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ABSTRACT

The structure of barotropically unstable disturbances in the Tropics is studied with a two-level quasi-geostrophic
model. An Ekman layer is attached to the lower boundary. The equations are linearized and the most unstable mode
is found numerically by using the initial value technique. Computations are made for a shear-zone wind profile and a
jet profile; these fields are independent of height. The disturbance structure is found to be critically dependent on the
absolute vorticity gradient in the mean flow. The predicted disturbance structures contain a number of features that

are observed in tropical wave disturbances.

1. INTRODUCTION

Synoptic scale disturbances in the tropical atmos-
phere have long been recognized (Palmer 1951, Riehl
1954). We are concerned with the wave disturbances that
occur in the lower troposphere [following La Seur (1963),
we make no distinction between easterly waves and
equatorial waves]. In the lower troposphere these dis-
turbances have a ‘“cold core” structure; that is, the
the rising air is somewhat cooler than the sinking air
(Starr and Wallace 1964). Zipser (1969) has pointed
out that this cold core may be the result of downdrafts
in the convective regions. Chang et al. (1970) and Nitta
(1970) found warm ¢ore structures at higher levels with
significant correlations between temperature and ver-
tical velocity. Vertical motions associated with these
waves are generally upward east of the wave axis and
downward to the west (Yanai and Nitta 1967).

The energy source for these waves is not known.
Baroclinic instability is unlikely because of the small-
ness of the Coriolis parameter. Yanai (1961) and Charney
(1963) have suggested that easterly waves arise from
barotropic instability. This is consistent with Charney’s
(1963) scale analysis which indicates that, in the ab-
sence of condensation, large-scale motions in the Tropics
are governed by the barotropic vorticity equation.
Also, the spectral analyses of Wallace and Chang (1969)
show disturbance tilts with latitude which are oppo-
site to the horizontal wind shear. This indicates a con-
version of kinetic energy from the mean flow to the
disturbance.
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A third possible energy source for the tropical wave
disturbances is latent heat of condensation. This mech-
anism is consistent with observations of warin core
structures at upper levels (Chang et al. 1970). Yamasaki
(1969) studied the influence of Conditional Instability of
the Second Kind (CISK) (Ooyamsa 1969, Charney and
Eliassen 1964, Kuo 1965) on linearized disturbances in an
atmosphere with vertical shear. His solutions display many
features that are observed in actual tropical wave dis-
turbances. Holton (1971) has obtained similar results with
a model that contains a moving heat source in an atmos-
phere with vertical wind shear. Manabe et al. (1970)
observed similar disturbances in their general circulation
experiment. These studies strongly suggest that many
tropical disturbances are driven by latent heat of conden-
sation. However, the CISK mechanism cannot operate
until a pre-existing disturbance has organized the convec-
tive elements. This disturbance could arise from barotropic
instability as has been demonstrated by Bates (1970) with
a numerical model. In this paper, we will determine the
structure of barotropically unstable disturbances that in-
clude surface friction. Disturbances that are driven by
CISK and that arise from barotropic instability should
have some features of barotropically unstable disturbances.

Kuo (1949) examined the stability characteristics
of a barotropic zonal current and found that insta-
bility is possible only if the gradient of the absolute
vorticity changes sign somewhere in the region. Nitta
and Yanai (1969) report that this criteria is satisfied
at certain times of the year in the tropical Pacific. They
also computed growth rates and wave structures based
on the observed mean winds. Lipps (1970) has studied
barotropic instability in the Tropics with a simplified
wind profile.
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In this paper, idealized mean wind profiles are used
that approximately represent tropical flows, and baro-
clinic effects are excluded by making the mean wind inde-
pendent of height. The quasi-geostrophic prediction equa-
tions are used in this study and they should accurately
depict the barotropic instability process. Certain features
of the solutions will be in error near the Equator, but
Matsune (1966) has shown with a barotropic model that
quasi-geostrophic motions are identifiable near the Equa-
tor provided the wavelength is not too long. In another
study with a baroclinic model, Yamasaki (1969) has
found that the quas1-geostroph1c error is small at 20 deg.
lat.

To obtain the weather patterns, it is important to
determine the vertical motion field associated with a
growing wave. Jacobs and Wiin-Nielsen (1966) have
shown that the most unstable mode in a stratified baro-
tropic current is the mode that is independent of height
and that contains no vertical motion. Thus a mechanism
is needed in the solutions that will initiate vertical
motions. This can be accomplished by the addition of a
surface friction layer. Hurricane models (Charney and
Eliassen 1964, Kuo 1965; Ooyama 1969) have shown the
importance of frictionally induced vertical motions in the
Tropics.

The quasi-geostrophic equations are simplified through
the introduction of a two-level model. Bates {(1970) also
used a two-level quasi-geostrophic model. The equations
are linearized and solved numericslly by the initial value
technique. Growth rates and wave structures are com-
puted for two basic wind profiles, and the wave structures
obtained are compared with observed features of tropical
wave disturbances.

2. BASIC EQUATIONS

The qu&si—geosti'ophic vorticity equation in pressure
coordinates is

0 av Ow
3 VA +kx V¥ « V45, gi‘fo 3}20 (1)

where f,=2% sin ¢y, 8=2% cos go/@, w=dp/dt, ¥=stream
function, ¢, is the central reference latitude, and @ is the
radius of the earth. When w=0 this equation reduces to the
barotropic vorticity equation, which indicates that baro-
tropic instability should be properly described by this
model. The quasi-geostrophic first law of thermodynamics
is

9 g'l'+kxv\1' v a'I'+‘}:"_0 2)

where
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The quantity T, is obtained from a standard atmosphere.
The quasi-geostrophic relation ¥=gz/f, is used in deriving
eq (2).
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F1GurE 1.—Schematic diagram of the vertical modeling.

A simple two-level model is constructed by dividing the
atmosphere between p=p, and p=p, into four layers of
pressure differential Ap/2. Here p, is the sea-level pressure
and p, is the pressure at the top of the easterly wave re-
gime. The levels between the layers are numbered from 0
to 4 and the variables are arranged as shown in figure 1.
The boundary condition at p=2p,is w,=0, which prohibits
vertical energy propagation. Charney (1969) has shown
that an appreciable vertical energy propagation is unlikely
for these waves. At p=p, the boundary condition is
ws=w, Where w, is the frictionally induced « at the top of
the Ekman layer. Charney and Eliassen (1949) derived
the following expression for w,:

P (%i)”zsin %(t,)s - 3

where A, is the eddy viscosity, « is the surface inflow angle,
and [, is the geostrophic vorticity. Holton et al. (1971)
have shown that this expression is good in the Tropics
down to a latitude of a few degrees. These results were ob-
tained for a small amplitude neutral traveling wave. The
last variable in eq (3) is approximated by

(fg)(g(fg)3=v2‘1’3- “

We apply the vorticity equation [eq (1)] at levels 1 and
3 and introduce finite differences in p, arriving at

9
S VXV - Vo STy ()

Ap
and
9 3%, _ fulwe—as)
3t V¥ +kx V¥, « V9,48, = Bz Ap =0. (6)

The first law of thermodynamics eq (2) is applied at level 2:

2 @—wy)+hxy T V(\Ill—\Il3)—Ap£2w2=O. @
We now define the following quantities
= (I +¥3)/2, Vo= (¥, —¥,)/2, (8)
which imply that
U, =V, + ¥y, V=W, — ¥ (9)
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Here ¥ is proportional to the layer thickness, hence it is
proportional to the mean temperature of the layer.

1f we add eq (5) and (6), divide by 2, and use the defini-
tions (eq 8) we obtain

(?t T+ KX Ty - o YV +KXVE, - o gV

fowe_o

o (10)
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The second forecast equation is obtained by subtracting
eq (6) from (5) and by eliminating w, with eq (7):

5’3—; (V— 1)U+ kx V¥ o V(V—p) ¥+ kx V¥, « TV,
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where
M2= 2fn2/Ap20'2.

We now linearize and nondimensionalize the forecast
equations. The independent variables are nondimension-

alized as follows: x=La', y=Ly, and {=L/Ut. The
stream function is written

= —LU (G )y el ¥, 1)
and (12)

Yp=¢r(z’,y’, t').

The quantities ¥y and ¢, are very small and the mean
current % is a function of ¥’ only. Introduce the non-
dimensional quantities into eq (10) and (11) and linearize
by dropping the small quantities. If we drop the primes
and use eq (3), the final equations can be written

B 6 a'l‘)l{ 2 — —_
(37 5) Wt (B—52) B hue—tn)=0 (13
(% )(v e)il*ri-(ﬂ )i =0 (1)
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2,2 A_. 2r7— — 1 M —_ 12
=L, B=BLU™ Y=grT 2rplng (2fo>

Consistent with the assumption that = is constant in
time, we have neglected du/dy in the frictional terms.
The quantity v is the ratio of the square root of the
Ekman number (Greenspan 1968) to the Rossby number.

Equations (13) and (14) indicate that, in the absence
of friction, the ¥,, and ¢ fields will evolve independently.
Jacobs and Wiin-Nielsen (1966) have shown that in the
frictionless case the ¢, mode has a larger maximum
" growth rate than the ¢, mode. Since the vertical motion
field associated with the ¢, mode is zero, it is clearly
necessary to tie the ,, and ¢ fields together with friction
in order to obtain a vertical motion field.
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We shall bound the motion in y by placing rigid walls
of y=+ W. The boundary conditions then become

‘I/M(Q:JW; t) =¢M(xa _W; t) =!¢T(x)WJt) =¢T(z) _'Wyt) =0
(15)

The linear equations (13) and (14) can be solved with
the use of these boundary conditions.

3. SOLUTION PROCEDURE

Equations (13) and (14) can be Fourier transformed
in z since all quantites are periodic in z. The resulting
equations can be solved either with the normal mode
method or with the initial value method. The normal
mode method gives the phase speeds, growth rates, and
wave structures for all modes, while the initial val_ue
approach gives the phase speed, growth rate, and wave
structure of only the most unstable mode. We will use
the initial value method because we only require informa-
tion about the most unstable mode since it is the most
likely to be observed in nature.

It is convenient to write ¥, and ¢ in the following form:
Yur=A(y,t) cos kz+ B(y,t) sin kz
Yr=C(y,t) cos kx+D(y,t) sin kz

and (16)

where k is the z-wave number. Substitute eq (16) into
eq (13) and separately equate to zero the coefficients of
cos kz and sin kz. The cos kz terms give

ERTR
(A dz“)]B 'y(a 2—1(:2)(14 c) (7)

and the sin kz terms give
9 . * 2)
o kl: ( k
i
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The same procedure applied to eq (14) gives for the

cos kx terms
[Z-te+0 |5 ——k[ 7 (55— w+a)
+(* —2) [Py (gt Ja—0y a9)

and for the sin kz terms

—k [ (6_—2— (k2+€)>

+(B~d2“):| C+v (a——k2>(3 D). (20)

—(k*+e)
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Equations (17)-(20) are solved numerically by intro-
ducing finite differences in y and ¢. The second derivative
with respect to y of a typical variable A is approximated as

62A _Am—24,+4, )
Ayt

(21)

where j is the grid index and Ay is the distance between
grid points. Centered time-differences are used for all
quantities except those involving friction; the frictional
terms are evaluated at the previous time step. The
integration begins with a forward time step.

The boundary -conditions (eq 15) become

A=B=0=D=0 at y=+W.

The second-order equations for the time tendencies are
solved by the exact method of Richtmyer (1967, p. 101).

Equations (17)—(20) can be solved numerically as a
function of ¢, 8, v, and %(y) for any initial conditions.
Equations (13) and (14) will, in general, have a set of
discrete normal mode solutions as well as a continuous
spectrum of solutions (Case 1960, Pedlosky 1964, Yanai
and Nitta 1968). Only the normal mode solution can give

appreciable growth and after a sufficient period of time

the most unstable mode will predominate.

In all results to be presented, the intial fields of A and
B are random in y and € and D are zero. The integration
is continued until the growth is clearly exponential.
The growth rate, phase speed, and wave structure of
the most unstable mode are then extracted.

4. RESULTS

In this paper, we examine a shear zone wind profile and
a jet wind profile. Charney (1963) suggested that, when the
- intertropical convergence zone is shifted away from the
Equator, a shear zone could be formed by the transport
of angular momentum from different regions. To represent
the resulting profile, we choose
4= —tanh y, (22)
which is shown in figure 2. Lipps (1970) has used this wind
profile in an inviscid study of barotropic instability in the
Tropics. This wind field is antisymmetric with respect to
the intertropical convergence zone, located at y=0. A jet
wind profile which is symmetric about y=0 is given by
#=sech? y (23)
This jet profile is shown in figure 3. The U and the L
which appear in the scale analysis can now be interpreted
as the maximum # and the y scale of %, respectively. We
" note that a constant velocity can be added to the expres-
sions for # without changing the growth rate of the dis-
turbance or its structure. The added constant could be
chosen, for example, to make % everywhere negative. If
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Figure 2.—Mean wind profile z=—tanh y.
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Ficure 3.—Mean wind profile w =gech?y.

this were done with the jet profile (eq 23), the minimum
easterly speed would occur in the intertropical conver-
gence zone at y=0. If this profile were reversed, it could
represent an easterly jet. The phase relatlons in our
solutions can be reversed to match this profile if ﬂ =0.

All numerical integrations are performed with the non-
dimensional constants '

Ay=1/8, At=0.09, and W=5.

The various experiments are given in table 1 as a function
of 4, k, ﬁ, v, and e. The growth rate » and the phase speed
¢, are also glven For each set of the quantities u(y), 5, v,
and ¢, a series of calculations was made to determine the
growth rate as a function of k. The value of & that corre-
sponds to the maximum growth rate is given in the table.
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TaBre 1.—Compilation of numerical experiments

Experiment " k ﬁ 7 € n 23
1 —~tanh g 0.45 0 0 0.165 0
2 —tanh y 0.45 0 0.014 0.10. 0.153 0
3 ~tanh y 0.6 0.368 | 0.028 0.40 0.069 —0.42
4 “sech*y | 0.9 0 0.014 0.10 0.139 0.454
5 sechzy | 1.3 0.368 | 0.028 0.40 0.050 0.422

-40 o] 40 80 120

Ficure 4.—(A) amplitudes of ¢, ¥3, ¥, and o, for experiment 2.
The quantities 1, ¢3, and ¢y have the same scale; w; is given on a
different scale. (B) phases of ¢, ¥3, ¥r, and w; for experiment 2
in deg. Each dependent variable is expressed in the form P
eos (kz-8), where P is the amplitude and 5 is the phase angle.

As previously mentioned, Kuo (1949) has shown that a
barotropic zonal current can be unstable only if the
gradient of the absolute vorticity changes sign. In our
notation this condition becomes

(@TIAY) s> .-

This condition also holds for stratified flow when # is
independent of height.

Garcia (1956) found that the shear zone profile (eq 22)
is barotropically unstable when 0 < k& < 1. Betchov and
Criminale (1967) computed the eigen solutions for this
profile throughout this range and they found the maximum
instability at £ = 0.45. Experiment 1 is a check case with
friction and the beta term excluded. The wave number of
maximum instability agrees with the value obtained by
Betchov and Criminale, but the growth rate (n = 0.165)
is somewhat less than their value. This difference arises
from the finite distance to the side boundaries and from
the numerical approximations.

Friction is added. in experiment 2 which is otherwise the

(24)
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Fiaure 5.—(A) amplitudes of ¥, ¥3, ¢r, and w, for experiment 3.
(B} phases of y, ¢35, ¥7, and w, for experiment 3 in deg.

same as experiment 1. In experiment 2, the growth rate
is reduced by an amount that is of the order of the fric-
tional parameter, v. Figure 4A contains the amplitudes of
Y1, ¥3, ¥r, and w, for this experiment as functions of y.
The units are arbitrary since the basic equations are
linear. The w; field is computed from eq (7) with the use of
eq (8) and (16). All quantities show double maxima with
the extremes occurring near the edges of the shear zone
in u. Although surface friction has a small effect on the
growth rate, it has a large effect on the disturbance
structure since ¥; is much smaller than ;. In the friction-
less case, the most unstable mode has ¢, =y;. Figure 4B
contains the phase angles for ¥, ¥, ¥», and w, for this
experiment as functions of y. All quantities show a rapid
phase increase that is opposite to the wind shear through
the shear zone and the three ¢ fields are nearly coincident.
This solution does not exhibit the eastward tilt with
height that is observed in some easterly waves. It is seen
that the maximum rising motion at level 2 (w, minimum)
is everywhere upwind of the level 3 streamline trough axis
(¢3 minimum) except at y=0. This corresponds to the
unsettled weather that is often observed to the east of
the trough axis in easterly waves. To the south of y=0 the
rising motion is west of the trough axis. It is not known
if this structure is observed for waves associated with a
shear zone, but in this model it is an immediate con-
sequence of the symmetry ralations. The figure also
shows a weak positive correlation between w, and ¢r. This
indicates energy conversion from disturbance kinetic to
disturbance potential energy.

Experiment 3 includes the beta effect and a doubled
y-scale, L, of the mean flow. These parametric differences
between experiments 2 and 3 are shown in table 1. In
practice, the beta term is neglectable only if the y-scale is
sufficiently small. If the same value of 8 (dimensional) were
used in experiment 2 or in 3, it would turn out that the beta
effect would be nearly neglectable in the former experi-
ment. Thus our change in L between experiments 2 and 3
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Ficure 6.—(A) amplitudes of ¢y, ¢, ¥r, and w, for experiment 4.
(B) phases of y1, ¢s, ¥7, and wy for experiment 4 in deg.

simulates the actual beta effect on these waves. The
stability criterion (eq 24) for the shear zone profile is

A
0.77>8.

With 6,‘20.368, the growth rate is reduced from 0.153 to
0.069. The wave number with the maximum growth rate
is increased from 0.45 to 0.60. This is expected since the
presence of beta tends to stabilize the longer waves. The
presence of beta also leads to retrogression since the phase
speed is reduced from 0 to —0.42. The amplitudes of ¥,
Vi, ¢¥r, and w, are given in figure 5A. The solutions are
. not symmetric about y=0 since the absolute vorticity
gradient is not an odd function of y. In this experiment,
the ¢; curve is much closer to the ¥, curve than was the

case with experiment 2. The vertical motion is much larger

below y=0 than it is above it. This corresponds to the pre-
cipitation pattern that was observed in the eastern Pacific
by Sadler (1963). In this region, the intertropical conver-
gence zone is shifted well north of the Equator and lies in
a region of cyclonic wind shear. Thus the wind profile
(eq 22) which is used in this experiment s appropriate for
the region that was studied by Sadler. Figure 5B contains
the phase angles for i, ¥3, ¥r, and . for experiment 3. The
figure shows that the disturbance tilts eastward with height
with an average phase difference between i, and ¢, of
about 30 deg. North of the shear zone the streamline
‘trough lies nearly in the center of the sinking region.
South of the shear zone, where the vertical velocity is
much larger, the streamline trough is found in the center
of the rise region. This experiment was repeated with
a different value of ¢ and the same patterns were ob-
tained except for some quantitative changes.

Lipps (1962) has determined the barotropic stability
properties of the jeb profile (eq 23) with friction ne-
glected. He found for /§\=O that unstable waves exist in
the range 0<k<(2. Growth rates computed by Betchov
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Fioure 7.—(A) amplitudes of ¥, ¥3, ¥r, and w, for experiment 5.
(B) phases of 1, ¥s, ¥r, and w; for experiment 5 in deg.

and Criminale (1967) indicate a broad maximum around
£=0.9. Our experiment 4, which includes surface friction,
agrees with their results as can be seen in table 1. The
growth rate is 0.139 and the phase speed is 0.454. The am-
plitudes of ¥, ¥3, ¥r, and w; are shown in figure 6A. Each
quantity has a distinet mazimum at y=0 and ¢, is much
larger than ;. Figure 6B contains the phase angles for
Y1, ¥s, ¥r, and w; for this experiment. The disturbance
tilts eastward with height with the phase difference be-
tween ¥, and ¢¥; being about 40 deg. Outside the central
jet zone, the rising motion is about 100 deg. to the east
of the low-level trough position. However, this is of little
synoptic importance since the vertical motions are small
in this region. In the central region, where w, is large,
the rising motion is actually located to the west of the
low-level trough axis.

Experiment 5 includes the beta effect and a doubled
y-scale of the mean flow. The stability criterion (eq 24)
for the jet profile is

2/3>6.

With /3}’\=0.368, the growth rate is decreased from 0.139
to 0.050. The wave number with the maximum growth
rate is increased from 0.9 to 1.3. The presence of beta
causes & slight reduction in phase speed from 0.454 to
0.422. The amplitudes of ¥y, ¥3, ¥r, and w, are given in
figure 7A. The solutions are symmetric about y=0 be-
cause the absolute Vortici};\y gradient is an even function
of y for both 8=0 and g+0. The curves are generally
similar to those obtained in experiment 4 except that ¥;is a
larger percentage of ¢, than it was in experiment 4. The
phase angles for ¥, ¥s, ¥r, and «, are given in figure 7B.
The disturbance tilts eastward with height, the difference
between ¥, and ¥; being about 60 deg. In the central region,
where w, is finite, the rising motion maximum lies just
to the east of the low-level trough axis.
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5. CONCLUSIONS

In this paper, numerically computed barotropically
unstable disturbances are compared with tropospheric
waves that occur in the tropical easterlies. A two-level
quasi-geostrophic model is used with an attached Ekman
layer. The most unstable solutions are obtained numeri-
cally by the initial value procedure. Two basic wind
profiles are used: (1) a shear zone profile (€= —tanh ¥)
and (2) a jet profile (w=sech? y). The soluti/?n structures

are computed for each profile with 8=0 and 8#0.

Observational studies indicate that certain tropical
wave disturbances have the following main characteristics:
(1) rising motion upwind of the wave trough and sinking
motion downwind, (2) eastward tilt of the disturbance with
height, and (3) a weak negative correlation at lower levels
between vertical motion and temperature (Nitta 1970).
These characteristics cannot be obtained with a pure
barotropic model because of the absence of vertical motion.
In our model, the most unstable disturbance contains
vertical motion only when surface friction is present.
Experiments 2 and 5 satisfy disturbance characteristic
(1) and experiments 3, 4, and 5 satisfy characteristic (2).
The latitudinal vertical motion pattern obtained from
experiment 3 corresponds to precipitation patterns ob-
served in the eastern Pacific (Sadler 1963). All the experi-
ments that include friction satisfy characteristic (3) since
they show a weak negative correlation between the ver-
tical velocity and the temperature. This fact implies an
energy conversion from disturbance kinetic to disturb-
ance potential energy; such a conversion is an automatic
consequence of the fact that the basic state contains no
potential energy. In each experiment, the disturbance
velocities are greater at the upper level because friction is
applied at the lower level. However, in the more realistic
experiments which include beta, the disturbance velocities
at the two levels are closer in magnitude.

It is useful to examine the wavelengths and doubling
times of the most unstable waves for typical values of the
constants. The parametric values given in table 1 cor-
respond to the following dimensional constants: U=10
m/s, Ap=200 mb, ¢,=15 deg., dT,/dz=6.4°C/km,
and L=200 km (exp. 1, 2, and 4) or L=400 km (exp. 3
and 5).This value of Ap restricts the disturbance to the
lower 400 mb of the atmosphere. The wavelengths of the
most unstable waves range from 1400 km for experiment
4 to 4180 km for experiment 3. The doubling times range
from 0.98 days for experiment 1 to 6.45 days for experi-
ment 5. These values are reasonable for observed tropical
wave disturbances. The model predicts vertical velocities
which are synoptically significant. For a disturbance with
a maximum north-south velocity of 5 m/s and a wave-
length of 2000 km, the maximmum vertical velocity is about
1 em/s.

Our experiments show that the disturbance structure is
critically dependent on the absolute vorticity gradient in
the mean current. Merritt {1964) has pointed out that
waves in the easterlies do have a variable structure and
our results suggest that this variation could arise from
changes in the mean wind field. Spectral analyses of
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tropical data also suggest a variability in wave structure.
Wallace and Chang (1969) found that the easterly wave-
type disturbances had very little vertical tilt while Yanai

et al. (1968) obtained an appreciable eastward tilt with
height.

It was pointed out in the introduction that, while ma-
ture tropical wave disturbances may be driven by latent
heat of condensation, they may originate from barotropic
instability in the easterlies (Bates 1970). If these distur-
bances arise in this way, they should retain certain features
(wavelength, latitudinal structure, etc.) of the barotropi-
cally unstable modes. Thus the wave structures obtained
in this paper may be relevant to tropical wave disturbances
that are driven by latent heat of condensation.

The studies of this paper should be continued with a
primitive equation model having adequate vertical reso-
lution. Parameterized latent heat of condensation as well

as a proper treatment of the surface friction should be
included.
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