0 for k=1 

p*O ( iy KVk-., (zy{ (uOX-UOk--1)2 
(A1.25) 

The conditions a t  the upper and the lower boundaries are 
(B)  = 

I 
It would be desirable that the relation between the 

assumed surface wind VOR+, and V,, is such t'hat the value 
(A) in the above formula becomes positive when k=K. 

If we assume that the air-earth exchange of momentum 
along a slope is the same as it is over a horizontal plane, 
(&J0 and (7%JD may be estimated, given the drag 
coefficient CD, by 

where so is an area factor; so={ 1+[Gh(~*)]2+[Ge(~*)]2j, 
in which z, denotes the height of the ground surface. 

HEAT DlFFUSlON 

In  the following let us define yx as the westward diffusive 
flux of heat; yo the southward diffusive flux of heat; and 
yz  the downward diffusive flux of heat. The rate of change 
of P,T due to heat diffusion, i.e., F ,  in equation (3.3), is 
given by 

FT=p P, [z+T a- ,~ a y s ~ ~ ~  e +&I av (in A, e, z coordinates) 

(A1.26) 

=yES at a = l  (A1.27) 

The quantity yEs represents the diffusive transfer of heat 
to  the earth across the surface a = l .  

With the horizontal and vertical eddy diffusion co- 
efficients for heat denoted by A, and A,, both of which 
have the dimensions (length)2- (time)-', the heat diffusion 
fluxes are expressed in X, 8 ,  z and X, e, u coordinates 
respectively: 

ZIT 
~ " P A H  - CYbX 

d T  
ye= P A H  ade 

bT 
y ' = p A V  - 

bZ 

(A1.30) 
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As shown in figure AI,  +, ye, and yz are defined a t  the 
east and west interfaces, a t  the north and south inter- 
faces, and a t  the bottom and top of the box, respectively. 
The finite-difference forms of heat diffusion fluxes and 
FT can be formulated by using the same rules as those 
employed in the formulation of the frictional forces. 

Appendix I. 

SPECIAL FINITE-DIFFERENCE FORMS FOR 
THE TWO POLAR BOXES 

If, as is the case when using system 1 in Kurihara’s 
paper (121, p. 401), a grid point is situated on the north or 
south pole, special kite-difference forms of the equations 
are needed. However, the occurrence of a polar box can be 
avoided, for example, by adopting the grid system 3 in [2]. 

Assume that the north polar box is surrounded by four 
boxes as shown in figure A2. In this case, the box is 

?r A6 bounded by only three surfaces, Le., O=OS=---’ 
2 2  

c = c k + H ,  and c = ( T k - H .  The horizontal cross-section and 
volume of the box are 

AS=2m2(1 -sin 0,) 

AV=AS - 6~ (A2.1) 

Since the four lateral interfaces have the same area, their 
weights computed by (2 .3 )  are wI=wz=w3=w4=w. 

The integrated mean of the wind in the north polar box 
is defined by U and V (see fig. A2). If the wind at  the 
polar box is observed from the surrounding boxes in the 
figure, U and V are taken as 

U=u, V=v by the box 1=1, 
U=-v, V=u by the box 1=2, 
U=-u, V=-v by the box 1=3, 
U=v, V=-u by the box 1=4. 

These relations must be used in obtaining the finite- 
difference forms for the surrounding boxes. Figure A2 
can be made to represent the south polar box by ex- 
changing the indices for boxes one and three. However, 
the conversions between small and capital u and v are 
changed accordingly. 

The finite-difference forms of the system of equations 
for the polar boxes including the prognostic equations 
for P*U and P*V are obtained in the same manner as 
derived in Section 3 for the other boxes. In the derivation, 
due regard is given to the above wind field definitions. 
For example, the rate of change of Pe0 at the north poIe 
is given by 
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1.3 

1=2 

1. I 

FIGURE A2.-Diagram of the U and V wind components in the 
north polar box surrounded by boxes I =  1 through 4. Observed 
from box 2 the U-component appears as a northerly wind (v<O) 
and the V-component, a west wind (u>O). 

If the thermal equation and the equation of kinetic 
energy are derived, it is seen that the horizontal inflow 
of energy into the polar boxes is the same as the outflow 
across the poleward boundaries of the surrounding boxes. 

The finite-difference forms of the frictional forces, 
energy dissipation, and the effect of heat diffusion in the 
polar boxes can also be obtained by using rAe, roe, and ye 
which are defined a t  the poleward sides of the surrounding 
boxes. 
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