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ABSTRACT 

The vertical flux of geopotential and the conversion between eddy available potential and eddy kinetic energy 
due t o  non-stationary disturbances are studied by solving numerically the diagnostic as well as the prognostic equations 
of a linearized 20-level model. The vertical distribution of these quantities thus computed compares well with those 
obtained by other authors from observed data and also with the results of general circulation experiments. 

The efforts of various parameters on these quantities are investigated by taking various experimental initial 
conditions for time integration of the prognostic equations. The parameters dealt with are: the scale of dis- 
turbance waves, the vertical tilt of the waves, the vertical profile of the zonal flow, the static stability, the 8-effect, 
and viscosity. The results show that the vertical tilt of the ultra-long and the long waves is important for the time 
change of eddy kinetic energy near or above the tropopause, and that the tilt of the short wave is important in the 
lower troposphere. In  all cases, the westward tilt with increasing altitude contributes to the increase in kinetic energy, 
and the eastward tilt contributes to the reverse. The vertical wind shear is influential in determining the vertical 
distribution of the quantitites. The @-effect is important to  the ultra-long wave in that the eddy kinetic energy is 
increased in the upper atmosphere bscause of its presence. Likewise, the eddy kinetic energy is suppressed in the 
lower troposphere. Viscosity affects mainly the short wave in the lower troposphere. The effect of the vertically 
integrated divergence on the westward displacement of the ultra-long wave is also discussed. 
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1. INTRODUCTION 

Recent studies of the energetics in the earth’s atmos- 
phere indicate that motions in the troposphere and lower 
stratosphere interact closely with each other in relation 
to eddy kinetic energy, to form a combined meteorological 
system. ( B o d e  [4], Teweles [31], Reed, Wolfe, and 
Nishimoto [28], Miyakoda [18], Oort [25], Muench [19], 
[20], Julian and Labitzke [13], Smagorinsky, Manabe, and 
Holloway [29], Miller [17], Kung [15]) 

Eliassen and Palm [ 111 discussed (among other things) 
vertical transfer of energy in stationary geostrophic 
mountain waves throughout the atmosphere and obtained 
a relation between wave energy flux and meridional eddy 
flux of sensible heat for quasi-geostrophic motion. They 
showed the condition that limits the vertical penetration of 
wave energy. Charney and Drazin [6] and Charney and 
Pedlosky [7] treated the problem for stable and unstable 
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waves. They looked for the condition of the existence of 
internal waves throughout the whole atmosphere, consider- 
ing the existence of the waves as a prerequisite for vertical 
propagation of wave energy from the troposphere. They in- 
vestigated the possibility of the penetration from func- 
tional forms of the governing equations for various sets of 
basic physical parameters. The criterion they obtained for 
the free vertical propagation of perturbation energy shows 
a high possibility of the trapping of waves around the 
tropopause or a t  a level in the lower stratosphere. Chen 
[8] dealt with the same problem as Charney and Drazin 
[6], but used a more general form of the governing equa- 
tions to obtain similar results. Staff Members of Academia 
Sinica [30] studied a correlation of the stratospheric and 
tropospheric motions from the synoptic point of view. 
They found a close relationship between both motions 
and emphasized the important role played by the very long 
waves. The Chinese group also examined their results 
theoretically with simple models. Dickinson [ 101 treated 
the propagation problem of the atmospheric waves com- 
prehensively and extensively from the theoretical point of 
view. 

All the authors mentioned above obtained their con- 
clusions from examining the functional form of the gov- 
erning equations and/or dealing with special analytical 

with respect to  time. On the other hand, Onishi and 
Tanabe [24] pursued numerically with respect to  time the 
vertical propagation of wave energy from a source, using 
a simple model. Recently, Murakami [21] performed a 
comprehensive numerical estimate of the vertical re- 
distribution of energy due to stationary waves induced 
by topography and diabatic heat sources and sinks. He 
showed the relation between the characteristics of the 
vertical redistribution of energy and the scale of the 
stationary waves. 

Numerical simulation of the general circulation of the 
atmosphere provided us the more general information 
about the dynamical coupling between the lower strato- 
sphere and the troposphere in terms of energetics. (See 
for example, Smagorinsky, Manabe, and Holloway [29].) 

Numerical analysis of observations by Kung [ 151 indi- 
cates daily variations and a seasonal march of the energetic 
interplay between the lower stratosphere and the tropo- 
sphere. The calculation with the real data by Nitta [23] 
also shows frequent daily changes of the vertical flux of 
geopotential through the tropopause. 

According to  investigations thus far, it would be 
generally accepted that eddy kinetic energy which is con- 
verted in the troposphere from eddy available potential 
energy is redistributed upward into the lower stratosphere. 
For actual performance, the vertical distribution of zonal 
mean flow and that of zonal mean static stability, the incli- 
nation of the wave axis, and the scale of disturbance may 
be involved. The above-mentioned studies more or less 
focus their attention on the interrelation between waITe 
patterns or on the vertical redistribution of eddy energy 
between atmospheric layers 
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solutions, without solving the governing equations directly 
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It seems to the present author that there are few 
completely general works with the non-linear equations 
which treat the energetic coupling from the viewpoint of 
the structure of non-stationary disturbances. Therefore, 
in the present paper a study on the large-scale kinetic 
energy budget throughout the lower stratosphere and the 
troposphere is treated in relation to  the vertical structure 
of the baroclinic waves in the middle-latitude westerlies. 
The following interacting quantities are adopted here: 
the convergence of the vertical flux of geopotential, the 
conversion between the eddy available potential and the 
eddy kinetic energy, a sum of the two terms, and the 
vertical flux of geopotential. The probably important 
interaction through small-scale turbulent motions is not 
dealt with. 

A linearized 20-level balanced baroclinic model is 
adopted. At first, the model is treated for a diagnostic 
study to obtain information on the vertical profiles of the 
interacting quantities for various combinations of physical 
parameters. Secondly, a numerical time integration is 
made with the computational model for 24 hr. from a 
specific initial condition where no energetic interaction 
occurs. There is no computational reason why the forecast 
is stopped just 24 hr. later, but it is felt that a 24-hr. 
period should be sufficient to  gain insight into the aspects 
of the dynamic interaction. 

To make up the numerical experiment, analytical 
methods could be used. However, determination of the 
eigenvalues for the governing equations is a very com- 
plicated procedure, especially for a multi-level model, 
even if we assume a simple vertical wind shear and a crude 
vertical profile of the zonal mean static stability. Also, we 
cannot specify the relation between an actual unified 
movement of a meteorological wave in a stratified atmos- 
sphere and its associated eigenvalues. Therefore, in the 
present paper a monochromatic sinusoidal wave is assumed 
as a disturbance, a priori. According to this wave pattern, 
analytical expressions of the interacting quantities are 
obtained based on an w-equation in a simplified quasi- 
geostrophic system. 

The present paper consists of the following sections: 
Section 2 considers the physical meaning of the dynamical 
interaction. Section 3 describes the computational model 
used for the numerical experiment. Section 4 presents 
results of the experiment. Section 5 discusses the results. 
The vertical distributions of the space-mean interacting 
quantities in the present experiment are compared with 
the results obtained with the general circulation model of 
Smagorinsky, Manabe, and Holloway [29] and with those 
of the numerical analysis of observed data by Kung [15]. 
The results obtained from the simple analytical solution 
are shown in Appendix A. 

2. CONSIDERATION OF THE DYNAMICAL 
INTERACTION 

The kinetic energy and available potential energy, K 
and A, in z (east), y (north), p (pressure) coordinates may 
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be defined, respectively, as 

1 K=Z (u’++v’) 

A=- B( T*)2 

and 
1 
2 

where u and v are the horizontal components of velocity, 
T* t,he deviation of temperature on an isobaric surface 
from its space mean, i.e., 

-H - H  

and 
B=-- R - 1 (-) P i  

%“P P 
(2.3) 

- 
bP 

where R is the gas constant, e the potential temperature, 
and P the base pressure, 1000 mb. (See, for example, Miya- 
koda [ 181 , Smagorinsky, Manabe, and Holloway [29] .) 
The equations for the rate of change of the kinetic energy 
and available potential energy can be mitten without 
viscosity terms as 

and 

where 6 is the geopotential, a the specific volume. The two- 
dimensional space integral of equations (2.4) and (2.5) 
over the energetically closed domain turns out to be 

and 
- H  - 

(2.7) 

The f i s t  term on the right-hand side of equation (2.6) 
shows the rate of the vertical transport of kinetic energy, 
the second term a part of the pressure interaction or the 
convergence of the vertical flux of geopotential, and the 
third the energy conversion between the available poten- 
tial energy and the kinetic energy. The first term on the 
right-hand side of equation (2.7) indicates the rate of the 
vertical transport of available potential energy, and the 
second term is the counterpart of the conversion in equa- 
tion (2.6). 

When me separate equations (2.6) and (2.7) into the part 
of the eddy energy and that of the zonal mean energy, 
we have 

H -H H -H 

- bK‘ =-- a (UK’) --(w‘r#2’) b -w’ff’ +C(K)K’)  
at bP bP 

(2.8) 

-77 U 

and 

H -€I -H 
,H 

“w2) +;E --C(A,A’) (2.11) aA 
at aP 
- =-- 

J J 

- 
K=+(Z’+F), z=$B(T*)2, and A‘=A-X. 

H €I 
The terms C ( x ,  K’) and C(2, A’) show the horizontal 

average of the rate of the conversion of zonal mean flow 
kinetic energy into perturbation kinetic energy and that 
of zonal mean flow available potential energy into pertur- 
bation available potential energy. 

Generally speaking, the term “dynamical interaction 
between atmospheric layers” due to disturbances may be 
interpreted as the contribution to the local time change 

_. 

of the space mean total eddy energy, b(A’+K’)/bt ) a t  a 
layer from other layers by means of the space average 
convergence of the vertical flux of the quantities which 

relate to eddy energy, i.e., -b(wK‘)/bp , --d(o’qj’)/bp , 
If H 

and --b(wA‘)/bi- . Physical meaning of these terms is 
as follows: the first term means the vertical transport of 
eddy kinetic energy, the second term indicates a part of 
the contribution due to the pressure interaction in the 
vertical, and the third is the vertical transport of eddy 
available potential energy. 

In the present paper, referring to the observed ener- 
getics in the lower stratosphere, we focus on the exchange 
of the eddy kinetic energy between the lower stratosphere 
and the troposphere through the tropopause. In  this 
sense the two terms, -b(wK’)/bp and -b(~’4’)/bp , will 
be considered. According to the results of the analysis of 
the real atmosphere (Miyakoda [18], Muench 1191, [ZO], 
Oort [25], Miller [17], Kung 1151, [16]), -b(wK’)/bp is 
much smaller than -b(w‘+’)/dp . Therefore, the former 
term will be ignored. As has already been pointed out by 
several authors (see Muench 1201, Kung 1151, etc.), the 

term -b(w’+’)/bp is derived as a part of the term 

H H 

R 

H 

H 



-H -H 
-VI. v+’ . The term -VI. v+’ means the contribution 
to the local time change of the eddy kinetic energy from 
the work done by the pressure force. When the term 
-d(w’+’)/dp is integrated in the vertical from the top 
(where w=O is assumed) to the bottom of the atmosphere, 
there remains ut+’ at  the ground surface, which is very 
small in magnitude. In this sense, the term -d(w’+‘)/dp 
may be called the redistribution term of tJhe eddy 
kinetic energy. Another part derived from the term 
-V‘.v@‘ is the rate of the conversion between t’he eddy 
kinetic energy and the eddy available potential energy, 
i.e., - -WILY’ . 

According to the analysis of observed data, the net in- 
crease in eddy kinetic energy for the whole atmosphere 
in middle latitudes is mainly due to the conversion term. 
The levels where the eddy kinetic energy is converted 
from the eddy available potential energy are located in 
the mid-troposphere. However, because of the redistri- 
bution term, levels where the net increase in the eddy 
kinetic energy results are located near or above the 
tropopause. In  this way the lower stratosphere and the 
troposphere interact with each other energetically. 
Therefore, in the discussion to follow the vertical profiles 
of the terms, -d(w’+’)/dp , -w ’a ’  , and the sum of the 

H 

-H 

H 

-H 

-H 

H -€I 

_ _  
two terms -V’.v+’ will be examined in relation to the 
structure of waves. Throughout the following discussion, 
the interacting quantities are designated as follows: 
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- 

principal assumptions. given, see the assumption (6).) 

(1) the redistribution term, -d(w’@’)/dp , 
-H 

(2) the conversion term, --WILY’ , 
-- 

-€I 
(3) the generation term, -V‘.V@‘ =-A (w’+’ )  

dP - H 
-w‘cY‘ . 

The energy equations which are derived from prognostic 
equations adopted in the numerical experiment do not 
agree with equations (2.4) and (2.5). The discrepancy, 
however, may be negligibly small, and hereafter the 
energetics will be considered in reference to equations (2.4) 
through (2.11). It should also be noted that the total 
energy is not conserved in the linearized forecast model 
which will be described in the next section, because it is 
assumed that the zonal mean flow and its vertical shear 
are constant with time. This means that the eddy available 
potential energy is always supplied from the zonal mean 

available potential energy, i.e., C(2,A’) >O. 
-H 

3. LINEARIZED PO-LEVEL 
BALANCED BAROCLINIC MODEL 

BASIC ASSUMPTIONS 
In this simplified model research, we adopt the following 

(1) For the sake of simplicity, the /%plane approxima- 
tion is used. According to the usual scale theory, the 
characteristic horizontal scale of the very long waves is 
comparable to the earth’s radius and the @-plane as- 
sumption is no longer valid (Burger 151, Phillips 1271). 
The spectral analysis of observed data, however, shows 
that the horizontal scale of the very long waves in the 
meridional direction seems to be much smaller than that 
in the zonal direction (Eliasen [12], Phillips [27]). Although 
abandonment of spherical treatment might bring errors 
and we should eventually deal with the problem in three- 
dimensional spherical space, the present application of the 
/%plane approximation for the very long waves seems to 
be not a fatal fault. (See Welander [32].) 

(2) Motion is confined in the x,p plane and the govern- 
ing equations are linearized. The zonal mean velocity, 
U(p) ,  is assumed to be constant for all time. 

(3) Meridional variation of physical quantities con- 
cerning the disturbance is ignored and those of the zonal 
mean height and temperature are expressed so as to 
satisfy the geostrophic and thermal wind relations, 
respectively. Therefore, this system is not energetically 
closed. This assumption turns out to be the limitation of 
our prognostic model. Namely, if we pose a baroclinically 
unstable vertical wind shear for the zonal current, develop- 
ment of a wave will go on endlessly, because there is no 
feed-back to weaken the vertical wind shear. 
(4) To examine the influence of dissipation, the follow- 

ing Austausch coefficient or gross viscosity is assumed: 
(a) Rate of momentum and heat changes with respect 

to time due to the lateral diffusion, i.e., 

F,= vV2V 

for the equations of motion, and 

FT=vV2T 

for the thermal equation, where v=2X.1O5 m.2 set.-' is 
used. 

(b) Rate of momentum change with respect to time 
due to the vertical diffusion, i.e., 

d7 F:=--g - 
bP 

for the equations of motion, where y is the acceleration of 
gravity, and 

7=-p3g212E .. ?!for 800 mb.<p<1000 mb., idA ap 

p is the density of air, p s  is that at the ground surface, 
1 the mixing length which is prescribed as 1=0 (for 800 
mb.), Z=12 m. (for 850 mb.), Z=18 m. (for 900 mb.), 
and 1=24 m. (for 950 mb.), and C, is the drag coefficient 
of numerical value 3 X (Concerning levels where 7 is 
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The experiment is performed with and without 
dissipation. Unless explicitly stated otherwise, the com- 
putation was performed without diffusion in both the 
lateral and vertical directions. 

(5) Since our horizontal domain is limited to 12,000 km. 
in size, the maximum wavelength which we can deal with 
here is also 12,000 km. In the numerical experiment, the 
following bhree waves are adopted as the representatives 
of three characteristic wave components in the atmos- 
phere, Le., 

(i) a wave of wavelength 12,000 km. for represent- 
ing the very long waves, 

(ii) a wave of wavelength 6000 km. for represent- 
ing the long waves, and 

(iii) a wave of wavelength 3000 km. for represent- 
ing the short waves. 

(6) As is shown in figure 3.1, the domain is resolved in 
20 layers in the vertical (pressure increment Ap=50 mb.) 
and 60 grids in the horizontal (grid interval d=200 km.). 
For a part of the diagnostic study, the area is meshed 
horizontally with 30 grids (d=400 km.) for computational 
convenience. (See Appendix B.) In this connection, one 
hour is adopted as the time interval At. It is also assumed 
that the pressure a t  the tropopause is 200 mb. This means 
that there are four layers in the stratosphere and 16 layers 
in the troposphere. As the uppermost level where the 
height field is specified is 25 mb., it may be said that in the 
present model the lower stratosphere can approximately 
be taken into account. 

(7) Concerning the lateral boundary condition, the 
cyclic continuity for all variables is assumed. Upper and 
lower boundary conditions are 

w=O a t  p=O mb., (3.1) 
and 

w=wS a t  p=lOOO mb., (3.2j 

respectively, where w s  is the vertical p-velocity at  the 
lowest surface and will be specified later. (See section 4.) 

NUMERICAL MODEL 

Since we desire a comprehensive treatment of the large- 
scale atmospheric motions from the ultra-long waves to 
the short waves, the computational model should be a 
balanced baroclinic model in the broad sense or a primitive 
equation model. Therefore, the linearized 20-level balanced 
baroclinic model is designed and constructed here in the 
present experiment under the assumptions mentioned 
earlier. A similar model was used by Arakawa [3] to study 
non-geostrophic effects. 

The governing equations are the vorticity equation : 

300 
2oo 1 

a 
600 

800 
’0° t 

FIGURE 3.1.-Vertical resolution in x, p plane for the numerical 
model ( X =  12,000 km.). 

the thermal equation : 

the w-equation : 

and the S-equation : 
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(3.10) 
and 

-Pk(wk+l/2hk+1/2$0:-1/2h: - 1 / 2 ) ] .  (3.1 1) 

The vertical derivative has already been replaced with 
finite difference. 

In the numerical procedure for integrating the governing 
equations, i t  is implicitly assumed that the magnitude of a 
non-geostrophic component of wind is one order of 
magnitude less than that of a geostrophic one. (See 
Appendix C.) 

DATA 

~ 

In the present experiment, analytical patterns are dealt 
with instead of real data. In  this connection, the height 
distribution, the vertical profile of the zonal mean velocity 
U ( p ) ,  and that of the zonal mean static stability S(p)  
have to be specified. 

Height jie1d.-The following sinusoidal monochromatic 
wave pattern is given as the height field, Le., 

I Z(Z, P, t)=Zdz, P ,  t )+Zl (P)  

We assume initially a uniform amplitude throughout the 
whole atmosphere regardless of p ,  i.e., Z ' (p ,  0) = 100 m. 
for the wave of wavelength 12,000 km., Z'(p, 0) =50 m. for 
the wave of L=6,000 km., and Z'(p, 0)=20 m. for the 
wave of L=3,000 km. These numerical values of the 
amplitude Z'(p,  0) give almost the same amount of the 
eddy kinetic energy for three waves, respectively. (As an 
exception, a computation for the wave of L=6,000 km. 
is made with Z'(p,  0) = 100 m.) Although this assumption 

effect can be observed clearly by starting with the simple 
pattern rather than with the complicated one. Similarly, 
no vertical tilt of trough and ridge axes is assumed a t  
initial time, i.e., 6(p, O)=O for all p .  Since the absolute 
value of zonal mean height of each information level 
Z l ( p )  is not involved in the present computation, it is put 
to be zero. For some diagnostic studies, the realistic 
vertical distributions of the amplitude are prepared as is 
shown in figure 3.2. This is manufactured with reference 
to the several results of harmonic analysis by Eliasen [12], 
Teweles [31], and Muench [19]. Some values are assigned 
to 6(P, 0). 

Vertical proJile of U(p) . -For the initial value problem, a 
few artificial profiles of U ( p )  are assumed. They are U I ,  

I seems to be too artificial, it is considered that the physical 

I 

0 

100 

200 

300 

400 1 500 

a 600 

700 

800 

900 

1000 

, Short Wave 

-AMPLITUDE 

FIGURE 3.2.-The realistic vertical distribution of the amplitude of 
the three waves. From left to right, respectively, the amplitude 
for the short wave (L=3,000 km.), that for the long wave 
(L=S,OOO km.), and that for the very long wave (L=12,000 
km.). 

UI1,and UIIIin figure 3.3 (a), (b),and(c),respectively. Some 
of them are also used in the diagnostic approach. The 
realistic profiles of U ( p )  are adopted in the diagnostic 
study, which is obtained by Murakami [21], and illustrated 
in figure 3.3(d) as U(35) and U ( 6 0 ) ,  which mean respec- 
tively the zonal mean wind at  35"N. and 60"N. 

Vertical projile of S ( p )  .-For all computations, the vertical 
distribution illustrated in figure 3.4 is used, which satisfies 
the following formula: 

2oo ', a=0.443 for 0 5 ~ 5 2 0 0  mb., 
a (,> 
b (71, b=O.O272for200<p< 1000mb. 

S( P> = 

(3.13) 

4. RESULTS OF NUMERICAL EXPERIMENTS 
In this section, the results of the numerical solutions 

with the model depicted in a previous section will be 
shown. The problem is treated from two different ap- 
proaches, that is, the diagnostic method and the prog- 
nostic method. 
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FIGURE 3.3.-The vertical profile of the zonal mean velocity U .  (a) UI, (b) UII, (c) UIII, and (d) U(35) and U(60) .  The distributions (a) 
through (c) are artificial, and those in (d) are obtained by Murakami [21] from the observed data. 

The former approach is adopted to obtain information 
on the vertical distributions of the interacting quantities 
for various combinations of basic parameters concerning 
the structure of the baroclinic disturbance. However, since 
physical parameters are assigned beforehand, the diag- 
nostic study gives us only the int-errelation between the 
interacting quantities and the basic parameters. To  pro- 
ceed in a more general study, a numerical prediction with 
the computational model is performed. Because of the 
restriction of linearization, the forecast is terminated after 
a fixed period, say, 24 hr. Although the forecast is started 
with specific initial data, i.e., no tilt of the wave axes and 
uniform amplitude, the prognostic patterns after 24 hr. 
show good resemblance to the typical structure of the 
waves in the middle-latitude westerlies. In this connection, 
the predicted vertical distributions of the interacting 
quantities may be considered to have physical significance 
to depict the dynamical coupling between the lower 
stratosphere and the troposphere. 

RESULTS OF THE DIAGNOSTIC RESEARCH 

In the diagnostic study with the computational model, 
equation (3.5) is solved iteratively for w’ from a prescribed 
pattern of 2’ (or 4’) and a set of physical parameters 
S, U,  etc. (See Appendix C.) The height field is determined 
by equation (3.12) with the vertical profiles of amplitudes 
shown in figure 3.2 respectively for the three representative 
waves. As the vertical distributions of the zonal mean 
wind, U (35) and U (60) in figure 3.3 (d) are adopted. 

a 600  

700 

80 0 

900 * - 

(rn?mbY2 s a 2 )  

1 2 3 4 5 6  7 8  
0 

100 

200 

300 

1000 4 4 ,  
(mb) 10 20 30 40 50 60 - S (x 10-2m? mba2 ~ 1 ~ )  

FIGURE 8.4.-The vertical profile of the artificial zonal mean static 
stability, S. Numbers on the lower abscissa are for S a t  1000 
mb. >_p 2 200 mb. and those on the upper one are for S at 200 
mb.>p>O mb. 
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H 
FIGURE 4.1.-The diagnostic numerical solution with the linearized 20-level model, of the redistribution term - d(w'+')/ap (thin solid line), 

that of the convcrsion term --wrar (thin dashcd line), and that of the sum of both tcrms or thc generation tcrm (heavy solid linc), 
Thc left figure shows thc rcsults for U(35) and thc right one for U(60) .  (a) The diagrxm for L= 12,000 km., (b) that for L=6,000 km., 
and (c) that for L=3,000 km. 

11 - 
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Figures 4.1 (a) through (c) show the vertical distri- 
bution of - d(w'+')jdp, X H  and the sum of both terms 
for the three characteristic disturbances respectively. The 
vertical tilt is assigned as S=-L/4 which means the 
westward inclination with increase in the height to the 
extent of a quarter of a wavelength for the whole depth 
of the atmosphere. 

For the profiles of U a t  35"N. and 60"N., the eddy kinetic 
energy is generated mostly in a similar manner, but the 
amount is different. This is commonly seen for all the 
three waves taken up here. The very long wave mostly 
contributes to the energy generation in the stratosphere, 
and the synoptic-scale long wave has the maximum genera- 
tion around the 200-mb. surface which is regarded as the 
level of the tropopause in the experiment. The redistribu- 
tion term has a similar magnitude at  the tropopause for 
the two larger-scale waves. The predominance of the 
contribution by the ultra-long wave in the stratosphere is 
mainly due to the large value of the amplitude of the 
wave there. The diagnostic results for amplitude which is 
uniform in the vertical shows that the contribution by the 
very long wave to the generation term is much smaller 
than the case illustrated in figure 4.l(a). The prognostic 
results which will be described later also do not show the 
large amount of the amplitude of the very long wave in 
the stratosphere. The determination of a realistic profile 
of the amplitude is a problem beyond the present work, 
and further progress of our understanding on the dynamics 
of the ultra-long wave is urgently needed. 

Contrary to the case of these larger-scale disturbances, 
the wave of wavelength 3,000 km. relates little to the 
budget of the eddy kinetic energy in the lower stratosphere. 
In  the middle troposphere, the conversion term contributes 
to increase eddy kinetic energy. On the other hand, the 
redistribution term decreases the eddy kinetic energy to 
minimize the generation term for the very long wave and 
the long wave. For the short wave, there is almost no 
generation in the lower stratosphere, but the relatively 
large rate of the increase in eddy kinetic energy is observed 
in the middle troposphere. Accordingly, the spectrum dis- 
tribution of the waves in the atmosphere would be im- 
portant. The frictional forces ignored in the diagnostic 
experiment may also change the situation. 

Although it is not illustrated here, an estimate of the 
vertical transport of eddy kinetic energy - b(wK') /dpH 
shows one or more order of magnitude smaller than the 
other interacting quantities considered here, as has been 
pointed out by many authors. Furthermore, the following 
results are obtained from the diagnostic numerical study 
and are supported by the simple analytical solutions 
(See Appendix A.) 

(1) The tilt of the disturbances is crucial in determining 
the sign of the interacting quantities. In the case of no 
inclination, no generation results. The results so far 
illust'rated are characteristic of the waves which tilt 
westward with a1 titude. The disturbances tilting leeward 
with increase in height change the sign of the interacting 
quantities, 

H 
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(2) The absolute magnitudes of the interacting quan- 
tities are approximately in proportion to the degree of 
inclination of the wave axes and the absolute size of the 
amplitude of waves. 

(3) The very long wave is remarkably influenced by 
the 8-effect. The 8-term promotes the contribution of the 
redistribution term to increase eddy kinetic energy in the 
upper half of the atmosphere and suppresses that in the 
lower half of the troposphere, and even makes the sign of 
the generation term negative. The effect of the 8-term 
weakens for shorter waves. 
(4) The vertical flux of geopotential --='I is positive 

and has a similar magnitude for the very long wave and 
the long wave throughout the lower stratosphere and the 
upper troposphere. 

Although the results obtained in the diagnostic approach 
give us the physical image of the interaction, i t  should 
be noted that the vertical profiles of the amplitude and 
those of the degree of inclination of wave axes are assumed 
beforehand. Furthermore, the solution demonstrates no 
more than an ins tan taneous state under the prescribed 
pattern. To proceed further, the problem has to be treated 
from the prognostic viewpoint. 

RESULTS OF THE PROGNOSTIC RESEARCH 

The same pattern as is adopted for the diagnostic ap- 
proach is used, but a wave axis is set straight upward at  
the initial time. A grid interval of 200 km. is used. The 
prognostic profiles of the interacting quantities after 24 
hr. for the wave of wavelength 12,000 km. are illustrated 
in figure 4.2. The interacting quantities are shown on the 
left and the vertical profiles of maximum amplitudes of 
the waves and those of the phase on the right. 

Figure 4.2 (a) indicates a comparison between the re- 
sults of the cases where U=UI and U=UIII. (See fig. 
3.3.) The difference between these two zonal mean cur- 
rents is the curvature of the vertical wind shear, ie.,  for 
7.71, b2U/bp2>0, and for 7.7111, dZU/bp2=O. First of all the 
two prognostic distributions agree with the diagnostic re- 
sults. The effect of b2U/dp2 is such that i t  increases the 
magnitude of the redistribution term in the lower strato- 
sphere and promotes the energy conversion from the eddy 
available potential energy to the eddy kinetic energy in 
the upper half of the troposphere. In  view of the eddy 
kinetic energy generation, however, this difference is not 
remarkable. The redistribution term has its maximum 
value above the level of the maximum generation. Be- 
tween these two maximum levels, the level of the strongest 
zonal flow and the level of the largest growth rate are 
observed. (Compare the left-hand side and the right-hand 
side of figure 4.2 (a).) 

Next, the effect on the vertical profiles of the interacting 
quantities, of the height where U has its maximum value 
is examined (fig. 4.2(b)). As is observed in figure 3.3, the 
level of maximum zonal mean wind in UII is higher than 
that in UT. The two levels differ in height an amount AH 
which is equivalent to 100 mb. in pressure. As a result, the 
level of the maximum in the redistribution term and that 
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in the generation term in the case of U= UII are approxi- 
mately AH higher than that in the case of U=UI. Con- 
cerning the absolute magnitude of these quantities, the 
results in the two cases are similar for the very long wave. 
About the effect of the meridional variation of the Coriolis 
parameter, the &term, in general, leads to a similar 
influence on the vertical profiles of the quantities in both 
the prediction and diagnostic studies. (See fig. 4.2(c).) 
There is, however, an important discrepancy. In the 
forecast, the case of 8=0 results in, a t  the tropopause, the 
same amount of the redistribution and a greater magnitude 
of the conversion than in the case p#O,  to lead to the 
sharp maximum in the generation. On the contrary, the 
diagnostic approach does not display t,his trend. The very 
long wave shows a fictitious westward retrogression in the 
atmosphere when there is no vertically integrated di- 
vergence (Wolf [34], Cressman [9], Wiin-Nielsen [33]). 
The numerical model adopted here is the one which may 
give rise to this error for horizontal movement of ultra- 
long waves. T o  avoid the error in a simple manner, we 
introduce artificial total divergence which is assumed to be 
proportional to the height tendency with time a t  the 
lowest level of the atmosphere. Figure 4.2(d) shows the 
results for the two different magnitudes of the total 
divergence, where K indicates the coefficient of the propor- 
tion in the form 

The vertical profile UIII is used for the zonal mean wind. 
Except for the absolute magnitude of the interacting 
variables, the case of ~ = 0 . 1  and that of ~=0 .01  result in 
similar patterns. In comparison with the case K=O,  the 
two cases of K # O  have sharper curvature around the 
maximum of the redistribution term and that of the 
generation term. This suggests to us that the blocking 
effect for the fictitious westward movement leads to an 
intensification of the eddy kinetic energy in the lower 
stratosphere, which is redistributed by the term 
-3(w’4’)/3p . Although there is not enough information 
on the vertical distribution of amplitude of the very long 
wave in the stratosphere, it should be remarked that the 
predicted vertical profiles of amplitude seem to be different 
from those of observation, i.e., the computed amplitude 
has the vertical maximum around the level of the strongest 
zonal mean flow, but in the real atmosphere the increase 
in amplitude of the very long wave is usually observed 
with increase in altitude in the lower stratosphere. The 
reason for this discrepancy may be related to the mecha- 
nism of maintenance of the very long wave. To  examine 
the effect of the dissipational force, a computation with 
the vertical diffusion due to the Austausch coefficient is 
performed. Figure 4.2(e) shows the results with dissipa- 
tion. The effect makes the redistribution term predominant 
in the lower layer. This trend was already pointed out by 
Arakawa [l], [2] in relation to the angular momentum 

H 
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balance in the middle-latitude westerlies. As is easily 
expected, the effect of the friction is more conspicuous for 
the shorter waves. 

Now, let us turn to look a t  the case of the long wave of 
wavelength 6,000 km. Figure 4.3(a) demonstrates the 
result for U= UI. The levels of the maximum redistribu- 
tion term and of the maximum generation term shift 
downward in comparison with the result for the very long 
wave. Agreement of the predicted profiles with those 
obtained by the diagnostic approach is very good. The 
results in the case of U=UI and those of U=UII  are 
shown in figure 4.3(b). (As an initial uniform amplitude, 
100 m. is used to exaggerate the difference. The double 
initial amplitude leads to a double value of the interacting 
quantities.) The difference in the results due to the 
difference in U appears similar to that in the case of the 
very long wave, but the magnitude of the discrepancy 
increases for the shorter waves. The profile in the case of 
U=UII  results in a sharper curve around the maximum 
generation near the tropopause and increases the magni- 
tude of the maximum. This means that the high sensitivity 
of the unstable baroclinic wave to the vertical wind shear 
is reflected in the interacting quantities. (See the vertical 
profile of the maximum amplitude in the right-hand side 
of fig. 4.3(b).) 

The effect of the dissipation due to the vertical gross 
viscosity is notable for this wave as is illustrated in 
figure 4.3(c). The rate of the redistribution is sharply 
increased in the lowest level. Inclusion of the lateral 
diffusion term in the governing equations does not make 
any significant change in the results, though the profiles 
are not shown here. 

The profiles for the short wave are shown in figure 4.4. 
The wave of the wavelength which is 3,000 km. also 
indicates high sensitivity to the vertical wind shear. 
Again, the prognostic results agree well with those by the 
diagnostic approach. I t  should be noted that the predicted 
vertical distribution of the interacting quantities is essen- 
tially different from the profiles in the two cases of the 
longer waves. For the vertical profile of zonal mean current 
which has the level of the strongest wind above the tropo- 
pause, the redistribution term shows negative near the 
tropopause, but the generation is still positive. This 
suggests to us the different types of the dynamical inter- 
action. The downward redistribution in the mid-tropo- 
sphere is also more remarkable in this case than the other 
two cases. The results for the vertical gross viscosity are 
shown in figure 4.4(b). The same trend as that for the 
long wave is observed. Concerning the absolute amount of 
the generation in the lowest layer, the long wave and the 
short wave give rise to a similar magnitude which is larger 
than that due to the very long wave. 

Finally, figure 4.5 indicates the predicted profiles of 

-ut,#,” for the three waves. One of the most marked 
differences from the diagnostic case is that the long wave 
leads to a strong vertical flux of geopotential through the 
tropopause. As far as the forecast made here is concerned, 

- 
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FIGURE 4.4.-The same as figure 4.2 but for the short wave of 
wavelength 3,000 km. As the initial data, 2’=20 m. and y=O are 
adopted. (a) The results for U I  and UII  are compared. (b) Thc H - - (a/ap)(u’*’), -x? sum ( X i o - ~ ~ : s ~ )  rcsults for UI with t,hc vertical subgrid-scale diffusion. 

the synoptic scale disturbance is the most efficient in 
generating the eddy kinetic energy in the lower strato- 
sphere. In the lower half of the troposphere, the downward 
flux is also more conspicuous than that in the diagnostic 
study. The effect of vertical diffusion on the vertical flux of 
geopo tential appears to promote intensity of the downward 
flux. (See fig. 4.5(b).) On the contrary, the upward flux 
into the stratosphere is decreased. These trends are more 
or less common to the three characteristic waves. 

5. DISCUSSION OF THE RESULTS 
As a supplement to the numerical experiment, u simple 

analytical solution is obtained for a quasi-geostrophic 
system. (See Appendix A.) The analytical expressions of 
the interacting quantities agree reasonably \vel1 with the 
numerical results and indicate the interrelation with 

various combinations of physical parameters may be 
interpreted as for the numerical results. 

Next, to compare the present results with those obtained 
by the more elaborate computational model, the vertical 
profiles obtained by Smugorinsky, hdanabe, and Hollowuy 
[29] are referred to in figure 5.1. The patterns shorn the 70- 
day average state. Since their computational model 
contains neither mountains nor sensible heat supply from 
the ocean, the results could be interpreted to indicate the 
statistical mean state of the dynamicd interplay due to 
transient disturbances. From the vietvpoint of the COLI- 

pling between the lower stratosphere and the troposphere, 
the sharp predominant generation of eddy kinetic energy 
is observed around 200 mb. When the numerical solution 
by the general circulatibn model is compared with that 
by the present experiment, i t  follows that both solutions 
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look alike and especially the results of the long wave of 
wavelength 6,000 km. shows the best resemblance to the 
results by the more elaborate model. I t  should be pointed 
out that the mechanism which presumably transforms 
the eddy kinetic energy generated through the medium- 
scale wave to that of the ultra-long wave in the lower 
stratosphere is not revealed. 

Numerical analysis of the energy generation in the real 
atmosphere with observation of wind and geopotential 
fields is done by Kung [15]. Monthly mean vertical 
profiles of the coupling variables for January 1963 are 
illustrated in figure 5.2 .  It should be understood that his 
results include contributions from both the transient and 
stationary waves. To a close approximation the profiles he 
obtained from the real atmosphere agree with those from 
the numerical simulation. One cannot estimate a t  once 
separately the contributions from the transient wave and 
from the stationary wave, but a t  least it may be empha- 
sized that a considerable amount of the generation through- 
out the lower stratosphere and the upper troposphere 
is carried out by moving disturbances. The time 
sequential diagrams of the generation in the real atmos- 
pheric layers, which are also obtained by Kung [15], show 
frequent variations of the absolute value and changes of 
the sign in the daily computed values. These short- 
period oscillations seem to be related to activities and 
behaviors of migratory troughs and ridges. 

The reasonable agreement of the present results with 
the other two studies suggests to us that the essential 
factors which determine the general aspect of the dy- 
namical coupling are included in the present simple 
experiment. The factors are the inclination of ware axes 
(hence, the meridional transport of sensible heat), the 

vertical wind shear, the vertical profile of static stability, 
the total non-vanishing divergence, the &effect, and the 
dissipation. 

The maximum values of the generation term in the 
upper atmosphere are compared in table 5.1. As an example 
from the present study, the diagnostic study is used, which 
treats the long wave (L=6,000 km.) for the realistic pro- 
file of the amplitude and U= U(35). The results from the 
different authors are of the same order of magnitude. The 
amount of the vertical flux of geopotential through the 
boundary surface and between the lower stratosphere and 
the troposphere are compared in table 5 . 2 .  As the obser- 
vation in the real atmosphere, the monthly mean of Jan- 
uary 1958, prepared by Miyakoda [HI, is adopted. The 
pressure interaction term computed from the three-month 
mean values of January-March, 1958, as obtained by 
Oort [25], is also cited. Miyakoda [18] processed the height 
field to obtain all motion fields needed for the numerical 
analysis of the sudden warming phenomenon. Since Oort 
[25]  dealt with the three-month mean value, his result all- 
pears very small. The other three estimates are of similar 
size. I t  should be remembered that an absolute amount of 
the net flux into the stratosphere depends very much on 
the level chosen as the boundary surface between the lower 
stratosphere and the troposphere. 

Concerning the contribution by the stationary waves, 
Eliassen and Palm [ 111 show for a quasi-geostrophic wave 
that 

and mention that “long quasi-geostrophic stationery waves 
will transport wave energy upward if the flux of sensible 
heat is directed northwards, i.e., if the waves tilt westward 
with height (assuming U>O, a>O).” The term on the 
right-hand side of equation (5.1), however, does not ap- 
pear in the case of migratory disturbances, because this 
term is attributed to the heat advection term by the zonal 
basic current in the thermal equation, which is can- 
celled out  by the corresponding term in the vorticity 
equation when we solve the w-equation to obtain - ~ ‘ 4 ‘  . 
(See Appendix A.) In this respect, although both the tran- 
sient and stationary waves have the vertical flux of geo- 
potential, the physical relation between the wave tilt und 
the energy transfer is quite different in the two waves. 

Finally, some comments will be made on the computa- 
tional model. The multi-level balanced baroclinic model 
adopted in the present experiment is capable of a compre- 
hensive treatment of the waves in a broad range of the 
wave spectrum. Comparison of the present results with 
those of the same computation with the quasi-geostrophic 
model indicates little difference between the very long 
wave and long wave regimes. On the other hand, for the 
wave of shortest wavelength, a definite difference is no- 
ticed between the two models. 

-€I 
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the amplitude and the zonal mean flow are used. Roughly 
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TABLE 5.2.--Comparison of the amount of the vertical flux of geopotential at the boundary surface between the lower stratosphere and the tropospher 
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6. SUMMARY 
The energetic process which links the lower stratosphere 

and the troposphere is pursued by solving numerically a 
20-level linearized baroclinic equation. The cases treated 
here correspond to those a t  the middle latitudes and 
roughly in winter. The space-mean conversion from eddy 
available potential energy to eddy kinetic energy occurs 
mostly in the middle troposphere. Simultaneously the 
area-average redistribution term acts to reduce the eddy 
kinetic energy in the mid-troposphere and to increase it 
around the tropopause or in the lower stratosphere. Thus, 
the time change of eddy kinetic energy becomes a maxi- 
mum-near the tropopause or above it. (The increase in 
the eddy kinetic energy in the lower stratosphere, which 
is connected with the tropospheric motions in this manner, 
feeds the energetics there.) 

The above-mentioned process is investigated with re- 
lation to the structure of the baroclinic disturbances. 
The vertical profiles of the interacting quantities, i.e., 
- b ( w ’ ~ ’ ) / b p  , -mH, the sum of both terms, and 
- u ’ ~ ’ ~ ,  are obtained by numerical time integration 
with the 20-level balanced baroclinic model. The vertical 
transport term -b(uK’)/bp is ignored because it is 
very small. The diagnostic studies with the computational 
model and with the simple analytical method are per- 
formed as a supplement to the prognostic research. 
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The main results are summarized as follows: 
(1) The vertical tilt of a wave axis determines the 

sign of the interacting quantities, Le., -b(u’+’)/bp , 
H I IH -utafH,  -V’.V+’ , and --w Q . The windward in- 

clination of axes with increase in altitude promotes the 
increase in the eddy kinetic energy in the lower 
stratosphere and the upper troposphere, in the case dU/ 
bp<O. A leeward tilt results in the reverse sense. The 
vertical straight axis leads to no change in the eddy 
kinetic energy. The degree of the vertical inclination is 
proportional to the absolute amount of the interacting 
quantities. 

(2) The amplitude of the wave, the wavelength, bU/bp, 
and the Coriolis parameter are directly involved in de- 
termining the magnitude of the interacting quantities. 

(3) In  the range of the realistic distribution, the effect 
of the zonal mean static stability on the interacting 
quantities is not predominant. 

(4) For the ultra-long wave, the effect of the total 
non-vanishing divergence appears to promote the energetic 
interaction in the atmospheric layers. 

( 5 )  The P-effect increases the magnitude of the redistri- 
bution term in the upper troposphere and decreases i t  in 
the lower troposphere for the windward inclined wave. 

(6) The role played by the dissipation is such that the 
vertical gross viscosity in the lower layer leads to the 

H 
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downward redistribution of eddy kinetic energy, es- 
pecially, in the lowest layer. 

(7) The present conclusions agree well with results ob- 
tained by the numerical simulation of the general circula- 
tion of the atmosphere and by numerical analysis of 
observed data. In  the earth's atmosphere, the general 
circulation requires the predominance of the westward 
tilt of wave axes with height in the middle latitudes, so 
that the eddy kinetic energy is converted from the eddy 
available potential energy in the middle troposphere and 
redistributed so as to be maximum near or above the 
tropopause. 

APPENDIX A 

For the sake of simplicity, we further assume that 
dU 

S(p) =constant = So, u=2j0-= cons tan t ( < O )  , b=jop, aP 
4=do sin (kx+Zp), k=2rlL, Z=ny/P, P=lOOO mb. (y<O 
for westward (windward) tilt with altitude and r>O for 
eastward (leeward) inclination), v=v0 cos(kx+Zp), vo 
= +&ifo, and d2w/bx2= - k2w. 

Thus, equation (A.2) reduces to 

b2w/bp2-p2w=-u* cos(kxf1p)-b* sin(kx+Zp), (A.3) 

where a*=(ak2v,J/fi<0, b*=bZvo/$<O for l < O  and b*>O 
for l>O, and p2=(SJc2)/$. 

The solution of equation (A.3) is 

A SIMPLE ANALYTICAL EXPRESSION OF THE INTERACTING W = W I + O ~  . .  

QUANTITIES 
An analytical solution for the w-equation is obtained. =WaI{cos (kx+Zp)+- sinh "[cos kx cosh p P  sinh p P  - 

As mentioned in the Introduction, the quasi-geostrophic 

strophic w-equation reads 
approximation is used for this purpose. The. quasi-geo- -COS ( ~ X + Z P ) ] - C O S  kx cash pp 

+ma{ sin (kx+Zp)+- sinh pp[sin kx cosh pP sinh p P  
. VZw+A-=- f" a20 j arl, s a p 2  :[ 0 3 p ( u g z + v z $ )  -sin (kx+ lP)]-sin kx cosh pp 1 

=wo,Q, (x, p) +wozQ2(x, p), 

1 '"" '"" and+--. ad 
-fO j - 0  2y1 vg=% &' P- bp where ~ ~ ~ = u * / ( Z ~ + p ~ ) < 0 ,  wo2=b*/(Z2+p2)S 0 for ZS 0, 

where qg=-V24+f,  u,=-- - 

J 

(A.4) 

and the upper and lower boundary conditions for w,  i.e., 
w=o at p=o and p, is used. 

Using the approximate solution for w, equation (A.4), 
and the assumption for 4, --b(wK')/bp and its zonal mean 

We assume that motions are confined in x, p-plane and 
variables are separated into the zonal mean value and the 

deviation from it. (The horizontal mean ( ) coincides 
-H 

-X 
with the zonal average ( ) in the present case, and here- 
after will be denoted as (.) Namely, we put 

--b(wK')/bp are obtained, i.e., 

a b -- bP (wK')=-- bP [(wolQl+wo2Q2) cos2 (kx+Zp)]i (A.5) 

au b -  
bP y f o -  =- d P  1 s=s (PI , and f (Y) =fo+ IBY. 

b -- (oK')=O. 
aP 

Equation (A.l) is simplified to Similarly , 

I t  should be noted that a contribution from the 
Laplacian of a zonal advection of the perturbed heat is 
cancelled out with a part of the vertical shear of the 
velocity advection. This situation makes an essential 
difference between the present treatment of the problem 

-w141=-w%!&! - { ~ sinh p p  [sin lp cosh pP+sin l(P-p)] 
2 sinh pP 

-sin lp coshpp } -- ":40 { - sinh 'p [cos lp cosh pP sinh p P 

and the study of the vertical flux of geopotential due to 
the stationary waves. -cos l(P--p)]+l-cos lp  cosh p p }  9 (A.8) 
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and 

+sin Z(P-p)J+l -.- sinh p p  [cos Zp cosh pP-cos Z(P-p)] 

- p  sin lp sinh ,up-1 cos l p  cosh ,up 

sinh ,up 

[cos Zp coshpP-cos Z(P--p)J 

--E *lip [sin Zp cosh pP+sin Z(P-p)] sinh P 

-p cos lp sinh pp+l sin l p  cosh p p  

Since -a=d$//bp, - w f a l  and -= turn out to be as 
follows : 

-a’af =Z(wolQl+wczQz)$o COS (kz+lp),  (A.10) 

and 

sinh p p  
[COS l p  cash pP-COS l(P-p)] zwol40 - 

-uta’=- 2 { l+sinhp 

-cos l p  cosh ,up ) 
J 

-__ ‘wo’o { ___ 2:; $ [sin lp cosh pP+sin l(P-p)] 
2 

-sin Zp cosh p p  (A.11) } 
Terms underlined are cancelled out when equations (A.9) 
and (A . l l )  are added to obtain the generation term of 
eddy kinetic energy. 

APPENDIX B 
COMPARISON OF NUMERICAL SOLUTIONS OF LO-EQUATION 

BETWEEN DIFFERENT SPACE RESOLUTIONS 

In the numerical computation, the finer mesh-size, i.e., 
(2=200 km. is mostly used, but for the diagnostic study, 
the coarser grid interval, ie. ,  d=400 km. is adopted. To  
see the difference between two numerical solutions of the 
w-equa tion caused by different space resolutions, w at  
points where w has approximately the maximum absolute 
values is tabulated in table B.l. For the three characteristic 
ivavelengths, U= U(35),  6= - x, and the realistic ampli- 
tude of the waves are used. 

We notice that the difference is conspicuous for shorter 
waves and the maximum of difference is approximately 
10 percent of the amplitude of w. 

1 

APPENDIX C 

NUMERICAL COMPUTATION PROCEDURE 

Besides the vertical distribution of physical parameters 
such as U and S, the patterns of height field and thickness 
field are given at initial time. To advance the numerical 
prediction, the distribution of the vertical p-velocity w is 
needed. In  the balanced baroclinic model, the w-equation 
contains the terms of reference which relate to t’he diver- 
gent part (X-component) of the wind field. However, for 
large-scale motion, leading terms in the w-equation are 
those which appear in the quasi-geostrophic model. Thus, 
it is assumed that the leading terms are a t  least one order 
of magnitude larger than other terms, which is treated as a 
forcing term, ie . ,  

where F’ includes the xv-component of the wind. Starting 
with a non-divergent wind which is obtained from a height 
field, we iterate the solving procedure of the w-equation; 
first, values of the quasi-geostrophic w are obtained, and 
secondly, these w are inserted in the forcing term F through 
the continuity equation to get x from the divergence. Next, 
again the w-equation is solved for w a t  the next cycle and 
so on. Here, as is pointed out by Miyakoda [MI, attention 
must be paid to inserting the newly acquired values of w 
in F in connection with the convergence. The Poisson- 
type equation 

is solved in the present integration, where w * ” f l =  K w v +  
( l - K ) w Y f l .  As a numerical value of K, 0.5 is used. 

Only at  the initial time, the above-mentioned scan-cycle 
process is repeated until the change of w between two 
cycles becomes sufficiently small. From the second time 
step, the x-field a t  the former time level is assumed as 
that a t  the present time level and i t  is used as if i t  is the 
valid divergent part of the mind field. 

TABLE B-1.-Values of w (mb./hr.) f o r  two numerical solutions of the 
w-equation 

Pressure (nib.) 
Wavelength 
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Concerning the tolerable limits of errors of the relaxa- 3. A. ATakawa, “Non-Geostrophic Effects in the Baroclinic 
tion, e,, eZ, and e x ,  respectively, for solving the o-equation, Prognostic Equat,ions,” Proceedings of the International 

Symposium o n  Numerical Weather Prediction in Tokyo, Nouem- the vorticity equation a t  the lowest level and the con- 
ber 7-18, 1960, pp. 161-175. 

tinuity equation, the following values are used. 4. B. W. Boville, “The Aleutian Stratospheric Anticyclone,” 
Journal of Meteorology, vol. 17, No. 3, June 1960, pp. 329-336. 

5. A. P. Burger, “Scale Consideration of Planetary Motions of thc 
Atmosphere,” Tellus, vol. 10, No. 2, May 1958, pp. 195-205. 

6. J. G. C h r n e y  and P. G. Drazin, “Propagation of Planetary- 
Scale Disturbances from the Lower into the Upper Atmos- 

I 

~ 

E , = ~ O - ~  for 2 A t .  w in unit mb. (A t :  1 hour), 
eZ= 1 0 - ~  for 6tZ=2-hour height change in m., 
ex= 10-3 for x/d in m. mb. set. (d: 200 km. or 400 km.) 

Specifically for the experiment on the effect of dissipa- 
tion, e is put ten times as large as the above values for 
the sake of saving computation time. The change of the 
amount of e produces at  the maximum a 10 percent differ- 
ence in the interacting quantities. The absolute magnitude 
of the coupling quantities increases as the magnitude of 
e decreases. 

APPENDIX D 
EXCHANGE OF THERMODYNAMICAL UNITS 

* *  

phere,” Journal of Geophysical Research, vol. 66, No. 1, Jan. 

7. J. G. Charney and J. Pedlosky, “On the Trapping of Unstable 
Planetary Waves in the Atmosphere,” Journal of Geophysical 
Research, vol. 68, No. 24, Dec. 15, 1963, pp. 6441-6442. 

8. L. S. Chen, “The Vertical Propagation of Disturbances of 
Various Scale in the Atmosphere in a Non-Geostrophic 
Model,” Collected Papers o n  the General Circulation in the 
Stratosphere, Geophysical Research Laboratories, Academia 
Sinica, (in Chinese; An abridged translation into Japanese by 
Hiroshi Itoo, Grosswelter, vol. 3, No. 3, Jan. 1965, Longrange 
Forecast Group, Japan Meteorological Agency) 

9. G. P. Cressman, “Barotropic Divergence and Very Long 
Atmospheric Waves,” Monthlq Weather Review, vol. 86, No. 

1961, pp. 83-109. 

I .  

8, Aug. 1958, pp. 293-297. 
10. R. E. Dickinson, “Propagators of Atmospheric Motions,” 

Report, No. 18, Planetary Circulation Project, Massachusetts 
Institute of Technology, July 1966, 244 pp. 

11. A. Eliassen and E. Palm, “On the Transfer of Energy in Station- 
ary Mountain Waves,” Geofysiske Publikaqoner, vol. 22, No. 
3, Dec. 1960, pp. 1-23. 

12. E. Eliasen, “A Study of thc Long Atmospheric Waves on thc 
Basis of Zonal Harmonic Analysie,” Tellus, vol. 10, No. 2, 
May 1958, pp. 206-215. 

13. P. R. Julian and K. B. Labiteke, “A Study of Atmospheric 

In the present paper we used a unit m.2 s ~ c . - ~  for the 
rate Of change Of the kinetic energy per unit mass’ If we 
denote i t  with the unit per unit volume in 2, y, p coordinate 
system, the relation may read as follows : 

( ) rn.2 s ~ c . - ~  (per unit mass)=88.2X ( ) joule 
cm.-2 mb.-l day-l (per unit volume). 
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