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10 THE HONOURABLE

Charles Frederick, Bfq;

Surveyor-General of Kis" MajesTY's
OrpNaNce, &c. &c. &%.

HonotraBre Sir,
HE fubje@ of the theets which 1 here
beg leave to lay before You, is of {o
much confequence to mankind, as jufily to
claim the regard and fanélion of the Great,
Geometry is; not only-a moft accurate, but a
very extenfive fcience, whofe application and

great utility, as well in the arts of peace as of
Wwar; are well known to You.

But though this work, if the mannet in
which it is executed be correfpondent to the
importance of the fubject; may not want
fufficient merit to render it worthy of the
approbation of a Gentleman, who, amidft a
multlplxmty of pubhck employments )
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DEDICATION,

and a knowledge of the works of art and
nature ; yet 1 have, Sir, ftill farther motives
for this addrefs: Your great influence and
zeal to promote the good of an inftitution
under which I am placed ; and the favours
that I have received at your hands, make me

earneft to embrace this opportunity of " teftify-
ing pubiickly, that I am,

HoNoURABLE SIR,
With grcat_refpc&,-
Your much obliged,

and moft obedient

humble fervant,

Royal Academy,
March 3, 1760,

Thomas Simpfon;



PRETFACEL

Y defign in writing upon the fubje? of Geo-

metry, was to open an eafy way for young

_ beginners to arrive at a proficiency in tbat.

ufeful [cience ; without either being obliged to go thro’

a number of unneceflary propofitions, eor baving re-

courfe to the ungeometrical methods of demonfira-.

tion, that aboynd in mof} modern compofitions of this
natyre.

The difficulty of the undertaking, I was not unap-
prifed of 5 and objections occurred that were not eafy
20 be removed : Nevertbelefs, I have grounds to bope,
Jrom the reception my firft attempt bas met with, that
my endeavours bave not been- entirely unfuccefsful. No
Dains bave,indeed, been fpared to render the work ufeful :
And 1 flatter myfelf, that the [pirit and rigour of de-
monfiration; [o effential to the fubjes?, are alfo tolera-
bly well preferved ; 1hough I have not been fo intent to
guard againf the attack of Criticks, as to lofe fight
of my main defig of furnifbing a plain, eafy infli-
dution for legrners: et I bave firong hopes, that
#here will wot be found in thefe [bects, any inaccura-
cies, or overfights, that are abfolutely unpardonable.
To expel? a faultlels piece is impoffible : And I well
know, that the mof elaborate and beft-approved [jf-
tems of Geometry extant,are not without many imperfec-
sions. . But, were the fmalleft imperfeliion to be a real
Sault, my ambition would rather be, to foew fome de-
gree of judgment, by avoiding a multitude of fuck
Jaults, than by expofing and magnifying the flaws of
other writers, 1t 1s more eafy to fee a fault, than to
avoid one: And thofe men who are the mof} [ayguine
39 diftinguifb themfelves at the expence of others, are

A3z generally



PREFACE

gemerally obferved to fland in need of greater indulgens
cies, than even the perfons whom they unmercifully
attagk.  But I fball put an-end to this digreffion by
pointing out one objeftion, that may be brought againft
1bis work 5 which is, that in demonfirations admitting
of feveral cafes, the moft eafy ones are fometimes omis
tedy and that the converfe of fome propofitions is
not at all demonfirated. Bus. this, I cangeive, will
be found a real advantage to the learner 3 without
Which, it would have been impoffidle 1o have comprifed
the Elements in the compafs they now take up. Be-,
Jdes, the greateft part of the demonfirations omitted
being fuch as may be inferred from thofe given, by means.
of Axioms only; they may, therefore, be eafily [up-
plied by any reader, fhonld they bappen to become ne-
ceffary, which 1 bave fcarce ever found to be the cafe.
But, even allowing this to be a defefl, it is abun-
dantly compenfated by the extenfive application given
in the threc laf} [eftions 5 which is infinitely more
ufeful, in itfelf, and more neceffary to the forming an
able Geometrician, than any thing of the kind we
bave been [peaking of.

In this, fecond, edition (which is, in a manner, a
new work) many confiderable alterations and additions.
bave been made. The order of [ome of the firft pro-
paofitions is changed: And fome difficult propofitions in-
the fecond book are vendered more plain. In the
Jourth book feveral new Theorems on proportions are
added. The folid Geometry is now connefled with
the plane, and is demonfirated with the [ame accuracy.
The menfuration of Superficies and Solids is alfo more
explicitly bandled s and the demonftration. of the fe-
veral rules is bere eftablifbed on a better foundation,
than even in authors who bave wrote profeffedly on .
the fubjelf. The Maxima and Minima, and the con-
fruction of Geometrical Problems, are likewife confi-
derably extended and improved, . Andy &t the end,

) Notes



PRETFACE:
Notes geometrical and critical, very ufeful to improve
the judgment of young fludents, are now added.

But, whilt I am ialking of improvements and
matters of criticifimy I am called upon to anfwer to.4
charge, wbhich, Jfbould it appear to deferve credit,
would indeed leave me but little room to pafs myfelf
upon_the world for a judge in thefe matters. ds the
gentleman by whom I fand accufed, is known to the
world by bis bolding one of the moft confiderable ma~
thematical pofts in the kingdom 5 1 fbally in order to do
all due bonowr to the manner and importance of bis;
writing, give you bis qwn words. '

o There bas lately been publifbed a book under ihe.

 title of Elements of Plane Geometry, defigned for
“ the ufe of [chools, which is an incorres? copy of the.
< firft eight feftions of this work, lent the pretended .
s author on a particular occafion, and printed in @

¢ fpurious manner, without my knowledge or confents
““ an aflion too [candalous for any man of bonour to
¢ be guilty of. The Editor imagined, I fuppofe, that
¢ the changing fome propofitions, and mangling the
¢ demonfirations of others, was a [ufficient difguife
““ to make it pafs for bis own performance; but bow

¢ far this will juftify fuch a piece of pyracy, muft be

¢ left 10 the judgment of the publick.”

Were I to attempt to defcribe the ideas excited in

my mind by tbe finguler modelty of this important
and folemn appeal to the publick, I fbould be at a lofs
Jor i1 words 1o exprefs them, without tranfgreffing the

‘bounds of decency. But I bope that I bave not de--
Jerved fo ill of the publick, to be thought capable of
‘atling fo very bumble a part, as that of copying from

this author, and of mangling his demonfirations, in
prdcr to make them pafs for my own.—Tbat a manit-
[eript of his (containing between 20 and 30 of the
T ‘ principal
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PRETFATCE.

principal Theorems in Geometry, extremely ill digefted)
came into my hands, is indeed true y but it was not
lent me, but forced upon me, by himfelf (the wvery
Sirft night after my removal to Woolwich) #n virtue
of an article in the original rules and infrutions for
the Academy; whereby it is ordeved, that the fecond
mafter fball teach Geometry under the direition of the
JSirft mafter.  But this well-intended article, which
bas been made fubfervient to the purpofes of ignorant
zyranny, and daring calumny, bas fince, in confequence
of a publick examination, been annulled by an exprefs
order of the Mafter-General of the Ordnance.—1 could
mention fome particulars, fupported by good anthority,
that occarred in the courfe of ‘that examination, which
awould but ill agree with the importance be affumes
in bis confident accufation s but I do not think it worth
ewhile :  This Gentleman bas, bimfelf, by bis different
publications, fo well convinced the world of bis abili-
ties, as to render any farther comment on that bead
intirely unneceffary and ineffeGual.

ERRATA.
Pagetgrtform Tead w3 Pogy T3 108 CAE, 7. DAES
lary ; P- 5§. 1. 12. dele the com :

L

:r;a; p. 70. L 15.for D'E,'r. DF;

OV ARIR ) 2 7. >

znd in the quotation ¢, r. 27. 4. p. 135. L 25. after BD, . as
well as AD; p. 140. 1. 14. for GEA, r. GEBj p. 154. beg. of
L 16. for CE, ~.CD; p. 174. L 25. for OHI, r, OHK; 1. 34.
». annulus 3 p. 189, 1 21, 7. fruftum’s heighe ; p- 221. L. zo,
for AG, r. AF; p. 226. 1. prec. laft, for exceeds, r. is lefs
than; p. 248. L 12. for lefs, r. greater; p. 267. L 27. dele
@ot 5 Pe 271, §. 32, for which &c. 7. when taken lefs,
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ADVERTISEMENT.

AS in every work of this nature, defigned to

contain whatever may be moft requifite to.

the forming of a regular and complete fyftem of

Geometry, a number of propofitions muft neceffarily

have a place, whofe chief ufe and application lie in

the higher branches of the Mathematicks; and -
there being many perfons, particularly young gen-.

tlemen” in publick fchools, who want to learn fo

much Geometry only, as is neceffary to give them

a proper introduétion into the praétical and moft -
common applications thereof; fuch as Menfura-

tion, Trigonometry, Navigation, Fortification, Per- -
fpetive, &Fc. For thefe reafons, I thought that it

might be of fervice, to point out to fuch Readers,

what propofitions in thefe Elements may be omit-

ted, as leaft ufeful to them ; without either hurt~s
ing the connedtion, or taking away from the evi-

dence of the other demonftrations. The numbers

of thefe propofitions, in the feveral books, are as

follow. '

In Book I. thé 6, 17, 19, 21, 22,"23, and
2gth, B

In Book IL. the 4, 5, 10, 11, 13, 13th, and the
2d Corol. to the gth. ‘

In Book IIL the 4, 5, 6, 7, 8, 9, 15, 18, 19, 20,
25, 26, 27, and 28th,

In Book IV, the 4, 5, 6, g, 11,13, 165 17,20,
21, 22, 23, 25, 20, 27, 28, and 2gth. I
n



(x)

In Book V. the1, 2,16, 17, 18, 19, 20, 25, 26;
28, and 3ift.

In Book VI. the two or three firft propofi-
tions only, need be read; except by thofe who
are concerned in furveying and dividing of lands;
to whom thie whole book will be highly ufeful.

Alfo, with regard to the feventh book, if Per-
fpediive be the only application in view (which_ I
have known frequently to be the cafe) the 1ft,
sd, 4th, and 12th propofitions may fuffice. Buc
if a more general idea of the properties of in-
terfecting planes thould be-required; fuch as is né~
ceffaty in the doctrine of folids ‘and fphetic geo-
metry; then all the propofitions, to the rath, ought
to be taken: C

- The 17th; 19th; 20th, 21ft, 43d, and 23d pro-
pofitions of this feventh book fhould alfo be read
by thofe who would be able to find the contént and:
proportion of folid bodies ; as-fhould, likewife, the
whole eighth book ; except, perhaps, the firft and
ninth propofitions,. together with the three firft
lemmas ; which may be thought too plain, by
thofe who are not very folicitous about geometrical
rigour, to'need a demonftration: ‘

An
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(xi)
A INDEX or TABLE referring to the places in thefe

Elements, where all the moft material’ propofitions in the firf? fixy and
in the eleventh and twelfth books of Euclid, are demonfirated.

Buctid. | TR || Buctia.| T Buctia | TOEF |} puaiig | Thete
il t El 2L . El.
BookI.| P B.|[ B. 1L |- P. 8.4 B.v | I.B.{|B. XL P.B.
¥rop. ¢ 1zoi g P 19. 5 {|P.16 2.4 Cor.to
6 18.1 12} ‘o. 2 17 Pr.s 2.7
8 oxf| 13 ' 18} 3.4 6 4.7
9 g.; 14 9.6 19. 8. g;
10 -5 ‘ 22 5. 4 9 .
1 3.5 B.IL: P.B. 24 6.4|| 10 9.7
12 4-5]|br.3 2.3 =25 3-41{} 12; 3.7
33 i1 g} s.3|| B- VL P.B [l 14 77
:g 3.1 ) " Pr. 1 74 :g 10. 7
1 } 13.1| 1, Sl | nmg|] S 7
2? 2 3 3 18.4 7
‘ 3-1 14 3-3 " 14.4 19 13.7
22 8.5 15 4.3 . 4 24 16. 7
23 7.5 17 21. 5 2 eall 25 1, 21.7
24 21.t 20 10. 3 . 16. 4 28 _:5.7
26 I5.1 zI 11. 3 ¢ 39 4 29 5;;5“5
27} 8.1 2% 1%.3 9 gl 39 %:‘E':
:8‘ 25 l6. 3 1o 15 o 3: S8 a3
9 7ov -3t 10311 41 12. 5 32 21.7
PR A IR R S
32 {_lo-x 34 | 2550 Boleorall 35 |, 147
33 26. 1 35 21. 3 1 25. 4 47 14.7
34 zgo Li] 36 22. 3 16 25-7
35 z.2[{ 37 | 10,41~ Iy
36 -all) P.B.
37 {|Cor. to B.Iv.| P.B ;8 ;I'6 Pr.2 3.8
38 2.2||Pr.2 25.3 22 zgi g } Cor.' 4
4; ) 6.6 3 26. % 22 28. 4 » t0 8.8
4 - 4| 245l o2 | a5 7 7.8
43 g'g S 23§ 25 13. 8- 9'8
44 6 ro } 28. 5| 27 9 e
45 7.6|1 11 ‘ 28 17.5 wl g
46_ Fo.5|| 12 30-51] 29 18. 5 IR
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The following BOOKS are all written by
Mr. Tnomas Simpeson, F.R.S. and printed
for J. Nourse.

1 SSAYS oN SEVERAL CURIOUS AND USEFUL

SuBjECTS, IN SPECULATIVE AND MIXED
MaTHEMATICKS ; in which the moft difficult Pro-
blems of the firft and fecond Books of Newton’s Principia
are explained ; in 4to.

II. MATHEMATICAL DISSERTATIONS on @ variety
of Phyfical and Analytical Subjects, in 4to.

III. MisceLLaNEOUs TRACTS on fome curious and
very interefting Subje@ts in Mechanics, Phyfical-Aftro<
nomy, and Speculative Mathematicks, in 4to, 1757.

IV. THE DOCTRINE OF ANNUITIES AND REVER-
s10Ns, deduced from general and evident Principles;
with ufeful Tables, fhewing the Values of fingle and
joint Lives, &e. in 8vo.

V. A TREATISE oF ALGEBRA ; wherein the fun-
damental Principles are fully and clearly demonftrated;
and applied to the Soluticn of a great {/'ariet of Pro-
blems, and to a Number of other ufeful Enquiries.
2d Edition, in 8vo.

VI Tue DocTRINE AND APPLICATION OF FLux-
10Ns ; containing (befides what is common on the Subject)
a Number of new Improvements in the Theory, and the
Solution of a Variety of new and very interefting Problems
in different Branches of the Mathematickss 2 Vols. 8va.

VII. TRIGONOMETRY, PLAIN AND SPHERICAL;
with the Conftruftion and Application of Logarithms,
in 8vo. :

VIII. Serect ExEercises for Young Proficients in

" the Mathematicks; containing, befides a choice Collec-

tion of Problems, both algebraical and geometrical, the

whole Theory of Gunnery; avery accurate and fuccinét

Demonftration of the firft Principles of Fluxions; and a

Set of Tables for the Valuation of Annuities and Rever-
fions, more comprebenfive than any extant, 8vo.



ELEMENTS

OF

GEOMETRY.

[, .

B 20 0 -'K I..

DEFINITIONS.
I GEOM ETRY is that fcience, by which

we compare fuch quantities together as
have extenfion.

Extenfion is diftinguifbed into length, érmdi'z, and
thicknefs.

2. A Line is that, which has length without
breadth,

The terms, bounds, or exiremes of a Line, are
points. '

3. A Surface is that; which
‘has length and breadth, only, as C

The bounds of & Surface are lines.

B 4 A



2

Elements of Geometry.

47 A Solid is that, which has length,
breadth, and thicknefs, as D. D

The bounds of a Solid are furfaces.

5. A Right (or ftrait) line is that, which lies even-
ly between its extremes, or which every-where tends
the fame way, as AB. -A : 3

6. A Plane-furface is that, which is every-where
perfectly flat and even, or which touches, in every

part, any right-line extended between points any-
where taken in that furface_ ..

e

7. An Angle is the inclination, -
or opening of two right-lines meet- b
ing 1n a point, as D.

. 8, When one right-line
DC, ftanding upon another
AB, makes the angles on
both fides equal, thofe an-
gles are called right-an-
gles; and that line CD is
faid to be perpendicular to A D B

the other AB on which it
infifts.

' 9. An Acute-angle is that, which
is lefs than a right-angle, as E. F

C

. 10. An Obtufe-angle is that,
which is greater than a right- F
angle, as F. _ :

11. The



Book  the Firft.
- 1. The diftance of two points, is the Right
line reaching from the one to theother,

12: The diftance of a point from ali_ne, is'a
Right-line drawn from that point, perpendicular to,
and terminating in, the line given.

13. Parallel (or equi- C .. D
diftant) right-lines AB, T
CD are fuch, 'which be-
ing, in the fame plane-
furface; if infinitely pro: - . {
duced,would never meet, A B

14. A Figure is a bounded fpace, and is either
a furface, or a folid.

15. A right;lined plane Figure is that; formed
in a plane-furface, whofée terms, or bounds, are
right-lines.

16. All plane Figures bounded by three righ‘;;. |

lines, are called Triangles.

17. An equilateral Triangle
is that whofe bounds or fides are - A
all equal; as A.

18. An ifofceles Triangle is, when
two fides are equal, as B.

3



Elerwents of “Geonistry.

‘g, A fealene Trianglé is, when o
all the thiee fides are unequal, as
C.

20, A right-angled Triangle is
that, which has one right-r;%lglc,
as ACB; whereof the fide AB
oppofite to the right-angle, s call-
ed the Hypothenufe. '

21, An obtufe-ﬁngled Trianglé is that, which
has one obtufe angle.

22. An acute-angled Triangle is that, which has
all its anglés acute, i

- 23. Every plane Figure bounded by. four right-
lines, is called 2 andr‘a«nglt’, or ‘Q_mdrilate‘ral. .

24. Any Quadrangle, whofe -~
oppofite fides are parallel, is D
called a Parallelogram, asD. .

25. A Parallelogram, whole an-
gles are all right-ones, ‘& called a 3 O
Rettangle, as E. : -

26. A Square is a parallelogram
whofe fides are all equal, and its an- F
gles all right-ones, as F.

27. A Rhombus is a parallelo-
gram whofe fides are all equal, but
its angles not right, as G,

28. All



Baok' the Firfi.
28, All other four-fided figures, befides thefe,
are called Trapsziums. '

- 29. A right-line joining any two oppofite angies
“of a four-fided figure, is called a Diagonal.

30. That fide AB upon c F.
which any parallelogram
ACEB, or triangle ACB ‘L -
is fuppofed to ftand, is
called the bafe; and the A D B

perpendicular CD falling thereon from the appafite
angle C, is called the altitude of the paralielogram,
or triangle.

31. All plane figures contained under more than
four fides, are called Polygons ; whereof thofe hav-
ing five fides; are called Pentagons; thofe having
fix fides, Hexagons; and fo on.

32. A Regular Polygon is one whofe angles, as
well as fides, are all equal.

33- A Circle is a plane
figure, bounded by .one
curve-line APCD, called
its circumference, every-
where equally diftant from a
. point E within the circle,
called the center thereof.

34. TheRadius of a circle, is the diftance of the
senter from the circumference, or a right-line EA
drawn from the center, to the circumference.

B3 AXIi.



Elements of . Geometry,
‘AXIOMS, or Sclf-evident Truths,

1. Things, equal to one and the fame thing, arg
alfo equal to cach ather. "

2. Every whole is greater than its part.

3- Every whole is equal to all its parts taken
together.

4. If to equal things, equal things be added, the
wholes wi]l be equal. '

5. If from equal things, equal things be taken
away, the remainders. will be equal. ‘

6. If to, or from unequal things, equal things
be added, or taken away, the fums, or remainders,
will have the fame difference, as the unequal things
firft propofed, '

7. All right-angles are équal to one another.
8. More ‘than one right-line cannot be drawn

from one given point A toan- 5 B
‘pther given point B. '

9. If two points M0

D, F, in a right- L
lineMN, are pofited .
- at unequal diftances s '
DC, FE, from an- A€ B
other r'ight-]igc 'A_B in the fame plane-fusface; thofe
two lines, being infinitely produced, on the fide of

the lzaft diftance EF, will meet each other.

0. If
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10. If two C

rightlines CA, '
CB, making an
angle C, be re- -
fpettively equal o\
to two other )
right-lines’ FD, A B D ' B
FE, making an angle F, and the angles which they .
make C, and F be likewife equal ; the right-lines
AB, DE -joining their extremes will be equal, and
the two triangles ACB, DFE equal in all re-
fpelts. C

. If this-fhould not appear fufficiently evident for
an axiom ; conceive the triangle DFE to be remov-
ed, and fo applied to the triangle ABC, that the
point F may coincide with C, and the fide FD fall
upon the fide CA; then, becaufe FD is fuppofed
equal to CA, the point D will alfo fall upon A.
And, the angle F being equal to the angie C, the,
fide FE will fall upon CB; and confequently the
point E upon the point B, becaufe FE 1s fuppofed
equal to CB. Therefore, feeing all the bounds of
the two triangles coincide, it is manifeft, that not
only the bafes AB, DE, but the angles oppofite to.
the equal fides, are alfo equal. -

‘When all the four lines CA, CB, FD, FE are
equal ; the triangle DFE, being contrariwife applied
to ACD fo that FE may coincide with CA, will,
alfo, agrec with the triangle ACB (as is manifeft
from’ the reafoning above): and fo, the angle E (as
~ D did before) now coinciding with the angle A, the
two angles £ and D muft neceffarily be equal to
each other, in this cafe, where the triangle DFE
is an ifofceles one. '

B 4 POSTU-



Elements of Geometry.
POSTULATES, or PETITIONS.

t. That, from afy given point, to any other
given point, a right-line may be drawn.

2. That, aright-line may be produced, or con«
tinued out, at pleafure.

3. That, from any point as a center, with 2
radius equel to any right-line afligned, a<ircle may

be defcribed.

4. Fhat; o right-lice may be drawn perpendi-
cular to another, at apy point afligned ;' and thag
it is alfo poffible for to make a right-line, or a
right-lineg angle, equal to any right-line, or right-
lined angle affigned, or to the half thereof.

This fourth Poltulate is added, more for the [ake of
making the proper veferences, than through abfolute
neeelfity : fince, what is beve barely affumed as paffi~
ble, is effeted, and allually demonfirated, in the begin-
ning of the Fifth Book, inttrely independent of every
thing but Axioms and the otber Poftulates, above laid
dowr. It may alfo be proper to wnote bere, that,
zbough thefe Poltulates are not always quoted, it wilt
be eafy to perceive where, and in what fenfe, they are
2o be underficod.

NoTEes ond OBSERVATIONS, with tbe/;’gmﬁca-‘
tions of Signs ufed in this Tra '

A. ProrositTioy is, when fomething is, either,
propoted to be done, or to be demonftrated, and is
¢iizer 2 Problem, ora Theorem,

A Proprem is, when fomething is propofed to
he done.

A Turo-
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A Tarerem is, when fometking is propefed to
be demonftrated. _ ' )

A Lemma is, when fome premife is demenftrat-
ed, in order to render the thing in hand the more
eafy. _ "

A ConotLary is, a confequent truth, gained
from fome preceding truth, or demonftration.

A Scuorium is, when remarks and obfervations
are made upon fomething going before.

The fgnification of Stons,

The fign =, denotes that the quantities betwixt
which it ftands, are equal,

The figa ¢~, denotes that the quantity preceding
it, is greater than that which comes after it.

The fign =3, denotes that the quantity preced-
ing it, is lefs than that which comes after it.

The fign -}-, denotes that the quantity which it
preeedes, is ta be added. )
- The fign =, denotes that the quantity which it
precedes, is to be taken away or fubtracted.

A figure, or number, prefixed to any quantity,
fhews how often that quantity is to be taken, or re-

eated; as 5A fhews, that the quantity reprefented

gy A, is to be taken 5 times,

When feveral angles are C D

formed abour the fame point

(as at B), each particular angle

is defcribed by three letters,

whereof the middle one thews A~ T
the angular point, and the

other two, the lines that form the angle: thus CBD
or DBC fignifies the angle formed by the lines CB
and DB,

When,



® Def. 8.

b Poft. 4.

s Ax. 3.

¢ Ax. 4

Elethents of Geomietry.
~ When,' in any demonftration, - you meet with fe-
veral quantities joined the one to the other conti-
pually by the mark of equality (=), the conclufion
drawn from thence, is always gathered from the firft
and laft of them; which are equal to each other, by
yirtue of the firft axiom. Thusif A=B=C=D,

then will the firft (A) and the latt (D) be equal to
cach other.

Alfo, when in the quotations you meet with two
numbers, the firft thews the propofition, and the
fecond the book. Moreover, Ax. denotes axiom 3
Poft. poftulatum ; Def. definition; Hyp. hypothe-
fis. Note alfo, that, when-ever the word Line oc-
curs, without the addition of either right, or curved,
a right-line is always underftood : and that, when
a line is faid to b€ drawn to, or'from an angle, the
angular point is meant.

THEOREM L

A line (AB) fanding upon anotber line (CD) makes
with it two angles (ABC, ABD) which, taken to-
gether, are equal to 1wo right-angles.

If the angles ABC, ABD

are equal, it is plain they B A
make two right-angles * ; if
unequal, lec BE be perpen-
dicular to CD %, dividing

the greater of them (ABC) C— :
into the parts EBC, EBA ; B D
then the former part EBC being a right-angle *,
and the remaining part EBA together with the
whole lefler angle ABD, equal to another right-
angle EBD 5 the whole, of both the_propofed

angles, taken together, muft neceffarily be equal
to two right-angles .

COROL-
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COROLLARY. ‘
Hence all the angles at the fame point (B) on the
fame fide of a right-line (CD) are ‘equal to two Ax
right-anglgs ‘. N
THEOREM I'
If one line (AB) mecting two others (BC, BD)
in the [ame point (B), makes two angles with
them (ABC, ABD) which together are equal to two
vight-angles 5 thefe lines (BC, BD) will form one con-
tinued right-line. ‘

For, if poffible, et BH, A
and not BD, be the con- )
tinuation of the right.line
CB: then the angles ABC
and ABH being = two
right-angles®* = ABC and € B D-fr1a,
ABDf; if from thefe equal quantities, ABC, com- f Hyp,
mon to both, be taken away, there wil] remain
ABH = ABD*; which is impoffible *, » Ay

THEOREM III

The oppajz‘% angles (DEB, AEC),. made 2y two
lines (DC, BA) interfeiting each other, are equal.

For DEB + DEA = two L B .
right-angles' == AEC + DEA; .
whence, by taking away DEA,
common, there remains DEB
= AECK, E Ax. 5.

THEO-
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? Pok. 4.
® Poft. 1.

2 Def. 8,
¢ Ax. 10.
? Hyp.
S92 1.

v Ax.8.

Eleents of Gaomensry.

THEQREM IV,
'Trewo right-lines (AB, CD) perpandicylor so-048 and
ibe [ame right-line (BF), are paradicl 1o each ather.

If you fay, they are not parallel ; then let them,

thcl;l produced out, meet in fome Point, as G.
EA, pro- - .

duced (if necel- L ¥
it;acWZk lc:E;h{ere / \\ ;

-taken = ==
EG, and le it A E B @
the right-line FH be drawn™, The triangles EHF
and EGF, having EH = EG, the angle HEF =
GEF*, and EF common, are therefore equal in all
refpects®: and fo, the angle EFH being = EFG
(EFD) =aright-angle?, HFDG (as w as HEG)
muft be one continued right-line %: whkick is ipm-
poffibler.  Therefore AB and CD are parallels,

SCHOLIUM.

In this theorem, the pofibility ot parallel lines
(or fuch, which being ‘infinitely produced, in the
fame plane, can never meet) is demonftrated : for
EF may be drawn perpendicular 1o AB'; and CFD,
again, perpendicular to EF'; which laft, it is de-
monftrated, will be parallel to AB. '

THEOREM V.
Perpendicalars (EF, GH) to oxe (AB) of 1w0 pa-
vallel lines (AB, CD) terminated by thofe jines, are

equal 1o each other 5 and alfo perpendicular to the other
af the two parallels (CD). '

Fof, AB and CD being 'paral‘lel to cach other,

s Ax.g. GH can neither be greater, nor lefs than EF°;
and Def.and therefore muft be equal to EF. If you {ay,

13-

t Poft. 4.

that EF is not perpendicular to CD ; then ler FM
be perpendicular to Lit*, meeting GH preduced (if
he-



neceflary) in M: fo fhall ' ™M
FM be parallel 0 AB*; ¢ F_—H _.p "4+ ©

and confequently GM =. — ¢ A
EF*—=GH; whichism- |

peffible*. Therefore EF is 1|
perpendicular to CD. And, &

by the fame argument, GH A S & 2
is perpendicular to CDi

a

V)
ﬁ‘{‘
»

"COROLLARY.

Hence, through the fame point F, more than
one parallel cannot be drawn 1o the fame.line given
AB. ' s

' SCHOLIUM.

From the preceding propefition, the confifténce
of the twenty-fifth definition, or the poffibility, thdt
all the properties afcribed toa G H
retangle, can fubfift together in E[ :
the fame figure, will appear,
together with the method of
conftruction. For, at any two
points C, D in a right-line RS, !
two perpendiculars CG, DH R € DS
‘may be ereted”; and a perpendicular to one of 1. Poft. 4.
‘thefe, at -any point E, meeting the other in ¥,
may be drawn. The figure CEFD thus conftruted :
-will be a rectangle : for CE and DF are parallel *; = 4. 1.
-as are alfo CD and EF *: therefore the angle F (as
wellas C, D, and E) is a right-angle*. IfCE be*s. .
-made = CD, then will the reCtangle CEDF have all

its fides equal ®. Which anfwers to the definition of » 5. 1. and
a fquare. Ax. L

THEQREM VI

Right-lines (AB, EF) parallel o the fawe right-
-dine (CD) are paraliel to each other.

For
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Eletnents of Geomstry.

For let the line HIG A G :
be perpendicular to CD: * ' B
then, that line being alfo E I F

. perpendicular to both AB : _
and EF ¢, thefe laft are 7 —D

4]
0
-

£ 41,

¢ A:&. 7.
b Ax. 10.

bt
o Ax. 4.

_then thefe lines FC and DE -
“fo the triangles CFD and

parallel to each other®.

THEOREM VIL

‘A line (AB) interfefting two parallel lines (SR,‘
QP) makes the altérnate angles (SDC, PCD) egual to

-each other.

pendicular to QP, and SR¢; - g

Let CF and DE be pet- B/
A P

are likewife parallels®; and

CDE, having the fide CF Q / C LK P
=DE®, FD = CE*, and & |
the-angle F —= £, they will alfo have the angle
FDC = ECD ™. . '-
' COROLLARY L .
Hence, a line interfeting two parallel lines,
makes the angles (BDR, BCP) on the fame fide,

. equal to each other: for BDR (= CDS!) = BCP*,
I.

5 COROLLARY II.
~ HACnce, alfo, a line falling upon two parallel lines,
makes the fum of the two internal angles (SDC 4-
QCD) on the fame fide of it, equal to two right-
angles : for the angle SDC being = PCD, and
PCD - QCD = twwo right-angles'; thence is
SDC +4- QCD = alfo to two right-angles =.

THEOREM Vi1,

- " If a line (AB) interfefiing two other lines (PQ,

RS), makes the alternate angles (DCP, CDS) egyaf
20 each other 5 then are thofe two lines parallel.

For,
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For, if poffible, let
4ome other line DT, and -
C

not DS, be parallel to s . Sch to

PQ*; then muft CDT y
= DCP* = CDS*: Q_ _Pe iy
-which is impoffible 3. ® Hyp.
_ s Ax. 2.
COROLLA RY.

Hence, if a line falling on two others, makes
the angles (BDR, BCP) above them, on the fame
fide, equal to each other; then thofe two lines
are parallels: becaufe SDC = BDR ", 31

THEOREM IX:
If one fide (AB) of a triangle (ABC) e produced,
the external angle (CBD) will be equal to both the in-
‘ternal oppofite angles (A, C) taken togetber

- For, let BE be pa-

ralle] to AC*; then E

¢ Sch. to
will the angle C = 4 1.
CBE , and the angle t 7. 1
A= DBE “; there- 4 ' s Cor. to
fore C 4+ A = CBE ** - B D 7
~}- DBET — CBD". _ ’; Ax. 4.
: COROLLARY. Ax. 3

Hence the external angle of a triangle is greater
than either of the internal, oppofite an01es.

THEOREM X.

The three angles of any plane triangle (ABC) taken
 sogethers are equal to two right-angles.

For, if ABbe producedto €
D, then C+ A = CBD?, to Fo
which equal quantities let the
angle CBA be added, then
wil C+ A4+ CBA=CBD & B D AT 4
4+ CBA*=1two rzcht-angles " LS

COROL-
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gAch'

€10, I

fw Ax. 4.

Elemenss of Geemerry.
COROLLARIES.
1. If two angles in one triangle, be equal to twb

angles in another triangle, the remaining angles will
al{o be equal “

2. If one angle in one triangle, be equal one an-
gle in another, the fums of the remaining angles
will be equal %, :

3. If one angle of a triangle be zight, the other
two taken tegether, will be equal to & right-angls.

4. The two leaft angles, of every triangle, are
acute.

THEOREM XI

The four imward angles of 4 quadranpls (ABCD)
saken together, ave equal to four right-angles.

Let the diagonal AC be
drawn ; then the three angles
of the triangle ABC being
= two right-angles ¢, and
thofe of the triangle ACD
equal alfo to two right-an-
gles % it follows that the fum
of all the angles of both trian-
gles, which make the four angles of the quadrangle,
muft be equal to four right-angles®.

COROLLARY I

Hence, if -three of the angles be right-ones, the
fourth will al{fo:be a right-angle. '

COROLLARY 1L
Moreover, if two of the four angles, be equal to

two right-angles, the remaining two together will
likewife be equal to twe right-angles.

SCHOQ-
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SCHOLIUM: |

. If from any point P, within 2 polygon ABCDE,
lines be drawn to all the angles, o as to divide the
whole into as many. triangles, >
APB, BPC,CPD,DPE, EPA,
4s the polygon his fides s the-B
fum of all the angles of thefe =
triangles (which together make
up, or compofe the angles of the '
polygon, over and above thofe A "E
abour the point P) will be équal to twice as many
right-angles as the polygon has fides™ (by 10. 1.)
Therefore, feeing all the angles about the point P,
whereby the angles of all the triangles exceed thofe
of the polygon, are equal to four right-angles, . it
is manifelt, that all the angles of the polygon,
taken together,will be equal to twice as many right=
angles, wanting four, as the polygon has fides.

THEOREM XIL

The angles (A, B) at the baft of an ifofeeles trian~
gle (ABC) are equal to each other.

. For, let the lineCD bifeét,
‘or divide the angle ACB in-
to two equal parts ACD,
BCD, and meet ABinD:
then the triangles ACD,
BCD, having AC = BC/,

f Def. 18.
CD common, and the an- . B
gle ACD = BCD&?, will alfo bave' the angles Hyp.
A =B" b Ax, 10,

COROLLARY L

Hence, the line which bifets the vertical angle

of an ifofceles triangle,_ bifets the bafe, and is ulfo
“perpendicular to 1t

C COROL-
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COROPLLARY IIL

Hence it appears alfo, that every equilateral tri-
angle is likewife equiangular.

THEOREM XIII,

In any triaugle (ABC) the greateft fide fubtends
the-greateft angle.

Tet AB be greater than AC;

c

in which let there be taken .
AD = AC; drawing CD. /\

The triangle ADC being .
ifofceles, the angles ACD and A D B
12. 1. ADC are therefore equal !5 whence ACB, which
k Ay, 2. €xceeds the former of them, muft alfo cxceed the

! C or. to latter ADC¥, and confequently, much more exceed
B, which is lefs than ADC,

COROLLARY.
Hence, in any triangle, the fide that fubtends
the greateft angle, is the greateft; becaufe ACB can-

not be greater than B, unlefs AB is greater than
»13.1. AC™

THEOREM XIV,

If the three fides (AB, AC, CB) of one lrmngle,
be equal 1o the three fides (DE, DF, FE) of another

triangle, each to each re[peSiively s tbm the angles 0p-
pofed to the equal fides will alfo be equal.

Let the -an-

gle BAG =D,

- AG =DF, and

let GB and GC

be drawn; fo

fhall the trian-

gles ABG and

» #x.10.DEF be equal in all refpe@s™: therefore, AG
» dyp. being = DF = AC", and BG=EF = BC",

the
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the anple -ACG is alfo = AGC®, and BCG* 12. 1.
= BGC®; and confequently ACB = AGB*=" Ax.4or
DFE': therefore the triangles ABC, DEF are equal 5
in’all refpects #

SCHOLIUM.

The demontftration of the laft theorem, in ob<
tufe-angled triangles, may admit of another cafes
which, however, is not neceffary: becaufe, if the
triangle AGB (equal to DEF) be conceived to be
formed on the longeft fide of ABC; then, all theq Cor. 4.
angles CAB, CBA, GAB, GBA being acute ¢, the 10,1,
line CG will, always, fall within the figure ACBG %, Ax. 2.
as inthe prefent cafe.

THEOREM XV.

If two triangles (ABC, DEF) mutually equiangu-
lar, bave two correfponding fides (AB, DE) equal te

eacbl\oti.zer, the other corre[ponding fides will alfo be
equa .

If you fay c K
BC is great-
er than EF;
from BC Bl'“
a part BG
be I:aken = N E
EF:, and let A B - .+ Pott. 4.
AG be drawn. The triangles ABG, DEF having ,
AB=DE, BG =EF, and B = E (¥ hypothefis), , &% 1
will alfo have BAG = D*; but D =BAC™; there- v 22 ;.
fore BAG = BAC™; wbich is impaffible. " and z.

COROLLARY.

Hence, equiangular triangles, having any two
- correfponding fides equal, are equal to-each other *. *Ax.10.1.

C THEO-
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¥ Hyp.
z Ax. 7.

Elements of Geometry,

THEOREM XVL

If two right-angled triangles (ABC, DEF) bav-
ing equal bypotbenufes (AC, DF), bave two otber
Sides (BC, EF) lLkewife equal; the remaining fides

(AB, DE) will be equal, and the two triangles equal
in all refpeéis.

- In AB produced, ¢ F

take BG = ED,
and let GC be :
drawn : then, the
triangles BCG and

DEF, having BG A B ¢ D B
= ED, BC = EF?, and the angle CBG = E*,

N will alfo have the angle G =D, and CG=DF »

¥ 12. 1.

= AC 7 : whence, the triangle ACG being ifofceles,
the angle G, or D, will be = A'b; and confequently

¢ Cor. 1. F alfo = ACB ©: therefore the triangles ABC and
to 10. 1. DEF, being mutually equiangular, and having AC

'_' 15. 1.

. A% 7.

= DF, they are equal in all refpeéts ¢,

THEOREM XVIL
If two triangles (ABC, DEF) baving two fides
(AC, BC) of the one equal to two fides (DF, EF)
of the other, refpetively, have alfo the angles (A, D)
Subtended by two of the equal fides (BC, EF) equal to

cach other 5 and if the angles (B, E) fubtended by the
other equal fides, be either, both acute or both obtufe 5
. thew will the two triangles be equal in all refpedts.

_ Let CG and FH be perpendicular to AB- and

DE : then, . the angle AGC being = DHF®,
I —_
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A =D, and the fide AC = DF ¥, CG willalfo bef Hyp.

= FH ¢ ; whence, CB being = FE, the angles® 15. 1.

GBC and HEF are likewife equal®: and fo, the® 16. 1-

triangles ABC and DEF, being mutually equi-

angular i, and having the fides AC and DF equal, ¢ Cor. 1.

are equal in all refpects®, to 10
The demonftration is the fame, when both the

angles are obtufe, as in the triangles ASC, DeF :

for, if C4 (== CB = FE) = Fe, the angles G/C

and HeF being equal (as defore), the angles ASC ‘
and DeF will likewife be equal & E'A;jsaf‘ﬁ

THEOREM XVIII.
If two angles (A, B) of a triangle (ABC) be

equal, the fides (BC, AC) Jubtending them will like-
wife be equal.

Let CD bifect the angle
ACB, and meet AB inD:
then the triangles ACD, N .
BCD being equiangular ¥, .- Ct::r.wx.
and having CD common to -

both, they will alfo have
AC=EBC, A D B

C

LI &
THEOREM XIX.

Any two fides (AC, BC) of a triangle (ABC)
taken together, are greater than the third fide (AB),

In BC produced, let D
there be taken CD = CA,
and let AD bedrawn. The
angles D and DAC are
equal ® ; therefore BAD,
which exceeds the latter®, ~
muft alfo exceed the for- A
g\lc)r D and confequently 4 AB o Cor. to

or BC C) muft exceed AB °. : '
( + Al )mcﬁs THEO- 13. L

my12. 12
B _AX. 2«

B
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THEOREM XX,
Of all the right-lines (PA, PB, PC) falling from
a given point (P) upon an infinite right-line (RS), that
(PA) is the leaft which is perpendicular to it - and,
of the veft, that (PB) which is the neaveft the per-

pendicular is lefs than any otber (PC) at a greater
diftance.

For ’BAP being a right- P
r Hyp. angie?, ABP will be a-
¢ Cor. 4. cute?, and therefore AP

to10.1. — r
* Cor. to = BP

13. 1. Again, when PB and R \ g

PC are both on the {fame 4
fide of the perpendicular ¢ B A S
# Cor. to PA ; then is CBP  right-angle®— BCP9, and
9- ' confequently PC — PB. '
If PB be on the contrary fide of the perpendicu-
lar to PC from AC, let AB be taken = AB ; then
¢ Ax. 10. the two lines PB, PB will be alfo equal *; and there-
fore PC, which exceeds the one (by the preceding

cafe) will alfo exceed the other.

THEOREM XXIL
Of two triangles (ABC, DEF) baving two fides
(AB, BC) of the one, equal to two fides (DE, EF)
of the other, each to ¢ach refpeftively, the bafe of that

- (ABC) will be 1he greateft, which is fubtended under
the greateft angle.

Let the angle ABG =E, BG=EF (= BC) alfo

Ax B K];
E ) AN :
P AB
T I T

. C
let AG and CG be drawn, upon the laft of which,’
i produced,
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produced, let fall the perpendiculars BH and AL® T4 1+
Since BG=BC~, anc{ cgnfequently, GH=HC"% ’f‘g}’ I
it is evident, that GI (whether the point I be confi~

dered as falling between G and K, or between G Ax. 2.
and H) will be lefs than CI*; and therefore AG,* Ax. 10.

or its equal DF *, alfo lefs than AC ®, ' 20, 1.

THEOREM XXIL
- Of two triangles (ABC, DEF), having one_angle
(BAC) in the one equal to one angle (EDF) in the
sthery and the fides (BC, EF) oppofed to them alfo
equal, that (ABC) will bave the greateft bafe, where-
of the oppofite angle (ACB) differs the leaft from a
right-angle.

Let BG and EH be perpendicular to AC and
DF, in which produced, take HK =HE, GI =
GB, and BM = EH;; alfo let MN be parallel to
GA, meeting AB, produced if neceffary, in N 5 and
let CI and KF be drawn.

d
hf'

The angle ICG being = BCG *, and the latter of
thefe greater than EFH* (or KFH ¢), thence is < Hyp.
1CBc KFE; -and confequently B~ EK*; whence ¥ Ax. 10
alfo BG (3BI) - EH (2EK) or its equal BM¢; and * 2 L
therefore BA — BN, becauie AG and MN being
parallels, both the points M and N will fall on the
fame fide of AG. But BN (as the triangles NBM, f11yp and
DEH are equiangular, and have BM = EH 9 is 7. 1.
= DE®: therefore BA is alfo greater than DE. & 15- 1.

' C 4 THEO-



24

k19, 1.

! Ax. 6.
k Ax. 3.
1Cor.g.1.

Elements of Geomitry,
THEOREM XXIIIL

Ify of two triangles (ABC, ABD) Sanding upon
sbe fame bafe (AB), the one be wholly included within
she other, the $wo fides (AD, BD) of the included one,
taken together, will be lefs, and the angle (D) con-
tained by them greater, vefpetiively, than the two fides
(AC, BC), and the contained angle (C) of the others

o Case L. If the wertex of the contained tyiangle
be in one fide of the other: :

Then, AD is lefs than AC 4. & :
CD*; whence, by addiag BD D
common, AD - BD will alfo ,

be lefs than AC 4 CD - BDi,

or than its equal AC -f- BC*. & - B
But the anglc ADB is e= ACB1,

Case IL. If the vertex be within the other triangle:
Let AD be produced to

meet BC in E : then (%y the
preceding cafe) the fum of AD
and BD s lefs than the fum of
AF and BE; which laft fum,
and confequently the former,
is, again, lefs than the fum of
AC and BC. Moreover, the
angle ADB—BED—C. A B

THEOREM XXIV.

The f/PP(fﬁI& ﬁdc’.f (AB, DC) Qf(l?_ly Paral[e[ogram
(ABCD) are equal, as are olfo the oppofite angles
(B, D) 5 and the diagonal (AC) divides the parallelos
gram inio two equal paris. -

For,
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For, AB,DC,and AD,BC o,
“being parallels *, the angle
BAC is = DCA®, and BCA
= DAC °; therefore the equi-
angular triangles ABC, ADC® A
having AC common, are equal
in all refpects . :

COROLLARY.

Hence, if one angle (B) of a parallelogram be a
right-angle, all the other three will be right ores :
for D, being = B, is a right-angle ; and BCD is
= B, and DAB = D, & Theor. /.

THEOREM XXV,

Every quadrilateral (ABCD) whofe oppofite fides
- are equal, is a parallelogram. (See the preceding
icheme.) i

Let the diagonal AC be drawn ; then the trian-
gles ABC, ADC being mutually equilateral ’, they * Hyp.
will alfo be mutually equiangular®; confequently s 14. 1.
AB will be parallel to DC, and AD to BC". t g, 1.

THEOREM XXVI
The lines (AD, BC) joining the correfponding ex-
tremes of two equal, and parallel lines (AB, DC)
are themfelves equal and parallel.

Let the diagonal BD be drawn. Becaufe AB, Hyp:
and DC are parallel ¥, the angle ABD is =CDB™; v ;1.
therefore, BA being = D . o
DC=* and BD common, “
the remaining fides and - * Hyp.
angles will likewife be
refp‘g&ivcly equal ’; and A B Y Ax. 10«

confequently AD parallel to BC 2, 8L
| gniequently p to 86 THEO-
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Elements of Geomietry.

THEOREM XXVIIL
If, inone fide (AB) of a triangle (ABC), from
three points (D, ¥, B) at equal diffances (DF, FH),
lines (DEM, FG, HI) be drawn parallel 1o the
bafe, the parts (EG, Gl) of the atber fide (AC)
intercepted by them, will alfo be equal to each otber.

Let NGM be parallel
to AB, interfeCting HI
and DE in N and M.
Then, the triangles
IGN, MGE, having the
angle IGN = EGM?,
ING = M?", and GN
= FH*® = FDY) —
GM <, will alfo have
GI = GE*,

COROLLARY L

Hence it appears, that, if one fide of a triangle
be divided into any number of equal parts, and
from the points of divifion lines be drawn parallel
to the bafe, cutting the other fide, they will alfo
divide it into the fame number of equal parts.

"COROLLARY IL
Hence, alfo, if two lines FG, HI, cutting the
fides of a triangle, be parallel to each other, and
another line DE be fo drawn as to cut off FD —

FH and GE = GI, this line DE will be parallel to
the two former. S

THEO:
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THEOREM XXVIIL
If in the fides of o Jquare (ABCD), equally diftant
from the four angular pointss there be taken four
other points (E, F, G, H) the figure (EFGH) formed
by joining thafe points, fball alfo be a [quare.

For the wholes AD, A B D

DC, CB, BA bring e-

qual f, and alfo the parts f Def. 26,
AE, DF, CG, BHzs, I+ ® Hyp.
the remaining parts ED,

FC,GB, HA muft con- H b oA
fequently be equal * ; X 5-
whence, all the angles P A
D,C,B, A being equal’, g C.ax7

the fides EF, FG, GH, G

HE will be equal likewife ¥, and the angle DEF = & Ax. 10.
AHE*, '~ Therefore, becaufe DEH is = A +
AHE!Y, if from thefe, the equal angles DEF,!q. 1.
AHE be taken away, there will remain HEF =

A" = aright-angle . By the fame argument (or

by Theor. 25th, and the Corol. to the 24th) the

other three angles will be right-angles.

THEOREM XXIX:
If all the fides of any quadrilateral (ABCD) be
bifected, the figure (EFGH) formed by joining the
points of bifeition, will be a parallelogram.

Draw the diagonals AC

and BD. Becaufe EF and G c s
HG are parailel to AC ", P " oyt
they are alfo parallel to each . 6 1
other ©. After the fame H oot
ganner 1s fFG ;rallcl to

H; therefore GH is a
parallelogram *. A B p ! Debge

The End of the FirsT Booka
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DEFINITIONS.

1.Y N a parallelogram ABCD, if two right-lines
EF, HI, parallel to the fides, interfefting
the diagonal in the fame point G, be drawn,

dividing the parallelo- :

gram into four other C F B

parallelograms s thofetwo ‘
GD, GB through which N /
the diagonal does not I /</ H

pafs, are called Comple-
ments ; . and the other -
two, HE, FI, Parallelo- b E A
grams about the diagonal.

. C
2. Every re@angle is faid to
be contained under the two
right-lines AB, BC that are the
‘bafe and altitude thereof. A B
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The rectangle contained under two right-lines AB
and BC is often, for brevity fake, denoted by ABxBC.
But when the figure is a fquares it is. ufually repre-
Jented by placing the number 2 over the lester, or letters

exprefling the fide thereof : thus AB* denotes the fquare:
made upon the line AB. :

THEOREM I

- The reflangles (BD, FH) contained under equal
lines, are equal.

For, let thedi- D C H . &
agonals AC, EG «
be drawn : then,
becaufe AB = /
EF, BC = FG,
and B=F>2, the A B F F * Hyp-

triangles ABC, Co
EFG are equal®. And, in the very fame manper * Ax. to.
will ADC and EHG appear to be equal. Thereforé

the whole reftangle ABCD is alfo equal to. '1:hf:c
‘whole reftangle EFGH -, : € AR gal.

THEOREM IL
Parallelograms (ABCD, BCFE) Sanding upon the

Jame bafe (BC) and between the fame parallels (BC,
AF) are equal.

A D E ¥A DE ¥

Ny 2 )

B C B C
For, fince (in Fig. 1.) the angle F = BEA ¢, ¢ Cor. 1.
and CDF = A ¢, the triangles FDC, EAB are, 27 -
cquiangular ° ; they are alfg equal, becaufe CF= 7"
BE ¢ : therefore, if each be taken from the wholes . .
. figure ABCF, there will remain ABCD = EBCF*. E 23. 1.
o COROL-" Ax s
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Elemnents of Geometry.

COROLLARY L
Hence, triangles BAC, BFC (Fig. 2.) ftanding
upon the fame bafe, and between the fame parallels,

are alfo equal, being the halves of their refpective
parallelograms *.

COROLLARY 1L
Hence all parallelograms, or triangles, what-
ever, whofe bafes and altitudes are equal, are equal
among themfelves ; becaufe all fuch parallelograms
are equal to retangles ftanding on the fame bafes,
and between the fame parallels ; and thefe laft are
equal, by the preceding propofition.

THEOREM IIL

The complements (EC, EA) of any parallelogram
(AC) are equal.

For, the whole tri-

angle DCBbeingequal D T C

to the whole triangle .

DAB*, and the parts HN - \F
DIE, EFB refpettive- K F‘N
ly equal to the parts N
DHE, EGB%, the re- A G B

maining parts EC, EA muft likewife be equal ',

THEOREM 1V.

A trapezium (ABCD) whereof two fides (AD,
BC) are parallel, is equal to balf & parallelogram,
whofe bafe is the fum of thofe two fides, and its altitude,
the perpendicular diffance between them. '

For,
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For, in AD produced, B ¢ 1 E
take DF — BC; and let ‘
CG, DH and FE be all
parallel to AB, meeting
AF and BC produced, in A————fG D T
G, Hand E. Then AE

is a parallelogram of the fame altitude with ABCD, _ '
having its bafe AF equal to the fum of AD and | g‘;‘;ﬁ;
BC®: but this parallelogram, becaufe BG=HF°, " °
and CGD = CHD?, is equally divided by the line» 2, 1.
CD4; and fo ABCD is the half thereof. 1 Ax. 3.

FHEOREM V.

The fum of all the restangles contained under a given
line (AD), and all the parts (AH, HG, GB) of
another (AB), any bow divided, is equal to the rest-
angle contained under the two whole lines.

Let ABCD be the re&t- PN
angle contained under the b F B C
two whole lines, and let
HF, GE be parallel to AD,
meeting lll)C gx I;_lgndGFé
Then will AF, s
be rettangles r of the fame A H G Bocon o
altitude with AC*; therefore AF = AD x AH, | %
HE = AD x HG, and GC=AD xBG *; and 3"

3 Ax. 1.
confequently AD x AB (AC=AF L HE-L-GC)« 1. 3.
= ADxAH 4 AD x HG 4- ADxBG ", : gk

THEOREM VL

If a right-line (AB) be, any-wife, divided into
two parts (AC, BC), the fauare of the whole line will
be equal to the fquares of both the parts, together with
two reclangles under the fame parts, '

Let
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Let ABGI be the fquare 1 M g
of AB, and CBEF that of
BC, and let EF and CF be
produced to meet the fides
of the fquare ABGI in M
and N.

_ From the equal quantities
¥ 24. 1. CM, EN ¥ take the equal A € B
"z't‘ldlz);' quantities CF and EF, and there remains FM =
% Ax.s.1. FN *; therefore, all the angles of the figure being
¥ Corito right ones ¥, NM is a fquare * upon FN (= AC);

24- 1. and AF, FG are equal to two reftangles under
? Def.z6. BC and AC*: but AG = BF etz i; AF - FG;

.2

» Axj.. 0r AB*=BC* | AC*4-2ACx BC".

COROLLARY 1.

Hence, the fquare of any line is equal to four
times the {quare of half that line.

COROLLARY IIL
Hence, alfo, if two fquares be equal, their-fides
muft be equal ; becaufe unequal lines BA, BC have
not equal {quares., ~

N IEF R

THEOREM V{I. ,

The difference of the fguares (ABEH, ACIK) of
any two unequal lines (AB, AC), is equal to a'refl*
angle under the fumv and difference of the fame lines..

In EB, produced, take BF = T D .E
AC; let FG be drawn parallel to
EH, and let CI be produced K| iy
both ways, to meet EH and FG
inDand G. It is evident that

e Cor, 22. DF is a reCtangle , whofe bafe L
1 * GF (= CBd)g:.. the difference 4 C
4 24. 1. of the given lines AB, AC; and . _
whofe altitude FE (becaufe BE Gl

L=
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= BA ¢, and BF = AC)is = the.fum of the fame § Def. 4.
lines: but this retangle DF is = DB 4+ GB® = _ ;ILP‘
DB + DK (becaufe DK* = GB) = the fquare AE ; 2%
— the fquare AL ' E

THEOREM VIiL

The fquare made upon the fide (AC) fubtending the
right-angle of a plane triangle (ABC), is equal to borb
the fquares (BE, BG) made upon the fides (AB, BC)
containing that angle.

Let the fides of the & A D
fquares BE, BG bE pro- T }
duced to meet each o- FL
ther in L and Dy in , | C
wh}ch take KL and IG \
each equal to AE (or I
AB)s and let CI, IX, - ’f\

KA be drawr.. S

Since. ARH and FBC =~ I I G _
(which are continued right-lines ') are equal to each ® 2. 1.
other’, EL, DG, ED, and LG will be all equal * Ax. 4,
among themfelves'; and fo, the angles E, D, G;zf‘i L.
and L being all right-ones™, EDGL will be a S.”;‘ &
iquare, and confequently ACIK a fquare iikewife " n 28 1.
Now, if from the fquare DL, the four equal ® tri-o Ay, jo. -
angles ADC, CGI, 1LX, and KEA be taken away,
there will remain the fquare Al: and, if from the
fame DL, the two equal ? parallelograms DB, BL » 1. 2.
(which are equal to the faid four triangles, becaufe
DB = two of them') be taken away; then-there
will remain the two fquares BE and BG. Con-

fequently the fquare Alis = the two fquares BE
and BG s, :

The fame demonfirated az‘/yerfwife.

Let AD be the fquare on the hypothenufe AC,
and BG, BI the two fquges on the fides ABBaéxd

1 Ax. s,
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BC: let MBH be parallel to' AE, meeting GF
(produced) in H; and let EA be produced to
meet GH in N. :

v Ax.7. I from the equal * angles

- GAB, CAN, the angle NAB, x P
common to both, be taken G FAK
away, there will remain NAG RN

' Ax.5. — BAC*®; whence, as the an- H
gleGis alfo = ABC’, and the A

t Def. 26, fide AG = AB Y, the fides AN '
and AC (= AE) are likewife

¥ 15. 1. equal®; and therefore the pa- i
rallelogram AM = the paralle- E ™MD

¥ Cor. to Jogram AH *; which laft, and

. 2 2 confequently the former, is equal to the fquare BG*

- * 2  ftanding on the fame bafe AB, and between the
fame parallels. By the fame argument, the paral-
lelogram CM is = the {quare B : and, confequent-
ly, the {quare AD (= AM -4 CM) = both the

Y Ax. 4. {quares BG and BI?, v

COROLLARY.

Hence, the fquare upon either of the fides in-
cluding the right-angle, is equal to the difference
of the fquares of the hypothenufe and the other

z Ax. 5. fide”; or, equal to a rectangle contained under the

_ fum and difference of the hypothenufe and the other
a 7 2 fide *.

iE

T—C

THEOREM IX,

The difference of the [quares of the two fides (AC,
BC) of any triangle (ABC) is equal to the differenct
of the fquares of the two lines, or diffances (AD, BD)
included between the extremes of the bafe (AB) and tht
perpendicular (CD) of the triangle.

For, fince AC*=DC*+ AD? and BC*= DC:'z
+ BD* (by the precedent), it is -evident that thé
' differenct



. Book the Sevord. 35
difference of AC* and BC* will be equal to the dif-
ference between DC> 4+ AD* aad * DC? 4~ BD*, or® Ax. 5.
» C

— BF ‘
A ¥ E D A B D

between AD* and©BD?, by taking away DC?, ¢ Ax.6.
Common, from both. :

: COROLLARY L
Since the retangle under the fum and difference

of any two unequal lines, is equal to the difference
of their fquares 4, it follows, that the difference of ¢ 7. z.
the fquares (or the rectangle under the fum and dif-
ference) of the two fides of any triangle, is equal
10 the retangle hinder the fum and difference of the

itances included between the perpendicular and
the two extremes of the bafe.

COROLLARY IL

- It follows, moreover, that the difference of the
Jauares (or the rectangle under the fum and difference)
of the two fides of a triangle, is equal to twice a
Teciangle under the whole bafe, and the diffance of the
Derpendicular from the middle of the bafe.
beor, let E be the middle of the bafe, and let EF
X made = ED; then AF being = BD °, the ex- ¢ a4, 5
S of AD above BD (or AF) will (i Fig. 1.) be
f DF = 2DE ; therefore the rectangle under the
ﬁ’“} and difference of AD and BD (=3AC*— % 9. 2.
$o) is = ABx 2DE. Again (i1 Fig.2.) AD &=
AD being = AD -} AF* = FD = 2ED, and * Ax. 4.

DBD = AB, we have, alfo, in this cafe®,

AC* _BCr—. AB x 2DE.
D2z THEO-
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iy, 2.

1Cor. 2. BI! = 2EH - 2Bl ™ = AH (ABY) 4 2B
009 2.(, AB x BD) ; therefore, if from the firft and Jaf

» Ax. 3.
» Ax. 5.

° Ax. 4.

Elements of Geometry.
THEOREM X.
The fquare of one fide (AC) of a triangle (ABC)
is greater, or lefs than the fum of the [quares of the
bafe (AB) and of the other fide (BC), &y a double reéi-
angle under the whole bafe (AB) and the diftance (BD)
of the perpendicular from the angle (B) oppofite to the
Jide firft mentioned s that is, greater, when the perpendi-
cular falls beyond the [aid angle (as in Fig. 1.); but

lefs, when it falls on the contrary fids (as in Fig. 2.
and 3). '

Let the fquare ABHF, on the bafe AB, be di-
vided into two equalf rectangles EF and EH by

PNy CR~
) ™~
1/ / 2\ t\ :\\
B

Ny b
TBIDTATIEE

FE

AR 1 ;;\. DT
tALﬂ_J

g I wIGd HI F G H

the line EG, bife@ing AB in E; and let the per:
pendicular CD be continued out to meet FB
(produced) in I.

In Fig. 1. AC* — BC* = twicc the reCtang)t

of thefe equal quantities, AB* be taken away, thef
“ AC* /efs both BC*and AB* = 2 ABxBD"

In Fig. 2 and 3. BC* — AC* = 2Kl '— oBRI~
2BG ® = 2AB x BD — AB:; and fo, by addinf
AB* to the firft and laft of thefe equal quanticit:f'-
we have here AB* + BC* — AC* = 2AB x BD"

rago
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THEOREM XL

The doudle of the fuare of a line (CE) ¥rdwn
From the vertex to the middle of the bafe of any 1ri-
angle (ABC), together with double of the fquare of
the femi-bafe (AR), is equal to the fquares of both
the fides (AC, BC) taken together.

For, let CD be perpendi- -
cular to AB: then, becaufe G
(by the precedent) AC* ex- ;
ceeds the fum of the two
{quares AE* and CE* (or
BE*and CE?) by the double
retangle 2AE x ED (or '
2BE x ED); and becaufe A B b B
BC* is lefs than the fame fum by the fame double
rectangle ; it is manifeft that both AC* and BC*
together, muft be equal to that fum twice taken s
the excefs on the one part making up the defelt
on the other.

THEOREM XIL

The two diagonals (AEC, BED) of a parallelogram
{ABCD) 2ife# ecach other s awd the »fum of their
Jauares is equal to the fum of the Squares of @l the
Jour fides of the parallelogram.

For, the triangles p

AEB, DEC being E C
equiangular *, and ?3.and
having AB = DC3, 7. 1
will alfo have AE B 4 24. 1
=CE, and BE = "7 R
DE{' Moreover, be- AD D by taki : (1: :)r z;
caufe 2AEz L 2ED* =*AD* 4- *, by taking T
the double of-!t—hefe, we have 4AE* (* AC*) + 4ED* tzf' 4'_'
(DB*) = v AD* -}- BC* - CD* - AB*. _ and 241’

D3 THEO-
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¥2401.
and Ax.
10.

Y12

Elements of  Geometry.

THEOREM XIIIL

If from any point (F), to the four angles of a reép-
angle (ABCD) four lines be drawn., the fums of tha
fquares of thofe drawn to the appofite angles will be
equal (1 fay, that FA* 4+ FC* = FB* + FD*).

For, let the diagonals AC
and BD be drawn, bifeéting
each other in E *, and let
E,F be joined; then the
triangles ABC, BAD being
equal in all refpets”, thence
will AE (}AC) =DE(2DB). |
But FA* + FC* =7 2 AE>
(2DE*) 4+ 2EF* = YFB* |-
¥Dz '

T _End of the SEconp Book,
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BOOK I

DEFINITIONS.

I, N Y right-line
FD, pafling
through E the

eenter of a circle, and
terminating in the cir-
cumference at both ends,
is called a Diameter.

_ 2. Anarchof acircle,
is any portion of the pe- G
riphery, or circamference, as ACB,

"3. The chord, or fubtenfe of an arch ACB, is
a right-line AB joining the two extremes of that
arch,

4. A femi-circle is a figure contained under any
diameter and either part of the circumference cut
off by that diameter.
D4 5 A
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" of a circle ABC, when,

-circle,

Elements of Geometry.

5. A fegment of a circle is a figure contained
under an arch ACB and its chord AB.

6. A Seftor of a circle is a figure contained
under two right-lines EF, EG, drawn from the
center to the circumference, and the arch FG in-
cluded betwixt them, When the two lines EF, EG
ftand perpendicular to each other, then the Sector
1s called & Quadrant.

- 7. Anangle ABC s

faid to be in a fegment B

being in the periphery
thereof, the right-lines
BA, BC by which it
is formed, pafs through
the extremes of the
chord AC bounding D
that fegment.

8. An angle ABC in the periphery, compre«
hended by two right-lines BA, BC, including an
arch of the circle, ADC, is faid to ftand upon that
arch.

9. A right-line AB is
faid to touch a circle, when,
paffing through a point (C)
in the circumference thereof,
it cutteth off no part of the

10. Two
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10. Two circles (PCQ, RCS) are faid to touch
each other, when the circumferences of both pafs

& S o

P Q
Q ’

through one point (C) and yet do not cut
‘each other.

11, Two circles, in the fame plane, are faid to
cut one another, when they fall partly within, and
Partly without each other ; or, when their circum-
Terences cut each other.

Y2. A right-line is faid to be applied, or infcrib-
ed in a circle, when both its extremes are in the
Periphery thereof.

13. A right-lined figure is f2id to be infcribed in
a circle, when all its angles are in the circumference
of the circle.

. Y4. A circle is faid to be defcribed about 2
fight-lined figure, when the periphery of the circle
Pafies through all the angles of that figure.

5. A right-lined figure is faid to be defcribed
about a circle, when all the fides thereof touch
the circle,

16. A
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3 Def. 33.
of 1.

b4 1.

Elements of Geometry.

16. A circle is faid to be infcribed in a right-
lined figure, when it is touched by all the fides of
the right-lined figure.

17. A right-lined figure is faid to be infcribed
in a right-lined figure, when all the angles of the
former are fituate in the fides of the latter.

THEOREM I
If the fides (AB, BC, CD &c.) of a polygon in-

Jeribed in a circle, be equal, the angles (AOB, BOC,

COD &c.) at the center of the circle, fubtended by
them, will likewife be equal.

For AO, BO,
CO &c. being e-
qual to each o-
ther 2, as well as
AB, BC, CD &c.
thetrianglesAOB,
BOC, COD, are .
mutually equila-
teral; and there-
fore have all the
angles AOB, BOC
&ec. equal to each

other °.
SCHOLIUM.

On this propofition depends the divifion of ma-
thematical inftruments for taking and meafuring of -
angles. For, if, by repeated. trials, or any other
means, the circumference of a circle defcribed
about a center O,. be divided into any num-
ber of parts AB, BC, CD &c. fo that the chords’
be equal; then it is evident, from hence, that all
the angles AOB, BOC, COD &c. which make up
the four right-angles AOD, DOG, GOK, KOA
at the center, will alfo be equal to each other, l}::s

the
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the radius OA of the infirument be what it will.—
In the divifion of the circle for pracical ufes, the
Number of parts into which the circumference is

43

thus divided, or the number of equal angles ac the

Center, is 360 ; which equal angles are called de-
grees; fo that a right-angle, confifting of go of
thefe equal angles, is faid to be an angle of go de-
Brees ; every angle being denominated, from the
degrees, and parts of a degree, contained therein 3
ach degree being conceived to be fubdivided into
_60 equal parts, called minutes; each minute again

Into 60 equal parts, called fecornds; and fo on to

thirds, fourths, fifths, &¢. at pleafure.

THEOREM IL

.y chord (AB) of a circle, falls wholly within the
fame: And a perpendicular (CD) let fall thereon,
From the center of ‘the circle, will divide it into two
Cqual parts.

Let C, A, and C, Bbe joined 3
and thro’ any point E in the
chord AB, let the right-line
CEF be drawn, meeting the
CGlreumference in F.

It is evident, becaufe CA =
CB«, that thefe equal lines are
On different fides of the perpen-
dicular CD¢: And fo, CE being =3 CA or CF ¢,
the point E (take it where you will in the line AB)
and confequently the line AB itfelf, will fall within
the circle ©. Moreover, becaufe the triangles ACD,
BCD have CA = CB and CD common, thence
Wil AD be alfo=BD ¥, -

COROLLARY.
Hence a line bifeCting any chord at right-angles,
Pafles thro the center of the circle. ;
o - THEO:

B ¢ Def. 33,
1.

420, 1.

¢ Ax. 2.

f 16. 1.
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= Def. 33.
1.

6 Ax, 24
P21, 1.

13. 3.

Elements of Geometry.
 THEOREM IIL

Any two chords (AB, DE) equally diffant from the
center (O) of a circle, are equal to each other.

_ Let the perpendiculars OF,
OC be drawn, and let O,D B
and O, A be joined. Becaufe
OF = OC*, OD = OA,
and F and C are both right-
angles %, therefore is DF =
AC*, and confequently DE
= 2DF!=2AC* = ABX

THEOREM 1V,
- In a circle (AEFB) the greateft Lire (AB) is the
diameter 5 andy of all cibhers terminating in the cir
cumference, that (CL) wbich is neareft the center (O),
is greaier than any oiber (EF) further from it.

. 1. Draw OC and OD; CoR
then it will appear that AB
(or OC + OEI))P) - CDm, Eé——gr '

2. Let OP be the dif- W\ P D
tance of CD f{rom the cen- “ . /ﬂ
ter, and OQ that of EF, " Qo
both taken in the fame
radius OR; draw OE and
OF. Becaufe the triangles _
DOC, OFE, have two fides equal each to each %,
and have the contained angle DOC — the contained
angle FOE °; therefore, alfo, will the bafe DC be
greater than the bafe FE?; and, confequently,
greater than any other chord at the fame diftance
with EF 9, -

COROLLARY.

Hence, a right-line greater than the diameter,
drawn from any poiat within a circle, will cut the
circumference.

THEO-
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THEOREM V, '

If, to the circumference of a circle (AFEB), from
any point (D) which is not the center, right-lines (DA,
DF, DE) be drawn, the greateft of all (DA) fball
e that which pafles through the center (C) 5 andy of
the reft, that (DF) whofe other extreme (F) is placed
neareft, in the circumference, to the extreme (A) of the
greatefl, will exceed any other (DE) whofe extreme ()

is at a greater diflance.

D .

From the center C, let CE and CF be drawn., Ax
1. AD (= DC + CF") — DF". ek
2. Since DC is common, CF = CE, and DCF : aAx. 2.

o DCE, therefore is DI - DEY, ¥ 2L 1.

» COROLLARY L

Becaufe no two lines, DE, DF, drawn from D,
on the fame fide of the diameter AB, can be equal
to each other ¥, three equal right-lines cannot pof- * 5. 3.
fibly be drawn from the periphery to any point,
befides the center of the circle: and, therefore, if
from a point in any circle, three equal right-lines
can be drawn to the periphery, that point is the
center of the circle.

COROLLARY IL
Hence it alfo follows, that no circle can be de-
fcribed to cut another FBG in more points than
two : for, if it were poffible to cut it in three points
G, E, F, then right-lines drawn from the center

Q&
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x Def, 33
1

Y Cor. 1.
t0 44 3.

2°20. I,

¥ Def. 33.
and Ax.
- z.0f 1.

Elements of Grometry.
Q,, to thofe points, ‘'would be all equal *, which is
fhewn to be impofiible ¥, unlefs when the center
Q_coincides with C ; and then the circles themfelves

will neither cut, nor teuch, but coincide, and be-
come one circle *.

THEOREM VL

A right-line (FD) drawn through any point (A)
in the circumference of a circle, at right-angles to the
radius (BA) terminating in that point, will touch the
circle.

From any point in FD, F A B D
to the center E, let the '
right-line BE be drawn;
which being greater than
AE?®, the point B muft,
neceflarily, fall out of the
circle®: and therefore, as
the fame argument holds
good with regard to every .
other point in the line FD (except A), it is manifeft
that this line cuts off no part of the circlelibut
touches it, in one point only.

THEOREM VIL

If the diftance (AB) of the temters of two circles,
be equal 10 the fum of the two [oni-diameters (AM,
BN), the circles will touch each other, ontwardly ;
and the right-line (AB) joining their centers, will,
pafs through the pomt of coniati.

In



Book the Third.

In AB, take AC = AM,
and Jet DCE ‘be drawn per-
pendicular to AB: then, BC
being alfo = BN ¢, the cir- N
Cumferences of both circles
Wwill pafs through the point
C*: but the right-line DE
(%y the precedent) falls wholly
above the one, and wholly M
below the other ; therefore the
circles themfelves fall wholly
without each other, and
touch in one point C only.
COROLLARY.
Hence, if the centers of two circles be placed
at a diftance, from one another, lefs than the fum
of the two femi-diameters, a part, at leaft, of the
one will be contained within the other: bur, if the
diftance be greater than that fum, the two circles
will then neither touch, nor cut each other.

THEOREM VIIL
If the diffance (CD) of the centers of two circles
(CAF, DAE) be equal to the difference of the twos
Jemi-diameters (CA, DE), then will thofe circles touch
inwardly 5 and that radius (CA) of the greater,
which is drawn through the center (D) of the leffer,
will meet the two peripberies in the point of contall.

 From any point E in the A
circumference of the leffer, to -

the two centers, let EC and
ED be drawn. Becaufe CA
¢xceeds DE by the line DC*,
or becaufe DE 4 DC = CAS
= DA + DC¢, therefore is
DA =DE®; and o the cir-
Sumference of the circle D

likewife

47

¢ Conftr.

and
Ax. 5.

E, Def. 33.
1.

° Hyp. -
fAx. 4.
¥ Ax. 3.
b Ax. 5.
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Jlikewife paffes through A : but CA is greater than
f5.3. CE!: therefore every point in the periphery of the
circle D (except A only) falls within the circle C:
which was to be demonfirated,
COROLLARY L .
Hence, if the centers of two circles be placed at
a diftance from each other, greater than the diffe-
rence of the two femi-diameters, a part, at leaft,
of the one will fall without the other ; but, if the
diftance be lefs than that difference, the leffer circle
will then be contained wholly in the greater, but
without touching it.

COROLLARY IL
~ Hence, and from the precedent, it likewife ap-
pears, that if two circles touch, either inwardly or
outwardly, a right-line, drawn through their two
' centers, will alfo pafs through the point of contact :
Coxr. of b o .
5. and cqaufc they can only touch, when the diftance of
Cor. 1. their centers is equal to the fum, or to the diffe-
of 8. rence of their femi-diameters % '

THEOREM IX.

If the difiance of the centers (Fy G) of two cireles
(DL, MH) e lefs than the fum, and gxeater than
the difference of the two [emi-diameters (F{, GM),
thiofe circles will cut cach other. o

For, fince the
diftance of the .
two centers is T (ML G
fuppofed  lefs Df———i—1= "1 H

than the fum of \/ /
the femi-diame- /
1 Cor. to tersapart of the \/

7. 3- one circle MH, falls within the other DL!; and fince
= Cor. 10 that diftance is greater than the difference of thofe
o D'y, femi-diameters, a part of the fame circle MH alfo
" of 3. fallswithout the circle DL": which was ts be proved™.

THEO-
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THEOREM X, . ,
. The angle (BDC) at the center of & civcle, is doublé
b0 the angle (BAC) at the circumferénce, when both
angles fland upon the Jesne arch (BC).
A

BTx"C¢ B—C
 Letthediameter ADE be drawn.
In the firft cafe (where AB pafies through the
center) BDC = A - C°=2A". °g. 1,
In the fecond cafe, BDE = 2BAE (&y cafex.) 3?1210
to which adding CDE = 2CAE, we have BDC
=2BACq, T AX. 4o
In the third cafe, CDE = 2CAE (& cafe 1.)
from whence fubtradting BDE = 2BAE, there re-
Mains BDC =.2BAC . * Ax. g

THEOREM XL

All angles (EAF, EBF) in the fame fegment (EABF )
of -acircle, are equal to each other. ' '

Case L. If -the fogment be great- A B
" than a femi-circle; from the X
center C draw CE and CF; then /
EAF and EBF being each of |
them = to half ECF", they muft \
feceffarily be equal to each other. X

E Casx
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Case II. If the fegment be

lefs than a jéﬂ',:i-dfcff let H 5 \

be the interfe@ion of EB and

AF : then the triangles AEH E

and BFH, having the angle
t3.1. AHE = BHF' and AEH
.Corp. = BFH (by cafe 1.) they will

" alfo have EAH =FBH ",

10 10. 1.

_ THEOREM XIL
Angles (D, G) in the circumferences, fanding
upon equal fubtenfes (AB, EF) of circles baving equal
diameters, are equal to each other. And the fubtenfes
o ﬂual angles, in tbe circumferences of circles baving
equal diameters, are alfo equal.

From the centers P, and Q, let PA, PB, QE,

QF be drawn.
* Hyp. 1. Hyp. Since AB =EF ”, and AP=BP*=
*Def.33. EQ = FQ; therefore is P = Q, and confe-

of 1. )
quently D (= +P* =4Q) =G.
: :i ; 2. Hyp. Becaufe D &}, therefore P = Q%3

whence, PA being = QE, and PB=QF ", AB
2 Ax.jo. will alfo be = EF ®, -

of 1.
COROLLARY.
Hence angles in the circumference, ftanding

vpon equal chords of the fame circle, are equal,
THEOREM
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THEOREM XIIL
Tbe angle (ACB) in a femiscircle, is a right angle.
Let the diameter CDE c
€ drawn. . .

Becaufe ACD = half
ADE, and BCD = half

BDE ®, therefore is ACD D Bo
+BCD (= ACB) = half A | o3
of ADE and BDE ¢ = half < Ax gl
YWo right angles ¢ = one .
tight angle. E S

THEOREM XIV.

The angle (CAB) included by a tangent 1o a circle
and g chord (AC) drawn from the point of con-
‘a2 (A), isequal to the angle (AEC) in the altere
"ate fegment.

. Let the diameter AOF be drawn, and E, F be

JOineq,

The line DB falling wholly D A B :
boie the circle *, O%& is ch ¢ Def. g,
lea.& line that can be drawn 3
Oit from the center O *; and T Def. 33.
] AB is therefore a right- to ‘ Xx";d
ri"gleﬂ; but FEA is alfo a Co ot
f%ht-angle ®: therefore, if E 3.3
om thefe equal angles, the

I i11.3

*qual 1t angles 'FAC, FEC

(&anding on the fame arch FC) be taken away,

Yere will remain BAC = AEC*,

E 2

THEO-

k Ax. 5.
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THEOREM XV.

The angle (DEC) made by two lines (DEB, CEAY
interfelking each other within, or without a circle, is,
in the former cafe, equal to the fum, and in the latter,
equal to the difference, of two. angles in the circum-
Jerence. fianding cn the two arcs (DC, AB) inter-
cepied by thofe lines.

DI \ ) C
\ / ¢ D \_/
L.et the chord CB be drawn.

Then DEC = DBC -{- ACBS, in the firf} cafe.
And DEC =DBC — ACB’, in the fecond cafe.

COROLLARY.

Hence an angle (E) formed below, or above the
circumference of a circle, is greater, or lefs than an-
anglein the circumference, ftanding on the fame
arch.

THEOREM XVL

The vertical angle (ABC) of any obligue-angled tri-
angle (ACB) inferibed in a circle (ABCD) is greater,
or lefs than a right-angle, by the angle (CAD) com-

prebended
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prebended under the bafe (AC) and the diameter (AD)
drawn from the extremily of the bafe.

For, BD being drawn, ABD will be a right-
angle !, and CAD = CBD *; therefore, in the }13. 3.

firft cafe, ABC = right-angle 4+ CAD'; and in the [ 11. 3.
{econd, -ABC = right-angle— CAD ™, :‘X;_"'s'.
THEOREM XVII - L

If any fide (BC) of a quadrilateral (ABCD)inferib-

in & circley'be produced out of the circles the external
angle (Y.CD) will be equal to the oppofite, internal
angle (BAD). |

Let the diameter BF be 1 D
drawn, and let AF and CF
be joined : then the angle
BAF being a right angle
(= BCF) = ECF" and
DAF alfo = DCF*, ftand-
ing both on the fame arch
DF; thence will the re- B \_’/A
Mainders BAD and ECD be :

4lfo equal ° s Ax 50

E3 COROL:
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¢ AX. 4.
LI T B

¢ Ax, 2
s Car. 2,

to 7. 1.

‘on which the angle

tion O, will be the

Elements of Geometry.

COROLLARY.

Hence the oppofite angles BAD, BCD of any
quadrilateral infcribed in a circle, are together,
equal to two right-angles For, fince BAD =
ECD, therefore is BAD 4+ BCD=ECD -} BCD"
= two right-angles*.

THEOREM XVIIL

Throush any three points (A, B, C) not fituate in
the fame right line, the circumference of a circle may

be deferib.d.

Draw AB and BC,
which let be bifected
by the perpendiculars
DG and EH, infinite-
ly produced on that
fide of AB or BC,

ABC is formed.
Thefe perpendicu-
lars, I fay, will inter-
fect each other ; and
the point of interfec-

center of the circle. '
For, if DE be drawn, it is plain, that the angles

GDE, HED are lefs than two right-angles *; there-

fore DG, F'H, not being parallels®, they will meet
each other ™ Hence, 1f from the point of inter-

¥ Izgﬁfyfeﬂion O, the right-lincs OA, OB, QC bc drawn’

% Confty.
Y Ax. 7.
* Ax. 10.

A% 1,

the triangles ADO, BDO, having two fides equal,
each to each?, and the angles ADO, BDO, contain-
ed by them, equal?, will likewife have AO = BO*~,
After the very. fame manner is CO = BO; there-
fore AQ = BO == CO*: whence the circumfe-
rence of a circle deferibed from the center O, ac

the
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rthe diftance of AO, will alfo pafs through B
and C*®, ~ b Def.33

1.
SCHOLIUM.

Hence the method of defcribing the circum-
ference of a circle through three given points, is
manifeft, -

THEOREM XIX.

If tbe oppofite angles (BAD, BCD) of a quadri-
lateral (ABCD) be equal 1o two right-angles, a circle
may be defiribed about that quadrilateral. -

For the circumference of a C
circle may be defcribed thro’ any
three points B, C, D, (% the pre- B
cedent.) But, if you deny that it
Paffes thro’ A 5 then, thro’ the
center O, let OAF be drawn,
and let it (if poffible) pafs
through fome other point F in F
the line OAF, (for it muft cut :
this line fomewhere¢); alfo let -« Cor. to
BF and DF be drawn. Becaufe BFD + BCD = +4-3-
two right-angles¢ = BAD - BCD °; therefore 4 Cor. 10
mutt BFD = BAD f : which is impoffible®. There- 17.3.
fore the circumference of the circle defcribcd;le’;

through B, C and D, muft alfo pafs through A. 5,7}

D

E 4 THEO-
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THEOREM XX.

If from two points (B, C) in the fame a’ia;{zetcif
(AD), equally difiant’froin tbe.cender (O) of a circle,
right-lines (BE, CE ; BF, CF ) b ‘dra_wn,to meet, 1wo
by twooy in the civcumference s the fum of the fgz{_are;__qf
aiy two correfponding ories, will be:equal 10 the fuym of
the fquares of any other two, meeting in like nramner.

For, if OE and OF be /
drawn ;- then will BE* 4 ./
CE* = *2B0O* 4~ 20OF* 4|
(20F*) =" BF 4 CF-.

THEOREM XXI
If two lines (AB, CD), termindted by the periphery
on both fides, cut eqch other within a circle, the rec-
tangle (AP x BP) contained under the partsof the
one, will be equal to the reétangle (CP x DP) contpined

‘under the parts of the other,

Case L. If one of the two lines (AB) paffes
through the center O ; then let OQ_be dravqn.pcr-
Pendic.‘ular to the other CD, and let OC be _]omec_Ii.

t
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It is plain, becanfe QD = QC*, that DP is'23.
equal to the difference of the fegments CQ_and
PQF¥: but the reftangle under the fum and diffe- * Ax. 5.
rence of the two fides GC, OP, of anytriangle COP,
is equal to the rectangle under the whole bafe CP,
and the difference of its two fegments! ; therefore, the ' Cor- I-
fum of the two fides OC, OP being (= OA 4 OP) @& *
= AP, and their difference (= OB — OP) = BP,
thence is the reGtangle contained under AP and BP
equal to the reftangle contained under CP and DP.
. Case IL If neither of the two lines pafs through

“the center : let the diameter EPF be drawn ; then,
By the preceding cafe, AP x BP = FP x EP = CP
x DP. ' '

THEOREM XXIL

If from two points (A, C) intbe circumference of
a circle, two lines (AP, CP) be drawn, to pafs through,
and meet without the circles the veilangle (AP x BP)
tontained under the whole and the external part of the
one, will be equal to the reflangle (CP x DP) con-
't‘a;;ned under the whole and the. external part of :the
Oiber. '

Through the center O,
let PF be drawn, meeting
the “circumference in K
and F; let OQ be perpen-
dicular to AP, and let A,
O be joined. - \

Then, (& Cor. 1. t0
9. 2.) the reftangle con-
tained under PF (= PO
#+0A) and PE (= PO— '
OA) is = the re@angle ~
Contained under AP and PB. After the very fame
Mmanner, PF x PE= CP x DP: therefore AP x BP
=CPxDP" = Ax.1:

COROL-
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o Cor. to
8.2

123
71,2

?21.3.

t8, 2.

“will ABx DF = ACx DE.

Elesments of Geometry.

COROLLARY I

Hence, if PSbe a tangent at S, and the radius
OS be drawn; then, PF being = the fum of PO
and OS, and PE = their difference; it follows, that
P5* = PF x PE° =PC x PD.

THEOREM XXIII

If from the center (C) of a civcle, 1o a point (A)
in any cherd (BD), aline (CA) be drawn ; the fjuare
of that line, togeiber with the reflangle contained
under the two parts of the chord, will be equal to a
Jquare made upon the vadius of the circle.

Let EAF be another chord, B’
perpendicular to CA, and let ¢

WANF
C, E bejoined.
Since JAF — AE 9, thence \ ‘
will AE* = AE x AF*® = »
AB x AD '; to which equal
quantities adding AC*, we have

¢ CE* = AB x AD 4 AC-.

COROLLARY

Hence the fquare of a line (AC) drawn from
any point in the bafe of an ifofceles triangle (BCD)
to the oppofite angle, together with the rectangle
of the parts of the bafe, is equal to a {quare made
upon one of the equal fides of the triangle.

THEOREM XXIV.

The refangles contained under the corvefponding fides
of equiangular triangles (ABC, DEF) taken alter-
nately, are equal.

1 fay, if A='Df, B=F and C = F, then
In
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In BA produced, let _C
AG be tken = DF;
let GCB be the circum-
ference of a circle pafiing
through the three points O~
B,C, G ", meeting CA
Produced in H; and let
G, H be joined. H
Becaufe the angle H Y3,
=B’ =E* HAG = ) * Hyp.
*BAC =D*, and AG = DF?*, thence is AH .1,
= DE *; and therefore AC x DE = ACx AH S, ®15. 1.’
= ABx AG!= AB xDF "~ ok

421. 3,
THEOREM XXV.

The reflangle under the two fides (AC, BC) of any
triangle (ABC), is equal 1o the reflangle under the
perpendicular (CD) to the bafe thereof, and the dia-
meter (CE) of the circumferibing circle.

For, B, E being joined, C

the angles A, E will be /
equal ', and ADC, EBC A L= B f1r 3

both right-angles ¢ ; and, Ay

v 18. 3.

. and 13.
confequently, the triangles 3.
'ACD, ECB equiangular”: » Cor. 1.
therefore AC, EC; CD, t0 10,1,

 CB being correfponding
fides, oppofed to equal
angles, the re¢tangle AC
x CB, contained under the firft and laft of them,

will be equal to the re@angle EC x CD containcdi
under the other two ' %43

THEO-



65

kg 3.

Ying.

= Cor. 1.
to1c. 1.

®24. 3.
.

215 3.
and Ax.

LBER
¢ Contr.

s Cor. 1.
to 10, I.

3. ADB?Y, and CBB = ABD?,

Elements 0f | Geometfy.

THEOREM XXVL

The lguare of o line (CD) bifecting any angle (C}
ef a tricnsle (ABL) and terminaiing in the oppofite
_/zlz'ﬂ (AR, sogether wilh the rmaiz‘gle (AD x BD)
winder the rwo [egients cf that fide, is equal to the
veciangle of the two fides lcluding the propofed angle.

Let CD be produced
to meet the circurference
of a circle, defcribed *
through the points A, C,
B, in B ; and let AE be
drawn.

The angles E and B,
ftanding upon the fame
fegment AC, areequal’; .
and ACE is equal DCB E
(by “hypothefis) ; therefore the triangles AEC
DCB are equiangular ™ ; whereof AC, CD; CE,
CB are correfponding fides, oppofed to equal anglcs
therefore ACxCB =CD x CE* =CD* 4 CD
xDE°=CD*+4- AD xDB?".

THEOREM XXVIL
The reflangle of the two diagonals (AC, BD) o
any quadriloteral (ABCD) inferibed in a circle, is
equal to the futn of the two yeflangles (AB x- DC AD
x BC) contained under the- appof te f des.
Let BF be drawn, making = A
the angle CBF — ABD, and
meeting AC in F.
Becaufe the angle BCF =

the triangles CBF, DBA are
equiangular® ; and therefore,

BC, BD; CF, AD, being D\/C
correfponding fides, the rec-

tangles BC x AD, and BD x




CF will be equal *. Again, the angle ABF being ® 24 3.~
= CBD*, and BAF = BDC ", the triangles ABF ¢ Ax.4.1.,
and BDC afe, likewife, equiangular; and confe- ™ 113+
Quently, AB, BD ; AF, DC being correfponding .
fides, AB x DC = BD x AF*; to which. adding:

BCx AD=BDxCF ¢ fo proved above) we have

alfo ABx DC 4 BC x AD = BD x AF - BD x
CF=BD x AC~. 5. 2

THEOREM XXVIIL

If the radius of a circle (OADF) be fo divided
into two parts, that the reflangle under the whole
and the one part [hall be equal to the fquare of the other
Part then will this laft part be equal to the fide (CD)
of a regular decagon (ABCDEF, &c.) infiribed in
the circle 5 and that line whofe [quare is equal 10 the
Ywo fguares of the wholz, and of the fame part, will
be equal to the fide (AC) of a regular pentagon in-
Jeribed in the fame circle. .

Draw the radii OA,
OC, OD, OF; alfo draw _ _
AD, cutting OC in G, B,
and Jet AH be perpen- / g
dicular to OG. 7
_ The triangle ODG, A;
having the angle COD

(= 1*DOFY = 0OAD?) 1. 3.
= ODA*, is ifofceles ®: * 10.3.
® 12, 1.

Moreover the triangle . :
A0G, having AGO (= GDO + DOG* =_!**
2DOC *) = AOC, is likewife ifofceles ¢ ; asis alfos ?é, I
the triangle CDG, becaufe, CGD being = AGO%, = 3. 1.
- and CDG (CDA) = FAD, the triangles AOG, ‘ Cor. to
G are equiangular. Therefore, CD, AO; CG, '*¥
GO being correfponding fides, we have CG x AO
G x CO) = CD x GOf = GO‘, bccaufc 88 £ 24 3-

—
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»,8. 1.

116. 1.

Elesents of Geometry.

= GD =DC": whence the former part of the
propofition is manifeft.

Again, becaufe AG= A0, HG will be = HO 13
and fo GC being the difference of the fegments HO
and HC, we have (% Cor. 1.20 9. 2.) AC* — AQ*
= CO x CG == OG?* (as above); and confequent-
ly AC* = AO* - OG=,

The End of the Tuirp Book.
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BOOK IV.

DEFINITIONS.

k. ATIO is the proportion which one
magpitude bears to another magpitude
W of the fame kind, with refpeét to quan-

tity. - .

The meafure, or quantity of a ratio is conceived
Onfidering what part, or parts the magnitude referred,
Called the antecedent, is of the other, to which it is

Teferred, called the confequent.
i

¢..2+ Three quantities, or magpitudes A, B, C, are 4,3, C.
3d to be proportional, when the ratio of -the firft 2. 4 %
f\ to the fecond B, is the fame as the ratio of the

tcond B, to the third C,

3. Four quantities A, B, C, D, are faid to be 4,B,G,D,
l)"OP‘)l‘tional, when the ratio of the firft A to the 2.4-5.%0
scand B, is the fame as the ratio of the third C to
the fourth D,

Te
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. To denoté that four quantitites A, B, C, D are pri-
portional, they are ufually wrote thus, A B:: C: Dy
and read thus, as A is to B, foisCto D. But when
three quantities A, B, C are proportional, the middle
one is repeated, and they arewrote thus, A: B ::B:C,

4. Of three propottional quantities, the middle
one is {aid to be a Mean-proportional between the

other two; and the laft, a Third-proportional to the
firft and fecond.

‘5. Of four proportional quantities, the laft is
faid to be a Fourth-proportional to the other three,
taken in order.

AB,C,D, 6. Quantities are faid to be continually propor-

E. tional (or in continual proportion) when the firft

1624 “is to the fecond, as the fecond to the third, as the.
third to the fourth, as the fourth to the fifth, and
{o on.

7. In a feries, or rank of quantities continually
proportional, the ratio of the firft and third, is faid
to be duplicate to that of the firft and fecond ; and
the ratio of the firft and fourth, triplicate to that
of the firlt and fecond. '

8. Any number of quantities, A, B, C, D being
given, or propounded, the ratio of the firft (A) 1o
the laft (D) is.faid to be compounded of the ratios
of the firft to the fecond, of the fecond to the third,
and {o on to the laft.

9. Ratio of equality, is that which equal quan-

!

tities bear to each other. ‘
1t may e obferved bere, that ratio of equality, and
equality of ratios, are, by no means, [ynonymous terms :
' JSinee
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Since two, or more ratios may be equal, though the
quantities compared are all uncqual. . Thus,. the ratio
of 2 10 1, is equal to the ratio of 6 to 3, (2 being
the dowble of 1, and 6 the double of 3) 3 yet none of the
Jour numbers are equal.

10. Inverfe ratio is, when the antecedent is made
the confequent, and the confequent the antecedent.
Thus,if 2:1::6: 35 theny inverfly, 1:2::3; 6.

11, Alternate proportion is, when antecedent is
Compared with antecedent, and confequent . with
confequent.

As, if 21 111 6235 then, by alternation (or per-
mutation) ## willbe2:6::1: 3.

--12. Compounded ratio is, when the antecedent
and confequent, taken as one quantity, are com-
Pared, either with the confequent, or with the an-
tecedent. C '

Thusy, if 2:1::6: 35 then, by compofitian,
2--1:1::6~-3:3,and2-J~1:2::6+ 3:6.

13. Divided ratio is, when the difference of the
antecedent and confequent is compared, either with
the confequent, or with the antecedent.

Thus, if 3:1:: 12: 43 then, by divifion, 3~
T:p::12-—4:4,and3—1:8::112—4:12,

Thefe four laft definitions, which explain the names

Ziven by Geometers to the different ways of ma-

naging and diverfifying of proportions, are put down
bere for the [ake of order 5 but are not to be ufed, or
Teferved to, in any fbape, il thofe properties and rela-
Yons are demonfirated 5 which is effelied in the three
St Theorems of this book.

14. Similar (or like) right-lined figures are fuch,
Which have all their.angles equal, one to another
' 'F refpec-
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refpectively, and alfo the fides about the equal
angles proportional. '

/(\/F\
A B D E

‘Thus, if the angle A=D,B =E, C=F; allo
AC:AB:: DF: DE, BA: BC:: ED: EF, {&.
then the figures ABC, DEF are faid to be fimilar.

AXIOMS |
x. The fame quantity being compared with ever

 {fo many equal quantities, fucceflively, will have

the fame ratio to them all. _
" 2. Equal quantities, have to one and the fame
quantity, the fame ratio.

- Quantities having the fame ratio to one and
the fame quantity, or to equal quantities, are equal
among themfelves. .

. 4. Quantities, to which onie and the fame quan-
tity has the fame ratio, are equal. -

" 5. If two quantities be referred to a third, that
which is the greateft will have the greateft ratio.

6. If two quantities be referred to a third, that
is the greateft which has the greateft ratio.

7. Ratios, equal to one and the fame ratio, are
alfo equal, one to the other. .

8. If two quantities be divided into, or com-
pofed of parts, that are equal among themfelves, or
all of the fame magpnitude ; then will the whole of
the one, have the fame ratio to the whole of the
other, as the number of the parts in the one, has-
to the number of equal parts in the other.
~ g. If the double, treble, or quadfuple, &¢. of
every part of - any quantity be taken, -the aggr’cga.tﬁ

wi



Book: the -Fourth.. lé7
Wwill be the double, treble, or quadruple, . of the
Whole quantity propounded. ’
THEOREM L

Equimultiples of any two quantities’ ( AB, CD)
@re in the [ame ratio as the quantities themfelvés.

Aadl B " E £ £ 'F

C ¢ ded ¢ p 7 »rH

e,

. tLet che ratia of , AB to CD be that of any one
,p}iélziéfngr( 3) to ;ﬁl;}'ot}xé]r) n?imger N (4), er,
Which is the fame, let AB contain M (3). fuch equal
PArts (Aa, ab, £B*), whereof CD contains the num-* Ax.8. 4,
106r NV (4). . Let there bptaken Ef, fz, gF any equi-
~ultiples. of . Ag, a?, Zi refpectively .;éfa‘p‘d“ let Gp,’
Pg>197, rH be the famé multples of Cr, ¢d, de; €D 5
o {hall'the whole EF be the fame affigned multiple
of ‘the whale AB, and the whole GH of " the whole
D, as each part'in the one, is of its correfpon-
dent in the other . ."And,: fince the parts Aa, ab, b Ax.g. 4«
4B, Ce, cd,-&ic. are all equal ¢, their equimultiples  Hyp.
(Ef;J:E, E, Gp, pg, &e, will alfo be c_qu'ail ¢, There-? Ax.4. 1o,
-‘3f9f§;'E is ﬂi_"':bgé'r;tidfi"tﬁ GH, s the number of
:;the,f'pgpts in EF is to thé number of equal parts in
~ GHE, ‘or (which is the fame) as thé number of parts
18 AR o the number of partsin CD, that is, as AB
% to CD *: which -was to be demonftrated.
COROLLARY.
Hence, like patts of quantities, have the fame
.Jatio as the wholes; becaufe the wholes are eqgjis
+ Muleiples of the like parts, T

F 2 THEO-
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THEOREM 1L
The two antecedents (AB, DE) of four propore
tional quantities, of the fame kind (AB, BC, DE,

EF) are in the fame ratio with the two confequents
(BC, EF).

.’—éfb + . {B Jiz C{
D < Be F
F—r———t—t—f—t—]

Let the common ratio of AB to BC, and of
DE to EF, be that of any one number M (5) t
any other number N (3); then'will AB contain M
(5) fuch equal parts (Az) whereof BC contains
* N (3); and DE will, in like manner, contain
(5) fuch equal parts (Dd), whereof : EF-contains

- N (3). Andfo, ABand DE, as well as BC and EF,
* being equimultiples of As'and Dd, thence will AB

1.4

" :DE::Aa(Bs): Dd(Ee): : BC:EF®

TOROLLARY.

That, the proportionality will fubfift, whes the
confequents are taken as antecedents, and’ the‘an”
tecedents as confequents, alfo appears. fromhence:
For BC: AB : : number of parts in' BC (s’ EF)’

number of parts in AB (or DE) : : EF i DE"," .

THEOREM IIL: |
Of four proportional quantities: (AB; BC, DE,

EF) the fum, or difference ?’ the firfy antecedent anh

confequent (AB + BC) is fo the firft antecedent, of
confequent, as the fum, or différence of the fecond at,
tecedent and confequens (DE + EF) is to the ﬁ.’wﬂJ
aniecedent, or confequent, :

Lt
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~ Let what was premifed in the demonftration of
the preceding theorem, be retained here : then will

e 4
D £ = ¥
L s e S I Gt

AC (AB -- BC) be in proportion to AB, as the
Bumber of partsin AC s to the number of equal.
Parts in ABS, or as the number of parts in DF® Ax.8.4
(DE 4 EF) to the number of equal parts in DE,
that is, as DF (DE + EF) is to DE%  Again,
if from AB and DE, be taken away Bc = BC, and
Ef —= EF, then will the difference Ac¢ be in pro-
portion to AB, as the number of parts in Ac (or
Df) is to the number of parts in AB (or DE®), that
15, as Df is to DE, -In the fame. manner it will
appear, that AB 4+ BC: BC:: DE -~ EF: EF;
and AB— BC: BC::DE —EF: EF.

COROLLARY. .

It will appear from hence, that the fum of the
greateft and leaft (AB 4 EF) of four proportional
Quantities (of the fame kind) will exceed the fum
(BC 4 DE) of the two means: becaufe, AB
being fuppoled greater than DE, Ac will be greater |
than Df, in the fame proportion ® : and, if to thefen 5 4,
there be added BC 4 EF (common); then will ‘
the fum Ac 4 BC 4 KF (AB 4 EF) be alfo great-
¢r than the fum Df 4- BC 4 EF! (DE 4+ BC.) 1ax6. o

SCHOLIUM.

In the demonftration of this, and the preceding
‘theorems, the antecedent and confequent are fup-
Pofed to be divided into parts, all mutaally equal
among - themfelves, But it is known to Mathe-
Maticians, that there are certain quantities, or mag-

' F 3 ' " npitudes
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nitudes that cannot poffibly. be. divided in that
manner, by means of a common meafure.  The
Theorems themfelves are, néverthelefs; true, when
applied to thefe iucoimenfurables: fince no twao
quantities, of the fame kind, can poflibly be affigned,
whofe ratio cannot be exprefled by that of two num-
bers, fo near, that the difference fhall be lefs than the
leaft thing that can be named. But if the matter,
viewed in thig light, thould" not appear fufticiently
Sezentific, and you.will not (in thé preceding theo-
rem) allow. the ratio of AC to BC, to be exafly the
fame with that of DF to EF, when AB, BC, and
DE, EF, are incommenfurables ; then let.it, if
poffible, be as fome quantity «C (lefs than AC)
1sto BC, fo is DF to EF. Let B be a part or
meafure of BC lefs than the difference (Aa) be-
tween AB and 4B let Bp be that multiple of Bb,
which leaflt exceeds Ba, and let gE be to EF, as

2B to BC.

Itis evident; that 4, , ;94 c
B is lefs than AB i o
(becaufeap T BS 3 g i) ¥

¥Hyp, !Aa); andthatgBis =
P alfo lefs d!’:han %DF, o o
- becaufe the ratio of ¢E to EE, being equal to:that
of pB to BCY, it muft neceflarily be lefs. than, that
1 Ax.5.4-of AB to BCY, of of DE to EF; and o' ¢E lefs
= A%6.4-than DE= =~ = . o
Now, if (as is fuppofed) the ratio of 4C to BC
. can be = the ratio of DF to EF, it muft, pf con;
*Ax. 5. fequence, be greater the ratio of ¢k to EF*, or
0 ;?goﬁ% (which is the ° fame) than the ratio of pC to BC/,
“ 3.4 which is impoffible. In like manner it will appear,
- * that np quantity, that is greater than AC, can pof-
fibly be to BC, as DF is to EF. Therefore AC : BC
:: DF:EF. And by the fame kind of argumen-
tation (authorifed and adopted by Euc/id himfelfy
: S n
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in his twelfth book) any difficulties, or fcruples, that
May be elfewhere brought, from the incommen-
furabicllity of quantities, may be obviated and re-
moved.

THEOREM 1V. _

If, of four proportionals (AB, BC, PQ, QR)

equimultiples of the antecedents (AB, PQ) be taken,

and compared with. any equimultiples. of their re-

fpestive confequents (BC, QR), the ratios will be the
fame, and the four quantities proportionals.

Let the common ratio of AB to BC, and of
PQ_to QR, be that of any one number M to any
other number N: fo thall AB contain M fuch

73

®qual parts whereof BC*rontains * N, and PQ, in? Ax8. 4.

ike manner, M fuch equal parts whereof QR
Contains V.

Let CD, DE be taken each = BC, and RS,
ST each = QR, fo that BE and QT may be equi-
Multiples of BC and QR ; and let CD, DE; RS,

T be conceived to be divided, each into the fame
Bumber of parts with BC, or QR. In like man-

a A B C D ;
F!.—ﬂ:i".:‘-{;ti;"'i":_‘[é
2 R S s A
72—1 e H’,EQf L

ner, let B and ?Q_ be taken as equimultiples of
and PQ, &¢. Then will the number of
Parts in BD = number of parts in QS?, and the

Number of parts in BE. = number of é)arts in QT ?:9 Axge 1o

And fo jikewife with refpet to aB and pQ. There-
Ore ¢B is to BE, as the number of parts in 4B to
fhe number of (equal) partsin BE?, or, which
18 the fame thing, as the number of partsin pQ to
¢ number of parts in QT, that is, as pQ is to

-QT, which be demaonfirated,
XAy whick was te elgfn:zyia ' THEO:
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THEOREM V.
Ify of two ranks of quantities (AB, BC, CD;

-_PQ. QR, RS), the ratio of the firf} and fecond, in

the one, be equal to the ratio of the firft and fecond in
the other, and the ratio of the [econd and third, in
the one, equal likewife to the ratio of the fecond and
third in the other, then, alfo, foall the ratio of the firft
o }the third, be the [ame in the one rank, as in the
other.

Let the common ratio of AB to BC, and of
PQ_to QR, be flill exprefled asin the preceding
demonftrations. Let, moreover, €D and RS be
conceived to be divided, each into the fame num-
ber of parts with BC and QR.

a Lo ~-
'r“‘alg}/1 r?-D }:{

P | :
L QT BT s T

Becaufe the quantities BC, CD, QR, RS,
are proportional *, their like parts B4, Ce¢, Qg, Rr
(being 1n the fame ratio with the wholes *) will alfo
be proportionals ; or, becaufe Ag = B and Pp =
Qg", itwillbe * Ag: Cc:: Pp: Re. But AB and
PQ_are equimultiples of the antecedents Ag and Pp';
and CD, RS are equimultiples of the confequents
Cc and Rr : therefore " AB: CD :: PQ_:RS *;
which was to be demonfirated. i

N n

* When, in two ranks of quantities, the proportions are in-
ordinate, 45 AB: BC:: QR: RS, a#d BC: CD :: PQ_: QR
the fame thing may be demonfirated; and that in the wery famé
manner, except only, that QR muft here be divided into the famé
wumber of paves aith AB, and PQ,

COROL-
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COROLLARY L

If other quantities DE, ST be taken, ftill pro-
Portional to the two next preceding them, fo that
CD: DE::RS:ST; then, by the fame argu-
ment (regard being had to AB, CD, DE in
Ehg one rank, and PQ, RS, ST in the other)
Itis evident, that AB: DE:: PQ:ST* And=*s. 4
thus we may go on, flill afluming other quantities,
as many as we pleafe ; and the ratio of the firft and
laft, will always be the fame in one rank, as in the
other, Therefore ratios ¥ compounded of the fame ” Def. 8,

number of like, or equal ratios, are equal. of 4.

COROLLARY 1L

It is alfo evident from hence, that if any two
Quantities be taken proportional to the two confe-
-Quents of an affigned proportion, they will alfo be
Proportionals when compared with antecedents :
and vice ver/d. For, the two quantities CD and
RS, when compared, fucceflively, with the confe-
qQuents, and antecedents of the given proportion AB
*BC:: PQ: QR, appear to be proportional, in the
one cafe, as well as in the other . Z5. 4

THEOREM VL

If, to the two conjequents (BC,KL) of four pro-
Portionals (AB, BC, IK,KL), any two quantities
(CD, LM) that bave the fame ratio to the refpeciive
antecedents be added 5 thefe fums and the antecedents
will pill be proportionals (I fay, if AB:BC: 1K :
KL, and AB:'CD : : IK : LM 3 ¢hen foall AB: BD
#1K: KM). »

For,
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For,CDand LM A B C » =
being proportional —

‘to the antecedents < T
‘AB and IK %, they 3> M N

and the confequents
(BC, KL) will alfo be progortionals (&y Corol. 2.
of the precedent): whence * (by compofition) BC :

BD::KL:KM. And {o again, (by the fame

Corol.) AB: BD::1K: KM.
COROLLARY.

From this Theorem it will appear, that, if the
ratios of the correfponding quantities of twb ranks
with refpect to the two firft, are the fame in both
ranks(AB:BC:: IK: KL, AB:CD::IK: LM,
€9¢c.) 5 then the ratio of all the quantities to the
firft, will alfo be the fame in the one rank, asin the
other. For, by adding DE and MN to the laft
confequents (BD, KM) there will be'had < AB : BE
:: JK: KN (and fo on, to any number of quan-
tities whatever.) Then (by compofition) AB: AE
:: IK - IN.

When the quantities, in both ranks, are of the
fame kind, it will appear (by alternation) that the
ratio of the two fums, and shas of every two cor-
refponding terms, will be the fame.

The fix Theorems here delivered, on propor-
tions of magnitudes in general, comprehend all
that is moft ufeful in that fubje@.—What relates
to theproportions of extended magpitudes, under
different limitations, and figures, as far as regards
right lines and furfaces, will be the fubject of the’
remaining part of this book.

Note,
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Note, when-every in any demonfiration, you tnset
With feveral proportional quantities;. connesled conti-
ually by the fign : : (ke thefe, A :B::C:D:: E
*F 12 G : H) the conclufion 10 be drawn, is always
Jrom the firft and laft of the twe equal ratios.

THEOREM VIL

Triangles (ACD, BCD), and alfo parallelograms
(ADCQ, BDCP), baving the fame altitude, are to
ne another in the famie vatio as their bafes (AD, BD):

- Let the bafe AD be to the
bafe BD in the ratio of any P—C Q
One number # (3) to any other
humber x (2), or, which is the
fame*©, let AD contain m (3) € Ax.8. 4
fuch equal parts whereof BD
Contains the number # (2). BL .
Then, the triangles ACp, pCy, FDgpA
BCr, €c. made by drawing
lines from the points of divifion to the vertex C,
¢ing all equal among themfelves ¢; the triangle ¢ Cor. 2.
ACD will therefore be in proportion to the triangle to 2. z.
CD, as the number of equal parts in the former
to the number of equal parts in the latter, or as
the number of parts in AD to the number of parts
In BD, that is, as AD to BD". Wpcncc, alfo, the
Parallelograms ADCQ, BDCP, being the doubles
Of their refpe@tive triangles ¢, are likewife in the
Tame ratio as their bafes AD and BD . € 4o go

SCHOLIUM.

If the bafes AD and BD are incommenfurable to
8ach other, the vatio of the iriangles cannot be otber
than that of their bafes. ‘

For,
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“For, if poflible, let the tri-
angle BCD be to the triangle
ACD, not as BD to AD, but
as fome other line ED, greater
than BD, is to AD.

Let AN be a part, or mea- F
fure of AD, lefs than BE °, and
let DF be that muldiple of AN
which leaft exceeds DB ; alfo let CE and CF be
drawn. Itis manifeft that the point F falls between
B and E, becaufe (4y Ayp.) BF is lefs than AN,
and AN lefs than BE. Moreover, the ratio of
FCD to ACD is the fame as that of FD to AD
(% the precedent.) But the ratio of BCD to ACD
(or of ED to AD ) is — the ratio of FD to AD 8,
or of FCD to ACD; and confequently BCD
FCD*: which is impoffible’. By the fame argu-
ment it will appear, that the triangle BCD cannot

5 Ax. z.of be to the triangle ACD, as aline, lefs than BD, is

1.

to AD. Therefore BCD: ACD::BD: AD.

If this Scholium fbould appear difficult to the
Learner, it may not be amifs to omit it intirely 5 fince
it is only put down for the fake of thofe who may be
ferupulous about the bufinefs of incommenfurables ; to
whom it may not be improper to obferve, that nothing
more is taken for granted berein, than what is ef-
fected by means of the firfp Lemma in the 8th book
which being demonfivated: from axsoms, and one fingle
thearem in the firft book, is referred to here, though
not given till bereafter, for reafons already binted at,
in this note.

THEO-
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THEOREM VIL

Triangles (ABC, DEF) ftanding upon equal bafes
(A_B, DE) are to one another, in the Sfame ratia’ as
their altitudes (CH, FL)

A H BD L —FE

Let BP be perpendicular to AB; and equal to
CH ; in which let there be taken BQ = FI, and
let AP and AQ be drawn. o
py e triangle ABP js = ABCY, and ABQ = * Cor. 2
EF 3 but ABP (ABC): ABQ (DEF)::'BP, ==
’ A O

(HC): BQ (FI). -

THEOREM IX.

If, parallel to the.bafes of any two parallelograms
(AC, EG), two lines (PQ, MN) be drawn, fo as 1o
<ut the fides proportionally (AP : AD =, EM: EH),
then will thofe parallélograms and’ thei correfpond-
g parts (AQ, EN) e alfo proportionals.

For, AQ: AC

AP ADm . G™7 4
.EM:EH"::EN P a Hyp.
'fEG :*; and there- N

Ote, by alternation,

AQ:EN:: AC A- BB F
tEGe, ° 2. 4
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. THEOREM X.

If four lines are praportional-(AB : CD : : DE :
BY), the rectangle. (AF) under the. two extremes will
be equal to the reflangle (CE) ander the two means.
And, if the reflangles under the extremes and means of
Jour given lines (AB, CD, DE, BF) ¢ equal, then
are thofe four lines proportional.

In DE let DG be taken BF, and let GH, pa-
rallel to DC, be drawn.

IHPAF CG N Q 15!

;%4 :AB:CD?::DE M ¢

.A}H,.BF“ : DE : DG* ,
:CE: CGP;thcre- i

fore, the ‘conifequents & TR C P D

of the firft.and laft

of thefe equal ratios being :the fame quamlty GG,
*Ax.3. - the two antecedents AF and CE muft be equalt,;
*Axs4 2. Hyp. AB:CD:: AF:CG?::CE:CG":

DE : DG* (BE.)

SCHOLIUM.

From the.fame demonftration, and fcheme, it will
appear, th#-the two antecedents of four propor-
. tional lines (AB, CD, DE, BF) are in the-famg
ratio to each other, as the two confequents - for,
if in DC there be taken DP = BF,. and PQ, be
drawn parallel to DE; then AB.:DE;: AF +PR
tyo g :CE:PE::CD:PD (BF).

T HE O
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THEOREM XI.

The refangles under the correfponding lines, of tewo
"anks of proportionals, are themfelves proportionals.
gfay, if AB:BC::CD:DE, and BF : BG 1 :

F: DI, then will the restang. AF : reftang. BM 1 :
CH: es. DQ).

For, in BG and DI (produced if neceffary) let
there be taken BF = BF, DH = DH, and let

G M
= > X Q
&8 3 c. C D D EIs
FP be parallel to BC, and HN to DE : then AF .

:BP::AB:BC’::CD:DE‘-: :CH:DN";77.4.
thence (aliernately) AF :CH :: PB: DN, and: P
y likewife is BM to DQ*: whence (4gain by alter-" 9+
%) AF; BM:CH:DQ., =

COROLLARY L
Hence, the fquares of four proportiongl lines,. are
mfelves proportional. -

COROLLARY IL

( Hence alfo, the fides of four proportional fquares
letBI’ BC*, CD*, DE*) will be proportional. For;
thhe line RS be taken fuch, that, AB: BC::
G, *RS; then, fince AB*; BC*: : CD*: RS* (4y
Po'ﬂ{- 1.) and AB* : BC*:: CD*: DE* (&y fup-v ay 4. 4.
P%tion): thence will * RS* = DE* ; therefore < RS « Cor. 3.
5DE: and confequet tly AB:BC::CD: DE* | 1;);{ f- :

THE O-

th
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THEOREM XIL

Aline (BE) drawn parallel to one fide (CD) of 4
triangle (ACD) divides the other Ywo jfides propor-
tionally. (I fay, AB: AC::AE: AD, AB:BC
:: AE:ED, and AC: BC:: AD: ED).

Let AB be to AC, as _ A
any one number 7 (3) is '
to any other number #
(5), or, which is the
fame, let AB contain
(3) fuch equal partswhere- B
of AC contains 7 (5). H
Then, if from the poir51ts c Z \L
of divifon, lines be drawn »D
parallel to the fide CD, they will alfo divide AE
and AD into the like numbers of equal parts“
Therefore AE is to AD, as the number of equal
parts in AE to the number of equal parts in ADs
or as the number of equal parts in AB. to th¢
number of equal parts of AC, that is, as Asj
to AC’, Inthe fame manner, AE is to ED, %
the number of parts in AE to the number of parts
in ED, or as the number of parts in AB to the
number of parts in BC, that is, as ABto BC. Alfo
in the fame manner, AC : BC :  AD.ED. .

. The fame otherwife.

Draw CE and DB. Then will the triangles BEC
and EBD be equal to each otherf; whence, bf
adding BEA to both, AEC will be alfo = ABD*

Bub
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But, AB: AC: : triang.
AEB : triangle AEC *
GABD): AE: AD*®; and’
AB': BC:; : triang. AEB:.
‘ttangle CEB® (DEB)J : ¢
AE: ED. :

COROQLLARY.
Hence a right-line, ‘which divides .two- fides of
A triangle proportionaily, is parallel-to the remain-
Ing fide: becaufe.AD 4y divided-in the fame ratid
with AC, when BE is parallel to CD; but not’Ax.z.1,
elfe i, ' - and 5. 4,

SCHOLIUM.

From-this laft Theorem, whateyer relates to the
Compofition and divifion of* ratios, ‘when thefe re-
Ipe&; the comparifon of right-lines,” will appear
exceedingly obvious,™ -

For, let AB, B . P
BC; AD, andp — o~ c c
DE, pe pro- A :
Portionals:and D——
fom any point”
\é\,ﬁ"len two in- | |

Chnite richee . )
lingg Xptl%& A e o L Q

¢ drawn ; in which take AB = AB, BC-=BC,

AD = AD;, and DE = DE; alfo take Bz = BC,

De = DE,. and let BD, CE, and ¢z be drawn.

. Since AB: BC:; AD : DE*, theiice is EC pa- * Hyp-
Talle] 1o DB!; and {6, Be being = BC, and De? Cor. of
== DE, e will alfo be parallel to DB ™, Therefore; 1% #,

‘AC(AB-+BC): AB:: AE(AD 4+ DE):AD; - 10274

AC(AB 4-BC): BC:: AE (AD + DE): DE;
G e
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‘Ac{AB —BC): AB:: A¢ (AD —DE) : AD;
" Ac(AB—BC):BC:: Ae (AD—DE):DE;

And, AC (AB-L BC): Ac(AB=— BC):: AE
(AD 4-DE) : A¢ (AD — DE).

THEOREM XIIL
The parts (DE, FG).of the two fides of a triangle,

“intercepted by right-lines (DF, EG) drawn parallel

2 4

P24

8 Ax.7.4.

10 the bafe (BC), are in the fame ratio with the

wholes. (DE:FG:: AB: AC),

For, DF and EG
being parallel to egch
other, thence will DE
: AE :: FG: AG"°;
therefore, (by alterna-
tion) DE+FG ::AE: ..
AGP". Inthe fame man- E
ner, AE: AG:: AB:
ACe, Confequently DE §—
1FG:: AB: ACA.

COROLLARY.

Hence, if ever fo many lines be drawn parallel
to the bafe, cutting the fides of a triangle,: evety

‘two correfponding fegments will have the fapic
-ratio %

~ THEOREM XIV.
In trianigles (ABC, abc) ‘mutdally equiangular, 154
corvefponding fides (AB, ab, AC, ac) containing 1
egual angles (A, a) are proportional. B

In



Book the Fourth. . 83
In"AB and AC (produced if neceffary) take
D =45, and AE = 4¢, and join D, E.

The tri- - - c
Angles a, L ' \
and ADE, N\ /\
having ab y

= AD, ac & D_--Ba_
= AE, and the angle 2 = A, have alfo the angle * Ax, 10.
ADE - == gfc = ABC*; whente DE will be pa-_ 1.
fallel to BC *5 and thergfore AB: AD (46) ::, VP
AC: AE " (a0). - I 8. 1.
- The fame otherwife. g
_ Becaufe AB x ac = 4b x AC", thereforeis AB ¥ 24- 3.
*ab:: AC:ac™ % 10.4.

COROLLARY.

Qt-hHenoe equiangular triangles are fimilar to each

7 Def. 14.
of 4.
THEOREM XV.
. If two triangles (ABC, abc) bave on angle (BAC)
;h the one, equal to one angle (bac) in.the other, and
e fides (AB, ab, AC, ac) about thofe angles pro-
UTtional 5 then are the triangles equiangular.

In AB and AC, take AD = b, and AE = ar,
nq Jer DE be drawn.

/E<\ é
/\ , -

£ - D B @ ‘ b , ¢ Cor. to
Since A AE"), there- a cop
Fore 18 B:ab (AD) :: AC: ar ( )’te_‘COl;,l.
A © 1s DE parallel to BC*; whence theangle B= 0.1,
DE. =5°, and the angle C = AED =« : /?“' s
| G 2 THEO-
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THEOREM XVI

If two triangles (ABC, abc) bave one angle (A)
in the one, equal to one angle (a) in the other, and tht
fides (AB, ab, CB, cb) about eirher of. the other
angles proportional 5 then will the triangles be. equi’
angular, provided thefe laff angles (B, b) be, eithers
both lefs, or both greater, than right-angles.

In AB, let AD be taken = ab, and let DE, bel
drawn parallel to BC, meeting AC in E.

Then will g C
the triangles /<\ c
ARBC, and & A
ADE, be .
A B a ;

equiangu- b
*Cor.1. Jar'; therefore, CB:ED:: AB: AD®:: AB:
gLo7:% gh*:: CB:.chb'; and confequently ED = ch*
nX;.";'_ 4 whence the triangles abc and ADE (having ab Z
‘Hyp. AD, ¢4 =ED, and 2 = A) will be equal in 4
kAx. 4. ¢ refpe@ts ', provided the angles aéc and ABC (&
'17.1. ADE) ‘are either both lefs, or both .greater thd
right-angles. Therefore, fince the latter ‘of th ‘
equal trangles (cbe, ADE) is equiangula‘r_,to‘ABG

the propofition is manifeft. o

THEOREM. XVIL ...
If two triangles (ABC, abc)-bave all their ﬁdl-",
re[petively proportional (AC:ac:: AB:ab:: ¢t

: <b) then are thofe iriangles equiangular.

In AC and AB, takc"AEj_-: ac, and AD 4!
ab, and join E, D. .

S



Book  the Fourth. 85

. Since AC B c

*AE (ac):: : ¢

(ah) > e N\

(2d) = o Hvo.
(fl),thcA > B <= 6_yp

Uiangles

ABC, ADE, are equiangular " ; hence CB : ED :: " 15.4-
AB: AD" (ab) :: CB: ¢b ™; and confequently * 4 %
ED — ¢5?: therefore the triangles abc, ADE,? Ax.4. 4.
being mutually equitateral, they muft alfo be mu-

tually equiangular *; and confequently abe, as well * 14 1
4 ADE, equiangular to' ABC.

THEOREM XVIIL

A right-line (CD) bifeiting any angle (ACB) of
a triangle (ABC) divides the oppofite fide (AB) into
two fegments (AD, BD) baving the fame ratio with
the fides (AC, CB) containing that angle.

Let AE and BF be
Perpendicular to CDE.
Then the triangles ACE,
CBF, and ADE, BDF
bemg, refpectively, equi-

it wi * Hyp.
Angular’, it will be AD : Y
By .. AE: BF::: AC Sowa

‘BC, and 2. 4

THEOREM XIX.

A perpendicular (CD) let fall from the right-angle
gC) upon the bypothenufe (AB) of a right-angled
l'Za;zgle (ABC) will be o mean proportional between
o fwo fegments (AD, BD) of the bypothenufe : and
ﬂ"f/’ of the fides containing the right-angle, will be a
fz'“n proportional between its adjacent [egment, and
V¢ whole bypothenufe.

G 3 For,
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t Ax. 7.

¢ Cor. 1.
to 10, 1.

Y133

& 16. 4.

Blements of Geomeiry.

For, fince the angle BDC C
is= BCA *,and B common,
the triangles BDC, BCA are
equiangular " : after the fame
manner ADC and ABC ap- A" D ~B

be equiangular.
pear to be equiangular
Therefore, By:Theor. XIV,
BD:CD::CD; AD
AB:BC::BC:BD
AB: AC:: AC: AD,

COROLLARY.

Becaufe the angle in a femi-circle is a right-
angle ¥, it follows, that, if from any point C, in
the periphery of a femi-circle ACB, a perpendi-
cular CD be let fall upon the diameter AB, and
from the fame point C, to the extremities of that
diameter, two chords CA, CB be drawn ; the fquare
of that perpendicular will be equal to a rectangle
under the two fegments of the ‘diameter; and
the fquare of each chord, equal to a rectangle
under the whole diameter and its adjacent fegment :
for, becaufe of the above proportions, we have
CD* = BD x AD, BC* = AB x BD, and AC* =
* ABx AD. '

THEOREM XX.

If, in fimilar triangles (ABC, EFG) from an
twa equal angles (ACB, EGF) 10 the oppofire fides,
two right-lines (CD, GH) be drawn, making equa
angles with the homologous fides (CB, GF); thoft
right-lines will bave the fame ratio as the fides (AB,
EF) on which they fall, and will alfe divide tholt
Jides propertionally.

Fots
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/C\ \
| E&E
A D B H

For, the triangles ADC, EHG, and BDC, FHG
(as well as the wholes ABC, EFG) being equi-
angular Y, e "Hyp.
thence is > AB: EF (:: AC: EG) : : CD: GH " 14- 4.
and Ax.

and AD:EH (::DC:HG) : : BD : FH. .

* THEOREM XXI

If in two triangles (ABC, ABD) baving one fide
(AB) common to both, from any point H in that fide,
Ywo lines (HF, HG) refpeftively parallel to 1wo
Contigyous fides (BC, BD) be drawn, to terminate
i the two remaining fides (AC, AD); thofe lines
(HF, 1AG) will have the Jame ratio as the fides
(BC, BD) 1o which they are parallel.

For, AB: AH::BC
‘HF» 4.0 AB: AH::
BD . HG*; therefore,
by equality, BC : HF
‘: BD: HG ;3 whence, -
alrernately, BC : BD : : a

E, RG®.

c
8 14. 40

D b2, 4

COROLLARY.
" Hence, if BE = BD, then alfo will HF = HG.

Ga THEO:
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.

€ H}'P'

419. 3.

@

11. 3,
113
Cor. 1.
e 10.1,
L1447

Elements of Geometry,

THEOREM XXIIL

Ifs at any two points (F, G) in two lines (AB,
AC) meeting each other, two perpendiculars (FD,
GD) beerefted, fo as to meet each othery the diftance
(AD) of their concourfe from that of the propofed lines,
will be to the diftance (FG) of the two points them-
jelves, in the ratio of one of the faid lines (AC)
20 @ perpendicular (CE) falling from the extreme
tberesf upon the other (AB). ~

Let FD be produced to meet AC in H.

Sincetheangles AFD
and AGD are right-
ones ¢, the circumfe-
rence of a circle will
pafs thro’ all the four
points A, F, D, G ¢;
and {o theangles GFD, =«
GAD, ftanding on the A
fame fubtenfe GD, will ;
be equal®; and confequently the triangles AHD,
FHG equiangular * : therefore AD : FG:: AH:
HF ¢:: AC: CL.

C

'I"EB

THEOREM XXIIL
If thro’ any point (P) in a triangle (ABC) three
right-lines (AE, BF, CD) be drawn, from the an-
gular points to cut the.oppofite fides, the [fegments
(AD, BD) of any one fide (AB) will be to, each
other, as the reflanzles (AF x CE, BE xCF) under
the fegments of the other fides taken alternately.

Let
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Let GCH be parallel G ¢ H
to AB, and let AE and \(‘"/-ﬂ: —
BF be produced to meet 1N /E,

*in H and G. /F/ b
t is manifeft, that the I '
Uiangjes FBA, FCG; /// \B

EAB, EHC; APB, y =
PH, are equiangular®: - s 7 and 3.
or 1.
Therefore  AF:CF:: AB:CG, Y140 4

CE:BE::CH: ABi.

Whence AF x CE: CFx BE : : CH x AB: CG
XAB*::CH:CG'; butCH:CG::AD:BD‘“;:n.,;.
therefore, by equality, AF x CE: CF x BE :: 7 #
4D : BD. 20 4+

COROLLARY.
Hence, if AD = BD, then alfo will AF x CE
= CF x BE, and therefore AF : CF . : BE:CE*® ®10.4s
THEOREM XXIV.

Equiangular triangles (ABC, EFG) are in pro-
Portion tg one anotber, as the fquares (AK, EM) of
theiy bomologous fides. )

UponAB and & G
EF let fall the :
erpendiculars B E -
CD and GH, A ¥

;nd let the dia-
onals BJ, FL
¢ drawn, 1] K I M

gpicaufe ABC: ABI:: CD: Al (AB)«:: GH:"18.4
AF‘ (EL):: EFG: EFL°; therefore, alternately, | 2044
BC.EFG:: ABI : EFL¢:: AK: EM"~ ¢ Cor. z.

: THEO- w322
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¥ 10 4

. Elements of Geometry.

THEOREM XXV.

Triangles (ABC, DEF) baving one angle (A) is
the one, equal to one angle (D) in the other, are it
the ratio of the reflangles (AC x AB, DF xDE) con-
tained under the fides including the equal angles.

Upon AB and DE, let fall the perpendiculars
CPand FQ. Then ACxAB:CPx AB:: AC:
CP*::DF: FQ_'::DF x DE : FQ x DE*;
whence, alternately, ACx AB : DF x DE : : CP

" xAB:FQxDE :: triangle ABC : triangle DEF".

COROLLARY.

Hence, if the reCtangles of the fides containing
the equal angles, be equal, or the fides themfelves
reciprocally proportional ¥, the triangles will be
equal. The fame allo hoids in parallelograms,
being the dqubles of fuch triangies,

THE O-
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THEOREM XXVL

AUl fmilar vight-lined figures (ABCDE, FGHIK)
e in proportion 1o one another as the fquares of their
l’ﬂmolagam JSides (AB, FG), '

D

< CR

A B F G

Draw the right-lines BE, BD, GK, GL.
Becaufe A =F, and AB: AE: : FG : FK*, the *Def. 14+
F’langles BAE, GFK are equiangular” ; therefore, , of 4.
f from AED = FKI * there be taken AEB =" 154
KG, the remainders BED, GKI will alfo be equal % * Ax. 5.
Whewfm‘e, fince ED: KI (::EA:KF*) :: EB oft
1KG™¥, the triangles EBD, KGI are likewife equi- ¥ 14 4
Igular . In the fame manner it will appear, that
)BC, IGH are alfo equiangular. ’
Therefore, becaufe ABE : GFK (: : * BE*: GK*) 2 24. 4.
1BED: GKI (:: *BD*: GI*) : :* BDC : GIH,
It is evident, that the fum of all the antecedents
(ABCDE) is to the fum of all the confequents
(F GHIK) as the firft antecedent ABE is to the
firly confequent GFK ®, or as AB* to *FG*; which® Cor. to
Was to be demonfirated. ' 6. 4

THE O-
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THEOREM XXVIL
If three right-lines (AB, DE, PQ) are propor-
bional, the right lined figure (ABC) upon the firfl,
will be in proportion to the fimilar, and fimilarly de-
feribed, figure (DEF) om the fecoud, as the firft line
(AB) 1o ihe third (PQ).

For,AB PQ_
: AB*: AB x
B PO GRE /\ /\
and!o
-of 4. LP Q
© 26. 4. ,
COROLLARY.

Hence, fimilar right-lined figures, are in the du-
’Def 7. plicate ratio of their homologous fides .
f 4.

THEOREM XXVIIL

If four right-lines (AB, CD, EF, GH) ¢ pro-
portional, the rtgbt lined ﬁgure: dcfcrzbed upon them,
being like, and in like [ort S tuata, /ball alfo be pra-
portional (ABI : CDK :: EM :

I M

ANYAN I

A B C D _E I (1 H

£36.4.  For, ABI:CDK (::8 AB:CD*:: EF*:GH**)
“Cori1. :: EM:GO®,

to ll-4-v

THEO-
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THEOREM XXIX.

If upon the three fides of a right-angled triangle
(ABC) 45 many right-lined figures (CD, BE, BF)
like, and alike Situate, be defcribed, that (CD) upon
tbe bypotbenufe (AC) will be equal to both the other
two (BE, BF) taken together.

For, BE:BF :: AB*

'BC2; therefore (by com- 126. 4.

Pofition) BE + BF : BE

:: AB* 4 BC* (== ™ ACY) 8.2

*AB*::CD:BE'; and

Confequently BE -+ BI D -

=CD»* t Ay g,
of 4

Ghe End of the FOUR.'ITH Book.
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BOOK V.

PROBLEM I

FROM the greater
(AB)of twounequal
lines (AB, CD) 20
cut off, or take away a

part (AE) equal to the

lefler (CD). ]

From A as a center,

with a radius equal to

CD, let the circumference

s Poft.3. of a c:rcle be defcribed *,
sAx.z. cutting"ABinE; and tbe thing is done.

PROBLEM II.

Ai a given point (A) to make aline (AB) equal
to a given line (CD).

Dravl



Busk the Fifh. g%

C—-D Draw the indefinite
F line AF ¢; from-which ¢ Pott. 1.
take away AB=CD*; . E:ﬂd 2.
. 5‘_

A
B
“1d the thing is done.

PROBLEM NI

: 4t & given point (A) in an infinite right-line (PQ)
Y erec a perpendicular. ' "

- In the line pro- M . N

Roinded, take B '
Wo equal dif- ‘
tances AC, and I, LA

AD*; andfrom
the centers C
and De, with any o _
“qual adii great- - , _
than. AC (or AD), let two circles EMR and FNS
}fdefcribed ; which will cut each other: and, if from
ibe point B of their interfe@ion, you draw BA,
¢ thing is done. : o :
.- For, let the points R, E; and F, S, be thofe
g.ucrein the infinite line 'PQ_interfects the circum-
frences of the. two circles EMR and FNSH ;“theén © Ax. 2.
DF being 3 FD * (or CR*) 3. AR *; and AS " Hyp.
S (or CE 1)  AE.®, the point F falls within, -
?}’]’d the point § without the circle EMR ; and {o
the two circles cut each other k. If therefore, -from ' Def. 11.
the point of interfection, BC and BD be drawn; 3 .
ABén the triangle CBD being ifofceles ™, -the angles ;4 Def.
2 -D, BDC at the bafe thereof, will be equal®; 33.0fr.
4o, CA being = AD, and CB.zz BD®, the * 04/ o=
"gle CAB ‘s alfo = DAB®, Y ot

P AX. 10«

Ot/:mwfe




1 Poft. 3.
s Cor, to
43
* Poft. 1.
f13.3

Elements of Gesmeerry.

Orherwife. .

From any point
D.above the line
PQ, as a center,
thro® the given
point A, let the ~ p-

J)

circumference of ~ G —
-a -circle be'de- E\/A Q

fcribed 9, interfelt-

ing PQ_in E *; draw the diameter EDB, and alfo
BA *; then the angle EAB, being in the femi-
circle EABY, is a right-angle ; which was to ¥
done. )
COROLLARY.

From the former of thefe conftru@ions it ap’
pears, that, if from any two points, with two
equal radii, greater, each, than half the diftance of
thofe points, two circles be-defcribed ; thofe circles
will cut each other.

PROBLEM IV,

 From a given point ( A) upa;z an infinite right-lint
(PQ) 10 let fall aperpendicular (AB).

. From the given point
A, as a center, let an
arch of 4 circlé be de- /
feribed, fo as to-pafs be- <~
low PQ, and interfect it \/
inMandN; fromwhich

points, with any equal P2 S~ B ‘
radii, greater than half '
MN, let two other W,

arches be alfo defcribed, o~
and from the point of
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 their interfeftion C, let the right-line CBA be
drawn ; which will be perpendicular to PQ,

Fof, let AM, AN, CM, and CN be drawn;
then AM being = AN*, and MC = NC, the* Def. 53.
angle AMB is = ANB*, and CMB = CNB *; o
and confequently AMC = ANC? : whence, (as ang%cf.
AM = AN, and MC = NC) the triangles AMC, ;3.1
ANC are equal in all refpefs *; and fo, the angle * 04/ on
MAB being — NAB; the angle MBA is likewife | 4% 1%

o z Ax. 4.
=NBA*, ’AJJ:.‘:O.

The fame otherwife.

~ From any point C
in the line PQ, as a
_center, let the cir-
‘cumference of a circle
be defcribed thro’ the
given point A* in-
terfecting PQ in D°;
and from the center
D, with a radius equal
to the diftance of the points A and D, let another
Circle mE# bealfo defcribed, cutting the former
ADE in E ; then draw ABE for the perpendicular
required. - , o

*" For, conceiving right-lines to be drawn from
C and D, to A and L, the triangles ACE, ADE
will be both of them ifofceles *; - and fo the demon-
firation is the fame with that of the preceding
Method. )

PROBLEM V.

o bifect, or divide into twa equal parts, any given
Tight-lined angle (PAQ).

51 In
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In the lines cantain- P

ing. the given angﬂg c '
¢yp.5.  take AC= AD*; a T

upon the centers C and A< ){E

dii, let two circles be D
8 Poft. 3. deferibed ¢, fa as to

interfeét each other 3

interfection E draw EA, and the thing is done.
ePott. 1.  For, let CD, CE, and DE be drawn °; then,
fConftr. the triangles ACD and ECD being both ifofceles f,
¥ Ax. jo. EDC®; and confequently the whole angle ACE
» Ax.4. == the wholc angle ADE®; whence (AC bein

= AD, and EC = ED), the angle CAE is alfo

D, with any equal ra- !\
~Q
and from the point of
22" the angle ACD will be = ADC, and ECD =
= the angle DAE®,

PROBLEM VL
To bifef? a given right-line (AB).

From the extremes

A, B, of the given line,

with equal radii, de-

fcribe two circles, fo as

1 Poft. 3. to cut each other!; and

andCor- herween the two points

© 3- of ,Finterfedtion draw CD,

*  cutting AB in E; and

the thing is done.

: For, if AC, AD, BC and BD be drawn, the

k Conftr. triangles ACB, ADB being ifofceles ¥, thence is

and Def. the angle CAB = CBA', and DAB = DBA!;

,3gj°f;'and confequently CAD = CBD ™: whence the

Az 10, triangles ACD and BCD are equal in all refpects® s

» Ax. 4. and {o the angle ACE being = BCE, AC = BGC,
» Ax. 10;and CE common, thence is AE alfo =BE ™.

COROL~
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Hepee, it is manifeft, that CD. not only bifegts
4B, but is alfo perpendicular to it™. o fn’fﬂ;:f

g.of 1.
PROBLEM VI

Y Fr‘gm?;;g?vm point (A) m a given right-line (AQ),
odraw g line (AK) which fhall make with the former
an ai‘zgle, ggual to an a'_ngle given (HBG).-

In BG and AQ_take two
®qual diftances BC, AD%; and
A C and D ere& the two
:getpendicglars_ CI and DF to

G and AQ’; and in DF £
take DF equal to the part CD B
OF the former, intercépted by
the lines containing the given

gngle I—éBG“-, then thro’ E q 1.‘5.
taw AEK °, and the thing i5 t Poft. 1.
. dq_ae L Xg L D Q . A.;_c. l'o.

SCHOLIUM.

-Haying, inthe feven preceding problgms, effected
nd demonftrated, &y means of tbe axioms only, what-
Sver was affumed in the fourth poftulate, gs barely
Poffiple ; we are now authorifed, by the moft rigid
tTlWS of geometrical reafoning, to make ufe of any

eorem or conclufion, whatloever, derived in the
E’eced_ing books, in virtue of thofe affumptions,
nz"w‘}uc_h.the procefs and refult can be rendered the

N oft obvious and eligible.— Accordingly, by having
‘:COllrfe here to Theorem XIV. of the firft book,
la?t fhall be able to arrive at a conftruction of the
ab problem, better adapted to practice than that

Ove laid down.
H 2 From

[
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From the cepters A and
B, at any e qual diftances
AD, BF, let two arcs of
_ . circles, FC, DR, be de- -
YPoft. 3. fcribed mterfe&mg the
‘given lines in D, F,. and
C; alfo from D, with a =
radius equal to the diftance "
of the points F, C, let
another circular arch pErbe
defcribed, cutting the for-
mer DR, in E ; then draw
AEK. and the tbzng is done,
For; _conceiving right:lines to be- drawn fro®
F to C,; and from D to. E, the triangles BFC and
-ADE’ will be equilateral to each other, by confiri’
*14.1.  tiony, and. thcrcfore equiangular alfo®.

PROBLEM VIIL.-:

To deferibe a triangle, . whofestbree fides fhall b“
tqam to three given lines (A,B,C); provided any i
-‘"of tbem, Taken together, be greater than the tbzrd

wasg  Mske FG =B, and from the centers Fa{
G, with the intervals; - or diftances A and C, ]
w0
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two circles. DKL, HKL be defcribed *; which * Poft-3-
will cut each other; and, if from the point of
Interfection K, the lines KF and KG be drawn,

then will FKG be the triangle required. *~

- .For, the diftance FG of the two centers; is lefs

than the fum of the radii A and C¥; and greater” Ax.6. 5.
‘than their difference (becaufe B 4+ A being = C*, 7 Hyp-
thence is B —'C— A7) ; therefore the two circles, 3 35'13 N
cut each other*: confequently FK = A, FG =B, .of 1.
and GK — Cb?b

PROBLEM IX.
. Through a given point (A), to draw a right-line
(RS) parallel to a grven right-line (YQ).

At any point B in S ()
the given line, make R A V"/V S

BC equal to the diftance NVZE!

of the points A and n

B¢, and from the cen- \\\\ ¢ 2.5

ters A and C, with an T O

Interval equal to CB, let P B cQ

twocirclesbedefcribed?, - ¢ Poft. 3.

“then thro’ their interfe@ion D, let the line RS be

drawn, and the thing is done. .

. Let AB, and AC bedrawne, It is plain thatepog. 1,
the-two circles will cut each other?, becaufe thefg. 3.
fum of their femi-diameters (= AB 4+ BC#):is¢ Confir.
8reater than AC": therefore, if ADS and CD bet1g.1.
Afo drawn, then will AB=BC =CD =DALiAx1

.3nd therefore RS parallel to PQ % k2510

The fame otherwife.

From A, to any point in PQ, draw AB'; make! Poft. 1.
the angle SAB — PBA ™; and then AS. will be ™75
Parallel 1o PQ " g1

H 3 PR O-
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b 3.5.and
1.5,

- done.

* 5.1,
s Conftr.
t Cor. to
240 1.

v Def. 26.

95

. or AC, be defcribed ?, inter-

Elements of Geotretry.
PROBLEM X.
Upon a given line (AB) to deferibe s fquare (ABCD).
Make AC perpendicular, D] __c

and equal,to AB°; and from T
the centers B and C, let two 4
circles, with the radius AB ] '
fe&ting each other * in D

from which point draw DB '
and DC, and the thing is B A

For, all the four fides being equaly by conftruc-
tion, the figure is a parallelogram® ; and therefores
the angle A being a right-angle®, the other three
will be all right-angles , and ACDB a fquare *,

SCHOLIUM.

By the fame method a re@angle may be de-
fcribed, the fides thereof being given.

PROBLEM X1
To divide a given line (AB) into any propofed nume

ber of equal paris.

From the‘extremes
of the given line
AB, draw two inde- , .
finite lines AP, BQ_ M~
parallel to each o- . .
ther v; in each of
which lines let there:
be taken as many
equal diftances AM, -
MN, NO, OC; Bo, Q.
on, nm, ma, (of any
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length at pleafure) as you would have AB divided
Into 3 then draw Mm, Nn, O, interfeéting AB " 1-5-
W B, F, G, and the thing is done.

For, MN ‘and m» being equal and parallel *, * Confr.
FN will be paraltel to EM7”; and in the fame” 261+
manner will GO be parallel to FN: therefore,

AM, MN, NO, €. being all equal *, AE, EF,
FG, will likewife be equal . * Cor. 1.

toz7. L.
The fame otherwife.

. In any right-line »
AP drawn from A,
take as many €qual
diftances (AM,MN,
NOj wanting- one,
23 wou would have
AByqdivi&cd into 3 -
then, having drawn
the indefinite line
OBQ, in it take an .
equal number of parts or diftances OB, BC, CI,
€ach of ‘the length of OB, and let DN 'be drawn,
Cutting AB in G ; make GF, FE, each equal to
BG, und the thing is done. - )

For, if AD and BN be drawn, they will -be
Parallel * (becaufe OA :ON :: 0D : OB ®); and * Cer. to
fo, the triangles BNG, ADG, being equiangular, 'CZ- 4t
it will be BG : AG::BN:AD*:: ON:OA" 30:;;
Therefore BG s the fame part of AG, as ONis ...
of OA. - ‘ 414 4

PROBLEM XIL

To two given lines (AB, BC) t0 find.a Wird pro-
Portional,

H 4. From
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From any point
A, draw two in-
definite lines AP,
AQ, in which
take Ab = AB,
Ac = BC, and
PD=BC*; draw
be, and parallel
to bc, draw DE¢,

cutting AQ in E, then ¢E will be the thxrd-
proporuonal required : for, Ab (AB): Ac-(BC)

: 6D (BC) cE"
PROBLEM XIIL

To three given lines (AB, AC, BD) 70 find 4
Sourth-proportional,

Having drawn AP
and AQ, as in the
preceding problem,
take therein Ad =
AB, Ac = AC, and
4D = BD!; draw
be, and parallel to
it, draw DE.Y, inter-
feting AQ_in E; A & D
then is ¢E tbe four th proport;anal required.

For, Ad (AB):'Ac (AC):: 4D (BD): (Em,

PROBLEM XIV.

Between two given lines (AB, BC) to ﬁmi a meaw
proparmﬂal




Book - the sztb | 108,

" In theindefinite line ‘ B

AP, uke Ab—= AB, A— .

and 4C = BC*; bi- B . C g
feét AC in E°, and D ©6. 5.

from the center E, at
the . diftance of EA,
or EC, let a femi-’ : :
circle ADC be de- P o 7 Z‘“ A

feribed P 5 eredt 4D . 7 Poft. 3.
perpendicular to AC 9, cutting the circumference 1 3. 5.
in D; then will 2D be the mean-proportional re-

quired.
For, Ab (AB): 4D :: 8D : 4C (BC)". r 19 4
. ana 1t's
Corol.

PROBLEM XV.

- Ty divide a given line (AC) into two parts (A_B,
BC) baving the fame proportion as two given lines
(AM, AN).

* ‘From A draw AD, making A————>M
anyanglewith AB;inwhich M~ N

take Am — AM, and ms = g C ,

MN*; draw #C, and mB A LS.

parallel thereto ', meeting 9 5-

'AC in B. Then will AB:
BC::Am (AM):mn"(MN).
Whick was to be done. n

m Y gz, 40
O 4

PROBLEM XVIL

T0 add a line.(BC) to a line given (AB), fo that
the whale compounded line (AC) fball be in proportion
%0 the part-added, as one given line (AN) is 1o anoe
ther (MN). : _

From
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From A draw AD, making A N
any angle with BA; in which .
*2.5 take Az=ANY, and mm = M———N
j NM ; draw »B, and #C pa- A B C
*9.5.  rallel thereto *, meeting AB '
, preduced, in C:. then will )
Yi12.4. AC:BC:: Az (AN):mn”
(MIN).  bich was to be B
done.

PROBLEM XVIL
To divide a given line (AB) into two fuch pants
(AC,-BC) that the veBungle contained under vhem,
Jball be equal to the reflangle under two given lines
(PM, MN) ; provided that the given reflangle is not
Lreater than the fyuare of -balf +he line (AB) to be
I, ..
BetweenPM = L E D 'Q
and MN ke
ame_an-R,rIOPOﬁ / ; ‘
®14.5. tional “3 Tl
¥ ke B’D%cr—A C © C BP o
_ pendicular to AB, and equal to MQ; bift& AS
«6.5. 1n O, from which, as a tentet, let 2 ‘feni-circle
vg.5. be defcribed; and draw DE parillel to BAY,
<Hyp. which (becaufe BD is lefs than the radius*) will
meet the circle in fome point £ ; Trom which,
upon AB let fall-the ,%rpendicular EC: fo fhall
¢Cor.to AC x BC == ¢ EC* = DB .(thz) — PM x
iy MN . Hhich was 10 be dore. |

and 10.: . e eerani
PR . PROBLEM XVil.
To a given line (AB) to add another ik (BGY,
Juch, that the refiangle under the whole compounded
line (AC) and the part added, fhall be equal to a
yedtangle uhder two given lines (PM, MN).
Between
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~ Between PM and MN
take a mean-proportie-

nal RS73 make 8D frg g

Perpendicular to AB?, £ 35
and equal to RSY; bife&t | ' PR
ABin O, draw OD; A O B Cigy.
nd take OC =OD*: 5 ™ N

fofhal ACxBC=PM ity
X MN, a3 was to be dove. C

For, if thro’ A and B, from the centet O, the
dircumference of a circle be defcribed, . cutting

Qin E, and E, C be joinéd ; then, the triangles
OCE, ODB (having OE = OB, ‘OC = 0D % * Conftr.
and the angle EOB common) will be equal in ali
refpects!; and fo, EC being 4 R tangent to the'Ax.16.
circle in E, we have * AC x BC = CE* = °BD*" 6 3-

2 Cor. to '

=RS* = PM x MN *, o
. ®3. 2.
PROBLEM XIX. P 10 4o

To divide a given Jing(BH) into two fuch paris,
Yhiat the [quare of the one (BC) fhall beequirl 40 the
reflangle under the other (CH) and a Jecond given
line (AB).

“Taking BA in the fame
fraitlinewithBH, between
them let a mean-propor-
tiosial BD be found®; bi-
fe& ABin O"; draw OD, .
andmakeOC=OD; o A © & C H
fthall BC* = CH x AB, = -

Qs was to e done.

.. For, by the demonftration of, the precedent,

ACx BC (= CE*= Bi>*) = AB x BH  trom each

.OF which taking away AB x BC, there rethains
SEABYCHL Sy

COROL.-

1145,
t6.5.
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COROLLARY.

1f AB = BH, then will BC* == BHxCH; in
which cafe the line BH is faid to be divided ac-
cording to extreme and mean-proportion.

PROBLEM XX,

In a given circle, to apply, or infiribe a line (AB)
equal to a given line (CE), lefs than the diameler of

he circle.
c — T
From any point A in m_
the circumference, with B

the radius CE, let acircu-
t Pot. 5. lar arch mn be defcribed ¢,
*g.3. cutting the given circle in
' B¢, thendraw AB, and the
¥ Def. 33. thing is done "
of 1.

PROBLEM XXIL

To draw @ tangent to a given circle (C) skro’ a
given point (A).

A D

D A_—_ P

Cast L. If the owen point be in the circum-

fercnce, then, to the center C, draw AC, and

s, perpendictlar to AC” draw BAD; whxchwxlltouch
5. the circle at A%

 Case I
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Case IL. If the point A be without the circum-
ference ; then draw AC, which bife& in P°; and*6.5.
from the center P, at the diftance of AP, or CP,
let a femi-circle AEC be defcribed ¢, cutting the ¢ Poft. 3¢
given circle in E¢ ; then draw AED, which will be“9- 3+
the tangent required ¢; becaufe (CE being drawn)? 6. 3-
AEC is a right-angle . o i

PROBLEM XXIL

Upen a given line (PQ) to dcj/l‘r;be a fegment of .a
circle (PEQ) to contain an angle (E) equal 20 a given
angle (BAC).

Make AD perpen;

dicular to AB%; alfo £3.5
-make PQO,andQPO,

*ach, equal to DAC*® T hgg
(the difference be- B .

‘tween the given angle
and a right one);
then upon the point
of interfetion O, as
. a center, at the dif= .
tance. of OP (or OQ), let a circle be defcribed 5
and the thing is done. -
For the angle. E = right-angle 4 QPO ' =116.3.
DAB 4 DAC* = BAC. % Conflr,

" SCHOLIUM.

In the fame manner the problem may be con-
ftructed, when the given angle is acute 3 only the
lines. PO, QO muft then, be drawn on the other
fide of (PQ) as'is manifeft from the 16th theorem
of the 3d book. '

.P_Rd:
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k6. 5.

! Proof of circle ' from whence
18. 3. the circle may be de-

". 5.5

-culars DF and EF ¥, A

‘eachothérin D;

‘pendicular  to

Elements of Geoterry.
PROBLEM XXIII
Abeut a given toiangle (ABC) to deferibe a circle,

- Let any.two fides,
AB and AC, be bifec-
ted by two perpendi-

which  will' interfe& °

each other in the center
(F) of the required

{cribed.

SCHOLIUM. _
~ By the fame method, the . circumference of a
circle may be. defcribed thro! any three givep
points, nat fituate in the fame right.line: alfo
from hence, the center of ‘a cirele may be found,
by having a ‘fqgmcnt of the cirete: givcn. '

’P, R OB LEM XXIV.
"Go inferibe @ circle in' a given trigngle (ABC),
Bife@ any two C
of the angles, A 4
and B, by the

lines AD and .
BD =, meeting

make DE per-

AB®; then, if A TR
from the center ' ‘
B, 3t the diftance. of DE, a circle be defcribed, it

“will touch all the fides of the triangle.

For,
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For, let DG and DF be perpendicular to AC
and BC?; then. the triangtes ADE, ADG, having © 4-5-
We: angles equal, each to each (by conftvution)
and A common, will not only be equiangular % * €% F
but alfo have DE = DG . By thg fame argu-, io l?. "
Mment DE — DF; therefore the circumference of 5t
the circle alfo pafles through G and F*; but it ¢ Def 33.
touches the fides of the triangle in thofe points *,, of I
ecaufe G end F are right-angles *. v Contr.

PROBLEM XXV.

In a given circle (AFB) to deferibe a triangk, equi-
angular to a given triangle (PQR).

From the center C,
draw the radii CA, R
CE, CB, making the b
:gglc]:s_ ACE and BCE 1
ual, each, to th¢ : .
ngle R™; join A, B, p Q A:B":7.5.
‘3nd make the angle | yo}
“ABF = Qv, and from N
;he point F, where BF cuts the circle, draw FA ;
%o fhall AFB be the trisngle requited.
- For, ABF ::._Q_x, F (= ACE?) = R,’&A!ld = Conftr,
Confequently BAF = R~ ’ ' 310, 5.
Conftr.

* Cor. 1.
‘a lpl l.

PR O



‘X12 Elements of Geometry.

PROBLEM XXVI

About *a given circle (O), to deferibe a trianglts
equiangular 1¢ a given triangle (ABC).

S P. T DA B E

Produce out the fide AB both ways; and draw
the radii OP, OR, OQ, fo as to make the anglt
27,5, POR = EBC, and POQ = DAC*; then drav
three glght-lincs to touch the circle in the points
b21 g.. P, QaM R and the thing is done.

’ For, if PQ be drawn, the angles SQP and SPQ
¢ Ax. 2., Will be lefs than the two right-angles SQO- and
and6.3. SPO ¢ 3 and . fo PS and QS, not being paraltels*
¢ Cor. 2. < they will meet ‘each other *; therefore, as the like
_ ,‘“g' - may be inferred with-regard to PT and RT, &%
; ’Z?Dr_' t it is manifeft-that the three tangents form a teiangl?
«.t. STH. Now, POR + T being = two right
# Cor. 2. angles ¢ == ABC 4+ EBC', and POR = EBC*
, ol thence will T == ABC: and, by the fame arg¥

-kt ment, S=BAC; whence alfo H = C.

£ Conllr.

PROBLEM XXVIIL
In a circle given (ABCD) to infiribe a fguare.

, Draw two diameters AC and BD perpendicul

bi5. tO each other ! ; then draw AB, BC, CD and DA}
fo fhall ABCD be a fquare infcribed in the circle.

Fob
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;.. For, theangles AOB,
BOC, DOC and DOA
(as well as the fides OA,
OB, OC, OD, contain-

-Ing them) being equal !, A
the oppofite ﬁ?iesq AB, IC m;d i).ef'
BC, CD, DA will like- Y
Wife be equal *: and the of 4.
angles ABC,BCD,CDA,

DAB, are all of them Lig g

Nght-angles’, and there-
Ore are equal. ’

SCHOLIUM.

If two other diameters ac, 54 be drawn (&y
Drob.. 5.) to bifet the angles AOB, BOC, a regular
Oftagon AaB4CcDd may be infcribed in the circle.
Andif all the angles at the center O, be again bi-
{e@ted, a regular polygon of fixteen fides, may in like
Manper be determined; and fo on, at pleafure.

) PROBLEM XXVIIL

In a circle given (ABGE) to inferibe a regular
Pentagon.

At the center O, upon B
the diameter FG, érett
the perpendicular OB ™,
Meeting the circumfe-
:ce in B3 divide OG 4,
t;: H.(b_y prob. 19.) fo .
.th_?!t‘.OH’l =GH x 0G;
any 15 take OR =;OF,
g RH = dift. RB:
w.len:draw BH ; which ; '
’\vlhl‘ beequal to the fide of the pentagon® ; from* =8. 1.

ence; the figure itfelf may be defcribed. and 8. 2.

I ~ SCHO-
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SCHOL1UM.

Hence a regular decagon may be infcribed in
*28.5. thecircle; the fide theréof being = OH". -

PROBLEM XXIX.

In a circde given, to inferibe a regular bexagon
(ABCDEF), : C

From the extremes B e
of any diameter AD,
apply AB, AF, DC,
and DE equal, each, to _
P20. 5. the radius AO?; then Al D

join B, C, and E, F;

and the thing is dore.
For, if the radu OB,
OC, OE,OF bedrawn ;

the triangles AOB and :

1 Conftr. JOC, being equilateral %, will alfo have the an-
:1C+ 1. gle OAB = DOC"; whence AB is parallel (35
g °l" 0 well as equal) to OC*; and confequently BC and
t26.1. AO are likewife equal, and paraliel*: There
fore, fecing the triangles AOB, BOC, COD, ¢5¢
-are equilateral, and alike in all refpects 3 not only
the fides, but alfo the angles ABC, BCD; &7 o

PAx. 4 I.the hexagon, will be equal among themfelves %,

COROLLARY.

Hence it. appears, that the fide of a regul#f
hexagon, infcribed in a circle, is equal to th?
femi-diameter, or radius. -

SCHOLIUM, . g

Befides the figures conftruted in the precedinf
problems, and thofe arifing from thence by ¢co®
tinual bifections, or taking,the differences, no oth
regular polygon can be defcribed, from any kno
method, purely geametricaly by means of tight-lin®
snd circlesoply,  © © 7

' PRV

¥ &
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PROBLEM XXX
About a given circle to deferibe a regular polygon,

of the fame number of fides with a r
(ABCDEF) inferibed in the circle.

From the center O,
ta the angles of the in-
feribed polygon, draw
0A, 0B, OC,¢5¢. and
* Perpendicular thereto
draw PAQ, QBR,
RCS ¢, €9¢. interfect-
lng *in P, Q,R, S, T,
V; o fhall PQRSTV

the polygon that
Was tq be defcribed.

egular p_olygon

AR

’

o .

arsg

3.5
* Proof of

20. 5.

For, by taking away the equal ¥ angles OAF, ™ Hyp.

OAB, OBA, QBC, Jc. from the
Angles OAP, OAQ, OBQ, OBR,
Mainders FAP, BA'(L AB(l, CBR,

-

requal (right)
&c, the re-
&e. will alfo

P, Q, R, &9c. as well as the fides PQ, QR, RS,

e, are equal among themfelves®,

PROBLEM XXXI.

3 dny two circles (ACE, ace) besng given, to deferibe
% polygon in, or about the one (ace) that fhall be fimilar

b0 any polygon defcribed iny or about the other (ACE).

. Firft, having drawn ™
the tadii O A, OB, €5 A\
Yothe anglesof the given /‘g D\
!nfe. polyg. ABCDEF; -

ake, 3t the center v,
the angle aop=AOB, ¥~ ‘

f a'

.3pgea; to be equal * : therefore the triangles FAP, * Ax.g.1.
ABQ, BRC, &c. (having alfo FA = "AB = BC,
&e.) are equal in all refpects”; and fo the anglesr g, 1.

2A% 4 1a

F. ; .
boc = BOC *,:€9%.- Then, the chords @b, bc, cd; &C.* 7. 5

eing drawn, I fay, the polygon abedsf will be fimi-
12 '

lar
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b Cor. 1.

to i0. 1.
and i 2.1.
€ Ax. 4. 1.

4 14. 4.

¢ Def. 14.
4

.to the points of p

' Ax. 7.1,
i-Conltr.

1.1,
and Ax.-

S.
116. 1:

14 4

= Def. 14
4

®14.4.
and Cor.
toX1.4¢

‘v z6. 4.

Elements of Geometry.

lar to the given one ABCDEF. For, the triangles
AOB, a0b; BOC, boc; &c. being equiangular®, the

‘angles ABC, ab¢ muft alfo be equal; and ¢ AB : a4

'(: : OB:0od):: BC: &c. Inthe fame manner, the other
correfponding angles are equal, and the fides con-
taining them proportional : Therefore the two po-
lygons are fimilar <, ‘

Again, having <
drawn the radii 4 /
OA, OB, OC, &e. 7,

contact of the given
circumicribing po-
lygon PQRSTU ; _ - :
draw likewile the radii oa, 0b, oc, &c. making

.. the angle 406 = AOB, boc = BOC', &c. perpendi-

cular to which ® draw pg, g7, 75, &c. fo fhali the po-
lygon pgrstv be fimilar to the given one PQRSTU.
For, the angles: OAQ, OBQ, vaq, 64, being al
equal b; and AOB alfo = a0/ '; the remaining angles
AQB, agb of the'two quadrilaterals AOBQ, aokyg
muft be equal; as muft likewife their halves OQB,
ogb (for the right-angled triangles OAQ, OBQ,
having OA = OB, and OQ common, have alfo

" OQA = OQB")." In the fame manner is ORB =

orb, &c. whence, thetriangles POQ, pog ; QOR,
qor, &c. being equiangular, it follows ™ that PQ : o7
(::0Q:09)::QR: gr: And fo of the reft. There-
fore PQRSTU and pgrstv are fimilar ™,

| COROLLARY.

It appears from hence, that the fimilar inferibed
polygons, as well as the circimfcribing ones, are in
proportion, as the fquares of the radii-of their. re-
{pective circles. For, in the former cale, AO*:40%::
°AB*: ab*: : P ABCDEF : abcdef; and, in the lattery
°AOQ*:a0® :: PO : po*:: PQ*: pg*:: PPQRSTU:
parstv.

The End of the Firtn Book.
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PROBLEM L
0 make fquare equal to a given retangle (ABCD).

IN one fide AB of

the rectangle, pro- N
duced, take BE = '
Ye other fide BC ; bifect
AR O} B I 36.5.

% in O2; and from 4|
. ‘center O, at the L
Wance of OA, or OE, D

det 2 femi-circle AFE be '
leribed 5 and let CB be produced to meet the
TCumference thereof in F; then a fquare defcribed

Te BE (b 10. 5) will be equal to the given s coruo
Qangle ABCD ©, 15 €

Cc

1z PR O-
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3. 8.

48, 2,

. which take BA = BA,

Elements of Geometry.

PROBLEM IL

To make a- fquare equal to the fum of two given
Squares. '

Let AB and BC be
the fides of the two given A
fquares. B

Draw two indefinite C-
lines BP, BQ, at right-
apgles to each other ©; in

R

BC=BC, and join A,C; p
then a fquare "defcribed AL B
on AC (4 10. 5.) will

be equal to the fum of the two fquares defcribed
upon AB and BC*. o

SCHOLIUM.

In the fame manner a fquarc may be made equal
to the fum of three, or more, given fquares: for
if AB, BC, CE be taken as the fides of the given
fquares, then, by making BH = AC, BE = CE,
and drawing EH, it is evident that a fquare upon
EH will be equal to the fum of the three {quares
upon AB, BC, and CE; or that, EH* = BH"
(AC*) 4 BE* = AB*-}-BC* - CE=

PROBLEM III

To make a [quare equal to the difference of 1wl
given fquares. ) I

14
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. Let AB and BC (taken
An the fame ftrait line) be E
€qual to the fides of the’
two given fquares.
Upon the center B, with
the radius BA, let a circle b—— B C0A
be defcribed, and make CE ‘
Perpendicular to BC ¢, meeting the circumferencee 3. s.
thereof in E: fo fhall a fquare deferibed on CE
(¢y 10. 5.) be equal to BE* (BA*)—f BC=. ! Cor. to

8. 2.
PROBLEM 1V.

To make a triangle equal 10 a given quadrilateral
(ABCD).

Draw the diagonal AC,
Alfo draw DE parallel to ’
ACe, meeting BA pro- 5 Qe 5o
.duced in E, and join
CE; then will the triangle

CE = the given quadri-
lateral ABCD. E B

For, the triangles ACE, A

CD, being upon the
fame bafe AC, and berween the fame parallels AC
and ED, are equal®; therefore, if ABC be added ® Co 1,

'a each, then alfo will BCE = ABCD i “;‘2’('24'2;.

j S PR ©-
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PROBLEM V.

To make o triangle equal to a grven pentagont
(ABCDE). §

DrawDA and DB,
and alfo EH and CF
parallel to them %
meeting AB  pro-
duced in H anc 3
then draw DH and
DF; fo fhall the
triangle DHF = the l
penmgon ABCDE.
tCor.t. © For the triangle DHA is = DEA !, -and DFB

022 _ DCB!; therefore DHE (= DHA 4 DAB 4
mAx. 4.1 DEI) = DEA 1-DAB 4. BDCB) = ABCDE *,

(s o
o
wa

PROBLEM VI

Upon a given line (EF), to make a reﬁangle equal
19 a given triangle (ABC).

Thro> C, the
vertex of the tri- - ,
angle, draw KN ol

— O
. parallelto thebafe Kl
795+ ABn; and bifeét , ; \
AB with the per- / l
¢6.5.  pendicular LQ¢°, E 4 T
meeting KN in
X; alfo draw BP .
r3 5. perpendicular to AB?, interfefting KN in I; then
in AB, produced take BM — EF, and dravw
MIQ_ cutting L.Q_in Q3 draw QO and MOs
arallel to AM and LQ_", meeting each othef
in O : then will INOP be the rectangle 1eqL\1r%d
alr

r Q P
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~.For, it is'evident, that LI, 10 and LO are afll
reé’tangles‘i ‘therefore IN = BM " = EF*, and ¢ Cor. to

IO LI‘:ABC" . : ‘zzi.ll
: Tbe _/hme otber"wfe :Sorzlﬁr.
From the vertex ¢ ® Cor. 2.

C, upon the bafe £0 2. 2+

AB let fall the \

perpendxcu]arCDw l '

make EH perpen- - Db.BE F ¥ 4o 5o

dicularto EF %, ard

equal to a fourth proport:onal to 2EF, AB and

CD 7: then the rectapgle EG contained under EF ¥ 13. 5.

and EH will be cqual to the:triangle ABC.

For, fince,. by conftruction, 2EF AB: CD

EH, therefore 1s 2EF x EH = AB x CDz and = 10. 4.

Confequently EF x EH = tABx CD = ABC’ # Cor. z.
to 2, 3¢

SCHOLIUM ' \

By either of the two preceding methods, a pa~|
Tallelogram having a given angle may be de-
feribed, upon a-given line, equal to a given tri-
angle ; if, inftead of MBP, MLQ, or BDC, FEH
eing right- angles, you make them all equal to the
angle given: the reft of the conﬁruéhon being

the {fame,

PROBLEM VIL

Upon a given ling (AB) 1o deferibe a yeflangle
$qual to a given right-lined figure (PQRS).
: _ §
"Let the given | :

T
figure be divided -’_“‘“’ R S
lnto triang. PQR, ¢ |— D '
glRS: and upon ‘ ‘
€ given line AB
(by the precedent) A B P

Jet 2 reCtangle ABDC, equal to thé triangle PQR,
be
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be defcribed ; alfo upon CD make the reftangle
. CDFE equal to the triangle PRS : {o thall ABEF, ,
. which is a reftangle (becaufe both ACE, and
*z.1.  BDE are continued right-lines®) be = PQR 4
£ ‘;\:é Zl PRS ¢ = PQRS 5 whick was to be done.

SCHOLIUM.

When the figure given has not more than five
fides, the conftruction will be more eafy, by firft
finding a triangle equal to it (%y prod. 4. or 5.)
and then making a rectangle equal to that. triangle.
But if the figure be a reétangle, the eafieft way of
all, will be to take a fourth-proportional BEF to
the given line AB and the two fides PQ_and PS
of the given retangle (4y 13. 5); which fourth-
proportional will be the altitude of the reftangle
required. For, fince AB:PQ_ :: PS: BF (&
Conftr.) therefore (4y 10. 4.) AB xBF =PQxPS.

PROBLEM: VIII,

_ To deferibe a reclangle equal 1o the fumy or difference’
of two given right-lined figures, S

~Let the two
given figures be

ABN and P. P

By the prece- C D
dent, let two rec- ,
tangles AD and A ’ B
AY, refpeltively '
equal to ABN and E r

P, be defcribed,

on the fame, or different fides of AB, according

as the difference, or fum, of the two fgures is

required : then will the reftangle CF be equal to,
¢Ax. 4.or that fum or difference °, y
5- 1. ' COROL-
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COROLLARY:

- H_ence ‘two lines having the fame ratio with
two given right-lined figures, are determined : for.
ACAE:: AD (ABN): AF ' (P) e

PROBLEM IX.
To make a [quare equal to amy right-lined figure
gven (ABCDF). ' '

Upon AB de- D
fcribe a reftangle o

AE equal to ABC C
DF #; then make B €76,
a fquare BH equal £ U
to that rectangle b, * 1. 6.
and the thing is done, E

H

SCHOLIUM,

After the fame manner (from prob. 8.) a fquare
may be defcribed equal to the fum, or difference,
of any two given right-lined figures,

PR O-
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PROBLEM X:

. Do deferibe a figure (FGHIK) egial, and_fimilar
#0 g given right-lined figure (ABCDE).

A g F G

tz.s. Draw AC and AD, and alfo FG equalto AR
.5, make theangle GFH = BACk, HFI = CAD,
) and IFK = DAE*; likewife make FH = AC,
FIl = AD, and FK = AE; then draw GH, HI,
“IK and KF, and the thing is done. :
1Ax. 10, For, fince the triangle FGH = ABC ! and
"I FHI = ACD!, & ; therefore is the whole po-
lygon FGHIK, alfo," equal to the whole polygon
BAs.40. ABCDE ™,
Morcoyer, thefe equal triangles being alfo equi-
angular !, itis manifeft, that G=B, GHI =BCD",
HIK = CDE, and fo on; therefore, FG being alfo
= AB, GH = BC, HI = CD, &¢. the two
polygons ABCDE, FGHIK are fimilar to each
* Def. 14. other ™. ’
4
SCHOLIUM.
The figure FGHIK may be otherwife con-
ﬁ{fu_&ed, by making the triangles FGH, FHI, &e.
relpectively equilateral to ABC, ACD, &¢. as is
evident from 14. 1. and Ax. 4.

PR O-
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PROBLEM XL

Upon o given line (AB) to deferibe a figure
{ABCDE) finilar to a given right-lined figure
(PQRST). h

Draw PR S
and PS, and
in PQ_ (pro- -
ducedif nied- g
ful) take Pg ¢
=AB; draw
gr parallel to _
Q}I{“, meet- T g Q A B 9 s
ing PR in 73
alfo draw 75 and s¢, parallel to RS and ST, in-
terfecting PS and PT in 5 and ¢ 3 then upon AB,
by the precedent, defcribe a polygon equal and
fimilar to Pgrst; and the thing is done. '

For, fince any angle BCD (g75) of the polygon
ABCDE, is equal to its correfpondent QRS ?; ¢ Cor.1.
and alfo CB (gr) : CD (r5) : : RQ_: RS?, there- 71
fore the.two polygons ABCDE, PQRST aie like *" %

to each other . : thgf, 14.
“of 4o

SCHOLIUM.

This laft problem may be otherwife Conftructed,
by makingthe triangles ABC, ACD, ADE equi-
angular to the triangles PQR, PRS, PST, re-
Ipedtively.

For, then the angle BCD being = QRS, CDE
= RST*, &¢; and alfo BC: QR (:: AC: PR) s Ax. 4 1!
::CD : RS*, &e. the two polygons muft therefore © 44

be fimilar to each other * o }r“}'

PR O-
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PROBLEM XII

To deferibe a figure, fimilar to a right-lined figure
given (PQRST), which fball be to it in & given
ratio of one right-line to anotber, :

In PQ {(produced if ne- .
ceffary) take Px# to PQ in S
the given ratio of the figure . R
to be defcribed to the figure
given ¥ ; and, in the fame T
line PQ, take Pg equal to a
mean-proportional between
Px and PQ*; upon which
(by the precedent) let Pgrst, p
fimilar to PQRST;  be de-
fcribed, and the thing is done.
For, fince P : Pg:: Pg: PQ {3y Confir.):
therefore. Pn : PQ_: : Pgrss g PQ%(LST(‘Q' hr)s

a 9 9 Q

PROBLEM X
To defcribe a figure that fball be equal to one
yight-lined figure given (P), and fimilar to another
(ABCD). :
Upon A B

make the rec- "D
tangle ABFG

. = ABCD 7 H < C
make the rec- | ‘ E A f
. | f——— AB

tangle AGNF, |
= P*; in AP [
take Al equal ‘
to a mean-pro- .
porrio’nal» - P a——
tween ¢
AE*, . 'er £uiH be deferibed fimi-
lar,
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lat, and alike fituate, to ABCD _*‘, and the thing ® 11. 6.

is done. ,

For ABCD (AF) : P (AN):: AB: AE® (:: 74
AB*: AB x AE® = ¢ Al*) : : ABCD : AIKH ;" ¢onfr
and therefore AIKH = P, .
. € 26. 4

PROBLEM XIV. fAx 45
 To deferibe a figure fimilar 1o a given right-lined
Jigure (ABCD), awbich fball-be to another given
right-lined figure (P) in a given ratio of one right-
ine (S) 20 anotber (R).

b
I CH[——AC
I P /
Q_F_ Al
R— .
[
M N (1

Make the retangle ABFG = ABCD, and the#7.6.
tetangle AGNE = P%; alfo in AE, produced,
take AQ = a fourth-proportional to R, S and
(AE*"; then, %y the precedent, make AIKH fimi-t 13, ¢,
lar to ABCD, and equal to the reCtangle AG x
AQ: then will AIKH (AG x AQ) : P (AG x
AR 1 AQ: AE*:: S :R'; which was to be' Confir.
done, ' k7.4

The End of the S1xTH Book.
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DEFINITIONS.

1. - Right-line is faid to be petpendicular”
A to a plane, when it is perpendicular to
all right-lines, that can be drawn in

that plane, from the point on which it infifts.

2. One plane is faid to be perpendicular to
another, when all right-lines drawn in the one, per-
pendicular to the common f{ection, are perpen-
dicular to the other.

3. Paraliel planes are thofe, which ‘are every
where equally diftant, the one from the other.

4. A Solid is that, which has length, breadth,
and thicknefs.

5. Similar folids are fuch, as are bounded by
an equal number of fimilar planes.

6. A Prilm
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6. A Prifm is a folid; Whereof

'khe planes of the fides are parallelo-
grams, and whereof the twoends, or
Oppofite bafes, are plane, re@ilinear
figures, paralle] to each other.

7. A Parallelepipedon is a
folid bounded by fix parallelo-
Brams, whereof the oppofite
Ones are parallel, equal, and
like to each other.

8. Af upright prifm, or parallelepipedon, is that,
whereof the planes of the fides are perpendicular
to the plane of the bafe.

9. A reftangular paral-
lelepipedon is that, whofe
bounding planes are all rect-
angles, and which ftand at
Tight-angles one to another.

ezl

10, When all the bounding plant_:s
are {quares, the parallelepipedon is
Called a cube.

lid,whofe bafe is any right-
lined plane figure, and
Whofe fides are triangles, - E

/ N1,
having a]l their vertices

United in a point, above

the bafe, called the vertex B C

of the pyramid. Thus

ABCLE Treprefents a pyramid, whofe vertex is A,
nd bafe BCLE.

11. A Pyramid is a fo- \A.

K 12. A
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C .1‘1‘_ C

12. A Cylinder (DCcd) is a
folid generated by the rotation
of a retangle ACDB about one
of its fides AB, fuppofed at
reft; which quiefcent fide AB
is called the axis of the cylin.

der. d@;l’

13. A Cone (ACc) is a
{olid generated by the rota-
tion of a right-angled tri-
angle ABC about its per-
pendicular AB, called the
axis of the cone.

14. A Sphere is a folid generated by the rota-
tion of a femi-circie about its diameter.

15. The Fruftum of a pyramid, or cone, is
that part which remains. when any part next the
vertex, cut off by a plane parallel to the bafe, is
taken away. ' -

16. The Altitude of a pyramid, or prifm, is the
perpendicular diftance of the vertex, or upper plane
thereof, from the plane of the bafe.

17« Every reftangular parallelepipedon is faid to
be contzined under the three right-lines that are the
length, breadth, and altizude thereof.

18. A Plane is faid to be extended (or to pafs) by
a right-line, when every part of the latter is placed

in, or touched by, the former.

1 A
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.. 44 AXIOM
i Upright prifms (As2CBA, Ddsf FED) of the
dme -altitude, ftanding upon bafes (ABC, DEF)
®qual and like to qéch other, are themfelves equal.

of To fez the evidence £ -
this AxioM in the ' X
Brongeft Light, conceive a./ 'Xco//]\)f _
; right-lined plane fi- _ ' a
ure PQR 1o be form- B , . .
ed, equlelaml like_jz'pn all / A
Yefdeiistothe bafes ABC, £ co. FF R
DEF of the rwo prifinss
Upon wwhich, conceive the prifins to be placed, odte after
8notber, fo that their bafes miay coincide therewith ¢
Then, becaufe the planes of the fides fland, in both
“afes, perpendicular to the plane of the bafe, upon the
Jame Iines PQ; QR, PR, and are tarried up to the
ame beight, it is manifeft, that the bounds of the two
Lolids, when thus placed, bave the very fame pofition 3
nd, confequently, that the folids themfelves, occupying
ucceffively) 1he Same identical [pace, aré equal’ the
e to the otber. : :

4 POSTULATE.

That by any ‘two right-lines (AB, AC) meeting
5 point, a plane may be extended. ‘

In order the better to E.
, fi“’hprebgnd the fenfe and A
\I‘ﬁgn of this Poftulate,
t“ @ plane BDEC, ex-.
nded "By the right- line
Lining the points B and C, y /(
concesved to be revolved L -
%% %ut upon that line, till it meets wilh, or takes. in, the
Ut Ay then, the plane including, in that pofition 4}51
K 2 i 424

3 =
.’\"
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the three points B, C, and A, it alfo includes, or is
extended by, the right-lines AB, AC, BC, joining thoft
points 5 which are in the fame plane with their ex-
tremes (by Def. 6.1). ‘
Hence it appears, that, by any three points, a plant
may be extended s and that all the three fides of any
right-lined triangle, are in the fame plane.

THEOREM 1.

~ The common feftion of two planes (AB, CD) is 4
right-line.

For, between the two ex-
treme points E, F of the
common fection, let a right-

a Poft. 1. line EF be drawn?; then, that
b Def.6.1. line being in the plane AB®,
and Ax. and alfo in the plane CD®, it

8.1 muft, of confequence, be the common fection of
them both.

THEOREM IL

If a right-line (AB) be perpendicular to two otht!
right-lines (CE, DF) cutting each other, at the con”
mon feffion (A), it will be perpendicular to the plav
(CDEF) paffing by thofe two bines.
: CK
Take AC, AD, AE, AF |\
all equal to one another ; and,
having joined CD, DE, EF,
CF, let there be drawn thro’
A, in the plane CDEF, any Gl
right-line GH, meeting CF
and DE in G and H; and
let BC, BG, BF, BD, BH,
and BE be alfo joined.

-'.'. U
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Becaufe AC*= AE = AD == AF, and CAF =" Conftr.
DAE®, therefore is CF = DE*, and the angle FCA<c3.1.
{orGCA) = DEA (or HEA); and fo, GAC being® 4% 10"
fkewife — HAE* and AC= AE®, thence will AG
=< AH*and GC=HE., 1510
Again, fince the right-angled triangles CAB,
DAB, EAB, FAB have their bafes all equal ¢, and* Hyp-
the perpendicular AB common, their hypothienufes
BC¢, BD, BE, BF will be equal too ; and therefore,
the triangles CBF, DBE being mutually equilateral,
the angle FCB (or GCB) muft be = DEB (or
HER®);, whence; GC being alfo = HE, and BC=¢ 14. «.
BE, thence is BG = BH*: Therefore, AG being
likewife (as is proved above)= AH, and AB com-
on, the angles GAB, HAB are equal, and con-
{equently right-angles *. In the fame manner, AB® Def. 8.
18 perpendicular to every other right-line drawn of 1.
thro> A in the plane CDEF ; which was 20 be de- Def. 1.
Mmonfirated \. of 7.

COROLLARY.

Hence it will appear, that, if one right-line
(AB), meeting feveral others (AF, AE, {J¢.) in
‘the fame point (A), is perpendicular to them all;
thefe laft will be all in the fame plane. Becaufe
It is impoffible for a right-line (A4) drawn from
A, out of the plane (FEDC) of the two former
of thefe, to be perpendicular to AB; feeing the
angle BAJ is lefs, or greater, than a right-angle (or
AH*), according as A’ is pofited above, or be-x ;. 5,
low the faid plane FEDC'. L AX. 2. 1.

THEOREM IIL
If thro’ any given point (A) in a plane given (BCD),
@ line (CD) be drawn, and perpendicular to that
line, at the fame point (A), two other lines (AB, AE)
"8 alfy drawn, the one (AB) in the plane given
(BCD), and the oiber in any other plane. (CDE)
K 3 ;Daﬂi;zg
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paffing by the firft line (CD); then, I fay, that 4

right-line (AF) drawn from the given point (A), af
right-angles to the firf}t perpendicular (AB) in the
plane (BAE) of the two, will be perpendiculer to the

given plane (BCD) at the given point (A).
AE®, it will likewife be

C
perpendicular to AF"; / \
and fo FA, being per- B = \E
pendicular to AB ™ (as T
well as to CA) is alfo N\

D

perpendicular totheplane

BCD, in which AB and
CA are drawn ™.

SCHOLIUM..

In this {aft Theorem, the manner of ereéting 2
perpendicular to a plane, at a point given, i
indicated, and the confiftence of the firf} definition
of this book, evinced. . g

For CA being perpen-
dicular both to AB and

THEOREM IV,

- Two right-lines (AB, CD), perpendicular to th*
Sfame plane (EF), are parallel to each other.

Draw, in the plane EF, the .
right-line AD, and alfo DG per- EB Y i
pendicular to AD ; make DG = ~ ==
AB, and let AG, BG, and BD
be drawn.

The triangles BAD, ADG,

° Confir. having AB = DG, AD com- ‘
?Def.1.7. mon, and the angle BAD (= right-angle?) =
34x.12.1. ADG °, will alfo have BD = AGY: And fo, th

Fl14.1.

triangles BDG, BAG being mutually equilaterah
the angle *BDG muft be = BAG = *right-angle*
But the line CD (as well as BD and AD). being pef”

’ " pendiculaf



Book the Seventh.. 13¢

Pendicular to DG?, ir is therefore in the fame?Defi.7.
Plane(CDAB)with BD and AD; and confequently, ' Cor- to
as the angles BAD, CDA are both right-ones ?, it * 7'
muft be alfo parallel to BA®. ‘ % 4 Lo

COROLLARY.
Hence it follows, that from the fame given point,
‘1o one and the fame plane, more than one perpen-
dicular right-line cannot poffibly be drawn: Be-
Caufe all perpendiculars to the fame plane, are pa-
Tallels ; but lines drawn from the fame point arg

hot parallels. \
THEOREM V.

M, of two parallel right-lines (AB,CD) the one( AB)
15 perpendicular to any plane (EF), the other (CD)
Jball alfo be perpendicular to the fame plane (EF).

The conftru&ion of DG, AG, B i

{. being fuppofed the fame here o .,
‘s in the preceding Theorem; it = [§ = .
appears from chence, that ADG ™ /A

and BDG are both right-angles:

And, becaufe BD is in the plane L

of the propofed parallels BA,

CD ¥ ‘the angle CDG is alfo a right-one*, as isv pef gy,
likewife the angle CDAY. Therefore CD is per-*3z, .
Pendicular to the plane ADG*, T4 1.

THEOREM VL

If a right-line (PQ) be perpendicular to a plane
(AB), any plane (ED) pafling by that line, will be
- Perpendicular to the fame plane (AB).

K 4 In
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In the plane ED, from £ P X F
sny point K, draw KIper- 4| | | |
pendicular to the common T
fection CD: Then, the an-
gle DIK being a right-an- €

7 Def.1.7. gle = DQP?, IK will be
=4 1. parallel to PQ % and there-
25 7. ore perpendicular to the plane AB®, By the fame
inference, all other right-lines drawn in the plane
ED, perpendicular to the cammon fection CD, arg
alfo perpendicular to the plane AB. Therefore the
? Def. z.;. plane ED itfelf is perpendicular to the plane AB™.

COROLLARY I
- Hence it will appear, that the plane AB. (ac-
cording to the fenfe of the definition) is perpen:
dicular to the plane ED : For aright-line QR drawn
in the former, perpendicular to the common feétion
“¢Hyp.end CD, being alfo ¢ perpendicular to PQ, it ¢ (and con-
Def. 1.7. fequently the plane AB in which it is) will be
: : ; perpendicular to the plane ED®,  ~ -
COROLLARY IL

Hence it.al{o appears, that a line ftapding at
right-angles to one of two perpendicular planes at
any point (1) ia the comman fetion (CD), muft be
in the other plane: For the line IK, in the plane
ED, is perpendicular to the plane AB; befides
which line, another perpendicular to AB, from the

fCor to fame point 1, capnot be drawnf, =~ - -
4,. 7.
THEOREM VII.

Planes (EF, GH) to which one and the [ame right=
fine (AB) is perpendicular, are parallel to each other:

]

From
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Prom any point C, in the o1
plane EF, let CD be drawn (K/‘ ('/r

parallel .to AB; which (as ‘ b

well as AB) will be perpen- "
dicular to both the planes®; | l sl €57
and fo the angles A, B, C, ) i oo

D (when AC and BD are o P

Joined) being all right-ones *, ' b Def1.7.
the figure ABDC (whereof the fides AC, BD
are in the fame plane with the parallels- AB,
CD %) will therefore be a reCtangular parallelo= iDef.6. 1.
gram*; and confequently CD = AB' By the*4 1.and
very fame argument,” all other perpendiculars, ter- ;12)-‘35 24:
minated by the two planes, are equal among them-
felves 5 which was o be demonflrated ™. m Def. 3,

€EOROLLARY.
Hence, all right-lines perpendicular to one of two
parallel plares, afe alfo Perpendicular to the other,

SCHOLIUM.
- From the two laft Theorems, the fenfe, and pro-
priety of the two definitions of pefpendicular, and
parallel planes, appear manifeft.

THEOREM VIIL

Right-lines (AB, CD) parallel to one and the fame
right-line (EF), tho’ not in the fame plane with it,
are alfo parallel to each other.

. Let GH and Gl be drawn A 17

Perpendicular to EF, in the B
Planes AF and ED of the pro- E \G F
pofed parallels. Then " fhall "2, 7.
GF be perpendicular to the D -

ﬂane paffing by HGI; and 1
HB, ID will alfo be perpendicular to the fameo c 7.

.Plane °, and therefore parallsl to each other ?. P47
- THEO-
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THEOREM IX.

If two right-lines (AB, AC) meeting each other,
be refpectively parallel to two other right-lines (DE,
DF) alfo meeting each other, and not being in the
Jfame plane with them ; the angles (BAC, EDF) con-
tained by thofe lines, will be equal.

Take AB, AC, DE, DF all equal A
to each other, and let BE, AD, CF, g c
BC, EF be drawn. Then, AB and
ED, as well as AC and DE, being
sHyp.and equal, and parallel %, BE and CF will
Conftr. e hoth equal, and parallel, to AD",

"26-1-- “2nd therefore equal, and parallel, to D
s Ax. 1. each other*®; whence BC is alfo equal
and8.7. ¢, EF*; and fo, the triangles ABC, E ¥

'DEF being mutually equilateral, the
14 1. angles BAC, EDF are l&sewifc equal %,

THEOREM X,

If two right-lines (AB, AC) meeting each other, e
refpectivcly parallel to two otber right-lines (DE, DF)
4lfo meeting each other, and not being in the fame plane
swith them, the planes (BAC, EDF) extended by thafe

lines, will be parailels,

Let AG be perpendicular to
the plane BAC, meeting the
plane EDF in G ; in which laft
plane, let GH and GI be drawn
parallel to ED and DF ;5 and
they will alfo be parallel to AB \

»g.». and AC"; whence, feeing the
¥ Conflr. angles GAB and GAC are both right ", AGH and

xs.1.  AGI muft likewife be right-angles*; and fo AG
‘ being
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being perpendicular to the plane EDF * (as well as® 2.7
to BAC®), the two planes- are -parallel to each * Conflr,
other . , ‘ €7.7-

THEOREM XL
The feftions (EF, GH) made by a plane (EFHG)
cutting two parallel planes (AB, CD), are alfo paral-
lely the one to the ather.

-Let EG and FH be
glrawn parallel toeach other,
in the ‘plane EFHG; alfo
let EI, FK be perpendicu-
lar to the plane CD, and let
ii% KH be joined : 'lf;hcn,
EG being parallel to FH ¢, d
and EI t%%l_(% the angle - io;ﬁr‘
GElis = HFK'; butthe €g.7.
angle EIG is alfo = FKH, being both right-an-
gles €5 and EI is = FK*: Therefore EG will be¢ Def.r7.
equal ¥ (as well as parallel) to FH; and confe- | Def-3.7+
quently EF likewife parallel to GH* k2. 1.

COROLLARY.

It appcax;s from hence, that parallel lines, termi-
nated by the fame parallel planes, are equal to

each other.

THEOREM XIL

If, from the two extreines of a right-line (AB) cut-
ting a plane (CD), two perpendiculars (AF, BG) be
drawn to the plane  the right-ime (FG) jeining the
points where they meet the plane, will pafs thro’ 1be
point (B) in which the prapoﬁ’d line (AB) cuts the
plane, [0 as o be divided by it into twe parts (FE,
EG), baving the fame ratio to eaco other as thofe
two perpendiculars (AF, BG).

For,
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- For, if AF be produced -
to f, the lines Af and BG
(which are both perpendicu-
'Hyp. lar to the plane CD') will -
m 4.7.  be parallel to each other ™
“therefore AB and FG being
both in the fame plane with -
thefe parallels, in which their
» Def, 6.1. €xtremes are pofited *, they
muft neceffarily (as they are
not themfelves parallels) in-
terfect each other: And fo
°,.1. the alternate angles FAE, GBE being equal’, as
»3.1, Wwellas the oppofite ones FEA, GEA®, thence will
134.4. FE: EG:: AF: BGY; which was to be demon-
" firated. ' o

| .COROLLARY. _

+ Hence, if in the plane CD,, the: lines FC, GD be
made parallel, the ope to the other, apd in them be
taken Fa = FA, and G = GB ; then will the line
(ab) joining the points 2 and 4, cut FG in the very
fame point ig which it iscut by AB. For, if ¢ be
‘taken as the interfection of 45 and FG, the trian-

* 3. and 7. gles aFe, Geb will be equiangular ;. whence Fe:
of1. ~ eG:: Fa(FA):*G4 (GB):: FE: EG*. There-
* 14. 4 fore, feeing FG is divided in one and the fame ratio,
“12.7: both by ¢ and E, thefe points muft. neceffarily co-
uAx.z.and jpcide ©. . "
§. of 4

THEOREM XIi,

If two plancs ( AB, CD) cutting each other, be both
perpendicelar to a thivd plane (\GH), their common
Jettion will alfa be perpendicular to the fame plane
(GH). ) ' '

For,
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For, from the extreme
point F of the common fec-
tion, let the right-line FE
be erefted perpendicular to
the plane GH': which line
being in both the planes G b :

AB, CD}, it muft neceffa- ) } Cor. 2.
rily be their common fe@ion. Therefore the com- ¢ 7:
imon {ection is perpendicular to the plane GH®. = Conftr. -

THEOREM XIV.

Jf; [from the angular points (A, a) of two-equal
angles(BAC, bac), two right-lines (AD, ad) be drawn,
or elevated on-bigh, above the planes of the faid an-
8les, [0 as to form equal angles with the lines firft
&iven, each to its correfpordent (DAB = dab, DAC
=dac), and if, from any points (M, m) in thofe
elevated lines, perpendiculars (MN, mn) e let fall
upon the planes (BAC, bac) of the firft-mention’d an-
glesy thefe perpendiculars will be, in proportion, as the
Darts (AM, am) of the elevated lines included berween
. them and the angular points (A, a) firft named.

ON

A

Make AD and ad equal to each other; and in
the planes ADB, ADC, adb, adc, draw DE, DF,
de, df perpendicular to AD and 443 and from their
interfe&ions with AB, AC, a4, ac, draw EF and ¢f,
meeting AN and a# (produced) in G and g, and
let D, G, and 4, g be joined. o

The



9 Conftr.
°2.7.
?6.7.

113.7.
* Defi1.7.

Elements of Geometrys

‘The angles ADE, ADF being both right-ones %;
not only the line AD®, but the plane ADG ex-
tended by it, is perpendicular to the plane EDF*,
But the fame plane ADG is alfo perpendicular to the
plane EAF?: Therefore the common fection EF
is likewife perpendicular to the plane ADG ¢; and
confequently the angle EGA a right-one’, By the
very fame argument, ¢ga is a right-angle. Now the
triangles ADE, ade; ADF, 44df being equal in all

*Hyp.and refpects’, and the angle EAF = eaf?, the triangles

15, I.
* Hyp.
u Ax.10.1.
¥ 15.1.
*16. 1.
Y 14. 3.

= Hyp.

Ll B P

® Def. 24.

of 1.
€24. 1,

49.7.

AEF, aef are alfo equal and alike*; and fo, the
angle AEG being = a¢g, EGA = ¢gg, and AE =
ae, thence is AG = a4¢ ¥, "and the angle’ DAG
(MAN) = *dag (man), becaufe ADG, adg are both.
right-angles®. Therefore MN : 1 :: AM: am’.

COROLLARY.

Hence the two perpendiculars MN, zz fubtend
equal angles at the points (A, 4) from whence the
two elevated (or inclining) lines are drawn.

THEOREM XV.

If any folid (Ac), baving a reétilinear bafe (ABCD),
where:f the planes (Ab, Bc, Cd, Ad) of the fides are

parallclograms, be cut by a plane parallel to the bafe,

the fection (EFGH) will be equal, and fimilar 10 the

bafe. :

For,the plane EFGH being paral- ¢4 ¢
Il to ABCD#, EF is therefore pa- , /I |\

raliel to AB*; and fo, AF being a G
parallelogram ®, EF is equal (as well F"'\

as parallel) to ABS in the fame g
manner is I'G equal, and parallel to BC
FG, &c. Whence alfo the angle

EFG is = the angle ABC*; and fo A o
of the rett. Therefore EFGH jis * :
both equilateral and equiangular to ABCD.

COROL-
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COROLLARY.

~ Hence the oppofite bafes of a prifm are equal
and fimilar (as well as parallel) to each other.

THEOREM XVIL

_ If, from one of the angular points (A) of any pa-
*allelogram (AC), a right-line (AE) be elevated above
the plane of the parallelogram, fo as to make any an-
&§les (EAB, EAD) with the two contiguous fides there-
o, and there be alfo drawn, from the three remain-
ing angular ‘points, threc other right-lines (BF, CG,
DH) parallel, and equal to the former (AE) ;5 then,
the extremes of thofe lines being joined, I [ay, the fi-
&ure (AG) thus defcribed, will be a parallelepipedon.

For AE, BF, CG, DH F,
eing all paralle] to_each

Other ¢, AE and BF are in E ¢Hyp.and
the fame plane?, as are alfo el
AE and DH, &c. There- c Defrz.1.
fore, all thefe lines being® "€ Hyp.

€qual among themfelves, AF,
AH, DG, a%d BG are paral- A b

Ielograms "; and fo, EF being parallel to AB, pa-n ;5 ,,
Tallel toDC, parallel to HG L, EF and HG are inthe: g, -,
fame plane’; and EG is alfo a parallelogram ¥, equi- ¥ 3. 1.
ateral to its oppofite AC: But EG is equiangular,

'and parallel (as well as equilateral) to its oppolite

ACH becaufe, EF being parallel to AB, and EH

o AD, the angle FEH is therefore = BAD', and!g- 7-

the plane EG parallel to the plane AC™.  Andinm 10. 7.
the fame manner, the other oppofite parallelograms

ppear to be equiangular and parallel (as well as

“Guitateral). Therefore the folid AG, bounded by

them, 15 a parallelepipedon . ” Dt}‘f- 7

of 7.

COROL-
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COROLLARY.

If the angle A of the parallelogram AC be 4
right-one, -and AE be ereéted perpendicular to ti¥
plane AC; then will the parallelepipedon be 3
retangular one: For, all the three contiguous

°Hyp.and planes AC, AF, AH being ré&tangular °, their op-

24. 1.,
P 16. 7,

12.7.

6. 7.

and KL, equal and like i. 4/
to the bafes AC and ar ™ H /1_
" of the two folids, be fo 'l B 1c)) (£ ;

pofites will be reCtangular likewife ?: And foy the
angles HGF, HGC being right-ones, HG will te
perpendicular to the plane GB4; and confequently
both the planes EG and DG likewife perpendicular
to the plane BG”. And fo of the reft.

SCHOLIUM.

In this Theorem,  a way to defcribe a parallel”
epipedon of any given dimenfions, is indicated?
and the confiftence of the 7th and gth definitions
evinced. .

THEOREM XVII

Reflangular parallelepipedons (AG, ag) ' Sranding
upon equal bafes (AC, ac), aid baving equal altitudtt
(AE, ae), are cqual. ‘

Let the re¢tanglesOK . F L SR 4

formed, that NK may be
in the fame ftrait line <\ D a
with KM ; then{hall PK © 7. AR
be alfo in the fame ftrait =7
line with KI*; and the ok 22 N
figures NI, PM, OL, .‘

formed by producing the H "~
fides of the two reftan-

i
3

tCor.to gles, will likewife be re®angles *.

24. 1.

Nows
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Now, HK and QK being drawn, the triangle .
NHK = IHK", PKQ = MKQ", and the retangle® 24. 1.
OK = LK *; and confequently (by the addition of * Hyp.
¢quals) OQKH = LQKH. Therefore; HKQ be- '
Ing a diagonal to the reftangle OL*, dividing it *24.1.and
Into two equal, and like triangles OQH, LQH?*®, Ax-2.
If upon thefe, as bafes, two upright prifms be con-
ceived to be erefted, of the fame common alti-
tude (Kb) with the propofed folids, thefe prifms
Will alfo be equal”. But the former of thefe is com-¥ Ax.1.7.
‘pofed ® of three prifins, on the bafes OPKN, NHK, = Cor. to

PQ; and the latter of three others, on KMLI, 18.7.
HIK, KMQ; whereof the fecond and third, in
both ranks, are refpetively equal . Therefore the
Yemaining two, on the bafes OPKN, KMLI muft
alfo be ' equal. But the former of thefe is = Ax.s.
AG7, and the latter = ag: Therefore, alfo, is

=ag LR ®Ax 1.

THEOREM XVIIL

If, at the angular points of any given right-lined
Sgure (ABCD), equal perpendiculars (Aa, Bb, Cc,

d) Ze ereffed to the plane thereof; and the extremes
f thefe (a, bs b, c £5¢.) be joined 5 an upright prifm
(AabcdDCBA) an the given bafe (ABCD) will
thereby be formed. ‘

. For, Ag, B, Cc, Dd being /. .

311_ equal °, and parallel , it is — N\.¢/ ! Conttr.
Svident that A4dB, B4:C, &c. T €470
are parallelograms <3 and that ¢ 260 1

the planes of thefe are all per-
Pendicular to that of the bafe ° ' ’

i BCD * (fince A, B, Cc are B C| | e 7
00, by conftru&ion). More- : -
i"er it will appear, that abed A D
S one plane figure, parallel to |

: ABCD;
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ABCD} for, the lines ac; AC (when g, ¢ and A, C
T26.1. are joined) being parallels® (as well as a, AB;
ad, AD), the plane abc is, therefore, parallel to
€10.7. ABC® (or ABCD); and acd is likewife parallel to
. ABCD. But ghc and acd are in one plane; be-
Cor. t0 raufe Az being perpendicular to both of them %
i;)-ef_.[.7_ and ! confequently to all the lines ab, ac, ad ; thefe
® Cor, to mufl neceffarily be all in one * plane, parallel 0
2. 7.  ABCD ; which was to be demonfirated '
I Def. 6. |
COROLLARY.

It appears from hence, that, if upon all the parts
ABC, ACD, into which any rectilineal figure ABCD
is divided, upright prifins (A2b:CB, AacdDC) of
the fame altitude be.conftituted ; thefe prifms will
form one prifm, on the (whole) given bafe ABCD;
feeing that abc and acd form one continued plané
® ;5. ;. fuperficies abcd ™, parallel to ABCD.

SCHOLIUM,

After the fame way, a prifm, any how inclining
on the given bafe ABCD, may be conftruéed ; by
giving to Az the propofed inclination, and thes
drawing B&, Ce, Dd parallel, and equal thereto-
For AabB, BbcC, &c. will (f1il) be parallelograms f
And, that abed is one plane, parallel to ABCD, will
alfo appear (in the Jame manner) ; if a perpendiculsf
from 2 to the plane ABCD, be conceived to b
drawn.

THEOREM XIX.
If, on equal bafes (ABC, PQRS), an uprighs ¥

angular prifin, and & redtangular parallelepipedon ¥
erelled, of the fame altiiude 5 the two folids, then
Jelves, will be equal.

Let
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Lee CD beperpen- g H C F

dicular to AB, Pang let [- Q R
the rectangles ADCE,
-BDCF be completed ;
afo et GHbedrawn A~ G D B P S
-Paralle] to AE, bifet- ‘

Ing AB in G; fo fhall AGHE = 1ABFEb = b1z
ACB‘ = PQRS®. Now, the two prifms on ADC * Sor ©
and BDC, into which, that on ABC may be di-a gy
Vided ¢, will be refpeively equal to two others, ¢ Cor. to
on the equal and fimilar * bafes AEC and BFC*: f;‘& 7
and confequently the prifm on ACB = half the A’;"f"'
Prifm on AEFB™ = half the two prifms on AGHE 5, * Z
and BGHF ! = the prifm on AGHE = the prifmi ax. 4. 1.

on FPQRS ¥, k17.7.

THEOREM XX.
Every upright prifm (AaceA) is equal to a refi-
qhgularypamlle/epzpedm (Fk) of equal bafe, and al-
ityde,

LetAC,ac,AD, < /A 4
9d be drawn ; and 4 ' ci,_j/’ m vn/

:?1 the bafe FK of &,
e parallelepipe-
‘dOn,Iiet HL,plI}e/I, R G 1
be drawn parallel / / K
' FG, in fuch

fort that the re@- >
angles FH, HM,
IN may be refpectively equal to the triangles ABC,
ACD, ADE*: Then alfo fhall the prifm (AgbcCBA) * 6. 6

S——

flll this Theorem, the veprefentations of the prifms are not de-
Fribeq 3 becaufe a great multiplicity of lines, 1ends to produce confufion
% the mind of a learners efpecially, where folids are yeprefented.
%€ fehemes, bowever, may be formed, at large, by thofe who
. “nk proper 10 do it : But every tittle of the demonfiration avill
“Main the fame. : '
- L a on
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Elements of Geometry.

on ABC, be equal to the parallelepipedon (F4) off
FH'; and the prifm (AacdDCA) on ACD, equal

to the parallelepipedon (Li) on LI'; and confe

quently the whole prifm (AaceA) on ABCDE,
equal to all the parallelepipedons on FK, which
form one parallelepipedon (F#); becaufe L7, Mm ar€

- (l:%z,and in the-plane Fu ™, and Hb, I7 in the plane Gk ™.
Ie 2.

ta 6. 7.

®1.g.

1. 2,

¢Hyp.and NF: Wkich parts, taken fingly, will be equal,
Ax 8. 4. magnitude, to thofe of the former divifion °; an

COROLLARY.

Hence all upright prifms, having equal bafess
and altitudes, are equal among themfelves.

SCHOLIUM.

In the very fame manner, the aggregate of anf
number of prifms, of one common altitude, will ap
pear to be equal to one fingle prifm, or parallelepi®
pedon, of the fame altitude, whofe bafe is eq‘ual
to the fum of all theirs.

THEOREM XXL ,
Rettangular parallelepipedons (Ac, Df) havitf
equal aliitudes (Aa, Dd) are in the fame propertioh
as their bafes (AC, DF). '
‘Letthepro- 4/ m P )[
ortion of the A Y o/
afe AC to the & (- Y=l
bafe DF, be )
that of any one B | 1L
number 7 (3) ] _
to any other I 'K
number 7 (2). :
Let ACbe divided into m (3) equal parts (or rec”
angles) AL, IM, KC (by dividing AD into tha®
number of equal parts ®, and drawing 1L, KM p¥

*9.5.and' rallel to AB)": "And let DF be divided, in Jik°

manner, into # (2) equal parts, or rectangles, D-,;
1

af

£he
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the parallelepipedons upon them (A/, Im, K¢, Dpy
' Nf) will likewife be all equal?: Therefore the folid ? 17. 7.
Acisin proportion to the folid Df, as the number of
‘Parts in Ac to the number of equal parts in Df”, or* Ax. 8 7«
as the number of parts in AC to the humber of equal

Parts in DF, thatis, ag AC to DF*.—If the bafes

are fuppofed to be incommenfurable, the folids will

ftill be in the fame ratio with them ; as appears -

Tom the reafoning, laid down in the Scholium to

Theor. VII. Book 1V.; which is equally applicable

In this cafe,

THEOREM XXIIL N
Restangular parallelepipedons (Ac, Eg) Sfanding
’Zeon egaal bafes (AC, EG) bave the fame ratio as
oeir aliitudes (Aa, Ee),

~Let AO be [ -

2 parallelepipedon a_/ )

On the bafe AC, {N|. . 0/_

Whereof the alti- ¢ A ?
tde AM is equal M B P

Y that (Ee) of cf ¥ G
‘éhe parallelepipe- A DE - H

on Eg: So fhall 7 o .
the' folid AO = the folid Eg*. But (if Aj and*17. 7
AN be confidered as bafes) it will be Ac: AO (or
Eg): t Ab: AN‘':: Aa: AM® (or Ee): which was ¢ 21. 4.
% be proved, ' : Y714

COROLLARY.
Hence, and from the preceding Theorem, it fol-
Ws, that all upright prifms are, alfo, as the bafes,
en the altitudes are equal ; and as the altitudes,
hen the bafes are equal ; all fuch folids being (éy
,"Qé’far.‘XX.) equal to rectangular parallelepipedons
€qual bafe and altitude.

L3 THEO-

lo
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THEOREM XXIIL

Upright prifins and parallelepipedons (Ac, Eg)
which bave their bafes and altitudes reciprocally pro-
portional (AC : EG : : Ee: Aa), are equal to cach
other.

Let AO be a ¢ :
prifm on the bafe 4 o, f 7
AC, whereof the o)
altitude AM is M ¢
equal to that (Ee)
~ of the prifm B, [B % Cl/F
ThenAO: Eg:: Al b E —5
:21-7- AC: EG"Y:: ke
H>.’P~. (AM):*Az:: AO:YA¢; and confequently Ef

' f;
P "l¢

THEOREM XXIV.

Similar upright prifms and parallelepipedons (AG)
ag) are, o one another, in the triplicate ratio of thilf
altitudes (AE, ae).

Having made AH £

c
= a¢, take AE,AH, H / - J
Al, AK in continued B - J/

. - L Mie =

13. 5. proportion* ; and let By

AM be a prifm on Iy -
the bafe AC, whereof N ' . 4
the altitude is AK. |/B D% /]
Then (becaufe of the A° . ‘

b 26. 4. [imilar planes) it will .

<Cor. to be AC: ac : : *AB* : gb* : : ¢ AE*: ge* (A

oS4 :: AH*: “Al*: : AH (4¢): AK °; and fo, the

-%7*4  bafes and altitudes of the folids AM, ag being

reciprocally proportional, the folids themfelves ar€
equal 3
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equal ¥ ; and therefore, AG:ag:: AG: AM®::724.7.
AE : AK®: But the ratio of AE to AK is tri-SA8x . of

Plicate to that of 'AE to * AH (or 4¢). There- h:'z 7
fore, &¢, i Def. 7.0f
COROLLARY I &

Hence, cubes are in the triplicate ratio of their
fides, or altitudes.

COROLLARY IL

‘Hence, alfo, all fimilar upright-prifms, are to
one another, as the cubes of their altitudes ; fince
both prifms and cubes, are in the fame triplicate ra-
tio of the altitudes.

THEOREM XXV.

Rettangular parallelepipedons, contained under the
Correfponding lines of three ranks of proportionals, arg
themfelves proportionals.

(AB: FG:: KL : OP,
I [y, zf{AC: HF:: MK : QO,
AD: FI:: KN:OR,

%  F 2
B c 7[ +r L _mio —S
— | £ 7
F I 0
Al 1| K N R
C H M Q

then fball the folid (Cc), contained under thé three firft
Gntecedents, be to that (Rh) contained under their
three confequents s as the Jolid (Mm) contasned under
the three other antecedents, is to that (Qq) contained
« Under the three remaining confequents,

L 4 et
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‘Let Hr and Qs be parallelepipedons on the bafes

HI and QR, of the fame altitude with C¢ and

- Mm, refpectively.
2L.7. Then fhall Cc: Hr: : bafe CD : bafe HI %,

And Mm : Qs : : bafe MN : bafe QR *. But

the four bafes, becaufe of’the proportionality of

11. 4 their fides, are themfelves proportionals!: And fo,

by equality; the ratio of Ce¢ to Hr, is the {fame as

the ratio of Mm to Qs. And the ratio of Hr to

~ Hb is likewife the fame as that of Qs to Qg (be-

m 227, caufe Hr: Hb:: Ff(AB): FG*: KL (Qo):

nHyp. Op":: Qs: Qq"). Therefore fhall the ratio of

Ce to Hb, be alfo the fame, as the ratip of Mm

*se 4. to Qg

COROLLARY.

Hence, the cubes of four proportional lines are
proportional,

The Eud of the SevinTH Book.
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B O O K VIIL

POSTULATES.

1. HATT, of any two unequal magpitudes;
of the fame kind, the lefs may be
multiplied {o often, till it exceed the

greater,

. 2. That, a right-line may be taken fo {mall,
that the fquare thereof fhall be lefs than any fuper-

ficies affigned.

3. That, the circumference of a circle is greater-
than the perimeter (or the fum of all the fides) of
any infcribed polygon ; and lefs than the perimeter -
of any polygon defcribed about the circle.

What is required to be granted, in the [econd of
Shefe three Poftulates, might be effelted and proveds
i form, by means of the Firfts but being itfelf more
bvious (if poffible) than even that, it feemed unnece/-

fary to make it depend thereon.
L E M-
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a Poft. 1.

» Hyp.

¢ 11.5.

Elements of Geometry,

LEMMA
If from the greater (AQ) of two unequal magni-
tudes (AQ, CD) there be iaken the balf (PQ), and
from the remainder (AP) be again taken the balf (PO),
and fo on, continuallys there fball at length be left a

magnitude, lefs 1han the leaft (CD) of the two magni-
tudes firf} propounded.

| TakeDE= = O S P Q
CD,EF=CD, A ’ — +
and let this be D E P

fo often done, =~
till the multi-

ple CF exceed AQ-= Let the propofed bifeftions
of AQ, AP, &r. be continued till the parts PQ,
OP, AO be equal in number to the parts EF, DE,
CE. Now AP (+AQ") -2 ;CF* 3 CE. And,
in the fame manner, AO (+AP) -3 iCE (CD);

which was to be done.

SCHOLIUM.

-When the magnitudes given (AQ, CD) are
right-lines, a part, or meafure (AS) of the one, lefs
than the other, may be found at one operation ©;
by taking AS the fame part of AQ, as CD is of
CFc. Yor, the whole AQ_being lefs than the
whole CF ®, the part AS will alfo be lefs than the

“4Cor.1, 4. Part CD %

THEOREM 1L

" Two polygons. may be formed, the one in, the other
about a given circle, which fhall differ lefs from each
otber (and confequently from the circle itfelf) than by
any affigned magnitude (Q) bowever fmall.

Let
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- LetTbethe M___L N
fideof afquare 1 T
equal to, orQ
lefs than Q °;
and ig the cir-
cle ap‘Ply An

= T?: and, f 20,5
‘having drawn U R - '

'the two per- F —————

- pendicular di-

ameters AE, -

- CG, proceed by a continual bifection of the angles
-at the center, till you arrive at an angle AOB lefs
than the angle AO# fubtended by Az%: Infcribes . g.and
 the regular * polygon ABCDEFGH, by making the  Lem. 1.

angles BOC, COD, J¢. equal to AOB: and let a‘i’é’ fo-
another regular polygon QMNPRSTU, of the fame Nl
number of fides, ! be defcribed about the circle ;? 0. 5.
which will exceed the infcribed one by a magpitude

‘lefs than Q. .

For, if to any angle N of the greater, ON be
drawn, it will bife& the fame ¥, and will cut thek 1§, .

- fide CD of the infcribed polygon at right-angles 't Cor. to
(in v): And fo, the triangles OCN, CN being 12 1.
equiangular ”, they (and confequently their dou- = 19. 4.

- bles OCNDO, CND) will be in proportion toeach =

~ other, as* OC*to Cv*, oras *AE*to AB* And-=24 4
it is manifeft, that the whole circumfcribing poly- ° 1. 4.

- gon (OCND 4 ODPE (g¢.) muft be to its whole
excefs (CND + DPE (J¢.) above the infcribed one,

In the fame ° proportion of AE* to AB*. But the

firft antecedent is lefs than the fecond, or than a
fquare defcribed about the circle?: Therefore thee Ax. 2.
Brft confequent (CND 4 DPE Ge.) isalfo -2 *AB*3 2. 4.
AR (TY) 2°'Q, S :ﬁ;P"

" Other -
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® Lem.

Elements - of Geometry,
Otberwife. :

Let AIO be one quadrant s 1
of the propofed circle; and B
on the radius OI, make ' the Q L=
rectangle OMNI = 1% p G
(T being as before) : Take F
OD a part of OA, lefs than
OM"; and, having made
AB, BC, &¢. each = OD,
draw AP,BFQ,CGR,DHS
perpendicular® to AO, meet- B CMD
ing the circumference in A, ; :
F, G, H; through which points, parallel to AO*

T3 ] \
ST

. draw PFI, QGm, RHn, meeting AP, BFQ, CGR,

in P, Q; R: Join PQ, QR, RS, SI, as alfo AF;
FG, GH, HI. Then will the two polygons
OAFGHI and OAPQRSI (whereof one is lefss
and the other greater than the quadrant) diffef
lefs from each other, than by % of the propofed

- quantity Q.

s Conftr.
and Ax.z.

b Ax, 3.

€26, 1.

4 Conitr.
and 26.1.

¢ Cor. z.
to z. 2.

fAX. 2,

$ Hyp.

For, that the former OAFGHI is lefs than the

_- quadrant, in which it is inferibed, is manifeft?

And, that the latter is greater than the quadrant
will alfo plainly appear ; feeing two fides AP, SI,
only, touch the circumference = all the reft PQ,
QR, RS, falling wholly above it, as being fides of
triangles PFQ, QGR, RIIS formed out of the cir-
cle®. Now the excefs of the polygon OAPQRSI
above OAFGHY, is compofed of the triangle PAF
{=30Dp/) and of all the parallelograms PFGQys
QGHR?®, RHIS (for they are fuch*®, becaufe PF
(AB), QG (BC) are equal, as well as parallel ¢).
‘Therefore PFGQ_being = plmg ¢, QGHR =
gmnHL %, &c. the faid excels will confequently be
= +ODpl 4 IpSI® =2 ODSILf =3 OMNI (AT .
-3 1QE; which was to be done.—This laft con-
ftruction is equally applicable to other curvilineal
figures ; the former is peculiar to the circle.
COROL-~
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COROLLARY.

. Tt follows from hence, that a magpitude, which
Is greater than any polygon that can be defcribed
In, and lefs than any polygon that can be formed
about a given circle, muft be equal to the circle
tfelf : feeing that a polygon may be infcribed,
‘Which (as well as that formed about the circle)
fhall exceed any quantity lefs than the circle itfelf,
be the difference ever fo fmall ; and becaufe a po-
ygon may be formed about the circle, which (as
well as that in the circle) fhall be lefs than-any
Quantity that exceeds the circle, - -

THEOREM IL

Every circle (ACE) is equal t0 a retangle (ORST)
Under the radius thereof (OR) and a right-line (OT)
equal to half the circumference. ,

It is evident, in the firft place, that the - pro<
Pofed rectangle ORST is greater than any poly-

T R K msS n
Po\' ¢
A DN\E )
H g4
' " \E
N M.

Bon ABCDEF that can be deferibed in the cir:
Cle: For, drawing OA, OB, &. and alfo Ov per-.
Pendicular to AB; it is plain, that the triangle
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AOB (POv x LAB) will be lefs than 1OA x 2AB* Cor. to
(or OR x LAB): And, in the fame manner, BOC, 2- 2.
3 OR x3BC, &¢. Confequently, the whole poly- o 1-and

8on ABCDEF is lefs than * OR x AB 4 OR x«
*BC, &, that is!, lefs than a retangle (Om)!
Under OR and Op = half the perimeter (AB 4 BC
1 CD &) But this reftangle (Om) is, itfelf, lefs
' than

Ax.2. 1.
» Za
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® Poft. 3.

= Cor. to

-
2 2.

* Ax. 4. 1.
P2

1 Poft. 3.

* Cor. to
1. 8.

Elements of Geometry.
than OS, becaufe Op (half the perimeter of the
polygon) is lefs than OT * (half the circumference
of the circle). Confequently the polygon ABCDEF
is lefs-than the reGtangle OS.

But, fecondly, it will appear, that the fame rect-
angle ORST is lefs than any. polygon HIKLMN
that can be defcribed about the circle: For, if
OH, Ol, &%. be joined. and the radius OP be
drawn to the point of contact of HI; then will the
triangle HOl = "OP x zHI (= OR x £HI}. In
the very fame manner JOK = OR x 11K, &e.
and therefore the whole polygon HIKLMN =
°OR x $HI 4+ OR x 11K, &r. = P.a reftangle
(O#) under OR and Qg = half the perimeter (HI
- iK - KL, &%¢); which reftangle is, mani-
feftly, greater than OS, fince Og (= half the pe-
rimeter of the polygon) is greater than QT4

Seeing, therefore, that the rectangle OS is greates
than any polygon that can be defcribed in the cir-

cle, and lefs than any polygon that can be defcribed
about the circle 3 it muft be equal to the circle .

THEOREM IIL

All circles (ACE, ace) are in proportion to ane an-
ether, as the fquares of their radii (AO?, ao®).

Let Q_: circle ace : : AO* ao*; then I fay, that
Q = circle ACE. For, firft, it is evident that Q.
is greater than any polygon ABCDEF that can be

- 1 QL K
/

LS

defcribed
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defcribed in the circle ACE : Becaufe, if another
polygon abcdef, fimilar thereto, be * deferibed in the ® 31. 5-
circle ace; then will polyg. ABCDEF : polyg. .
abedsf (2 :*AO*:40%) 11 Q: vcircle ace; where the t Cor. ta
firft confequent (polyg. abedef) being lefs than the 3! 5-
Jecond (or, than the circle in which it is infcribed *) ,, 7P,
it is manifeft, that the firlt antecedent ABCDEF
muft alfo be lefs than the fecond Q*. % 2. 40

In the fame manner it will appear, that Q is
lefs than any polygon HIKLMN that can poffibly
be defcribed about the circle ACE : For, if about
the other circle ace, a fimilar polygon bikimn be de-
feribed 7 5 then will HIKLMN : biklmn (= : * AO* 1 v g1, .
ag*) : : Q : *circle ace; where the firlt confequent * Cor. to
(hikimn) being greater than the fecond (ace)®, the =31-}' 5.
firft antecedent HIKLMN muft therefore be alfos 5.7,
greater than the © fecond Q, <240
Therefore, feeing that Q_is greater than any po- '
lygon that can be defcribed in the circle ACE, and
lefs than any polygon that can be defcribed about
the circle; it muft be equal to the circle?. "!C°;- te

SCHOLIUM.

After the fame manner, other {imilar curvilineal
figutes are proved to be in proportion, as the
{quares of their diameters, or other homologous
dimenfions ; by means of the fecond conftruction
of the firlt propofition; it being very eafy to de-
Mmonftrate, that the polygons formed from thence,
Whether both within, or both without two fimilar
figures, will themfelves be fimilar,
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THEOREM 1V.

The éircamferences of all circles (ABCD, abed)
are in the fame proportion as their radii (OB, ob).

Let OE, o0 be B
fquares on the radii
08B, 04; and let OG, -
og be two reCtangles A
contained under the \l/
fame radii and right- D
lines OH, 0b, refpec-
tively equal to the _
femi-circumferences ABC, abc. Then, thefe rect-
angles being equal to the circles theémfelves d, it
will therefore be, OE: OG ::0e:0¢°. Andin
this fame ratio are  alfo the bafes OC, OH y o¢, 0b+
whence (&y eguality and alternation) OC (OB) : o
(06) :: OH :'6b :: 20H (circumf. ABCD?) : 20h

* (circumf. abcd).

LEMMA 2.

If a folid (AC) generated by the revolution of any
plane figure (EBCFK) about a guicfeent axis (EF), be
cut by, a plane perpendicular to the axisy the feffion

will be a circle, baving its center in the point (O)
where it meets the axis. :

For, from O, in the
ganerating plane EBCF,
draw OR perpendicular
to the axis EF, meeting
BCin R.

Then, fince this line A
OR, during the whole [ >
revolution, every-where p
preferves its perpendicu-
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lirity to the axis EF, it is therefore always in the
Plane paffing through O perpendicular to the faid
axis " : and confequently, as the length thereof alfo ® Cor. to
Continues the fame in every pofition, the line Rrrrr 2-7-
defcribed, in that plane, by the extreme point R,

y which the fection is bounded, muft be the cir-
tumference of a circle !, whereof the point O is the' Def. 33.
Center. ' ' LU

COROLLARY.
Hence, not enly the bafes of cylinders and cones,
bue all fections parallel to them, are circles.

LEMMA 3

A right-line (PQ) flanding perpendicular to the
dlane of a cylinder’s bafe (and not exceeding the axis
CF) falls wholly within, or wholly without the cylin-
der, gccording as the peint (P) on which-it infifts, is
Jitugte within, or without the circumference of the

64 jé_

 From the center C, to the 1 r QDo

)

8tven point P, draw CP; take, ]
n CFand PQ, any two equal | !
Uitances CL, PN, and let LN LN IMIN

drawn, meeting the furface -
of the cylinder in M. T _
Becaufe CL and PN are pa-
Tllel ¥, and therefore both in L/J E’T\ P k4.7

4o 7.
the fame plane', LN is parallel, AN -G !Defige
nd equal to CP ™, Therefore, - a 56 1
When CP is lefs than the radius CG, LN will be'lefs ;" ;.
‘ﬁn CG, or than its equal LM "; and fo the® Def. 12
-Point N muft fall within the cylinder > And the 7- and
Ame s equally true with regard to any other point “Ax.2.1.
’é‘ the line PQ. But, when CP is greater than

G, LN will alfo be greater than HG (LM);
4 the point N will then fall out of the cylinder®.
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THEOREM V.

Every cylinder is equal to.a refiangular parallelepi-
pedon of equal bafe and altitude, paralet

1 fay, if the bafe ace of the cylinder 4S be equal
to the bafe IKL.M of the rectangular parallelepipes
don IP, and the altitude OH of the former be alfe
equal to the altitude KO of the latter ; then the
two folids will be equal.

For, firft, it is evident, that the cylinder exceeds
any parallelepipedon (1p), of the fame given alti
tude, whofe bafe Ik/m is lefs than the bafe (ace) of

N 27/Q s/

K /

/L /0

7 ™M F

the cylinder: Becaufe a polygon (sbedef) may t6
defcribed in the circle ace, that fhall exceed 1K/m '
upon which, an upright prifm (of the given al’

" tude) may be conftituted 3 which will be lefs tha?

the cylinder, as being wholly contained thereln’
fince (by Lemma g.) all right-lines drawn perpe?’
dicular to the bafe, -in the planes of the fides
from any points in b, b¢ &c. fall wholly within th®
eylinder, and confequently the planes themfelve®
in which they are. But this contained prifm
greater than the parallelepipedon Ip*: Therefor
the- cylinder itfelf mult, neceffarily, be grcaﬂ’-‘
than Ip . . 1
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 Yh like manner it will appear, that the cjlinder
¥ lefs than any parallelepipedon Ir (of the fame
altitude) whote bale IKv¢ exceeds that of the cy-
linder: For a polygon (ABCDEF) may be de-
fcribed about the circle ace that fhall be lefs than
TKv¢ "5 upon which a prifm may be conftituted ¥,*

163

1. 8.

Which, tho’ lefs “than Ir *, will, neverthelefs, exceed ” 18- 7-

the cylinder 7. v

Therefore, féeing that the cylinder can neither
be lefs, not greater than IP; it muft neceffarily
be equal to it

COROLLARY.

Hence, whatever isdemonftrated in the 211, 22d,
and 23d Theorems of the preceding Book, with re-
fpect to theé proportions of prifms, holds equdlly
true in cylinders alfo ; being équal to prifms of
equal bafe and altitude *. :

SCHOLIUM.

From the fame demonftration, it will likewife
appear, that every regular folid, whofe fections,
by planes perpendicular to the bafe; are all re&t-
-angles; is equal to a parallelepipedon of equal bafe
_and altitude ; and eonfequently, that all folids of
this kind (which may be comprehended under the
‘name of Cylindercids) will be equal among them-
felves, when their altitudes, as well as bafes, are
tqual.

LEMMA 4 )
If two._folids (HAH, hah) of the fame altttude,
bave their feflions by planes parallel io the bafes, at
-all equal diftances therefrom, equal 10 each otber 3 #
S propufed to. demonfirate (under certain vefrictions
dpecified bereafiér) that the [folids themyelves will b

-gaal,
M2 Let

2174
Ax. g.

20. 7»
and 5. 8§
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- Let I, KK &ec. i1, kk &c. be {e€ions of the two
folids by planes parallel to the bafes HH, b,
dividing the altitudes AB, b into parts BC, CD &c.
bey cd &ec. all mutually equal to each other. Then,
every two correfponding fections being equal ™
(HH = bb, Il =1, &c.) the upright folids HNNH,
bunh 5 Y00, dooi &c. tormed thereon, will alfo be,
refpectively, equal one to another”, whether they

and Sch. be prifms, cylinters, or cylinderoids, that is, whe-

5. 8.

ther the fections themfelves be right-lined figures,
circles, or curvilineal figures of any other kind.

NN 7777
PLW—”L.P Pl p
o0X —';;Jl\ ki~ ,\XAG
T N E§ 2\
NI J"TT 2 il e~ N/

A e\

* Ax. 2.

? Ax. 4.

/—\‘
HNE 8 Bomk h

Now, if thefe fections HH, II &¢. be fuppofed
to decreafe, from the bafe upwards, fo that the fo-
lids (HNNH, IOOI &¢.) formed upon them may,
exceed the correfpondent parts (HIIH, IKKI &¢.)
of the given folid HAH; it is manifeft, that the
fum of all the faid folids (HNNH . 100l &5¢.)
will likewife exceed the whole propofed folid HAH®-
But, if within HAH, on the fame f{e@ions (but on
contrary fides thereof) -another feries of fuch fo-
lids IRRI, KSSK &9c. be formed; the fum of all
thefe will, manifeftly, be lefs than the propofed folid
HAH, in which they are contained ?: And it is alfo
evident, that this laft feries will be lefs than the
former (HNNH 4 1001 &) by the greate(ltl of

theic
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thefe folids HNNH ; becaufe (this one, alone, be-
ing excepted) to every other folid of the rank, an
equal; in the contained rank, may be affigned, and
vice verfd : For *IRR1 = 100I, KSSK = KPPK,1 zo. 7.
LTTL = LQQL. _ S and Sch.
Now, fince the altitude BC, of the folid HNNH 5 8.
whereby the contained, and containing feries” differ
from each other, may be taken fo fmall a part of
BA, that the folid itfelf fhall be lefs than any af-
figned magnitude whatever * ; it is manifeft (from* Lem. 1.
the reafoning in Corol. to Theor. I.) that a magni- and 2z.7-
tude, which is greater than any feries of folids (of-
the kind-above Ipecified) that can be formed within
the propofed folid HAH, and lefs than any fe--
Hes that can be formed about HAH, muft be
equal to HAH. Burc the folid Aeb, being greater
than any feries of {olids (ir7i |- kssk &c:) contained
therein®, is therefore greater than any feries of {o-* Ax. 2.
lids IRR] 4 KSSK €5¢.) contained in HAH (tkefe,
being, refpecively, equal to #b9fe): And the fame
folid bab, being lefs than any feries of folids (bunb
+ 700i &c.) formed about it, is alfo lefs than any
feries of folids (HNNH + IOOI &9¢.) that can be
formed about HAH. Therefore the folid Aab is
¢qual o HAH.
In this demonftration, the fetions are fuppofed
to decreafe, continually, from the bafes upwards;
fo as to have the fides of the upright folids formed
thereon, placed wholly without, or wholly within,
the fuperficies of the given folids HAH, bak :
hich can only be the cafe, when all perpendicu-
lars, from any points in the furface ot either, to
the plane of the bafe, fall within the limits of the
bate. If, however, the fe&ions be fuppofed to de-
Creale to a certain diftance, only, and then to in-
Creafe again; the two folids will, ftill, appear to
¢ equal : Becaufe the parts of the one, terminated
M 3 by

1
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by fuch limits of decreafe, or increafe, will (by
the fame demonftration) be refpecively equal ro
the correfpandent parts of the other. But, 25 no
fuch folids have 2 place in the Eloments of Geae

~metry, to fay more about them here, would bs

improper.

LEMMA s

If pyramids and canes (ABCDEFG, TPQRS)

baving equal altitudes (AM, TN), be cut by plancs

parallel to the bafes 5 the feftions (bedefg, pqrs), af

all equal altitudes (Mm, Nn), will ke in the fame
propartion as the hafes.

For, the plane bedefg being parallel to BCDEFG,
thence is 4¢ parallel to BC?, &g 1o BG, &9¢. and
confequently the angle c2g = CBG®, 4¢ed = BCD,
. Alfo bc: BC (:: Ab: AB):: bg: BG. And,
in the fame manner, the fides about the ather equal
angles are proportional. Therefore, the two po-

]9 —
Q Q
N
EP~___ R
)

lygons 4cdefg, BCDEFG being fimilar ¢, they are

¥ Cor. to 1IN proportion *, as 4¢* to BC*, or as Ad* to f AB%

11 4.

or, laftly, as Am* tof AM?*; becaufe (BM and &7

tCor. to  being drawn) the angles AMB, Amb will be right -

707
LT

ones ¢, and dm, therefore, parallel to BM ™. But
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But the feGion pgrs is alfo to the bafe PQRS in
the fame proportion of Am* (Tn*) to AM* (I'N*);
becaufe pgrs, PQRS, being ! circles, they are as thei Lem. 2.
fquares of their radii pn, PNk, and confequently asx 3, 3.
Fn* to ' TN*. Therefore, feeing that the two fec- ! Cor. ta
tions have both the fame ratio to their refpeitive 11 4.
bafes, the propofition is manifeft m, B2y

COROLLARY.

It appears from hence, that the fe@ion of any
pyramid, by a plane parallel to the bafe, is fimilar
to the bafe.

THEOREM VL

ANl pyramids of the fame altitude, flanding upon
equal triangular bafes, are equal among themfelves ;
and every fuch pyramid (ABCD) is equal to a cone
(QRSTU) of equal bafe and altitude.

Cast L. If the perpendicular, let fall from the
vertex D of the pyramid upon the plane of the bafe
ABC, falls not our of the bafe, or beyond the li-
‘mits of the triangle: Then it is manifeft, from
Lemma 4, feeing the fections of the folids ABCD‘,

QRSTU,



168

t Lem. 5.

Elements of ~Geometry.

QRSTU, at all equal diftances from the bafes, will
be equal t, that the folids themfelves will likewife

_ be equal.

* Lem. 4.

¥ Ax. 5.

Case II. If the perpendicular (DE) from the
vertex to the plane of the bafe, falls beyond the li-
mits of the triangle: Then, to the point E where
it meets the plane, let BE and CE be drawn; and
on BE let a triangle EBF be defcribed equal to
ABC (or QRST), and let F, D be joined. So
fhall the pyramid CBFED, ftanding on the bafe
CBFE, be equal to the pyramid CABED, ftand-
ing on the equal bafe CABE v; from each of
which, let the common pyramid CBED be taken

" away ; and there will then remain the pyramid

* Ax. 1.

7 Def. 16.
7.
% Def.6.7.

BFED = pyramid ABCD ¥: But the former of
thefe is (4y Cafe 1.) equal to the cone QRSTU 5
therefore it is evident, that the latter ABCD will
alfo be equal to the * cone QRSTU 5 and, confe-
quently, that all pyramids of the fame altitude,
ftanding on equal triangular bafes, will be equal
among themfelves *; feeing every fuch pyramid is
equal to a cone (QRS1U) of equal bafe and al-
ticude.

THEOREM VIIL

Every prifm (ABCDEFA) baving a triangulsr
bafe (AFE) is equal to the triple of a pyramid of the
Jame bafe and altitude.

In the planes of the three fides, C
let the diagonals BE, BF, FD be '
drawn. Then will the part FBCD g /I \D
of the prifm cut off by a plane [
extended by FB and FD, be a R A
pyramid on the bafe BCD, hav- Mo S
ing the fame altitude with the
prifm itfelf”, both folids being N
contained between the fame * pa- L7 X
rallel planes AFE, BCD. More- 4. : -
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over, the remaining part FABDE of the prifm, if

a plane be extended by FB and FE, will be divided
into the two pyramids FBAE, FDBE, which are
equal to each other *, 3s ftanding on the equal * tri-

16.8.

angular bafes ABE, BDE. But the former of " 24 It

thefe pyramids FBAE, if B be now confidered as
the vertex thereof, will appear, alfo, to be equal
to the firft-mention’d pyramid FBCD*, the two
bafes AFE, BCD (as well as the altitudes) being
equal ®. 'Therefore, fince the three triangular py-
ramids (FBCD, FABE, FBDE) into which the
prifm is refolved, are all equal to each other; the
propolition is manifeft.

COROLLARY.

Hence, every prifm having a triangular bafe, is
equal to the triple of any pyramid of the fame alti-
tude, ftanding upon an equal triangular bafe .

THEOREM VIIL

If a prifin (AbcE) and a pyramid (PQRSTU)
Sfland upon equal, and fimilar bafes (ABCDE,
PQRST), and have both the fame altitude y the
prifm will be equal o the triple of the pyramid.

If the bafes
be refolved into £
triangles, ABC,
ACD e, it is
mapifeft, that
BbacCA will bea
prifm, on the bafe
ABC ; becaufe
Cc being equal g
and parallel to A
“Ag, AacC will °
be a parallelogram © (as well as B4 A and B&C "),

"~ There-

¢6. 8. and
Ax. 1.

¢ Def. 6.
and 8. 7.

¢ 26. 1.

f Def.6.7.
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‘Therefore BiacCA is equal ta the triple of the
¢Cor. to pyramid PQRU ¢, ftanding on an equal * bafe
;,7‘8' ¢PQR). And, in the fame manner, the prifm
VP34 AcdDC, on the bafe ACD, is equal to the triple

2 of the pyramid PRSU, on the equal bafe PRS;
and fo on. Therefors, alfo, thall the whele prifm

Ad, on the bafo ABCDE, be equal to the triple

of the whole pyramid PQRSTU, on the equal bafe

PQRST.

COROLLARY T

Hence, “all pyramids having the fame bafe and
altitude, are equal; being like parts of one and
the fame prifm, ’

COROLLARY IL

Hence, alfo, all prifms having the fame bafe
and altitude, are equal ; being equimultiples of one
and the fame pyramid.

COROLLARY 1L

Therefore it appears, that every prifm inclining
an its bafe, as well as every upright one, is equal
to a reftangular parallelepipedon of equal bafe

R and altitude*; and, confequently, that all prifins
¥ 20.7. whatever, having equal bafes, and altitudes, are
a"d“b“'equal to each other*: which muft be alfo true
in pyramids and cones. every fuch falid being fubr
triple to a prifm, or cylinder, of the fame bafe and

28.8.and 15 rude L

" 6. 8.

COROLLARY 1v.

Hence it alfo follows, that whatever is demon-
ftrated in the 21ft, 22d, and 23d Theorems of the
preceding Book, concerning the proportion of
prifms, holds equally in pyramids and cones; thefe
being like parts of zhofe’. . '

COROL-
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CORPLLARY. V.

It follows, morgaver, that al] correfpanding: fru-
ftums of pyramids and cones of the fame altjtude,
are alfa, in proportion, 2y their bafes. For, the
{ecions, at a}l equal altitudes, being in thag propor-
tien ®, the parts cut off (as well the wholes) willmpen, o
be in the fame proportion *5 and, confequently, the® Cor. 4.
remaining parts likewife °: °3. 4

COROLLARY VL
Laftly, it will appear, that all eopes, which have
their altitydes and the diameters of their bafes di-
retly proportional, are in the triplicate ratio of
their altitudes? ; being ta each other in the fames 24. 7.
proportion with prifms of equal bafe and altitude, * Cgrc 3.
an Or.

whereof they are like parts 9.
10 1, 4.

THEOREM IX.

Al fimilar prifms, and pyramids, are in the tripli-
cate rario of their altitudes. T

From the extremes of the homologous ﬁdes Aa,
Ee, upon the bafes ABCD, EFGH of the pre«
pofed folids Ac, Eg, let fall the perpendiculars

b

;P, EQ The anglc BAD being —_ FEH, BAG.: ,D:.F7s..7.
= FEe, and DAs = HE¢?, thence is aP : eQ : i+ Def!

@A :¢E4:: AB:EF’:: AD:EH". Therefore 4.
' " two
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two upright prifms conftituted on the bafes ABCD,
EFGH, of the fame altitudes (2P, ¢Q) with the
two folids Ac, Eg, will be fimilar, the one to the
?Def5.7- other ?; and, therefore, in the triplicate ratio of the
247 altitudes®. But the folids Ac, Eg, when taken as
¢ Cor. 2. Prifims, are refpectively equal to the faid upright
to 8. 3 ones; and, when taken as pyramids, are like parts,
of them *. - Therefore the folids A¢, Eg are alfo in
® Cor.1.4. the triplicate ratio of the altitudes sP and «Q".

COROLLARY.

Becaufe sP : ¢Q :: Aa: Ee:: AB: EF & it
follows, that all fimilar prifms, and pyramids, are
to one another, in the triplicate ratio of the ho-

¥ Cor. 1. Mologous fides of the like planes by which they
to 5. 4. are bounded?,

THEOREM X.

The fruftusn (ABCDEFA) of any pyramid having
a triangular bafe, is equal to a 'wboiz pyramid, of the

Jame bafe and altitude, together with two other pyra-

mitds that ave, in proportion theretos the one, as any

Side (BD) of the upper bafe (BCD) is 1o its correfpon-
dent (AE) of the lower bafe (AFE); and the otber,

as the fquare of the former fide is to the fquare of
the latier.

In the planes of the three
fides, let the diagonals BE, BF,
FD be drawn. Then will the p ¢
part FBCD of the fruftum,
cut off by a plane extended by
FB and FD, be a pyramid,
on the bafe BCD, having the
fame altitude with the fruftum
* Def. 16, jifelf =, both folids being con- 4|
tained between the fame * pa-
ralle! planes AFE, BCD.

7.
3 Def. 135,
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' Moreover, the remaining. part FABDE of the
frutum, if a plane be extended by FB and FE,

will be divided into the two pyramids FBDE,

FABE, having the fame ratio, one to the other, as

their bafes BED, ABE ®, or as BD to AE°. Butb 2y, 5.
the latter of thefe pyramids (BAFE), taking B as and Cor.
the vertex thereof, has the fame bafe and altitude 4 t08.5-
with the fruftum given: And the pyramid FBCD . 2,47
(firft mentioned) is therefore, in proportion thereto, and Cor.
as the bafe BCD to the bafe AFE ¢, thatis (be- 4.t08.8.
caufe the bafes are fimilar ©), as BD* tof AE?; ° Cort0

whence the propofition is manifeft. f1;2m45 )

COROLLARY.

~ Since, of the three folids (FABE, FBDE,
FBCD) into which the propofed fruftum is di-

vided, the ratio of the firft and third, is the dupli-

cate of that of AE to BD, or of the ratio of the

firt to the fecond ¥ ; it is evident, that thefe three & Cor. to
folids are proportionals®, From whence it appears, , 27- ¢-
that the fruftum of any triangular pyramid . is Def-7.4-
equal to two. (whole) pyramids of the fame alti-

tude, on bafes equal to the two oppofite bafes of

the fruftum, and to-a third pyramid, which is a

Mean proportional between the two former. And

it js alfo evident, that whatever is above demon-
ftrated, in relation to triangular pyramids, muft

hold equally in all pyramids and cones, whatever:
Becaufe every fuch folid is equal to a triangular
Pyramid, of equal bafe and altitude *; "and every i Cor. 3.
fruftum of the one, alfo equal to the correfponding to 8- 6.
fruftum of the other *. : ¥ Cor. 5.

to 8. 8.
LEMMA 6.

If with radii, refpectively equal to the three fides of
any right-angled triangle, three circles be deferibed,
hat whofe radius is equal to the bypotbenufe, will be
“qual to both the other two, taken togetber. ]

£
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1 Def. 12,
and 14.

Elements of  Geonvserry.

I¢t has been proved (in Theor, 3.) that circles
are in proportion, as the fquares of their radiis
therefore the - demon@tration here, is the very
fame, as in fimilar right-lined figures (Theor. 29
Book 4.) : Which_ (if neceflaty)] you may recoh-
fult, '

THEOREM XL
" Ewery fpbere is vwo-thirds of s circumferibing oy
Lnder (Of, of a cylinder of equal diameter and al*
situde.)

Let AB be the axis F, A D
about which the fphere
and cylinder are gene-

tion of the {emi-circle j

rated, by the revolu- !

AGB and the rectangle j i o G
ADCB'; ler HL be 3 ‘
any right-line perpen< i %,
dicular to AB, meets { " ‘
ing DC in L, and the I E oy

* periphery of the femi-

= Hyp.
R4.1.
14 4

? Lem. 6.

1Ax.2.1. q

circlein K ; and from the center O, let OK and
OD, interfeting HL in I, be drawn. .
Since AO is = AD™, and HI paralle] to AD"%
therefore is HI = OH °: But OHI being right-an-
pled ar H, the cifcle whofe radivs is OH (or HI)
will (By the preceding Lem. and Ax. 5.) be equal to the
difference of the-two circles whofe radii are OK
(HL) and HK : Or, in other words, the circle*
deferibed by HI, or the feftion of the cone gene
rated by the triangle AOD, in its revolution about
the axis AB, will be equal to the difference of the
two circles generated by HIL and HK ; that isy’
equal to the anmulas defcribed by KL 9, or the
foction of the folid which remains, when the fpherc
is taken out of the cylinder. Thérefore, feeting
the
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thefe two feCtions are, every-where, equal to each

other, the folids themfelves will likewife be equal *;* Lem. 4.
that is, the cone (EOD) will be equal- to the ex-

cefs of the cylindet (GDEg) above the inferibed
hemifphere (GAg): whence, as the cone, or ex-

cefs, is one third part of the cylinder®, the he-*6.8.and
mifphere muft neceffarily be equal to the two re- f'°§ Y
maining thirds. And what is here proved, with 08
Tefpect to the halves of the propofed folids, holds
equally in the wholes. Therefore every {phere is
two-thirds of its circamfcribing cylinder. '

COROLLARY L

_ Hence, a cone, hemi-fphere and cylinder, of the
fame altitude, and ftanding upon equal bafes, are
in proportion, as the numbers 1, 2 and 3, refpec-

tively.
COROLLARY 1II

Hence it alfo appears, that all {pheres are to each
other in the triplicate ratio of their diameters *; be- * Cor. to
ing in the fame proportion as the circumfcribing §- 8 and
cylinders, whereof they are like parts. 247

END of the ELEMENTS.,



OF THE
MENSURATION

OF

Superficies and Solids.

D 5 C

3

AL p L]

EVER Y quantity is meafured by fome other

quantity of the fame kind; as a line by a
line, afurface by a furface, and a folid by
a folid: And the number which fhews how often
the leffer, called the meafuring unit, is contained in
the greater, or quantity meafured, is called tbe con-
tent of the quantity fo meafured. Thus, if the quan-
tity to be meafured be the rectangle ABCD, and-
the little fquare E, whofe fide is one inch, be the
meafuring unit propounded ; then, as often as the
faid lictle fquare is contained in the retangle, fo
many fquare inches the rectangle is faid to contain :
So that, if the length DC be fuppofed 5 inches,
and the breadth AD 3 inches ; the content of the
retangle



Of the Menfuration, &c.

reftangle will be 3 times 5, or 15 fquare inches:

ecaule, if lines be drawn parallel to the fides,
at an inch diftance one from another, they will di-
vide the whole retangle ABCD into 3 times 3,
or 15, equal parts, of one inch each. And, gene-
rafly, whatever the meafures of the two fides may
be, it is evident (from El 7. of 4.) that the redt-
angle will contain the fquare ¥, as many times as.
the bafe AB contains the bafe of the fquare, re-.
peated as often as the altitude AD contains the
2ltitude of the fquare. Therefore, fo find the con-
tent of any rectangle, multiply the bafe by the altituie,
and the produid will be the anfwer. Thus, let the
length be 18 inches, and the breadth 15; then
the content will be 15 times 18, or 270 fquare
Inches.

. The method of find-
Ing the content of a
reftangle being thus
known, the content
of any parallelogram
ABCD, or triangle
ABD, will alfo be
known; the former of
thefe figures being equal to a rectangle of the fame
bafe and altitude ; and the latter equal to the half
of fuch a rectangle (by Cor. 2.1t0 2. 2.) There-
fore, multiply the bafe by the perpendicular, for the
Yontent of any parallelogram s and the bafe by balf the
Derpendicular, for that of any triangle. Thus, for
‘Cxample, let the bafe AB be 18 feet, and the per-
Pendicular DE 12 feet; then the content of the

c,

Parallelogram will be 216, and that of the triangla

108, fquare feet.

N From
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Of the Menfuration of

From the manner of
finding the area of a
triangle, the area of any
right-lined plain figure,
as ABCDE, may be de-
termined, by dividing
the whole into triangles
and finding the content
of each triangle. Thus, let the dividing lines
AC and AD, be 20 and 16 inches, and the per-
pendiculars BF, DG, EH, falling thereon, 8, 12,
and 10, refpetively ; then, the content of the

: ABC 7} 8o
Triangle {ACD} being { 120 ¢, it is evi-
ADL 8o .,

dent, that the content of the whole figure will
be the fum of all thefe, or 280 fquare inches
But, when the given lines are exprefled by frac-
tions, or very large numbers, the work will be
fornewhat fhortened, by finding the contenr of

“every two triangles, having the fame bafe, at on¢

operation; that is, by firft adding the two per-
pendiculars together, and then multiplying hal
their fum by the common bafe of the two trl
angles. Thus, in the laft example, the half-
fum of the two perpendiculars BF and DG be-
ing 10, if this number be, therefore, multiplied
by 20 the meafure of the ccmmon bafe AC, the
product, which is 200, will be the content of
the trapezium ABCDA ; to which 8o, the cons
tent of the triangle ADE, being added ; the fum
will be 280, the fame as before. But, if the po”
lygen propofed be a regular ore, that is, oné
whofe fides, and angles are all equal, the {hoﬂcy

wa



Supérficies and Solids:

way of all, is, to muliiply haolf the furz of all the

Jides by the lengsh of the lize drawn frem the m'ddle

of any fide 1o the center of the polygon. The rea-
fon of which is obvious, frem the demonftration
to Theor. 11. B. VIIIL

Having fhewn how. the area of any right-lined
figure may be computed, it will be proper here,
to fay fomething with regard to the area, and pe-
riphery, of the circle.

It is well known, that to determine the #iwe
area of a circle, and to find a right-line exaétly
equal to the circumterence thereof, ar¢ locked
upon, by mathematicians, as ablolutely impoili-
ble : But, though neither the one nor the other
‘can be accurately known, yet feveral Ways have
been invented by which they may be approxis
mated, to any afligned degree of exactnefs.
That, which 1 am now going to lay down,
though lefs expeditious than fome others, feems,
neverthelefs, to be the moft praper for this place,
as depending on the moft {imple and . evident
principles: [ fhall therefore begin with premifing
the following .

LEMMA.

If AD be ¢ diameter, and AB, BC two egual
.ares of the fame circle, and if the chord: DB, DC
be drawn s theny I fay, thar DB* = LAD » DC 4
tAD '

N 2 For,
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Of the Menfuration of

For, if in DA produced, there be taken AF ="
DC, and BF, BA, BC and the radius BE be
drawn ; then, the external angle FAB, of the

trapezium ABCD, being equal to the internal op-

pofite angle DCB (4y 17. g.) alfo AF = DC, and
AB = CB (Jy Hyp.); it is evident, that FB is
alfo = DB, and confequently the angle F = FDB
= DBE: And fo the ifofceles triangles’ DEB,.
DBF being equiangular, it will be as DE (:AD):
DB:: DB : DF (DC 4 AD); and confequently
DB* = JAD xDC 4+ zAD*. Q,E. D.

COROLLARY.

Hence, if the diameter AD be denoted by
the number 2, the chord DB will be denoted
by  DC — 2 : whence, it appears, that, if
the meafure of the fupplemental-chord of amy arch .
be increafed by the mumber 2, the fquare-root of

the fum will be the fupplemental-chird of balf that
arch. '

Now, to apply this to the matter propofed, that
is, to the finding of the area and circumférence
of the circle; let the arch ABC be taken equal
t0 ; of the femi-periphery ACD; then will the
chord AC be equal to the radius AE (% 29. 5')5-
: an
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and therefore, fince ACD is a right-angle (%

13. 3.) DC* (= AD* — AC? & 8. 2.) will be

.= 4 — I = 3; and confequently DC = 3 =
1,7320508075, &c. Wherefore, feeing the fup-
plemental-chord of § of the femi-periphery is
1,7320508075, Wwe fhall, by the preceding Co-
rollary, :

(+/2+1,7320508075 = 1,031851662¢ 1. (47 .
V2119318516525 = 1,9828897227 | § | % 5
5,’< v/ 2+1,0828897227 = 1,995717846; >§%< " >.E
2 ] V21+1,0957178465 =1,9989291743 { & | & g
v/ 2+1,9989201743 = 1,9997322757 ‘E'ﬁ S 1S
V2+1,9997322757 = 19999330078 | T |3z | 32
v/ 2+159999330678= v/ 3,9999330678) ¢ L350 ®

Now,therefore,fince it is found that 3,9999330678

is the fquare of the fupplemental-chord of 53— of

the femi-periphery, let this number be fubftracted
from 4 the fquare of the diameter, and the re=
mainder 0,0000669322 will be the fquare of the
chord of the fame arch ; therefore the ¢hord it-
felf being = 4/0,0000669322 = o,00818121, let
this number be multiplied by 768, or twice 384,
and the produé 6,23317 will be the perimeter of
a regular polygon of 768 fides, infcribed in the
circle ; which, as the fides of the polygon very
nearly coincide with the circumference of the cir-
cle, muft alfo exprefs the Jength of the circums
ference itfelf, very nearly.

N ,i | :B ut,
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Of the Menfuration of

But, in ‘order to
fhew how near this
{s to the truth, let
AB reprefent one
fide of aregular po- .
Iygon of %68 fides,
inicribed in thecircle
(whofe length, we
Lave found above,
to ke 0,00818121)
and let ¢b be a fide
of ancther fimilar
polygon, deferibed -
about the circle; and. from the center O let ON
be drawn, bifeCting ABD and @2 in M and N:
Then, fince. AM is == YAB = 0,0040q906, and
AQ = 1, it is plain thar OM* (AQ* — AM?)
will be = 0,9994¢ 27, and confequently OM =
°=99999163D; whence, becaufe of the fimilar tr6i-
angles AOB, 206, &c. we have o 916,
(OM): 1 (ON):: AB:ab:: 6,'28'317"9(\9t}9i_29peri3—
meter of tnednfcribed polygon) : 6,28322 the pe-
rimeter of the circumferibed polygon. But the
circumference of the circle being greater than the
perimeter of the inferibed polygon, and lefs than

- P - » -.b . .
that of the circuinferibed one, it muft, ‘confe-

- quently, be greater than 6,28317, and lefs than

6,28322; and muft, therefore, be equal to 6,2832,
very near; fince this number exceeds the perimeter
of the infcribed polygon by no more than 0,00003,
and is lefs than the perimeter of the circomfcribed
on: by o oovoz, cnly.

From the periphery thus found, the area of the
gircle will alfo be known 3 being equal to the pro-
duct of half the periphery into the radius (4y 2. 8.)
that is, = 3,1418 x 1 = 3,1410.

There~
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Therefore, fince it is proved (in Theor. 3. and 4.
of 8.) that the peripheries of circles are in pro-
portion as their diameters, and the circles them-
felves as the fquares of thofe diameters; it fol-
lows, that, as 2 is to 6,2832, or as 1 to 3,1416.: :
the diameter of any circle to its periphery; and
as 4 to 3,1416, or as 1.to 0,7854 : : the {quare
of the diameter to the area.

But, if you had rather have the proportions in
whole numbers, and the cafe propofed does not
require any great degree of accuracy; then, in-

~ftead of the foregoing, thofe of Archimedes may be
ufed, viz. 7 : 22 : : diam. : circumf. and 14 : 11 ::
fquare diam. : area. Which proportions differ but
little from thofe above, as will appear from the
following example : wherein the diameter of a
circle being given 28, its circumference and area
are required. Here, according to the firft propor-
tions, I multiply 28 by 3,1416 for the circum-
ference, and the fquare of 28 (or 784) by 0,7854
for the area ; and there refults 87,964 and 613,75,
refpectively. But, according to the proportions of
Archimedes, the circumference will be found equal
to 88, and the area 616; which differ very little
from the former.

By knowing the proportion between the diame-
ter of a circle and the circumference, and between
the fquare of the diameter and the area, the con-
vex fuperficies of folid bodies may be determined.
Thus, '

The convex fuperficies of a cylincer is found,
by firft finding the circumference of the bafe, and then
multiplying by the alritude of th: f3lid. Therefore,
if to that predult, the area of the two circular
ends be added, the fum will be the whole fuper-
ficies of the cylinder.

N 4 To
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Of the Menfuration of
~To find the convex fuperficies of a cone, mul-
diply balf the length of the flant fide thereof by ihe
circuinference of ihe bafe.

The convex fuperficies- of any fruftum of this
folid is found, by multiphing the fum of the peri-~
pheries of the two ends inio kalf the length of the
Slant fide of tke frufium.

To find the fuperficies of a fphere, multiply
the periphery of the greatefe, or generating, civcle by
its diameter : Gry multiply the fquare cf the diameter
by 3,1416.

* The convex fuperficies of any fegment of a fphere
is found, &y multiplying the periphery of the greatelt
circl: of the fphere into the aliitude of the fegment.

The demonftration of thefe laft rules, for find-
ing the curve furfaces of folid bodies (which is not,
given in the Elements, for reafons mentioned here«
after) is inferted at the end of this fe@ion.

Or THE MENSURATION .OF SoLips.

As every E I
fuperficies s '
meafured by a 31
{quare, whofe
fide is unity
(as onec inch,
one foot, one 5
yard, {o¢.) fo
every folid is

meafured by a | )
cube whereof /7z~2 P
the fide is alfo A% A

&n unit. Thus,

o

SN

let
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let the folid to be meafured, be the retangular
parallelepipedon AF, and let the cube P, whofe
fide is one inch, be the meafuring unit 5 alfo let the
length AB, of the bafe AC, be 4 inches, the
breadth BC 2 inches, and the altitude AH of the
folid 5 inches: Then, becaufe the area of the bafe
ABCD is 2 times 4 (or 8) fquare inches, it is eafy
to conceive, that, if the folid were to be only one
inch high (inftead of 5), the content thereof would
be juft the fame number (8) of cubical inches
becaufe then, upon the eight equal fquares into
which the whole bafe ABCL is divifible, a cube of
one inch might be erected, fo as to compofe a pa-
rallelepipedon on that bafe, of one inch high.
Therefore, feeing that the content of the folid, at
one inch high, is 8 cubical inches, the whole con-
tent at 5 inches high, muft confequently be g
“times 8, or 40 cubical inches {fince the whole fo-
lid.AF may be confidered, as ccmpefed of .- fuch
heights of cubes, one ranged above an<sher) And,
generally, whatever the dimenfions may be, it is
manifeft (from 21 and 22. of 7.) that the parallel-
epipedon will contain the cube P, as many times
as the bafe ABCD contains the bafe of the cube,
repeated as often as the altitude AH contains - the
altitude of the cube. Therefore the content of any
Darallelepipedon will be found, by multiplying rhe area
of the bafe by the altitude of the perallelepipedon.
‘Thus, for example, if the two dimenfions of the

bafe be 16 and 12 inches, and the height of the -

folid 10 inches; then, the arca of the bafe being
192, the content of the folid will be 1920 cubical
inches,

From the content of a parallelepipedon, thus
known, that of a prifm, or a cylinder, wiil like-
wife be known; every fuch folid being (4y 20. 7.
or 5. 8.) equal to a parallelepipedon of equal bafe,

and

1835
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‘1s colle&ted from 9Thesr. 10.

“ing found the content of a

Of the Menfiuration of

and altitude. -Therefore, multiply the area .of the
bafe (found by the rules for fuperficies) into the
beight of the prifin, or cylinder, and the produd will
be the content.

Hence the content of any pyramid, or cone, is
alfo obtained ; being (4y Cor. 3. 20 8. 8.) equal to
4+ part of a prifm, or cylinder, of the fame bafe
and altitude. Therefore, muitiply the area of the
bafe by L of 1he altitude, and the produét will be the
anfuwer.

Every fphere being (4y 11. 8.) equal to J. parts
of a cylinder of the {ame diameter and altitude s
the content of any [phere will, therefore, be found,
by multiplying the arca of its greatefl, or generatings
circle into 3 of its diameter : Or (becaule the area
of fuch circle is to the fquare of the diameter, in
proportion as 0,76 54 to 1), ket the cube of the dia-
meter be muliiplied by the fraflion ,5236 (= 3 of
0,7854), and the produil will be the content. 'Thus,
if the meafure of the diameter be 20, the cube
thereof will be 8coo ; which, multiplied by ,5236,
will give 4188,8 for the meafure of the fphere’s
{olidiry.

' The manner of finding the
content of any fruftums of
the folids above determined,

and 11. B. VIII. Let the fru-
ftum (MN), firft propofed, be
that of a pyramid ; ther, hayv-

whole pyramid, of the fame
given bafe and altitude; fay,
as any fide A of the lower end or bafe, is to its
correipondent B of the upper, fo is the faid con;

ten
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content to a fourth-proportional 5 and, as A is
(again) to B, {o is the quantity lalt found to an-
other proportional : which two proportionals, add-
ed to the content firft determined, will give the
true content of the fruftum. But when the op-
pofite bafes of the fruftum are fquares, the rule
will be more fimple, and put on a better form :
For then the area of the bafe being A%, the con-
tent of a whole pyramid thercon, of the fame aldi-
tude with the tiuftum, will be equal to the paral-
lelepipedon C x A%, C being 4 of the given alti-
“tude of the fruftum. But A: 5 :: Cx A*: Cx
AxB(bye2.7.)and A:B:: CxAxB:CxBn
Therefore Cx 424 Cx AxB J+ CxB* (=Cx
A 4 A x D 4B by Schel 20 20, 7.) is the true
content, in this cafe. .
Hence, to find the coutent of the fruflum of any
Jauare-pyranid, add the produll of the two fides of
the lower. and upper ends 2o the fum of their [quares,
and, then multiply the aggregate by T of the pyres
aid’s beight,

T

. From the con. » ———
tent here found, z4et _ 3

of any conical fra-
ftum (PQ) is rea~
dily obtained ; be-
Ing in proportion : '

to the content (C x ICIE«
TTABE R L p

of the fruftum of a S~ —Q

fquare pyramid cir- "

cumfcribing 1, as- the bafe of the former is to the.
bale of the latter (2y Cor. 5. 10°8. 8.), or as the frac-
lion ,7854 is to umity : And fo, will be equal to the
7854 part of C x A> -~ AxB + B>= E x
a* 4+ AB 4 B*; by taking E = ;7854 x C= the
=618 part- of the whole given- altitudes Th;;rc-

- ore
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alfo be deduced: A
_For, it appears, M__// D

Of the Menfuration of

fore, to Jind the content of any frufium of a cone;
add 1he produt? of the diameters of the two emds to

the [um of their fquaress . then multiply the aggregate

by the frufum’s beight, and the produd, again, by

ke frattion ,2618. .

Hence,” and
from Theoir. 11.
B. VIIL. aRule
for finding the R Y
content of apy f-
fegment IAK of |
-a {Iphere, may

C

Sfrom thence, that ' ' :
the fegment propofed, IAK, is equal to the dif-
ference between a conical fruftum FCDH and a
cylinder ECDG of the fame altitude, ftanding upon
a bafe, whofe radius CA is equal to that (AQ}
of the fphere itfelf. But the content of the fru-
ftum FCDH, if the two diameters CD, - FH be re-
prefented (as cbove) by A and B, and the ,2618
part of the altitude (D) by E, will be = Ex
A* 4+ A x B -} B (that is, equal to a parallelepi-
pedon whofe altitude is E, and bafe = A* - A x
B -I- B*): And the content of the cylinder ECDG -
will be == 3E x A%, or E x gA* Therefore the
difference (or the content of the fegment IAK) will
be = E x 2A* ~— A x B — B* (Schol. 10 20. 7. and
Ax. 5.1.) But 2A*— A x B — B* is compofed
of A*— A xB and A* — B*; whereof the for-
mer part A*— A xBis=A~—~B x A (& 5. 2.)
= 2D x A (becaufe A ~B (or CD — FH) = FF
4+ HG = 2ABor 2D); and the latter A* — B* =
A—BxA £ B (47 2)2Dx 2A — 2D+
‘Whence the fum of both will confequently be =

2D x 3A — 2D and the content of the fegment.
) itfelf
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ifelf = E x 2D x gA — 2D =,5236 x D* x
3A — 2 D (becaufe 2E = ,5236 D).

. Therefore, 10 find the content of amy fegment of a
Jpbere, multiply the [quare of the [egment’s beight by
the excefs of thrice the [phere’s diameter above the
double of that beight 5 and then multiply by the frace
tion ,5236.

The demonftration of the rules for determining
the fuperficial content of the cylinder, cone and
{phere, and of their feveral fegments, or fruftums, is
collefted from the two Lemmas here fubjoined.

LEMMAI 1.

. The upper fuperficies, or the area of all the fides of
a regular pyramid, in which a cone may.be infcribed,

s equal to a reflangle under the perzmeter of the b 7fe
and half the length of the lones’s flant fide.

For, let BCDE,
&¢. be the bafe
of the pyramid,
and BPGM that
of the infcribed
cone; and from
the vertex A to
the point P where
any fide DE of
the polyg.touches
the circle, let AP
be drawn. Then,
fince the triangle
ADE is = tAP
XDE = LAB x
DE ; and as the
like holds good
‘With regard to
tvery other fide

189
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. of the pyramid, it is evident that the fum of all

the fides, or the whole fuperficies of the pyramid
(excliffive ‘of the bafe) will be equal 1o 1AB x

DE 4 EF - &c; that is, equal to a re@angle

under +AB and the wholé perimeter of the bafe.

"COROLLARY I.
Hence it will alfo appear, that all the fides

-of any fruftum Bg of the pyramid, will be equal

to a reftangle under half the length of each fide
and the fum of the perimeters of the two ends-:
For, the area of the fide DEed being = 1Pp »

LE + de, or {Bb x DE + de (by 4. 2.), the

~arca of all the fides will, therefore; be =— LBb %

DE T 4 + EF 1 of 1. 0,
COROLLARY IL

‘Therefore, feeing that the feregoing conclufions
hold univerfally, whatever the number of the fides
may be; and as the pyramid, by increafing the
number of its {ides, approaches nearer and nearer,
continually, to the infcribed cone, which is its Ji-
mit 5 thence will the upper fuperficies of the cone
(as well as that of the pyramid) be equal to a re&t-
angle under half the length of its flant fide and the
perimeter of its bafe. And the convex {uperficies
of any fruftum of the cone will, aifo, be equal to
a reCtangle under half the length of its flane fide
and the fum of the peripheries of its two ends,
or bafes : Whence it likewife follows, thar the coor
vex furface of a cylinder will be equal to a re@-
angle under half its altitude and twice the peri
phery of its bafe (or under the whole altitude and
once that periphery); becaufe then. the two ends ar
equal.—From this Corollary, the rules for finding
the fuperficies of the cylinder and cone, are given..

L E M-
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LEMMA 2

If a regular polygen. ABCDE, &c. of an evem
number of fides, together with its infcribed circle
RQSq, be fuppofed to revolve aboui the (produced)
diameter RS, as an cxis 5 the fuperjicies of the filid
gencrated by the polygan, will be equal 10 a refiangle
under its axis AF and a right line equal to the cr-
“cumference RQSq of the inferibed circle.

From the
center O, to
the point of
conta&t Q, of
any fide BC,
let the radius

LARE (P A 6?3\[‘
OQbedrawn; _ i
alfodrawBaM,
“H

D

QPg, CcL, v
&F¢. perpendi- M 77
cular to AF, i L I

and BN per-
pendicular to CL.

Becaufe the folid generated by the plane B4:C
is the fruftum of a cone, the convex fuperficies
thereof, generated by BC, is equal to a reftangle
under 1BC and the fum of the peripheries of the
two circles defcribed by B and Cc (dy Cor. 2. to
the precedent) : But the fum of thefe two periphe-
ries, as QP is an arithmetical mean between Bé
and Ce, is equal to twice the periphery Qg; and
therefore the convex fuperficies of the faid fruftum
equal to zBC x 2 periph. Qg = BC x periph. Qg.
But, becaufe of the fimilar triangles OPQ, BNC,
we have BC : BN (4c) :: OQ : PQ_:: periph.
RQSg : periph. Qg (#y 4. 8.)5 and confequently
BC x periph. Q¢ = 4 x periph. RQSg = the fu-

perficies

191
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Of the Menfuration of
perficies generated by BC. By the very fame ar-
gument, the fuperficies generated by any other fide
CD is = ¢d x periph. R(LS? : Whence it is mani-
feft, that the fuperficies of the whole folid is =
Ab + be + cd + ©eo x periph. RQSg = AF x
periph. RQSg.

COROLLARY L

Since the fuperficies of the folid is, univerfally,
e?ual to AF x periph.RQSy, let the number of fides
of the generating polygon be what it will ; and as
the faid fuperficies, by increafing the number of
fides, approaches nearer and nearer, continually, to
the fuperficies of the infcribed fphere, which is its
limic ; thence will the fuperficies of the fphere, it-
felf, be alfo equal to a retangle under its axis RS
and periphery RQSg: And the convex fuperfi-
cies of any fegment thereof vRw, will likewife be
equal to a re€tangle under its axis (or height) Re
and the fame periphery RQSy; fince it is proved,
that the correfponding fuperficies of CBAML, is
pniverfally equal to Ac x periph, RQSy.

COROLLARY 1L

Hence it alfo appears, that the fuperficies of every
dphere is equal to four times its generating circle :
Becaule (4p 2. 8.) the circle RQSg = ;RS x periphs
RQSg = ZRS x periph. RQSg. -

In deriving thefe conclufions, as well as thofe de-
pending upon the preceding Lemma, the Reader
muft have obferved, that fomething is affumed,
which is nor demonftrated in any part of thefe £le-
sments. Bur this will not, 1 imagine, be confidered as
a fault, by Thofe who know, that it is impoflible -
to prove in a manner perfecdly regular and geome-
trical, that a cuwrve furface, of any kind, is equal

' 10
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to a plane-ore of an affigned magnitude. Plane
furfaces are compared with one another, in virtue
of the roth Axiem; in which, whatever relates to
the equality of plane figures, has its original.. But
no principles have been yet admitted into the com-
mon, or lower Geometry, whereby a curve furface
can be compared with a plane one; nor even by
which the proportion of any one cuarve-line to a
right-line can be known: Nor can it be demon-
ftrated by all the Geometry in Euclid’s Elements,
that the periphery of a circle is lefs than the peri--
meter of its circamfcribing fquare.~——~We can detef-
mine the proportion of folids bounded by curve-
furfaces, by defcribing other folids in, and about
them, fo as to differ lefs from them, than by any
afligned part however fmall. But in comparing
of the furfaces, this method fails; becaufe, let the
number of fides of the infcribed, or circumfcribed
folid be ever fo great, or let the folid itfelf ap-
proach-ever fo near to the propofed one ; the two
furfaces, after all, wil] bave no part in common on
which a demonftration can be formed, but will
ftill be diftinét things. Before fuch a comparifon can
poffibly be made, in a regular and fcientific manner,
new principles muft be laid down: But zbefe belong
to, and are beft fupplied in the Modern Geometry,

or Mzthod of Fluxions.
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s 1.
b Hyp.

OF THE

MAXIMA and MINIMA

OF

Geometrical Quantities.

THEOREM L

If from two given points A, B, on the fame fide of
an indefinite line PQ (in the fame plane with them)
two lines AE, BE be drawn to meet on, and make

equal angles AEQ, BEP with the faid line PQ s
the lines fo drawn, taken together, fball be lefs than
any other two AG, BG, drawn from the fame points
10 meet on the Jame line PQ.

For,let BNM be per- B
pendicular to PNQ, and
let AE be produced to
meet it in M, alfo let
MG be drawn. P

Then the triangles
MNE, BNE, having
the angle MEN (=
AEQ*)=BEN°’MNE
= BNE*, and NE com-

¢ Conftr. 11on to both ; have alfo MN = BN, and ME E
B
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BE ¢; whence alfo MG = BG*: But AM (AE -|-%15. 1.
BE) is lefs than AG 4+ MG, or, than its equal; Ax10-f
AG 4+ BG. Q, E.D. ' 19 L«

THEOREM IL

Of all right lines AP, BP 5 AQ, BQ, that can be
drawn from two given points A, B, to meet, two by
two, on the convexity of a given circle RPQR 5 thofe
two AP, BP taken together, fhall be the leaft, which
make equal angles with the tangent MPN (or with
the radius DP) at the point of concourfe P.

For,if to any point zin AN B
the part of the tangent in-
tercepted by AQ and BQ,
there bedrawn Az andBr; np - - x
then will AP 4- BP be lefs =
than Az -}-Bz®,and An +
By lefs than AQ - BQ *: R
Confequently AP 4+ BP
is le(s than AQ -} BQ.

This demonftration holds equally true, when the
curve RPR is fuppofed of any other kind; pro-
vided all tangents to it, fall intirely without the
curve.

€ Theor.1,
ba3 1.

THEOREM I

If, in a given triangle ABC, a point is to be de-
termined, fo that the fum of all the three lines drawn
Srom thence to the three angles, fball be the leaf? poffible;,
1 fay, tbe pofition of that point muft be fuch, that all
the angles formed about it by thofe linesy fhall be equal
among themfelves.

02 If
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If you deny it, then Ay
let fome point E, at
which the angles BEA, :
CEA are unequal, be the
required one. ‘
Upon the center 8, 1 D R

thro’ E, let'the circum- :

ference of a circle RER / \

be defcribed ; and let D C

be that point in it, where B

the angles ADB and ADC are equal. ,
'Theor.2. Becaufe BD -I- CD is lefs than BE 4 CEY,

therefcre is AD 4 BD 4 CD alfo lefs than AE +
*Ax.6.1.BE |- CE *; wbich is repugnant. Therefore no

point at which the angles are unequal, can be the

required one. 2 E. D.

The fame otherwife.
Let the point P

be that,atwhich all

the angles APB,

APC, BPC are

equal *; and from

any other point Q,

upon the lines form-

ing them, let fall

the three perpendi- '

culars Q;JI:QPI):, Qc. ‘B/

1 fay, firft, that the

fum of the three diftances Ag, Bj, C, intercepted
by thofe perpendiculars, and the three given points
A, B, G, will be equal to the fum of the three

——

* The determination of the pofition of a point, at wbhich, line
drawn from three given points, foall form any given angles, .
" given among the Geametrical Conflyultions, in the next feldion-;,

" fisft
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firft diftances AP + BR 4+ CP. For, if thro’

the interfetion .M of Pr and 4Q, rv be drawn
parallel to Aa, ‘meeting BS (produced) in <, and

PS, parallel t0.4Q, in S ; it ls evident (becaufe the

ancrle v = 'BP2 = vPM = % of aright angle ®)10qr. 1o
that the triangle PoM is equilateral j and that the 8 1.
right-angled triangles QMe¢, QMr, having QMic™ Hyp.
(= PMé =uMb; == QMr, have alfo M =rM

to which let MP = Mw be added ; fo thall cP = rv

‘= al’ 4~-vS=aP 4+ Pb. And, if to the firft and latt

of thefe, AP-{- BP 4 C¢ be (again) added ; then will
AP+BP+CP-—-A¢+B&+L£, as was af-
Jerted : Whence the Theorem itfelf is exceedingly
obvious : For feeing that the fum AP 4+ BP 4 CP

1is but equal to the fum of the three bafes Az, B,

Ce, it muft neceflarily be lefs than that of the

three hypothenufes AQ, BQ and CQ, & E.D.

THEOREM IV.

The greateft sriangle ABD that can pcffibly be con-
taired under two right-lines, given wn teagth, and any
other right line joining their extremesy,will bewhen the two
givenlines AB, BD make righi-angles with each other. -

For, let BC be 1
equal to BD, and ¢ :
the angle ABC «i-
ther greater, or lefs
than the righr-angle
ABD); let alfo CF &£
be. drawn parallel to A
AB, “meeting BD
(produced, if neceFary) in F and lctA F,and A,

C be joined.

‘Then-the angle BFC being a right-one "'t is evien ¢y, -
dent that BC (BD) is greater ¢ than BF © ; and there-° 2o 1.
fore theé triangle ABD, being greatér than ABE ?,° Ax. 2.
15 alfo greater “than its equal * ABC. @, £.D. q;°; to

O THE O-
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£16. and

7- 1.
s'Theor.1.
t Hyp.
g3, 1.

¥ Ax.z2.1.
x Cor. 1.
to z. 2.

of the Maxisna and Minima

THEOREM YV,

Of all triangles ABC, ABD, baving the fame baft
AB, and the fum of their other fides the fame, the
ifofceles one ACB, is the greateft.

ILet CH be perpendi-

Cc
cular to AB, and DEF ¥ D
parallel to AB, interfet- F
ing HC(produced if need -

be)in E; likewife let AE
and BE be drawn.

It is manifeft that the
angles AEF, BED are A H B
equal " ; therefore AE 4- BE is lefs than AD -
BD, or than its equal AC - BC *; and fo the
triangle AEB, falling within the triangle ACB %
mult be lefs than ACB ™, and therefore ADB (=
AEB*) muft alfo be lefs than ACB. 9@ E.D.

THEOREM V],

Of all triangles ABC, ABD flanding upon the fame
bafe AB, and baving equal wvertical angles ACB,

ADB, the ifofceles one ACB is the greateff.

7 22. %,
and11.1.

=36, 1.
-2 Cor. to
‘2. 3

Let ACDB be a C
fegment of a circle,
in which the - equal
angles ACB, ADB
are contained”; make
CEG perpendicular,
and DE parallel, to A
AB; from the center
O draw OD, and let
A, E and B, E be
joined. It is evident .
that CG, net only bifets AB*, but alfo pafies
through the center O, Therefore, OD (OC) be-

ing
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ing greater than OE *, the triangle ACB will alfo* zo. 1.

be greater than AEB, or than its equal ADB b v Cor.2.2.
Q, .D. . o and Ax.2.

THEOREM VIL

Of all right-lines DE, ¥G that can be drawn fo
cut off equal arcas ADE, AFG from a given triangle
ABC, that DE is the leaft, which makes the triangle
ADE cut off an ifofceles one.

Let AFG be
the circumfe-
rence of acircle
paffing through
the three points
A, F,G; alfo
let PH be per-
pendicular  to
FG, at the mid-
dle point P,
meeting the cir-
_cumference in
H, and let FH '
and GH be drawn. The triangle FHG, being., -
ifofceles €, is therefore greater than FAG ¢, OF ¢ Theont
than its equal * ADE: Whence, as the triangless Hyp.
FHG, ADE are equiangular , the bafe FG of the Hyp and
greater, muft confequently exceed the bafe DE of Cor. ta
‘the lefler. 9, E. D. S ek

THEOREM VIIL

Of all right-lines EF, GH, GH that can be drawn
thrd’ a given point D, between two right-lines BA,
BC given in pofition that EF which is bifected by
the given point D, forms with them the leaft triangle
(EBF). \

o 4 For,
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b 4. and
7. 1.

1 Hyp.
kg, 1.

1 Ax. z.

s Ax. 6.

*15. 1.
F24.1.

1 Cor. to -
2. 2,

and DFH will there-

Of the Maxima and Minima

For, if El, parallel
to BC, be drawn, meet-
ingGHin[; the®equi-
angular trianglesDF H
and DEI, having DF
= DE!,will beequal*;

RIS

=

fore be lefs, or greater

than DEG/, according y/
as BG is greater or lefs I/
than BE. In the for-

mer cafe let DEBH AGEVG M b
common, be added to X

both; fo fhall FEB be lefs than HGB*. And if,
in the latter cafe, DGBF be added, then will HGB
be greater than FEB™; and confequently FEB (in
this cafe alfo) lefs than HGB. 9. E. D.

~ COROLLARY.

If DM and DN be drawn parallel to BC and
BA ; the two equal °triangles DEM, DFN, takeh
together (fince EM = DN ° = MB’) wil] be equal
to the parallelogram DMBN ¢, and confequent!
the parallelogram DMBN = ZBEF -3 ’EBGFZ

“Whence it is manifeft, that a parallelogram is al-

ways' lefs than ‘half a triangle in which it is in-

{cribed; except when the bafe of the one is half

the bafe of the other ; in which cafe che parallelq-
gram is jult half the triangle. '

SCH O-
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SCHOLIUM.
From the ™
preceding Co-

.N’
rollary  alone, ,
it may bevery : . ' ;)
. C

eafily made to
appear, that
the leaft tri-
angle EGM
which can pof-
fibly be de- b aE

fcribed about, ;76T A ¥ L E
“and thegreat- ' o

eft parallelogram EFBz that can be defcribed ‘in,
any curve ABCD, concave to its axis AE, will be
when the fub-tangent FG is equal to half the bafe
EG of the triangle, ‘or to the whole bafe EE of
‘the parallelogram ;-and that the two figures will
.be in-the ratio.of two to ove. For'let HN be a
fide of any other circumfcribing triangle (EHN)
touching the curve in C, and. meeting FBr in 7:
Then, the curve being concave to its ‘aXis, the
point 7 will fall above B; wherice; if 7 be drawn
parallel to Bx, then will EGM =2BE 3 27E
EHN. Again, if IC, parallel to EM, be pro-
duced to meet GM in p, and CK and pg be drawn
parallel to AE ; then, alfo, will BE = JEGM —~
PE o CE, as was to be fbewir.

THEOREM IX.

Of all right-lined figures, contained under the fame
-number .of fides, and inferibed in the fame circle, that '
is the greatefp whofe fides are all equal. ‘

For,

201
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*Theor.6.
and 11.3.

Of the Maxima and Minima

For, if poffible, let -
-fome polygon ABCFE,
whofe {idesCF, EF are
uriequal,be the greatett.

Let CDE be an €
ifofceles triangle de-
fcribed in the fame
fegment with CFE;
which being greater
than CFE , the whole
polygon ABCDE will
alfo be greater than
the whole polygon ABCFE 3 which is repugnant.

Therefore the polygon is the greateft when the
fides are all equal. ~ '

Dy

THEOREM X,
Of all right-lined figures, contained under the fame

perimeter, and number .of fides, the greateh is, when

" fame. But, 2y Theo- o

tbe fides are all equal.

For, if ABCDE
be the greateft pof-
fible, the triangle
CDE muft, mani-
feftly, be greater
than any other tri-
angle CFE upon the
fame bafe, whereof
the fum of the other
fides is allo the

rem V. the greateft triangle, when the bafe and

the fum of the fides are given, is.that whofe fides

are equal: Therefore DC and ED areequal. In
the fame manner it appears that BC = CD, {J¢.

. E.D.
R THEO-
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THEOREM XL
If all the fides of a polygon, except ome, be given
in length, and their. pafition be required, fo as to make
the polygon itfelf the greateh poffidles I fay, their
pafition muft be fuch, tkat two lines drawn from the
extremes of tbe- unknown fide to any angle of the poly-
gon, /ball form a right-angle.

For, if you would
have the polygon.
ABCDEF to be
the greateft poffible,
and yet ADF, fub-
tended by the un-
known fide AF, not
aright-angle:Then
let PSO be a right-
angle,contained un-
der PS = AD, and
0OS = FD; and
upon PS and OS, |,
let the figures PS |
RQ_and OST be
defcribed equilate- o ‘ ~
ral, and equal, to ADCB and FDE". ' 10, 6.

The triangle PSO is greater than ADF *; there- tTheor.y.
fore, PSRQ being == ADCB, and OST = FDE",  Contt.
the whole polygon PQRSTQ is alfo greater than
the whole polygon ABCDEF ", which is repugnant. v Ax.6, 1.

COROLLARY.

Hence, becaufe the angle in a femi-circle is a
right-angle *; it appears, that the greateft poly-*13-3
gon that can be contained under any propofed
number of given fides, and one other fide any how
taken, ,will%e, when i may be infcribed in a femi-
circle, whereof the indetermined line will be the

diameter.
' THE O~
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Of the Masxima and Minipa

THEOREM XIL
A polygon ABCDE A in a circle,is greater than any
other paygon PQRSTP, whatever, whofe fides are the
Jame both in length and number.

Let AF be the diameter of the circle, and join
E, F; alfo make the angle PTO = AEF, TO =
EF, and let PO be drawa. :

¥ Hyp.

s Theor.
Ila

-lines are conneled to

Becaufe AB = PQ, BC = QR, CD = RS, DE
= ST, and EF = TO, the polygon ABCDEF;
being infcribed in a femi-circle, will be greater than
the polygon PQRSTO *; and, if from thefe, the
equal triangles AEF, PTO be taken away, there
will remain AECDEA o PQRSTP. 9. E D,

That the magnitude C
of the greateft polygon,
which can be conained
under any number; of
unequal fides, does not
at all .depend upon ‘the
order in which - thofe

each other, will appear,- _ T
thus: let’ ABCDE be the greateft, gne way, or
according to one order of the fides; and upon BD
let a triangle BDF be conftituted 'whofe fides DF
and BF are, refpeively, equal to BC and DC;
then, the triangles BCD, BFD being equal, the

whole
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“whole polygons ABCDE and ABFDE will like-
wife be .equal, notwithftanding their equal fides
BC, DF, &¢. are placed according, to different

orders. )
THEOREM XiII

Of all pohgons, contained under the fame perime-
ter, and number of fidess that whofe fides, and angles,
are equal, is the greateff. :

For, the greateft polygon that can be contained
under a given perimeter, is one whofe fides are all
equal *. But, of all the polygons of this fort, that * Theor.
is the greateft which may be infcribed in a ciccle b:hlr?‘il
Therefore the greateft of all, is that whofe fides |, ot
are all equal, and which may be infcribed in a ™
circle, or whereof the angles, as well as the fides,

are _all equal. @, E. D.

THEOREM XIV, -

Gbe greateft area that can paffibly be contained by
one right-line, any how taken, and any otber line or
lines, whatever, whereof the fum is given 5 will be,
when two right-lines drawn from the exiremes of the
unknown line firft mentioned, to meet any where in the
given brundary, make right-angles with each other.

For, if you would have the area ACDEBA, con-
tained by fome right-line AB, and ACDEB where-
of the length is given, to be the greateft pofiible,
and ADB, at the fame time, not a right-angle:
Then, let PSQ 'be a right-angle, contained under
PS = AD, and QS = BD; and, having joined

D - E S
C i &8

T

A - B P Q
PQ,
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* PQ, upon PS and QS conceive two figures PRS
and QST to beformed, equal, and alike in all re-
fpects to ACD and DBE.  Since the area PSQ is
*Theor 4. greater than ADB ¢; it is manifeft, that the area
PRSTQP, contained by the right-line (PQ) and
¢ Hyp. PRSTQ (= ACDEB?¢) will-alfo be greater than
¢ Ax. 6. the area ACDEBA ¢, which is repugnant : There-
fore the area ACDEBA cannot be the greateft
poffible, unlefs the angle ADB be a right one.-
9. E. D.

COROLLARY.

Hence, becaufe the angle in a femi-circle is a
#13.3. right-angle’, it is evident that the area will be the .
greateft poffible, when the given length, or boun-
dary, forms the arch of a femi-circle ; whereof the
indetermined right-line propofed is the diameter.

THEOREM XV,

Of all plane figures ABCD, EFGH, contained
under equal perimsters (or kimits), the circle (ABCD)
is the greatef.

For, if the diameter AC be drawn, and EFG
be taken equal to the arch ABC; then the area
ABCA will (by the precedent) be greater than the

area EFGE, contained by EFG and the right-line
EG; and ADCA will alfo be greater than EHGE:

Therefore ABCD muft, neceffarily, be greater than
EFGH. 2 E.D.

COROL-
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COROLLARY.

Hence it appedrs, that the greateft area that can
poflibly be contained by a right-line AB, and a
curve-line AeB, both given in length ; will be,
when the latter is an arch of a circle. For, let
AxB be any other curve-line, equal to AeB, and let
the whole circle AeBCD be completed ; which
will (it is proved) be greater than the mixed figure
A#BCD ; and confequently, by taking away the
common fegment ABCD, there will remain A¢BA
greater than AnBA.

THEOREM XVIL

The greateft parallelepipedon that can be contained
under the three parts of a given line AB, any how
taken, will be when all the parts are equal to each
otber. : '

For, if poffible, let CE D
two parts AE, ED A i *

B

be unequal. Bife® AD in C; then will the re&t-

angle under AE (AC -J- CE) and ED (AC— CE)
be lefs than AC* (or AC x CD) by the {quare of

20%

CE®. Therefore the folid AE x ED x DB will alfo, ., ,
be lefs than the folid ACx CD x DB 3 which isy 1,

contrary to bypothe/is.

COROLLARY.

_ Hence, of all re€tangular parallelepipedons, hav-
ing the fum of their three dimenfions the fame, the
cube is the greateft,

THEO-
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Of the Maxima and Minima
THEOREM XVl

The greateft pamll_eieptpedoh AC*x CB that can
paffiby be contained under the fquare of one part AC
of a given line AB and the other part AC, any bow

taker s will be, when the former part is the double of
the latter.

"~ For, let Ac and C
Bc be any other A aD_ “m B
parts, into which

i Cor. to the given line AB may be divided ; and let AC and
6. z.and A¢ be bife¢ted in D and 4. So fhall AC*x Cb =

7.
* Cor. to
6. 2.

! Cor. to
10. 4.
mo21.7.
R 144
®23.7.
? Cor. 2.
to 6. 2.
1 Cor. to

1. 4.
t Theor.
17

4ADx DCx CB! - 4Ad x dc x ¢B* (Ac*xcB')
by the precedent, 9, E. D.

THEOREM XVIIL

The hypothenufe AB of a right angled trianz'e
ABC being giveny the folid BC x AC* contained
under one leg BC and the fquare of the other AC,
will be the greateft poffible, when-the [quare of the
latter leg AC is double to that of the former BC.

For, if CD be con- C
ceived perpendicular to
AB, and DE to AC;; it
will be AC*(ABx ADY):
AB*:.:AD:AB”::DE: \
BC"; and confequently A D B
AC*xBC = AB*xDE; ‘
which (as AB* is given) will, evidently, be the great-
eft poffible, when DE, or its fquare? (DE2) is the
greateft poffible. But DE*: AD*.:9BC*(BD x
AB":AB*::BD: AB™; and therefore DE*x AB =
AD*xBD°; which (and confequently DE*) will be
the greateft poffible,when AD is the double of BD"
that is, when AC* (AD x AB) is the double of BC*
(BDx AB). @, E. D. '

THE O-
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THEOREM XIX.

The altitude BC of the greateff cylinder HG that
can poffibly be infiribed in any cone ADE, is one-third
Dart of the altitude AB of the cone, and the cylinder
ifelf & parts of the cone.

For, let gb be any A
other cylinder infcribed
in the cone; and it will
be, -AC* x BC : CG* x ; ‘22
BC::AC':'CGe::  p—=\F (&7
Atz qgt i AcrxBe: g F,><L\GN 4
*¢g* x Be; whence, 4. ' S —
alternation, AC* x BC : o |
AcrxBe: : CG* xBC: 3 N ~ g
¢g* x Be: and fo like- - B
wife is the cylinder HG ’ 3538“! 5
to the cylinder ®4g; but AC* x BC is greater ¥ onh'eo,,
than Ac* x Be; therefore HG is alfo greater than 14,
bg. Again, fince AC = %AB, and therefore CG *Ax. 4.
= 3BE; we alfo have, cylinder HG : cone ADE ” o 3-
(or cylinder "DN) : : CG* (4BE*) : *BE* 1 £ : 14 aioyo o

.E. D.

s Loz, 7.
and 3. 8.
SCHOLIUM.

From this propofition, by reafoning as in the
Scholium to Theorem VIIIL. it will appear, thac
the leaft cone that can be defcribed about, and the
%reate[’c cylinder that can poflibly be defcribed in, any
olid generated by the rotation of a curve; corcave
to its axis, will be, when the fub-tangent is two-
thirds of the altitude of the cone, or twice the al-
titude of the cylinder; and that the two figures
will be in the ratio of nine to four. From wheace
the dimenfions of the greateft and leafl cylinders
and cones, that can be defcribed in, and about folids
generated by curves, to which the method of draw-
ing tangents is known, may be readily determined.

P



THE
CONSTRUCTION
Of a great’VARIETY of

Geometrical Problems.
Being a farther

APPLICATION of what has been delivered
in the Elementary Part of this Work,

PROBLEM T.

In a given triangle ABC, to inferibe & fyuart
DEFN.

CONSTRUCTION.

'FROM any peint M, C
in either fide, upon :

the bafc L.LB lct D \
fall the perpendicular MG M/ B

make MR per gmdxcular, 7ﬁ
and cqual, thereto, and let Lj ) '

ARE be drawn, meermg

the other fide of the tri- A & N S B
angle in E ; then draw ED

parallel, and EF and DN pcrpendlcular, to "AB>s
and the thing is dove.

D E-



The Conflrution &c.

DEMONSTRATION.
Let RS be drawn paralle] to EF: Then (4y Ji=
milar iriangles) RS (MG) : EF (:: AR : a¥y . :

MR : DE: Therefore, as MG and MR ar¢ equal,

&y Conftruction, EF and DL will iikewife be equal.

By the fame method a re€angle nay be infcribed
in a triangie, whefe tides fhail be in a given ratio s
if-MR and MG (infiead of being equslj-be taken
in the given ratio; the reft of the Conftruion:bes
ing exactly the fame.

PROBLEM IIL

In a given triangle ABC, to inferibe a reflangle
EFGH equal to any given right-lincd figuie Q, not
exceeding balf the triansle.

CONSTRUCTION.

On the bafe AB (by 7.
6.) let a reétangle ABPL
be conftituted = Q; and
let LP meet the perpen-
dicular CD of the triangle-

- (produced) in K. Then
(by 17. 5.) let CD be di- A
vided in I, fo that CIx - _
DI =— CD x DK (that is, L K p
let two femi-circles be de-

fcribed on CD and CK; drawing MN and NI pa-
rallel to CD and AB): So fhall DI ke the alti-
‘tude of the required reftangle.

DEMONSTRATION.

S'mte. (by Co'nﬁr.) Cl x DI (= NI* = MD* =
CDx DK, thence will DI : DK : : C): CT:: AB:
EF (4y 20. 5.); and confequently DI x EF (Zy 10.
4)=ABxDK=x=Q Q. £ D,

ﬁ | P2 That

i1
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That the Problem will be impoffible, when Q_
is greater than half the triangle, is evident from
the Conftruction, as well as from the Theorem on
2. 200. It may alfo be obferved, that there is another
way, befides that ufed above, for dividing CD in
the manner propofed; which (though not more
obvious) is, in point of concifenefs, rather prefer-
able ; and is thus. Having (as before) found 2
mean-proportional DM between CD and DK, and
bifected CD in O; from M to CD apply MR =
OD, and take OI = RD. So fhall CI x DI = OD*
—OI* (by 7. 2.) = MR* — RD* (4y Hyp.) = DM*
= CD x DK (as b¢fore).

PROBLEM IIL

In a given circle APBQ, to infiribe a reffangle
equal to a given right-lined figure RSTU, not exceed-
ing balf the [quare of the diameter,

CONSTRUCTION,

P
[ o N\Cr

TN

3 R S

Upon the diameter AB defcribe the reftangle:
ABKI = RSTU (%y 7. 6.); and from the point
C, where the fide K1 interfe&s the periphery of the
circle, draw CA and CB, parallel to which draw

BD and AD; then will ACBD be the rettangle

that was to be conftructed.

DE-



Geometrical Pfo&/e)rzr.

DEMONSTRATION,
The lines AC, BD, and AD, BC being parallel

(%y Conftr.) and the angle ACB a right-one (4y 13.

3.) the figure ACBD is a reCtangle (&y Cor. t0 24,

1.) and D is alfo in the circumference of the circle. -

But ACBD == 2ACB = ABKI = RSTU.

That the Problem will be impofiible, when BK
is greater than ;AB, or when BI (RT) is greater
than LAB?, is manifeft from hence, becaufe KI
will then fall intirely above the circle.

PROBLEM IV.

To draw a line KL parallel to a given line AG,
which fhall terminate in two other lines AB, AC,

given by pofitien, [0 as to form with them a triangle.

AKL, equal to a given reclangle ADEF.

CONSTRUCTION.

Let FE, produced, I, - C
meet AG anc(ll AC,in E
Gand H; and, in AB, /H

.‘. G
take a mean-propor- '
tional AK between GH :
and 2EF; thandraw | ' A
KL parallel to AG,and = .
the thing is done. ’ A b K

: DEMONSTRATION.

‘The triangles AKL, HGA being equiangular, it
will be AKL : HGA :: AK* (= GH x 2KF, &
Confir.) :GH*:: EF : fGH (/7. 4.): : EF x AF =
+GH x AF (= HGA) : Therefore, the confequents
being equal, the antecedents AKL and EF x AF

myft alfo be equal. Q. E. D.
P PR O.
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-y andonAP let a pa- —
rallelogram AFHI bc '
formed, equal to the / M
given area of the trzan-
| xi/

The Confiruttiin of

PROBLEM V.

Between two lines AB, AC, given &y pofition, i
app’y a line KL, equal to a given line MN, fo that
the triangle AKL formed froin thence, /ball be of a
given magmtude '

CONSTRUCTION

Having bife&t- H A
ed MN 10 D, on - V -

MD dciqnbe a

reCtangle v L IF

(by7. 6)=1the \| N
magnitude given: N D N /K ' \ _
Allo on !\Jl\i let -

a fegment of a cxrcle be defcnbed (5_}' 22. 5.) tO
contain an angle = A ; and from its. interfe&ion
with b F, draw h\/I and HN ; then make AK =
HM, AL = H>, and join K, L. So fhali the
bafe KL be alfo = the bdfe MN, and the triangle
AKL equal, and like in all refpe&s, to HMN ;
which laft (& Cor. to 2. 2.) is, mamfef’cly, equal to

the magnitude given MDEF. 9.E.D

PROBLEM VI

Through a given point P, to draw a line EPD 10
meet two lines AB, AC, given by pofition, fo that the

‘triangle ADE formed ﬁ om thence, fhall be of a given
mﬂgmlude

CONSTR-UCTION

Draw FPH parallel to :E c
AB, interfeéting AC in - P H

g Make IK pcrpcn-
dicular ro Al and equal



Geomeirical Problems.

to FP; and from K, to AB, apply KD = PH3;
then draw DPE, and the thing is done.

DEMONSTRATION.

The triangles PHM, PFE and MDI, by rea-
fon of the parallel lines, are fimilar 5 and theres
fore, fince the three homologous fides PH (KDY,
FP (IK) and DI are fuch, as to form a right-an-
gled triangle (4y Confér.), the triangle PHM on the
firft of them, is equal to both the other two FPE
and MDI (4y 29. 4.): and, if to thefe equal quan-
tities, AFPMI be added ; then will AFHI be alfo
= ADE.

This Problem will be impoffible, when KD (PH)
is lefs than KI (PF); that is, when the area given
is lefs than a parallelogram under AF and 2FP.

PROBLEM VIL |
From & given polygon ABCDEFH, 10 cut off a
part AIKFH, ¢qual to a given reflangle MIN, by a
iine (1K), cither parallel to a given line AQ, or
pafling through o given point P. :

CONSTRUCTION.

LetBA dnd
EF be produ-
¢ed to meet in
y and upon
: I’QTlet a'rect-

angle OQ be
conftitated (&y
7. 6.) equal to
AGFH;then, R ——
by Prob. the :
4th, or 6th,ac- . P
cording to'the I¥ e
cafe propofed,

G
o

P4 draw

arg
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draw IX, {0 as to make the triangle GKI = MQ,
and the thing is dope. _
The Demonftration whereof is manifeft from
the Conftru&ion.
And, in the fame maonner, the polygon may be
divided according to any given ratio; becaufe, the
whole being given, each part will be given.,

PROBLEM. VIIIL _

To divide a given triangle ABC into any propofed
number of parts (AKM, KN, LC) /o as 10 have any
given proportion to each other; by means of lines
drawn parallel to one of the fides BC of the triangle.

CONSTRUCTION.

Let AB be divided
into parts, AE, EF,FB,
having the fame given
propeortion toeachother,
as the parts of the tri-
angle are to have. Upon
AB let a femi-circle
AHIB be defcribed ;
and perpendicular to ‘
AB, draw EH, FI, H i
meeting the circumfe-
rence in H and {I: From the center A, throuch
H and I, defcribe the arcs HK, IL, mceting ABcin
K and Li; then draw KM and LN parallel to BC,
and the thing is done. _

DEMONSTRATION.,

The triangles AKM, ALN and ABC, are in
proportion, to one another, as AK* (AB x AE),
AL* (AB x AF) and AB* (% 19. and 24. 4.)3
that is, as AE, AF and AB (&y 7. 4.) Whence
(%y divifion) the propofition is manifeft.”

PR Q-



Geometrical Problesms.

PROBLEM IX.

To divide a given line PQ into any propofed num=
ber of parts, fo that fimilar right-lined figires PMm,
MULI, LQgq defecribed upon them, fball have the fome
given ratio among themfelves, as an equal number of
right-lines AB, AC, AD affigned.

CONSTRUCTION.

Upon the greateft AD of the given lines AD,
AC, AB, defcribe a femi-circle AEFD; and per-
pendicular to AD, draw BE and CF, meeting the
circumference in E and F; and, having drawn

E. g . 4

A

KR

PR, at pleafure, in it take PH = dift. AE, HI
= dift. AF and IK = AD; draw{ KQ,_ anq pa-
rallel thereto draw HM, IL; which will divide

PQ, as required.

DEMONSTRATION.

PMm: LQg:: PM* : LQ* (3y26.4.): : PH*
(= AE":A%ZX AD, by 19. 4.):1K* (Al?‘)::AB :
"AD (& 4. 6.) In the very fame manner it appears,
that ML/: LQg:: AC: AD. 2, E. D.

PRO-
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PROBLEM X

To determine the pofition of a point P, fb that
lincs drawn from thence to the extremes of three right-
lines AB,CD, EF, giver in length and pofition, fball
Jorm three triangles ABP, CPD, EPF, matially
equal to each other. ‘

CONSTRUCTION.

Let the given lines. be produced to meet in G
and H; in which take Gm = AB, Hs = EF, and

P

A 2 DN -

BY /B
P T ’7’ ............ :-"'
G e DR H

G, Hr, equal each to CD: Complete the -paral-
lelograms Gmpn, Hrts; and let the diagonals Gp and
H: be produced till they meetin P, and the thing
is done.

DEMONSTRATION,

Let PA, PB, Pm; &c. be drawn, The triangles
GP#n, GPm, having the fame bafe GP, and equal
altitudes (becaufe GMpz is a parallelogram) are
therefore equal to each other: But CPD = GPn,
and APB = GPm (y Cor. to 2. 2.) ; whence CPD
and APB are likewife equal. And, from the very
fame reafoning, it appears that CPD and FPE are
equal. 2 E. D, )

P R O-
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PROBLEM XL
From two given points A, B, to draw two lines
AC, BC, 1o meet in a line DE of any kind, given
by pofition fo that the difference of their fquares fhall
be equal to a fyuare given (MN?),

" CONSTRUCTION.

Make AF perpendicular
to the line AB, and equal <
bifet with the perpendicu-
lar GH; and from its in-
terfection with AB, draw I
HC perpendicular to AB, A
meeting DE in C; draw
AC and BC, and the thing G
is done.

For BC* — AC* = BH*

— AR* (4 9. 2.) = FH*
- AH* = AF* = MN?,

M
to MN; draw BF, which E I
N
>n

"PROBLEM XIl@
~ From two given points A, B, 1o draw twoe lines
AC, BC, fo meet in a line DE of any kind, given by
pufition 5 fo that the fum of their [quares fball be equad
to a given fquare, NN

CONSTRUCTION,

Bife¢t AR with. the G(-/E
perpendicular FG, in ST
which take FP=FaA, D
and draw APQ =: /
MN; on AB %ro- _ /
duced, if neceffary) let /
fall the perpendicular : \
QR; from o to FG ,\"iI F I 4N
apply AH= AR, and. )

219



220

The Conftruction of

about the center F, thro' H, let the circumference
of acircle be defcribed; and from its interfe&ion
C with the given line DE, draw CA and CB, and
the thing is done.

DEMONSTRATION.

Let BH be drawn ; which being = AH = AR
=RQ (becaufe FP = AF); thence will AC* 4~
BC*=AH*-]-BH* ()y20.3.) = AR* 4+ RQ* =
AQ*=MN=* Q.E.D. ' '

PROBLEM XIIL

From two given points A, B, to draw twe lines
AC, BC, meeting in a line DE of any kind, given by
pofitions [0 as to obtain the ratio of two unequal right-
lines Mm, Nn affigned. '

CONSTRUCTION.

Having joined the LANE .
given poi%ts;‘ divide AB Nr———izop C
in F (4y15. 5.) fo that
AF :BE: 8VIm : Nz,
make Af and F4 paral- Af T B —0 G
1el to each other, taking /{/E/
the former — AF, and
the latter — FB; and thro® their extremes draw’
f60, meeting AB, produced, in O ; from whence,
with the radius OF, let the femi-circle FCG be de-~
fcribed, cutting DE in C; then draw AC and BC,

and the thing is done.

DEMONSTRATION.

Becaufe OA : Af(AF): : OF : Fj (FB), we have
(by divifion) OA : OF :: OF : OB; or OA: OC:: .
OC : OB. And fo, the triangles OAC, OCB,
havipg one angle FOC common, and the fides
about it proportional, they muft, therefore, be_lﬁ—

milar



Geometrical Problems.
milar (#y 15. 4.)s whence the other fides will alfo
be proportional, or AC: BC:: OA: OC (OF)::
Af:Fb:: Mm :Nn (by Confir.) 2,E.D, ,

- Note, When, in either of the two preceding Pro-
blems, the circle defcribed, neither cuts nor touches

the given line DE, the thing propofed to be done,

will be impoffible; as no two lines drawn from
A and B, to meet above the circumference, can
poffibly have their ratio, or the fum of their
fquares, the fame as two lines meeting in the cir-
cumference.

PROBLEM XIV.

From two given points A, B, to draw two lines

AC, BC, mezting in a right-line DE, given by pofi-
tiony fo as to make therewith two angles ACD, BCE,
whofe difference fhall be equal to an angle given, beh.

CONSTRUCTION..

Make AFG perpendi- ,
cular o DE, and FG = ¢ g / /A
AG ; and, having drawn ;i
GB, on it let a fegment
of a circle GCB be de-
fcribed (y 22. 5.) to con- D
tain an angle equal to the
fupplement (b¢g) of the
given one bck; and from its interfe@tion (C) with

DE, draw CA and CB 5 and the thing is done.

‘ For, if BC and GCH be drawn, then will ACD
'=GCD = ECH = BCE — BCH (&ck).

In the {fame manner, the Problem will be con-
ftru€ed, when, inftead of the difference of ACD
and BCE, that of ABC and BAC is given: Be-
caufe, when DE is parallel to AB, the latter dif-

ference,
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ference is equal to the former; and, in all other
cafes, differs from it by twice the given angle GCI,
exprefling the inclination of the faid lines.~—~When
the fum of the angles ACD and BCE is given,
the angle ACB is alfo given: And here, nothing
more is neceffary, than barely to defcribe, upon AB,

a fegment of a circle to contain the faid given an-
gle ACB.

L E M M 4

I, of any three proportional lines AB, DB, FB, the
difference AF of the two extremes be bifested inG 5 and
if on the greateft AB, as a bafe, a triangle ABC be fo
formed, that its lefler fide AC fball be to the diftance
MG of the perpendicular from the bifesling point G,
in the given ratio of AB to DBy then fball the greater
Jide BC exceed the leffer AC by the given line DB.

DEMONSTRATION.

Becaufe FM exceeds c
‘AM by 2GM, BM will
exceed it by 2GM - BF;
and the re&angle under _
this excefs and the whole VR SR
bafe AB (= 2MG x AB A MG D FEB
4 BF x AB) will therefore (7y g. 2.) be = BC* —
ACH:  But (&y bypotbefis and 10. 4.) MG x AB =
AC xBD, and BF x AB = BD*: Therefore 2AC
x BD + BD?* = BC* — AC*, and, by adding AC*,
common, AC* 4 2AC x BD - BD* (or the fquare
of ACHBD, &y 6. 2.) will be = BC*; and, con-
fequently, AC+ BD =BC. @, E.D. '

This Lemma is not only of ufe in the Problem
next following, but will be found a ready inftru-
ment in the folution of many others; for which
reafon it is here put down.

PR O-
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PROBLEM XV.

From two given points A, B, to draw two lines
AGC, BC to meet in a right-line DE, given by pofi-
tion's [o that their difference fball be equal 10 a grven
right-line Bd.

CONSTRUCTION.,

In AB, take a third- 2 C 1L D)
proportional BF to BA / \ ‘
and B4 ; and, hav-
ing bifected AF in G,
take Gl = Bd; make
GH and IK perpendi- /
to AB, meeting DE in o
H and K; and draw [ ATNE TTER
HAL, to which, from Y M@ o :E‘- :
K, apply KL = AB; /-
and parallel thereto draw- AC, meeting DE in C;
join B, C; and the thing is done.

DEMONSTRATION:

Let CM be perpendicular to AB. 7

Then, becaufe of the parallel lines, it will be
AC: KL (AB): : HC: HK:: GM : GI (Bd).
Whence (&y alternation) AC being to GM, as BA
to B/ ; and AB, 4B, FB being alfo propor-
tionals ; the whole Conftruction is manifeft from
the Lemma premifed. ’ :

~ If the fum, inftead of the difference, of the two
lines (AC, BC) be given, the method of conftruc-
tion will be exactly the fame, without the leaft al-
teration of any one ftep; provided that Bd be firft
of all raken (in BA, produced) equal to the given
fum, inftead of the difference.

PRO:
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PROBLEM XVL

From two given points A, B, 10 draw rwo lines
AC, BC, /o as 1o meet in a right-line DE parallel
2o that (AB) joining the faid points, and that the
reitangle (AC x BC) contained by them, fball be equal
te a rediangle given, ADEF.

CONSTRUCTION.

Bifect AB and AF,in N
G and H ; and, having D 1 C E

drawn GI perpendicular

to AB, toit, from A, ap-

ply AO = AH; and from | ~ 10

the center O, through A || /

and B, let the circum- 4

ference of a circle be de- A G R BF

fcribed interfe@ing DE in C; from whence draw

CA ard CB, and 2be thing is done. ’
For, if CK be drawn perpendicular to AB, it

is evident (% 25. 3.) that ACx BC = CK x2A0

=ADxAF. Q.E.D.

PROBLEM XVIIL

Through a given point P, fo to draw a line FPE,
that the parts thereof PF, PE, intercepted by that
point and two lines AB, CD, given in pofition, fbail
obtain a4 given ratie.

CON-
? '.' P2 ’
 ET SO
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CONSTRUCTION. -
- Through P,-t0-any P
point in AB, draw
PG, in w_hi[C_iI (By.13: . '
5.) ‘take .PH to PG, s
in the given ratio .of C'f./
PF to PE; draw HF
parallel to AB, meet-

ing CD in Fy then ™ & . G E'B

draw FPE, and the thing is done.

For, the triangles PGE, PHF being equiangu-
lar (3y 3. and 7. 2.) thence is PF : PE: : PH : PG:
And fo PF and PE (as well as PH and PG) are
in the ratio given.

In this Conftrution, it is neceffary that one. of
the two given lines fhould be, a right-oné: The
other may, it is manifeft, be a line .of ‘any- kind
whatever. '

PROBLEM XVIL

Through a given point P, to draw. a line GH, ter-
minating in & right-line AB, and in a line CD of any
kind, given both by pofition; fo that the reciangle
under the two parts thereof PG, PH, fball be of a
given magnitude. ‘

'CONSTRUCTION.:

Having drawn EPF F
perpendicular tq AB, take : '
therein- PF (& 7. 6.)-fo
that PE x PF =. the mag-
nitude given: Upon PF,
as a diameter, let a circle
be defcribed, interfeting
CD in" G ; ‘'then draw
‘GPH, and the thing is
done.

AL "E H B
Q D
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DEMONSTRATION,.

If FG be drawn, the triangles PFG and PHE,
having FPG = HPE, and FGP (=a right-angle,
& 13. 3.) = PEH, will be equiangular: And,
confequently (2y 24. 3.) PGx PH = PF xPE =
the magpnitude given. 9, E, D,

PROBLEM XIX.

Through a given point P, between tww right-lines
AB, AC, given by pofition, fo 50 draw a line ED,
that the fum of the fegments (AD + AE) cut off by i
Jf’:{osm the two former, fhall be equal to 4 given line

CONSTRUCTION.

Draw PF and x/C
PG paralle] to AB
and AC; in BA
progti‘scd talé_c ﬁl{é , .
= an A e 1B
= RS; thendivide f_“> ¢ D N
GNiunD (% 17.5.) o
fo that GDxND = AM xAG ; draw DPE, 4
the thing is done. ’

DEMONSTRATION.

By fimilar triangles, GD : GP (= AF = AM)::
FP (= AG): FE; and confequently GD x FE =
AM x AG = GD x ND (&p Ganfir.): Whence FE
=ND; and therefore FE4+ AF 4. AD(AE+4-AD)
=ND 4} AM+ AD=MN=RS. Q.E.D.

It appears from the Conflru&ion, that the Pro-
blem will be impofiible, when.(GN) the excefs of
RS above PF and PG, exceeds the double of 2
mean-proportional between thefe two quaatities.

PRO:
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PROBLEM XX -
 Through a given point P, beiwween 1100 ¥ight-knes
AB, AC,; given by pofition, fo to draw & lire DE
thac the difference (AD — AR) of the froments st
? it from tbe two forimer, bl be vqadl to & v
ine RS. gk

CONSTRUCTION.

Draw PF and PG pa-.
fallel o AB and AC; in
AB take AM = AF, and
MN = RS; then (4y 18.
5.) letaline ND be added
toGN, fo that GDxND, S AN
PGxPFy draw DPE, and A MU N D B
&bt thing is done.

DEMONSTRATION.
~ Becaule of the fimilar triangles PGD, EFP, we
have GD x FE = PG x PF = GD x ND (¥

Confr.) and confequently FE = ND; whence AD
—AEx= AN — AF(AM)=MN=RS. 2.E.D,

PROBLEM XXI
Between two right-lines NBN, MBM, given by
pofition, to apply a line DE of a given length, and
swbich (produced, if neceflary) (ball pafs tbrough a
- given point Ay equally difiant from the faid given
diness )

QZ. CON-
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CONSTRUCTION.
Let FG: be thc_FN D

length given; and, -—CcC .M
having- drawn AB, - :
make the angles F, G

equal each to ABD

(or ABE); and in AB B
produced take AC (%y E

18.5.) fo that ACx V' 1 D

BC=HG:: FromC & A :

to NN apply CD = M/\ /}\T
HG; then draw DAE

(DEA), and the thing - c

15 -done. _
DEMONSTRATION.

Becaufe AC: CD :: CD: BC (4y Confir. and 10.
4.) the triangles CAD and CDB (having one an-
gle common, and the fides about it proportional)
will be equiangular (dy 15. 4.): And therefore, fince
‘CDA = DBC = ABE (% bypothefis), the circum-
ference of a circle may be defcribed through all the
‘four points C, D, B, E (&7 11. 3. 07 19. 3.)° And

- {o the angle DEC, ftanding on the fame fubtenfe
(DC) with DBC, will be equal to it ; and, confe-

quently, equal to EDC. Therefore the ifofceles
triangles EDC, FGH being equiangular, and hav-
'ing CD = HG, their bafes ED and FG will alfo.
‘be equal. 9. E.D.

PROBLEM XXIL

In a given circle ABDC, to apply a chord AB
equal 1o a given line RS (lefs than the diameter) and
which fball pafs through a given point P.

CO N-



Geometrical Problems.

CONST.RUCTION.

Infcribe CD = RS, -
upon which, from the A P... D B
center’ O, let fall -the
perpendicular OF 5 alfo S\
draw OP, upon which let
a femi-circle be defcribed, . :
and in itapply OE =OF; % T D
laftly, through P and E, \/
let AB be drawn; which R - S
will, manifeftly, be equal to CD (=RS, %y 3. 3.)
as being equally diftant from the center, by con-
ftruction.

When the point given is placed without the cir-
cle, the conftruction will be no-ways different, -

PROBLEM XXIIL

Through a given point P, fo to draw a line AB,
that the parts thereof AP, BP, intercepted by that point
and the circumference of a given circle, fball have a
given differerice, DE. - a

CONSTRUCTION.

From the center C, draw

CP, uapon which let a femi- A,c._,./P’:Q\»\
circle PQC be defcribed, and \ |t \
in it apply PQ_equal to half

DE, producing the fame, both &
ways, to meet the circumfe-
rence in A and B: So fhall
‘AQ = BQ (&' 2. 3); and
therefore PB (= BQ+4-PQ_ - . - :
= AQ + PQ = AP+ 2PQ) = AP J.DE, whick

was 1o be done.

Q3 PR Q-
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-yatio given ; and, having

~The Conflruttion of

PROBLEM XXIV.

From a given point P, to, the circumference of &
given circle Cy 1o draw a-pight-line PBA, fo as ta
be divided in a given ratio py a line RBS of any kind,
given in pofition. "

CONSTRUCTION.

To any point D in the
circumference, draw PD,
which divide at E in the

drawn PC and the radius
CD, paralle] to the lateer
draw EF, meeting the for-
mer in F; from whence,
to RS, apply FB =FE,
then through B draw P A, and the thing is dong.

DEMONSTRATION,

ILet CA bedrawn. Then, becaufe of the pa-
rallel lines CD, EF, it will be, CD (AC): glF
(FB) : : PC: PF; apd {o the triangles PAC, PRF
will likewife be equiangular (%y 16. 4.) And there-
fore PB: BA:: PF: FC:: PE:ED (% 13. 4.)

& E. D.

PROBLEM XXV,

Through @-given poigt P, 1o draw a line GH,
Serminating in tke circumference of g given iifcle
pofitions fo thar the reflangle under the two pargs
theresf PGy PH, fhall be of 4 given magnimude.

CON:
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CONSTRUCTION..
~ Through P draw - LB
the diameter AB, in
which let PD be fo |
taken (4y 7. 6.) that
PA x PD =the¢ mag-
nitude given. From
any peint E in the cir-
cumference, draw EP
and the radius EC;
and, having joined BE,
draw DF parallel to
BE, and from its in-
terfe€tion with PE,
draw FO parallel to EC, meeting PB in O; from

whence, to MN, apply. OH = OF; and through
P draw HG for the line required.

DEMONSTRATION.

Let PH be produced (if neceffary) to mest the

circumference of the circle in I; and let C,I be
joined. - .
The lines OF, CE being parallel, thence will
PO :PC:: OF (OH): CE (CI); and theréfore
OH and CI will likewife Be parallels (5y 16, 4.)
Therefore PH: PL: : PO: PC:: PF: l’é::PD:
PB; whence, alternately, PH:PD :: PI: PB::
PA.: PG (¥ 21. 3. and 10, %) ; and confequently
PHxPG=PDxPA. 2 £ D.

PROBLEM XXVL
" From the cittumference of a given cirgle C, 10 4
. line MIN of any kind, given by pofition, fo b0 draw a
right-kine BF, as to be both equal and pardilel to a
giveii right-line PQ, | L=

Q4 CON.
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The” Conflruttion- of -

CONSTRUCTION,

From the center C,
draw CD equal and
parallel to PQ; and,
from D to MN, ap-
ply DF = the radius
CB; draw CE equal”
and parallel to DF 5
then,%i"bcing drawn,
it will (dy 26. 1.) be -
equal, and parallel to CD 5 which was to be done.

PROBLEM XXVII.

From the point of interfelion P of two given cir-
cles O and C, fo to draw a line PR, thatithe part
thereof QR intereepted by the two. peripheries, foall
be equal to a given line AB.

CONSTRUCTION.

Upon the line OC A7 B B
joining the two centers,
let a femi.circle ODC
be defcribed, in which
apply OD = 1AB
and parallel thereto,
draw PR, and the thing
5 dong.

DEMONSTRATION.

Let CD, and OF parallel to CD, be drawn, meet-
ing PR in E.and F. 'Then, the angle ODC being
a right-one (%y 13. 3.)and PR parallel to DO, E and
F will alfo beright-angles, and EF == DO (4y24.1):
And fo, PE— PF-being (= DO) = 1AB, it is
manifeft, that 2PE (PR) — 2PF (PQ) = AB, or

that QR=AB. Q,E.D,

PRO-
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PROBLEM XXVIII
From a given point P, in the line paffing through
the centers of two given circles C and O 5 fo to draw
a line PD, that the parts thereof DE, FG, inter-
cepted by thofe circles, fball be in a given-ratio (viz.
as p is 40 q)

CONSTRUCTION.

Take CH to OR, as 2w ¢; and CI to OR,
as PC to PO: Upon HI let a femi-circle be de-
{cribed, interfedting the circle CDE in K5 through

¢ —H T K O _
which point draw IKL, and make CL perpendicu-

lar thereto; at which diftance, from the center C,

let a circle ML be defcribed : Then, if from P a
line PD be drawn to touch' this circle, 2be thing
is done.

DEMONSTRATION.

Let CD, CK, HK, FO be drawn, and alfo CM

. and ON, perpendicular to PD, and HQ to CL.
The right-angled triangles CDM, CKL, having
CD =CK, and CM = CL, have alfo DM =LK
= QH (fince, &y 13. 3. the angle HKI, as well as L,
is a right-one). Moreover (by- Confbrution) CI :
OR (OF):: PC:PO::CM (CL): ON; and fo
the triangles CIL, OFN (having their fides pro-
portional ) muft be fimilar ; and confequently
OFN alfo fimilar to CHQ : whence, as QH (or
DM): FN:: CH: FO(OR): :p:q (by Cnfir.)
PRO-

233



234

The Confraultion of

PROBLEM XXIX.

%o draw a line BC, 1o make given angles with
& line MIN paffing throngh the common center O of
two given circles MEN, KDF, fo-that the parts
thereof CD, ED, intercepted by that line and the 109
peripberies, fball obtain a given ratio.

CONSTRUCTION.

Let QOM be the given
angle, folwhich ECM fhall A
be equal i In OM produced,
Jet KA be fo taken, as to be
to the radius OK in the given
ratio of ED to CD; upon
which let a fegment of a circle
ABK be defcribed to contain
an angle equal to QOM;; and, G
from its interfection with the
circle MEN, draw BA; pa- N
rallel to which, draw the ra- _ _
dius OD; and thep, through D, draw EC paral-
lel 1o QO.

"DEMONSTRATION.

LetBK, BO, EO be drawn, and alfo EP parallel
to DO, meeting OQ_and OM in Q and P, ‘

Then, the triangles AKB, POQ, having ABK
= POQ_(by Confrustion), and KAB = orQ (4
7. 1.) have their external angles OKB, EQO A][g
equal (&y 9. 1) : Therefore, becaufe EQ (= 0D)
3= OK, and EO = BO, thence is OQ = KB (y
17.1); and therefore, as the triangles POQ, ABK
are equiangular, PQ _is alfo =AI§ : But (becauR®
of the parallel lines) CD: ED;: DO (OK) : PQ
(AK). ZE.D.

PRO-
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PROBLEM XXX,

G0 deteysmine o point P, fo that three perpendicu-
Jars drawn fram. thence, fo as many right-lives AB,
AC, BC, given by pafition, fball ebtain the ratjo of
three given lines m, n and p, refpeltively, e

CONSTRUCTION.

~ Take AE c
and BF each s ¢
= m, and
drawEMand n '
FN parallel
to AB; in
which take E
EG=1g,and ‘
FH = »; :
thro’ G and T L H .
HdnwaAP A ¥ X @ B
and BP, and :
the point of concourfe P, will de thar which was
1 be determined. '

DEMONSTRATION.

Upan the fides of the triangle ABC let fall the

erpendicujars GL,GK, PR, PQ, PS; and let GI,
parallel to AC, be drawn,

The angle LEG being = LAK = GIK (Cor.
1. 20 7.1.) and L and K being both right-angles. (&y
Canfir.), ‘the triangles EGL and GIK are fimilar;
and therefore I gﬂ) EG(n)::GK:GL::PQ:
PR (& 21. 4). And, in the very fame manner,
m:p:; PQ:PS. QE D '

After the fime way, the Problem may be con-
firuéted, when the lines drawn from P are re-
quired to make any given angles. with -the lines
ppon which they fall, '

....

"PRO-
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PROBLEM XXX

To determine a point P, fo that three lines PA,
PB, PC,: drawn from thence to three given points A,

‘B, C, /ball obtain the ratio of three given lines a, b

and c, refpefliely.
" CONSTRUCTION.

Having joined the C.
given points, in AB
take AF = 4, and Al
= ¢; make the an-
gles AFG and AIK
equal, each, to ACB;
and from the centers G H P
F and G,with thera- X
dii 4 and AK, lettwo
arcs be defcribed, in-
terfeCtingin H ; from 4 c:[ F g c B
which point draw HF % \—— ——1
and HA ; then draw BP to make the angle ABP
= AHF, and it will meet AH (produced) in the -
point P, required.

DEMONSTRATION.

Let BP, CP, and GH be drawn. _

The triangles ABP, AHF being equiangular, it
willbe, AP : BP:: AF (2): FH (§); alfo AB:
AP:: AH: AF; and AB: AC:: AG: AF (be-
caufe ABC and AGF are likewife equiangular, (4y
Confir.). Now, feeing the extremes of the two laft
proportions are the fame, the four means AP, AC,
AG, AH (by 10. 4.) will therefore be proportionals;
and {o, the triangles ACP, AHG being equiangular
(4y 15.4.) it willbe AP:CP :: AG:GH (AK)::
FA (@): Al (). 9,E.D. ‘

PR O-
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PROBLEM XXXII
 To determine the pofition of a point P, at which,
lines drawn from three given points A,B, C, fball
make given angles, one with another. :

CONSTRUCTION:
Draw AB, upon which ( D

22. 5.) leta fegmentof a cir- /—7\
cle APB be defcribed, capa- ’

ble of containing the given ' ’
angle which the lines drawn .
from A-and B are to in-
clude; and let the whole
circle be completed ; make
the angle ABD equal to that )
which the lines drawn from o )
A and C are to include ; and from the point D,
where BD meets the circumference, through C,
let DP be drawn, meeting the circumference in P
which is the point required. L

. For, AP and BP being drawn, .the angle APC
‘will be = the given angle ABD (%y 11. 3.) both
franding on the fame arch AD: And APBis alfe
of the given magpnitude by conftruction.

PROBLEM XXXIIL

Any two unequal fegments ABy CD of a right-iine
AD being given,, as well in pofition as length 5 to de-
‘termine @ point P in a kne MN of any kind, given
by pofition 5 at which the two angles APB, CPD, fub-
tended by thofe fegments, fball (if pollible) be equal to
each other, -

CON.-
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CONSTRUCTION.
Make Bg and D¢ M4 6PN
parallel to each other, '
taking the former= : NN
BA, and the latter = , \ o
DC; and thro’ their :

extremes draw 20, O AB BC
meeting DA produ- B

ced, in O : Take OF S
a mean -proportjonal : _ _
between OB and OC ; ind from the ceater O,
with the interval OF; let a circle FG be delcribed 5
which (when the Problem is poflible) will cuc (or
touch) MN, and the point of interk@ion P, will
be tbat required. ’

DEMONSTRATION.

Let PO, PA, PB, PF, PC, and PD bé draws.

Becaufe OD: D¢ (DC) :: OB : Ba (BA), it will
be (by divifion) OD: OC:: OB : OA; and confe-
quently OD x OA = OC x OB == OP* (&y Confiy.}.
Theretfore; feeing that OA : OP: : OP : OD, and
that the angle O is common to both the triangles
OAP, OPD, thefe triangles muft bg equiangular
(& 15- 4.) and confequently APF= OPF (QOFP)
— OPA (ODP) = DPF (3 9. 1). 1n the very
fame manner, becaufe OB : OF ; : OP: OC; the
angle BPE will be =CPF; and, confequently,
APBallo=CPD. & E, D. ' ‘

PR O-
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PROBLEM XXXIV.,

Twh xight-lines. AB, AC being given, buh in
Jength and pofition s from ‘the point of their conconrfe
A, [o 20 draw another. line Al, that two perpendicn-
dars IP, IN, falling from the extreme thereof upon
the two given lines, fbail cut: off alternate fegments
gP, CN in a gives ratio cach to the line Al fo

rawn. '

CONSTRUCTION

Let thegiven
ratio of Al, BP
and CN be that Z
of the lines p,

g and 7, refpec-
tively. Take BE
= ¢, and CL
=1r; mng
BD, EG, CD
and LG perpen- ' : ok
dicular 10 AB A P ET B
and AC, fp as .

to meet ip. D and G: Draw DA and DG, and
from G to AD; apply GH =p, and paralldl therete
draw Al, meeting. DG produced (if needful) in I,

and the thing is done.

 DEMONSTRATION.-
Becaufe of the parallel lines, Al: GH (:: ID:

F. —

GD) : : BP: BE ; whence, alternately, AL: BP::

GH (p) : BE (9). In the very fame manner Al :
CN::p:r. QE.D.

PRO-
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PROBLEM XXXV

_ Between two lines AG, BH, given both in pofi-
tion and length, to draw a line MN, which fball be
in a given ratis to each of the fegments MG, NH
eut off from tke two given lines. "

CONSTRUCTION.

Let the given ratio of
MN, MG and NH be
that of 7, m and #, refpec-
tively : ‘In AG and BH
take Gg = m, and Hb
= #3 and, having drawn
GH, parallel to it draw
bl ; to which, frog1 O
appl = r.; draw
C?IEI%,g meeting BH in
N, and parallel to Kg

A MISI G

draw MN, and the thing is done.

DEMONSTRATION.

Becaufe of the parallel lines, it will therefore be
MN :GM :: gK () : Gg (m); and likewife
MN:gK(r)::GN:GK:: NH: Hb();
which lalt (éy alternation)is MN: NH :: 7 :m.

Q.E. D.

PR O:
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PROBLEM XXXVIL

qs draw a line DF; to ent thrée othér linet AB,
AG; BC, Livek by pofitiviiy Jo that the fwo parts
vhereof Dlny BFy initrcepted by thofe lined; foddl be
refpelitvgly equal to twsw given fines, de; ef.

CGNSTRUCTION.

Upon the
right-lines df,
ef let two feg-
ments of <ir-
cles, daf, ecf;
be defceibed,
fo contain an-
gles, refpec-
tively equal
to BAG and

G: Then

by Bros. 27.) draw fa, £ that the part ac,ﬂntercepccd
by the two pcnplﬁcrm, ﬂ"ml:l' equal to AC é:o
W

T F

a, d, and také = 4f, A ed; them
DF, and ibé tbz#g is done.
DEMONSTRATION

The trigigles FAD, fad; hiving AF = of,
AD = dd, #d A == 4 ((&wagﬂmﬂzM ), afe etjual i
at} $fpedls 3 and dherefére (if e be drawr) the
Maﬂglds FCRE; fee,; Kdving F = f; FCE =fee, and
CF = ¢f, Will alfo b equal dnd alike - Thcrcforé,
fexing the wholes DY, d} :tnﬂ' the parts FE, fo are

eguel, th¢ feﬂmmn% pmo andk d¢ muft it
wife be equie .,

R FRO-
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PROBLEM XXXVIIL

Through a given point P, to drew a line DPF,
to cut three lines AC, CB, ABb, given by pofitions
Jo that the parts thereof DE, EF intercepted by thofe
lines, fhall obtain a given ratio. '

"CONSTRUCTION.

In CA pro-
duced, take AT
to CA in the
givenratioof DE D
to EF; and, hav-
ing joined B, T, A
draw PQ paral-
lel thereto; and
from its interfec- rp
tion with BC,
draw QN, parallel to CT ;. alfo draw’ AR parallel
to BC: And in RB take RH (% 18. 5.) fo that -
NH xRH = PQx TR: Then draw AH, and
DPEF parallel to it, and the thing is done.

Cc

DEMONSTRATION.,

Becaufe (by Conftr. and 10. 4.) NH : TR ::
PQ: RH::QE : AR (b 14. 4.) 1t follows (y
alternation) that NH:QE : : TR : AR :: TB:BC
(0y 12. 4.)::BN:BQ: Therefore EH (when
drawn) will be parallel to QN or AD (4y Cor. to
12. 4) 3 and fo DEHA being a parallelogram, we
have again (by fimilar triangles) as DE (AH) :
EF::1H:1E:: AT: AC. Q. E.D.

When the fegments AD, BE, cut off from the
giveri lines AC, BC, are required to be in a given
ratio (inftead of DE and EF), the conftruction wgli

€



Geometrical Problems.
be the fame ; provided that CT be taken fo BC

in the ratio given. " For, then AD (EH): BE::

CT : BC.

" PROBLEM XXXVIIIL
To draw a line ABCD ¢o cut four otber lines

MONP, NQ, ROT, SMT, givern by pofition; fo.

that the three parts thereof AB, BC, CD, iutercepted
by thofe lines; may obtain the ratio of three given
lines m, n, and p, refpectively.

CONSTRUCTION.

Fromany point
f in NP draw
fbe parallel to
TMS, interfeét-
ing NQ_ in &3
and,havingtaken
4g to 5f in the
given ratio of #
to m, draw NgE.:
Moreover; hav-
ing taken OH to
MO in the given
ratio of # to p, draw THG ; and from (G) its in<
terfeCtion with NE, draw GI and GF parallel to
MP and ST, refpedively, cutting NQ_and TR
in B and C; thro’ which two points draw ABCD,
and the thing is done. .

DEMONSTRATION.

By fimilar (AB:BC::BF:BG ::0f:1bg::m:n}
triangles{BC:CD::CG:CI::OH:MO:;n:p.
s E. D.

R 2 PR O
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PROBLEM XXXIX.

To draw swo lines CA, CB, from a givey painf
C, to terminate in two otber Iints PM, PN, given
&y pofition, " and which, together with the line AB,
Joining their extremes, fhall form a &:uwg!e. ABC
JSimiar 1o a given aye, ahc.

CONSTRUCTION,
Upon 4b let a

fegment of a circle
apb be defcribed,
to contain an an-
gleequal toMPN,
ang let the whole
circle be complet- .
ed; draw PC, and
alfo ae, making
the angle Faa—(,PN and mtcrﬁ:&mg the peri-
phery i a3 apd through c draw ep, theating the

_periphery inp s make the. angles FCA and oCB

relpectively equal to. peg and gcb ; then join A, B,
and the thing ig done.

DEMONSTRATION.

~ 1f paand pb be drawn s then will the angle bee
(CPR). = cp4, both ﬁapd on. thg fame arkh
b, Gherefore, AVE heing alig = ab (b Conkir.)y
the remaining angles APC apd. ape muﬁ confe-
quently be equal ; whence, a3 PCA = pca, and
PCB = pcb (bv. Gonfir.), the triangles, APC, apc,
and BPC, spcarc e umnguiar, and therefore AC :
ar(:: PG : 2c)::CB el And fo the triangles
ABC, abe, hdvm the fides about the equaltangles
ACB, act, propomonal they are like to each othes
(51 15 4) QLED.

PR O-
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PROBLEM XL
To deferibe a triangle PQR, equal and fimilar so
& piven lriongle par; whick fhsll bave i1s angilar
Points Maced in threr tighs-lines ABC, BD; AE;
given by pofiliofi: ‘

CONSTRUCTION,

Upon the two fides pq, pry let two fegments
of circles phy, par be deferibed, to contain angles
refpectively equal to CBD and CAE: Then draw
pw (8y Prab. 27.) fo' vhay, the part theréof ba, id-
 tercepred by the'two peripheries, fhall be equal to

.

BA ; and, haviag join¥d &, ¢ and 4, », make BP
= ép, BQ =2¢, AR = 4%, and Je PQ, PR, and
QR be drawn for the fides of the€ triangle -
quired.

BPEMONSTRATFION.

Tlie triangles PAR, par;' PBQ, pdy, beihg equal
and alike in all refpelts-(by Comiz.);: mot only the
fides' PR, pr 5 PQ; fy, bur the diigles QPR; gpr;
will' be eqiml'; and;- confelquently,- the' two trian=
g)lcsE PQR, pgr alfo equal and like tor each: other.
Q. E D,

R3 PRO-

245



246

The Confirution o f'

PROBLEM XLL

To deferibe a trapezinm fimilar 0 @ given ome
cfgh, baving its angular points placed in four right-
fines CN, BM, AL, CBAK given by pofition.

CONSTRUCTION.,

Let three points p, ¢, ¥ be found, from whence,
as centers, fegments of circles may be defcribed,
upon ¢f, eg, eb; to contain angles equal to the
three given angles KAL, KBM, KCN, refpec-
tively 5 draw pg, in which, produced (if neceffary)
take ¢s to gp. in the proportion of BC to Ab;

and, having drawn 75, make ec perpendicular
thereto, interfefting the three circles in 4, &, c,
Take AE : AB::ac:ab; and make the angles

.CEH, CEG, and CEF, refpetively equal to ceb,

¢ég» and cef 5 then let H, G and G, F be joined ;
and, I fay, the trapezium EFGH wil} be fimilar to
the given one ¢fgh,

D E-
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DEMONSTRATION:

© Let af, bg, ch, be drawn, and alfo pw, qo, per-
pendicular to ec.  So fhall ¢b = eb —ea = 260 —
Jew = 20w 3 and bc = er — eb = 268 — 20V =

avt: And therefore ab: bc:: vw: vt pg:gs (by
13.4.) :: AB: BC (4y Confir.). Again, fecing the
triangles EAF, eaf; EBG, ebg; ECH, ech are, re-
fpectively, equiangular (&y Conftr.) it will be EG :
eg:: EB:eb:: Ak : aé (by Conftr. and Compofition)
:: EF : ef(by 14 4); and fo the triangles GEF, gef
(havingthe fides about the equal angles proportional )
are fimilar. And,in the very fame manner, the two

remaining triangles EGH, egd (and confequently-

the whole trapeziums EFGH, ¢fgh) will appear to-
be fimilar. @, E.D.

PROBLEM XLIIL.
T'o defersbe the circumference of a circle through

Fwo given points A, B, which fball touch a right-line

C€D.given by pofition.
CONSTRUCTION.
Draw AB, which /

bifect in E by the - S ; :
perpendicular EF, \
meeting CD in F3 -
from any point H K
in EF, draw HG :
pcrpcndiculartoCD;
and, having drawn
BF, to the fame ap-
ply HI = HG, and ~ ]
parallel thereto draw BK, meeting EF in K; then
from the center K, with the radius BK, leta cir~
cle be defcribed, and the thing is done,

. R 4 D Ef
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PEMONSTRATION

Jein K, A, 3nd c}:qw KL pespendicular za CD
Then, becapfe of the parallel lines, HG:H
KL: KB & 21. 4.); whence, as HG and HI 4:;
equal, KL arg aﬂ ate equal likewifa: But it i3
gvideat, from the Confir amm, that KA is = KBy
therefose KB = KL =KA. Q E P

Becanfe twq equal lines HI, HY may be ap=
plied Kom H to BE (except, when DIH is
right-angle) the P{Ghlm wil} therefere 3dmis ok
LWeo Sg\_u'ug,p,‘; Byt whep 2 espengicular let fal}
from H BE is o6 thap HG ; the Problesy, will
be impodible  And the Like i is ¢ be yodertond
in the conftruion of the fub@qugnﬁ Problems.

PROBLEM XLIL

0, Qeferide the. izcunsferene of & cingle. thraugh. @
given pomt A, which fhall touch tmg mgl’f-lmaKgBCx
BD given by paf fition.

CONSTRUCTION.

From the point
of concourfe B

of the two given
Jines,draw BA ;
and alip BN, 10
bifet the angle
CBD; from any,
point E in BN,
vpon BC, let fall
the perpendicyr 427
lap BF, apd to §——5
BAapply EG=




Geometrical Problems.
EF, parallel to which draw AH, meeting BN in
H; then frem the eenter H, with the interval
HA, let a cirele be deferibed, and 1be thing is
done.

PEMONSTRATION

~Upon BC and BD let fall the perpendiculars
HI and HK; which are manifeftly equal, be-
eaufe (by Confir.) the angle HBl = HBK : Mote-
over, as EF and EG are equal, £l and HA are
allo equat (4y 21. 4). L E. D,

PROBLEM XLIV,

o deforibe a cinde, whick fPall touck @ given,
circle AaM, and two right-lines BC, BD, given By

pofition.
CONSTRUCTION,

Draw PQ paraliel to. BC, at, the difance: of the
radjpe Aa; and shreugh che poiot ef concaucie
B of the two given lines, draw NBP, bifeQing
the angle CBL); and meeting PQ ia P; moreover,
figm any paint E ip PN, upon PQ, Iet fall the

perpens
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perpendicular EF, "and from the fame point, te
PA; apply EG = EF ; draw AH parallel 10 EG,
meeting the periphery of the given circle in M,
and the right-line PN in H, from which laft
point, as a center, through M, defcribe the cir-
cumfererce of a circle 5 and the thing is done.

DEMONSTRATION.

.- Draw- HS perpendicular to BD, and HK to
PQ, interfeting BC in I,

Then, becavfe EG and EF are equal (&y Conftr.),
HA and HK (%y 21. 4.) are likewife equal; from
which take away KI = AM (Ag), and the re-
mainders HI,’ HM will be equal : But, it is evi-
dent, that HI is = HS, becaufe BH bifects
the angle IBS; therefore HI = HM = HS.
9. E. D

PROBLEM XLV.

To deferibe the circumference of a circle through
two given points Ay B, and which fball alfo touch
another circle Odb, given in. pofition and magni-
tude.’

CONSTRUCTION.
* Bifect the given diftance AB with the perpendi-
cular DE, in which (4y Prob. 15.) let the point C




Geometrical - Problems.

be fo determined, that CO (when drawn) fhall ex-
ceed CA by the radius Od of the given circle.
Then that pgint, it is'manifeft;’ will be the center
of the circle to be defcribed.

PROBLEM XLVL

Through & given point A, to deferibe the iircum-
Jerence of & circle, which fball touch a given circle B,
and alfo a right-line PQ given by pofition.

CONSTRUCTIQON.

 Mazke AH perpendi- 7
cular to PQ, and BD to

AH; and having drawn Q
AP, in it take BF a

third-proportional to AB

and the radius Bd, and \ AN

let AF be bifeted in G:
Then draw MN (&y Prob. -~
35.) fo that MN, NH,
and MG may be in the fame given ratio, among
themfelves, as BD, BA, and B4: And at M and
N let two perpendiculars be ereéted on AB and
AG; which will interfe@ each other in the center
C of the required circle.

DEMONSTRATION.

Tet CA and CB be drawn, and alfo CK per-
pendicular to PQ.  Becaufe MN : NH :: BD:
BA (%y Confir.) : : MN : AC (%y 22. 4.), thence is
NH (CK) = AC. And fince (4y Confir.) NH
(AC): MG : : BA : B4, it is alfo manifeft, from
the Lemma on p. 222, that BC = AC -+ B4,
K E D, o |

‘ PR Oy
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PROBLEM XLVIL

To deferibe a circle Oamb, which [ball touch two
given arcles AEa, BFb, and alfo a right-line CD,
Liven by pofition.

CONSTRUCTION.

From the radius BF of the greater circle, take
away Fb equal to the radius AE of the lefler
and from the center B, with the interval Bé, de-
fcribe the circle Bbv; alfo draw P% parallel to

Ie

CD, at the diftance of ¥4 or AE.: n, By the

laft Problem, - let the center O of a.circle be found,
whofe circumference fhall pafs thira” A, and touch
PQ and Bkr; and the fame poins @ will, likewife,
be the. camer of. the reqpised cirde Oamb.

BDEMONSTRATION.
. Draw Op, perpendicular to PQ, cuttingCD in

m; alfy let OA and OB be drawn interfecting the
: - - cucles



| C%MMMM#%%&%?n
circles A and Bin @ and v; Then, fince (5y Confir.)
AQ = 0 =20, and Ag (AE) = bv (Fh) = um,
Jet thefe laft bs refpetively taken from the for-
mer, apd there will remain O = Ob = Om.

2 E.D,

PRQBLEM XLVIIL

To defcribe the drcumference of a circl through a
given point A, which fball touch two other circles B
and C, given in pofition and magnitude.

CONSTRUCTION.

To the centers of the
given circles, draw AB
and AC; in which take
By = a third-proper-
tional to AB and the ra-
dius BE ; and Cc = a,
third-proportional to AC
and the radius CF : bi-
fe&& Ab and Ac ip G A SN\B |
and H, and let Fr be .
drawn paraliel to AB,
meeting BC in . Then
(&y Prob. 34.) draw AQ, fo that OM and ON being
drawn perpendicular to AB and AC, the three
lines AO, GM and HN fhall have the fame given
ratio among themfelves, as AB, BE and Fr. Then
fhall the point O be the center of the required
circle : For, fince (4y Qonfir.) AO: GM:: AB:
BE; and AO: HN (:: AB: Fr):: AC:CF; it
is manifeft, from the Lemma on p. 222. that OB
=AG 4+ BE; and QC= AO 4+ CF. Q.E.D.

In
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" In"the very fame manner, a circle may be des
fcribed to touch three given circles ; the Problem
amounting to no more than, 70 find a point from
whence lines, drawn to three given points, fhall bave
given differences: Since a point fo found will al-
ways be the center of the required circle, as well
when the three given circles are to touch that circle
inwardly, as when they are all required to touch
it outwardly.

The End of the GEomeTRICAL CONSTRUCTIONS.

NOTES



N O T E S
GeomeTrIcAaL and CriTICAL

ON ‘T-H E
Elementary Part of this WoRrk.

XJOM 10. Book 1. What is here laid
down, as an Axiom, would, more properly,
" "have been made a_propofirion, had it ad-
mitted of fuch a demonftration, as is perfeétly
confiftent with geometrical ftriCtnefs and purity.
But the laying of one figure upon another, what-
ever evidence it may aftord, is 2 mechanical con-
fideration, and depends on no Poffulate.

Theor. 4. and 5. Book 1. There is fcarce any
thing moie obvious to fenfe, and at the fame time
more difficult to demonftrate, than the firt, and
moft fimple properties of parallel lines. Even
when we have (in Theor. 4.) proved the poffibility
of the exiftence of fuch lines, we cannot from
thence infer, that their diftance from one another
is every-where the fame ; without having recourfe
to an Axiom, which, though very evident to
fenfe, cannot be demonftrated. Thefe difficul-
ties wholly arife from' our not having any propor-
ties, previoufly demonftrated, whereby the progrefs
of a right-line, produced out, can be traced, with
refpedt to its diftance from fome other right-line

' ' afligned ;
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affigned ; nothing lefs being required here, than
the proportionality of the fides of equiangular tri-
angles ; which is not proved before the middle of
the Fourth Book, and which depends upon thefe
very principles.

Schol. to Theor. 5. Book 1. As there are feveral
conditions requifite to make up the definitions of
a reGtangle and fquare, it was néceffary to (hew here,
that the feveral properties afcribed to thofe figures,
are not incompatible one with another,  Euclid is
very fict in this particular, and never undertakes
to demonftrate any thing relating to a figure, till
he has proved the poflibility of the exiftence of
fuch figure by an actual conftruction.

Theor. 22. Book 1. This propofidon, which is
not in Exclid, is of confiderable ufe, being often
wanted in determining the Maxima and Minima,
i mathematical enquiries.

Theor. 27. Book 1. This Thegrem, thotgh tiot
in Euclid, 1s alfo very ufeful, 4t lexft, t6 our defign :
by it we are not only enabled to divide a right-
line into any number of equal patis; without the
help ef proportions, but alfo to detnonftrace that
mofk important propofition, That the bomolososs
fides of equiangular triangles ave proportiondl. M is
true, the metliod purtued here, s not exally con-
formable to the idea of proportions delivared in
the 6th Def. of Eucttd’s gtk Bouvk. Bug, even
in tha lght, the demonftration will Be equally
eaf, without inferring it fromi the propartioialiey
of triangular fpaces.

Thear,
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" Theor. 1. Book 1. This propofition, which is not
mentioned by Exclid, may be thought unneceffary;
but it muft either be _

demonftrated, or a- g EC r
{fumed, as it is wanted
in almoft every pro-
pofition of the fecond A
book : By means of
it, we alfo arrive at a K c_¢ f
general, and very eafy -
demonftration of that
important Theorem,
That all parallelograms ¢
(AEFD, aefd) which fland upon equal bafes, and
bave equal altitudes, are themfelves equal : For, when

it is known that thefe parallelograms AEFD, a¢/d

are equal, refpectively, to retangles ABCD, abed,
of the fame bafe and altitude (which is proved in
Prop. 2.) it is alfo manifeft that they mutt be equal
to one another, as their equal reftangles ABCD,
abcd are thewn (&y Theor. 1.) to be equal, the one
to the other. This determination.is more general
‘than that given by Euc/id, in the 36th Prop. of his
firft book ; where he demonftrates the eguajity of
parallelograms, whofe equal bafes are in the farhe
ftraight line : Which may, perhaps,be theught fuffi-
cient for the whole; becaufe, if the bales are not
in the fame right-line, one of the two izures may
‘be conceived to be removed, and lo placed, thae its

bafe fhall be in the fame right-line with the bale of -

the other.—But, that theft were not Ex:fid’s fenti-
ments, is evident from this; He hints at no fuch
thing: And had he approved of this fort of de-
monftration, his 36th Prop. would have been in-
tirely ufelels; as nothing more (after the 35th)
woutd-be neceflary, in order to a general demon-
ftration, than barely to place one bafe upen the

S other.
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other. But it is certain, that this is a kind of de-
monftration, which ELuc/id never has recourfe to,
when the thing in hand can be done without it.
¥or which realon I cannot help wondering a little,
that that very accurate Geometer, Praofeffor Simfon
of Glafgow, thould make ufe of 7, where (I ap-
prehend) Euclid would not. The place, I have
now particularly in my eye, is the addition (for
it cannot properly be called a corollary) made
by him to the firft propofition of the fixth book :
Which addition would have been quite unneceffary,
had what is above remarked, refpecting the equa-
lity of parallelograms, been fully eftablithed in
the fecond book: For then the demonftration, that
parallelograms, having equal altitudes, are as their
bafes, would nothing differ from that whereby pa-
rallelograms, ftanding between the fame parallels,
are proved to be in proportion as their bafes.

Theor. 9, 11, 12, 13. Bock II. Thefe four Theo-
rems, tho’ not in Euxclid, are of very confiderable
ufe, particularly the two firft of them. ‘

Thecr. 1. Book 111. ‘This eafy propofition is add-
ed in order to give the learner a proper, and more
precife idea of the quantity of an angle, and of its
divifion in practical ufes.

Theor. 2, 35 4, 54 6,7, 8, Book 1II. Thefe feven
propolitions comprehend all that is moft mate-
sial in the firlt feventeen Theorems of Euclid’s

‘3(1 book.—As there is no where, in this author,

10 long a run of propofitions together that are lefg
entertaining to learpers, or of lefs real importance,
than the greater part of the faid Theorems; I
thought it would be of ufe to reduce the fubftance
of them into a lefs compafs : And I flatter myfelfy
that 1 have not fucceeded ill, in this particular.
Theor.
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Theor. 24, 25, 26, 27, 28. Boock 1Il. Thefe
Theorems, which are all of very confiderable ufe,
will not, I fatter myfelf, appear lefs plaia by
being proved independent of proportions, as the
demonftrations here given are, not only more con-
cife, but depend alfo upon fewer principles.

Def. 12. and 13, Book IV. The explication here |

given, is not ftrictly conformable to the idea of
ancient Commentators, but is delivered in a fenfe
fomewhat more general. With them, tbe compo-
fition and divifion of raties, extends to thofe cafes
only, where the fum, or difference of each antece-
dent and its confequent, is compared with the con-
fequent. When the antecedent is compared with
its excefs above the confequent, this they call the
converfion of ratios. Butin fuch cafes where the
antecedent is lefs than the confequent, and where
the fum, or difference of the antecedent and con-
{equent is required to be compared with the ante-
cedent; it does not appear that any ferms have
been given to fignify fuch a comparifon.  Prsfeffor
Simfon thinks, that the definitions we have, are not
Euclid’s, but an addition by Theon; which to mie
appears highly probable : This at leaft feems clear,
that thefe definitions ought, either, to have been
extended to a greater number, or elfe to have been
rendered more general. For this reafon 1 have,
after the example of modern Geometers, given the
fignification of thofe terms, fo as to include all the
{everal cafes : And this, I thought, might be done
with the greater propriety, as the truth of whatever
is here underftood, depends upon the fame demon-
ftration.

Theor. 20, 21, 22, 23. Book IV. All thefe Theo-
rems, tho’ not in Euclid, are of confiderable ufe;
Sz by
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by the two former, the demonftration of feveral
others is rendered more eafy; and the latter have
been applied, to geod purpofe, in the analytical
determination of fome difficult geometrical pro-
blems.

Prod. 3, 4, 5, 6. Beok V. In the demonftrations
here given, it may be thought, that [ have af-
feCted an unncceflary exactnefs, by making them
depend on .xioris alone. But I was willing that
thefe fundamental propofitions fhould have the
fame foundation and evidence, as they appear to
ftand upen in Ewclid; without referring to any
thing derived in virtue of the 4th Poftulate.” But,
whether 1 judged well, or ill, in this particular, is
of litde confequence, as the demonftrations here

‘given, are not lefs plain, and but very little longer,

than they otherwile would have been.—The Pro-
blems themfelves might, indeed, have been given
along with the Theorems, as they became ' necef-
fary, according to the method purfued by Euclid ;
whereby any objetion, of this fort, ‘might have
‘been avoided, But, befides {fome {mall convenience
to the learner, there is a real advantage in having
the Problems all together, after the Theorems;
fince, from a great choice of properties, ready de-
monitrated to our hands, we are often able to ar
rive at a fhorter and better conftruction, than
could poflibly be given from fuch properties alone
as are antecedent to Fuclid’s folution of the fame
Problem ; his methed of writing having obliged
him to introduce the leading Problems as foon as
poffible, in order to evince and eftablifh the con-
fiftence of his definitions, and to open his way in
a regular manner to the many ufeful Theorems
thereon depending, And it is for this reafon alone,

-that many of his Confiruftions are not fo well

adapred to pradtice, -as thofe in common ufe.
Upon
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Upon which account, fome have been precipitate
enough to bfame him ; not feeing, or eonfidering,
that fuch Conftruétions, tho’ not {uited to anfwer
every purpofe, were the moft proper for his plan,
and the beft that could be given in the places
where they ftand.

Prob. 8. Beok V. The reafoning in this propo-
{ition, to prove that the two circles will cut each
other, may, to fome, appear neediefs. Profeffer
Simfon (at p. 359. of his Euclid) has been a little
fevere upon me, on this head, for attempting to
fupply, what I thought, a fmall defe@ in Euclid.
¢ Who is {o dull (fays he) tho’ only beginning to
¢ Jearn the Elements, as not to perceive that the
¢ circle defcribed from the center F, &6 It is
not without a real concern that I here fee this
able Geometer drop his own charatter fo far, as
to exprefs himfelf in a manner fo very ungeemetri-
cal. If the thing is, indeed, eafy to be perceived,
it mufl be fo, either, as an immediate object of the
fenfes, that is, in plain terms, by infpection; or
elfe it muft be in confequence of geometrical rea-
fonings antecedent to the thing itfelf. Now I am
clear that he would not ‘be thought to mean the
former; and, as to the latter, nothing had been
given from whence the evidence of the inference
could be fo clearly feen: For, tho’ it is proved,
that any two fides of every triangle are greater
than the third fide, it would be abfurd to urge that
conclufion in the cafe before us ; becaufe the quef-
tion here, is, whether a triangle, under certain
fpecified conditions, can, or cannot be formed ?
and, therefore, to conclude any thing from the
‘properties of triangles, would be ridiculous, and
nothing lefs than begging the queftion. Thart the
determination propofed limits the Problem, no body
will difpute : But then, i3 it not necceffary that

S 3 this
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this fhould be proved, in Elements of Geometry,
where a reafon. for every thing js, or ought to be
given ? From this confideration, I cannot intirely
approve of the emendation propofed by this Editor
t0 Euclid’s 24th Prop. Book L.~ For, tho’ the addi-
tion there made, does indeed reftrain the propofi-
tion to one cafe; yet this ought to have been de-
monftrated, by fhewing that the point F (vid. p. 29.]
muft in confequence of fuch reftriction, neceffarily
fall below the line EG; but this s not done.
Many other inftances might be produced to fhew,
that this gentleman, who often appears a little too
hafty and fevere in his cerfures, is not, himfelf,
every-where equally guarded. In Prop.I. Book 1L
he bids you to draw a ftraight-line within a circle,
without {pecifying that it muft terminate in the
circumference ; and, what is a great deal worfe,
he here very improperly ufes the word within;
when the propofition itfelf is laid down in order to
prove, in the fubfequent one, that fuch line muft
neceflarily fall within the circle. Thelfe are, it is
true, but Jictle matters; but lefs than thefe have
fallen under this gentleman’s notice. At p. 358.
M. Clairan: is glanced at, for an inadvertency of
this fort.  And, in the note at the head of p. 415.
itis faid, ¢ The words, for a fraight-line cannot
““ mect a firaight-line in more than one point, are left
‘¢ our, as an addition by fome unfkilful hand ; for
“ this is to be demonftrated, not affumed.” Now
can it poflibly thew any want of fkill in an editor;
to reler to an Axiom which Exclid himfelf had laid

"‘down (Book I. N¢ 14.) and not to have demons

ftrated, what no man can demeonftrate 2

Prch. 16, 17, 18. Bock V. Thefe three Pro-
blems, tho’ not fo frequently wanted as fome of
the preceding ones, are neverthelefs of very confis
derable ufe.  The two laft of them are the fame,

n
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tn effect, with the 28th and 2gth of Euclid’s 6th
book ; but are here put down in a manner rather

maore commodious.

Aoiom, 'p'. 131. This Axiom is fubflituted in-

ftead of the common definition of equal folids,.
which, I really think, is too bad to be the work:

of Eyclid. It is not a definition, but a propofition,
¢ whofe truth or falfhood ought (as a very judi-
¢ cious writer obferves) to be demonftrated, not
¢ affumed.” Neither is it at all conformable to
Euclid’s manner of writing, where he eftablithes the
foundation whereon the equality of plane figures is
grounded ; which he does, not by means ot a de-
finition, but from the application of two of the
moft fimple figures to each other; fo that, from
the coincidence of their bounds, their equality may
appear manifet. And this method we have pur-
fued in treating of folids; without which a clear
and diftin& idea of their equality can be no more
obtained, than of the equality of plane figures in-
dependent of the 4th Prop. of the firft book, which
is our 10th Axiom. I fhould have faid a good
deal more on this head, but I find that Profeflor
Simfon has already placed this matter in fo f{trong
and clear a light, as to render any farther apology,
or comment unneceflairy here.  Tho’ I muft con-
fefs, that, had this gentleman’s work come into
my hands * before the elementary part of my own
b

* This did not happen till the middle of lafp Nevember ; when
being in town, in company avith my bookjller, and being preffed by
bim to finifhr; I acquainted him that every thing avas aclrally
ready, except the Preface, awbich avould coff me fome pains, fince
it wonld be neceffary to chviate fome oljeltions, particularly awith
vogard to the reafons for my rejecting Buchid’s dgfinition of equal fo-
Lids, and building upon a different foundation. = On awbich, be im-
redint:ly let s fnowe, that Mr. Kob, Simfon bad alrsady cleared

L up-
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had been intirely. printed off, the definition of fi-

milar folids, which | have given, from Euclid, would
have been delivered under a form fomewhat dif-
ferent. For, tho® it involves no abfurdity, as it
now ftands, yet there are certain cafes (but fuch in-
deed as do not occur in any Elements of Geometry)
where it will not afford the precife idea it ought
to convey.

Poftulatum, p. 131. The unfatisfalory and in-
conclufive demonftration given to Euclid’s 2d Prop.
Bovok X1. (by Exclid himlelf, or fome lefs fkilful Edi-
tor) feemed to vender fomething of this fort necef-
fary. Ia that demonftration it is taken for granted,
that one part of the triangle, at leaft, muft be in
the fame plane. But it has been very juftly ob-
ferved, that a curve-furface may be bounded by
three right-lines : Nor does it feem eafy to form a
clear idea, that even a part of any one of the three
lines will be in the fame plane with one of the
others, unlefs by conceiving a plane to be turned
about upon the one, till it meets with, or falls
upon fome point in the other. And I have the
facisfaltion in this particular, to fee my fentiments
exaltly agree with thofe of a very good judge,
whofe name, 1 have, more than once, had occafion
to mention in thefe notes. 1t is true, he makes
that 2 Theorem, which 1 lay down as a Poftulate.
But, fince a plane can no more be turned about
upon a line, than a line can be drawn from one
point to another, it feemed to me, that the one

up that point 5 and exprofid his furprize that a averk of fo much
repute, <vkersin (be told me) my own name was more than once
smentioned, bad not come into my bands, A copy of awhich I re-
corved from him the next morring,  In confequence awbereof I
Lhanged my firfl defign of avriting a long Preface ; thinking it would
be better 10 give wwbat 1 bad 1o effer, in notes, after the cxample of
this L.iter. ‘ '

' was
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was as properly a Poftulate, -as. the other. How-
ever, whether this be, or be not allowed, is imma-
terial, as the degree of evidence is precifely the
fame. There is, indeed, one reafon, why this Theo-
rem, or Poftulate, ought to have preceded that gen.
tleman’s demonftration of Prop. 1. Book XI; Itis
there wanted : For, in the Corollary on which
-that -demonftration is made to depend, the lines
AB, BD, BC are fuppofed to be all in the fame
plane ; which ought by no means to be affumed in
the 1ft of the 11th. Euclid’s 10th Axiom, which
that Corollary is intended to fupply, and by which
the propofition is ufually demonftrated, is not li-
mited by any fuch reftriction.

Theor. 12. Book VIL. This propofition is added
on account of its ufe, being the foundation on
which the whole ar# of perfpettive in a manner de-
pends.

Theor. 25. Book VII. From this Theorem, which
is very extenfive in its application, feveral others
of confiderable note may be deduced: ~one, or
two of which, for the fake of the learner, I thall
here derive, and put down by way of example.

Let A, B, C, D denote four lines in continual
proportion.

.. Then, {ﬁ : g s g : ]C),’ }it,follows (from
fince A:B::A:B, Theor, 25.) that
A3 :B3:: CBA:CBD:: A:D (¥ 22.
».) or that, of four lines in continual proportion,
the cube of the firft is to the cube of the fecond,
as the firft lire is to the fourth.

Again, let, A:a::B:5::C:c(where A, a3
B, 43 C, ¢, may be fuppofed to reprefent the
homologous fides of two fimilar parallelepipe-
dens). :

Thcn,'
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* A:2:B:8

g&?’ {A :a::C:c it alfo follows,
A:ag::A:a '

that, A% : 43 : : BCA : dca; or, that fimilar pa-
rallelepipedons are to one another, as the cubes of
their homologous fides.—The proportionality of fi~
milar parallelepipedons, defcribed upoh propor-
tional lines, is alfo included in the fame Theorem;
being no other than that cafe of it, where the pro-
pofed ratios are all equal. .

- Theor. 5. Book VIII. The demonftration of this
Theorem might have been delivered under a form
fomewhat different, by affuming two other folids
(without regard to figure) the one lefs, and the
other - greater than the propofed parallelepipedon
1P, and proving that cylinder muft, a/fs, be greater
than the one, and lefs than the other : which is
done by means of Lewm. 1, that is, by taking Pm,
or Pz, {o fmall a part of IP, as to be lefs than the
difference between the given parallelepipedon and
either of the faid folids : from whence the de-
monftration will proceed on, in the fame manner
in which we have given it. But, as thefe ad-
ditional confiderations would have increafed the
number of fchemes, and lengthened the procefs,
without adding one jot to the degree of evidence,
it was thought proper, for the fake of the learner,
to omit them.

Theor. 8. Book VIII, This Theorem is not fo

.ufeful as the Corollaries that follow from it, which

are all of very grear importance: In the gd and
4th of them, the proportion of all kinds of prifms
and pyramids is afligned, without the afliftance
of the ufual demonftrations given for this purpofe ;
which, tho’ fufficiently evident in themfelves, are
often found a little perplexing to learners, on ac-

' - couns
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count of the fchemes, wherein fo great a number
of lines is neceffary.

. Nothing, in the courfe of thefe notes, has been
faid relative to the Theorems on proportions, tho’
fo nice and critical a fubjeét, and tho’ the method

I have therein purfued may ftand in need of fome.

apology. But, indeed, the whole of what I have
to offer on this head, was too much to be com-
prized in the compafs of one fingle note, and
could not fo properly be delivered in feveral de-
tached ones : For which reafon, I (hall here throw
together all that I have to advance on that fube
ject.
] There are two objections that may be brought
againft the method in which proportions are treated
of in this work ; the one, grounded on the impof-
fibility of dividing every magnitude into equal
parts; and the other, on the incommenfurability
of two or more magnitudes of the fame kind,
when compared with each other. The firft of
thefe objections appears, to me, to have very little
weight. For, tho’ a magnitude may be fo con-
ftituted, that the divifion of it into an affigned
number of equal parts cannot be, afZually, effefted
by any geometrical coaftruction ; yet it is no lefs
evident, for that reafon, that every fuch magnitude
has not really its third, fourth, or other affigned
part, tho’ we are at a lofs how to rake it ; or, in
. other words, it feems very clear to conceive, that
in every propofed magnitude, whatever its figure
may be, a lefs magnitude is contained, which, re-
peated an afligned number of times, thall be equal
to the magnitude given. If, as the moft rigid
judges allow, every plane figure is equal to fome
fquare, and every folid equal to fome parallelepipe-
don; then the parts of the fquare, or parallelepi-

pedon, which are actually determinable by 2 gea-
metrical

2674
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metrical conftruction, will alfo be like parts of the
figure firft propofed, and fuch as we conceive to
be taken.

The other objection, depending on the incom-
menfurability of magnitudes,is a matter of real dif-
ficulty ; which we have taken fome pains to ob-
viate, in the Scholia to our 3d and 7th Theorems.
Euclid, himfelf, feems to have been not a little em-
barrafled with 44, if we may be allowed to judge
from the different methods he has left us in his 5th
and 7th books; the former whereof, which is
fuited to include -the bufinefs of incommenfura-
bles, being nothing near fo eafy and natural as the
latter : It has, it is true, the advantage of being ge-
neral; but, that'the principles whereon it is ground-
ed, are neither fo fimple, nor fo evident as might be
wilhed for, the many difputes about them, fince
Fuclid’s time, by Geometers of the firflt rank, will
in a great meafure evince. And farther, it feems
fufficiently plain, from Euclid’s own authority, that
he himfelf was not intirely pleafed with his own per-
formance on this head ; or that he was convinced (at
leaft) that it had not every advantage: For, other-
wife, it will be very difficult to account for his
having demonftrated many things in his 7th book,
by another method, whofe demonftrations had been
attually given before, in the 5th, under a different
form. For thefe reafons, when I fee the extrava-
gant commendations that have been lavithed on this
sth book of Euclid, 1 am no-farther convinced by
them, than that great men may fometimes launch
out too far in behalf of opinions which they have

“adopted. And I believe that, whoever has read

the notes on the sth book, by that' great reftorer
of Euclid, Profeffor Simfon, will be apt to,conclude,
that thofe high encomiums are a little mifapplied.
Indeed, if all that is advanced in thofe potes be
allowed of, I think the author of them has proved

too
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too much 5 and this fuperb fabric of proportions,
reared with fo'much art, ftands upon a tottering,
foundation. It is not by choice that [ go out of
my way to play the ¢ritic; but as ghe writers againft
the vulgar and indiftin&® notion of proportions (as
they term it) are very fevere in their cenfures, and
affume a great fuperiority, from the boafted avcuracy
of their reafonings, it may be neceffary to fhew my
readery that, tho’ what he is bere taught on propor-
ticns, is liable to fome objetions, the method
which fome fo greatly prefer, has 4 its difficul-
ties; and that there are other abjeiZions ta it belides
its obfcurity. And this I fhall make appear from
this Jearned Commentator’s own authority and con-
ceffions ; and in order thereto, thall firft refer to his
note on Prop. 10, which proceeds thus. © It was

¢« peceflary to give another demonftration of this -

« propofition, becaufe that which is in the Greek,
¢« and Latin, or in other editions, is not legitimate,
<« For the words greater, the fame, or equal, leffer,
¢ have a quite different meaning when applied to
¢ magpnitudes and ratios, as is plain from the5th
¢« and 7th definitions of Book 5. by help of thefe let
¢« us examine the demonftration of the 10th Prop.
«« which proceeds thus, (Fc.”” He then goes on,
in a long note, to fhew che infufficiency of a de-
monftracion, which had been received, by all, as
perfeétly genuine and fatisfactory; and at laft comes
to this conclufion. ¢ Wherefore the 10th Propo-
¢ fition is not fufficiently demonftrated. And it
¢ {eems, that he who has given the demonftration
¢ of the 1oth Propofition, as we now have it, in-
« ftead of that which Euclid or Endoxus had givea,
¢ has been deceived in applying what is manifeft,
¢ when underfiood of magnitudes, unto ratios,
‘“ 77z, that a magnitode cannot be both greater
¢ gnd lefs than another. That thofe things which
t¢ are equal to the fame are equal to one another,
o : 133 iS
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¢« js a moft evident Axiom when underftood of
¢ magnitudes, yet Euclid does not make ufe of it
¢¢ to infer that thefe ratios which are the fame to
< the fame ratio, are the fame to one another;
¢ but explicitly demonftrates this in Prop. 11. of

- ¢ Book 5. The demonftration we have given of the

¢ yoth Prop. is no doubt the fame with that of
«¢ Eudoxus or Euclid, as it is immediately and di-
s reCtly derived from the definition of a greater
“ ratio, viz. ythof 5.”

" Here the weight of the objettion refts on its not
having been proved, that, of three given magni-
tudes A, B, C, the ratio of A to C could not, at
the fame time, be both greater and lefs than that
of Bto C. But, if in the demonftration, here re-
je€ed: as infufficient, there is any real flaw, it is
chargeable on the definition of a greater and lefs
ratio, as the reafoning from it, is clear, ftrong, and
perfetly fcientific, And I would ferioufly atk the
Contemners of the vulgar and confufed notion of
proportions, if a definition, by which it cannot
be kpown, whether the ratio of the firlt to the fe-
cond of four given magnitudes, may not, at the
fame time, be both greater and lefs, than that of the
third to the fourth, is really calculated to afford
thofe very accurate ideas, they pretended to ? This
Commentator has too much penetration not to be
aware of the force of this objeftion, which he has
attempted to obviate in one particular cafe. But
the new propofition given by him, for, that purpofe,
ought to have preceded the 10th, and to have been
demonftrated independent of it. This he alfo

“feems apprized of, when he fays, that ¢ it cannot

¢ be eafily demonftrated without the roth, as he that
« tries to do it will find.” But, be this as it will,
I am not at all clear that his ¢« demonftration of
« the 1oth, is the fame with that of Eudoxus or
& Eyuchid.” Luclid or (if you pleafe) Eudaxus, does

never
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never (that I know of ) refer to any definition, till
it has been proved, either by an actual conftruction,

or by fome demonftration previous to that in hand,

that fuch defidition involves no abfurdity, or con-
ditions that are incompatible one with another. . If,
therefore, it was conceived poflible, that the defi-
nition of a greater and lefs ratio, could involve fo
great an abfurdity, as that, 2y 2, the ratio of A.to
C might at the fame time be both greater and lefs
than that of B to C; chis point, according to the
method prefcribed by Ewclid, ought to have been

cleared up, not by medns of propofitions derived in -

virtue of that very definition, but by others ante-
cedent thereto, and independent thereupon. And,
to me, the 8th Prop. feems the proper place for the
doing of this, where it might be ¢afily introduced,
cither in the Prop. icfelf, or by way of Corollary.
It is there proved, that if, of three magnitudes A,
B, C, the firft A is greater than the fecond B, then
certain equimultiples of A and B may be taken fuch,
that being compared with fome multiple of C, the
multiple of A fhall be greater,and that of B lefs than
the faid multiple of C. Whence, by the definition of
a greater ratio, the ratio of A ta Cis greater than
that of Bto C. To which might be added—And,
becaufe A is greater than B, no equimultiples of
A and B can poffibly be fo taken, that the multi-
ple of A fhall be equal to, or lefs than fome mul-
tiple of C, and that of B greater than the fame;
becaufe A being greater than B, the multiple of A
* js ever greater than that of B, and therefore alfo
greater than that of C, which is equal to, or lefs
than the multiple of B. - Wherefore the ratio of A
to C cannot (by the definition) be lefs - (as well as
greater) than the ratio of B to C.

But, notwithftanding all that has been proved on
this head, either here, or by that gentleman him-
felf, the famg objeCtion occurs again in Prop. 13.

where
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where it remains in its full force. For, tho’ it be
allowed, that « there ate fome equimultiples of C
¢ and E, and.fome of D and F fuch, that the
« multiple of C is greater than the multiple of D,
¢ but the multiple of E not greater than the mul-
<« tiple of F';” yetitis not demonftrated, nor in
any fort fhewn, that other equimultiples of thofe
quantities cannot be.taken fuch, that the very con-
trary fhall happen.—If the demonftration of the
roth Prop. has been juftly rejected by this gentle-
man himfelf, as infufficient, becaufe the impofii-
bility of a contrary conclufion had not been fhewn 3
can it be thought that this 13th Propofition is, at
this day, fufficiently demonftrated, where the fame
obje&ion occurs, and that in a much greater lati-
tude ? I have a much better opinion of this Edi-
tor’s difcernment, than to imagine, that his pafling
this matter over in filence, proceeded from his not
being aware of the difficulty ; but it feems to me,
that bis great diflike to the vulgar idea of propor-
‘tion” (fo often teftified in the courfe of his notes)
would not permit him to borrow any. thing from
thence, however evident, and though this objec-
tion, that ftrikes deep at the very root of propor-
tions, might by means thereof be very eafily re-
moved. 1 fay, tlie very root of proportions is
‘deeply ftruck at in this objetion ; becaufe both
‘the alternation and equality of ratios (ex «equali fe.
‘dift.) are grounded on the faid 13th Prop. and
which, therefore, till the objetion is removed,
muft be allowed to ftand upon an uncertain foun-
dation. ’

The principle hinted at above, whereby the dif-
ficulty might be obviated, is, that if a magnitude
of any kind be given, or propounded, there may
(or can) be another magnitude of the fame kind
which (hall have to it any ratio afligned. This
affumption Mr. Profeffor will by no means admithof

(the’
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(tho® Exclidhimfelf, ih'Piop: 2: of his rath book; has’
ufed'it) 3 and, in a long note'on Prop.’18. is angry’
with Clavius for having récourfe to it "affirming’
¢ That the' demonftration (given by means-thereof?)’
“ is of noforce ;”" and that ¢ the thing itfelf can-
“ pot (as’far as he can' difcern) be demnonftrated by
¢ the preceding propofitions, fo fat is it from de-
¢ ferving to be reckoned an Axioim, as Clavius,

< after othér Commentarors, would have it.*” That-
the affumption cannot- be generally demonftrated

by the preceding propofitions (rior even: by all - the
opofitions in the Elements) I readily affent to ¢
t-then, becaufe a thing, exceedingly obvious in

its own nature, cannot be demonftrated, is it there-

fore lefs proper for an-Axiom? 1 fhould rather
- take the other fide of the queftion, and maintain
that nothing ought to be made an Axiom, which
can be demonftrated.: But we are -not, it feems,
allowed' to-have aiiyidea of proportion but what
is contained'in the 6th and’ 8th (or; as this Author
makes them, the 5th and 7th) definitions of Ex-

clid’s gth book. And, in his riote onthe néw:
Prop: marked A, Fl¢ is'again difpledfed with Cla-

oiusy for- thinking it “fufficiently evident, from zbe
nature of proportionals, ‘that if, of four.proportional
magnitudes, the firft antecedent'is greater than its
‘confequent, the fecond antecedent will alfo be
greater than its confequent.  As if there was
“(fays he)-any nature of proportionals antecedent
¢ to ‘that which is.to be derived and underfipod
¢ from: 'the definition of them.” Now I cannot
help- thinking, with Clavius, that there was a na-
ture,” or idea  of proportion antecedent to that
glven in- the 6th and 8th- definitions' of Euclid’s
sth book : For, that mankind, long before the
time of Euclid, had fome way to thew, or exprefs,
in ‘what degre¢ one’ magnitude was- greater or lefs:

thian another, cannot be doubied:” And: this was'’

T the
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the firft, and natural idea- of proportion: And
I look upon thofe definitions, as refinements,
only, on the fimple and natural idea, in or-
der to take in the bufinefs of incommenfurables ;
whereby the original notion is fo much obfcured,
that it requires fome ikill, even to fee that it is
at all contained in thefe definitions. I intirely agree
with this gentleman, that every demonftration
ought to be ftrictly derived from principles before
eftablihed : But then, whether is it more eligible,
to have recourfe to 2n Axiom founded (as all other
Axioms are) on the evidence of fenfe and reafon,
or to an obfcure and perplexed definition, which
may, for any thing that has been proved to the
contrary, involve an abfurdity ? oo
That there is fomething very ingenious and fubtle
in the doctrine of proportions, as delivered in Ex-
clia’s 5th book, cannot be denied. All that I con-
tend for, is, that the principles on which it is built
are obfeure, and not fo firmly eftablithed, as to au-
thorize its partifans to affume_that great fuperiority .
they lay claim to, in point of geometrical ftriGtnefs.
I have intimated above, that the principle is re-
jected, by which the confiftence of the definition of a
greater and lefs ratio might be eftablithed, without
much difficulty : But Iwould not be thought to mean,
that the fame thing cannot poffibly be effected any
other way, becaufe I am fatisfied that jt may be done
from the confideration of mulriples alone: But ade-
montftration of this fort is not eafy.—Were I to treat.
of proportions from the plan laid down in the 5th.
book of Euclid, I would intirely reje¢t the 10th and.
1 3th propofitions, and every thing elfe founded on the
definition of a greater and lefs ratio, as being of no
other ufe in the Elements, than to open the way to
thofeimportantTheoremsonthealternationand equa-,
lity of ratios ; which may be better demonftrated with-
out them, from the definition of equal ratios alone;
which,



Nutes geometrical -and critical,

which, from the conditions of- it,” can admit ofno
abfurdity; and-whofe confiftence is evinced in Prop:
15. and ftill more. clearly in the firft of the fixth.. -
In the 14th of the gth, whereon the alternation
of ratios is grounded, it is neceffary.to demanttrate,
<« That if, of four proportional magnitudes, of .the
«¢ fame kind, A, B,.C, D, the firft be greater than
«¢ the third, the fecond fhall be greater than the
« fourth; and if equal, equal; and if lefs, lefler.”
Which may be very ealily done, independent both
of the 1oth and i3th, in the manner following. -
Firft, let A be greater than C.

A . B . C D
- B I G H

Of A and C (y Prop. 8.) let fuch equimultiples
be taken; -that the muluple of A fhall be greater,
and that of C lefs, than fome multiple of B ;- let ' E
and ‘G be any two fuch equimultiples of A and C,
and F the multiple of B; fo that E fhall be greater

than F, and G lefs than F; and let H be the famé’

multiple of D, as P is of B. Therefore, becaufe
E and G are equimultiples of the firft and third,
and F and H alfo equimultiples of-the fecond and
fourth; and feeing that (4y Hyp ) E is greater than
F; it is evident, from the definition of equal ra-
tios, that G muft likewife be greater than H:
Therefore much more fhall F (which exceeds G) be
greater than H ; whence alfo B thall be greater than
D (by Ax. 4.) Band D being like parts of F and H.

. When A is lefs than C, it will he demonftrated
in the fame manner, that B is alfo lefs than D. But

when A is equal to C, no new demonfiration is

neceflary ; fince neither the 1oth nor the 13th have
any thing to do in this cafe.

Again, in the 20th Prop. (in which the 1cth and”

13th alfo enter) we are to prove, ¢ That if there be
¢ three
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«three magnitudes (A, B, C) and other three (D,
s« E, F):which taken two and two have the fame ra-
¢« tio(A:B::D:E,B:C::E: F)ifthe firft(A)
¢ be greater than the third (C), the fourth (D) thall
¢ be greater than the fixth (F); and if equal, equal y
¢ and if lefs, leffer.”” Which may likewife be done
without the affiftance of either the 1oth or thex3th,
in the fame manner, above fpecified.
" For, if A be greater than C; then of A and C
(%y Prop. 8.) fuch equimultiples may be taken, that
the- multiple of A fhall be greater, and that of C

lefs, than fome multiple of B; let G and 1 be-two

fuch equimul- ‘
tiples of A G - H ., 1.
and C, and let A A c
Hbethemul- PN | SRS S
tiple of B, fo D T -
that G fhall be ¢ e} Pl
greater than K L M
H, and I'lefs’ . ] Yt

than H; moreover take L the fame multiple of
E, as His of B; and K and M the fame’equimul--
tiples of D and F, as G and Iare of A and C.

- Therefore, fince of the four.proportionals A, B, Ip,

=

E, equimultiples G, K of fb\’!‘w brind third, and
equimultiples H, L. of the fecond and ‘fourth, are’
here taken, it is manifeft, from the définition of
cqual ratios, feeing G is greater than H (by Hyp.)
that K muft alfo' be greater thar L.  And in the
very fame manner, becaufe B, C, E, F are propor-
tionals, and H is greater than I, L will likewife be
greater than M: Therefore much more fhall K,
which exceeds L, be greater than M. And con-
fequently (4y Ax. 4.) D fhall alfo be greater than F,
—When A is lefs than C, the demonftration is the
fame : The other cafe, when A is equal to C, does
not require, nor indeed admit of any improvement.
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