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f H E J F Î O N U Ù R A B t È

* 7 T — ' С* •'rb Hin*LK») JJjiVJ«

Surveyor- General of' Ms M A j E s т у 's
/"x
U R Ö N A N C . E ,

HONOURABLE SIR,

fr^HE fubjcft of the iheets which Î here
_I_ beg leave to lay before You, is of fo

much conlequence to mankind, as juftly to
claim the regard and fanftion of the Great*
Geometry isj not only a moft accurate, but a
very extenfive fcience, whofe application and
great utility, as well in the arts of peace as of
War, are well known to

But though this work, if the manner in
wl)ich it is executed be cörrefpondent to the
importance of the fubjeftj may not want
fufficient merit to render it worthy of the
approbation of a Gentleman, who, amidft a
m'ultiplicity of publick employments, pre$'.
ferves an undiminim'd ardor for the iciences
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D E D I C A T I O N .
and a knowledge of the works of art and
nature; yet I have, Sir, ftill farther motives
for this addrefs : Your great influence and
zeal to promote the good of an inftitution
under which I am placed ; and the favours
that I have received at your hands, make me
earneft to embrace this opportunity of teftify-
ing pubiickly, that I am,

HONOURABLE SIR»

With great refpe£t,

Your much obliged>

and moft obedient

humble fervanf,

Royal Academy»
March 3, 1760.

Thomas Simpíbn.



P R E F A C E .
deßgn in writing upon thefubjecl ef Geo-et*y> wa* to ops»an eafy way f°r y°uns

beginners to arrive at a proficiency in tbat
ufeful fcience ; without either being obliged to go thro*
a number of unnecejfary propqfitions, or having re-
eourfe to tie ungeometrical methods of demonßra-
tion, that abound in moß modern compoßtions of tbiî
nature.

'the difficulty of the undertaking, I was not unap-
prifed of; and objections occurred that were not eafy
te be removed : Nevertheless, I have grounds to hopet
from the reception myfirß attempt has met with, that
my endeavours have not been entirely unfuccefsful. No
fains bave,indeed,beenfpared to render t be work ufeful:
And I flatter myfelf-, that the fpirit and rigour of de-
monßration, fo e/eniial to the fubjecJ, are alfo tolera-
bly well preferved ; though I have not bee» f o intent to
guard agai»ß ibe attati of Criticks, as to lofe fight
of my mam defig* ef furnifliing a plain, eafy infli-
iuîion for learners : Tet I have flrong hopes, tbat
there will Kof be found in tbefe ßeets, any inaccura-
cies, or overfigbts, tbat are absolutely unpardonable,
fo expeã a faultlefs piece is impoßble : And I well
know, tbat the moß elaborate and beß-approved fyf-
tems of Geometry extant,ar e not without many imperfec-
tions. But, were tbefmalleft imperfetlion to be a real
fault, my ambition would rather be, to ßew fome de-
gree of judgment, by avoiding a multitude of fucb
faults, than by expoßng and magnifying the flaws of
other writers. It is more eafy to fee a fault, than te
avoid one : And tbofe men who are tbe moß. fayguine
l<) dißinguiß ihemfelves at the expence of others, are

Д я generally



P R E F A C E ;
generally ob féru e à toßand in need of greater indulgen*
cies, than even the perfons whom they unmercifully
attack. But I ßall put an end to-this 4igreßwfy
fainting out one objetJion, that may be brought agaitiß
this work ; which is, that in demonßrations admitting
(if feveral cafes, the moß eajy ones are fometimes omit-
ted ; and 't'bat the converfe of fome pr.opoßtions' is
W>t at all demonßrafed. Buí this, I conceive,, wti$
be found a real advantage to the learner -, without
which, it would have been iinpoßble to have comprifedi.
the Elements in the compafs they now take up. Be-?
ßdes, the greaieß part of the demonflrations omitted
being fùch ás mqy.fo inferred from thofe given, by means
of Axioms only -, they may, therefore, be eafily fup-
flied by any reader, Jhould they happen to become ne-
ceffary, which 1 have f car ce ever found to be the cafe.
But, '• even allowing this to. be a defetJ, it is abun-
dantly compenfated by the extenßve application given
in the three laß feflions ; which is infinitely more
ufèful, in itfelf, and more necejfary to the forming a»
able Geometrician, than any thing of the kind we
bave been fpeaking of.

In this, fécond, edition f which is, in a manner, a.
new work) many conßderable alterations and additions.,
bave been made, fhe order of fome ofthefirß pro-
paßtions if changed; sind fome difficult propoßtions in
'the fécond book are rendered more plain. In the
fourth book fevered new Theorems on proportions are
added. The folid Geometry is now conneiled with
the plane, and is demonßrated -with the fame accuracy,
fhe menfuration of Superficies and Solids is alfo more
explicitly handled ; and the demonßralion of the fe-
yeral rules is here eßablifhed en a better foundation^
than even in authors who have wrote profeffealy on.
ihefubjeQ. The Maxirna and Minima, and the con-
ßruilien of Geometrical Problems, are likewife confi^
'Drably extpidea1 and improved. And, at the end,



P.R E. F- A. С-Ei;
Wotes geometrical and critical, very ufeful to improve
the judgment of young ßudents, are now added.

But, wbilß I am talking of improvements and
matters of criticifm, J am called upon to anfwer to.a
f barge, wbicb, ßould it appear to deferve credit*
would indeed leave me but little room to paß myfelf
ypen the world for a judge in ibefe matters. As the
gentleman by whom I ßand accujed, is known to the
world ly his holding one of the maß conßderable ma-
thematical poßs in the kingdom ; Ißall, in order to da,
all due honour to the manner and importance of bis,
writing, give y ou bis awn words.

*' There bas lately been publißed a look under tb«.
" title of Elements of Plane Geometry.) dejigned for
" the ufe of fchools, which is an incorrect copy of tbe
" firß eight feftions of this work, lent tbe pretended
*' author on a particular occafion, and printed in Q
" fyurïous manner; without my knowledge or confent;
" an at-tion too fcandalous for any man of honour to
* ' be guilty of. "The Editor imagined? Ifuppofe, that
" tbe changing fome propoßtions^ and mangling tbe
*' demonflrations of others, was a fußcient difguife
" to make it pafs for his own performance •> but bow
" far this will jußify fucb a piece of pyracy, muß be
*' left to the judgment of the publick."

Were I to attempt to defcribe tbe ideas excited in
my mind by (be fingular modefty of ibis important
and folemn appeal to the publick; IJhould be at a lofs
f or fil words to expreß them, without tranfgrejfing the
bounds of decency. But I hope that I have not de-
ferved fo ill of the publick, to be thought capable of
ailing fo very humble a part, as that of copying from
this author, and of mangling his demonßrations, in
çrdcr to make í hem pafs/or my own.—Tbat a mantt-
fcrip í of bis (containing between 20 and 30 of tbe
" .'' ' principal



viii P R E F A C E .
principal ^Theorems in Geometry, extremely ill digefled)
came into my hands; is indeed true ; but it was not
lent me, but forced upon me, by bimfelf (the very
firß night after my removal to Woolwich) in virtue
of an article in the original rules und inßrucJions for
the Academy -, whereby it is. ordered, tbat the fécond
mafier [hall teach Geometry under tbe direftion of the
frß maßer. But this well-intended article, which
bas been made fubfervienf to tbe purpofes of ignorant
tyranny, and daring calumny, has ftnce, in confequence
of a publick examination, been annulled by an exprefs
order of tbe Maß et-General of the Ordnance.—/ could
mention fome particulars, fupperted by good authority*
that occurred in ike courfe of that examination, -which
vjould but ill agree with tbe importance be affumes
in his confident accufation ; but I da not think it worth
while : This Gentleman has, bimfelf, by his different
publications, fo -well convinced the world of his abili-
ties, as to render any farther comment on that head
intirdy unttecejjary and i

E R R A T A .

p. 124. 1. 8. deli K.F; p,
and in the quotation e, r. 27. 4. p. 135. 1. 25. after BD, r. as
well as AD ; p. 140. 1. 14. for GEA, r. GEB ; p. ï -4. beg of
1. 16. for СЕ, г. CD; p. 174.1. 25, for OHI, r. OHK; 1?34.
r. annulus ; p. 187. 1. 21. r. frullum's height; p. 221. 1. zo.
for AG, r. AF ; p. 226. J. prec. laft, for exceeds, r. is lefs
than ; p. 248. 1. J 2. for lefs, r. greater ; p. 267. 1. 27. dele
pot; p. 271. 1. 32. for which Sec. r. when taken lefs.

A P V E R-



ADVERTISEMENT.

Д S in every work of this nature, defigned to
jfy contain whatever may be moft requifite to'
the forming of a regular and complete fyftem of
Geometry, a number, of propofitions muft neceflarily
have a place, whofe chief ufe and application lie in
the higher branches of the Mathematicks ; and '
there being many perfons, particularly young genr
tlemen' in publick .fehools, who want to learn io
nluch Geometry only, as is neceflary to give them
a proper introduction into the practical and moit
common applications thereof; fuch as Menfura-
tion, Trigonometry, Navigation, Fortification, Per-
fpeftive, fcff. For thefe reafons, I thought that it
might be of fervice, to point out to fuch Readers,
what propofitions in thefe Elements may be omit-
ted, as leaft ufeful to them -, without either hurt- ̂
ing thé connection, or taking away from the evi-
dence of the other demoriftrations. The numbers
of thefe propofitions, in the feveral books, are as
follow.

Ift Book I. the 6, 17, 19, 2i, 22, 23, and
29tru

In Book II. the 4, 5, 10, ii, 12, igth", and the
ad Corol. to the 9th.

In Book III. the 4, 5, 6, 7, 8, 9,15, 18,19,20,
25, 26, 27, and 28th.

In Book IV. the 4, 5, 6, 9, ц413, i64 17,20,
2i, 22, 23, 25, 26, 27, 28, and agth.

In



( x )
In Book V. the i, 2,16, 17, 18, 19, 20, 25, 26^

28, and 3ift.

In Book VI. the two or three firft propofi-
tions only, need be read ; except by thofe. who
are concerned in Purveying and dividing of lands j
to whom the whole book will be highly ufeful.

Alfo, with regard to the feventh book, if Per-
fpefiive be the only application in view (which, í
have known frequently to be the cafe) the ift,
ad, 4th, and I2th propofitions may fuffice. But
if a more general idea of the properties of .in-
terfecting pjanés fhould berequiredj fuçh as is né-
ceflaiy in the doftrme of folids and fphericgeo-'
fnetry; then all the propofitions, to thé lith, ought
to be taken;

The i7thy I9ths 20th, 2ift , lid, and 23d pro-,
pofitions of this feventh book íhould alfò be read
by thofe who would be able to find the content and
proportion of folid bodies j as íhould, likewifé, the
whole eighth book 5 except, perhaps, the firft and
ninth propofitions,. together with the three firiï
lemmas -, which may be thought too plain, by
thofe who are not very folicitous about geometrkat
rigour,- to need a detnonftratton;

An
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An I N D E X or T A B L E referring to tie places in theft

Element s, where all the moß 'material'proportion's in 'the ßrß ßxt and
in the eleventh and twelfth books of Euclid, are demotijlrated.

Euclid.
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The following B ' O O K S are all written by;
Mr. THOMAS SIMPSON, F. R. S. and printed
for J. NOURSE.

Ï,TJ>SSAYS ON SEVERAL CURIOUS AND USEFUb

J> SUBJECTS, IN SPECULATIVE AND MIXED
MATHEMATICKS ; in which .the moft difficult Pro-
blems of the firft and fécond Books of Newtarís Principia
are explained ; in 410.

II. MATHEMATICAL DISSERTATIONS on a variety
of Phyficai and Analytical Subjeds> in 410.

III. MISCELLANEOUS TRACTS on fome curious and
Very interefting Subjects in Mechanics, Phyfical-Aftro-
nomy, and Speculative Mathematicks, in 410, 1757.

IV. THE DOCTRINE OF- ANNUITIES AND REVER-
SIONS, deduced from general and evident Principles ;
•with ufeful Tables, fhewing the Values of fmgle and
joint Lives, Ус. in 8vo.

V. A T R E A T I S E OF A L G E B R A ; wherein the fun-
damental Principles are ful ly and clearly dcmonftratedfc
and applied to the Solution of a great Variety of Pro-
blems, and to a Number of other ufeful Enquiries,
ad Edition, in 8vo.

VI. THE DOCTRINE A f r o A P P L I C A T I O N OF FLUX-
IONS j containing (befidcs what is common on theSubjea)
a Number of new Improvements in the Theory, and thé
Solution of a Variety of new and very intereliing Problems
in different Branches of the Mathematicksi 2 Vols. 8vo.

VII. TRIGONOMETRY, PLAIN AND SPHERICAL^
with the Conftru&ion and Application of Logarithms,
in 8vo.

VIII. SELECT E X E R C I S E S for Young Proficients in
the Mathematicks ; containing, befides a choice Collec-
tion of Problems^ both algebraical and geometrical, thé
whole Theory of Gunnery; a very accurate and fuccindt
Demonftration of the firit Principles of Fluxions 5 and a
Set of Tables for the Valuation of Annuities and Rever-
fions, more comprehenfive than any extant. 8vo,



E L E M E N T S

O F

G E О M E T R Y .

В О О К L

D E F I N I T I O N S .

t. /̂ >( EOMETRY is that fcience, by which
• -y we compare fuch quantities together as
xJ have extenfion.

Extenßon is aißinguijhtd into length, .breadth, ani
tiicknefs.

2. A Line is that, which fats length without
breadth.

terms, bounds, or extremes of a Line, are
faints.

3. A Surface is that,' which
has length and breadth, only, as

f he founds of a Surface are lines,

В 4-A



Elements of Geometry.

4'. À Solid is that, which has length, '
breadth, and thicknefs, as D.

jfbi bounds of a Solid are furfaces.

g. A Right (or ftrait) line is that, which lies even-
ly between its extremes, or which every-where tends
the fame way, as AB. A В

6. A Plane-furface is that, which is every-where
perfectly flat and even, or which touches, in every
part, any right-line extended between points any-
where taken in that furface..

7. An Angle is the inclination,
or opening of two right-lines meet-
ing in a point, as D.

8. When one right-line
DC, (landing upon another
AB, makes the angles on
both fides equal, thofe an-
gles are called right-an-
gles j and that line CD is
faid to be perpendicular to A
the other AB on which it
infifts.

9. An Acute-angle is that, which
is lefs than a right-angle, as E.

D

B

IQ. An Obtufe-angle is that,
which is greater than a right-
angle, as F.

ii. The



.-• Book the Firß.
il. Thediftance of two points, is the Right-

line reaching from the one to the ;other,

ï2: The diftance of a point from a line, is a
Right-line drawn from that point, perpendicular to,
and terminating in, the line given.

13. Parallel (or equi-
diftant) right-lines AB,
CD are fuch, 'which be-
ing, in the. fame _plane-
îurface; "if infinitely pro-
duced, would never meet.

D

A В

14. À Figure is a bounded fpace, and is either
a furface, or a folid.

15. A right-lined plane Figure is that, formed
in a plane-furface, whofe terms, or bounds, are
right-lines.

16. AU plane Figures bounded by three right-
lines, are called Triangles.

17. An equilateral Triangle
is that whofe bounds or fides are
all equal, as A.

18. An ifofceles Triangle is, when
two fides are equal, as B.

В 2 . A



Elements cf Geometry.
:i£." A fcalêné Triangle is, tvbên

all the thrte fides are unequal, às
С.

2 o. Ä right-angled Triangle is
that, which has one right-angle,
as ACB -, whereof the fide AB
oppoíitc to the right-angle, is call-
ed the Hypothenufe.

21. An obtufe-angled Triangle is that, which
lias one obtufe angle.

22. An acute-angledTrianglç is.that* which has
all its angles acute.

- 23. Every plane Figure bounded by. four right-
lines, is called á Quadrangle, or Quadrilateral.

24. Any Quadrangle, whofe
oppofite fides are parallel, is
called a Parallelogram, as D.

2 f f - A Parallelogram, whofe an-
gles are all right-ones, is called a
B^ftangle, as E.

20. A Square is a parallelogram
whofe fides are all equal, and its an-
gles all right-ones, as F.

27. A Rhombus is a parallelo-
gram whofe fides are all equal, but
its angles вое right, as G,

F

zS. All



28. All other four-fided figures, befides thefe,
are called Trapeziums.

39. A right-line joining any two oppofite angles
of a four-fided figure, is called a Diagona].

30. T-hat iîde AB upon
which any parallelogram
ACEB, or triangle AC§
is fuppofed to (land, is
called the bafe ; and the
perpendicular CD falling thçreon from tbe opptefiïe
angle C, is called the altitude of the papallelogram,
or triangle.

31. All plan« ßgwes contained under more than
four fides, are called Polygons -, whereof thofe hav-
ing five fides; are called Pentagons j thofe having
fix fides, Hexagons ; and fo on.

32. A Regular Polygoh is one whofe angles, as
well as fides, are all equal.

33- A Circle is a plane
figure, bounded by one
curve-line APCD, called
its circumference, every-
where equally diftant from a
point E within the circle,
called the center thereof.

34. The Radius of a circle, is the diftance of the
Center from ,thc circumference, or a right-line EA
drawn firom the center, .to the circumference.

B 3
A XL



ef. Geometry,

AXIOMS, or Self-evident Truths.

ï. Things, equal to one and the feme thing, aro
alio equal to each other.

j. Every whole is greater than its part.

3. Every whple is equal ÇQ all its parts taker»
together.

4. If to equal things, equal things be added, th.e
wholes wijl be equal.

5. If from equal things, equal things be taken,
away, the remainders will be equal.

6. If to, or from unequal things, equal things
be added, or taken away, the fums, or remainders,
will have the fame difference, as the unequal things

. firil propofed,

7. All right-angles are equal to one another.

8. More than one right-line cannot be drawn
From one given point A to an- д _ , _ _ R

pther given point B. "

9. If two points
D, F, in a right-
line MN, are pouted
at unequal diftances 7,—Â
DC, FE, from an-
other right-line AB in the fame plane-furface; thofe
two lines, being infinitely produced, on the fide of
che leaft diftance EF, will meet each other. :

.10. If



Book tb'e-Firß,
ID. IF two

righr-línes; ÇA,
СВ, making an
angle С, be re-
Ipectively equal
to two other ̂  ^ ^T~ ~~ -TV
right-lines'FD,^ •"
FE, making an angle F, and the angles which they
make C, and F be likewife equal -, the right-lines
AB, DE joining their extremes will be equal, and
the two triangles ACB, DFE equal in all re-
Ipecb.

. If this ihould not appear fufficiently evident for
an axiom ; conceive the triangle DFE to be remov-
ed, and fo applied to the triangle ABC, that the
point F may coincide with C, and the fide FD fall
upon the. fide С А-, then, becaufe FD is fuppofed
equal to CA, the point D will alfo fall upon A.
And, the angle F being equal to the angle C, the.
fide FE will fall upon CB j and confequently the
point E upon the point B, becaufe FE is fuppofed
equal to С В. Therefore, feeing all the bounds of
the two triangles coincide, it is manifeft, that not
only the bafes AB, DE, but the angles ppppfite ta
the equal fides, are alfo equal.

When all the four lines CA, CB, FD, FE are
equal ; the triangle DFE, being conlrariwife applied
to ACD fo that FE may coincide with CA, will,
alfo, agree with the triangle ACB (as is manifeft
from the reafoning above) ; and fo, the angle E (as
D did before) now coinciding with the angle A, the
two angles E and D muft necefiarily be equal to
each other, in this cafe, where the triangle
is an ifofceks one.

POSTU-



Elements- of Geometry.

POSTULATES, or PETITIONS.

ï. That, from any given point, to any other
given point, a right-line may be drawn,

2. That, a right-line may be produced, or con«
tinned out» at pleafure.

é

3. That, from any point as a center, with *
radius equal to any right^line afiigned, a<:ircle may
.be defcribed.

4. That-; 9 righi-Hne may be drawn perpendU
ciriar to another, at аду point affigned ; and thai
it is alfo poffible for to make a right-line, or д
right-lined angle, equal to any right-line, or right*
lined angle affigned, or to the half thereof.

tfbisfeurth Poftulate is added, more fix1 ike fait of
making the proper references, than through ahfolutt
ucceßty : fince, v^bat is here barely affumed as peffi-<
ble, is effected, and effuatty demonßrated, in the begin-:
King of the Fifth Book, intirely independent of every
thing but Axioms and tke other Populates, aboyé laid
down. It may alfo bt proper to note bre> that,
though thefe Poftulates are not always quoted, it wilt
be eafy to perceive where, and in isbat fenfet they are
îo ее underßood.

NOTES and OBSERVATIONS, with theßgnifica-*
úom of Signs, ufed in ibis

A PROPOSITION is, when fornething is, either,
ptopoted to be done, or to be demonftrated, and is
cither a Problem, or a Theorem.

A PROBLEM is, when fomething is propofed to

A THEO--
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A THÏ«RÏM is, when fometfeingis prepofed to

A LEMMA is» when fome premííê is demonftratv
ed, in order to render the eh'wg in- hand the more
eafy.

A COÄOI.LAÄY is, a confequent frijA, gained
from (огне preceding tr-uth, or demonstration.

A SCHOLIUM is, when remarks and pbícrvàtíon»
are made upon fomething going before.

The fign =т denotes that the quantities betwixt
which it ftands, are equal.

The fign cr, denotes that the quantky preceding
it, is greater thaa that which comes after it.

The fign -3, denotes that the quantity preced-
ing it, is lefs than that which comes after it.

The fign -\-, denotes that the quantity which it
precedes, is to be added.

The figo т-, denotes that the quantity which it
precedes, is to be taken away or fubtrafted.

A figure, or number, prefixed to any quantity,
ihews how often that quantity is to be taken, or re-
peated-, as 5 A ihews, that the quantity reprefented
by A, is to be taken 5 times.

When feveral angles are С
formed about the fame point
(as at B), each particular angle
is defcribed by three letters,
whereof the middle one ihews J£"
the angular point, and the "
other two, the lines that form the angle : thus CBD
or DBC fignifies the angle formed by the lines CB

When,
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When, in any demonftration, you meet with íè-

veral quantities joined the one to the other contb
pually by the mark of equality (=), the conclufion
drawn from thence, is always gathered from the firft
and laft of them ; which are equal to each other, by
virtue of the firft axiom. Thus if A = В = С = D,
then will the firft (A) and the laft (D) be equal to
each other.

Alio, when in the quotations you meet with two
numbers, the firft ihews the propofition, and the
fécond the book. Moreover, Ax. denotes axiom ;
Poft. poftulatum ; Def. definition ; Hyp. hypothe-
fis: Note alfo, that, w hen-ever the word Line oc-
curs, without the addition of either right', or curved,
9 right-line is always underftood : and that, when
a line is faid to be drawn to, or from an angle, the
angular point is meant.

T H E O R E M I.
A line (AB) Jlanding upon anotber line (CD) makes

•with it two angles (ABC, ABD) whicb> taken to-
gether, are equal lo two right-angles.

If the angles ABC, ABD T

are equal, it is plain they
B Def. 8. make two right-angles * ; if

unequal, let BE be perpen-
ь Port. 4. dicular to CD ", dividing

the greater of them (ABC) C—-•
into the parts EEC, EBA ; Í3 D
then the former part EBC being a right-angle %
and the remaining part EBA together with the
whole lefièr angle ABD, equal to another right-

« Ax. 3. angle EBD c; the whole, of both the.propofed
angles, taken together, muft necefiàrily' be equal

* Ax. 4. to two right-anglesd.

C O R O L-
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C O R O L L A R Y .

Hence all the angles at the fame point (B) oh the
fame fide of a right-line (CD) are equal to two
righç-angles %

THEOREM И.
. If one Une (AB) meeting two others (BC, BD}

in the fame point (B), makes two angles with
tbßtn (ABC, ABD) which together are equal to two
right-angles ; thefe lines (BC, BD) will form one con-?
tinned right-line..

For, if poffibley : let BH,
and pot BD, be the con-
tinuation of the right-line
CB : then the angles ABC
and ABH being = two
right-angles e = ABC and С ~$Г~- 55 •• i. ».
ABD f ; if from thefe equal quantities, ABC, com- ' Hyp.
ipon to both, be taken away, there will remain
ДВН = ABD ' i which is impoßble \ l ^

T H E O R E M III.
f be oppoßte angles (DEB, AEC),. made ly two

Unes (DC, BÄ) interfering each other \ are equal.

For DEB + DEA = two
right-angles ' = AEC + DE A i
whence, by taking away DEA,
common, there remains DEB
?= AEC *.

THEO-
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Фом right-fats (AB, CD) fjer$mfa&l& tow and
the fame ri^kt-fati (EF), aet&rtâeltQ we ofbtr.

If you fay, they are not parallel ; then let them,
when produced-out, iBfet щ &вде point, as G.

Ь EA, pro-
<Jueed (if neeef-
fary) let therr
be taken EH== T _ « .. _ ^

«PoM-EG1, and let ̂  A E B <?
• Poft. i. the right-line FH be drawn *. The triangles EHF

and EGF, having EH = EG, the angle HEF-=
• Def.8. GEF", and-EF common, аде .therefore equal in аЦ
о Ax. io. refpefts" : and fo, the адаГе EF. H being =5 EFG
» Hyp. (EFD) = a right-angle', HFDG (as wejfas HEG)
ч z. ï. muft be one continued right-line41: inbicb is #&*
» Ax. 8. poffible*. Therefore AB and CD aje parallels.

S C H O L I U M .
In this theorem, the pqßiittiy or parallel lines

(or fuch, which being infinitely produced, in the
lame plane, can never meet) is demonftrated : for
EF may be drawn perpendicular to AB ' -, and CFD,
again, perpendicular to EF ' j which laft, it is de-
monftrated, will be parallel tp AB.

T H E O R E M V.
Perpendiculars (EF, GH) Jo we (AB) of twopa~

rallel lines (AB, CD) terminated by thofe linest are
equal to each oilier \ and, dfo perpendicular to the other
of the two parallels (CD).

For, AB and CD being parallel to each other,
» Ax. 9. GH can neither be greater, nor lels than EF ' ;

andDef. and therefore mvift be equal to EF. If you fay,
'3' that EF is not perpendicular to CD ; then let FM

' Poft. 4. be perpendicular to EF:, meeting GH produced (if



*3
necefiary) in M : fo irrall
FM be parallel го AB"; С F
and confeqüently G M sa..

4. i.

poffible*. Therefore EF is
perpendicular to CD. And,
by the fame argument, GH
is perpendicular to CD»

C O R O L L A R Y .
Hence, through the fame point F, more tban

one parallel cannot be drawn to the.fame.line given
AB.

S C H O L I U M .
From the preceding proportion, the confiftence

of the twenty-fifth definition, or the poffibility, that
ail the properties afcribed to a Q
reftangle, can fübfift together in ^
the fame figure, will appear, ,
together with the method of
conftruftion. For, at any two
points C, D in a right-line RS,
'two perpendiculars CG, DH R C D S
•may be createdy ; and a perpendicular to one uf* Poft. 4.
'thefe, at any point E, meeting the other in F,
may be drawn. The figure CEFD thus conftrudled

/will be a redbngle : for CE and DF are parallelx; 2 4. ï.
as are alfo CD and EF z : therefore the angle F (as
rçell ,as C, D, and E) is a right-angle •. If CE be * s- *•
made = CD, then will the rectangle CEDF have all
its fides equaib. Which anfwers to the definition cf •
л fquare.

T H E O R E M VI;
Right-lines (AB, EF) farallelto tbt ßffft rigbt-

• lint (CD) are parafai to eatk otbtr,

For

5. ï, and
Ax, ï*
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Elements of Geometry.
For "let the line HIG

bei perpendicular to CD:
then, that line being alfo
perpendicular to both AB
and EF % thefe laft are
parallel to each otherd.

T H E O R E M VII.
A line (AB) interfering two parallel lines (SR,

QP) makes the alternate angles (SDC, PCD) equal to
•each other.

Let CF and DE be per-
pendicular to QP, and SR -ï

^then thefe lines'FC and DE
are likewife parallelsf 5 and
fo the triangles CFD and n
CDE, having the fide CF
= DE% FD=rCE% and

e Ax.7. the angle F = E V they will alfo have the angle
»• A*. IG. FDC = ECD". - •

C O R O L L A R Y I.
Hence, a line interfering two parallel lines,

makes the angles (BDR, BCP) on the fame fide,
equal to each other: for BDR (= CDS') = BCPK.

C O R O L L A R Y II.
ince, alfo, a line falling upon two parallel lines,

makes the fum of the two internal angles (SDC +
QCD) on the fame fide of it, equal to two right-
angles : for the angle SDC being =: PCD, and

« ь t. PCD -(- QpD = two right-angles1; thence is
? Ax. 4. SDC -J- QCD = alfo to two right-anglesm«

T H E O R E M VIII.
- If a line (AB) interfering two other lines (PQ ,
RS), makes the alternate angles (DCP, CDS) equal
to each other -, then are t bofe two lines parallel.

For,

3- ь
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For, if poffible, ict /B

iome other line DT, and T —— _ _ / D
not DS, be parallel to c1 " 7
PQ/ -, then muft CDT /
= DCP » — СПЯ f - 0 /
-•which is impqffible 4. / c

A

15
R

» Sch. to
4. ï.

P 0 ~ т

P Hyp.
ч Ax. z.

C O R O L L A R Y ,
Hence, if a line falling on two others, makes

the angles (BDR, BCP) above them, on the fame
fide, equal to each other ; then thofe two lines
are parallels : becaufe SDC = BDRr. r 3- «•

T H E O R E M IX,
If cm ßde (AB) of a triangle (ABC) be produced,

the external angle (CBD) will be equal to both the in-
'ternal oppofite angles (A, C) taken together.

For, let BE be pa-
rallel to AC'; then
will the angle С =
CBE ', and the angle
A = DBEu ; there-
fore С + A = CBE
-f DBEX= CBDy.

C O R O L L A R Y .
Hence the external angle of a triangle is greater

than either of the internal, oppofite angles,

T H E O R E M X.
The three angles of any plane triangle (ABC) taken

together, are equal te two right-angles.

For, if AB be produced to C/
D,thenC+A = CBD%to
which equal quantities let the
angle CBA be added, then
will С + A + CBA = CBD JT ^z~I) * Ax. 4.
•4-CBA^ two right-angles". k '• b

COROL-
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C O R O L L A R I E S .

1. If two angles in one triangle, be equal to t wo
angles in another triangle, the remaining angles will

« Ax. 5- alto be equalc.

2. If one angle in one triangle, be equal one an-
gle in another, the fvims of the remaining angles
will be equal %

g. If one angle of a triängfe he adght, the
two taken together, will be equal to a right-angle.

4. The two leaft angles, of every triangle, are
acute.

THEOREM XI.
The f our inward angles <of a

taken together•, are equal to four

Let the diagonal AC be
drawn ; then the three angles
of the triangle ABC being

« io. ï. = two right-angles d, and
thole of the triangle ACD
equal alfo to two right-an- r__
glesd; it follows that the fum А. В
df all the angles of both trian-
gles, which make the fotrr angles of the quadrangle,

* Ax. 4. muft be equal <to four right-angles °.

C O R O L L A R Y I.
Hence, if three of the angles be right-ones, the

fourth will alfo;be a right-angle.

C O R O L L A R Y II.
Moreover, if two of the four angles, be equal to

two right-angles, the remaining two together will
likewifc be equal to two right*angles.

SCHO-
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S C H O L I U M .

ïf from any point P, within a polygon ABODE,
lines be drawn to all the angles,
whole into as many, triangles,
APB, BPC, CPD, DPE, EPA,
Us the polygon has fides ; the
furh of all the angles of thefe
triangles, (which together make
up, or compofe the angles of the
polygon, over and above thofe
about the point^P) will be equal to twice as many
right-angles as the polygon has _fidcs~(by 10. ï.)
Therefore, feeing all the angles about the point 'P,
whereby the angles of all the triangles exceed thofe
of the polygon, are equal to four ricrht-anglesj. iç
is manifeft, that all the angles of the polygon*
taken together,will be equal to twice as many right-
angles, wanting four, as the polygon has fides.

T H E O R E M XII.
Tee angles (A, B) at the baft of an ifofceles frian*

.gle (ABC) are equal to each other.

. For, let the line CD bifed»
or divide the angle ACB in-
to two equal parts ACD,
BCD, and meet AB in D :
then the triangles ACD,
BCD, having AC= BC f,
CD common, and the an- A- . -15 B

gle ACD = BCD S will alfo have the angk « Hyp.
A = Bh. Ь А Х , ï,

C O R O L L A R Y I.
Hence, the line which bifecb the vertical angle

of an ifofceles triangle, bifefts the bafe, and is »!&
4*ïPfr\e«Y^^i^i4l^it* -ГЛ it1"• perpendicular to it

COROL-
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C O R O L L A R Y II.

Hence it appears alfo, that every equilateral tri-
angle is likcwife equiangular.

T H E O R E M XIII.,
la any triangle (ABC) the greatefi fide fubtends

tbe~greateß anglef .

Let AB be greater than AC ; С
in which let there be taken
AD = AC ; drawing CD.
The triangle ADC being
ifofceles, the angles ACD and A D Б

1 i2. ï. ADC are therefore equal * ; whence ACB, which
k Ax 2. exceeds the former of them, muft alfo «xceed the
i r r en latter ADC ", and confequently, much more exceed
• 9i. B, which is lefs than ADC '.

C O R O L L A R Y .
Hence, in any triangle, the fide that fubtends

the greateft angle, is the greateft; becaufe ACB can-
not be greater than B, unlefs AB is greater than

*43. ï. ACm.
T H E O R E M XIV.

If the three fides (AB, AC, CB) of one triangle^
be equal to the three fides (DE, DF, FE) of another
triangle, each to each refpeRively ; then the angles of~
pofed to the tqual ßdes will alfo be equal.

Let the an-
gle BAG = D,
AG = DF, and
let GB and GC
be drawn ; fo
lhall the trian-
gles ABG and

» Ax. lo.'DEF be equal in all refpe&sm
 : therefore, AG

* Hyp. being = DF = ACn, and BG = EF =, BC »,
the
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the angle ACG is alfo = AGC% and BCG« 12. ï.
= BGC°; and confequently ACB — ÀGB p=> Ax.4or
DFE : therefore the triangles ABC, DEF are equal 5-
in:ajl reifpeas'i

S C H O L I U M .
The demonftration of the laft theorem, in ob-

tufe-angled triangles, may admit of another cafe ;
which, however, is not neceflary : becaufe, if the
triangle AGB (equal to DEF) be conceived to be
formed on the longeft fide of ABC ; then, all the. Cor. 4.
angles CAB, CBA, GAB, GBA being acute % the to io.u
line CG will, always, fall within the figure ACBG V Ax. z.
as in'the prefent cafe.

T H E O R E M X V .
If two triangles (ABC, DEF) mutually equiangu-

lar, bave two correfponding fides (AB, DE) equal t»
each pthert the other correffonding fides -will alfo bt
equal.

If y ou fay
BC is great-
er than EF i
from ЦС let
a part BG
be taken = •
ËF', and let A B -D 'РоЛ.4.
AG be drawn. The triangles ABG, DEF having
AB = DE, BG = EF, and В = E (by hyfothefn), [ ^ i0'
will alfo have BAG = Ds ; but D - ВАС u

} there-, ^\
ïore BAG = ВАС w j which is imfo/ibk. " and 2.

C O R O L L A R Y .
Hence, equiangular triangles, having any two

correfponding fides equal, are equal to each other "."Ах.юл.

C 2 THEO-
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T H E O R E M XVI.

If two right-angled triangles (ABC, DEF) lav-
ing equal hypothenufes (AC, DF), have two other

fides (BC, EF) likewije equal-, the remaining fides
(AB, DE) will be equaly and the two triangles equal
in all refpefts.

In AB produced,
take BG = ED,
and let GC be
drawn : then, the
triangles BCG and 4^ £ ^ £- J
DEF, having BG ь

» Hyp. = ED, BC = EFy, and the angle CBG = E%
a Ax. 7. wjn alfo have the angle G = D, and CG = DF "
» Ax. io. __ AC y . wjiencC) the triangle ACG being ifofceles,
» 12. ï. the angle G, or D, will be := A b ; and confequendy
c cor. i. F alfo = ACBc : therefore the triangles ABC and

to io. ï. DEF, being mutually equiangular, and having AC
' 15. ï. = DF, they are equal in all relpecbd.

T H E O R E M XVII.
If two triangles (ABC, DEF) having two ßdes

(AC, BC) of the one equal to two fides (DF, EF)
of the other, refpeHively, have alfo the angles (A, D)
fubtended by two of the equal ßdes (BC, EF) equal to
each other ; and if the angles (B, E) fubl'ended by the
ether equal fides* be either, both acute or both obtufe \
then will the two triangles be equal in all refpefts.

Let CG and FH be perpendicular to AB and

С **

A b G •" D 6 H E

A*: 7. DE : then,. the angle AGC being = DHF %
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A = D, and the fide AC = DFf, CG will alfo be '
= FH * ; whence, CB being = FEf, the angles «
GBCandHEF are Hkewife equal": and fo, the"
triangles ABC and DEF, being mutually equi-
angular ', and having the fides AC and DF equal, »
are equal in all refpeftse.

The demonftration is the fame, when both the
angles are obtufe, as in the triangles A£C, DeF :
for, if Cb (= CB = FE) = FÍ, the angles GbC
and HeF being equal (as before), the angles AbC fc
and DeF will Hkewife be equal *.

ï
T H E O R E M XVIII.

If two angles (A, B) of a triangle (ABC) be
equal, the fides (BC, AC) fubtending them will like*
wife be equal.

С
Let CD bifecl the angle

ACB, and meet AB in D :
then the triangles A CD,
BCD being equiangulark,
and having CD common to
both, they will alio have

21
Hyp.
15. ï.
16. ï.

Cor. ï.
to IQ.

1.1.and

T H E O R EM XIX.
Any two fides (AC, BC) of a triangle (ABC)

taken together, are greater than the third fide (AB),

In BC produced, let тч
there be taken CD = CA,
and let AD be drawn. The
angles D and DAC arc
equal™ i therefore BAD,
which exceeds the latter %
muft alfo exceed the for-
jner D j and confequently
BD (or BC + AC) muft exceed AB ».

С з THEO-



Again, when PB and
PC are both on the fame
fide of the perpendicular

22 Elements of Geometry.
T H E O R E M X X .

Of all the right-lines (PA, PB, PC} fatting from
a given point (P) upon an infinite right-line (RS), that
(PA) is the leaf which is perpendicular to it ; arid^
of thereß, that (PB) which is the neareß the per-
pendicular is lefs than any other (PC) at a greater
dißance.

For BAP being a right-
f Hyp- anglep, ABP will be a-
« Cor. 4. cute4, and therefore AP

to ï o.ï.
; Cor. to

13. I.
fl . ЯГ1» nnm ПП ГП*а 1ЯГПР - , .(• '•—• -

С В Л S
• Cor. to PA -, then is СВР cr right-angle • cr BCP % and

9- '• confequently PC u~ PB.
If PB be on the contrary fide of the perpendicu-

lar to PC -, from AC, let AB be taken = AB -, then
Î Ax. ю- the two lines PB, PB will be alfo equal ' ; and there-

fore PC, which exceeds the one (by the preceding
cafe) will alfo exceed the other.

T H E O R E M XXI.

Of two triangles (ABC, DEF) boning two fides
(AB, BC) of the one, equal to two fides (DE, EF)
of the other-, each to each refpeffively, the bafe of thai

. (ABC) will be the greatefl, which is fubt ended under
the greateß angle.

Let the angle ABG = E, BG =EF (= BC) alfo

G lT$

Jet AG and CG be drawn, upon the laft of which,"
í produced,
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produced, let fall the perpendiculars BH and AIu. ' 4- ï. '
Since BG=:BCW, and, confequently, GH=HCVX f^
it is evident, that GI (whether the point I be confi-
dered as falling between G and K, or between G % AX. 2.
and H) will be lefs than CI1; and therefore AG, " Ax. ю.
or its equal DF % alfo lefs than AC ". ь 20- ь

T H E O R E M XXII.
Of two triangles (ABC, DEF), having one angle

(BAC J in tbe one equal to one angle (EOF) in the
ether * ana the fides (BC, EF) oppofed to them alfa
equal, that (ABC) will bave the greateft iafe, where-
of the oppqfite angle (ACB) differs the leaß from a
right-angle.

Let BG and EH be perpendicular to AC and
DF, in which produced, take HK = HE, GI =
GB, and BM = EH ; alfo let MN be parallel to
GA, meeting AB, produced if necefiary, in N ; and
let CI and KF be drawn.

The angle ICG being = BCGd, and the latter of
thefe greater than EFHe (or KFH d), thence is < Hyp.
ICBtr KFE; and confequently BIc- EKC ; whence 4 AX. ю.
alfo BG (i-BI) c- EH (f EK) or its equal BM "; and ' "' 1'
therefore B A cr BN, becaufe AG and MN being
parallels, both the points M and N will fall on the
fame fide of AG. But BN (as the triangles NBM, f Hyp.and
DEH are equiangular, and have BM — EH 0 *s 7- *•
= DE*: therefore BA is alfo greater than DE. l «s- »•

С 4 THEO<
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T H E O R E M XXIII.

If, of two triangles (ABC, ABD) ßanding upon
tie fame bafe (AB), the one be wholly included within
the other, ihetwojides (AD, BD) of the included one*
taken together^ will be lefs, and the angle (D) con-
tained by them greater^ refpeRively^ than the two fide.
(AC, BC), and the contained angle (C) of the other

tf

..;. CASÏ I. If the vertex of the contained trianglç
le in one fide of the other:
Then, AD is lefs than AC -fr

ь,19. ï. CD"-, whence, by adding BQ
common, AD -f- ßD will alfo

» Ax. 6. be lefs Лап AC -f- CD -{- BD ',
* Ax. 3. or than its equal AC -j- BC k. •*
lCor.g.i. But the angle ADB is E~ ACBi.

CASE II. If the vertex be within the other triangle t
Let AD be produced to
meet BC in E : then (by the
free f ding cafe) the fum of AD
and BD is lefs than the fum of
ÄEand BE-, which laft fum,
and confequently the former,
is, again, lefs than the fum of
AC and BC. Moreover, the
angle ADB c~ BED c- C.

T H E O R E M XXIV.

The cppaßte fides (AB, DC) of any parallelogram
(ABCD) are equal, as are alfo the oppofite angles
(B, D) ; and the diagonal (AC) divides the
grqm into two equal peris.
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For, AB, DC, and AD, BC

being parallels ", the angle
BAG is = DCA0, and BCA
= DAC ° ; therefore the equi-
angular triangles ABC, ADCP

having AC common, are equal
in all refpefts 4.

C O R O L L A R Y .
Hence, if one angle (B) of a parallelogram be a

right-angle, all the other three will be right ones :
for D, being = B, is a right-angle ; and BCD is
F= B, and DAB — D, by Tbeor. Г.

T H E O R E M XXV.
Every quadrilateral (ABCD) whoft oppoßle ßdes

are equaly is a parallelogram. (See the preceding
fcheme.)

Let the diagonal AC be drawn ; then the trian-
gles ABC, ADC being mutually equilateralr, they ' Hyp.
will alfo be mutually equiangulars; confequentlys 14. ï.
AB will be parallel to DC, and AD to BC '. » 8. ï.

T H E O R E M XXVI.
The lines (AD, BC) joining t be correfponding ex-

tremes of two equal, and parallel lines (AB, DC)
are ibemfehes equal and parallel.

Let the diagonal BD be drawn. Becaufe AB „ Hyp'
and DC are parallel u, the angle ABD is =CDBwi * 7. ï.'
therefore, В A being = D
PC* and BD common, /\~ ~7C

the -remaining fides and / ^v / - НУР;

angles will likewife be / ^^ /
refpeetively equaly; and A **
cpniequently AD parallel to BC г. - 8-

' • - THEO-



Elements of Geometry.
T H E O R E M XXVII.

Jf, in one ßae (AB) of a triangle (ABC), from
three points (D, F, H) at equal dißances (DF, FH),
lines (DEM, FG, HI) be drawn parallel to the
bafe, the parts (EG, GI) of the other fide (AC)
intercepted by them, will alfo be equal to each other.

Let NGM be parallel
to AB, interfefting HI
and E)E in N and M.
Then, the triangles
IGN,MGE, having the

» 3 . 1 . angle IGN = EGM%
» 7. ï. ING = Mb, and GN
c34 . ï. (= FH< = FD') =
* Hyp. GM % will alfo have
? 15. ï. GI = GEC,

C O R O L L A R Y I.
Hence it appears, that, if one fide of a triangle

be divided into any number of equal parts, and
from the points of divifion lines be drawn parallel
to the bafe, cutting the other fide, they will alfo
divide it into the fame number of equal parts.

C O R O L L A R Y I I .
Hence, alfo, if two lines FG, HI, cutting the

fides of a triangle, be parallel to each other, and
another line DE be fo drawn as to cut off FD =
FH and GE = GI, this line DE will be parallel to
the two former.

THEO-
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' Def. 26.
F £ Hyp.

h Ax. 5.

с !A x- 7-

Book ibe Firß.
T H E O R E M XXVIII.

If in tie fides of a fquare ( ABCD), equally dißant
from the four angular faints, there be taken four
other f oints (E, F, G, H) thé figure (EFGH) formed,
by joining thofe points, jhall alfo be a fquare.

For the wholes AD,
DC, C B, BA being e-
qual f, and alfo the parts
AE, DF, CG, BH8,
the remaining parts ED,
FC, GB, HA muft con-
fequently be .equal * j
whence, all the angles
D, C, B, A being equal', n
the fides EF, FG, GH,
HE will be equal likewife", and the angle DEF = k Ax. 10.
AHEk. Therefore, becaufe DEH is = A +
AHE1, if from thefe, the equal angles DEF,1 9. ï.
AHE be taken away, there will remain HEF =
A" = a right-anglef. By the fame argument (or
by Theor. 25th, and the Corol. to the 24th) the
other three angles will be right-angles.

T H E O R E M XXIX.
If all the fides of any quadrilateral (ABCD) le

lifiiïed, the figure (EFGH) formed by joining the
points of bifeiïion, will be a parallelogram.

Draw the diagonals AC
and BD. Becaufe EF and
HG are parallel to AC n,
they are alfo parallel to each
other °. After the fame H
manner is FG parallel to
EH -, therefore EFGH is a
parallelogram p.

D

» Défi 24.

ЧЬе End of the FIRST BOOK»
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ï."У N a parallelogram ABCD, if two right-lines
I EF, HI, parallel to the fides, interfering

JL the diagonal in the fame point G, be drawn,
dividing the parallelo-
gram into four other C F B
parallelograms ; thofetwo
GD, GB through which
the diagonal does not
país, are called Comple-
ments ',. and the other
two, HE, FI, Parallelo-
grams about the diagonal

2. Every recbngle is íaid to
be contained under the two
right-lines AB, BC that are the
bafe and altitude thereof.



Book the Second.
f he refiangle contained under two right-lines AB

and BC is of ten, f or brevity fake, denoted by ABxBC.
But when the figure is a fquare, it is ufuatty repre-
fented by placing the number г over the letter; or letters
expreßng the fide thereof: thus AB* denotes thefquare
made upon the line AB.

T H E O R E M I.
*fhe reftangles (BD, FH) contained under equal

lines* are equal.

For, let the di- D
agonals AC, EG ~
be drawn : then,
becaufe AB =
EF, BC = FG,

F F « Hyp.F'.the Л
triangles ABC, .
EFG are equal ". And, in the very fame manner fc Ax.
will ADC and EHG appear to be equal. Therefore
the whole reftangle ABCD is alfo equs^ to. the
Whole reftangle EFGHc. . . « A » 4,1.

T H E O R E M II.
Parallelograms (ABCD, BCFE)ßanding upon the

fame bafe (BC) and between the fame parallels (BC,
AF) are equal.

- О ' J ** »**ДМ ч-^j****» j ь.ильамАч- ^* —

Bhs : therefore, if each be taken from the whole f ,5

figure ABCF, there will remain ABCD = EBCFb. « 24
C Q R O L - " Ax. >



Elements of Geometry.

C O R O L L A R Y I.
Hence, triangles BAC, BFC (Fig. 2.) ftanding

upon the fame bafe, and between the fame parallels,
arc alfo equal, being the halves of their refpectivc

j 2,: ь parallelograms '.

C O R O L L A R Y II.
Hence all parallelograms, or triangles, what-

ever, whofe bafes and altitudes are equal, are equal
among themfelves -, becaufe all fuch parallelograms
are equal to rectangles ftanding on the fame bafes,
and between the fame parallels ; and thefe laft are
equal, by the preceding propofition.

T H E O R E M III.

f be complements (EC, EA) of any parallelogram
(AC) are equal.

For, the whole tri-
angle DCB being equal
to the whole triangle

k 24. ï. DAB k, and the parts
™* DIE, EFB refpeftive-Der. i. , , i

ly equal to the parts
DHE, EGBk, the re- A G B

ï. ma'ming parts EC, EA muft likewife be equal '.

T H E O R E M IV.
A trapezium (ABCD) whereof two ßdes (AD,

BC) are parallel^ is equal to half a parallelogram^
•whofe bafe is thefum of thofe two-fides, ana its altitude,
the perpendicular dißance between them.

Forj



Book the Second.
For, in AD produced, В б ÏI_

take DF = BC ; and let
CG, DH and FE be all
parallel to AB, meeting
AF and BC produced, in £- G X>
G, H and E. Then AE ^
is a parallelogram of the fame altitude with ABCD,
having its bafe AF equal to the fum of AD and tt

f

BC " : but this parallelogram, becaufe BG = HF °,
and CGD = CHDp, is equally divided by the line r
CD ч} and fo ABCD is the half thereof. '

T H E O R E M v.
The fum of all the reiïangles contained under a givtn

line (AD), and all the paris (AH, HG, GB) of
another (AB), any'bow divided, is equal to tbe rtu-
angle contained under tbe two whole lines.

Let ABCD be the redl-
angle contained under the
two whole lines, and let
HF, GE be parallel to AD,
meeting DC in F and E.
Then will AF, HE, GC
be reftangles r of the fame
altitude with AC • -, therefore AF = AD x AH,
HE = AD x HG, and GC = AD x BG ' -, and
confequently AD x AB (AC = AF-j- HE -L GC)
= AD x AH -f AD x HG -f AD x BG '.

T H E O R E M VI.
.If a right-line (AB) be, any-iaife, divided into

two -parts (AC, BC), tbefquare of tbe whole line will
be equal to tbefquares of botb the parts> together with
two reftanglcs under tbe fame parts*

Let

D F E

A H G

to г. z.
24. i.
Ах. 4.

Cor. to
24. i.
24. i.&
Ax. ï.
I. 2.

АХ.З.&
4. ï.
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Elements of Geeriieirjf.
Let ABGI be the fquare j jvf

of AB, and CBEF that of
BC, and let EF and CF be
produced to meet the fides
of the fquare ABGI in M
and N.

From the equal quantities _
CM, EN w take the equal AC В
quantities CF and EF, and there remains FM =

therefore, all the angles of the figure being.
Cor. to right ones y, NM is a fquare г upon FN (= AC)i
24- ь and AF, FG are equal to two rectangles under
Def.zo.

ь AX.J. ,. or AB1 = BC1 -f- AC' 4- 2 AC x BC b.

C O R O L L A R Y Í .
Hence, the fquare. of any line is equal to four

times the fquare of half that line.

C O R O L L A R Y I I .
Hence, alfo, if two fquares be equal, theirfides

muft be equal -, becaufe unequal lines BA, BC have
not equal fquares.

T H E O R E M VII.
'The difference of the fquares (АВЕН, ACIK) of

any two unequal lines (AB, AC), ?J equal í o a r (Я*
angle under the funrewd difference of the fame lines.

« Cor ZA.

24- '•

In EB, produced, take В F =
AC i .let FG be drawn parallel to
EH, and let CI be produced
both ways, to meet EH and FG
in D and G. It is evident that
DF is a rectangle % whofe bafe
GF (— CB") = the difference
of the given lines AB, AC ; and
whofe altitude FE (bccaufc BE

H r> . R

L C

G

r

Б

1?



Book tbe Second.
— BA % and BF = ACf ) is = the.fum of the fame « Def. 24
lines : but this reftangle DF is = DB + GBg = """
DB + DK (becaufe DKh = GB) ,= the fquare AE ,
'— the fquare AI.

T H E O R E M Vll't.
The fquare made upon the ßde (AC) fubtending tbe

right-angle of aplane triangle (ABC), is equal to both
the fquares (BE, BG) made upon tbeßdcs (AB, BC)
containing that angle.

Let the fides of the
fquares BE, Bt5 be pro-
duced to meet each o-
ther in L and D -, in
which take KL and IG
each equal to AE (or
AB) -, and let CI, IK, and
KA be drawr..

Since AßH and FBC ' H I G
(which are Continued right-lines ') are equal to each
otherk, EL, DG, ED, and LG will be all equal
among themfelves ' ; and fo, the angles E, D, G
and L being all right-onesm, EDGL will be a
fquare,^ and confequently ACIK a fquare iikewife ".
Now, if from the fquare DL, the four equal ° tri-
angles ADC, CGI, ILK, and KEA be taken away,
there will remain the fquare AI : and, if from the
fame DL, the two equalp parallelograms DB, BL
(which are equal to the faid four triangles, becaufe
DB = two of them ') be taken away ; thcn< there
will remain the two fquares BE and BG. Con-
fequently the fquare AI is = the two fquares B£
and BG \ .

f be fame äemonßrattd otbervjife.

Let AD be the fquarc on the hypothenufe AC,
*nd BG, BI the two fquares on the fides AB and

Ъ BC:

z. ï.
k Ax. 4,
' Z4- ï-
" НУР-

о

P i . z .

Ax. 5.



34- Elements of Geometry.
BC : let MBH be parallel to AE, meeting GF'
(produced) in H ; and let EA be produced to
meet GH in N.

' Ax. 7. If from the equal r angles v ...-Г-..Н
GAB, CAN, the angle NAB, " ! '"
common to both, be taken
away, there will remain NAG

' Ax. 5. = ВАС ' ; whence, as the an-
gle G is alfo = ABCr, and the

t Def. 26. fide AG = AB ', the fides AN
and AC (= AE) are likewife

* 15. ï. equal"; and therefore the pa-
rallelogram AM = the paralle- E M D

w Cor. to logram АН ™; which laft, and
2- z- confequently the former, is equal to the fquare BG*

- z> 2- ftanding on the fame bafe AB, and between the
fame parallels. By the fame argument, the paral-
lelogram CM is = the fquare BI : and, confequent-
ly, the fquare AD (= AM -f CM) = both the

т Ax. 4. fquares BG and BI y. .

C O R O L L A R Y .

Hence, the fquare upon either of the fides in-
cluding the right-angle, is equal to the difference
of the fquares of the hypothenufe and the other

z Ax. 5. fide* ; or, equal to a reftangle contained under the
fum and difference of the hypothenufe and the other

» 7. 2. fide*.

T H E O R E M IX.

T^i? difference of the fquares of the two /ides (AC»
BC) of any triangle (ABC) is equal to the différend
of the fquares of the two lines, or diftances (AD, BD)
included between the extremes of the bafe (AB) and tht
perpendicular (CD) of the triangle.

For, fince AC1 = DC1 + AD1, and BC1=DC*?
•$• ED* (by the precedent), it is evident that th*

difference
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difference of AC* and BC* will be equal to the dif-
«rence between DC1 + AD* aad " DG1 + BD% or • Ax. 5.

iC

between AD* and c BD1, by taking away DC*, e Ax. 6.
common, from both.

C O R O L L A R Y I .
Since the redlangle under the fum and difference

<>f any two unequal lines, is equal to the difference
°f their fquarcs d, it follows, that the difference of11 7. s,
the fquares (or the rectangle under the fum and dif-
ference) of the two fides of any triangle, is equal
to the rectangle 'under the fum and difference of the
Qiftances included between the perpendicular and
the two extremes of the bafe.

C O R O L L A R Y II.
// follows, moreover, that tbe différente ef tie

fatiares (or the reftangle under tbe fum and difference)
"°f tbe two fides of a triangle, is equal to twice a
?tä angle uriàer tbe whole bafe, and the dißance of the
'Apendicular froM the middle of the bafe.

For, let E be the middle of the bafe, and let EF
dc made = ED } then A F being = BD % the ex- c-

 Ax< .
g« of AD above BD (or AF) will (in Fig. ï.) be
^a Dp == 2ÜE ; therefore the reclangle under the

1 and difference of AD and BD (= ^AC1 — * 9- *•
) is = AB x 2DE. Again (in FiS. 2.) AD +
being = AD 4 AF" — FD — 2ED, and * Ax. 4.
— BD = AB, we have, alfo, in this cafe8,

D z T H E O -
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T H E O R E M X.

fquare of one fide (AC) of a triangle (ABC)
is greater, or lefs than the fum of the fquares of the
bafe (AB) ana of the other fide (BC), by a double reft-
angle under the whole bafe (AB) and the dißance (BD)
of the perpendicular from the angle (B) oppofite to the
ßdeßrß mentioned ; that is, greater, when the perpendi-
cular falls beyond the f aid angle (as in Fig. ï.) -, but
lefs, when it falls on the contrary fids (as in Fig. 2«

3).

I. Z.

Let the fquare ABHF, on the bafe AB, be di-
vided into two equal ' redangles EF and EH by

G ÎT~1 If' IG' II ï Б H

the line EG, bifefting AB in E ; and let the per j
pcndicular CD be continued out to meet
(produced) in I.

In Fig. ï. AC1 —BC1 = twice the reuanglj
ï Cor. 2. El1 = 2EH -f 2BI m = AH (AB*) + 2ßj

to 9. 2. (2 AB x BD) -, therefore, if from the firft and la»1

" Ax- 3- of thefe equal quantities, AB1 be taken away, №*
* Ax. s- • AO/í/fboth BC1 and AB1 - zABxBD".

In Fig. 2 and ̂  ВС* — AC' = zEI '•= *— „
2BG B =: 2AB x BD — AB1-, and fo, by addi"§|
AB1 to the firil and laft of thefe equal quantiti^'

• Ax. 4. we have here A£* + BC1 — ACS = aAB x BP '

T H E
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T H E O R E M X L

¥be double of tbe fquare of a line (CE)
from the vertex to tbe middle of tbe bafe of any tn-,
angle (ABC), together with double of tbe Jquare of
tbe femi-bafe (AE), is equal to the fquares of both
the fides (AC, BC) taken together.

For, let CD be perpendi-
cular to AB : then, becaufe
(by the precedent) AC* ex-
ceeds the fum of the twa
fquares AE1 and CE* (or
BE1 and CE*) by the double
rectangle 2AE x ED (or
2BE x ED) ; and becaufe
EC* is lefs than the fame fum by the fame double
rectangle ; it is manifeft that both AC1 and BC*
together, muft be equal to that fum t\vice taken ;
the excefs on the one part making up the defect
on the other.

T H E O R E M XII.
fbe two diagonals (AEC, BED) - of a parallelogram

(ABCD) &/лЯ each other; and the *fum of tbetr
fquares is equal to the fum of the fquares of all tbe
f our fides of tbe parallelogram.

For, the triangles
AEB, DEC being
equiangular p, and
having AB = DC q,
will alfo have AE
= CE, and BE =
E>Er. Moreover, be- .
caufe 2AE* 4- 2ED' = ' AD1 + CD% by taking
the double of thefe, we have 4-AEl (' AC1) + 4^D .
(DB») - » AD* 4- BC14- CPS + ABs -

D 3 T H E O -

Ax/4.
and 24.1 '
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12. 2.

24- I.

T H E O R E M XIII.
If from any f oint (F), to the four angles of a

engli (ABCD) four lines be drawn ; tbefums of th*
Squares of tbofe drawtt to the oppq/îte angles will be.
equal (I fay, tkat FA* + FC1 == FB1 +

For, let the diagonals AC
and BI> be drawn, brfefting
each other in E x, and let;
E, F be joined ; then the
triangles ABC, BAD being
equal in all refpeehw, thence

'and Ax. wiJlAE(iAC)=DE(tDB).
»о- B;ut FA1 + FC1 = y 2AE1 A

ï ' ' • Zl (2UEZ) + ?EFi s=y FB' +
FDS

End of tbe SÇCOND Ворс.
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Ь Д NY right-line
L\ FD, pafllng

X JL through E the
center of a circle, and A
terminating in the cir-
cumference at both ends,
is called a Diameter.

2. An arch of a circle,
is any portion of the pé- G
riphery, or circumference, as ACB,

3. The chord, or fubtenfe of an arch ACB, it
a right-line AB joining the two extremes of that
arch.

4. A femi-circle is a figure contained under any
diameter and either part of the circumference cut
off by that diameter.

D 4 5- A



4O Elements of Geometry*
5. A fegment of a circle is a figure contained

under an arch ACB and its chord AB.

6. A Seftor of a circle is a figure contained
under two right-lines EF, EG, drawn1 from the
center to the circumference, and the arch FG in-
cluded betwixt them. When the two lines EF, EG
ftand perpendicular to each others then the Sector
is called a Quadrant.

7. An angle ABC is
faid to be in a fegment
of a circle ABC, when,
being in the periphery
thereof, the right-lines
BA, BC by which it
is formed, pafs through
the extremes of the
chord AC bounding
that fegment.

8. An angle ABC in the periphery, compre-'
bended by two right-lines BA, BC, including an
arch of the circle, ADC, is faid to ftand upon that
arch.

9. A right-line AB is
faid to touch a circle, when,
paffing through a point (C)
in the circumference thereof,
it cuttech off no part of the
circle.

. Two



Book tie 'fhird.
io. Two circles (PCQ, RCS) are faid to touch

each other, when the circumferences of both pafs

О

through one point (C) and yet do not cuf
each other.

11. Two circles, in the fame plane, are faid to
cut one another, when they fall partly within, and
partly without each other \ or, when their circum-
ferences cut each other.

12. A right-line is faid to be applied, or infcrib-
ed in a circle, when both its extremes are in the
periphery thereof.

13. A right-lined figure is faid to be infcribed in
a circle, when all its angles are in the circumference
of the circle.

14. A circle is faid to be defcribed about a
right-lined figure, when the periphery of the circle
paflès through all the angles of that figure.

r5- A right-lined figure is faid to be defcribed
about a circle, when all the fides thereof touch
the circle.

16. A
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Elements of Geometry.
16. A circle is faid to be infcribcd in a right-

lined figure, when it is Couched by all the fides of
the right-lined figure.

17. A right-lined figure is faid to be infcribcd
in a right-lined figure, when all the angles of the
former are fituate in the fides of the latter.

T H E O R E M I.
If the ftdes (AB, BC, CD &c.) of a polygon in-

fcribed in a circle, be equal, the angîes (AOB, BOC,
COD &c.) at the center of the circle, fubtended by
them, will likewife be equal.

For АО, ВО,
CO &c. being e-
qual to each o-

. ther % as well as
AB, BC, CD &c.
the triangles AOB,
BOC, COD, are
mutually equila-
teral j and there-
fore have all the
angles AOB, BOC
&c. equal to each
other ".

S C H O L I U M .
On this propofition depends the divifion of ma-

thematical inftruments for taking and meafuring of
angles. For, if, by repeated trials, or any other
means, the circumference of a circle defcribed
about a center O, be divided into any num-
ber of parts AB, BC, CD &c. fo that the chords
be equal; then it is evident, from hence, that all
the angles AOB, BOC, COD &c. which make up
the four -right-angles AOD, DOG, GOK, KOA
at the center, will alfp be equal to each other, lee

the
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the radius OA of the inßrtiment be what it will.—
In the divifion of the circle for practical ufes, the
number of parts into which the circumference is
thus divided, or the number of equal angles at the.
Center, is 360 ; which equal angles are called de-
grees -, fo that a right-angle, confifting of 90 of
thefe equal angles, is faid to be an angle of 90 de-
grees ; every angle being denominated, from the
Degrees, and parts of a degree, contained therein ;
each degree being conceived to be fubdivided into
60 equal parts, called minutes ; each minute again
into 60 equal parts, called féconds ; and fo on to
thirds, fourths, fifths, &c. at pleafure.

T H E O R E M I I .
Any chord (AB) о/ и circle, falls wholly within the

fame : And a perpendicular (CD) let fall thereon*
from the center of the circle, will divide it into two
{qud parts.

Let C, A, andC, В be joined ;
9nd thro* any point E in the
chord AB, let the right-line
CEP be drawn, meeting the
c'reumference in F.

It is evident, becaufe CA = .^
CBc, that thefe equal lines are
Or» different fides of the perpen-
Micular CDd : And fo, CE being ~a С A or CF ", « 20, ï.

point E ftake it where you will in the line AB)
confequently the line AB itfelf, will fall within
circlec. Moreover, becaufe the triangles AC ID,c Ax. 2.
") have CA =r CB and CD common, thence
AD be alfo = BD f. f 16. ь

C O R O L L A R Y .
Hence a line bifefling any chord at right-angles,

Paffes thro' the center of the circle.
T H E O -
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T H E O R E M Ш.

1 two chords (AB, DE)
center (О) of a circle', are equal to

Let the perpendiculars OF,
ОС be drawn, and let O, D Б
and О, A be joined. Becaufe

and F and С are both right-
angles8, therefore is DF ==
AC h, and confequently DE

ant from tie

E

of i.
« Conflr.
ь i6. ï.
'2.3.
k Ax. 4. ï

T H E O R E M IV.
In a circle (AEFB) the greateß line (AB) is the

diameter ; and, of all others terminating in the cir-
cumference, that (CD) ".::ЫсЬ is neareft the center (O),
is great er than any other (EF) further from it.

ï. Draw OC andOD;
then it will appear that AB

Pig . ï. (or ОС + OD) cr CD •".
2. Let OP be the dif-

tance of CD from the cen-
ter, and OQ that of EF,
both taken in the fame
radius OR; draw OE and
OF. Becaufe the triangles

»Def. 33. DOC, OFE, have two fides equal each to each \
!• and have the contained angle DuC cr the contained

•йАх. 2í angle FOE0; therefore, alfo, will the bafe DC be
г 21. ь greater than the bafe FEP-, and, confequently,

greater than any other chord at the fame diftance
? 3 - 3 -

C O R O L L A R Y .
Hence, a right-line greater than the diameter,

drawn from any point within a, circle, will cut the
circumference.

T H E O -
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T H E O R E M V.

If, to ibe circumference of a circle (AFEBj, from
any point (D) which is not the center, right-lines (DA,
DF, DE) be drawn, the greateß of all (DA) jball
be thai which paffes through the center (C) ; ana, of
the reft, that (DF) whofe other extreme (F) is placed
neareß, in the circumference, to the extreme (A) of the
greatefl, will exceed any other (DE) whofe extreme (E)
is at a greater dißance*

A ^ A -n A
F.

45

в
From the center C, let CE and CF be drawn. r .

•ï. AD(=DC + CF')trDFs. . ?*' £
2. Since DC is common, CF = CE, and DCF « AX. 2.

c- DCE ', therefore is DF er DE?. 2I- »•

C O R O L L A R Y I.
Becaufe no two lines, DE, DF, drawn from D,

on the fame fide of the diameter AB, can be equal
to each other *, three equal right-lines cannot pof- w ?• 3.
fibly be drawn from the periphery to any point,
befides the center of the circle : and, therefore, if
from a point in any circle, three equal right-lines
can be drawn to the periphery, that point is the
center of the circle.

C O R O L L A R Y П .
Hence it alfo follows, that no circle can be de-

fcribed to cut another FBG in more points than
two : for, if it were poffible to cut it in three points
G, E, F, then right-lines drawn from the center
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xDef. 33. Q_, to thofe points, 'would be all equal % which is

y '• ihewn to -be impoffible У, unlefs when the center

to ^_ with C j and then the circles themfelves
3' will neither cut, nor touch, but coincide, and be-

come one circle x.

T H E O R E M VI.

A right-line (FD) drawn through any "point (A)
in the circumference of a circle, at right-angles to the
radius (EA; terminating in that point, will touch the
circle.

From any point in FD,
to the center E, let the
right-line BE be drawn ;
which being greater than
AE% the point B muft,
neceffarily, fall out of the

*Def. 33. circleb : and therefore, as
andAx. the fame argument holds
2. of ï. good with regard to every

other point in the Иле FD (except A), it is manifeft
that this line CUTS off no part of the circle£lbuc
touches it, in one point only.

20. I.

T H E O R E M VII.

If the dißance (AB) of the tenters of two cirtta,
be equal to tke fwn of the two fern-diameters '(AM,
BN), the circles will touch each eJher, outwardly ;
and the right-line (AB) joining their centers, will,
faß through the point of
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N

In AB, take AC = AM,
and let DCE Ъе drawn per-
pendicular to AB : then, BC
being alfo = BN c, the cir-
cumferences of both circles
Will pafs through the point D
С*: but the right-line DE
(by the precedent) falls wholly
above the one, and wholly M
below the other ; therefore the
circles themfelves fall wholly
Without each other, and
touch in one point С only.

C O R O L L A R Y.
Hence, if the centers of two circles be placed

at a diftance, from one another, lefs than the fum
of the two femi-diameters, a part, at leaft, of the
one will be contained within the other : but, if the
diftance be greater than that fum, the two circles

'" then neither touch, nor cut each other.

47

« Conltr.
and
Ax. 5.

T H E O R E M VIII.
If the aißance (CD) of the centers of two circles

(CAP, 7)AE) be equal to the difference of the two
femi-diameters (CA, DE), then will ihoß circles touch
inwardly ; and that radius (CA) of the greater,
•which is drawn through the center (D) of the lej/er,
will meet the two peripheries in the point of ccntaft.

• From any point E in the
circumference of the leflèr, to
the two centers, let EC and
ED be drawn. Becaufe CA
exceeds DE by the line DC %
or becaufe DE + DC = CAf

== DA -f DC §, therefore is
PA = DE hj and fo the cir-
Sumference of the circle D —

likewife
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likewife paffes through A : but CA is greater than

f 5. 3. CE ' : therefore every point in the periphery of the
circle D (except A only) falls within the circle С :
•which was to be demonßrated.

C O R O L L A R Y I.
Hence, if the centers of two circles be placed at

a diftance from each other, greater than the diffe-
rence of the two femi-diamecers, a part, at leaft,
of the one will fall without the other ; but, if the
diftance be lefs than that difference, the lefler circle
will then be contained wholly in the greater, but
without touching it.

C O R O L L A R Y II .
Hence, and from the precedent, it likewife ap-

pears, that if two circles touch, either inwardly or
outwardly, a right-line, drawn through their two

ç Centers, will alfo pafs through the point of contact :
^and becaufe they can only touch, when the diftance of

Cor. ï. their centers is equal to the fum, or to the diffe-
of 8. rence of their femi-diameters ".

T H E O R E M I X -
If the diftance of the center í (F, G) of two circles

(DL, MH) le lefs than the fum, and gxeater than
the difference of the two femi-diameters (Í?L, G M),
thofe circles will cut each other.

For, fince the
diftance of the
two centers is
fuppofed lefs
than the fum of
the femi-diame-

1 Cor. to ter? a part of the
7- 3- one circle MH, falls within the other DL ' ; and fince

" ^or* to that diftance is greater than the difference of thofe
n Def?n. femi-diameters, a part of the fame circle MH alfo
" of 3- fall« without the circleDLm : which was te be proved".

THEO-
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T H E j Q . R E M X. .
, The angle (ВВС) M the center of Ъ circle, is double
to the angle (ВАС) at the circumference, when both
angles ftand upon the fame'arch (ßC).

Let the diameter ADE be drawn.
In the firß cafe (where; AB paff« through the

center) BDC = A 4. С ° = 2A *.
In the fécond cafe, BDE = 2BAE (by cafe ï.) j1

to which adding CDE = 2CAE, we have BDC
= 2BAC«.

In the third cafe, CDE = 2CAE (by cafe ï.)
from whence fubtrafting BDE = aBAE. there re-
tains BDC =2 ВАС r.

T H E O R E M X I .
ЛИ angles (EAF, EBF) in the fame ferment (EABF)

°f a fir de, are equal to each other.

CASE L If-the fegment be great-
tr than a femi-circle ; from the
Center С draw CE and CF ; then
«•AF and EBF being each of '
^m^to half ECF', they muft
n " rily be equal to each other.

> д. ï.
I2< r*

Ах. 4,

Ax. .

« 10. 3,

CASK
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•Cor. ï.
to to. i.

Elements of Geometry.
CASE II. If the fegment be

lefs than a femi-ctrcle\ let H
be the intcrfeftion of EB and
AF : then the triangles AEH
and BFH, having the angle
AHE = BHF', and AEH
r= BFH (by cafe ï.) they will
alfohaveEAH =

T H E O R E M XII.
singles (D, G) in the circumferences, ßanding

upon equal fubtenfes (AB, EF) of circks having eyuA
diameter 3t are equal to each other. And thefubtenfes
of equal angles^ in lhe circumferences of circles hawing
equal diameter^ are alfo equal.

в p

From the centers P, and Q, let PA, PB, QE,
QF be drawn.

• Hyp. ï. Hyp. Since AB = EF w, and AP = BP x =
«Def.33- EQ_= FQW

} therefore is P = Q \ and confc-
y f ;• quently D (= 4P* --WO = G.
» î*' V a. Hyp. Becaufe D = G, therefore P = Qz ;

' *' whence, PA being = QE, and PB = QF ", AB
a Ax. io. will alfo be = EF a.

ef ï.
C O R O L L A R Y .

Hence angles in the circumference, ftanding
upon equal chords of the fame circle, are equal.

T H E O R E M
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T H E O R E M XIII.
2"& angle (ACB) in afemi+cirde> is a right angle*

Let the diameter CDE
be drawn.

Becaufe ACD — half
ADE, and BCD ±= half
ßDE ь, therefore is ACD
4- BCD (= ACB) = half
°f,ADE and BDEC = half
lWo right angles d = one
right angle.

T H E O R E M XIV.
У be angle (CAB) included by a fnngent to a circle
' a chord ГАС) drawn from the -point of con-

(A), is equal to the angle (AEC) in the alter-

. Let the diameter AOF be drawn, and E, F be
•Joined.

The line DB falling wholly D
*bovc the circle % OA is the

Caft line that can be drawn
Q it from the center О f ; and

^B is therefore a right-
*ngle*: but FEA is alfo a
Jfeht-angle " : therefore, if

Глн~ thefe equal angles, the
1 angles FAU, FEC F MI. 3-
g on the fame arch FC) be taken away,

will remain ВАС = AECk. * Ax. 5.

E 2 THEO-
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T H E O R E M XV.

r*i angle (DEC) made by two lines (DEB, CEA)
interfering each other within^ or without a circle^ w,
in the former cafe, equal to the fum, and in the latter,
equal to the difference^ of two angles in the circum-
ference, ftanding en the two ara (DC, AB) inter-
cepted by thofe lines.

Let the chord CB be drawn.
tg. ï. Then DEC = DBC 4- ACB*, in tbcfirß cafe.
» 9. ï. and And DEC = DBC — ACBb, in the fécond cafe.

Ax. 5.

C O R O L L A R Y .

Hence an angle (E) formed below, or above the
circumference of a circle, is greater» or lefs than an
angle in the circumference, ttanding on the fame
arch.

T H E O R E M XVL.

¥be vertical angle (ABC) of any oblique-angled tri'
<e»£/í (ACB) inferred in a circle (ABCD) is greater^
or lefs than a right-angle, by the angle (CAD) com-

frchendei
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frehended under the bafe (AC) and the diameter (AD)
drawn from the extremity of the bafe.

D

For, BD being drawn, AB D will .be a right-
angle ', and CAD — CBD k ; therefore, in the
firft cafe, ABC — right-angle + CAD ' j and in the
fécond, ABC = right-angle — CAD ".

T H E O R E M XVII.
Ifanyftde (BC) of a quadrilateral (ABCD)V»/^-

ed in a circle,'be produced oui of the circle* the external
angle (KCD) will be equal to the oppoftte, internal

' (BAD).

ï ,„ ,b- 3«
1 Ax. 4.
« Ax. 5,

Let the diameter BF be
drawn, and let AF and CF
be joined : then the angle -
BAF being a right angle
(^ BCF) = ECF », and
pAF.alfo = DCF°, (land-
ing both on the fame arch
^F;.-thence will the re-
«nainders BAD and ECD be
*lfo equal \ * Ax- $•'

солоь-
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Ax. 4.

C O R O L L A R Y .
Hence the oppose angle? BAD, BCD of any

quadrilateral infcribed in a circle, are together»
equal to two right-angles For, fince Brt.D =
ECD, therefore is BAD + BCD = ECD + *CD '.
== two right-angles'.

T H E O R E M XVIII.
Through any three f obits (A,B, C) nolfituate in

the fame right line, the circumference of a circle may
be defer ibid»

Draw AB and BC,
•which let be bifected
by the perpendiculars
DG and EH, infinite-
ly produced on that
fide of AB or BC,

"on which the angle
ABC is formed.

Thefe perpendicu-
lars, I fay, will inter-
feel: each other -, and
the point of interfec-
tion O, will be the
center of the circle.

For, if PE be drawn, it is plain, that the angles
GDE, HED are lefs than two right-angles ' ; there-

i Cor. z, fore DG, EH, not being parallelsu, they will meet
~ " jeach other w- Hence, if from the point of inter-

1 feclion O, the right-lines OA, OB, ОС be drawn,
rhe triangles ADO, BDO, having two fides equal,
each to each", and the angles ADO, BDO, contain-

er Ax. 7. ed by them, equal \ will likewife have АО = BO*.
* Ax. 10, £fter the very, fame manner is CO = BO; there-

fore АО — BO = CO a : whence the circumfe-
qf a. circle defçribçd from the center О, ас

the

t'A», a.

to 7.
«Def. J3

of ï.

*Ccmftr.

»A*
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diftance of АО, will alfo pafs through В
fb ь Def.33.

i.

S C H O L I U M .

Hence the method of defcribing the circum-
ference of a circle through three given points, is
nianifeft.

T H E O R E M XIX.

If tie oppoßte angles (BAD, BCD) of a quadri-
lateral (ABCD) be equal to two right-angles* a circle
»lay be defcribed about that quadrilateral.

For the circumference of a
circle may be defcribed thro' any
three points B, C, D, (by the pre-
cedent.") But, if you deny that it
paflès thro' A ; then, thro' the
center O, let OAF be drawn,
and let it (if poffible) pafs
through fome other point F in
the line OAF, (for it muft cut
this line ibmewheree) ; alfo let
BF and DF be drawn. Becaufe BFD -f BCD =
two right angles d = BAD -f- BCD e j therefore
muft BFD = BADf : which is impoßbleг. There-
fore the circumference of the circle defcribed
through В, С and D, muft alfo pafs through A.

c Cor. to
4.3.

* Cor. to

,1 Ax. ç.
t 33. i,

E 4 THEO-
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Elements of Geometry.

T H E O R E M XX.
If from two faints (B, C) in the fame diameter

(AD), equally dißaiitfrom tfaãúkr (O) of a circle,
right-lines (BE, ÇE ; BF, CF) be drawn.to meet, two
by (wo, in the circumference! thefùmof the fquares of
tiny two correfpondtng orits^-tiMl'be-eqiial-totbefamof
t be fquares of any other two, meeting in lib niamier.

For, if OE and OF be
drawn ; then will BE* +
CE* = h 2BO* -f 2OE*

= hBF»+:CF*.

T H E O R E M XXI.
If two lines (AB, CD), -terminatedby tbf perfpèerj

on both fides, cut each other within a circle, the rec-
tangle (AP xBP) contained under the parts of the
tine, will be equal to the rc£ïangle-(CP x DP) contained
under the farts of the other.

CASE I. If one of the two lines (AB) paiïès
through the center О -, then let OQ^ be drawn per-
pendicular to the other CD, and let ОС be joined.



It is plain, becaufe QD = QC ', that DP is l a- 3-
equal to the difference of the fegments CQ^and
PQ_k: but the rectangle under the fum and diffe- "• Ax. 5.
fence of the two fides UC, O V, of any triangle COP,
is equal to the rectangle under the whole bafe CP,
and the difference of its two fegments ' ; therefore, the ' 'Cor> ''
fum of the two fides ÜC, OP being (= OA + OP) to S- *
= AP, and their difference (= OB — OP) = BP,
thence is the rectangle contained under AP and B P
equal to the rectangle contained under C P and DP.

CAS E l l . If neither of the two lines pafs through
the center : let the diameter EPF be drawn ; then,
Ь the preceding cafe, AP x BP = FP x EP t= CP
x DP.

T H E O R E M XXII.

' If from two faints (A, C) in the circumference of
« circle, two lines ( AP, CP) le drawn, to pafs thrwgh±
and meet -without the circle'; j he reft angle (AP x;BP)
Contained tinder the whole and tie external f art of the
one, -will be eqt'.al to the reiïangle (CP x DP) con*
tained under the -whole and the external fart 'ioftfiv
other.

Through the center O,
let PF be drawn, meeting
Che •circumference in К
and F -, let OQbe perpen-
dicular to AP, and let A,
О be joined.

Then, (by Cor. г. to
9. 2.) the rectangle con-
tained under PF (= PO

is = the rectangle
contained under AP and PB. After the very ume

PF x PE = CP x DP : therefore AP x BP
= CP x DP".

m AX. i;
COROL-
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C O R O L L A R Y I.
Hence, if PS be a tangent at S, and the radius

OS be drawn ; then, PF being = the fum of PO
о c t and OS, and PE = their difference} it follows, that

T H E O R E M XXIII.
If fromtbe center (C} of a circle, to a point (A)

in any chord (BD), a line (CA) be drawn ; the fquare
of that line, together with the reff angle contained
under tbe two farts of the chord, will be equal to a

fquare made upon the radius of the circle.

Let EAF be another chord,
perpendicular to CA, and let
C, E be joined.

ч 2 , Since AF = AÊ % thence
• ï. 2. will AE1 = AE x AF ' =
• 21.3, AB x AD '; to which equal

quantities adding AC*, we have
« 8. 2. « CE1 = AB x AD + AC1.

C O R O L L A R Y

Hence the fquare of a line (AC) drawn from
any point in the bafe of an ifofceles triangle (BCD)
to the oppofite angle, together with the reftangle
of the parts of the bafe, is equal to a fquare made
upon one of the equal fides of the triangle.

T H E O R E M XXIV.
The rectangles contained under tbe correfpondingßdes

of equiangular triangles (ABC, DEF) taken alter-
nately, are equal.

I fay, if A = D, В = E and С = F, then
AB x DF = AC x DE.

In
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In BA produced, let

AG be taken = DF ;
let GCB be the circum-
ference of a circle paffing
through the three points
B, C, G w, meeting CA
produced in H -, and let
G, H be joined.

Becaule the angle H
^Ъ* =E\ HAG =
a ВАС = D % and AG
= DE ь -у. and therefore
= АВх

DF ", thence is АН
AC x DE = AC x АН %

= ABxDF'.

У it.j.

. 3.
У1Р."

" i5. i.

'21.

T H E O R E M XXV-

72* rettangle under th twofides (AC, BC) of any
triangle (ABC), и ^«й/ /о /£е г еЯangle under tbt
perpendicular (CD) /o the bafe thereof, and the dia-
meter (CE) of tbe circumfcrïbwg circle.

For, B, E being joined,
the angles A, E will be
equatT, and ADC, EBC
both right-anglesg -, and,
confequently, the triangles
A CD, ECB equiangular":
therefore AC, EC* CD,
CB being correfponding
fides, oppofed to equal
angles, the reftangle AC
x CB, contained under the firft and laft of them,
will be equal to the recbngle EC x CD contained t

under the other two '. - 4' 3"

T H E Ç-
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I I . J .

"Cor. i.
to ID. i.

1 24- 3-
'5.2.
•21.3.
and Ax.
*•

Elements of Geometry,
T H E O R E M XXVI.

Tbs fquarc of ß iiíic (CD) bifei3ing any angle (C)
cf n triante (ABC) and terminating in the oppoßte

ßds (A Li;, together with the rzïïangle (AD x BD)
under the two fsgnisr.ts cf that ßde, is equal to the
rettangle of the t-iwßdes including the propofed angle.

Let CD be produced
to meet the circumference
of a circle, defcnbed k

through the points A, C,
Б, in E ;. and let AE be
drawn.

The angles E and B,
ftanding upon the fame
.fegment AC, are equal ' ;
and ACE is equal DCB
(by hypothefis) ; therefore the triangles AEG,
DCB are equiangular m ; whereof AC, CD ; CE,
CB are correfponding fides, oppofed to equal angles :
therefore AC x CB = CD x CE ° = CD1 + CD
x DE ° = CD1 + AD x DB ".

T H E O R E M XXVII.
The rectangle of the two diagonals (AC, BD) of

any quadrilateral (ABCD) Inscribed in a circle, is
equal to thefutn of the two r cil angles (AB x DC, AD
x BC) contained under the oppoßte Jîdes. '

Let BF be drawn, making
the angle CBF = ABD, and
«leeting AC in F.

Becaufe the angle BCF =
".3. ADB4, and CBF = ABD r,
Conftr. the triangles CBF, DBA are
Cor. ï. equiangular5 -, and therefore,
to 10. i.BC, BD; CF, AD, being

correfponding fides, the rec-
tangles BC x AD, and BD x

В

CF
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ÇF will be equal '. Again, the angle ABF being '
= CBD u, and BAF = BDC w, the triangles ABFtt

and BDC are, likewife, equiangular -, and confe- "
queruly, AB, BD ; AF, DC being correfponding
fides, AB x DC = BD x AF c -, to which adding-
fcC x AD ж BD x CF (fo proved above) we have
alfo AB x DC + BC x AD = BD x AF 4- BD x
CF=BDxAC*.

T H E O R E M XXVIII.

If the radius of a circle (OADF) be fo divided
into two parts, thai the reãangle under tbe whole
and tbe one partfoall be equal to tbafquare of the other
part; iben will this laß part be equal to the fide (CD)
°f a regular decagon (ABCDEF, &c.) infcribed in
tbe circle ; and that tine wbofe fquare is equal to the
*тао fanares of the whole, and of the fame part\ will
be equal to tbe fide (AC) of a regular pentagon in-
fcribed in the faim circle.

Draw the radii О A,
OC,OD, OF; alfo draw
AD, cutting ОС in G, B,
*nd let AH be perpen-
dicular to OG.

The triangle ODG, .
having the angle COD v

= ODA ', is ifofcelesь :
Moreover the triangle
AOG, having AGO (= GDO + DOG C =
*DOC ') = AOC, is likewife ifofceles d j as is alfo
the triangle CDG, becaufe, CGD being = AGO',
*ndCDG (CDA) =FAD f , the triangles AOG,

- are equiangular. Therefore, CD, AO i CG,
being corresponding fides, we have CG x АО

(CG x СО) = CD x GO « =s GO% becaufe GO

24.3.
Ax. 4, i..
ir. 3-

IO. }.

• 12. I.
k 18. I.
c g. i.
4 18, i.
M- b

' Cor. to
12.3.

8 24. j-
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» 18. ï. = GD a= DC h : whence the former part of the

propofmonjs manifcft.
! 16. ï. Again, bccaufe AG = AO, HG will be = HO ' ;

and fo GC being the difference of the fegments HO
and HC, we have (by Cor. i .tog. 2.) AC» —АО*
= CO x CG = OG* (as above) -t and confequcnt-
lyAC'-AO'-J-OG'.

End of the THIRD BOOK.
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AT I O is the proportion which one
magnitude bears to another magnitude
of the fame kind, with refped to quan-
tity.

.-. meafure, or quantity of a ratio is conceived by
Wnßdering what part, or parts the magnitude referred.,
c"lled the antecedent, is of the other, to tvbicb it is
rtferred, called the confequent.

_ \
. Three quantities, or magnitudes A, B, C, are A, B, C.
to be proportional, when the ratio of the firft2- 4- *•

**• to the fécond В, is the fame as the ratio of the
lecond B, to the third C.

3- Four quantities A, B, C, D, are faid to be A,B,0,D{
Proportional, when the ratio of the firft A to the 2.4-S-**

nd B, is the fame as the ratio of the third С to
th« fourth D.
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fo denote tKatfour quantities A, B, C, D areprô-

portional^ they are ufually -arete thus, A : В : : С : D y
and read thus, as A is to B, fo is С to D. But when
three quantities А, В, С are proportional^ the middle
one is repeated, and they are wrote thus, A : В : : В : С.

4. Of three proportional quantities, the middle
one is faid to be a Mean-proportional between the
other two ; and the laft, a Third-proportional, to the
firft and fécond.

5. Of four proportional quantities, the laft is
faid to be a Fourth-proportional to the other three,
taken in order.

A,B,C,D, 6. Quantities are faid to be continually propor-
E- tional (or in continual proportion) when the firft
i2. 4. 8. js to tke |-econcj) as t[ie fecond to the third, as the.

third to the fourth, as the fourth to the fifth, and
fo on.

7. In a feries, or rank of quantities continually-
proportional, the ratio of the firft and third, is faid
to be duplicate to that of the firft and fécond -, and
the ratio of the firft and fourth, triplicate to.that
of the firft and fécond.

8. Any number of quantities, A, B, C, D being
given, or propounded, the ratio of the firft (A) ro
the laft (D) is.faid to be compounded of the ratios
of the firft to the fécond, of the fécond to the third,
and fo on to the laft.

9. Ratio of equality, is that which equal quan-
tities bear to each other.

It may b f obferved beret thai ratio of equality^ and
equality of ratios^ are, by no mans-, fynonymous term :

fm(f
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Jfnce lwot or more ratios may be equal, though the
quantities compared are all unequal. . Thus,. the ratio
of г to ï, is equal to the ratio of 6 to 3, (2 being
the double of ï, and 6 the double of 3) ; yet none of t be
four numbers are equal.

ю- Inverfe ratio is, when the antecedent is made
the confequent, and the confequent the antecedent.

, if 2 : ï : : 6 : 3 ; then^ inverßy, ï : z : : 3 ; 6.

11. Alternate proportion is, when antecedent is
Compared with antecedent, and confequent with
confequent.

As, if z : ï : : 6 : 3 ; then, by alternation (or per-
mutation) // will be 2 : 6 : : ï : 3.

12. Compounded ratio is, when the antecedent
and confequent, taken as one quantity, are com-
pared, either with the confequent, or with the an-
tecedent. •

Thus, // 2 : ï ': : б : 3 -, then, by compofitic-p,
2-{-i : i : :6-f-3:3, and г ~\~ ï : 1 : : б + 3 : 6-

13. Divided ratio is, when the difference of the
antecedent and confequent is compared, either with
the cohíèquenc, or with the antecedent.

Thus, ;/ 3 : ï : : 1 2 : 4 i then, by divifion, 3 —
1 : ï : : 1 2 — 4:4, and 3 — 1 : 5 : 1 1 2 — 4:12.

Thefefour laß definitions, -which explain the naines
&ъеп by Geometers to the different ways of ma-
Caging and diver/tfying of proportions, are put down
here for the fake of order ; but one not to be ufed, or
Deferred to, in anyßape, till thofe properties and r el a-
tions are demonßrated ; which is effefted in the three
J*rfl Theorems of this book.

H. Similar (or like) right-lined figures are fuch,
№chhave all their angles equal, one to another

f refpec-
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refpccYively, and alfo the fides about the equal
angles proportional.

о

А В D
E

This, if the angle A =: D, В = E, С = F ; alfo
AC : AB : : DF : DE, BA : BC : : ED : EFi fcfr.
$hen the figures ABC, DEF are faid to befimilar.

A X I O M S .
1. The fame quantity being compared with ever

fo many equal quantities, fucceffivcly, will have
the fame ratio to them all.

2. Equal quantities, have to one and the fame
quantity, the fame ratio.

3. Quantities having the fame ratio to one and
the fame quantity, or to equal quantities, are equal
among themíèlves.
, 4. Quantities, to which one and the fame quan-
tity has the fame ratio, are equal.

5. If two quantities be referred to a third, that
which is the greateft will have the greateft ratio.

6. If two quantities be referred .to a third, that
is the greateft which has the greateft ratio.

7. Ratios, equal to one and the fame ratio, arc
alfo equal, one to the other.

8. If two quantities be divided into, or com-
pofed of parts, that are equal among themfelves, or
all of the fame magnitude j then will the whole of
the one, have the fame ratio to the whole of the
other, as the number of the parts in the one, has
to the number of equal parts in the other.

9. If the double, treble* or quadruple, &c. of
every part of any quantity be taken, the aggregate

will



be the double, treble, or, quadruple, ÖV. of the
whole quantity propounded.

REM I.
Equimultiples of any . .two '-quantities' (AB, CD)

are in the fame ratio as the quantities themfel-ufs. }

A a . £ В ~ E / S ' p! г* — i — i i— — í\ - \ - ч
C c d е..Ъ G -p ? ^ H

• -- 1— ЬггЬт-* '- . ! . - . .--V . - 1- - -4

. [.IfCtthe ratio pf i^Ç;tO-Cp Ç>e.th,acpf anyone
Dumber ,М ("з),\ш 'any '."other number JV (4), or,
;>v|h)ch(is the fame^let AB contain ~M (3). fuch equal
.P/arts /Ля, д^, ̂ B1), whereof CD "contains the num-.a Ax.8. 4.
,'рсг.ЛГ(4.). ; Let, there betaken E/j^.^F'any eqüi-

,rffiUJÍQples.oFi^if1'e^,'^8, rçfpeftiyely.i and let ^>,'
'̂ î'lir» rÎÎ'i ̂ e ;Л'е.Тагпё^ multiples of Ce, cd^de^éD ;
ífo ^ail'thc'vvh'ble í Et1 tíe the fame, alïigned multiple

the whole AB,: '.ania die whole 'ÇH'. of' thé whde
as each part' in 'the one, is of x its cbrrelpon-
in the Other. "r. , 'And,1, fjnce/the parts Aa, ab^ ь Ах.д. 4,

-^cc. $re all equal % their, equimultiples сНУР-
19/'?;/̂ ;.&:с. will ,alfo Ьр equal л. There-'1 Лх.4. ï..

'is ft».pröpprtiQri to GH, as the number of
s in EF* is to thé number of equal parts in

ïV<>.r (Wnich is the fame) as thé number of pacts
jn ÄBT to the'number of parte in CD, that is, as ÄB •
ïs to CD • : which -was to be demonftrated.

. . ; i í ... J . . • i

C ORO L L AR У.
Hence, like parts of quantities, have the fame

...̂ o as the wholes v becaufe the wholes are equi*
\ ^4%k3(?f. the like parts, ,.

F a THEO;
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T H E O R E M II.
fbt two antecedents (AB, DE) of four propor'

tional quantities, of the fame kind (AB, BC, DE,
EF) are in the fame ratio ivitb the two consequent?
(BC, EF).

ЬА а,P . . i

Г> с/

,ВЛЛ ' *

,Е.^. .

С
11

г

Let the common ratio of AB to BC, and of
DE to EF, be that of any one number M (5) to
any other number N (3); then'will AB contain M
(5) fuch equal parts (Ae) whereof BC contain*

« Ax. 8. € N(S) > ar>d DE will, in like manner, contain M
of 4. (5) fuch equal parts (Da), whereof ; EF "contain»

N(3). Andfo, ABand DE, as well as BC anci'EFf
being equimultiples of Aö'and Ddt thence Will AB

Í J > 4 . :DE::Ae.(B*):D</(EO::.BC:EFf

C O R O L L A R Y .
That, the proportionality will fubfift, whefitW

confequents are taken as antecedents, and the «n«;
tecedents as confequents, alfo appears frp)n'-hciic<!'
For BC : AB : : number of parts ih;ÈC;(e$ç'JÊÉ)í
number of parts in AB (or DE) : : EF : DË". .

T H E O R E M III.

Of four proportional quantities (Ab-, BC, DE«
EF) tbe furn, or difference cf the ßrft anticedent aw
confequent (AB + BC) it to tee frß antecedent*-tf
cónfequent, as tbefum, or difference of the fécond afi'
tecedent and confèrent (DE 4; EF) is to tbefecow
antecedent, or confequent. ~~



Book the Fourth.
Let what was premifed in the demohftration of

the preceding theorem, be retained here : then will

A
..̂ -^-

C
j i

D
fc 1

/
-J'— J

B
1 1

E
1 - - 4 , 1 - 1

, J ,.—.-4

F.1

AC (AB 4- BC) be in proportion to AB, as the
number of parts in AC is to the number of equal.
Parts in ABg, or as the number of parts in DF1 Ax. 8.4»
(DE -f- EF) to the number of equal parts in DE,
that is, as DF (DE + EF) is to DÉ e. Again,
if from AB and DE, be taken away EC = BC, and
E/ = EF, then will the difference Ac be in pro-
portion to AB, as the number of parts in Ac (or
P/; is to the number of parts in AB (or DEE), that
is, as D/ is to DE. In the fame^ manner it will
appear, that AB + BC : BC : : DE -f- EF : EFj.
and AB — BC : BC : : DE — EF : EF.

C O R O L L A R Y .
It will appear from hence, that the fum of the

greateft and leaft (AB + EF) of four proportional
quantities (of the fame kind) will .exceed the fum
(BC + DE; of the two means: becaufe, AB
being fuppofed greater than DE, Ac will be greater
'than D/, in the fame proportionь : and, if to thefeh ».*t

,there be added BC + EF (common) j then will
•the fum 'Ac -f BC -f- EF (AB + EF) be alfo great-
er than thc fum D/+ BC + EF ' (DE + BC.) • AX.6. n

S C H O L I U M .
, In the demonftration of this, and the preceding
•theorems, the antecedent and confequent are fup-
Pofed to bç divided into parts, all mutually equaj
among themfelves, But it is known to Mathe-

s, that there are certain quantities, or mag-
F a nitudee
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nitudes that.. cannot poffibly...be. divided in. that
manner, by means of a common meafare.. The
Theorems themielve's are, nevertheleis, true, when
applied to thefe incor.imenfurables •' fince no two
quantities, of the fame kind, can poffiblybe.ãfíigned,
whofe ratio cannot be expreflfed by that of two num-
bers, fo near, that the difference ihall be lefs than the
leaft thing that can be named. But if the matter,
viewed in ttys, light, ihould: noi appear futficiefitly
fcientific , and you. will ' not (in thé preceding theo-
rem) allow, the ratio of AG to BC, to be exaftly the
fame with that of DF to EF, when AB, BC, and
£)E, EF, are mcommenfurables. ; then let it* if
poffible, be as fpme quantity. aC (lefs than AC)
is to BC, fo is DF to EF. Let B£ be a part or
meafure of BC lefs than the difference (A<z) be-
tween AB and oB; Jet Bp be that multiple of Bi,
which lead exceeds BO, aad let qE be 19 EF, as

It is evident, that д , , В/
2>B is lefs than. AB г̂~- - ^
(becaufe ар '"з Bl> ~з г> Q ' E í

f Hyp. f. Ал) -, and.that e.E.ís ' м • -' н — '-'— t
álfo lefs than/ЬЕ; ' .......... ....... .,

.becaufe the . ratio of ^E tq ^F, beir)g:equal.tb;that
jpf pj$ to BC Vit muft necejGTarily be, lefs сфап. thai;

í Ax. 5.4-bF AB to BC ', .or'oF DÊ to.EF; and :íb- ft : lefil
»Ax.6.4.than DEm. ' " . ' 'l •

Now, if (as is fuppofed) the ratio pf aC to BC
can be =. the ratio of DF to EF, it muft,; pf con?

«•Дх. 5. ifequence, be greater the ratio of jFtoEF*, of

«Pr«,f'oHwhich is the ° fame) th^n the ratio of^C to BC'»
' 3.4.. wbicb is impoßble. In like manner it will -appear,

that np quantity, that is greater than AC, can ppf-
fibly be to BC, as DF is to EF. Therefore AC : BC
: : DF : EF. And by the fame kind of argumeri-

(authorifed and adopted by Euclid himfelfr
in
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in his twelfth book) any difficulties, or fcruples, that
may be elfewhere brought, from the incommen-
surability of quantities, may be obviated and re-
moved.

T H E O R E M IV;

If* of four proportionals (AB, BC, FQi QR)
^multiples of the antecedents (AB, PQ) be taken,
°nd compared with any equimultiples, of ibeir r&-
fpeaive confequents (BC, QR), tbe ratios will be the

and tbe four quantities proportionals.

Let the common ratio of AB to BC, and of
_to QR, be that of any one number M to any

other number U : fo ihall AB contain M fuch
«qual parts whereof BC*Containsp JV, and PQj inp Ax.8.4.
%e manner, M fuch equal parts whereof QR
°ontains N.

Let CD, DE be taken each = BC, and RS,
ST each = QR, fo that BE and QT may be equi-
multiples of BC and QR i and let CD, DE j RS,
ST be conceived to be divided, each into the fame
number of parts with, BC, or QR. In like man-

f :г «т

?эï . .

А

P

—!•" >

,_&

В
-|. .»-л

R
_._ j_j-

с

's_l_J—l_

r>
J 1 1 f~

I1

fl

let aß and pQ be taken as equimultiples of
and РСд, &c. Then will the number of

Parts in BD = number of parts in QSp, and the
Dumber of parts in BE = number of parts in QTq : « Ащ> ï«
•"d fo likewife with refpeft to aB and pQ There-
1°re «B is to BE, as the number of parts in aB to
f"6 number of (equal) parts in BEp, or, which
'* fbe fame thing, as the number of parts in/Q to

number of parts in QT, that is, as />Q is to
j Vibicb was to bedemonftrated,

F 4 T H E Q-



;7* Elements of Geometry.

T H E O R E M V.
^i of two ranks of quantities (AB, BC, CD i

PQi QR, RS), the ratio ef the firfl and fécond, in.
the one, be equal to the ratio of ibejßrß and fécond in
the other, and the ratio of the fécond and third, in
the one, equal likewife to the ratio of the fécond and
third in the other; then, alfo^fhall the ratio of the firfl
to the third, be the fame in the one rank, as in the
other.

Let the common ratio of AB to BC, and of
PQ_£o QR> be ftill expreffed as in the preceding
demonftrations. Let, moreover, CD and RS be
conceived to be divided, each into the fame num-
ber of parts with BC and QR.

-А я,
| Ь- f- Л Г т . ' р f

PЧ - u

Becaufe the quantities BC, CD, QR, RS,
r Hyp. are proportional ', their like parts Bb, Ce, Qq, Rr
• Cor. to (being in the fame ratio with the wholes ') will alfo

ь 4- be proportionals -, or, becaufe Aa = Eb and P/> =
« Ax. 2.4. Q^ 't it win be « A<z :'O : : P/> : R?. But AB and

PQ_are equimultiples of the antecedents A* and Pp'»
and CD, RS are equimultiples of the confequents

! 4. 4. G: and R r : therefore u AB : CD : : PQj.RS * i
Wöj /o be demonflrated.

* When, in t-wo ranks of quantities, the proportions are in-
ordinale, a.1 AB : BC : : QR : RS, and BC : CD : : PQj QR '•
the fame ding may be demonßrated; an4 that '" *^е very fatnt
manner, except only, that QR muß hem be divided into the /ami
number of. farts with AB, and 1'Q-

C O R O L«
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C O R O L L A R Y I.
If other quantities DE, ST be taken, ftill pro-

portional to the two next preceding them, fo that
CD : DE : : RS : ST ; then, by the fame argu-
nient (regard being had to AB, CD, DE in
the one rank, and PQ^ RS, ST in the other)
« is evident, that AB : DE : : PQj ST*. And'5- 4-
thus we may go on, ftill aiTuming other quantities,
as many as we plcaíè ; and the ratio of the firft and
^aft, will always be the fame in one rank, as in the
other. Therefore ratios y compounded of the fame ' Def. 8.
number of like, or equal ratios, are equal. of 4.

C O R O L L A R Y II.
It is alfo evident from hence, that if any two

quantities be taken proportional to the two confe-
quents of an affigned proportion, they will alfo be
proportionals when compared with antecedents :
and vice verjâ. For, the two quantities CD and
RS, when compared, fucceffively, with the confe-
quents, and antecedents of the given proportion AB
: BC : : PQj QR} appear to be proportional, in the
one cafe, as well as in the other ". z 5.4.

T H E O R E M VI.
7Д to the two covfequents (BC, KL) of four pro-

portionals (AB, BC, IK, KL), any two quantities
(CD, LM) that have the fame ratio to the refyeflive
antecedents be added ; tbefe fums and the antecedents
-uillßill be proportionals (Ifay, if AB : BC : : IK :
KL, and AB : CD : : IK : LM i tetnßall AB : BD
.? : IK : KM).

For,
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For, CD and LM A B C D t;
being proportional I l ' * '
to the antecedents T ^ L M v

"Hyp. -ДБ and IK-, they \ + Г ï V
and the confequents
(BC, KL) wUl alfo be proportionals (ly Corol. a.

* 3- 4- tf the precedent) : whence г (ly compoßtion) BC :
BD.: : KL : KM. And fo again, (by the fame
Corol.) AB : BD : : IK : KM.

C O R O L L A R Y .

From this Theorem it will appear, that, if the
ratios of the corresponding quantities of two ranks
with refpeft to the two firft, are the fame in both
ranks (AB : BC : : IK : KL, AB : CD : : IK: LM,
fc?<r.) ; then the ratio of all the quantities to the
firft, will alfo be the fame in the one rank, as in the
other. For, by adding DE and MN to the laft

• 6.4. confequents (BD, KM) there will be had c AB : BE
: : IK : KN (and fo on, to any number of quan-
tities whatever.) Then (by compofition) AB : AE
: : IK : IN.

When the quantities, in both ranks, are of the
fame kind> it will appear (by alternation) that the
ratio of the two fums, and that of every two cor-
refponding terms, will be the fame.

The fix Theorems here delivered, on propor-
tions of magnitudes in general, comprehend all
that is moft ufeful in that fubjeót.—What relates
to the proportions of extended magnitudes, under
different limitations, and figures, as far as regards
right lines and furfaces, will be the fubicetof the
remaining part of this book.

Noie,
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Note, w hen-ever, in any demonßration, you Wilt

*°itb feveral proportional quantities ± conmftid conti-
nually by tbejign : : (like tbefe, A : В : : С : D : : E
: F : : G : H) tbe conclu/ton to be drawn, is always
from tbe faß and laß of the tw» equal ratios.

T H E O R E M VII.
Triangles (ACD, BCD), and alfo parallelograms

(ADCQ, BDCP), having tbe fame altitude, are to
°*e another in tbe fame ratio as their bafes (AD, BD)i

• Let the bafe AD be to the
bafe BD in the ratio of any
one number m (3) to any other
number » (2), or, which is the
lame % let AD contain ?» (3) /|\\\\ \ «Ax. 8,4,
filch equal parts whereof BD
contains the number я (а). В
Then, the triangles AC/), pCq, r

BCr, 6??. made by drawing
lines from the points of divifion to the vertex C,
being all equal among themfelves d ; the triangle d Cor. z.
ACD will therefore be in proportion to the triangle to z. z.
BCD, as the number of equal parts in the former
to the number of equal parts in the latter, or as
the number of parts in AD to the number of parts
in BD, that is, as AD toBDc. Whence, alfo, the

S C H O L I U M .

If tbe bafei AD and BD are incommenfurablelo
ch other, the ratio of the trianglet cannot be otbef

tban tbat of tbeir bafes.

For,
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For, if poffible, let the tri-
angle BCD be to the triangle
ACD, not as BD to AD, but
as fome other line ED, greater
than BD, is to AD.

Let AN be a part, or mea-
* Lcm. i. fure of AD, Jefs than BE % and ï' B D Л' А
*• let DF be that multiple of AN

which leaft exceeds DB ; alfo let CE and CF. be
drawn. It is manifeft that the point F falls between
В and E, becaufe (by Hyp.) B F is lefs than AN,
and AN lefs than BE. Moreover, the ratio of
FCD to ACD is the fame as that of FD to AD
(by the precedent.) But the ratio of BCD to ACD

* Hyp. (or of ED to AD f ) is c- the ratio of FD to AD g,
t Ax. 5. or of FCD to ACD ; and confcquently BCD cr
ь A*f 4r FCD h : which is imps/die*. By the fame argu-

Of' * ment it will appear, that the triangle BCD cannot
* Ax. 2.of be to the triangle ACD, as aline, lefs than BD, is

ï. to AD. Therefore BCD : ACD : ; BD : AD.

If ibis Scholium ßould appear difficult to the.
Learner* it may not be amifs to omit it intirely ; fmce
it is only put down for the fake of t bofe who may bt
fcrupulous about: the bußneß of incommenfurabhs -, to
whom it may not be improper to obferve* that nothing
more is taken for granted herein* than what is ef-
feueà .by means of thefirß Lemma in the 8 th book ;
which being demonßrated.from axioms, and one ßnglt
theorem in the firfi book, is referred to here* though
not given till hereafter* for reafons already hinted at,
in this notf.

THEO-
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T H E O R E M VIII.

Triangles (ABC, DEF) ßanding upon equal bafei
(AB, DE) are to one another, in the 'fame ratio as
their altitudes (CH, FI.)

с

F

Let BP be perpendicular to AB,- and equal to
Я ; in which let there be taken BQ = FI, and
AP and AQ be drawn.

The triangle ABP is = ABC V and ABQj= * Cor-2-
EF * • but ABP (ABC; : AEQ (DEF) : : ' BP , j°z'2<

(HC):BQ(FI). •' / l 4-

T H E O R E M IX.
If, parallel to tke-bafts of any two parallelograms

(AC, EG), two lines (PQ, MN) be drawn, fo as to
(ut theß3esproportionally (AP : AD :-::EM : EH),
'**«» will thofe parallelograms and their correfponá-
itl$ parts (AQ, EN) be alfo proportionals.

For, AQ_: AC D
: J A P : A D " : :

j.EG:»iandthere-
«re« fy alternation,

T H E O -
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THEOREM X.

If four lines are proportional -(AB : GD : : DE :
BF), thereïïangle (AF) under the two extremes wtîl
be equal to the reElangle (CE) under the two means.
jind, if the reflangles under the extremes and means of
f our given lines (AB, CD, DE, BF) be equal, then
are thofe four lines proportional.

In DE let DG be taken BF, and let GtJ, pa-
rallel to DC, be drawn.

ï. Hyp.AF:CG

I - .• 4':;CE:CÖPvÜwre.
fore, the corifequents
of die firft and bit
of theíè equal ratios vbc^ng ;the fame quantity ÇG,

• Ax. 3. the two antecedents AF and CE muft be.equal Л;
? Ax, j.4. 2. Hyp. AB : CD ; : AF : CG P : : СЁ : CG ' : :

DE; DG? (BF,)

S C H Q t l U M .
From the:famçdemonftratipn, and fchcme, iç w.il1

.appear, thit the two antecedents of four propor-
tional lines .(ÄB, CD, DE,\BF> are in ^the/ame
ratio to each other, as the two confequents : for
if in DC there be taken DP=;BF,: and jP
drawn parallel to DE i then AB : DE : : AF i

<4, :: CE: PE:; CD: PD (BF).

THEO-
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T H E O R E M XL
restantes undo the corref pouding lines, of two
of proportionals, are themfelves proportionals.
, if AB : BC : : CD : DE, and BF : BG : :
DI, then will the rtftanr. AF ; reRang. BM : :

for, in BG and DI (produced if neceflary) let
therc be taken BF = BF, DH == DH, and let

г F F
L*J.

ï» 1

ß В с e D

*£ be parallel to BC, and HN to DE : thei> AF
= P : AB : BC r : : CD : DE * : : CH : DN>

c (alternately) AF : CH : : PB : DN, and' НУР
wife is BM to DQ» : whence (again by aíttr- * 9< 4'

AF : BM : CH : DQ..

7- 4-
НУР-

C O R O L L A R Y I.
., Hence, the fquares of four proportional line«,, are
^cmfelves proportional.

C O R O L L A R Y II.
alfo, the fides of four proportional fquarci

S BCS CD% DE*) will be proportional. For,
the line RS be taken fuch, that, AB : BC : :
: RS i then, fince AB1 : BC1 : : CD* : RS' (by
*• i.) and AB* : BC1 : : CD1

thence will" RS* = DE1

and confequei tly AB ; BC : : CD : DE ".

T H E Q-

DE« (byfup-*A x+4.
therefore * RS « Cor. з.

of 6. г.
* Ах, 1.4-
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T H E O R E M XIÏ,
A line (BE) drawn •parallel to от fide (CD) of á

triangle (ACD) divides the otber two fides prof or-
tionally. (I fay, AB : AC : : AE : AD, AB : ßC
: : AE : ED, and AC : BC : : AD : ED).

Let AB be to AC, as A
any one number w (3) is /\
to any other number я F/ J
(5), or, which is the G/ \K
fame, l e t A B contain m / \
(3 ) fuch equal parts where- of— X
of AC contains я (5). H/— \Ъ
Then, if from the points r / Л
of divifon, lines be drawn ~ * ™
parallel to the fide CD, they will alfo divide A#

•Cor. ï. and AD into the like numbers of equal parts'-
to27.ï. Therefore AE is to AD, as the number of equal

parts in AE to the number of equal parts in AD»
or as the number of equal parts in AB to trtf
number of equal parts of AC, that is, as A#j

f Ajc. 8. to AC f, In the fame manner, AE is to ED, as
the number of parts in AE to the number of part*
in ED, or as the number of parts in AB to *"'
number of ,parts in BC, that is, as AB to BC.
in the fame manner, AC : BC :

The fame other-wife.

Draw CE and DB. Then will the triangles
r Cor. ï. and EBD be equal to each other f -, whence,

to 2. a. adding ВЕД to both, AEC will be alfo = ABD6-
cAx.4. i. °
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tj AB: AC: : errang.
AEB : triangle A EC "
&ABD): t'AE-: AD S and
AB ; BC: : triang. AEB:
triangle СЕВ" (DEB) : :
AE : ED. :

C O R O L L A R Y .
Hence a right-line,-'which divides -two fides ëf

* triangle proportionally^ is parallel to this remain-
ing fide : becaufe.ÁD :is divided -in thé fame ratio
with AC, when BE is parallel to CD ; bj.it not j Ax. 2.
dfe1.

S.CHOLIUM.
Frorrrthis laft Theorem^ whatever relates to the

Cornpofition and divifion of ratios, -when theib re-
fpedj; the comparifoh of jight'lines, will appear
cxcee'dingly obvious,~* '

For, let AB, A
AD, and в
be pro-A

P°rtiönals:and D
from any point'
A, lee two in-'
«efinite righc-

and 5.4,

^
drawn ; in which take AB = AB, BC-== BC,
= AD, and DE = DE ; alfo take Br = BC,

u« = DE,, and let BD, CE, and ce be drawn.
; Since AB : BC : • AD : DE~fc, thence is EC pa- fc Hyp-
rallel to DB ' ; and fo, Be being = BC. and Di'Cor. of
= DE, ее will alfo be parallel to DB ш. Therefore, ^ g^

'AC (AB -f- BC) : AB : : AE (AD + DE) : AD i to 27- '-

AC{ Aß 4. BC) : BC : : AE (AD + DE) : DE ;
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"Ac -(AB — BC) : AB : : Ae (AD —DE) : AD ;

' Af(AB — BC;:BC:: Ae(AD— DE):DEi

And, AC (AB 4. BC) : Ac (AB — BC) : : AE
(AD -i- DE) : Äff (AD — DE).

T H E O R E M XIII.
The farts (DE, FG) -of the two fides of a triangle*

intercepted by right-lines (DF, EG) drawn parallel
to the bafe (BC), are in the fame ratio laitb tie.
Mes. (DE : FG : : AB : AC),

For, DF and EG
being parallel to each
other, thence will DE

«12.4. : A E : : F G : A G ° i зэ-
therefore, (by alterna- / \
tion) DE : FG : : AE : . / \„

* 2- 4- AG p. In the fame man- Ef~ TV
ner, АЕ : AG : : AB : / >v
AC°. Confequently DE д ' ; "^

« Ах. 7. 4- ï FG : : AB : АС4.

C O R ' O L L A R Y .
Hence, if ever fo many lines be drawn pataUd

to the bafe, cutting the fides of a triangle, ; every
- two correfponding fegments will have the farii*
• ratio q.

T H E O R E M XIV.

la triangles' (ABC, аЪс) mutually equiangular > tt>f

correfponding'jides (AB, ab, AC, ас) containing-0
equal angles (A, a) ' are proportional.
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In AB and AC (produced if neceflary) take

= at>, and AE = ac, and join D, E.

The tri-
angles abc,
and ADE,
Jiving ab , _. ,

•p AE, and the angle a = A, have alfo the angle r Ax,
ADEr = abc =s ABC' ; whence DE will be pa- '•
r
rt

allel to BC l; and therefore AB : AD (ab} : : ,
8. ï

*'5Г£г fame ctherwife,
Becaufe AB x ас = л^ x AC w, therefore is AB w 4- 3-

C O R O L L A R Y .

Hence equiangular triangles are fimilar to each
Qther r. Def. 1 4.

T H E O R E M X V .
. If two triangles (ABC, abcj bave one, angle (ВАС)
** tbe one, equal to one angle (bac) in. the -other, and
~e ßdes (AB, ab, AC, ac) about f bofe angles pro-

*°rtional i then are the triangles equiangular.

In AB and AC, take AD = aby and AE = acy
ÍIl<lletDE be drawn.

В

0e- - , « Cor. toS *

f unce AB : ab (AD) : : AC : ас (AE ь), there- - Cor, ,.
дÎ* is DE parallel to BCc ; whence the angle В = to 7. j..

=j -. and the angie с = AED = c. ' AX. .»:
G 2 T H E O - 1 '
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T H E O R E M XVI.

If two triangles (ABC, abc) have one angle (A)
in the one, equal to one angle (a) in the other, and lb(

fides (AB, ab, CB, cb) about either of. the othef
angles proportional -, then will the triangles b.e еаШ'
angular, provided thefe laß angles (B, b) be, eithefi
both lefs, or both greater, than right-angles.

In AB, let AD be taken'= ДА, and let DE b«[
drawn parallel to BC, meeting AC in E.

Then will
the triangles
ABC, and
ADE, be
equiangu-

1 Cor. ï. J a r f i therefore, CB : ED : : AB : AD * : : AB;
«»7.1. a f r h . . CB ; r£!j and confequently ED = cb*'

"Axt 4 whence the triangles abc and ADE (having ab 3
1 Hyp. AD, cb = ED, and a — A) will be eqiîal 'in W
k Ax. 4.4. refpecb ', provided the ' angles abc .and ABC
1 »7-1- ADE) are either both lefs, or both greater

right-angles. Therefore, fmce the latter of
equal triangles (abc, ADE) is equiangular to
the propofition is manifeft.

T H E O R E M . X V I I . . , ,
If two triangles (ABC, abc) have all their Jid$

Г effectively proportional (AC : ac : : AB : ab : : И
: cb) then are fhofe triangles equiangular.

In AC and AB, take AE.= act and AD A
ab} and joio E, D.
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Since AC

AB : AD
'(«*) m, the
Bangles

•Hyp.

ABC" ADE, are equiangularn
} hence Cß : ED : : " ч-4-

AB : AD ° (ab) : : CB : cb " } and confequently ' '4- 4-
ED — c b f : therefore the triangles abc, ADE,p Ax-4-4.
being mutually equilateral, they muft alfo be mu-
tually equiangularч ; and confequently abc, as well ч '4- *•
*« ADE, equiangular to ABC.

T H E O R E M XVIII.

A right-line (CD) lifeuing any angle (ACB) of
e triangle (ABC) divides the opp'ofiteßde (AB) into
ttvo fegments (AD, BD) having the fame ratio with
*beßdes (AC, CB) containing that angle.

Let AE and B F be
Perpendicular to CDE.
Then the triangles ACE,
СВР, and ADE, Buf-
fing, refpcftively, equi-
*ngularr, it will be AD : A:
«D ; : AE : BF s : : AC
•BC.

Л
С

•Hyp,
and 3.1.

• 14. 4-
and 2.4«

T H E O R E M XIX.
A perpendicular (CD) let f all from the right-angle
;) upon the hypothenufe (AB) of a right-angled

triangle (ABC) will be a mean proportional between
tbe two fegments (AD, BD) of the hypothenufe: and
t(ich Of (fa ßaes containing the right-angle,, will be a
>J""i» proportional between its adjacent fegment, and

whole hypothenufe.

G 3 For,
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For, íínce the angle BDC
« Ax 7. is = BCA ', and В common,

the triangles BDC, BCA are
0 Gor. ï. equiangular" : after the fame

to 10. ï. manner ADC and ABC ap- д^
pear to be equiangular.

Therefore, byTheor. XIV,
BD : CD : : Œh; AD
AB : BC : : BC : BD
AB : AC : : AC : AD,

C O R O L L A R Y .

Becauíè the angle in a femi-circle is a right*
13. 3. angle w, it follows, that, if from any point C, in

the periphery of a femi-circle АСБ, a perpendi-
cular CD be let fall upon the diameter AB, and
from the fame point C, to the extremities of that
diameter, two chords С A, CB be drawn ; thefquare
of that perpendicular will be equal to a rectangle
under the two. fegments of the 'diameter; and
the fquare of each chord, equal to a rectangle
under the whole diameter and its adjacent fegment:
for, becanfe of the above proportions, we have
CD1 = BD x AD, BC1 = AB x BD, and A& =

«e. 4. * AB x AD.

T H E O R E M X X .

If, in fimilor triangles (ABC, EFG) from any
two equal angles (ACB, EGF) ta the oppoßte fides.,
two right-lines (CD, GH) be drawn, making equal
angles with the homologous fides (CB, GF) ; tbofi
right-lines will have the fame ratio as theßdes (AB>
EF) on which they fallt and will clfo divide ihoft

fides proportionally.

For»
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Б E

For, the triangles ADC, EHG, and BDC, FHG
(as well as the wholes ABC, EFG) being equi-
angular y,
thence is z AB : EF (: : AC : EG) : : CD : GH í x H- 4-

and AD : EH (: : DC : HG) : : BD : FH. £* Азс>

' T H E O R E M XXI.

if in two triangles (ABC, ABD) baring one fide.
(АБ) common to both, from any •point H in that fide,
*wo Unes (HF, HG) refpeflively parallel to two
contiguous fides (BC, BD) be drawn, to terminate
»« the two remaining fides (AC, AD)> tbofe lines
(HF, HG) will have the fame ratio as the fides
(BC, BD) to which they are parallel.

For, A B : A H : : B C
«, at.a AB: A H : :
HG * ; therefore,

by equality, BC : HF
: : BD : HG ; whence,
alternately, BC : BD : :
НГ, HG ь.

C O R O L L A R Y .

' Hence, if BG = BD, then alfo will HF 5= HG.
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T H E O R E M XXII.
If, at any two faints (F, G) in two lines (ABS

AC) meeting each other, two perpendiculars (FD,
GD) be er e El cd, fo as to meet each other ; the dißance
(AD) of their concourfe from that of the propofed lines,
will be to the dißance (FG) of the two points them-

'•- felves, in the ratio of one of the faid lines (AC)
to .a perpendicular (CE) falling from the extremt
thereof upon the other (AB).

Let FD be produced to meet AC in H.

Since the angles AFD
and AGD are right -

с Hyp. ones % the circumfe-
rence of a circle wil l
pafs thro' all the four

'19.3. points A, F, D , G d ;
and fo the angles GFD,
GAD, Handing on the
fame fubtenfe GD, will

* п. 3. be equal c ; and confequently the triangles AHD,
' Cor. i. FHG equiangular f : therefore AD : FG : : AH :

» I O . I . H F « : :AC:CE.
* 14 4-

T H E O R E M XXIII.

If thro' any point (?) in a triangle (ABC) three
right-lines (AE, BF, CD) be drawn, from the an-
gular points to cut the.oppoßte fides, the fegmcnls
(AD, BD) of 'any one fide (AB) will be to.each
other, as the retlangks (AFx CE, BE x CF) under
the figments of the other Jides taken alternately.

Let
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Let GCH be parallel
AB, and let AE and

e produced to meet
«in HandG.

It is manifeft, that the
triangles FBA, FCG ;

EHC ; APB,
j are equiangular11 ï

Therefore

G

в fc 7. and 3.
of ï.

1 «4- 4-

4<

AF : CF : : AB : CG «,
CE : BE : : CH : AB '.

Whence AF x CE : CFx BE : : CH x AB : CG
X AB k : : CH : CG ' ; but CH : CG : : AD : BD n

 ;
 k M.4

therefore, by equality, AF x CE ; CF x BE : :J- 4
AD :.BD.

C O R O L L A R Y .

Hence,-if AD = BD, then atfo will AF x CE
= CF x BE, and therefore AF : CF : : BE : CE '. " ю. 4.

T . H E O R E M XXIV.

Equiangular triangles (ABC, EFG) are in pro-
Portion to one another, as the fquares (AK, EM) of

homologous fides.

ß E

and
' let fall the
Perpendiculars
CE> and GH,
and let the dia-
priais BI, FL
b? drawn.

Bccaufe ABC : ABI : : CD : AÍ (AB) « : : GH : ' ' 8. 4-
(EL) : : EFG : EFL ° ; therefore, alternately, \ *M-

C : EFG : ; ABI : EFL ч : : AK : EM '. , doï. г.
T H E O - to z. z.
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T H E O R E M XXV. t

Triangles (ABC, DEF) boning one angle (A) tit
the one, equal to one angle (D) in the other, are in
the ratio of the reftangles (AC x AB, DF x DE) eoíf
tained under tbe fides including tbe equal angles.

7-4-
4-4'Cor. i.

Ч-

Upon AB and DE, let fall the perpendicular*
CP and FQ^ Then AC x AB : CP x AB : : AC :
CP ' : : DF : FQJ : : DF x DE : FQ_x DE ';
whence, alternately, AC x AB : DF x DE : : CP
x AB : FCb< DE : : triangle ABC : triangle DEFU.

C O R O L L A R Y .

Hence, if the rectangles of the fides containing
the equal angles, be equal-, or the fides themfelves
reciprocally proportional w.} the triangles will be
equal. The fame alfo holds in parallelogram^
being the doubles of fuch triangles,"

THEO-
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T H E O R E M XXVI.

Mfimilar right-lined figures (ABCDE, FGHIK)
in proportion to one another as tbefquares of their

s fides (AB, FG),

Draw the right-lines BE, BD, GK, GI.
.Becaufe A = F, and AB : AE : : FG : FK', the «Def. H.

Bangles В AE, G FK are equiangular y ; therefore, of 4-
« from AED = FKI % there be taken AEB =y IS-4-
*KG, the remainders BED, GKI will alfo be equalz.z Ax. 5.
Wherefore, fince ED : KI (: : EA : KF ') : : EB of '•

; KG w, the triangles EBD, KGI are likewife equi- w 14.4-
Aguiar y. In the fame manner it will appear, that
*̂ C, IGH are alfo equiangular.

Therefore, becaufe ABE : GFK (•' : • BE* : GK1) » 24,4.
Í ? BED : GKI (: : a BD1 : GI1) : :l BDC : GIH,

is evident, that the fum of all the antecedents
is to the fum of all the confequents

as the firft antecedent ABE is to the
çonfequent GFK b, or as AB* to »FG^ whichb Cor. to
to be demonßrated. 6- *•

T H E O -
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T H E O R E M XXVII.
If three right-lines (AB, DE, PQ) are propor-

iionalf the right lined figure (ABC) upon the firflt
will be in proportion to the ßmilar, and ßmilarly de-
fcribedi figure (DEF) on the fecoudt as the firß lint
(AB) to the third (PQ).

c 7 - 4 -
«Hyp.

and 10.
of 4.

e 26.4.

For, AB : PQ.
: : AB* : AB x
PO « (<DE l ) :
ABt : DEF '.

F

В JD EP 9

C O R O L L A R Y .
Hence, fimilar right-lined figures, are in the du-

'Def. 7. plicate ratio of their homologous fidesf.
of 4.

T H E O R E M XXVIII.

If four right-lines (AB, CD, EF, GH) be pro-
portional, the right-lined figures deftribed upon them,
being like, and in like fort ftiuate., ßall alfa be pro-
portional (ABI : CDK : : EM : GO).

В С D E

О

F fi

t Í6,4. For, ABI : CDK (: : 6 AB' CD* : : EF1 : GH1 h)
ьсог. ï. ::EM:GO8.

10 11. 4.

T H E O -
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T H E O R E M XXIX.
If upon f be three ßdes of a right-angled triangle

(ABC) as many right-lined figures (CD, BE, BF)
*fos and alike ßuate, be defcribed, that (CD) upon
*be hypotbenufe (AC) will be equal to both the othtr

(BE, BF) taken together.

i2 For, BE:BF :: AB*
' «С*; therefore (by çom-
Pofition) BE + BF : BE
: : AB4 + BC1 (=?'m AC1)
: A B » : : CD: BE1 ; and
confequently BE + BF D
* CDл.

F

•8. x.

1 A». £
of 4,

tf the FOURTH
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O F

G E O M E T R Y .

B O O K V .

P R O B L E M I .

"IT^ROAÍ the greater
f4 (AR] of two unequal

Л lines (AB, CD) to
cut off, or take away a
part (AE) equal to the
Je/er (CD),

From A as a center,
with a radius equal'to
CD, let the circumference

3- of a circle be defcribed %
Ax. 2. cutting * AB in E -y and the thing is done.

P R O B L E M II.

'At a given -point (A) to make a line (AB) equal
to a given line (CD).



D

В
the teins is done.

Draw the indefinite
line AFC; from-which « Poft. ï.
take away AB =G Ш" ; and 2<

*i.<.

Jit

P R O B L E M III.

given point (A) in an infinite rigbi-tine (PQ)
a perpendicular.

Ь the line pro-
funded, take
tv^0 equal dif-
tances AC, and

'j and from
centers C f 'SQ'riU,.

8 Poft. I.

e4«al radii great-
?r than AC (or AD), let two circles EM R and'FNS
^defcribed ; which will cut each other: and, if from
J^e point В of their interfeaion, you draw BA,

be thing if done.
For, let the points R, E, and F, S, be thofe
'"-rein the infinite line PQ. interfedls the circum-

nces of the two circles E.MR and, FNS h ; 'then ь

being ~з FD k (or CR ') -rvAR bi and AS cr '
ь (or CE ') cr AE h, the. point F falls within,
the point S without the circle >EMR j and fo
two circles cut each otherl. If therefore, .froni '
Point of interjection, BC and BD be drawn ; „
the triangle CBD beingMfofceleii11, the angles

BDC at the bafe thereof, will be equal ° ;
CA being = ADk, and CB = BDm,-;tbea

Otberwß-

Ax. 2.
Hyp.

II.
3-1 Conflr.

andDe£L
33. of ï.
Obf.oa
Ax. 10.
Conftr.
Ax. 10.



ßf Gee&zetry,

Olbcrwife. .

B
From any point

D above the line
PQ, as a center,
thro' the given
point A, let the
circumference of
a circle be "de-

* Poll, 3. fcribed Vnterfed-
' Cor. to jng pQ^ jn E

 r ; draw the diameter EDB, and í
ff!' BÄ ' ; jihen the angle EAB, being in' the femj-•Poft. ï.

' 13-3- circle EAB ', is a right-angle i which ivas to
done.

C O R O L L A R Y .

From the former of thefe conftrucYions it ap'
-pears, that, if from any two points, with tw°
•equal radii, greater, each, than half the diftance pf
thofe points, two circles be defcribed ; thofe circle*
will cut each other.

P R O B L E M IV.

From a given faint (A) upon an infinite rigbt-l№
(PQ) to let fall a-ptrpendicular( AB).

From the given point
A, as a center, let an
arch of á circle be de-
fcribed, fo as topafs be-
low PQ, and interfecT: it
in M and N; from which
points, WÍÁ any equal
radii, greater than half
MN, let two other
arches be alfo defcribed,
and from the point of
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their mterfeclion C, let the right-line CBA be
drawn ; which will be perpendicular to PQ^

For, let AM,. AN, CM, and CN be drawn-,
then AM being = AN", and MC = NCW , the«Def.33
angle AMB is = ANB % and CMB = CNB " ;
and confequently AMC = ANC y : whence, (as
AM = AN, and MC = NC) the triangles AMC,
ANC are equal in all refpefts 2 ; and fo, the angle
MAE being = NAB, the angle MBA is likewifc
= NBA \

of ï.

andDef.and 1
33. i.

* Oí/. on
Ax. ю-

т Ах. 4.
» Ax. 10.

<Thefame otberwife*.

From any point С
in the line PQ, as a

Center, let the cir-
cumference of a circle p
be defcribed thro' the
given point A", in-
terfefting PQ> D " ;
and from the center
E>, with a radius equal
to the diftance of the points A and D, let another
circle wE» be alfo defcribed, cutting the former
ADE in E ; then draw ABE for the perpendicular
required.

v For, conceiving right-lines to be drav?.n from
С and D, to A and E, the triangles ACE, ADE
will be both of them ifofceles " j anel fõ the demon-
ftration is the fame with that of the preceding
method.

P R O B L E . M V.

Toèifefï, or divide into two equal f arts, any given
rt£bt*lined angle (PAQ).

a Poft. J.

Ч СОПИТ.

H In
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dPoft. 3.

«Port. l.
f t_onftr.

and Def.
3 3 - o f i .

* Ax. ID.
* Ax. 4.

In the lines contain-
ing the given angle,
take AC ̂  ADc ; a,nd
upon the centers С and
D» with аду equal ra-
dii, let two circles be
described *,. ÍQ as to
interfeft each other ;
and from the point of
interfeclion E draw EA, and the tbing is done,

For, let CD, CE, and DE be drawn c ; then,
the triangles AÇD and ECD being bothifofcelesf,
the angle ACL» will be = ADC» and ECD ~
EDC8 i and confequently the whole angle ACE
= the whole angle ADEh- , whence (AC being
= AD, and EC = ED), the angle CAE is alia
= the angle DAEs.

P R O B L E M VI .
To lifeu a given rigkt-lin& CAB).

From the extremes
A, B, of the given line,
with equal radii, de-
fcribe two circles, fo as

1 Poft. 3. to cut ea£h other ' -, and
andCor. between the two points
to 3- °f of interfeilion draw CD,
5' cutting AB in E -, and

the thing is done.
For, if AC, AD, BC and BD be drawn, the

* Conílr. triangles ACB, ADB being ifofceles \ ' thence is
and Def. the angle CAB = CBA1, and DAB = DBA J}

iol/-°fl'and conftquently CAD 5= CED": whence the
д^- [I triangles ACD and BCD are equal in all refpefts11 ï

» Ax. 4.' and fo the angle ACE being = ВСЕ, AC = BC,
" Ax. ID.; and CE common, thence is AE alfo = BE V

C O R O L-
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B^nee, it is manifeft, that CD aot pnjy

is alfo perpendicular to it V

P R O B L E M VII.

, ^gïven'point (A) in a given right-lint (AQ),
recline (AK) -whichßattmake with the former

** angle, equal í o an an^íe given (HBG).

In BG and AQ_take tv?»
«quai-diftances BC, AD-'-, and
at С and D ereft the two
Perpendiculars CI and DF to
UG and ÀQ/ ; and in DF
take DË equal to the part CD
°f the fermer, intercepted by

lines containing the given
- H B G 4 j then thro' E
AEK ', wi ike thing

• Ax. io.
andDef.
8. of U

-».5.

C R
Л?

se н 0'tii V;'м.
gjnthçfeyen preceding problems, efieftçd

demonftrated, by means of th~e axioms only* whát-
Cyer was affumed in the fourth poftulate, as barely
fojfible ; we are now authorifed, by the moft rigid
lavvs of gepmetrical reafoning, to make ufe of any
theorem or conçlufion, whatlbever, derived in the
Preceding books^ in virtue of thofe aflumptions,
ЬУ-which the procefs and refult can be rendered the
^oft obvious and eligible.—Accordingly, by having
recourfe here to Theorem XIV. of the firft book,
*e ihall be able to arrive at a conftruftion of the

problem, better adapted to practice than that
laid down.

H г Frçm
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'г.

From the centers A and
B, at any equal diftanc.es
AD, BF, let two arcs of
circles, FC, DR, be de-

»Poft. 3. fcribed', interfering the
given lines in D, F, and
Cj alfo from D, with a
radius equal to the diftance
of the points F,, C, let
another circular arch^Er be
defcribed, cutting the for- _
mer DR, in E -, then draw A.
AEK, and -the thing is done.
'•" Fófi ..conceiving right-linei to be drawn .
F to C, and from D to Ë, the triangles BFC
*ADE; will be equilateral to each other, by

* 14. ï. uon, and^herefore equiangular alfou.

P R O B L E M VIII.-

4"o defcribe a triangle',. wbofe*il>ree fides ßall
(qual to three given lines (A, B, C) ; -provided any /*

•of them, 'taken together, be greater than the third.

С-—-„-

^

Make FG — В ", and from the centers F -
,~ with the intervals-, - or diftanccs A and C, '{
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two circles DKL, HKL be defcribed ' ; which * P°ft- 3-
V'ill cut each other ; and, if from the point of
interfection K, the lines KF and KG be drawn,
then will FKG be the triangle required.

For, the diflance FG of the two centers, is lefs
than the fum of the radii A and C*S and greater r Ax. 6-к
than their difference (becaufe B -f A being rr C%* НУР-
thence is B zr C — Ay) ; therefore the two circles „ ^
cut each other1 : confequently FK = A, FG = B, -Of I.
and GK = C b.

P R O B L E M IX.

Through a given point (A), to draw a righl-line
(RS) parallel to a given right-line (iJQ).

At any point B in
the giv.en line, make
BC equal to the diilance
of the points A and
Вс -, and from the cen-
ters A and C, with an
interval equal to CB, let
twocirclesbedefcribed*, * Р°& 3-
then thro* their interfeftion D, let the line RS be
^rawn, and the thing is done.

Let AB, and AC be drawn e. It is plain that»p 0ft. ь
the two circles will cut each other f, becaufe the f 9.3.
farn of their femi-diameters (= AB -f BC 8) : is £ Conftr.
greater than AC h : therefore, if ADS and CD be ь 19. ï.
alfo drawn, then will AB = BC = CD = DA V Ax. ь

.*nd therefore RS parallel,to PQJ'. k 25. ï.

f he fame other-wife*

From A, to any point in PO, draw AB ' j make ' Poft. ï.
the angle SAB = РВА m s aní then AS. will be m 7- 5-
Parallel to PQ^n. V1-1-

H 3 PRO-
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P R O B L E M X .
Upcnù given line (Aty1odefiribe-àfquarè(&BCD').

Make ACrperpendicular,
-* 3. ;. and and equal, to ÀB ° -, and from

ь 5- the centers ÏJ aria C, let two
. t circles, with the radius A*B
t Poft. 3. or AC, Ъе defcribed 'p, inter-
» 9 - 3 - feeling each other ч in D ;

from which point draw D 8
and DC, and the tbhig is
done..

D.

'25. I.

« Conftr.

t Cor. to
24. ï.

» Def. 26.

9.5.

For, all the four fides being equal, by conftrac-
tion, the figure is a parallelogram' -, and therefore»

angle A being a right-angle ', the pther three
be all right-angles ', and ACDB a Tquare v.

S C H O L I U M .
By the fame method a rectangle mfcy be do-

fcribed, the fides thereof being given.

P R O B L E M XI .
To divide 'a %men line (AB) into atypYopofeà

1er of eqiiaî fans.

From the 'extremes
of the given line
AB, draw two inde-
finite lines AP, BQ.
parallel to each a- .
ther " ; in each of A
which lines let there
be taken as many
'eqnal diftances AM,
MM, NO, ОС ; Bo,
on, nn>t ш, (of any
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jength at pleafure) as you would have AB divided
jntow ; then draw Мот, N», Oo, interfcéttng AB w i -5-
íii E, F, G, and the thing is done.

For, MN 'and mn being equal and parallel % * Conftr.
N will -be paraliei to EM 7 ; and in the fame'2 0-1-

manner will GO be parallel to FN : therefore,
AM, MN, NO, ÖV. being all equalx, AE, EF,

will likewife be equal *.

Th; fame otherwife.
ïn any r4ghu-line
*" drawn from

z Cor. i.
№27. i.

._ as many equal
diftances(AM,MN,
Î^O) wanting- one,
*s you wouM have

"divided into ;
, having drawn
indefinite line
., in it take an

4 - number of parts or diftances OB, BC, CO,
each, of the length of OB, and let DM -be draw.rb
^uttiqg AB in G -, make OF» FE, each equal to
*G, and the thing is dene.

For* if AD and BN be dcawn, they will -be
parallel ж (becauíè OA :'ON : : OD : OB ь) } and • Ccr. to
k> the triangles B^JG, A DG, being equiangularc,
Jt will be BG : AG : : BN : AD " : : ON : О A d. '
Therefore BG -is the fame part of AG» as ON is
Of ÖA.

7.,.
4- 4-

P R O B L E M XII.
two given lines (AB^ BC) /

H From
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Î 9 -S -

»2.4.

! i. s-

iz.

From any píoint
Ai draw two in-
definite lines AP,
AQ, in which
take Ab = AB,
AÍ = BC, and

be, and parallel
to be, draw DEs,
cutting AQ in E -, then cE will be the third-
proportional required: for, Ab (AB) : Ac (BC)
: : VD (BC) : &ь.

P R O B L E M XIII.
fo tirée giveu lines (AB, AC, BD) to find a

fourth-proportional.

Having drawn AP
and AQ, as in the Д
preceding problem, A
take therein Ab = В
AB, Ac = AC, and
Ю == BD.1 ; draw
bct and parallel to
it, draw DE1, inter- £•
feaing AQ_in E;

 л-
thcn is cE the fourth proportional required^

For, AÍ (AB) :Ac (AC) : : Ю (BD) : cE».

P R O B L E M XIV.
Between two given lines (AB, BC) lo find a mean'

proportional.

D
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In the Indefinite line
AP, take Kb = AB,
and bC == BC * ; bi-
fecV-AC in E°, and
from the center E, at
the.diftance of EA,
or EC, le,t a femi-
circle ADC be de- p

fcribed ' -, ered Ю * r p0fl. 3.
perpendicular to AC \ cutting the circumference n 3. s.
in D j then will Ю be the mean-proportional re-
quired.

For, A* (AB) : Ю : : Ю : Ю (BC)r.

P R O B L E M X V .
• To divide a given line (AC) into two parts (AB,

BC) having the fame proportion as two given lines
(AM, AN;.

' From A draw AD, making
any angle with AB ; in which,
take Am = AM, and mn =
MN ' ; draw »C, and mB
parallel thereto ', meeting
AC inB. Then will AB:
BC::Aw(AM):w»u(MN).

1 was to be done.

19.4.
and it s
Corol.

12.4.-

P R O B L E M XVI.
Чо add a А«.(ВС) to a Une given (AB), fo that

île whole compounded line (AC) Jhall be in proportion
the part -added, as ene given line (AN) is to ano»

(MN).

From
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2. 5.

9- S-

j i2. 4.

14. 5.

«6.5.
ь9. s.
« Hyp.

From A draw AD, making
any angle with BA ; in which
take An = AN *, and nm =
NM ; draw i»B, and »C pa-
rallcl thereto x, meeting AB
produced, in С : thon will
AC : BC : : An (AN) : mn T

(MN). W&îeb -uras 'to Ъе
done.

XVII.P R O B L E M
To divide a given line (AB) into two fitch iparta

(AC^BG) that the vtàònglk contwried under ttem,
Jhall Ъе equal to the r eil angle under two given lines
(FM, MN) ; fyrovideä that thegivtntreftangle is not

4han the Jquare of ba]f4tetint (-Aft) -to be

Between Б*М
and MN take
a mean-propor-
tional MQJ j
make BD per-

;c в M .M

peridicular to AB, and equal 'to MQ;, kifeä: A'ß
in О л, from which, as 'a center, let ã 'feriu-'ciréte
be described-, and draw JDË parallel to ВА.Ъ,
Which (becaufe BD is lefs tihah Tthe radius4) wÜl
meet the circle in fome point Ë -, ïrom Which,
upon AB let fall-the perpendicular EC: Io íhall

« Cor. to AC x ßc _ k Èc, u. ̂ ,BI •(«= <Qta») = PM x

MNe. Which toas'to fa-fate.

TV л

P R O B - L Ê M
//»г (AB) /e et/í/ «w/^i/- 4'»^ '(BC$,
reffangle under ibe -whole compounded

line (AC) and the part added, jhall be equal to a
ttòder two given lines (PM, MN).

Between



Book th Fifth* 4 о 7

Between PM and MN
take a mean-proportio-
nal RS f -, make ED
perpendicular to AB E,
and equal to ftSS bifeä
Aß in O ', draw Ö
jnd take ОС = Ot»
Го îhàll AC x BC = PNÍ
* MN,

% For, if thro' A and B, from the center 0, the
Circumference of a circle be defcribed, cutting
DO in E, and E, С be joined -, then, cfoe triangles
ОСЕ, ODB (having OE = OB, ОС -äs OD \* Conftr.
and the angle EOB comtoon) will be equal in âlí
refpéfts! ; and Го, EC being -а ь tangent to the1 -Ax. io.
circle in E, we have » AC x BG == CK' c= ° BD1 m 6- 3-.
= RS1 = PM x MN '.

Cor. Io

P R O B L E M XIX. !

*fo divide a given liriejfötä) into 'two fuch parts,
ïhe fqua'ri tf *ii>e o'ne (&G).ßett be -equal i ъ the
ngle under the aber (CH) and a fécond given
(AB).

"Taking В A in the fame
ftraitlinewithBH, between
them let a mean-propor-
tional BD be found"2 ; bi-
fearABinOJ; drawOD,
and tnake ОС = OD ; fo
ihall BC1 = CH x AB,
«í was to

гг.
'Í. 2

Kí-4«

For, by the demonstration .of. the precedent,
AC x BC (== ÇÈ* = BO1) == AB x BH ; from 'each
of which taking away AS x Bt, there

С OR O L*
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C O R O L L A R Y ,
If AB = BH, then will BC* = BH x CH ; in

which cafe the line BH is faid to be divided ac-
cording to extreme and mean-proportion.

P R O B L E M X X .
In a given circle* to apply, or infcribe a line (AB)

equal to a given line (CE), lefi than the diameter of
the circle.

- E
From any point A in

the circumference, with
the radius CE, let acircu-

Poft. 3. lar arch mn be defcribed ', Ai
1 9. 3. cutting the given circle in \

В" ; then draw AB, and the
* Def. 33. thing is done w.

of ï.

P R O B L E M XXI.
To draw a tangent to a given circle (C) tkrf a

given point.(&).

D A

6. 3,

. CASE I. If the given point be in the circum-
•ference; then, to the center C, draw ,AC, and
perpendicular to AC r draw BAD » which will toiidb
the circle at A*. " . ... •

CASE II-
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6. 5.

D

CASE II. If the point A be without the circum-
ference ; then draw AC, which bifeot in P b -, and
from the center P, at the diftance of AP, or CP,
let afemi-circle AEC be defcribed% cutting the'P°<H'
gi ven circle in Ed; then draw AED, which will be 9-3-
the tangent required e ; becaufe (CE being drawn) • 6. 3-
AEC is a right-angle f. . . : - » 3 - 3 -

P R O B L E M XXII,

• Upon a given line (PQ) to defcribe afegment of a
circle (PEQ) to contain an angle (E) equal to agiven
angle (ВАС).

Make AD perpen-
dicular to AB g ; alfo

*rnakePQO,andQPO,
-each, equal toDAC"
•"( the difference be-
tween the given angle
,and a right one ) ;
then upon the point
of interfeclion O, as
a center, at the difc , . . ..
tance, of OP (or OQ), let a circle be defcribed j
arid the thing is done.

For the angle, E = right-angle + QPO = J 16. 3.
DAB + D AC* = ВАС. ï Conftr'

S C H O L I U M .
In the fame .manner the problem may be con-

ftrucbd, when the given angle is acute i only the
lines PO, QO mult thea be drawn on the other
fide of (PQ) as; is manifeft from the loth theorem
<>f the 3d book.'

•7.5.



»

P R O B L E M ХХЩ,
a give» toiaaglc (ABC) to defcrïbt. a circle.

Let any.two fi.des,
AB чг4 AC, be bifeo
ted by two perpendi-

* 6- 5- culars DF and EF k ; A
which will intçrfeft *
.each other щ the center
(F) of thç required

1 Proof of circle ' ; from whence
'?• 3' the circle may be de-

fcribed.

S C H Q L I . U M .
By the fame method, the iircumference of a

circle may be defcribed thro' any three givefi
points, not fituate in thq iAiyw rightrline: aifo
from hencex the center of a .circle may be found,
by having a foment of the areie given.

P R.OB LE M XXIV.
To infcribe a circle in a given triangle (AB,C).

Bifeit алу two
of the angles, A
and B, by the-
lines AD and

» 5..s. БР B, meeting
ea,çhotherin D-,
make DE per-
pendicular to

• 4.5. AB°; then, if
from the center
£, at che diftance of DE, a circle be defcribed,' it

'will touch all the fides of the triangle.
For,
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For, let D.G. ajid P.F bç perpendicular to AC

and BC > -, then, the triangles ADE, ADG, havingp 4- 5-
**«! «mgles «qual, each to each (by conftruclion)
and AD common.» will not од!у be. equiangular % ~ ю ;
but alfo have DE — DG r. By the. fame' argu- r '
uient DE = DF ; therefore the circumference of
the circle alfo pafíès through G and F ' ; but it < Def. 33.
[ouches the fides of the triangle in thofe points S , í
becaufe G and F are right-angles u. . c0„'ftr.

P R O B L E M XXV.
In a given circle (AFB) to defcribe a triangk, equi-

to agiven^triangle '"~"'

Frgm the center C,
w the ra.du CA, T
; CB» making the /Tv,

^les.ACE and ВСЕ / \ ,
cqual, each, to the/ Д д)
»ngkR w » jo inA, B, E Q
"id ща]се the angle

pointF, where BF cuts the circle» draw FA i
hall AFB be the trwngte required.

For, ABF := Q1, F & ACE ') ^ R% ,andж Conftr.
nf^.^nriyBAF^P.". a°i3'

Conilr.
* Cor. ï.

td 19. t.

PR<7-



-na 'Elements of Geometry.

P R O B L E M XXVI.

About a given 'circle (O), to deferibe a trianglti
equiangular is a given triangle (ABC).

R

D A B E

Produce out the fide AB both ways ; and
the radii OP, OR, OQ, fo as to make the angle

» 7. ». FOR — EBC, and POQ = DAC • ; then dm*
three dght-lincs to touch the circle in the points

ь ai s-. P, Q ara R ь, and the thing is done,
For, if PQ be drawn, the angles SQP and SPQ»

c A x 2 . , .wi l l be lefs than the two right-angles SQO and
and6.3!SPO c ; and . fo PS and QS, not being parallels^

* Cor. 2. ; they will meet each other " ; therefore, as the like

.to 7- V- may ..be inferred with regard to PT and RT, £#•
^or to it is- manifeft-that the three tangents form a'triangJ?

ç i". STH. Now, POR -f- T being = two right'
.•Cor. г. angles e = ABC + EBC f, and FOR = EBC f i

ton. ï. thence will Т = ABC : and, by the fame argU'
- f ' J: |-ftr mène, S = ВАС ; whence alfo H = С.

P R O B L E M XXVII.

In a circle given (ABCD) to infcribe 'a fquare.

Draw two diameters AC and B D perpendicul^
» 3 . 5 . ' to each other h ; then draw AB, BC, CD and DA»

ib (hall ABCD be a fquare infcribed in the circle.
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a

, For, the angles AOB,
BOC, DOC and DOA
(as well as the fides OA,
OB, OC, OD, contain-
Jng them) being equal ',
the oppofite fides AB, д!
BC, CD, DA will like- "
*ife be equal": and the
anglesABC,BCD,CDA,
"AB, are all of them
fight-angles', and there-
fore are equal.

S C H O L I U M .

If two other diameters ас, Ы be drawn (ly
•̂:.5-) to bifeft the angles AOB, BOC, a regular

°ftagon ÃaQbCcDd may.be infcribed in the circle.
•And if all the angles at .the center O, be again bi-
fefted, a regular polygon of fixteen fides, may in like
Banner be determined ; and fo on, at pleafure.

P R O B L E M XXVIII.
In 'a circle given (ABGE) to infcribe a regular

At the center O, upon
l"e diameter FG, ereft
^perpendicular OB m,

ng the circumfe-
in В ; divide OG

. (by $rob. 19.) fo

= dift. RB :
*ben draw BH ; which

. 1 ' i ; be ^иа1 to the fide of the pentagon " ; from" 28.
' t figure itfelf may be dcímbed. andl

I SCHO-
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S C H O L I U M .

Hence a regular decagon may be infcribed in
the circle -, the Ode thereof being = OH °.

P R O B L E M XXIX.

In a circle given, to infcribe a regular hexagon
(ABCDEF).

From the extremes
of any diameter AD,
apply AB, AF, DC,
and DE equal, each, ro
the radios АО p ; then

join В, С, and E, F ;
and the thing is done.

For, if the radii OB,
OC, OE, OF be drawn;
the triangles A'Oß and

ч Conflr. p.OC, being equilateral ч

; 4- >•

' ï
z6. ï.

will alfo have the an-
g!e OAB =- DOC1; whence AB is parallel (as
wel1 as e<3uaJ) to oc' » flnd coriféquently BC and
АО are likewife equal, and parallel': There'
fore, feeing the triangles AOB, BOC, COD, 6fc

•are equilateral, and alike in all refpefts -, not only
the fides, but alfo the angles ABC, BCD, ÖV. o>

. 4 ï. the hexagon, will be equal among themfelves ".

C O R O L L A R Y .
Hence it appears, that the fide of a regul^

hexagon, infcribed in a circle, is equal to tb«
femi-diameter, or radius.

S C H O L I U M ,
Befides the figures conftçupted in the prcccd^

problems, and thofe arifing from thence, by ColJ'
tinual bifeftions, or taking^he differences, no
regular polygon can be deicribed, from any
method, 'pHrefagewetritfk.-by. means of 'ri

circles only.
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P R O B L E M XXX.
About a given circle to defcribe a regular polygon*

°f the fame number of Jides with a regular polygon
(ABCDEF) infcribtdin the circle.

From the center О, У A 'p
to the angles of the in-
bribed polygon, draw
O A, OB, OC,ÖV. and
perpendicular thereto V/
draw PAQ, QJBR,
Res ', of. interfect-
ing"inP,Q,R,$,T,
V; fo fhall PQRSTV
be the polygon that

í IS

to be defcribed.

з-5-
Proof of

26. 5.

D

For, by taking away the equal w angles OAF, *
OAB, OBA, PB.C, fc?f. from the:equal (right)
Angles OAP, OAQ, OBQ, ÖBR, ÖV, the re-
mainders FAP, BAQ, ABQ, CBR, fcfr. will alfp
Appear to be equalx : therefore the triangles FAP, *
ABQ, BRC, №. (having alfo FA = VAB==BC,
*&c.) are equal in all refpefts/i and fo the angles r
& 02 R, äff. as well as the fides PQ, QR, RS,
*$c. are egual among themlèlyesz. *

P R O B L E M XXXI.
. -fay two circles (ACE, ace) being given, to defcribe
* polygon in, or about the one (ace) thatßall beßmilar
*° any polygon defcribed in, or about the other (ACE).

Firft, having drawn ^ ^r /

AX.C. I.

15.1.

he angles of the given
-fc-'polyg.ABCDEFy
?aíce, at the center

angle aob- ДОЗ, Ъ
b°\ = BOG \&t. Then, the chords :al>, be, cã, &ç. • 7. &
bfiing drawn, I fay, the polygon ab.cdef will be fimi-

I г lar
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lar to the given one ABCDEF. For, the triangles

b Cor. ï. AOB, aob; ВОС,Дзс; &с. being equiangular', the
to 10. ï. Angles ABC, abc muft alfo be equalc; and J AB : ab

^and •.*•!••£. ; OB : ob] : : BC : be. In the fame manner, the other
л i f'l'/ correfponding angles are equal, and the fides con-

taining them proportional : Therefore the two po-
e Dcf. ц. lygons are fimilar 0 .

4- Again, having
drawn the radii
OA, OB, ОС, &c. '

. to the points of ;
contact of the given
circumfcribing po-
lygon PQRS Ш ;
draw likewife the radii ол, 'ob, oc\ &c. making

f 7. 5,. the angle .aob —, AOB, bpc =• BOCf, &c. perpendi-
t 3. 5. cular to which e draw pq, qr> rs, &c. fo fhall the po-

lygon pqrstv be fimilar to the given one PQRSTU.
For, the angles OAQ, OBQ, oaq, cbq, being al)

k Ax. 7. ï. equal •»,- and AOB'alfo == aob '; the remaining angles
' Conftr. AQB, • aqb of the two quadrilaterals AOBQ, aobq
* ,, ,. muft be equalk; as muft likewife their halves OQB,

and Ax. oqb (for the right-angled triangles OAQ, OBQ,
5- having OA = OB, and OQ common, have alfo

116. ï; OQA = OQB1). In the fame manner is ORB =
orb> ore. whence, th& triangles POQ, poq ; QOR,

» 14. 4. qpr^ &c. being equiangular, it follows "that PQj/>J
(::OQj<7?)::QR:?r: And fo of the reft, there-

» Def. 14. fore PQRSTU and pqrstv are fimilar".
4 ' C O R O L L A R Y .

It appears from hence, that the fimilar infcribed
polygons, as well as the circumfcribing ones, are ifl
proportion, as the fquares of the radii of their, re'
fpeuive circles. For, in the forcrier cafe, AO*:ao*::

• 1 4 - 4 - ° AB1 : abl : :p ABCDEF : abcdefa and, in the latter,
and Cor. о до* : ад- :_: pQ1 ; .pa* : : PQ« : p f : : ' PQRSTU :

1 of ibe FI^TH BOOK.
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O F

G E O M E T R Y .

B O O K V I .

P R O B L E M I .

¥° make afquare equal to a given refiangle (ABCD)J

j"
I
"*•

N one fide AB of
the reftangle, pro-
duced, take BE =

other fide BC ; bifect
in О a ; and from
center O, at the
nce of OA, or OE, D

a femi-circle AFE be

£'6.5.

c j a n d l e t C B b e produced t o meet t h e
rcutnference thereof in F : then a fquarc defcribed

tefl, № I0- 5-) wiU be equal to the given
ABCD b. ï . о

. to

P R O -
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P R O B L E M п.
To make a-fqttare equal to the fum of two given

fanares.

Let AB and BC be,
the fides of the two given
fquares.

Draw two indefinite
lines BP, BQ^ at right-

; 3- 5- angles to each other c ; in
. which take BA = BA,

BC = BC, and join A,C; p- 1 f _ л _ r_ • ï i-Lthen a fquare defcribed A.

,Q
H

on AC (by ID. 50 will
be equal to the fum of the two fquares defcribeci

ds. 2. ypon , AB and BC d. • '

S C H O L I U M .

ïn the fame manner a fquare may be. made equal
to the fum of three, or more, given fquares : foi
if AB, BC, CE be taken as the fides of the given,
iquares, then, by making BH = AC, BE == CE>
and drawing EH, it is evident that a fquare upon,
EH will be equal to the fum of the three fquares
upon AB, BC, and CE ; or that, EH4 = BB*
( AC1) + BE1 = AB* -f BC1 + CE'.

P R O B L E M III.
$0 make a fquare equal to the difference of

given fquares.
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Let AB and BC (taken
in the fame ftrait line) be
equal to the fides of the
two given fquares.

Upon the center B, with
the radius BA, let a circle
be defcribed, and make CE
perpendicular toBC% meeting the circumference« 3. j.
thereof in E : fo ihall a fquare defcribed on CE
(h ю- 5.) be equal to BE1 (БА1) — [ BC\ [ Cor. to

P R O B L E M I V .

To make a triangle equal to a given quadrilateral
(ABCD).

Draw the diagonal AC,
slfo draw DE parallel to
AC « meeting BA pro- // /A E 9- $•

in E, and join
-, then will the triangle

-E = the given quadri-
lateral ABCD. E

For, the triangles ACE,
ï, being upon the

_ bafe AC, and between the fame parallels AC
ED, are equal11; therefore, if ABC be addedb Co ï

each, then ajfo will ВСЕ = ABCD '. f 3- *•
' * A x . 4 - « •

PRO-
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9- 5-

Cor. ï.
tO 2. 2,

? 9- S-

f 6. 5.

f 3- y

P R O B L E M V.
ЧГо make a triangle equal to a given

Draw D A and DB,
and alfo EH and CF
parallel to them k,
meeting AB .pro-
duced in H ana F ;
then draw DH and
DF ; fo lhajl the
triangle DHF = the
pentagon ABCDE.

For the triangle DFIA is = DE A ', and DFB
= DCB ' ; therefore DHF (= DH.A + DAB +

+DCB) == ABODE",

P R O B L E M VI.'

Upon a given line (EF), ta make a refiangle equal
to a given triangle (ABC).

Thro' C, the
vertex of the tri-
angle, draw KN
parallel to thebafe
A B " ; and bifeft
AB with the per-
pendicular LQ", E
meeting KN in
K; alfo draw BP

thenperpendicular to AB p, interfering KN in I
in AB, produced, take BM = EF, and
MlCt cutting LQ_ in Q^j draw QO and MO,
parallel to AM and LQj1, meeting each other
in О : then will INOP be the redangle required
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~.For, it is'evident, that LI, IO and LO are all

reaahgles -ï : therefore IN = BM r = EF % and

The fame olherivife.
From the ver.tçx

C, upon the bafe
AB, let fall the
perpendicular CDW;
make EH .perpen- A
diculartoEFx,and.
equal to a fourth-proportional to aEF, AB, and
CD y : then the reftangle EG .contained under EF
and EH will be equal to the triangle ABC.

For, fmce, by conftru.ctionj aEF : AB ; : CD :
EH, therefore is zEF x EH = AB x CDZ, and
confequemly EF x EH = iABx CD = АВСЛ

S C H O L I U M , ^
By either of the two preceding methods, a pa-

rallelogram having a given angle may be.de-
fcribed, upon a given line, equal to a given tri-
angle ; if, inftead of MBP, MLQ, or BDC, FEH
being right- angles, you make them all equal to the
angle given : the reft of the conftruftion being
the fame.

P R O B L E M VII.
Upon a given line (AB) to describe a refiangle

a given right-lined figure (P.QRS,).

Let the given
figure be divided
into triang. PQR, С
ï'R.S : and upon
the given line AB д

(by the precedent)
^ta rccbngle ABDC, equal to the triangle PQR,

be

Ï2I

4 Cor. to
24.1.

r 24. t.
• Conftr.
' 3 -2 .
0 Cor. 2.

to ». г-

-s.

zio.4.
» Cor. 2.

to 2.2^
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be defcribed ; alfo upon CD make the rectangle
CDFE equal to the triangle PRS : fo (hall ABEF,,
which is a rectangle (becáufe both ACE, and
BDE are continued right-lines b) be = PQR +

'• PRS c = PQRS -, which was to Ье done.

S C H O L I U M .

When the figure given has not more than five
fides, the conftruction will be more eafy, by firfl
finding a triangle equal to it (by prob. 4. or 5.)
and then making a reétangle equal to that triangle.
But if the figure be a rectangle, the eafieft way of
all, will be to take a fourth-proportional BF to
the given line AB and the two fides PQ^ and PS
qf the given rectangle (by 13. 5)- which fourth-
proportional will be the altitude of the rectangle
required. For, fince AB : PQ_ : : PS : BF (by '
Соф. ) therefore (by ï o. 4.) AB x BF = PQ_x PS.

P R O B L E M VIII.

To defcrîbe a reftangle equal to tbefum^ or difference,
of two given right-lined fgures, ' : •

Let the two
given figures be
ABN and P.

By the prece-
dent, let two rec-
tangles AD and
AF, reflectively
equal to ABN and
P, be defcribed,
pn the fame, or different fides of AB, according;
as the difference, or fum, of the two figures is".
required : then will the rectangle CF be equal Щ

*:AX. 4.or that fum or difference0.
5-'- C O R O L r -

X D

Д

F
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C O R O L L A R Y .

• Hence two lines having the fame ratio with
two given right-lined figures, are determined : for
AC : AE : : AD (ABN) : AF f (P). f r. 4;

P R O B L E M IX.

fo make a fquare equal to any right-lined figure
given (ÂBCDF).

Upon AB de-
fcribe a reftangle
ÀE equal to ABC
DF E ; then make
a fquare BH equal
to that reftangle h,
qna]<t!?e ttyng is done.

S C H O L I U M .
After the fame manner (from prob. 8.) a fquare

ïnay be defcribed equal to the fum, or difference,
of any two given right-lined figures.

PRO-
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P R O B L E M X.
. TV defcribs afigure (FGHIK) equal, and ftmilat

to a given righf'hned figure (ABCDE).

В

'2. 5-

fe/-5

1 Ax. io.
ï.

»Ax. 4. ï

Draw AC and AD, and alfo FG equal to AB '
make the angle GFH = BAG k, HFI = CAD,
and IFK - DAE k ; likewife make FH = AC,
FI = AD, and FK = AE» ; then draw GH, HI,
IK and KF, and the thing is done.

For, fince the triangle FGH = ABC ' and
FHI = ACD ', ÖV ; therefore is the whole po-
lygon FGHIK, alfo,'equal to the whole polygon
ABCDE m.

Moreover, thefe equal triangles being alfo equi-
angular ', it is maniteft, that G = B, GHI = BCDm,
HIK = CDE, and lo on ; therefore, FG being alfo
= AB, GH = BC, HI = CD ', Gfí. the two
polygons ABCDE, FGHIK are fimilar to each

•Def. 14. other \

S C H O L I U M .
The figure FGHIK may be otherwife con-

ßruaed, by making the triangles FGH, FH1, &c.
rdpsaively equilateral to ABC, ACD, £sff. as is
evident from 14. ï. and Ax. 4.

P R O -
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P R O B L E M _XI.

<Upon a given line (AB) to defcribe a figiire
ÇABCDE) fimilar to a given right-lined figure
(PQRST).

D

B ° 9 - S -

Draw PR
and PS, and
in PCt (pro-
ducedifneed-
ful) take Pq
=AB ; draw
qr parallel to
QR°, meet-
ing PR in r;
alto draw rs and л/, parallel to ,RS and ST°, in-
terfeding PS and PT in s and / -, then upon AB,
by the precedent^ defcribe a polygon equal and
fimilar to Pqrst ; and the ibing is done,

For, fince any angle BCD (qrs} of the polygon
ABCDE, is equal to its correfpondent QRS p -,f Cor. ï.
and alfo CB (qr~) : CD (rs) : : RQj RS % there- to "• '-
fore the.two polygons ABCDE, PQRST aie Jike 2 ' 4<

to each otherr. , r Def. 14.
of 4.

S C H O L I U M .

This laft problem may be otherwife conftructed,
by making the triangles ABC, ACD, ADE equi-
angular to the triangles PQK, PRS, PST, re-
ípeílively.

For, then the anole BCD being = QRS, CDE
A RST s, &c; and alfo BC : QR (: : AC : PR) » AX.4- il
• : CD : RS ', &c. the two polygons muft therefore £ «4- 4-
be fimilar to each other u.

P R O -
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ï X4'.5-

? 27- 4.

*7.6.

•14.5.

P R O B L E M XII.
To defcrik a figure, fimilar to a right-lined figure

given (PQRST), which ßall be to it in a giveft
ratio of one right-line to another.

In PQ (produced if ne-
ceflary) take Pn to PQ in
the given ratio of the figure .
to be defcribed to the figure
givenw ; and, in the fame T.
line PQ^ take Pq equal to a
mean-proportional between
Pn and PQx ; upon which
(by the -precedent) let Pqrst,
fimilar to PQRST,, be de-
fcribed, and the thing is done.

For, fince Pn: Pq : : Pq : _ ^
therefore. Pn : PQj : Pqrsi : PQRST r.

Conßr.) ;

P R O B L E M ХШ.
To defcribe a figure that ßall be equal to one

right-lined figure given (P), and fimilar to another
(ABCD).

Upon A B
make the rec-
tangle ABFG
== A B C D zi
and upon AG
make the rec-
tangle AGNK
:=r P1-, inAP-
take AI equal
to a mean-pro-
portional
tween ••''
AEV - 'e: Л IK H be defcribed fimi-

lar,
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Ц and alike fituate, to ABCD \ and the
is done.

For ABCD (AF) : P (AN) : : AB : AEC (: : ' 7; 4-
AB* : AB x AE « = J AP) : : ABCD : AIKHe i ^*L
and therefore AIKH = Pf. 4 "

c 26. 4..
P R O B L E M XIV, f A x . 4 *

To defcribe a figure ftmilar to a given right-lined
'figure (ABCD), which jhall • be to another given
right-lined figure (P) in a given ratio of one right -

(S) to another (R).

M.""N CÎ

Make thereftangle ABFG = ABCDE, and the * 7.6-,
íeftangle AGNE = Pg ; alfo in AE, produced,
take AQ_= a fourth-proportional to R, S and
AE h ; then, ly the precedent, make AIKH fimi-h i3. Jv
lar to ABCD, and equal to the reftangle AG x
AQ : then will AIKH (AG x AQ) : P (AG x
AE J) : : AQj AEk : : S : R ' 5 which was io be « Conftr.
done. ' Ü 7 - + -

£»</ í/ the SIXTH BOOK.
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G E O M E T R Y ,

B O O K VII.

D E F I N I T I O N S .

'ï. A Right-line is faid to be perpendicular
/L\ to a plane, when it is perpendicular to

X .m. aH right-lines, that can be drawn in
that plane, from the point on which it infifts.

2. One plane is faid to be perpendicular to
another, when all right-lines drawn in the one, per-
pendicular to the common fection, are perpen-
dicular to the other.

3. Parallel planes are thofe, which are every
where equally diftant, the one from the other.

4. A Solid is that, which has length, breadth»
and thicknefs.

5. Similar folids are fuch, as are bounded by
an equal number of fimilar planes.

6. A Prift*1
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6. A Prifm is a folid, thereof
»he planes of thé fides are parallelo-
grams, and whereof the two ends, or
oppofite bafes, are plane, reélilinear
figures, parallel to each other.

^

7« Л Jrarailiclcpipedon is а д д
Tolid bounded hv fiv narnlleln- / \ / \\Igrams, whereof the oppofite
ones are parallel, equal, and
like to each other.

8. Ah upright prifm,or parallelepip'edon,is that,
whereof the planes of the fides are perpendicular
to the plane of the bafe.

9. A rectangular paral-
lelepipedon is that, whofe
bounding planes are all rect-
angles, and which ftand at
right-angles one to another.

ICH When all the bounding planes
are fquares, the parallelepipedon is
Called a cube.

ii. A Pyramid is a fo-
lid, whofe bafe is any right-
"ned plane figure, and
^hofe fides are triangles,
having all their vertices
United in a point, above
(he bafe, called the vertex В
°f the pyramid. Thus
ABCLE reprefents a pyramid, whofe vertex is A,
*nd bafe BCLE.

К 12. A
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j2. A Cylinder (D&d) is a
folid generated by the rotation
of a rectangle ACDB about one
of its fides AB, fuppofed at
reft; which quiefcent fide AB
is called the axis of the cylin-
der, d

13. A Cone (ACf) is a
folid generated by the rota-
tion of a right-angled tri-
angle ABC about its per-
pendicular AB, called the
axis of the cone.

14. A Sphere is a folid generated by the rota-
tion of a femi-circie about its diameter.

15. The Fruftum of a pyramid, or cone, is
that part which remains? when any part next the
vertex, cut off by a plane parallel to the bafe, is
taken away.

16. The Altitude of a pyramid, or prifm, is the
perpendicular diftancc of the vertex, or upper plane
thereof, from the plane of the bale.

17» Every recbngular parallelepipedor. is faid to
be contained under the three ri^ht-lines that arc the
length, breadth, and alt i tude thereof.

18. A Plane is faid to be extended (or to pafs) by
a right-line, when every part of the latter is placed

or touched by, the former.
ï fa

in
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An A X ï O M.
c típright prifms (Ал&СВА, Dá/FED) of the
«me altitude, ftanding upon bafes (ABC.pEF)
equal and like to each other, are themfelves equal.

To fee the evidence
У this AXIOM in the

light, conceive a.
e right-lined plane fi-
£«re PQR tebeform-
ed, equal and like in all
typefistotbe bafes ABC,
CEP of the two prifms \
ufon which, conceive the prißns to be placed, one after

у fo that their bafes may coincide therewith :
', becaufe the planes of the fides ßand, in both
, perpendicular to the plane of the bafe, upon the

- lines PQ* QR» PR» and are tarried up to tbt
time height, it is manifeji, that the bounds of the two
f°lids, when thus placed, have the very fame po/ttion *
**d» consequently, that the folids themfelves, occupying
wcceßvely) the fame identical /pace, are 'equal the
6ne to tee other.

A P O S T U L A T E .
That by any two right-lines (AB, AC) meeting

»ч a point, a plane may be extended.

In order the better to
^prebend the fenfe and
^Jign of this Poftulate,
7 a plane BDEC, ex-
ifW-J by the right-line

the points В and C,
conceived to be revolved

upon that line, till it meets with, or takes in, the
A i then, the plane including, in that pojition, all

К 2 • tbt
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the three points B, C, and A, it alfo includes, or is
extended by, the right-lines AB, AC, BC, joining thoft
points ; which are in the fame plane with their eX'
tremes (by Def. 6. ï).

Hence it appears, that, by any three points, aplani
may be extended; and that all the three fides of any
right-lined triangle, are in the fame plane.

T H E O R E M I.
The common feïïion of two planes (AB, CD) и tf

right-line.

For, between the two ex- A
treme points E, F of the j
common fe&ion, let a right- E

a Poft. ï. line EF be drawn"; then, that /
i>Def.6.i. line being in the plane ABb,
and Ax. and alfo in the plane CDb, it _ (
81 ь muft, of confequence, be the common feftion o*

them both.

T H E O R E M II.

If a right-line (AB) be perpendicular to two othef
right-lines (CE, DF) cutting each .other, atthecoffl '
monfefiion (A), ;'/ will be perpendicular to the plat1

(CDEF) pa/ing by thofe two lines.

Take AC, AD, AE, AF
all equal to one another ; and,
having joined CD, DE, EF,
CF, let there be drawn thro'
A, in the plane CDEF, any
right-line GH, meeting CF
and DE in G and H ; and
let BC, BG, BF, BD, BH,
and BE be alfo joined.
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Becaufe AC" = AE = AD = AF, and CAP =b Conftr-

ОДЕ', therefore is CF = DES and the angle FCA'3- ь
(prGCA) = DEA (or HEA) ; and fo, GAC beingd Ax<10>1

fikewife = H AEC and AC = AEb, thence will AG
= AH'andGC=HE. «ч- ь

Again, fince the right-angled triangles CAB,
DAB, EAB, FAB have their bafes all equal f, and f Hyp.
the perpendicular AB common, their hypothenufes
BC", BD, BE, BF will be equal too ; and therefore,
the triangles CBF, DBE being mutually equilateral,
the angle FCB (or GCB) muft be = DEB (or
HEB8)-, whence, GC being alfo' = HE, and BC = « 14. ï.
BE, thence is BG = BHd: Therefore, AG being
ukewife (as is proved above )'= AH, and AB com-
4ion, the angles GAB, HAB are equal, and con-
fequently right- angles ". In the fame manner, ABh Def. 8
is perpendicular to every other right-line drawn of '•
*hro* A in the plane CDEF -, which was to be de- j Def. ï.

of 7.

C O R O L L A R Y .
Hence it will appear, that, if one right-line

(AB), meeting feveral others (AF, AE, ÜV.) in
"*he fame point (A), is perpendicular to them all ;
thefe laft will be all in the fame plane. Becaufe
't is impoffible for a right-line (Ah) drawn from
A> out of the plane (FEDC) of the two former
°f thefe, to be perpendicular to AB ; feeing the
?ngle BAA is lefs, or greater, than a right-angle (or
»AH k), according as Ah is pofued above, or be- .
W the faid plane FEDC '. 'Ax. 2. ï.

. T H E O R E M ПГ.
If ihr o1 any given point (A) in a plane given (BCD),

•* Une (CD) be draivn^ ana perpendicular to that
y»i, at the fame point (A), two other lines (AB, AE)
°e alfo drawn, the one (AB) in the plane given
(BCD), and the other in any other plane, (CPE)

К faffing

* 2. 7.
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faffing fy tbeßrß line (CD)-, then, I fay, that Q
right-line (AF) drawn from the given point (A), af
right-angles to the firß perpendicular (AB) in the
plane .(BAE) of the ftew, will be perpendicular to the.
given plane (BCD) at the given point (A).

For С A being perpen-
dicular both to AB and
AEA, it will likewife be
perpendicular to AF " ;
and fo FA, being per-
pendicular to AB ю (as
well as to CA) is alfo
perpendicular to theplane
BCR, in which AB and;
С A are drawnn.

S C H O L I U M . ,

In this laft Theorem, the manner of erecting »
perpendicular to a plane, at a point given, is
indicated, and the confluence of Uitßrß definition
of this book, evinced.

T H E O R E M IV.
*fwo right-lines (AB, CD),.perpendicular to №

fame plane (EF), are parallel to each other.
Draw, in the plane EF, the

right-line AD, and alfo DG per- л -
pendicular to AD ; make DG =
AB, and let AG, BG, and BD
be drawn.

The triangles BAD,. ADG,
"Conflr. having AB = DG°, AD com-

,. mon, and the angle BAD ( = right-angle P) &
ï. ADG °, will, alfo have BD = AG4 : And fo, the

triangles BDG, BAG being mutually equilater?'»
the angle rBDG muft be = BAG = "right-angle:

But the line CD (as well as BD and AD), being per
pendicul^

. io.

' ц. ï.
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pendicular to DGP, it is therefore in the fame pDef. 1.7,-
plane (CDAB) with BD and AD '} and confequemly,; Cor-to

as the angles BAD, CDA are both right-onesp, it z' 7'
muft be alfo parallel to В A". " 4- »?

C O R O L L A R Y .

Hence it follows, that from the fame given point,
to one and the fame plane, more than one perpen-
dicular right-line cannot poffibly be drawn: Be-
laufe all perpendiculars to the fame plane, are pa-
rallels ; but lines drawn from the fame point arc
Hot parallels.

T H E O R E M V .

If, of two parallel right-lines ( AB, CD) the one ( AB)
h perpendicular to any plane (EF), the other (CD)
Jhall alfo be perpendicular to the fame plane (EF).

The conftruclion of DG, AG, E

fc?r. being fuppofed the fame here _ J ; \>... j
as in the preceding Theorem ; it '
Appears from thence, that ADG
and BDG are both right-angles:
And, becaufe BD is in the plane
°f the propofed parallels BA,
CD w the 'angle CDG is alfo a right-one % as is»Def.6.t.
Hkewife the angle CDA7. Therefore CD is per-*г, j.
pendicular to the plane ADG *. y 4- ï-2 z.7.and

Def. ï.
T H E O R E M TI .

If a right-line (PQ) be perpendicular to a plane
(AB^ any plane (ED) paßng by that line, will be
Apendicular to the fame plane (AB).

К 4 In
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In the plane ED, from E_ P К
»ny point К, draw KI per- A|r>

pendicular to the common гтг \
feftion CD : Then, the an- M \j j \L
gle D1K being ' á right-an- c \"Q; t \

íDef.i.7.gle = DQPy, IK will be \ \B
* 4. ï. .parallel to PQJ, and there-
» 5. 7. fore perpendicular to the plane AB*. By the fame

.inference, all other right-lines drawn in the plane
Др, perpendicular to the cqrnmon fection CD, arp
alib perpendicular to the plane AB. Therefore the

>Def. 2.7. plane ED itfelf is perpendicular to the plane AB ь .

C O R O L L A R Y I.

Hence it will appear, that the plane AB (ac>
cording to the fenfe of the definition) is perpen:
dicular to the plane ED : For a right-line QR drawn
in the former, perpendicular to the common feetiofl

fHyp.and CD, being alfo f perpendicular to PQ, itd (and con'
Pef. 1.7. fequently the plane AB in which it is) .will be
12- 7' perpendicular to the plane ED %

C O R O L L A R Y II .
fîence i t . a l fo appears, that a line ftanding ^

right-angles to ojie of two perpendicular planes at
any poîiit (Î) in the commqn fcftion (CO), muft be
in the other plane : For the line IK, in the plane
ED, is perpendicular to the plane AB -, befides
which line, another perpendicular to AB, from the

f for. to lame point 1, capnot be drawn f. ' "
4- 7-

T H E O R E M VH.
Phnes (EF, GH) to which one and the fame right',

line (AB; is perpendicular, are parallel to each other-
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Prom any point C, in the E /ï

plane EF, let.CD be drawn гГ_! I_.IB

parallel.to AB ; which (as
well as AB) will be perpen-
dicular to both the planese ; c

and lo the angles А, В, С,
P (when AC and BD are
joined) being all right-onesh,
the figure ABDC (whereof the fides AC, BD
are in the fame plane with the parallels- ÄB,
CD J) will therefore be a rectangular paraljelo- * Def. 6. ï.
gram k ; and ponipqusntly CD = AB '. By the k 4- '• and
very fame argument,'all other perpendiculars, ter- (9

ef- Ц-
minated by the two planes, are equal among them- z^' '•"
felves ; which '-was to be demonjtrated ш. «ч jjef. 3.

C O R O L L A R Y .
Hence, all righ,t-lines perpendicular to one of two

parallel planes, are alfo perpendicular to the other.

S C H O L I U M .
From the twojaft Theorems, the lenfc, and pro-

priety of the two definitions of perpendicular, and
parallel planes, appear manifeft.

T H E O R E M VIII.
Right-lines (AB, CD) parallel to one and the fame

right-line (EF), tbo" not in the fame plane with it,
ftre alfo parallel to each other.

Let GH and Gl be drawn A
perpendicular to EF, in the "~
planes AF and ED of the pro-
pofed parallels. Then " ihall
G F be perpendicular to the ^
plane paiTing by HGI -, and 1

JpB, ID will alfo be perpendicular to the f a m e o c . 7 .
plane0, and therefore parallel to each other Л ' р 4 - 7 -

T H E O -

If
"R

Е
2.7.
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T H E O R E M IX.
If two right-lines (AB, AC) meeting еасЪ othert

be refpeElively parallel to two other right-lines (DE,
DF) alfa meeting each other, ana not being-in the

fame plane with them -, the angles (BAC, EDF) con-
tained by thofe linest will be equal

Take AB, AC, DE, DF all equal
to each other, and let BE, AD, CF,
BC, EF be drawn. Then, AB and
ED, as well as AC and DF, being

. and equal, and parallel % BE and CF will
be both equal, and parallel, to ADr,
and therefore equal, and parallel, to
each other' ; whence В С is alfo equal
^ EFr. and fo> the triangies две, Е

DEF being mutually equilateral, the
4- » • angles ВАС, EDF are Ifte wife equal ',

Conítr.
Tí6li. .

» Ax. i.
and S. 7

v g. 7

T H E O R E M X.
If two right-lines (AB, AC) meeting each otker, le

refpeïïivcly parallel to two other right-lines (DE,DF)
aljo meeting each other, and not being in the fame plane,
with them, the planes (ВДС, ED.F) extended by tbefe
lines, will be parallels.

Let AG be perpendicular to
the plane ВАС, meeting the
plane EDF in G ; in which laft
plane, let GH and Gl be drawn
parallel to ED and DF ; and r>
they will alfo be parallel to AB
and AC u -, whence, feeing the

D

. .
Conftr. angles GAB and GAC are both right
5. ï. AGI muft likewife be right-angles *

, AGH and
and fo AG

being



tbe
being perpendicular to the plane EDF * (as well as*
ÍO ВАС *), the two planes are parallel to each Conflr.

2.7.

pther '

XI.T H E O R EM
f Ье ferions (EF, GH) tnade by a plane (EFHG)

cutting two parallel planes (AB, CD), are alfoparal-
/f/, tbe one to the other.

Let EG and FH be
drawn parallel to each other,
in the plane EFHG ; alfo
let EI, FK be perpendicu-
lar to the plane CD, and let
ÍG, KH be joined : Then,
EG being parallel to FH S
and El toFKe, the angle
СШ fe = HF£'.} but the
angle EIG is alfo — FKH, being both right-an-
gles « -, and El is = FKh : Therefore EG will be
equal ''(as well as parallel) to FH-, and confe-

y EF likewife parallel to GH \

e Def.i.7.h l>ef-3-7'
L J

2
S
6; \\

C O R O L L A R Y .
It appears from hence, that parallel lines, termi-

nated by the fame parallel planes, are equal to
each other.

T H E O R E M XII.
If, from the two extremes of a right-line (AB) cut-

ting aplane (CD), two perpendiculars (AF, BG) be
drawn to tbe plane ; tbe right-line (FG) joining the
points where they meet the plane, will paß thro1 tbe
point (E) in which tbe propofed line í AB) ruts the
plant) fo as to be divided by it into iwc far is (FE,
EG), having the fame ratio to еасЪ other as tbofe
two perpendiculars (AF, BGj,

For,
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For, if AF be produced •
to /, the lines A/ and BG
(which are both perpendicu-

Шур. lar to the plane CD1) will
« 4. 7. be parallel to each other n

therefore AB and FG being
both in the fame plane witï
thefe parallels, in which their

• Def. 6.1. extremes are pofited ", they
muft necefiarily (as they are
not themfelves parallels) in-
terfect each other : And fo

о , the alternate angles FAE, GBE being equal0, as
r 3. ,'. welt as the oppofite ones FEA, GEA% thence will
ч H. 4. FE : EG : : AF : BG4 j which was. to fa demn~

ßrated.

. C O R O L L A R Y .
• Hence, if, in the plane CD,, the: lines F.C.GD be

made parallel, the ope to the .other, and in them be
taken Fa = FA, and Gb = GB -, then will the line
(ab} joining the points a and £, cut FG in the very
ianie point in" which sit is'cut by AB. For, if e be
taken as the intersection of ab and FG, the trian-

r , ari(i 7 gles a¥e, Geb will be equiangular * ; whence F<? :
of ï. 'eG : : Fa (FA) : SG^ (GB) : : FE : EG'. There-

* H- 4- fore, feeing FG is divided in one and th'e'fam'e ratio,
c I2> 7- both by e and E, thefe points muít. neceíTarily co-
"Ax. 2. and incide".

5. of 4.-

T H E O R E M XIIÍ.
If two planet (AB, CD) cutting each other, be both

'perpendicular to a third plane vGH), their common
feiiioit will a!fo 'be perpendicular to the fatne plane
(GH).

For,
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N

F\
T)

в

For, from the extreme с
point F of the common fee- j.
tion, let the right-line FE
be ereûed perpendicular to \|
the plane GH : which line
being in both the planes
AB, CD1, it muft necefla- . ? Cor. 2.
rily be their common feftion. Therefore the com- to 6' 7'
mon feäion is perpendicular to the plane GH m. * Conftr.

T H E O R E M XIV.
Jfy from the angular points (A, a) of two equal

angles (BAC, bac), two right-lines (AD, ad) be drawn,
or elevated on high, above tbe planes of the f aid an-
gles, fo as to form equal angles with the lines ßrfi
given, each to its carre/fondent (DAB = dab, DAC
= dac), and if, from any points (M, m) in thofe
elevated lines, perpendiculars (MN, mn) be let fall
upon the planes (BAC, bac) of thefirfl-mention'd an-
gles; tbefe perpendiculars will be, in proportion, as tbe
parts (AM, am) of the elevated lines included between
them and the angular points (A, z)Jirfi named.

Make AD and ad equal to each .other ; and in
the planes ADB, ADC, adb, ode, draw DE, DF,
dê, ̂ perpendicular to AD and ad; and from their
interfeetions with AB, AC, ab, ас, draw EF and ef,
meeting AN and an (produced) in G and g, and
let D, G, and d, g be joined,

The
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0 Conftr. The angles ADE, ADF being both right-ones %
" 2- 7- not only the line AD% but the plane ADG ex-
f 6.7. tended by it, is perpendicular to the plane EDF p.

But the fame plane ADG is alfo perpendicular to the
plane EAF f : Therefore the common fedion EF

* '3- 7- is Jikewife perpendicular to the plane ADG ч ; and
Î Def-ï.7- ponfequently the angle EGA a right-one'. By the

very fame argument, ega is a right-angle. Now the
triangles ADE, ade ; ADF, adf being equal in all

•Hyp.andreipecb', and the angle EAF =&z/<, the triangles
'S- '• AÈF, aef are alfo equal and alike " ; and fo, the

u AXÜO.I. an§le A^G being = aeg, EGA = ega, and AE =
«15.1. ae, thence is AG =agw, and the angle DAG
x 16. ï. (MAN)'= *dag (man), becaufe ADG, adg are both
'. 4- 4- ri^jt-angles °. Therefore MN :?»»:: AM : «оту.

C O R O L L A R Y .
Hence the two perpendiculars MN, ш fubtend

equal angles at the points (A, a) from whence the
two elevated (or inclining) lines are drawn.

T H E O R E M X V .
If any folia (Ac), having a reffilinearbafe (ABCD),

vjberecf the planes (Ab, Be, Cd, Ad) of the fides are
parallelograms, be cut by aplane parallel to the bafe%

the fetíion (EFGH) -will be equal? andßmilario tbi
lafe.

For,the plane EFGH being paral-
* Hyp. lei to ABCD % EF is therefore pa-
» i i . 7- rallel to A B a ; and fo, AF being a
* Def. 2.4. parallelogram b, EF is equal (as well

o f l- as parallel) to ABC. In the fame
'2*' '' manner is 1VG equal, and parallel to

FG, Oi1. Whence alfo the angle
* 9. 7; EFG is = the angle ABCd ; and fo

of the reit. Therefore EFGH is
both equilateral and equiangular to ABCD.

C O R O L-
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COROLLARY.
Hence the oppofite bafes of a prifm are equal

fimilar (as well as parallel) to each other.

T H E O R E M XVI.
If, from one of the angular points (A) of any pa-

rallelogram (AC), a right-line (AE; be elevated above
the plane of the parallelogram, fo as to make any an-
gles (EAB, EAD) with the two contiguous fides there-
°f, and there be alfo drawn* from the three remain-
ing angular points, three other right-lines (BF, CG,
£>H) parallel, and equal to the former ( AE) ; then,
the extremes of thofe lines being joined, I fay, the fi-
gure ( AG) thus defcribed, щ11 be a, parallelepipedon.

For AE, BF, CG, DH
being all parallel to each
other c, AE and BF are in
lhe fame plane f, as are alfo
ДЕ and DH, ÖV. There-
fore, all theib lines being E

*qual among themfelves, AF,
AH, DG, and BG are paral-
lelograms h; and fo, EF being parallel to AB, pa- h Z5 t
rallel to DC, parallel to HG », EF and HG are in the ; g. 7. '
fame plane f; and EG is alfo a parallelogram k, equi- k 25. ï.

to its oppofite AC: But EG is equiangular,
parallel (as well as equilateral) to its oppofite
; becaufe, EF being parallel to AB, and EH

AD, the. angle FEH is therefore = BAD1, and1 9- 7-
plane EG parallel to the plane AC m. And in m ю. 7.
fame manner, the other oppofite parallelograms

aPpear to be equiangular and parallel (as well as
era]). Therefore the íbjid AG, bounded by
is a parallelepipedon ". •" Dcf- 7-

of?.-
CO ROL-
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16.7.
2. 7.

C O R O L L A R Y .

If the angle A of the parallelogram AC Бе а
right-one, and AE be eredted perpendicular to the
plane AC ; then will the parallelepipedon be a
rectangular one: For, all the three contiguous

°Hyp.and planes AC, AF, AH being rectangular °, their op'
24-1-. pofites will be rectangular likewife p: And fo< the

angles HGF, HGC being right-ones, HG will t#
perpendicular to the plane GB ч -, and confequentty
both the planes EG and DG Jikewife perpendicular

r 6. 7. to the plane BGr. And fo of the reft.

S C H O L I U M .
In this Theorem, a way to defcribe a parallel"

epipedon of any given dimenfions, is indicated»
and the confiftence of the 7th and gth definitions
evinced.

T H E O R E M XVII. .
Rgflangiiiar -parallelepifeàons (AG, ag) ßandirig

upon equal bafes ( ЛС, ас), and having equal altitudt1

(AE, ae), are equal.

Let the rectangles OK
and KL, equal and like
to the bafes AC and ac
of the с wo folids, be fo
formed, that NK may be
in the fame ftrait line
with KM-, then (hall PK

. . be alfo in the fame ftrait
;z. ï. line with KP; and the

figures N1, PM, OL,
formed by producing the
fides of the two reclan-

« Cor. to gles, will likewife be rectanglesl.
»4.1.
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Now, HK and QK being drawn, the triangle

КИК = IHKU, PKQ= MKQ", and the rectangle« 24. ï.
OK = LK w ; and confequently (by the addition ofw Hyp.
equals) OQKH = LQKH. Therefore, HKQ_be-
îng a diagonal to the rectangle OLX, dividing it "24.1. and
into two equal, and like triangles OQH, LQH «, Ax- 2-
if upon thefe, as bafes, two upright prifms be con-
ceived to be erected, of the fame common alti-
tude (Kb) with the propofed folids, thefe prifms
will alfo be equaly. But the former of thefe is com-> Ax.i. 7.
Pofed " of three prifms, on the bafes OPKN, NHK, » Cor. to
KPQ-, and the latter of three others, ,on KMLI, l8- 7-
HlK, KMQ ; whereof the íècond and third, in
both ranks, are refpectively equaly. Therefore the
remaining two, on the bafes OPKN, KMLI muft
alfo be ' equal. But the former of thefe is = ' Ax. 5.
AGy, and the latter = ag :. Therefore» al£o, isАл -„„*. »Ax. ï.

T H E O R E M XVIII.
If, at the angular points of any given rigbt-lineef

figure (ABCD), equal perpendiculars (Aa, Bb, Cc,
^d) be erefïed to the plane thereof,, and the extremes
tf thefe (a, b; b, c fcff.) be joined; an upright prifm
(AabcdDCBA) ал the given bafe (ABCD) will
thereby be f armed.

For, Ал, B^, Q, DÍ/ being
all equal b, and parallel c, it is
Aident that AaèB, EècC, uff.
'fe parallelograms d ; and that
l"e planes of thefe are all per-
^ndicular to that of the baie
p»Cp« (fince. Ae,BÍ, Ce are
°> by conftruflion). More-

jver it will appear, that abed
s one plane figure, parallel to

!б-7*

ABCD
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ABGD ; for, the lines ac, AC (when а, с and A, C

ft6. ï. are joined) being parallels'" (as well as ab, AB;
ad, AD), the plane abc is, therefore, parallel to

e io. 7. ABC s (or ABCD) -, and аса is likewife parallel to
ABCD. But abc and acd are in one plane -, be-

'to caufe Aa being perpendicular to both of them h>
1 Defi'i.7. an^ ' eonfequently to all the lines ab, ас, ad ; thefe
k Cor. to mufl. neceiTarily be all in one k plane, parallel to

2. 7. ABCD ; which was to bi demonßrated '.

C O R O L L A R Y .
It appears from hence, that, if upon all the parts

ABC, ACD, into which any rectilineal figure ABCD
is divided, upright prifms (Ай^СВ, АллЮС) о>
the fame altitude be cunftituted ; thefe. prifms will
form one prifm, on the (whole) given bafe ABCD»
feeing that abc and acd form one continued plane

* 18. 7. fuperficies abed m, parallel to ABCD.

S C H O L I U M .

After the fame way, a prifm, any how inclining
on the given bale ABCD, may be conftrufted ; b/
giving to Ад the propofed incl inat ion, and thefl
drawing B£, Cc, Dd parallel, and equal thereto-
For Ай^В, ß^c'C, £s?i. will (ßill) be parallelograms ''•
And, that abed is one plane, parallel to ABCD, W
alfo appear (in the fame manner} -, if a perpendicul3(

from a to the plane ABCD, be conceived to be

drawn.

T H E O R E M . XIX.
If, on equal J*/« (ABC, PQRS), an upright tri-

angular prifm, and a rectangular parallehpipedon №
ereiïed, cf the fame altitude; the two folias,
fel-ves, will be equal.
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•. 2.

Let CD be perpen*
ucular to AB, and let
the redtangles ADCE,
BDCF be completed ;
alfo let GH be drawn

-parallel to AE, bifeil-
ing AB in G ; fo íhall AGHE = iABFE ь =
ACBC = PQRSd. Now, the two prifms on ADC ' Cor; to

and BDC, into which, that on ABC may be di- d Hyp!
vided % will be refpeftively equal to two others, « Cor. to
on the equal and fimilar f bafes AEC and BFC E : 18. 7.
and confequently the prifm on ACB = half the ~-*4-ь
Prifm on AEFB - = half the two prifms on AGHE „£7 '' \\
and BGHF * = the prifm on AGHE = the prifm i AX. J.' ï.
OnkPQRS*. "17-7-

T H E O R E M XX.
Every upright prifm (AaceA) is equal to a reïï-

"•ngular parallelepipedon (Fk) of equal bafet and al-
titude.

i

l
A

^

^

c

n!

D

4'/
G

A * ,

í
/ m

H

/

/ .J
I

V /'

?í be drawn ; and
*o the bafe FK of Д,
the parallelepipe-

_Jon, let HL, 1M,
be drawn parallel
J? FG, in fuch
f°rt that the reft-
Jjgles FH, HM,
•*N may be refpeótively equal to the triangles ABC,

Ч ADEk : Then alfo mall the prifm ( AefcCBA) k 6- 6-

I» tiis Theorem, the reprefentatlons of the prifms are not de-
. 'bed; btcaufe a great multiplicity of lines^tendstQ produce canftifiott.
i*"e mind of a-learner; efpecially, wherefolids are reprefenttd.
<A • ̂ ef"es' however, may be formed, at large, by thofe who
™nk proper to do it : But every tittle of the demonßration will
e>*«in the fame.

La on
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J 9- 7-

Cor. 2.

t o 6 < 7'

Elements of Geometry.
on ABC, be equal to the parallelepipedon (F/&) of»
FH ' -, and the prifm (Дел/DCA) on ACD, equal
,to the parallelepipedon (Ы) on LI1; and confe-
quently the whole prifm (AaceA) on ABCDE»
equal to ajl the parallelepipedons on FK, which
form one parallelepipedon (Fk); becaufe LI, Mm are
jn the'-plane F« ш, and Ш, Ц in the plane G£m.

Ax,

C O R O L L A R Y .
Hence all upright prifms, having equal bafeSi

and altitudes, are equal among themlelves.

S C H O L I U M .
In the very farne manner, the aggregate of any

number of prifms, of one common altitude, ;will ap'
pear to be equal to one fingle prifm, or parallelepi"
pedon, of the fame altitude, whole bafe is equal
со the fum of all theirs.

T H E O R E M XXI.
Reftangular parallelepipedons (Ac, Df) bavfol

equal altitudes (A a, Dd) are in ibe-fame propcrti»^
0s their bafes (AC, DF).

Let the pro-
portion of the
bafe AC to the
bafe DF, be
that of any one
number ra(^)
to any other
number «(?.).
Let AC be divided into m (3) equal parts (or re#'
angles) AL..IM, КС (by dividing AD into th»c

number of equal parts m, and drawing IL, KM Pa'
and r a l l e l t o A B) n : And let DF be divided, in №

. manner, into n (2) equal parts, or recbngles, РГ
- a n d N F : Which parts, taken fingly, wi l l be equal '?
8- 4. magnitude, to thofe of the former divjfion ° ; ar

v

^ f m-
/ г/

в
/

/У
L

/

dl
M

/. /
т

r

í/

С

ч -,

/

/

e ?

~ч
E

/

V"J

p
:V.
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the parallelepipedons upon them (А/, Ъя, Kc, ^,
Wf) will likewife be all equal.p i Therefore the folidp 17. 7«
Ar is in proportion to the folid D/, as the number of
Parts in Ac to the number of equal parts in D/r, or ' Ax. 8.7.
as the number of parts in AC to the number of equal
Parts in DF, that is, as AC to DF '.—If the bafes
Зге fuppofed to be incommenfurable> the folids will
ftill be in the fame ratio with them ; as appears
from the reafoning. laid down in the Scholium to
*fbeor. VII. Book IV. j which is equally applicable
Jl this cafe,

T H E O R E M XXIÍ.
'Reftangular parallelepipedons (Ac, Eg) flanding

upon equal bafes (AC, EG) baue the fame ratio as
tvetr altitudes (Aa, Ее)*

Let АО be
' parallelepipedon a

°n the bafe-AC»
Hereof the alti-
^de AM is equal M

to that (Ее) of
the parallelepipe- A.
%п Eg ï So ihall

folid АО = the folid Eg1. But (if Kb and ' 17. 7;
be confidered as bafes) it will be Ac : АО (or

r; : : Al> : AN ' : : Aa : AMu (or Ее) : welch was* 21. 7.
be proved. • ^ 714«

,
C O R O L L A R Y .

Hence, and from the preceding Theorem, it fol-
'"s, that all upright prifms are, alfo, as the bafes,

;n the altitudes are equal ; and as the altitudes,
the bafes are equal -, all fuch folids being (by

iw.'XX.) equal to rectangular parallelepipedons
equal bafe and altitude.

L 2 THEO-
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T H E O R E M XXIII.

Upright prifms and parattelepipedons (Ac, Eg)
•uabicb have their bafes and altitudes reciprocally pro-
portional (AC : EG : : Ее : Aa), are equal to cacb
Qtber.

Let АО be a £A
a/\prifm on the bafe

AC, whereof the
altitude AM is
equal to that (Ее)
ot .the prifm E^.

N °<h
2i-7- AC : EG

с/
D J£

* Ax. 4.
4-

of —
: : Ее
: : АО : * Ac ; and confequently

T H E O R E M XXIV.

Similar upright prifms and parallekpipedons
ag) are, to one another, in the triplicate ratio of tbcif
altitudes (AE, ae).

Having made AH
= oi, take AE, AH,
AI, AK in continued

0 1 3 - 5 - proportion»; and let
AM be a prifm on
the bafe AC, whereof Ц
the altitude is AK.
Then (becaufe of the

* 26. 4. fimilar planes) it will
« Cor. to be AC : ac : : ь AB' : аЪг : : c AE* : аег (АН*)
e »• 4- : : АН1 : ' AI» : : АН (ае) : AK e i and fo, the
- 7> 4> bafes and altitudes of the folids AM, ag being

reciprocally proportional, the folids themfcJves afß
equal >
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equalf -, and therefore, AG : ag : : AG : AMg : •:f 4- 7-
AE : A K h : But the ratio of ÄE to AK is tri-eAx b°f

plicate to that of'AE to ' AH (or ae]. There-ь'^
*Ьге, 8V. iDeh7'.of

C O R O L L A R Y I. 4'
Hence, cubes are in the triplicate ratio of their

fides, or altitudes.

C O R O L L A R Y II.

Hence, alfo, all fimilar upright-prifms, are to
une another, as the cubes of their altitudes -, finee
both prifms and cubes, are in the fame triplicate ra-
tio ol the altitudes.

T H E O R E M XXV.

Reïïangular parallelepipedons, contained under the
correfponding lines of three ranks of proportionals^ are
tbemjeives proportionals.

Г AB: F G : : KL: OP,
Ifoy, if\ AC : HF : : MK : QO,

(. AD : FI : : KN : OR,

7
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thenßall ihefolid (Cc), contained under the three firß
Antecedents, be to that (Hh) contained under their
^ree consequents \ as the folia (Mm) contained under
the three other antecedents, is to that (Qg) contained
»nder the three remaining confequents.

L 4
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Let Hr and QÍ be parallclepipedons on the bafes

HI and QR, of the fame altitude with Cc and
Mm, refpeûively.

2i. 7- Then Ihall Ci : Hr : : bafe CD : bafe HI" -,
And Mm : QJ : : bafe MN : bafe QR k. But

the four bafes, becaufe pf'the proportionality of
11-4. their fides, are themfelves proportionals 1 : And fo,

by equality; the ratio of Cc to Hr, is the fame аз
the ratio of Mm to Q£. And the ratio of Hr to
HA is likewife the fame as that of Qj to Qo (be-

» 22. 7. caufe Hr : H& : : F/(AB) : FG" : : KL (Oo) :
«Hyp. Q/»n : : Q£ : Q^m). Therefore ihall the ratio of

Cc to HA, be aifo the fame, as the ratio of Mnt
•5.4.

C O R O L L A R Y .
Hence, the cubes of four proportional lines are

proportional.

The End of tbe S E V E N T H BOOK.
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VIII.

POSTULATES.

ï.Г1 • ЛНАТ, of any two unequal magnitudes?
I of the fame kind, the lefs may be

JL multiplied io often, till it exceed the
greater.

2. That, a right-line may be taken fo final],
that the fquare thereof ihall be lefs than any fuper-
ficies affigned.

3. That, the circumference of a circle is greater
than the perimeter (or the fum of all the fides) of
any infcribed polygon ; and lefs than the perimeter
of any polygon described about the circle.

What is required to be granted, in the fécond of
thefe ibree Poßulales, might be effefted and proved*
inform, by means of the Fir ft ; but bung itßlf more
obvious (ifpoßble) than even that, 'it feemed unnecef-
fa*y to make it depend thereon.

L E Л£.
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L E M M A ï .

If from f be greater (AQ) o/ two unequal magni-
tudes (AQ, CD) there be taken the half (PQ), ana

from fbe remainder (AP) & «£гия taken the half(PO"),
ana fo on, continually; thereßall at length be left a
magnitude* lefs than the leaß (CD) of the two magni-,
tudes firß propounded.

Take.DE = Of f n
CD, EF=CD, A ^ ' ' *
and let this be c .» E F
fo often done, t— —*- •• • ^
till the multi-

»Poft. ï. pie CF exceed AQ.3. Let the propofed bifeftions
of AQ, AP, ÖV. be continued till the parts PQ,
OP, АО be equal in number to the parts EF, DE,

fcHyp. CE. Now AP (^AQj1) т 4-CF" -3 CE. And,
in the fame manner, АО (-^АР) "D ^CE (CD) ;
which was to be done-

S C H O L I U M .

When the magnitudes given (AQ, CD) are
right-lines, a part, or meafure (AS) of the one, lefs

< 11.5. than the other, may be found at one operationc ;
by taking AS the fame part of AQ, as CD is of
CFC. For, the whole AQ^ being lefs than the
•whole CF b, the part AS will alfo be lefs than the

*.Cor.i,4.partCDd.

T H E O R E M I .

; T-wo polygons, may be formed, the one in, the other
tbout a given circle, which ßall differ lefs from each
other (and confluently from the circle itfelf) than by

ajßgned magnitude (Q) however fmdl

Let
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M.
В

«Pofl.«,

20.' J.

j. and
e™- ^

- Let T be the
fideofafquare
equal to, or Q
Jefs than QJ j
and i n thecir-
'cle apply A»
isa/Vand,
jhaving drawn U
'the two per-
pendicular di-
ameters AE,

• CG, proceed by a continual bifeftion of the angles
• at the center, till you arrive at an angle AOB lefs

than the angle АО» fubtended by Anг : ínfcribe g ;,
the regularh polygon ABCDEFGH, by making the Le

angles BOC, COD, fsV. equal to AOB: and let Ax: lo-
another regular polygon QMNPRSTU, of the fame ^ 4'**
number of fides, * be defcribed about the circle ; * 30. 5.
which will exceed the infcribed one by a magnitude
lefs than Q^

For, if to any angle N of the greater, ON be
drawn, it will bifecT: the fame k, and will cut the ki б. к

• fide CD of the infcribed polygon at right-angles 'l Cor. t»
(in i>) : And fo,- the triangles OCN, i>CN being 12. ï.
equiangular m, they (and coníèquently their dou- » Iq .
bles OCNDO, CND) will be in proportion to each
other, as " ОСг to Cv\ or as ° AE* to AB1. And • 24. 4.
it is manifeft, that the whole circumfcribing poly-" '• 4-
gon (OCND 4- ODPE ÜV.) muft be to its whole .
cxcefs (CND + DPE ÖV.) above the infcribed one, '
iti the fame ° proportion of AE* to АВг. But the
firft antecedent is lefs than the fécond, or than a
fquare defcribed about the circle p : Therefore the ? AX. г.

confèrent (CND + DPE fc?f.) is alfo -3 qAB*ч a. 4-

^ -^ -Hyp.

Other -
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Elements of Geometryl
Otberwife.

Let AIO be one quadrant
of the propofed circle j and
on the radius OI, make' the
redbngle OMNI = тТ1,
(Т being as before) : Take
OD a part of OA, lefs than
ОМ"} and, having made
AB, BC, ÖV. each = OD,
draw AP,BFQ, CGR, DHS
perpendicular* toAO,meet- Jr-
ing the circumference in A,
F, G, H ; through which points, parallel to АО *»
draw PF/, QGw, RH«, meeting AP, BFQ, CGR,
in P, Q< R : Join PQ, QR, RS, SI, as alfo AF,
FS, GH, HI. Then will the two polygons
OAFGHI and OAPQRSI (whereof one is lefs,
and the other greater than the quadrant) differ
lefs from each other, than by ^ of the propofed
quantity Q^

For, that the former OAFGHI is lefs than the
quadrant, in which it is infcribed, is manifef t y i
And, that the latter is greater than the quadrant,
will alfo plainly appear ; feeing two fides AP, Sl>
only, touch the circumference zj all the reft PQ«
QR, RS, falling wholly above it, as being fides of
triangles PFQ, QGR, RHS formed out of the cir-
cle a. Now the excefs of the polygon OAPQRSI
above OAFGHI, is compofed of the triangle PAF
( = iOD/>/) and of all the parallelograms PFGQ*
QGHRb, RHIS (for they arefuch«, becaufe PF
(AB), QG (BC) are equal, as well as parallel d>

. Therefore PFGC^ being = р1щ % QGHR =
qmnH ', ÜV.- the faid excefs will confequently bo

IfSl ODS1 f -л OMNI= iODpl + _
~3 -iQL? ; which was to be done.—This laft con-
ftruclion is equally applicable to other curvilineal
figures -, the former is peculiar to the circle.

C O ROL-
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C O R O L L' A R Y.
ít follows from hence, that a magnitude, which

|s greater than any polygon that can be defcribed
in, and lefs than any polygon that can be formed
about a given circle, muft be equal to the circle
itfelf : feeing that a polygon may be infcribed,
Which (as well as that formed about the circle)
fl)all exceed any quantity lefs than the circle itfelf,
be the difference ever fo fmall -, and becaufe a po-
tygon may be formed about the circle, which (as
Well as that in the circle) ihall be leis than any
Quantity that exceeds the circle. '

T H E O R E M II.
Every circle (ACE) is equal to a reiïangle (ORST)

under the radius thereof (OR) and a rigbt-line (ОТ)
tyual to half the circumference.

It is evident, in the firft place, that the pro-
fofed rectangle ORST is greater than any poly-

IC m S n

157

&on ABCDEF that can be defcribed in the cir-
cle : For, drawing О A, OB, &c. and alfo Ov per-
pendicular to AB ; it is plain, that the triangle
AOB (hO-y x -i-AB) will be lefs than * OA x 4-AB h Cor. to
(or O R x 4- AB) : A nd, in the fame manner , BOG . 2: 2-
^з OR x 4BC, fcff. Confequently, the whole poly-40> Iiand

ABCDEF is lefs than k OR x -LAB + OR x к Ax.î ï.- x.
»•BC, fcff. that is ', lefs than a reftangle (Ог«) ' 5. z.
under OR and Op — half the perimeter (AB -J- BC
.-{ CD fcff.) But this rçótangle (Ow) is, itfelf, lefs

than
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* Poft. 3.

Elements of Geometry.
than OS, becaufe Op (half the perimeter of tbtf .
polygon) is lefs than ОТ ш (half the circumference
of the circle^. Confequently the polygon ABCDEF
is lefs-than the rectangle OS.

But, fecondly, it will appear, that the fame rect-
angle ORST is lefs than any polygon HIKLMN
that can be defcribed about the circle: For, if
OH, OI,.UV. be joined, and the radius OP be
drawn to the point of contact of HI -, then will the

Cor. to triangle HOI = "OP x -IHI (= OR x 4-HI). In
the very fame manner ЮК = OR x ^IK, &c-
and therefore the whole polygon H1KLMN =
0 OR x 4-HI + OR x 4ДК, &c. — p,a rectangle

F5- 2- (Ои) under OR and Oq = half the perimeter (Hi
-j- iK -}- KL, off.) » which rectangle is, mani-
feftly, greater than OS, fince O^ (= half the pe-

* Рой. j. rimeter of the polygon) is greater than OTq.
Seeing, therefore, that the rectangle OS is greater

than any polygon that can be defcribed in the cir-
cle, and lefs than any polygon that can be defcribed

• Cor. to about the circle -, it muft be equal to the circler.

z. г.

•Ax.4. ï.

ï. S.

T H E O R E M III.
All circles (ACE, ace) are in proportion to one an*

^ as the fquares of their radii (AO% аог).

Let Qj circle ace : : АО1 аог -, then I fay, that
Q_ = circle ACE. For, firft, -it is evident that Q.
is greater tlian any polygon ABCDEF that can be

/ /

defcribea
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defcribed m the circle ACE : Becaiife, if another
polygon abode/, fimilar thereto, be * deferibed in the * 31- 5-
circle ace ; then will polyg. ABCDEF : polyg.
abcdef(: : 'АО1 : ao*} : : Q_: "circle ace; where the ' Cor. to
firft consequent (polyg. abcdef} being lefs than the а

3Л'5'
fécond (or, than the circle in which it is infcribed w) w A^'2
it is manifeft, that the firft antecedent ABCDEF
muft alfo be lefs than the fécond Q_x. '* z. *.

In the fame manner it will appear, that О is
lefs than any polygon H1KLMN that can poffibly
be deferibed about the circle ACE: For, if about
the other circle ace, a fimilar polygon hiklmn be de-
feribed y ; then will HIKLMN : hiklmn (r : XAOX : У 3i. 5;
во1) : : Q : " circle ace ; where the firft confeguentz Cor. to
(hiklmn) being greater than the fécond (ace}b, the 3'- 5-
firft antecedent HIKLMN muft therefore be аИЬьд^
greater than the c fécond Q^ c 2. 4. "

Therefore, feeing that QJs greater than any po-
lygon that can be deferibed in the circle ACE, and
lefs than any polygon that can be deferibed about
the circle ; it muft be equal to the circled. d Co|-lt

I. O»

S C H O L I U M .
After the fame manner, other fimilar curvilineal

figures are proved to be in proportion, as the
fquares of their diameters, or other homologous
dimenfions -, by means of the fécond conftruäion
of the firft propofition; it being very eafy to de-
rnonftrate, that the polygons formed from thence,
whether both within, or both without two fimilar
figures, will themfelves be fimilar.

THEO-
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«г. 8.

«Hyp.

В

D

T H E O R E M IV.
f he circumferences of all circles (ABCD, abed)

are in the fame proportion as their radii (OB, ob).

Let OE, oe be
fquares on the radii
OB,o£îandletOG,
eg be two reitangles A
contained under the
fame radii and right-
lines OH, obt refpec-
tively equal to the
femi-circumferences ABC, abc. Then, thefe reft-
angles being equal to the circles thémfelves d, it
will therefore be, OE : OG : : oe : og*. And in
this fame ratio aref alfo the bafes OC, OH v oc, oh:
whence (by equality and alternation) ОС (OB) : oc
(ob} : : OH : oh : : aOH (circumf. ABjCB8) : гоЪ
(circumf. abed].

L E M M A 2,
If a folid (AC) generated by the revolution of any

plane figure (EBCF) about a quiefcent axis (EF), be
eut by, a plane perpendicular to the axis ; the JeRion
will be a circle, having its ctnter in the point (O)
where it meets the axis.

For, from O, in the
generating plane EBCF,
draw OR perpendicular
to the axis EF, meeting
BC in R.

Then, fince this line
OR, during the whole
revolution, e very-where
prelerves its perpendicu-

larity
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Wity tö the axis EF, it is therefore always in the
plane paffing through О perpendicular to the faid
axish : and confequently, as the length thereof alfo "Cor. to
continues the fame in every pofuion, the line Rrrrr 2- 7-
defcribed, in that plane, by the extreme point R,
by which the feftiori is bounded, muft be the cir-
cumference of a circle ', whereof the point О is the' Def. 33
Center. *• .

C O R O L L A R Y .
Hence, not only the bafes of cylinders and cones,

but all feftions parallel to them, are circles.

L EM MA 3.

A right-line (PQ) fianding perpendicular to tie
Plane of a cylinder's bafe (and not exceeding the axis

F) fa^s wholly within^ or wholly without the cylin-
der, according as the peint (P) on which it turf/is, is

within, or "joitbout the circumference of the

F Q. D Q% From the center C, to the
given point P, draw Cl1; take,
ltl CF and PQ, any two equal
Jiftances CL, PN, and let L-N
<* drawn, meeting the furface
^f the cylinder in M.

Becaufe CL and PN are pa-
'aHel fc, and therefore both in
lta fame plane ', LN is parallel,
and equal to CP m. Therefore, » 20 t

'is lefs than the radius CG, LN will be lefs 24| ,"
CG, or than its equal LM " ; and fo the" Def. iz.
N muft fall within .the cylinder °. And the

ie is equally true with regard to any other poinc
the 'line PQ^ But, when CP is greater than
Ч LN will alfo be greater than HG (LM)-,
1 the point N will then fall out of the cylinder ".

I, к

-.

M

p
-̂-L ^Xk

N

" 4 - 7 .
1 Def. 14.

7- and
a' l°

T H E O -
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T H E O R E M V.
Every cylinder is equal ta a reuangular paralkhft'

pedon of equal bafe and altitude.

1 fay, if the bafe ace of the cylinder eS be equal
to the bafe IKLM of the rectangular parallelepipe»
don IP, and the altitude OH of the former be alfo
equal to the altitude KO of the latter j then the
two folids will be equal.

For, firft, it is evident, that the cylinder exceed»
any parallelepipedon (Ip), of the fame given alti'
tilde, whofe bafe Iklm is lefs than the bafe (ace] of

P r.

r i. 8.

48. 7.'

• Cor. 2.
to 6. 7.

7

J

ТТ

' Ax. 2.

171 M F

the cylinder : Becaufe a polygon (abtief) may t*
defcribed in the circle ace, that fhall exceed lK.lt» '>
upon which, an upright prifm (of the given alo'
tude) may be conftituted ч ^ which w i l l be lefs tha"
the cylinder, as being wholly contained therein*
fince (by Lemma 3.) all right-lines drawn perpefl"
dicular to the bafe, -in the planes of the fides'*
from any points in ab, be &c. fail wholly within №
cylinder, and confequently the planes themfelvef*
in which they are. But this contained prifm lS

greater than the parallelepipedon \p ' : Therefoftf

the'cylinder itfelf muft» necefifarily,- be grt^
than If '. • J(J
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în Hkë manner it will appear, that the cylinder

is tefs than any parálíelépipedon Ir (of the fam'e
altitude) whòfe bafe IKvt ékceeds that of the cy-
linder : For a polygon (ABCDEF) may be de-
fcribed about the circle ace that ihall be lefs than

•I К/у/ " ; upon which a prifm may be conftituted *,« ï. 8.
which, tho* lefs than Ir % will, neverthelels, exceed w l8- 7-
the cylinder \ ^A*7*.

Therefore, feeing that the cylinder can neither
be lefs, nor greater than IP j it rhuft neceffarily
be equal to it.

C O R O L L A R Y .
Hence, whatever is demonftrated in the 21 ft, ? ad,

and 2jd Theorems of the preceding Book, with re-
fpe<5t to the proportions of prifms, holds eq'ually
true in cylinders allo} being equal to prifms of
equal baie and altitude *. * 2°- 7-n. and,;.*.

S C H O L I U M .
From the fame demonftratioh, it will likêwHe

appear, that every regular folid, whofe feftions,
by planes perpendicular to the bafe-, are all rect-
angles ; is equal to a parálíelépipédon of equal bale
and altitude ; a'nd confequently, that all fplids of
this kind (which may be comprehended under the
name of Cylinderoids) will be equal among them-
felves, when their altitudes, as well as bafes, arc
equal.

L E M MA 4.
If Ptoo.foîids (HAH, hah) of lhe fane altitude,

bave their' f e titons by planes •parallel to the fafes, at
o// equal dißances therefrom, equal to each other \ it
is -pr'opofed to demonßraie (under certain reftriffions
fpecißed hereafter) that the folids themfelvtî will Í*

M 2 Let
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Let II, KK &c. «, kk &c. be feftions of the two

folids by planes parallel to the bafes HH, hb,
dividing the altitudes AB, ab into parts BC, CD &x.
be, cd &c. all mutually equal to each other. Then,

» Hyp. every two correfponding feftions being equal m

(HH = A5,.II = »,&c.)>e upright folids HNNH,
bnnb '-, IOOI, toot Sic. formed thereon, will alfo be,

» 2 0 , 7. refpeftively, equal one to another", whether they
and Sch. be prifms, cylinders, or cylinderoids, that is, whe-
5- 8> ther the feftions themfelves be right-lined figures,

circles, or curvilineal figures of any other kind.

"N" I

Ax. 2.

? Ax. 4.

Now, if thefe fections HH, II &c. be fuppofed
to decreafe, from the bafe upwards, fo that the fo-
lids (HNNH, IOOI off.) formed upon them may.
exceed the correfpondent parts (HUH, IKKI tëc.)
of the given folid HAH; it is manifeft, that the
fum of all the faid folids (HNNH 4. IOOI &(•)
will likewifeexceed the whoie propofed folid HAH0-
But, if within HAH, on the lame feftions (but on
contrary fides thereof) -another feries of füch fo-
lids IRR1, KSSK &?c. be formed ; the fum of all
thefe will, manifeftly, be lei's than the propofed folid
HAH, in which they are containedp: And it is a\&>
evident, that this lall feries will be lefs than the
former (HNNH + IOOI oV.) by the greateft of

thefe
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thefe folids HNNH ; becaufe (this one, alone, be-
ing excepted) to every other folid of the rank, an
equal, in the contained rank, may be affigned, and
•üce verjâ ; For 41RR1 = IOOI, KSSK = КРРК,ч to. 7.
LTTL = LQQL. . : andSch-

Now, fince the altitude BC, of the folid HNNH 5- 8-
whereby the contained, and containing feries' differ
from each other, may be taken fo fmall a part of
BA, that the folid itfelf (ball be lefs than any af-
figned magnitude whatever ' ; ic is manifeft (from r Lem. ï.
the reafoning in Corol. to Theor. I.) that a magni- and 22.7.
tude, which is greater than any feries of folids (of
the kind above fpecified) that can be formed within
the propofed folid HAH, and lefs than any fe-
ries that can be formed about HAH, muft be
equal to HAH. But ihe folid hah, being greater
than any feries of folids (irrt -j- kffk &cc.) contained
therein ', is therefore greater than any feries of fo-1 Ax. 2.
lids 1KR1 + KSSK &c.) contained in HAH (thefe,
being, r?fpec~tively, equal to t bofe) : And the fame
foiid hab, being lefs than any feries of folids (hnnh
+ toot &c.) formed about it, is alio lefs than any
feries of folids (HNNH + IOOI fcff.) that can be
formed about HAH. Therefore the folid bah is
equal to HAH.

In this demonftration, the (eftions are fuppofed
to decreafe, continually, from the bafes upwards ;
fo as to have the fides of the upright folids formed
thereon, placed wholly without, or wholly within,
tbe fuperficies of the given folids HAH, hah :
^Vhich can only be the cafe, when all perpendicu-
krs, from any points in the furface of either, to
lhe plane of the bafe, fall within the limits of the
"ale. If, however, the fections be fuppofed to de-
creais to a certain dillance, only, and then to in-
Creafe again ; the two folids will, ftill, appear to
"e equal : Becaufe the parts of the one, terminated

Мз, ' by
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by fuch limits of decreafe, or increafe, will (by
the fame demonftration) be refpeitively equal ro
the correfpondent parts of the other. But, as no
fuch Jblids have a plaee in the Elements of Gee»
metry, tu fay more about them here, would be
improper.

l E M МЛ 5.

If pyramids and cones (ABCDEFG, TfQRS}
having equal alíttudçs (ДМ, TN), fa cut by planei
parallel to tbe bafes ; the ferions (bçdefg, pqrs), a(
till equal altitudes (Mm, Nn), will be in the famt
proportion as tbe bafes,

For, the plane bcàefg being parallel to BCpEFG,
thence is be parallel to ÍBC *, bg to BG, &c. and
confequently the angle cbg = CBG \ bed = BCP»
Ус. Alfo be : BC (: : Ab : ABC) : : bg : ßG. And.,
in the fame manner, the fides about the other equal.
angles are proportional. Therefore, the two po*

'С

* Def. ц.

* 26. 4.
* Cor. to

lygons bcdefgi BGDEFG being fimilar S they are
in proportion ', as br to BO, or as Ab* to f AB*»

11. 4. or, laftly, as Am1 tof AM1; becaufe (BM and br»
t Сот. to being drawn) the angles AMB, Amb will be right-

k

7*7; ones6, and bm> therefore, parallel toBM".
4' *' But
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But the feftion pqrs is alfo to the bafe PQRS in
the yaw proportion of Am* (TV) to AM1 ( TN*)*
becaufe pqrsy PQRS, being ' circles, they are as the i Lern. 2.
fquares or their radii ри, PN k, and confequently as k 3. 8.
T«1 to 1TN*. Therefore, feeing that the two fee- ' Cor. ta
tions have both the fame ratio to their relpeélive i * 4.
bafes, the propofition is mamfeft m. m 2- 4

C O R O L L A R Y .
It appears from hence, that the ie&ion of any

pyramid, by a plane parallel to the bafe, is funilar
Co the baie.

T H E O R E M VI .

All pyramids of the fame altitude, ßanding нрон
«qual triangular bafes., are equal among thernfehes ;
and every fucb pyramid (ABCD) is equal to a cone
(QRSTU) of equal baß and altitude.

CASE I. If the perpendicular, let fall from the
Vertex D of the pyramid upon the plane of the bafy
ABC, fails not out of the bafe, or beyond the li-

xirçits of the triangle : Then it is manifeft, from
l*emma 4, feeing thç feulons of the folids ABCQ,

M 4 QliSTU,
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QRSTU, at all equal diftances from the bafes, will

« Lern. 5. be equal1, that the folids themfelves will likewife
be equal.

CASE II. If the perpendicular (DE) from the
vertex to the plane of the bale, falls beyond the li-
mits of the triangle ; Then, to the point E where
it meets the plane, Jet J3E and CE. be drawn -, and
on BE let a triangle EBF be defcribed equal to

•Lem. 4. ABC (or QRST), and let F, D be joined. So
(hall the pyramid CBFED, {landing on the bafe
CBFE, be equal to the pyramid CABED, ftand-

wAx. 5. ing Dn th? equal bafe C A B E " ; from each of
which, let the common pyramid CBED be taken
away ; and there will then remain the pyramid

, Ax BFED — pyramid ABCD w : But the former of
thefe is (by Cafe ï.) equal to the cone QRSTU ;
therefore it is evident, that the latter ABCD will
alfo be equal to the x cone QRSTU ; and, confe-^
quenfly, that all pyramids of the fame altitude,
ftanding on equal triangular bafes, will be equal
among themfelves x -, feeing every fuch pyramid is
equal to a cone (QRS'IU) of equal bafe and al*
titude.

T H E O R E M VII.
Every prifm (ABCDEFA) having a triangular

bafe (AFE) is equal to the triple of a pyramid of thf
fame bafe and altitude.

In the planes of the three fides, с
Jet the diagonals BE, BF, FD.be
drawn. Then w i l l the partFBCD
of the prifm cut off by a plane
extended by FB and FD, be a
pyramid on the bafe BCD, hav-

/ D f 16 => the
_ ' prifm itfelf, both folids being

»i)cf.6-7. contained between the fame z pa- «
rallel planes AFE, BCD. More- A-

\ •-.

D

over,
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over, the remaining part FABDE of the prifnii if
a plane be extended by FB and FE, will be divided
into the two pyramids FBAE, FDBE, which are
equal to each other % as ftanding on the equal " tri-1 б- 8-
angular bafes ABE, BDE. But the former of " 24- '•
thcfe pyramids FBAE, if В be now confidered as
the vertex thereof, will appear, alfo, to be equal
ïo the firft-mention'd pyramid FBCD", the two
bafes AFE, BCD (as well as the altitudes) being
equal b. Therefore, fince the three triangular py-
ramids (FBCD, FABE, FBDE) into which the
prifm is refolved, are all equal to each other ; the
prpppûtion is manifeft.

C O R O L L A R Y .
Hence, every prifm having a triangular bafe, is

equal to the triple of any pyramid of the fame alti-
tude, ftanding upon an equal triangular bafec. " '

T H E O R E M VIII.
If a prifm (AhcE) and a pyramid (PQRSTU)

ßand upon equal, and ßmilar bafes (ABCDE,
PQRST), and have both the fame altitude ; the
prifm will be equal to the triple of the pyramid.

If the bafes
be refolved into
triangles, ABC,
ACD ÖV. it is
manifeft, that
BeocCA will be a
prifm, on the bafe
ABC ; becaufe
Ci being equal _
»nd parallel to }\L-^_\L \U^ V <• Def. 6.
"Ao, AecCwill A E * * and 8.7.
be a parallelogramf fas well as.B^A and B<WTf).' ?J. ï.

There- De >6>7>
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Therefore B^efCA is equal ÇQ the triple of th«

Cor. to pyramid PQRU ?, ftanding on an equal * bafe
7.8. (i?QR). And, in the fame manner, the prifm
2[p-.wd AacdDÇ, on the bafe ACD, is equal to the triple
^* № of the pyramid PRSU, on the equal bafe PRS-,

and fo on. Therefore, alfo, ihall the whole prifm
Ad, on the baíb ABCDE, be equal to the triple
ei the whole pyramid PQRSTU, on the equal bale
-о/лта ОТ1

C O R O L L A R Y Г.
Hence, all pyramids having the fame bafe and

altitude, are equal ; being like parts of one and
the fame prifm,

C O R O L L A R Y 1Г.
Hence, alfo, all prifms having the fame bafe

and altitude, are equal ; being equimultiples of one
and the fame pyramid.

C O R O L L A R Y III.
TheFefpre it appears, that every prifm inclining

on its bafe, as well as every upright one, is equal
to a rectangular parallelepipedon of equal bafe
and altitude* ; and, confequently, that all prifms

k 2j д7' whatever, having equal bafes, and altitudes, are
andAx-I- equal to each other": which muft be alfo true

in pyramids and cones, every fuch folid being fut*
. triple to a prifm, or cylinder, of the fame baie and

C O R O L L A R Y I V .
Hence it alfo follows, that whatever is demon-

ftratedin the 21 ft, 22d, and 23d Theorems of the
preceding Book, concerning the proportion of
prifms, holds equally in pyramids and cones-, teefe
being like parts of tboß\

C O R O L-
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ït fellpws, rnprepver, that all correfpQndàng fru-
ftum$ ci pyramids and çpnes. pf çhç fame altitude.,

alfq, in proportion, ag çjieir bafes. For, thé.
pns, ^t »Д çqpal altitudes, tjeing in th« proppr-
"!, tbp p3"6 çç)t QÎf (35 YvelJ thç wholes) w i l . ^

he in thé iame proportion °i ancj» çpnfequently» ehe» Cor. 4.
retraining parts likewife °; ° 3. 4.

C O R p L ^ A R Y VI .
Laftly, iç will appear, that all eopçs, whù;h. h*ve

çir altitudes and thç d;arneter5 of фаг bafe? t}i-
reêlly proportional, are in. the triplicate ratjp of
their altitudes'1 -, being to each other in the fame p 24. 7.
proportion with prifms of equal bafe чщ} дЩсцс}?, ч Cor. 3.
whereof they are like parts *. d Cor-

T H E O R E M I X -
rifms, ana pyramids > are in ikt tripli-

cate ratio of tbeir altitudes,

From the extremes of the homologous fides Ал,
Ее, upon the bafes ABCD, EFGH of the pro*
ßofed folids, Ac, Eg, let fall the perpendiculars

«P, eQ± The anêlc BAD beínS = FEH> BA* * ï. •
= FEe, and D Ал = HE« p, thence is йР : eQ.:. : ' Pefl
«A : iE-4 : ; AB : EP; : : AD : EHr. Therefore 4.

two
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two upright prifms conftituted on the bafes ABCD,
EFGH, of the fame altitudes (aP, íQ) with the
two folids Af, Eg-, will be fimilaç, the one to the

7- otherp ; and, therefore, in the triplicate ratio of the
altitudes '. But the folids Ac, Eg, when taken as
prifms, are refpeilively equal to the faid upright
ones ; and, when taken as pyramids, are like parts,
of them '. Therefore the folids Ac, Eg are alfo in

• Cor. 14. the triplicate ratio of the altitudes aP and eO u.

C O R O L L A R Y.
Becaufe a? : «Qj : Aa : Ее : : AB : EF öV, it

follows, that all fimilar prifms, and pyramids, are
to one another, in the triplicate ratio of the ho-
mologous fides of the like planes by which they
are bounded y.

• 24. 7.

« Cor. 3.
, to 8. 8.

У Cor. i.
to 5. 4.

Def. 15.

T H E O R E M X .
The fruftum (ABCDEFA) of any pyramid having

a triangular bafe, is equal to a whole pyramid, of the
fame bafe and altitude, together with two other ругл-

• raids that are, in proportion thereto ; the one, as any
fide (BD) of the upper bafe (BCD) is to its correfpon-
dent (AE) of the lower bafe (AFE) ; and the other,
as the fquare of the former jide is ts the fquare of-
the latter.

In the planes of the three
fides, let the diagonals BE, BF,
FD be drawn. Then w i l l the
part FBCD of the fruftum,
cut off by a plane extended by
FB and FD, be a pyramid,
on the bafe BCD, having the
fame altitude with the fruftum

• l 6> itfelf % both folids being con-
tained between the fame • pa-
rallel planes AFE, BCD.

More-
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Moreover, the remaining part FABDE of the

fruftum, if a plane be extended by FB and FE,
will be divided into the two pyramids FBDE,
F A BE, having the fame ratio, one to the other, as
their bafes BED, ABE b, or as BD to AEC. But ь 2I. 7.
the latter of thefe pyramids (BAFE), taking В as and Cor.
the vertex thereof, has the fame bafe and altitude C4-to8-8-
with the fruftuni given : And the pyramid FBCDi £',*'
(firft mentioned) is therefore, in proportion thereto, and Cor.
as the bafe BCD to the bafe AFE d, that is (be- 4.108.8.
caufe the bafes are fimilar c), as BD1 tof AEZ : *£<»•to

whence the propoßtion is manifeji. t ^.^

C O R O L L A R Y .
Since, of the three folids (FABE, FBDE,

FBCD) into which the propofed fruftum is di-
vided, the ratio of the firft and third, is the duplU
cate of that of AE to BD, or of the ratio of the
firft to the fécond * ; it is evident, that thefe threeg Cor. to
folids are proportionals'1. From whence it appears, .^V^'
that the fruftum of any triangular pyramid is e '~'4'
equal to two. (whole) pyramids of the fame alti-
tude, on bafes equal to the two oppofite bafes of
the fruftum, and to a third pyramid, which is a
ttiean proportional between the two former. And
it is alfo evident, that whatever is above demon-
ftrated, in relation to triangular pyramids, muft
bold equally in all pyramids and cones, whatever:
Becaufe every fuch folid is equal to a triangular
-pyramid, of equal bafe and altitude ' -, ' and every • Cor. 3.
fruftum of the one, alfo equal to the correfponding to 8- 8-
ffuftum of the other k. k Cor- 5-

to 8. 8,

L E M MA 6.
If with radii, refpeffiuely equal to the three fides of

e«y right-angled triangle^ three circles be defcribed\
wbofe radius is equal to the bypoihenufet will bs
to both the othtr two, taken together,

It
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It has been proved (in 'Tbeor* 3.) that circle*

.are in proportion, as the iquares of their radii з
therefore the demonftration here, is the very
fame, as in fimilar right-lined figures (Theor. i$-
Jiffok 4.) : Which (if necefiafy)] you may гесой"
fuit.

T H E O R E M X I .
Every fpbere is food-thirds of 'its drcvMfcriUrtg cy-

linder (Or, of a cylinder of equal diameter and al*
titude.)

Let AB be the axis E,
about which the fphére j\ ,
arid cylinder arc gene- | /"••
rated, by the révolu- j/
tiun of the femi-circle _e
AGE and the rectangle J\

>Def. ia. ADC-B1} let HL be !\
and 14. any right-line perpen* '! \

dicular to AB, meet» I 4...
ing DC in L, and t h e F " ; î ï

periphery of the femi-
circle in К -, and from the center O, let OK and
OD, interfering HL in I, be drawn.

• Hyp. Since АО is =z ADm, and HI parallel to AD"»
• 4- ï- therefore is Hi = OH° : But OHÏ being right-an-
• 14. 4. gted at H, the circle whofe radios is OH ^or í ""

will (fy the preceding Lern, ana Ax. 5.) be equal to
difference of the-two circles whofe radii are <

f Lem. 6. (HL) and HK : Or, in other word*, the circle'
defcribed by HI, or the feclion of the cone gene>
rated by the triangle AOD, in its revolution about
the axis AB, will be equal to the difference of the
two circles generated by HL and HK ; that is»

«Ax 2.1.еЯиа* to the anflulai defcribed by KL% or the
' feotion of the folid which remains, when the fpherc
is taken out of the cylinder* Therefore,
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thefe two feótions are, everywhere, equal to each
other, the folids themfelves w,ill likewife be equal r; ' Lem- 4-
that is, the cone (EOD) will be equal to the ex-
cefs of the cylinder (GDEgO above the infcribed
hcmifphere (GA^) : whence, as the cone, or ex-
cefs, is one third part of the cylinder \ the he- ' 6. 8. and
mifphere muft neceflarily be equal to the two re- Сот- |-
maining thirds. And what is here proved, with
refpect to the halves of the propofed folids, holds
equally in the wholes. Therefore .every fphere is
two-thirds of its circumfcribing

C O R O L L A R Y I.
Hence, a cone, hemi-fphere and cylinder, of the

fame altitude, and {landing upon equal bafes, are
in proportion, as the numbers ï, 2 and 3, refpec-
lively.

C O R O L L A R Y II.
Hence it alfo appears, that all fpheres are to each

other in the triplicate ratio of their diameters ' ; be- l Cor. to
ing in the lame proportion as the circumfcribing 5-8-and

cylinders, whereof they are like parts. 2*' 7'

END of the E L E M E N T S .
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VER Y quantity is meafured by fome other
quantity of the fame kind ; as a line by a
line, a furface by a furface, and a folid by

a folid : And the number which ihews how often
the leflfer, called the meafuring unit, is contained in
the greater, or quantity meafured, is called the con-
tent of the quantity fo meafured. Thus, if the quan-
tity to be meafured be the reftangle ABCD, and
the little fquare E, whofe fide is one inch, be the
meafuring unit propounded ; then, as often as the
faid lictle fquare is contained in the reftangle, fo
piany fquare inches the reftangle is faid to contain :
So that, if the length DC be fuppofed 5 inches,
and the breadth AD 3 inches ; the content of the
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Rectangle will be 3 times 5, or \ 5 fquare inches :
feecaule, if lines be drawn parallel to the fides,
at an inch diftance one from another, they will di-
vide the whole rectangle A BCD into 3 times 5,
x>r 15, equal parts, of one inch each. And, gene-
rally, whatever the meafures of the two fides may
be, it is evident (from El. 7. of 4.) that the rect-
angle wil l contain the fquare E, as many times as.
the bafe AB contains the bafe of the fquare, re-,
peated as often as the altitude AD contains the;
altitude of the fquare. Therefore, to find the con-
tent 'of any r еЯ angle, multiply the bafe by the altitude,
and the produã will be the anfiver. Thus,, let the
length be 18 inches, and the breadth 15-, then
lhe° content will be 15 times 18, or 270 fquare
inches.

The method of find-
ing the content of a
rectangle being thus
known» the content
of any parallelogram
A BCD, or triangle
ABD, will alfo be
known-, the former of
thefe figures being equal to a rectangle of the fame
bafe and altitude -, and the latter equal to the half
of fuch a rectangle (by Cor. 2. to 2. 2.) There-
fore, multiply the bafe by the perpendicular\ for the
tontent of any parallelogram t, and t hi bafe by half the
perpendicular, for that of any triangle. Thus, for
Sample, let the bafe AB be iS feet, and the per*
pendicular DE 12 feet-, then the content, of the
Parallelogram will be 216, and that of the triangles
'08, fquare feet.

N From



7,8 Of thé Menfuration of

From the .manner of
finding the area of a
triangle, the area of any
right-lined plain figure,
as ABODE, may be de-
termined, by dividing
the whole into triangles
and finding the content
of each triangle. Thus, let the dividing lines
AG and AD, be 20 and 16 inches, and the per-
pendiculars 'BF, DG, EH, falling thereon, 8, iz,
and Ю, refpeciively ; then, the content of the

Г ABC Т Г 8o -)
Triangle \ ACD } being \ 120 V, it is evi-

L A D E J (. so \

dent, that the content of the whole figure will
be the fum of all thefe, or 280 fquare inches.
But, when the given lines are expreffed by frac-
tions, or very large numbers, the work will be
fomewhat mortened, by finding the content of
every two triangles, having the lame bafe, at one
operation ; that is, by firft adding the two per-
pendiculars together, and then multiplying half
their fum by the common bafe of the two tri-
angles. Thus, in the laft example, the half'
fum of the two perpendiculars BF and DG be'
ing io, if this number be, therefore, multiplied
by 20 the meafure of the common bafe AC, the
product, which is 200, will be the content o»
the trapezium ABCDA ; to which 80, the conr
•tent of the triangle A DE, being added ; the fu#
•will be 280, the fame as before. But, if the p"'
lygon pvopofed be a regular one, that is, one
whole fides, and angles are all ecual, the



way of all, is, to multiply half the fum of all the
Jïdes by the length of the line drawn from the m dale
of any fids to tbs center of the polygon. The rea-
fon of which is obvious, from the demon [Iranon
to Tbeor. II. B. VIII.

Having fhewn how. the area of any right-lined
figure may be computed, it wil l be proper here»
to fay fomething wich regard to the area, and pe-
riphery, of the circle.

It is well known, that to determine the true
area of a circle, and to find a right-line exaiïfy
equal to the circumference thereof, are looked
upon, by mathematicians, as abfoluteiy impoffi-
ble : But, though neither the one nor the other
can be accurately known, yet feveral Ways have
been invented by which they may be approxi»
mated, to any affigned degree of exactnefs.
That, which I am now going to lay down,
though lefs expeditious than fome others, feems,
neverthelefsj to be the moft proper for this place,
as depending on the moil fimple and evident
principles: I ihall therefore begin with premifmg
the following .

L E M M A .

If AD be â diameter, and AB, BC two equal
arcs of the fame circle, and if the cbsrds DÎT, DC
be drawn ; then., I fay, thai DB1 = 4-AD x DC +

N 2 For,
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For, if in DA produced, there be taken AF A '
DC, and BF, BA, BC and the radius BE be
drawn ; then, the external angle FAB, of the
trapezium ABCD, being equal to the internal op-
pofite angle DCB (by 17. 3.) alfo AF = DC, and
AB = CB (by Hyp.) -, it is evident, that FB is
alfo = DB, and confequemly the angle F = FDB
= DBE : And fo the ifofceles triangles ' DEB,,
DBF being equiangular, it will be as DE (4-AD) :
DB : : DB : DF (DC + AD) ; and confequently
DB1 s= iAD x DC + TAD». Q £. д..

C O R O L L A R Y .

Hence, if the diameter AD be denoted by
the number 2, the chord DB will be denoted
by V DC -j- 2 : whence, it appears, that, if
the meafur* of the fupplemenlal-chord of any arcb .
be increafed by the number 2, the fquare-root of
the fum will be the fupplemental-chord of half that
Arch.

Now, to apply this to the matter propofed, that
is, to the finding of the area and circumference
of the circle ; let the arch ABC be taken equal
to Y of the iemi-periphery ACD ; then will the
chord AC be equal to, the radius AE (by 29. 5.) j

and
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and therefore, fince ACD is a right-angle (by
13. 3.) DC1 (= AD* — AC1, 'ty 8. 2.) will be

. == 4 — i = 3 ; and confequently DC = v' 3 =
1,7320508075, 0"f. Wherefore, feeing the fup-
plemental-chord of f of the femi-periphery is
1,7320508075, we íhall, by the preceding Co-
rollary,

f/2+1,73205080751 = 1,9318516521; , _ , „ ^
Ja
04

'S.
л

j /2+1,9318516525 = 1,9828897227
«J /2+1,9828897227 = 1,9957178465
Í /2+1,9957178465 = 1,9989291743

,998Q2ni743 = 1,9997322757
/2+1,9997322757 = 1.9999330678
,/2 + 1,999933067«=/3,9999330678 J

Now,therefore,fince it is found that 3,9999330678
U the fquare of the fupplemental-chord of -j-J-r of
the femi-periphery, let this number be fubftraoted
from 4 the fquare of the diameter, and the re-
mainder 0,0000669322 will be the fquare of the
chord of the fame arch ; therefore the chord it-
felf being = /0,0000669.322 = 0,00818121, let
this number be multiplied by 768, or twice 384,
and the produdl 6,2^317 will be the perimeter of
a regular polygon of 768 fides, infcribed in the
circle ; which, as the. fides of the polygon very
nearly coincide with the circumference of the cir-
cle, muft alfo exprefs the length of the circun>
ference itfelf, very nearly.

N
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f. .J-

K

But, in order to
fhew how near this
is to the truth, let
A3 reprefent one
fide of a regular po-
lygon of 768 fides, a
ji i icribed in the circle
(whole length, we
have found above,
to be o,QoS18121)
and let cib be a fide
of another fimiiar
polygon, defci"ibed
about the circle -, and. from the center О let ON
be drawn, bifeding AB and ah in M and N :
Then, fince, AM is •=? 4rAB = 0,0040906, and
AC> = ï, it is t . ' r f in that ОМ* (АОг — AM1)
wi l l be = 0,9999^:^27, and confequently OM =;
0,99999163 ; whence, becaufe of the fimiiar tri-
angles A.OB, «O/è, &c. we have 0,9999.9163;
(OM) : ï (ON) : : Aß : ab : : 6,28317 (the peri-
meter of theJnfcribed polygon) : 6,28322 the pe-
rimeter of the circumfcribed polygon. But die
circumference of the circle being greater than the
perimeter of the infcribed polygon, and lefs than
thru of th'e circumfcribed one, it muft, confe-

.• quently, be greater than 6,28317, and lefs than
6,28322-, and muft, therefore, be equal to 6,2832,
very near-, fince^this number exceeds the perimeter
of the infcribed polygon by no more than 0,00003,
and is lefs than the perimeter of the circumfcribed
on- by о ОООО2, only.

From die periphery thus found, the area of the
circle w i l l alio be known -, being equal to the pro-
du£t of half the periphery into the radius (by г. 8.)
that is, = 3,141$* ï =;3,i4.r6.

There-
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Therefore, fince it is proved (in Tbeor. 3. and 4.

of 8.) that the peripheries of circles are in pro-
portion as their diameters, and the circles them-
ielves as the fquares of thofe diameters -, it fol-
lows, that, as 2 is to 6,2832, or as ï to 3,1416.: :
the diameter of any circle to its periphery; and
as 4 to 3,1416, or as ï. to 0,7854 : : the fquare
of the diameter to the area.

But, if you had rather have the proportions in
•whole numbers, and the cafe propofed does not
require any great degree of accuracy ; then, in-
ftead of the foregoing, thofe of Archimedes may be
ufed, viz- 7 : 22 : : diam. : circumf. and 14 : n : :
fquare diam. : area. Which proportions differ but
little from thofe above, as v.ill appear from the
following example : wherein the diameter of a
circle being given 28, its circumference and area
are required. Here, according to the firft propor-
tions, I multiply 28 by 3,1416 for the circum-,
ference, and the fquare of 28' (or 784) by O..7854
for the area ; and there refults 87,964 and 615,75,
refpeftively. But, according to the proportions of
Archimedes, the circumference wil l be found equal
to 88, and the area 616; which differ very little
from the former.

By knowing the proportion between the diame-
ter of a circle and the circumference, and between
the fquare of the diameter and the area, the con-
vex fuperficies of folid bodies may be determined.
Thus,

The convex fuperficies of a cylinder is found,
by firß finding the circumference of the bafe, and then
multiplying by the altitude of the fllid. Therefore,
if to that produit, the area of the two circular
ends be added, the fum will be the whole fuper-
ficies of the cylinder.

N 4 To
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To find the convex fuperficies of a cone, mul-

tiply half ike length of ibe ßant fide thereof by the
circumference of lhe bafe.

The convex fuperficies of any fruftum of this
folid is found, by multiplying the fum of the peri-
pheries of the two ends into half the length of the
ßant fide of the frußum.

To find the fuperficies of a fphere, multiply
the periphery of lhe grealefi, or generating^ circle by
its diameter : Or» multiply thefauare cf the diameter
by 3,1416.

The convex fuperficies of any fegment of a fphere
is found, by multiplying the periphery of the grealeft
circle of the fphere into the altitude of the fegment.

The demonilration of thefe laft rules, for find-
ing the curve furfaces of foiid bodies (which is not
given in the 'Elements^ for reàfons mentioned here-
after) is inferced at ehe end of this feítiòn.

OF THE MENSURATION OF SOLIDS.

As every
fuperficies is
meafured by a
fquare, whofe
fide is unity
(as one inch,
çne foot, one
yard, tic.) fo
every folid is
meafurcd by a-
cube whereof
the fide is alfo A
*n unie. Thus,

let
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let the folid to be meafured, be the reftangular
parallelepipedon AF, and let the cube P, whofc
fide is one inch, be the meaftiring unit -, alfo let the
length AB, of the bafe AC, be 4 inches, the
breadth BC 2 inches, and the altitude AH of the
folid 5 inches : Then, becaufe the area of the bafe
ABCD is 2 times 4 (or 8) fquare inches, it is eafy
to conceive, that, if the folid were to be only one
inch high (inftead of 5), the content thereof would
be juft the fame number (8) of cubical inches i
becaufe then, upon the eight equal fquares into
which the whole bafe ABCJJ is divifible, a cube of
one inch might be ereitcd, fo as to compofe a pa-
rallelepipedon on that bafe, of one inch high.
Therefore, feeing that the content of the folidj at
one inch high, is 8 cubical inches, the whole con-
tent at 5 inches high, muft confequently be с

: times 8, or 40 cubical inches (fince the whole fo-
lid -AF may be confidered, as ccmpcfed of fuch
heights of cubes, one ranged above anc r.hcr). And,
generally, whatever the dimenfions may be, it is
manifeft (from 21 and 22. of 7 ) that the parallel-
epipedon will contain the cube P, as many times
as the bafe ABCD contains the bafe of the cube,
repeated as often as the altitude AH contains the
altitude of the cube. Therefore the content of any
parallelepipedon will le found, ly multiplying tke area,
of tbe bafe by the altitude of the •pr.rallekprpedon.
Thus, for example, if the two dimenfions of the
bafe be 16 and 12 inches, and the height of the
folid ID inches; then, the area of the bafe being
192, the content of the folid will be 1920 cubical
inches.

From the content of a parallelepipedon, thus
known, that of a prifm, or a cylinder, wiil like-
vife be known ; every fuch folid being (by 10. 7.
*>r 5. 8.) equal to a parsjlelepipedon oi equal bafe,

and
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and altitude. Therefore, multiply the area of tbl
bafe (found by the rules for fuperficies) into, the
height of the prifm, or cylinder; and the produft чкШ
be the contint'.

Hence the content of any pyramid, or cone, is
alfo obtained ; being (by Cor. 3. to 8. 8.) equal to
4 part of a prifm, or cylinder, of the fame bale
and altitude. Therefore, multiply the area of the
lafe by 4- of the altitude, and îhe produSî will be the
anfever.

Every fpliere being (by n. 8.) equal to •£• parts
of a cylinder of the fame diameter and altitude;
the content of any fphere will, therefore, be foundt
by multiplying the area of its great eft t or generating*
circle into 4 of its diameter : Or (becaufe the area-
of fuch circle is to the fquare of the diameter, in
proportion as 0,7254 to ï), let the cube of the dia-
meter be multiplied by the fraction ,5236 (= % of
0,7854), and the product will be the content. Thus,
if the meafure of the diameter be 20, the cube
thereof will be 8coo ; which, multiplied by ,523-6,
will give 4188,8 for the meafure of the fphere's
folidity.

The manner of finding the , »•
content of any fruftums of
the folids above determined,
is collected from Theor. 10.
and 11. B. VIII. Let the fm-
ftum (MN), firft propofed, be
that of a pyramid ; then, hav-
ing found the content of a
whole pyramid, of the fame
given bafe and altitude; fay,
as any fide A of the lower end or bafe, is to its
correfpondent В of the upper, fo is the faid con-

cent
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content to a fourth-proportional ; and», as A is
(again) to B, fo is the quantity laft found to an-
other proportional : which two proportionals^ add-
ed to the content firft determined, will give the
true concent of the fruftum. But when the op-
pofite bafes of the fruftum arc fquares, the rule
will be more fimple, and put on a better form :
For then the area of the baie being A% the con-
tent of a whole pyramid thereon, of the fame alti-
tude with the fruitum, will be equal to the parálr
lelepipedon C x AS С being j of the given alti-
tude of the fruilum. But A : 3 : : C x A* : C x
A x В (by 22. 7-) and A : В : : C x A x В : C x Ва.
Therefore С x Л •_+ C x A x B + С x B1 (= С x
Аг -f- A x 15 -f B1, h Scbí!. to 20. 7.) is the truc
content, in this cafe.

Hence, toßndlbe content of the frußum of any
fqitare-pyramid, add the produEi of ths two fides of
tbt lower and ufpir ends to the fum of their fq
and. then multiply the aggregate ly f of tbi
jtud's Mght,

From the con-
tent here found1, that
of any conical fru-
ftum (PQ) is rea-
dily obtained ; be-
ing in proportion
to the content (C x
Аг + Ax t í -f. B1)
of the fruftum of a
fquare pyramid cir-
c-umfcribing it, as the bafe of the former is to the-
bafe of the latter '(by Cor. 5. to S. 80, or as thefrac-
lion ,78.54 is to unity : And fo, will be equal to the
,7854 part of C x A1 -j- A x B + B1 = E x
л» + AB -fB1; by taking E = ,7854x0=: the
5 - 6 1 8 p a r t - o f - t h e whole given-altitude: There-

fore

187
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Fore, to fnd the content of any frußum of a cottfi
add the produit of ibe diameters of the two ends to
the fum of their fquares ; then multiply the aggregate
Ъу the fruflunfs height, and the produft, egain, by
ihefrahion ,2618.

Hence, and С
from <Theor. n.
B. V1II. a Rule
for finding the
content of any
fegment ТАК of
a fphere, may
alfo be deduced:
For, it appears, СГ
from thence., that
the fegment propofed, IAK, is equal to the dif-
ference between a conical fruftum FCDH and a
Cylinder ECDG of the fame altitude, ftanding upon
a baíê, whoíê radius CA is equal to that (АО)
of the fphere itfelf. But the content of the fru-
ftum FCDH, if the two diameters CD, FH be re-
prefcnted (as above) by A and B, and the ,2618
part of the altitude (D) by E, will be = E к
A1 + A x B + Вг (that is, equal to a parallelepi-
pedon whofe altitude is E, and bafe = A* -j- A x
В 4- Вг) : And the content of the cylinder ECDG
will be = зЕ x A», or E x %Al. Therefore the
difference (or the content of the fegment IAK) will
be = E x 2 A1 — Ax ~U~^~B>'(Scbol. to 20. 7, and
Лх. 5. ï.) But 2Аг — A x В — В1 is compofed
of Аг — A x B and A1 — B* ; whereof the for-
mer part A* — A x B is = A — B x A (by 5. 2.)
= 2D x A (becaufe A — В (or CD — FH) = FF
4- HG = a AB or 2 D)-, and the latter A* — В' д

B x AA — B x A + В (by 7. 2.) 2D x aA — 2Ü .-
'Whence the fum of both will confequently be r=
»P x 2 A — zD j and the content of the fegmenc
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ttfelf = E x 2D x - zD = ,5236 x D* x

— 2 D (becaufe aE = ,5236 D).
. Therefore, to find the tentent of any fegmenf of a
/pbere, multiply the fquare of the figment* s height by
the excefs of thrice the fpbere's diameter above the
double of that height ; and then multiply by the frac»
tion ,5236.

The demonftration of the rules for determining
the fuperficial content of the cylinder, cone and
•fphere, and of their feveral legtnents, or fruftums, is
collected from the two Lemmas here fubjoined.

L E MM A ï.
The upper fuperfides, or the area of all the fides of

4 regular pyramid^ in which a cone maybe infcribed,
is equal te a reSangle under the perimeter of the brfe
and half the length of the cones*sßantßde.

For,letBCDE,
Cif. be the bafe
of the pyramid,
and BPGM that
of the infcribed
cone; and from
the vertex A to
the point P where
any fide DE of
thepolyg.touches
the circle, let AP
be drawn . Then,
fince the triangle
ADE is = iAP B
x DE = -1AB x
DE i and as the
like holds good
^vith regard to
every other fide
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of die pyramid* it is evident that the fum of aU
the fides, or the whole fuperficies of the pyramid
texclufive of the bafe) wiil be equal to 4- A B *
'DE 4- EF -f- &£-, that is, equal to a reétangîe
under -i AB and the whole perimeter of the bafe.

C O R O L L A R Y I .
- Hence if will alfo appear, that all the fides
of aayfruilumBfof. the pyramid, will be equái
со a rectangle under half the length of each fide
and the fum of the perimeters of the two ends :
For, the area of the fide DEed being := ±pp x
UK + de, or да x DE + de (by 4. 2.)* the

. area of al } the Tides will, therefore, be = ЪЬ *
DE -f de + uF.-j

C O R O L L A R Y IL

Therefore, feeing that the foregoing conclufionS
hold univerfally, whatever the number of the fidee
may be ; and as the pyramid, by increafing thd
number of its fides, approaches nearer and nearer,
continually, to. the infcrihed cone, which is its li-
mit ; thence w i l l the upper fuperficies of the conC
(as well as that of the pyramid) be equal to a reft-
angle under half the length of its flaut fide and the
perimeter of its bafe. And the convex fuoerficies
of any fruftum of the cone will, a!fo, be equal to
a recbngle under half the length of its flant fide
and the fum of the peripheries of its two end*
or bafes : Whence it likewife follows, that the con-
vex iurface oi a cylinder wil l be equal to a redt-
angle under half irs altitude and. twice the peri-
phery of its bafe (or under the whole altitude and
once that periphery); becaufe then, the two ends are
equal.— From this Corollary, the.rulos for finding
the iupcrficies of the cylinder and cone, are given-

L EM-



Superficies and Solids. 19!

L E M M A г .

If a regular polygen ABCDE, &c. of an even
number of ßdes, together with its infcribed circle
RQSq, be fuppofed' to revolve about the (produced)
diameter RS, as an c xis ; the fuperßacs of the'fotid
generated by the polygon^ will be equal to a reuangle
under Us axis A F and a right line equal to the cir-

' cumference RQSq of the infcribed circle.

From the
center O, to
the point of
contaft Q, of
any fide BC,
let the radius
OQ be drawn;
alfodrawBJM,
QP?, CrL,
&c. perpendi-
cular to AF,
and BN per-
pendicular to CL."

Becaufe the folid generated by the plane EbcC
is the fruftum of a cone, the convex fuperficies
thereof, generated by BC, is equal to a recbngle
under 4BC and the fum of the peripheries of the
two circles defcribed by B£ and Cc (by Cor. 2. to
the precedent) : But the fum of thefe two periphe-
ries, as QP is an arithmetical mean between B£
•and Ci, is equal to twice the periphery Q^ ; and
therefore the convex fuperficies of the iaid fruftum
equal to ~BC x г periph. Qq = BC x periph. Од.
But, becaufe of the fimilar triangles OPQ, ВМС,
we have BC : BN (be) : : OQ : PQj : periph.
RQSf : periph. Q? (by 4. 8.) ; and confequently
BC x periph. Q? = be x periph, RQSj = the fu-

perficies

и
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pcrficies generated by BC. By the very fame af*
.gument, the fuperficies generated by any other fide
CD isz^cdx periph. RQS? : Whence it is mani-
feft, that the fuperficies or the whole folid is =
Ab + be + cd + &c. x periph. RQSj = AF x
periph. RQ%-

C O R O L L A R Y I .

Since the fuperficies of the folid is, univerfally,
equal to AF x periph.RQS?, let the number of fides
of the generating polygon be what it will -, and a?
the faid fuperficies, by increafmg the number of
fides, approaches nearer and nearer, continually, to
Che fuperficies of the infcribed fphere, which is its
limit ; thence will the fuperficies of the fphere, it-
felf, be alfo equal to a rectangle under its axis RS
and periphery RQSj : And the convex fuperfi-
jcies of aiiy fe.gment thereof "uRw, will likewHe be
equal to a rectangle under its axis (or height) Re
end the' fame periphery RQSq ; fince it is proved,
that the correfponding fuperficies of CBAML, is
^niverlally equal to Ac x periph. RQSj.

C O R O L L A R Y I I .

Hence it alfo appears, that the fuperficies-of ever/
fphere is equal to iour times its generating circle :
Becaulc (by 2.8.) the circle RQSj r^-^RS x4.periph.
KQSj = 4RS x periph. RQSj.

In deriving thcfe сопсЬПолз, as Well.as thofe de-
pending upon the preceding Lemma, the Reader
inuft have obferved, that fomething is aiTumed,
which is not demonftrated in any part of thefe Eh'
ments. But this will not, 1 imagine, be confidered as
a fault, by Thofe who know, that it is impoffible
to prove in a manner ferfeäly regular and geomé-
trica], that a сиг-us ßtrface, of any kind, is equal

to
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to a plane-om of an aflîgned magnitude. Plane
furfaces are compared with one another, in virtue
of the \otb Axiom; in which, whatever relates to
the equality of plane figures, has its original. But
no principles have been yet admitted into the com'
mon, or lower Geometry', whereby a curve furface
can be compared with a plane one ; nor even by
which the proportion of any one curve-line to a
right-line can be known : Nor can it be demon-
ftrated by all the Geometry in Euclid's Elements*
that the periphery of a circle is lefs than the peri-
meter of its circumfcribing fquare.—We can deter-
mine the proportion of folids bounded by curve-
fur I aces, by defcribing other folids in, and about
them, fo as to differ lefs from them, than by any
afljgned part however fmall. t But in comparing
of the furfaces, this method fails -, becaufe, let the
number of fides of the infcribed, or circumfcribed
folid be ever fo great, or let the folid itfelf ap-
proach-ever fo near to the propofed one ; the two
furfaces, after all, 'will have no -part in common on
which a demonftration can be formed, but will
ftill be dillincl things. Before fuch a comparjfon can
poiTibly be made, in a regular and fcientific manner,
new principles muft be laid down : But tbefe belong
to, and are beft fupplied in the Modern Geometry*
or Mitbod of Fluxions.

OF
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MAXIMA and MINIMA
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Geometrical Quantities.

T H E O R E M I .

If from iwo given points A, B, on the fame fide of
an indefinite line PQ (in the fame plane with them)
two lines AE, BE be drawn to meet ont and make
equal angles AEQ, ВЕР with the faid line PQ>
the lines fo drawn, taken together, ßall be lefs than
any other iwo AG, BG, drawn from the fame pointi
to meet on the fame line

For, let BNM be per-
pendicular to PNQ, and
let AE be produced to
meet it in M, alfo Jet
MG be drawn.

Then the triangles
MNE, BNE, having
the angle MEN (=

•3.1.b Hyp.
« tonftr.

- BNEC, and NE corn-
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BE"; whence a l foMG=BG e : But AM (AE-fd 15. ï.
BE) is lefs than AG + MG f, or, than its equal' AX.IO.I .
AG + BG. ^ E. D. • l*. '•

T H E O R E M II .
Of all right lines AP, BP ; AQ, BQ, that can be

drawn from two given points A, B, to meet, two by
two, on the convexity of a given circle RPQRj tbofe
two AP, BP taksn together, ßall be the teaß, which
make equal angles with the tangent MPN (or wit k
the radius DP) at the point of concourfe P.

For, if to any point я in
the part of the tangent in-
tercepted by AQjmd BQ,
there be drawn Ая and Ви;
then will AP+BP be lefs
than Ая -J- B» 8, and Ая +
Ви lefs than AQj-j-BQJ1:
Confequently A P + B P
is lefs than АО 4- fid
GÍE.D. ^ ^

This demonstration holds equally true, when the
curve RPR is fuppofed of any other kind; pro-
vided all tangents to it, fall intirely without the
curve.

T H E O R E M III.

If, in a given triangle ABC, a -point is to be de-
termined* fo that the fum of all the three lines drawn.
from thsnce to the three angles,ßall be the leaßpoßble-,
I f ay, the poßtion of that point muß be fuch, that all
the angles formed about it by ihofe lines, ßjail be equal
among themfelvtf.

sTheor.i.
23. ï.

ID

О 2 If
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If you deny it, then
let fome point E, at
which the angles BEA,
CEA are unequal, be the
required one.

Upon the center A,
thro' E, lerthe circum-
ference of a circle RER
be defcribed ; and let D
be that point in it, where
the angles ADB and ADC are equal.

«Theor.2. Becaufe BD -f CD is lefs than BE -f. CE !,
therefore is AD + BD + CD alfo lefs than AE +

*Ax.6. ï. BE + CE k -, -which is repugnant. Therefore no
point at which the angles are unequal, can be the
required one. ^ E. D.

'The fame otherwife.

Let the point P
be that, at which all
the angles APB,
APC, BPC are
equal * ; and from
any other point Q,
upon the lines form-
ing them, let fall
the three perpendi-
culars Qa,Qi>tQc. я
I fay, firft, that the
fum of the three diftances Aa, B£, Cc, intercepted
by thofe perpendiculars, and the three given points
A, B, C, will be equal to the fum of the three

* The determination of the paßtion of a point, at nuhicb, line
drawn from three given points, .Jball form any given angltt,
given among tie Otametrical Conftruaions, in the next feaie*-;,

' f i r f t
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firft diftances AP + BP + CP. For, if thro'
the interfeftion .M rf Pc and £Q, rv be drawn
parallel to Ад, meering Bb (produced) in г-, and
PS, parallel to öC^, in S ; it is evident (becaufe the
angle v = 'ВРй — vPM = -£ of a right angle m) ï cor. to
that the triangle PvM is equilateral -, and that .the 8. ï.
right-angled triangles QMf, QMr, having QV;c m Hyp.
(= РШ = vMl>) == QMr, have alfo cM - rM ;
to which let MP =r Mv be added ; fo ihali rP = rv
'=aP +vS= aP+ Pb. And, if to the firft and laft
of thefe, AP-j- ВР + Cí be (again) added ; then will
AP + BP + CP — Aa + El> 4- Cc, as was af-
ferted : Whence the Theorem itfelf is exceedingly
obvious : For feeing that the fum A P + BP + CP
•is but equal to the fum of the three bafes Ад, В£,
Cf, it muft neceflarily be lefs than that of the
.three hypothenufes AQ, BQ_and CQ.. ^ £. D.

T H E O R E M IV.
The greateß triangle ABD that canprßbJy be con-

tained under two right-line^ given in length^ and any
other right line joining their extrsmestwill be when í be two
given lines AB, BD make right-angles with each other.

For, let BC be
equal to BD, and
the angle ASC ei-
ther greater, or lefs
than the right-angle
ABD ; let alfo C F
be .drawn parallel to
AB, meeting BD
(produced,"íí necefiary) in F, and let A, F, and A,
С be joined.

Then-the angle BFC being a right-one % it is evi-« ,.. f.
dent that BC (BD) is greater than BF ° -, and there- ° 20 ï,
fore thé ;triangle ABD, being greater than ABF P,p Ax- z-
is alfo greater than its equal ч ABC. ^ E. D. ч£°£ м

О T H E O -
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T H E O R E M V.
Of all triangles ABC, ABD, having the fame baft

AB, and the fum of their other fides the fame, the
ifofcek* one ACB, is the greatefl.

Let CH be perpendi-
cular to AB, and DEF
parallel to AB, interfeft-
ing HC (produced if need
be) in E ; likewifelet AE
and BE be drawn.

It is manifeft that the
'ï6. and angles AEF, BED are A H B

7- '• equal r ; therefore AE + BE is lefs than AD -H
, Hyp'' ' BD ', or than its equal AC -j- BC ' ; and fo the
«s3 . Í. triangle AEB, falling within the triangle ACB %
» Ax. 2.1. muft be Ids' than ACB w ; and therefore ADB (-=•
* C°r- '• AEB ") muft alfo be lefs than ACB ê? E. D.
tO X. 2. ' • "S-

T H E O R E M VI .
Of all triangles ABC, ABDßandug upon the fame

baje AB, and having equal vertical angles ACB,
ADB, the ifofceks one ACB is the greateß.

Let ACDB be a
fcgment of a circle,
in which the ~ equal
angles ACB, ADB

т 22. 5. are contained7; make
«nd ï ы CEG perpendicular,

and DÉ parallel, to
ABj from the center
Ъ draw OD, and let
A, E and B, E be
joined. It is evident
that CG, n<?t only bifefts AB z, but alfo paffes
through the center О ». Therefore, OD (ОС) be-

ing

I)

Мб. l.
» Cor. to
»•г-
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ing greater than OE % the triangle ACB will, alfo» 20. ï.
be greater than AEB, or than its equal A.DB b. b c°r-"-

• an

T H E O R E M V I L
Of all -right-lines DE, FG that can Ъе drawn to

tut off equal areas ADE, AFG from a given triangle
ABC, that DE is the haft, -which makes the triangle
ADE cut off an ifofceles one.

Let AFG be
the circumfe-
rence of a circle
paffing through
the three points
A,F,G-, alio
let PH be per-
pendicular to
FG, at the mid-
dle point P,
meeting the cir-
cumference in
H, and let FH
and GH be drawn.
ifofceles S is therefore greater than FAG . _._
than its equal e ADE : Whence, as the triangles« Hyp.
FHG, ADE are equiangular f, the bafe FG of thef Hyp and
greater, muft confequendy exceed the bafe DE of or- **
the lefler. $, E. D.

The triangle FHG, beinge
" -> ' , IO.

,

T H E O R E M VIII.

O/ all right-lines EF, GH, G H that can be drawn
thro' a given f oint D, between two right lines BA,
BC given in fofilion ; that EF which is bifetled by
the given faint D, forms with them the haft triangl*
(EBF).

04 For,



2OO Of the Maxima and Minima

For, if EI, parallel
to BC, be drawn, meet-

and ing G H in I; the''equi-
angular triangles DFH
and DEI, having DF
= DE',will be equal"-,
and DFH will there-
fore be lefs, or greater

1 Ax. z. than DEG ', according
as BG is greater or lefs
than BE. In the for-

' 3 -
7- '•

'Hyp.

Mmer cafe let DEBH A G E / G
common, be added to ^
both -, fo íhall FEB be lefs than HGB k. And if,
in the latter cafe, DGBF be added, then will HGB

Ax. 6. be greater than FEB m ; and confequently FEB (in
this cafe alfo) lefs than HGB. £>. E. D.

C O R O L L A R Y .
If DM arid PN be drawn parallel to BC and

. ,„. ,. BA ; the two equal »triangles DEM, DFN, takeh
f 24. ï! together (fince EM = DN ° = M Bp) will be equal
1 Cor. to to the parallelogram DMBN ч ; and confequently

2- 2- the parallelogram DMBN = fBE.F -á fBGH.
Whence it is manifeft, that a parallelogram is al-
ways'lefs than half a triangle in which it is in-
fcribedi except when die bafe of the one is half
the bafe of the other ; in which cafe the parallelo-
gram is juft half the triangle.

SCHO-
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s с н o L i u M.
From the

precedingCo-
rollary alone,
it may be very
eafiiy made to
appear, that
the leaft tri-
angle EGM
which can pof-
fibly be de-
fcribedabout, £f~
and the great-
eft parallelogram EFBw that can be defcribed in,
any curve ABCD, concave to its axis ÀE, will be
when the fub-tangent FG is equal to half the bafe
EG of the triangle, or to the whole bafe ЕЕ of
the parallelogram ; and that the two figures will

• be in -the ratio : of two to one. For let HN bé a
fide of any other circumfcribing triangle (EHN)
touching the curve in C, and. meeting FBr in r:
Then, the curve being concave to its axis, ' the
point r will fall above В ; whencex,if rm be drawh
parallel to Вя, then will EGM = гВЕ ~з zrE -p
EHN. Again, if 1C, parallel to EM, be pro-
duced to meet GM in ^, and CK and pq be drawn
parallel to AE ; then, alfo, wil l BE = ДОМ tr

~~ cr CE, as was to be ßewn.

2OI

T H E O R E M I X .

•O/-all right-lined!figures, contained under the fame
number of ßdes* and infcribed in the fame circle, that '
is the greateß wbofe fides are flll equal.

For,
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For, if poßble, let

fome polygon ABC FE,
vhofe fides CF, EF are
uríequal,be the greateft.

Let CDE be an
ifofceles triangle de-
fcribed in the fame
íègment with CFE ;
•which being greater

»ТЬеог.б. than CFE r} the whole

3> polygon ABCDE will
alfo be greater than
the whole polygon ABCFE j which if repugnant.
Therefore çhe polygon is the greateft when the
fides are all equal.

T H E O R E M X.
Of ail right-lined figur es i contained under the fame

f trimeter > and number .of jides, the greateß ist what
ibe fides are all equal.

For, if ABCDE
be the greateft poA
fible, the triangle
CDE muft, mani-
feftly, be greater
than any other tri-
angle CFE upon the
fame bafe, whereof
the fum of the other
fides is alfo the
fame. "BvAb Theo-. ^
rem V. the ;greateft triangle, when the bafe and
the fum of the fides are given, is .that whofe fides
are equal : Therefore DC and ED are equal. Ifl
the fame manner it appears that BC = CD, &(•
&.E.D.
** THEO-
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T H E O R E M XL
If all the fides of a polygon, except one, le given

in length y anã tbeir paßtion be required, fo as to wake
tie polygon itfelf the grealeß poßble ; I /ay, their
poßtion muß be fuch^ that two lines drawn from the
extremei of the- unknown fide to any angle of the poly-
gon, Jhallform a right-angle.

For, if you would
have the polygon
ABCDEF to be
the greateft poffible,
and yet ADF, fub-
tended by the un-
known fide AF, not
a right-angle :Then
let PSO be a right-
angle,contained un-
der PS = AD, and n
OS = FD -, and
upon PS and OS,
let the figures PS
RQ. and OST be p
defcribed equilate-
ral, and equal, to ADCB and FDE'.

The triangle PSO is greater than ADF ' ; there- 'Theory
fore, PSRQ being = ADCB, and OST = FDE », » Conftr.
the whole polygon PQRSTO is alfo greater- than
the whole polygon ABCDEF*, tpbicb is repugnant. w Ax- 6- '•

C O R O L L A R Y .
fience, becauie .the angle in a femi-circle is a

right-angle x j it appears, that the greateft poly-*1 3-3"
gon that can be contained under any prqpoíèd
number of given fides, and one other fide any how
taken, гоШЪе, when // may be infcribed in a femi-
circle, whereof the indetermined line will be the
diameter.

THEO-

,0. 5.
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T H E O R E M XII.
A polygon ABCDEA in a circlets greater (ban any

ether polygon PQRSTP, whatever^wbofe fides are the
fame both in length and number.

Let A F be the diameter of thr circle, and join
E, F j aifo make the angle PTO = AEF, TO =
EF, and let PO be drawn.

B.

Becaufe AB = PQ, BC - QR, CD = RS, DE
,Hyp. = ST, and EF — TOy, the polygon ABCDEF,

being infcribcd in a femi-circle, will be greater than
• Theor. the polygon PQRSTO1; and, if from thefe, the
ii. equal triangles AEF, PTO be taken away, there

will remain AECDEA tr PQRSTP. ^ £. д.

That the magnitude
of the greateft polygon,
which can be contained
under any number; of
unequal fides, does hot
at all-depend upon'the
order in which • thofe
lines are conneited. to
each other, will appear,
thus.- Let ABCDE be the greateft, one way, or
according to one. order of the fides ; and upon BD
let a triangle BDF be conflicted :whofe fides DF
and B.F are, refpedtively, equal to BC and DC;
then, the triangles BCD, BFD being equal, the

whole
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whole polygons ABCDE and ABFDE will Hke-
•wife be ; equal, notwithftanding their equal fides
BC, DF, ÖV. are placed according to differed*
orders.

T H E O R E M XIII.
Of all polygons, contained under îbe fame perime-

ter, and number of fides ; that whofe fides, ana angles^
are equal, is the greateft.

For, the greateft polygon that can be contained
under a given perimeter, is one whofe fides are all
equal *. But, of all the polygons of this fort, that * TJieor.
is the greateft which may be infcribed in a circle b:1)

I°-
Therefore the greateft of all, is that whofe fides I2 *
are all equal, and which may be infcribed in a
circle, or whereof the angles, as well as the fides,
are all equal. <£>. E. D.

T H E OR E-M XIV.
î&fi greateß area that can pojfibly be contained by

one right-line, any how taken, and any other line or
lines, whatever, whereof the fum is given ; will ist
when two right-lines drawn from the extremes of the
unknown line firfi mentioned,, to meet any where in the
given boundary, make right-angles with each other.

For, if you would have the area ACDEBA, con-
tained by fome right-line AB, and ACDEB where-
of the length is given, to be the greateft poflible,
and ADB, at the fame time, not a right-angle:
Then, let PSQ_'be a right-angle, contained under
PS = AD, and QS = BD ; and, having joined

PQ;
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PQ, uP°n PS arid QS conceive two figures PRS
and QST to be formed, equal, and alike in all re-
fpefts to ACD and DBE. Since the area PSQ_ is

•Theor 4. greater than ADBc ; it is manifeft, that the area
t'RSTQP, contained by the right-line (PQ) and

* Hyp. PRSTQ.(= ACDEB4) will alfo be greater than
e Ax. 6. the area ACDEB A % which is repugnant : There-

fore the area ACDEB A cannot be the greateft
poflible, unlefs the angle ADB be a right one.
&E.D.

C O R O L L A R Y .
Hence, becaufe the angle in a femi-circle is a

113. 3. right-anglef, it is evident that the area will be the
greateft poflible, when the given length, or boun-
dary, forms the arch of a femi-circle -, whereof th^e.
indetermined right-line propofed is the diameter.

T H E O R E M X V .
O£ all f lane figures ABCD, EFGH, contained

under tqual perimeters (or limits), t be circle (ABCD)
is the greaiefi.

For, if the diameter AC be drawn, and EFG
t>e taken equal to the arch ABC ; then the area
ABC A will (by the precedent) be greater than tht

_ F
.B

area EFGE, contained by EFG and the right-line
EG ; and ADCA will alfo be greater than EHGE:
Therefore ABCD muft, neceffarily, be greater than
EFGH. $.£.!>.

C O R O L-
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C O R O L L A R Y .
Hence it appears, that the greateft area that can

poffibly be contained by a right-line AB, and a
curve-line AiB, both given in length ; will be,
when the latter is an arch of a circle. For, let
АяВ be any other curve-line, equal to AfB, and let
the whole circle АгВСО be completed ; which
will (it is proved) be greater than the mixed figure
A«BCD ; and confequently, by taking away the
common fegment ABCD, there will remain АгВА
greater than AwBA.

T H E O R E M XVI.

¥bí greateß parallelepipedon that can be contained
under the three parti of a given line AB, any ho-aii
taken, will be when all the farts are equal to each
fiber.

For, i f poßble, le t CED
two parts AE, EDA H ' В
be unequal. Bifecl AD in С ; then will the recl:-
angle under AE (AC 4. CE} and ED (AC— CE)
be lefs than AC1 (or AC x CD) by the fquare of
CE *. Therefore the folid AE x ED x DB will alfo^
be lefs than the folid AC x CD x DB ь ; whicb isb 7

zl\
contrary to hypotbefis.

C O R O L L A R Y .
Hence, of all rectangular parallelepipedons, hav-

ing the fum of their three dimenfions the fame, the
cube is the greateft.

THEO-
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T H E O R E M XVIJ.
The greaieß parallelepipedon AC1 x CB tbat cari

poffiby be contained under the fquare of one part AC
of a given line AB and the otbsr part AC, any bow
taken ; will bet when the former part is the double of
f be latter.

For, let Ac and Ур с

Bf be any other A *-*——-w Ь
parts, into which

ï cor. to the given line AB may be divided ; and let AC and
6.2. and Ac be bifefted in D and d. So fhall AC1 x CB =
7- 4AD x DC x CB ' c- 4 A<fx de x í B k ( A f * x í B ' )
6
c°2

r-to by the precedent. $.E. D.

T H E O R E M XVIII.
The hypotbenufe AB of a rigbt angled triante

ABC being given; the folia BC x AC1 contained
under one leg BC and the fquare of the other AC,
will, be the greateß poßblt, when the fquare of the
latter leg AC is double to that of the former BC.

For, if CD be con-
ceived perpendicular to
AB, and DE to AC ; it

ï Cor. to will be AC1 ( AB x AD1):
Ш

11>+- АВ г::АО:АВ а::ОЕ:
• ,4. 4 BC n ; and confequently
•23! 7. ACxBCc^AB'xDE0-,
» Cor. 2. which (as AB1 is given) will, evidently, be the great-

to 6. 2. eft poflible, when DK, or its fquarep (DE4) is the
*,,; • greateft poffible. But DE1 : AD1 : : 'ВС*(ВО х
' Theòr. AB1): AB1: : BD: ABm

; and therefore DE*x AB =
17. AD' x BD % which fand confequently DE1) will be

the greateft poffible,when AD is the double of BD4
that is, when AC1 (AD x AB) is the double of BC*
(BÛxAB). Ç.E.D.

T H E O -
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T H E O R E M XIX.
*The altitude BC of the greateß cylinder HG that

can foßbly be infcribed in any cone ADE, is one-third
part of the altitude А В of the cone, and the cylinder
ilfelf £ farts of the cone,

For, let gb be any
other cylinder infcribed
in the cone ; and it will
be, AC' x BC : CG1 x
BC : : AC1 : ' CG» : :
Aí1 : cgr : : AÍ» x Er :
' cg * x EC ; whence, by.
alternation, AC1 x BC :
A^ x Be : : CG1 x BC :
cg1 x Ec : and fo like-
wife is the cylinder HG
to the cylinder " ig- j 'but AC1 x BC is greaterv

than Ac* x EC ; therefore HG is alfo greater than
%.-- Again,• fince AC = *-AB, and therefore CG x AX. 4.
= 4BE ; we alfo have, cylinder HG : cone ADE r c°r- 3-
(or cylinder 'DN) : : CG' (£ВЕ«) : 'BE* : : £ : ï. ,£,%8'
3-Е. D. and 3.8.

S C H O L I U M .
From this propofition, by reafoning as in the

Scholium to Theorem VIII. it will appear, thac
the leaft cone that can be defcribed about, and the
greateft cylinder that can poffibly be defcribed in, any
folid generated by the rotation of a curve', concave
to it's axis, will be, when the fub-tangent is .two-
thirds of the altitude of the cone, or twice the al-
titude of the cylinder ; and that the two figures
will be in the ratio of nine to four. From whence
the dimenfions of the gr«ateft and lead cylinders
and cones, that can be defcribed in, and about folids
generated by curves, to which the method of d raw-
ing tangents is known, may be readily determined.

11 3. and j.
of 8.

v Theor.
»7-L Ax.



T H E

C O N S T R U C T I O N

Of a grea#VARiETY of

Geometrical Problems»
Being a farther

APPLICATION of what has been delivered
in the. Elementary Part of this Work.

P R O B L E M ï T

In a givtn triangle ABC, to infcribe ' a {quart
DEFN.

C O N S T R U C T I O N .
1-"̂  ROM any point M,
»-^ in either fide, upon

A. the bafe AB, let
fall the perpendicular M G -,
make MR perpendicular,
and equal, thereto, and let
ARE be drawn, meeting ,
the other fide of the tri- A G Л1 S F
angle in E ; then draw ED . -
parallel, and EF and DN perpendicular, to Aß>

the thing h
D Ë-
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D E M O N STR AT. IO N.
Let RS be drawn parallel to EF: Trren {by fi'

tftilar triangles) RS (MG) : EF (: : AR : :\ÍLj : :
MR : DE: Therefore, as MG and MR are -equal,
by ConflruHion, EF and DE wil l i ikewiie be equal.

By the fame method a rectangle may beinfcribed
in a triangie, whole lides fhail be in a given, ratio i
if-MR and MG i iníbad of being equ&lpbe -taken
in the given ratio ; the reft of the ConaïJjOtion1 be-
ing exactly the fame.

P R O B L E M I I .
In a given triangle ABC, to i nfcrib e a reftangle

EFGH equal to any given right-lined figure Q, .not
'exceeding êalf the triangle.

C O N S T R U C T I O N .

On the bafe AB (by 7.
6.) let a rectangle ABPL
be conftituted = О -, and
let LP meet the perpen-
dicular CD of the triangle

• (produced) in KV Then
(by 17. 5.) let CD be di-
vided in I, fo that Cl x "
DI = CD x DK (that is, Ъ
let two femi-cirdes be dc-
fcribed on CD and CK ; drawing MN and N1 pa-
rallel to CD and AB) : So Qiall Dl be the alti-

'tude of the required rectangle.

D E M O N S T RA TI O N.

Since (by Cofjßr.) CI x Di (= NP = M.DI%- =
CD x DK, thence will DI : DK.: : CD : С Г : : AB :
EF (by 20. 5.) -, and cönfequently DI x EF (t'y ю.

F 2 ' That



211 ?he ConßruEiion of
That the Problem will be impoffible, when Q_

is greater than half the triangle, is evident from
the Conftruclion, as well as from the Theorem on
p. 200. It may alfo be obferved, that there is another
•way, befides that ufed above, for dividing GD in
the manner propofed -, which (though not more
obvious) is, in point of concifenefs, rather prefer-
able ; and is thus. Having (as before) found a
mean-proportional DM between CD and DK, and
bifecbd CD in O i from M to CD apply MR =
QD, and take OI = RD. So íhall Cl x DI = ÖD1

—OI* (by 7. 2.) = MR1 — RD1 (by Hyp.) = DM1

= CD x DK (as before).

P R O B L E M III.
In a given circle APBQ, to infcribe a refiangle

tqual to a given right-lined ßgure RSTU, not exceed-
ing half the fquare of the diameter.

C O N S T R U C T I O N .

Upon the diameter AB defcrïbe the reuaflgle
ABKI = RSTU (by 7. 6.) ; and from the point
C, where the fide КI interfefts the periphery of the
circle, draw CA and CB, parallel to which draw
BD and AD ; then will ACBD be the recbngle
that was to be conftrufted.

DE-.
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D E M O N S T R A T I O N .
The lines AC, BD, and AD, BC being parallel

(by Conflr.) and the angle ACB a right-one (by 13.
3.) the figure ACBD is a rectangle (by Cor. to 24,
ï.) and D is alfo in the circumference of the circle.
But ACBD =as 2 ACB = ABKI = RSTU.

That the Problem will be impofllble, when BK
is greater than -£AB, or when BI (RT) is greater
than 4-AB1, is manifeft from hence, becaufe KÏ
will then fall intirely above the circle.

P R O B L E M IV.
To draw a line KL parallel to a given line AG,

which ßall terminate in two other lines AB, AC,
given by poßiien, fo as to form with them a triangle
AKL, equal to a given reft'angle ADEK

C O N S T R U C T I O N .
Let FE, produced,

meet AG and AC, in
G and H i and, in AB,
take a mean-propor-
tional AK between GH
and aEF ; then draw
KLparallel to AG, and
the thing is done.

D E M O N S T R A T I O N .
The triangles AKL, HGA being equiangular» ie

will be AKL : HGA : : AK* (= GH x 2EF, by
Conflr.) : GH1 : : EF : £GH (by 7. 4.) : : EF x AF ::
•iGH x AF (= HGA) : Therefore, the confequents
being equal, the antecedents AKL and. EF x AF
mvift alio be equal. ^ £. £>.

P 3 P R O -

F G
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P R O B L E M V.

Between two Unes AB, AC, £ryí» Ъу poßtion, tf
eppfy a line KL, equal to a given line MN, fo that
the. triangle AKL formed from thence, ßall be of л
'givjH magtytude.

C O N S T R U C T I O N .

Having bifeft-
ed MN in ! \ on \
M D delcribe a
reftangle iViui'F
(by 7. 6.) — the
magnitude gi ven :
A Ho on MN let
a fegmenc oi a circle be defcribed f^y 22. 5.) to
contain an angle = A ; and- fro nV its interfeftion
with b.F, draw ЫМ and HN -, then make AK =5
HM, AL = HN1, and join K, L. So fliall'the
bafe KL be alfo = the ba-fe MN, and the triangle
AKL equal, and like in all refpefts, to HMN >
which laft (by Cor. to 2. z.) is, manifeftly, equal to
the magnitude given MDEF. Q.E.D.

P R O B L E M V I .
Through a given point P, to draw a Une EPD to

meet two lines AS, AC, 'given by fqfilion, fo that the
triangle ADE formed from thence, ßall be of a give»
magnitude.

C O N S T R U C T I O N ,

Draw FPH parallel to
AB, interfering AC in
F -, and on AF, let a pa-
rallelogram AFHI be
formed, equal: to the
given area of the trian-
gle* Make IK perpen-
dicular to Al,and
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to FP ; and from K, to AB, apply KD = PH j
then draw DPE, and the thing is done.

D E M O N S T R A T I O N .
The triangles PHM, PFE and MDI, by rea-

fbn of the parallel lines, are fimilar ; and there*
fore, fince the three homologous fides РЙ (KD),
FP (IK) and DI are fuch, as to form a right-an-
gled triangle (by Confir.)> the triangle PHM on the
firft of them, is equal to both the other two FPE
and MDI (by 29. 4.) : and, if to thefe equal quan-
tities, AFPMI be added ; then will AFHI be alfo
= ADE.

This Problem will be impoffible, when KD (PH)
is lefs than KI (PF) ; that is, when the area given
is lefs than a parallelogram under AF and zFF.

P R O B L E M VII.
From á given polygon ABCDEFH, to cut off a

part AIKFH, equal to a given reãangle MN, by a
line (IK), either -parallel to a .given line AQ, or
faffing tbrough ä given point P.

C O N S T R U C T I O N .
Let В A and

EF be produ-
ced to meet in
Gv and upon
ONleta-fedt-
angle OQ be
conftituted (by
7. 6.) equal to
AGFHjthen, R
by Profr. thé
4th, or 6th, ас-
cording to the JM
cafe propofed,

draw

в
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draw IK, fo as to make the triangle GKI =r MQ,
and the thing. is done.

The Demonftration whereof is manifeft from
the Conitruftion.

And; in the fame manner, the polygon may be
divided according to any given ratio -, becaufe, the
whole being given, each part will be given.

P R O B L E M VIII.
To divide a given triangle ABC into any propofed

number of parts (AKM, KN, LC)yo as to have any
given proportion to each other; by means of lines
drawn parallel to one of the fides BC of the triangle.

C O N S T R U C T I O N .
Let AB be divided

into parrs, AE, EF,FB,
having the fame given
proportion to each other,
as the parts of the tri-
angle are to have. Upon
AB let a femi-circle
AH IB be defcribed ;
and perpendicular to
AB, draw EH, FI,
meeting the circumfe-
rence.in H and !I: From the center A, through
H and I, defcribe the arcs HK, IL, meeting Aßln
К and L ; then draw KM and LN parallel to BC,
and the thing is done.

D E M O N S T R A T I O N .
The triangles AKM, ALN and ABC, are in

proportion, to one another, as AK* (AB x AE),
AL' (AB x AF) and AB' (by 19. and 24. 4.) i
that is, as AE, AF and AB (by 7. 4.) Whence
(by divißon) the propofmon is manifeft. '

P R O
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P R O B L E M IX.
Ч"о amide a given line PQ into any propofed пит"

íer of far t Si fo ibat ßmilar right-lined figurei РМпъ
МЫ, LQg defer ibed upon them, Jhall have the fame
given ratio among themfelves, as an equal number of
right -lines AB, AC, AD affigned.

C O N S T R U C T I O N .

Upon the greateft AD of the given lines AD,
AC, AB, defcribe a íèmi-circle AEFD; and per-
pendicular to AD, draw BE and CF, meeting the
circumference in E and F ; and, having drawn

Ä u e n p

JOS

PR, at pleafure, in it take PH = dift. AE, HI
= 'dift. AF and IK = AD-, draw KQ, and pa-
rallel thereto draw HM, IL; which will divide
PQ, as required,

D E M O N S T R A T I O N .

PMw : LQ? : : PM1 : LOJ (by 26. 4-) : :
=AE' = AB íxAD,íyi9.40:IK1(A D 1) : :

AD (by 7.6.) In the very fame manner it appears,
that ML/ : LQ? : : AC : AD. % £- A

PRO-
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P R O B L E M X,
fo determine the pofition of a point P, fb that

lines drawn from thence to the extremes of three right-
line^ AB, CD, EF, given In length and pofition,ßaU
form three triangles ABP, CPD, EPF, mutually
equal to each other.

C O N S T R U C T I O N .
Let the given lines, be produced to meet in G

»nd H ; in which take Gm = AB, Ш = EF, and

P
A\

--. íí .v"
G n- C

G», Hr, equal each to CD : Complete the paral-
lelograms Gmpn, Hrts; and let the diagonals Gp and
H/ be produced till they meet in P, and. the thing
is done.

D E M O N S T R A T I O N .
Let PA, PB, Pm, Sec. be drawn. The triangles

GP», GPm, having the fame bafe GP, and equal
altitudes (becaufe GMpn is a parallelogram) are
therefore equal to each other : But CPD = GP«,
and A PB = GPm (by Cor. to 2. 2.1 ; whence CPD
and APB are likewife equal. And, from the very
fame reafoning, it appears that CPD andFPEarc
equal. %.E.Di

PR Or
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P R O B L E M XI.

From two given foinis A, B, to draw two lines
AC, BC, to meet in a line DE of any kindr given
by pofition ; fo that the difference of their fqiiares ßall
le equal to a fquare given (MNJ).

C O N S T R U C T I O N .
Make AF perpendicular

to the line AB, and equal
to MN ; draw BF, which
bifeat with the perpendicu-
lar GH ; and from its in-
terfeftion with AB, draw
HC perpendicular to AB, A
meeting DE in C; draw
AC and BC, and the thing
is done.

For BC* — AC* = BH»
— AH1 (by 9. 2.) = FH*

P R O B L E M XII;*
From two given points A, B, to draw two lines

AC, BC, to meet in a line DE of any kind* given by
pofition ; fo that tbefum of their fatiares ßall be egtíal
ta a given fqiiare, MNZ.

C O N S T R U C T I O N .
Bifeft AB with, the

perpendicular FG, in
which take FP= FA,
and draw APQ^=:-
MN ; on AB (pro-
duced, if neceflary) let
fall the perpendicular
QR -, from л to FG в
apply AH = A;R, and

about
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about the center F, thro* H, let the circumference
of a circle be defcribed ; and from its interfeftion
С with the given line DE, draw CA and CB, and
the thing is done.

D E M O N S T R A T I O N .
Let BH be drawn ; which being = AH = AR

=RQ (becaufe FP = AF) ; thence will ACl -j-
BC* = AH1 + BH1 (by 20. 3.) = AR1 + RQ1 =

P R O B L E M XIII.
From two given points A, B, to draw two lines

AC, BC, meeting in a line DE of any kind, given by
foßtion; fo as to obtain tbe ratio of two unequal right-,
lines Mm, Nn «JJigned,

C O N S T R U C T I O N .

Having joined the
given points, divide AB N>-
in F (by 1 5. 5.-) fo that
AF : BF : mtim : N» ;
make A/ and Fb paral- A.f
lei to each other, taking f\
the former = AF, and
the latter = FB -, and thro' their extremes draw
/Ю, meeting AB, produced, in О ; from whence»
with the radius OF, let the femi-circle FCG be de-
fcribed, cutting DE in C i then draw AC and BC,
and the thing is done.

D E M O N S T R A T I O N .
Becaufe О A : A/(AF) : : OF : Fb (FB), we have

(by di-vifîon) OA : OF : : OF : OB -, or OA : ОС : :
ОС : OB. And fo, the triangles OAC, OCB,
having one angle FOC common, and the ûdes
about it proportional, they muft, therefore, be fi-

mUar
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milar (by 15. 4.) -, whence the other fides will alfo
be proportional, or AC : BC : : О A : ОС (OF) : :
A/ : Fb : : Mm : N» (by Conßr.) $. E. D.

Notet When, in either of the two preceding Pro-
blems, the circle defcribed, neither cuts nor touches
the given line DE, the thing propofed to be done,
will be impoffible ; as no two lines drawn from
A and B, to meet above the circumference, can
poflibly have their ratio, or the fum of their
fquares, the fame as two lines meeting in the cir-
cumference.

P R O B L E M XIV.

From two given points A, B, to draw two lines'
AC, BC, meeting in a right-line DE, given by poß-
tion >fi as to make therewith two angles ACD, ВСЕ,
whofe difference ßall be equal to an angle given, bch.

C O N S T R U C T I O N .

Make AFG perpendi-
cular to DE, and FG =
AG ; and, having drawn
GB, on it let a fegment
of a circle GCB be de-
fcribed (by гг. 5.) to con- D
tain an angle equal to the ^_ I^B
fupplement (beg} of the
given one bch -, and from its interfeétion (C) with
DE, draw CA and CB ; and the thing is done.

For, if BC and GCH be drawn, then will ACD
•= GCD = ECH = ВСЕ — BCH

In the fame manner, the Problem will be con-
ftrufted, when, inftead of the difference of ACD
and ВСЕ, that of ABC and ВАС is given : Be-
caufe, when DE is parallel to AB, the latter dif-

ference.
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Ference is equal to the former; and, in all other
cafes, differs from it by twice the given angle GCi,
expreffing the inclination of the faid lines.—When
the fum of the angles ACD and ВСЕ is given,
the angle ACB is alfo given : And here, nothing
more is necefíary, than barely to defcribe, upon AB,
a fegment of a circle to contain the faid given an-
gle ACB.

LE M .M A.
If, of any three proportional lines AB, DB, FB, tie

difference AF of the two extremes be bifefted in G ; ami
if on the gnateß AB, аз a bafe, a triangle ABC be fe
formed, that its lefferfide ACßall be to the diflance
MG of the perpendicular from the bife Hing point G,
in the given ratio of AB to DB-, then /hall t be greater
ßde BC exceed the leffer AC by the given lineDB.

D E M O N S T R A T I O N .

Becaufe FM exceeds
'AM by 2GM, B M will
exceed//by zGM+BFi
and the recbngle under
this excefs and the whole
bafe AB ( r 2'MG x AB
-f BF x AB) will therefore (by 9. 2.) be = BC* —
AC*. But (by hypothefts and ю. 4.) MG x AB =
AC x BD, and BF x AB = BD1 : Therefore 2 AC
x BD + BD1 = BC' — AC1 -, and, by adding ACS
common, AC* + 2AC x BD 4. BD1 (or the fquare
of AC -f BD, by 6. 2.) will be = ВСг -, and, cpn-
fequendy, AC + BD = BC. ^E.D.

This Lemma is not only of ufe in the Problem
next following, but will be found a ready inftrü-
ment in the folution of many others ; for which
.icafon it is here put down.

P R Or
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P R O B L E M X V .
From two given points A, B, to draw iwo lines

AC, BC to meet in a right-line DE, given by fofi-
tion\ fo that their difference jhall be equal to a given
right-line Bd.

C O N S T R U C T I O N .

In AB, take a third- _P К С
proportional BF to BA
and Bd ; and, hav-
ing bjfefted A F in G,
take GI = Ed ; make
GH and -IK perpendi-
to AB, meeting DE in
H and K; and draw
HAL, to which, from
£, apply KL = AB i
and parallel thereto draw-AC, meeting DE in С}
join В, С -, and lhe thing is done.

D E M O N S T R A T I O N ;
Let CM be perpendicular to AB.
Then, becaufe of the parallel lines, it will be

AC : KL (AB) : : НС : HK : : GM : GI (UQ.
Whence (by alternation) AC being to GM, as BA
to Bd ; and AB, dB, FB being alfo propor-
tionals ; the whole Conftruftion is manifeft from
ïbe Lemma premifed.

If the fum, inftead of the difference, of the two
lines (AC, BC) be given, the method of conftruc-
tion will be exaótly the fame, without the leaft al-
teration of any one ftep ; provided that Bd be firil
of all taken (in BA, produced) equal to the given
fum, inftead of the difference.

P R O -
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P R O B L E M XVI.
from two given points A, B, to draw two lines

AC, BC, fo аз to meet in a right-line DE parallel
to that (AB) joining the faid points^ and that the
reïïangle (AC x BC) contained by them., ßall be equal
tt a reflangle given, ADEF.

C O N S T R U C T I O N .

Bifcdl AB and A F, in
G and H ; and, having
drawn GI perpendicular
to AB, to it, from A, ap- /
ply АО = AH ; and from í
the center O, through A \
and B, let the circum-
ference of a circle be de-

О

G T l K E F

fcribed interfering DE in С; from whence draw
CA and CB, and the thing is done.

For, if CK be drawn perpendicular to AB, it
is evident (by 25. 3.) that AC x BC = CK x 2 АО
== AD x AF. E- D-

P R O B L E M XVII.

Through a given point P, fo to draw a line FPE,
that the parts thereof PF, PE, intercepted by that
point and two lines AB, CD, given in pofttion, foatt
obtain a given

CON-
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C O N S T R U C T I O N .

• Through P, to any
point in AB, draw
rG, in which (^.13.
5.) take PH to PG,
in the given ratio of
PF to PE -, draw HF
parallel to AB, meet-
ing CD in F i then .
draw FPE, and the thing is done.

For, the triangles PGE, PHF being equiangu-
lar (by 3. and 7. 2'.) thence is PF : PE : : PH : PG :
And fo PFaridTE (as well as PH and PG) are
in the ratio given.

In this Conftruftion, it is neceflary that one. of
the two given lines íhould be, a right-one: The
other may,, it is manifeft, be á line .of any-kind
whatever.

225

P R O B L E M
1 a given point P, to draw a line GH, ter-

minating in a right-line AB, and in a line CD of any
kind, given both iy pofttion j fo that the refiangle
undtr the two pxrts thereof PG, PH, ßall be of л
given magnitude.

C O N S T R U C T I O N .
Having drawn EPF

perpendicular to AB, take
therein -PF (£y 7. 6.) fo
that PEx PF =. the mag-
nitude given: Upon PF,
as á diameter, let a circle
be defcribed, interfering
CD in G -, 'then draw
GPH, and the thing is
done.



Cbnßru&ion

D E M O N S T R A T I O N .
If FG be drawn, the triangles PFG and РНЁ,

having FPG = HPE, and FGP (=r a right-angle,
h I3- 3-) = PEfï» W*M kc equiangular: And,
eonfequently (by 24. 3.) PG x PH = PF x PE =
the magnitude given. Q E, D.

P R O B L E M XIX.
Through a given f oint P, between two rigbt'Unes

AB, AC, given by ppjttion, fo to dravt a line ED,
that the fur* of the figments (AD + AE) cut off by if
from the two former^ ßdl be tqußl to Q giv<n line
RS.

C O N S T R U C T I O N .
Draw PF and

PG parallel t,o AB
and AC ; in BÄ
produced take AM
= AF, and MN
= RS; then divide
GN in D ̂ .17. 5.)
fo that GDxND= AM xAGj draw DPE,
the thing is done-

D E M O N S T R A T I O N .
By fimilar triangks,GD : ОР:<= AF = AM) : :

FP (= AG) : FE ; ajid confequeotly GJ> x FE =
AM x AG = GD x ND (ty ОюДг.) : Whence FE
= ND-, and therefore FE -f AF + AD(AE-f AD)

It appears from the Conftruôbn, -Aat tbí Pro»
blem will be impoffible, when. (GN) the excels of
RS above PF and PG, exceeds the double of *
mean-proportional between thcfc two quantities.

PRO;



P и 08 LÉ M
through a given $oint P, b&teetb tisà

Aß, AC; gfwn by po/2tion> fé to drtâto <à tirfè
that the dijference (AD -"- AE-) *f the fògmntí Wt
iy itfr.om tbe fioo former, fom Ît tipigl to л
hue RS.

C O N S f il U C T I O N.

Draw PF andPGpa-
tallel to AC and AC ï m
AB take AM = AF, and
MN = RS; then (byiS.
5.) let a line ND be added
to GN, fo that GD x N D,

D E M O N S T R A T I O N .
BecauTe of the fimilar triangles PGD, EFP, we

Jiave GD x FE = PG x PF = GD x ND C*y
Go*jtrf} and copfequently FE = ND } whence AD
— AEáAN— AF(AM)=MN=RS.

P R O B L E M XXÏ.
two right-lines NBN, MBM,

poßtiony to apply a line DE of a .given length, and
which (produced, if necej/iary) (hall pafs through a
given f oint A, equally dißant from tbe faia given
unes,

С О



Conßrt$ion of

C O N S T R U C T I O N .
Let FG be the

Jength given ; and,
having drawn AB,
make the angles F, G
equal each to ABD
(or ABE) ; and in AB
produced take AC (by
1-8.'5.) fo that ACx
BC = HG':FromC
to NN apply CD =
HG; then draw DAE
(DEA), and the thing
is done.

D E M O N S T R A T I O N .
Becaufe AC : CD : : CD : BC (by Conflr. and 10.

4.) the triangles CAD and CDB (having one an-
gle common, and the fides about it proportional)
will be equiangular (by 15.4.): And. therefore, fmce
CDA = DBC = ABE (by hypotbifis), the circum,-
ference of a circle may be defcribed through all the

'four points C, D, B, E (ly i r. 3. or 19. 3.) And
fo the angle DEC, Handing on the fame fubtenfe
(DC) with DBC, will be equal to it •, and, confe-
quently, equal to EDC. Therefore the ifofceles
triangles EDC, FGH being equiangular, and hav-
'mgCD = HG, their bafes ED and FG will alfo,
be equal. QE.D.

P R O B L E M XXII.
In a give» circle ABDC, to apply a chord AB

equal to a given line RS (lefs than the diameterj, and
which ßall faß through a given .point P.

CON-
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C O N S T R U C T I O N .

"P. E.

о

Infcribe CD = RS,
upon which, from the A
center О, let fall the
perpendicular OF ; alfo
draw OP, upon which let
a femi-circle be defcribed, ,
andinitapplyOE=OFi *-
laftly, through P and E,
let AB be drawn ; which
will, manifeftly, be equal to CD (= RS, by 3. 3.)
as beino- equally diftant from the center, by con-
itruftion.

When the point given is placed without the cir-
cle, the conftruftion will be no-ways different.

P R O B L E M XXIII.

Through a given\ point P, fo to draw a line AB,
that the parts thereof AP, BP, intercepted by that point
and the circumference of a given circle, ßall ha-ue a.
given difference, DE.

C O N S T R U C T I O N .

From the center C, draw
CP, upon which let a femi-
circle PQC be defcribed, and
in it apply PO^equal to half
DE, producing the fame, both
ways, to meet the circumfe-
rence in A and В : So (hall
AQ_=BQ (by г. з) i and
therefore PB (= BQ -f PQ^
= AQ -f PQ = AP + aPOj vz AP 4. DE, which
was to be donet

О с г P R O -



P R O B L E M XXIV.
From a given f oint P,, to, the circyyiference of ц

given circle C, to draw a fight-line РВА, fo as t«
be divided in a giyen rafio fya line RBS of ar' L'~J

given in poßtion.

С O N S T R U С TI 0, N.

To any point P in the
circumference, draw PD,
•which divide at E in the
ratio given ; and, having
drawn PC and the radius
CD, parallel to the latter
draw EF, meeting the for-
mer in F ; from whence,
toRS, app!yFB=FEi
then through В draw PA, and the-thing is dont.

P E M O N S T R A T I O N .
Let CA be drawn. Then, becaufe of the pa-

rallel lines CD, EF, it will be, CD (AC) : EF
(FB) : : PC : PF| apd fo the triangles PAC,PBF
will likewife be equiangular (by 16.4.) And there-
fore PB : BA.: : PF : FC : : PE : ED (by 13. 4.)

P R O B L E M XXV.

a given point P, to drçw a Une GH,
terminating in" 'the cirwm/erence of a given circle

and in a Une MN of any kind, given
foßtion; fa that the refiangk under the two
ibereof PC, PH, jhetl be of и given



Geometrical Problems.

C O N S T R U C T I O N .

Through P draw
the diameter AB, in
which let PD be ft
taken (by 7. 6.) that
PA x PD = thé mag-
nitude given. From
any point E in tTie cir-
cumference, draw EP
and the radius EC ;
and, havingjoined BE,
draw DF parallel to
BE, and from its in-
terfe£tion with PE,
draw FO parallel to EC, meeting PB in О ; from
whence, toMN, apply OH =r OF j and through
P draw HG for the line required.

the
be

D E M O N S T R A T I O N .

Let PH be produced (if neceiTary) to meet
circumference of the circle in I \ ,and let C, I
joined.

The lines OF, CE being parallel, thence will
PO : PC : : OF (OH) : CE CCI) -, and therefore
OH and CJ will likewife be parallels (by 16. 4.)
Therefore PH : PI : : PO : PC : : PF : PE : : PD :
PB } whence, alternately, PH: PD : : PI : PB : :
PA : PG (by 2i. 3. and 10. 4) ; and confequently
PH x PG = PD x PA,- 3r £. D.

P R O B L E M XXVL
From tee circumj&ence of a given circle Ç, te 4

line MN of any kiitd, given fy portion, f o to draw a
rigbt-iïtié EF, AÍ to lebtib equal and faralUl to a~

Qi CON*
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232 The ' Conßruftion-.of
C O N S T R U C T I O N .

From the center C,
draw CD equal and
parallel to PQ; and,
from D to MN, ap-
ply DF = the radius
CB 5 draw CE equal
and parallel to DF ;
then,EFbeing drawn,
it will (by ï6. ï.) be "
equal, and parallel to CD -, witch was to be done.

P R O B L E M XXVII.
From the point of interfefíion P of two given cir-

cles О and C, fo to draw a line PR, tbatnbe part
thereof " QR intercepted 2y 'the two peripheries^ ßall
be equal to a given line AB.

C O N S T R U C T I O N .

Upon the line ОС А~
joining the two centers,
let a femi-circle ODC
be defcribed, .in which
apply OD = ' îAB ',
and parallel thereto,
draw PR, and the thing
is dont'

D E M O N S T R A TI O N.
Let CD, and OF parallel to CD, be drawn, meet-

ing PR in E and F. Then, the angle ODC being
a right-one (by 13.. 3.) and PR parallel to DO, E and
F will alfo be right-angles, and EF = DO (ly 24. ï ) :
And fo, PE— PF'being (=DO) = ^AB, it is
manifeft, that 2PE (PR) — aPF (PQ) 5= AB, or

PRO-
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P R O B L E M XXVIÏI.
From a given point P, in the line paj/ing through

ibe tenters of two given circles С and O i ß to draw
a Une PD, that the parts thereof DE, FG, inter-
cepted by thofe circles, ßall be in a given ratio (viz.
as p и to q).

C O N S T R U C T I O N .
Take CH to OR, as p to j; and CI to OR,

as PC to PO : Upon HI let a Jemi-circle be de-
fcribcd, interfering the circle С DE in K j through

which point draw ÎKL, and make CL perpendicu-
lar thereto -, at which diftance, from the center C,
let a circle ML be defcribed : Then, if from P a
line PD be drawn to touch this circle, the tbing
is done.

D E M O N S T R A T I O N.
Let CD, CK, HK, FO be drawn, and alfo CM

and ON, perpendicular to PD, and HO^to CL.
The right-angled triangles CDM, CKL, having

CD = CK, and CM = CL, have alfo DM = LK
= QH (fince, by 13.3. the angle HKI, as well as L,
is a right-one). Moreover (by Conftrufiion) CI :
OR (OF) : : PC : PO : : CM (CL) : ÇN-, and fo
the triangles CIL, OFN (having their fides pro-
portional ) muft be fimilar ; and confequently
OFN alfo fimilar to CHQ : whence, as QH (or
DM) : FN : : CH : FO (OR) : i f .q( ly Conßr.)
^£.Z).

PRO-



Cenßrv&ien of

P K OB LE M XXIX.
Í0 Àrtero a line EC, to make given angles witk

в lint MN paßng tèrvtigb íbe сбттт center О of
two given circles MEN, KDF, fo thai tee parts
/ierw/CD, ED, intercepted by that line and (fa ttW
peripheries, {ball obtain a given ratio-

C O N S T R U C T I O N .

Let QOM be the given
angle, to which ECM ihall
be equal : In OM produced,
let KA be fo taken, as to be
to the radius OK in the given
ratio of ED to CD; upon
which let a fegment of a circle
ABK be defcribed to contain
an angle equal to QOM; and,
from its interfeftibn with the
circle MEN, draw В A -t pa-
rallel to which, draw the ra-
dius OD ; and thep, through D, draw EC paral-
lel t "

D E M O N S T R A T I O N .
LetBK, BO» EO be drawn, and älfo EP parallel

to DO, meeting OQjmd OM in Ctand P.
Then, the triangles AKB, POQ, having ABK

= POO^C^y Coaßruuim), and KAB =
7. ï.) have their external angles OKB,
equal (by 9. ï) : Therefore, becaufe EO (
*= OK, and EO == BO, thence is OQ^= KB (by
17. ï) ; and therefore, as the triangles POQ, ABK
»re equiangular, PQ> alfo = AK : But (becauft
of the parallel lines) CD ; ED ; : DO (OK) : £Q
(AK). %£.!>.

PRO-



Problems.

PR О RLE M XXX*

?c determine a f oint P, fa that tirée регрея&си-
fas. drawn /гдт. tïence, to as many right-lines AB,
AC* BC, given fy paßioa, Jhall obtain the rat\q ef
three given lines m, n and p, rcfptâivefy,

C O N S T R U C T I O N .

. Take AE
and BF each m

= », and R
draw EM and r

D •
FN parallel Г
to AB i in
which take
EG = и, and
FH r= p -,
tHro' G and
H draw AP
and BP, and
the point of conçourfe P, will le that -заЫсЪ
ta He determined^

D É M O N S T R A T I O N .
Upon the fides of the triangle ABC let fall the

perpendioiJars GL>GK, PR, PQ, PS; and let GI,
parallel to AC, be drawn,

The ajigle LEG being = LAK = GIK (Cor.
ï. to 7. ï.) and L and К being both right-angles, (by
Conßr-), the triangles EGL and GIK are fimilar;
'and thereíbrç IG §») : EG (») : : GK : GL : : PQj
JPR (by «ï. 4)- And* in the very fame manner,
.. - ^. - О/Л . DC rt» Г1 Г».

Afttr the famé way, the Problem may be con-
ftiufted, when the Unes drawn from P ape re-
quired t0 make any given; angles with the lines
upon wh'ich they fall,
4 - * • - • * • .



236 Conßru£iion of

P R O B L E M XXXI.
f o determine a faint P, fo that three' lines PA,

PB, PC, drawn from thence to three given'points A,
B, C, -Jhall obtain the ratio of three given lines a, b
and c, r effectively.

C O N S T R U C T I O N .

Having joined the
given points, in AB
cake AF = я, and AI
= с; make the an-
gles AFG and AIK
equal, each, to ACB ;
and from the centers
F and G, with the ra-
dii b and AK, let two
arcs be defcribed, in- .
terfeéling in H •, from "
which point draw HF '
and HA \ then draw BP to make the angle ABP
= AHF, and it will meet AH (produced) in the
point P, required.

D E M O N S T R A T I O N .
Let BP, CP, and GH be drawn.
The triangles ABP, AHF being equiangular, it

be, AP : Bi> : : AF (e) : FH (b} -, alfp AB :
AP : : АН : AF -, and AB : AC : : AG : AF (Ье-
caufe ABC and AG'F are likewife equiangular, (£jy
Conßr.). Now, feeing the extremes of the two laft
proportions are the fame, the four means AP, AC;
AG, AH (by io. 4.) will therefore be proportionals;
and fo, the triangles ACP, AHG being equiangular
(by 15.4.) it will be AP : CP : : AG : GH (AK) : :
FA (a): AI (c). % E. D.

P R O -
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P R O B L E M XXXII.
To determine tie foßiion of a point P, at which,

lines drawn from three given points A, B, C, ßall
make given angles, one with another.

C O N S T R U C T I O N ,

Draw AB, upon which (by
22.5.) let a Segment of a cir-
cle APB be defcribed, capa-
ble of containing the given
angle which the lines drawn
from A- and В are to in-
clude ; and let the whole
circle be completed ; make
the angle ABD equal to that
which the lines drawn from
A and С are to include ; and from the point D,
where BD meets the circumference, through C,
let DP be drawn, meeting the circumference in P -,
which is the point required.
. For, AP and BP being drawn, the angle APC
'will be = the given angle ABD (by n. 3.) both
Handing on" the fame arch AD : And APB is alfo
of the. given magnitude by coriftruftipn.

P R O B L E M XXXIII.

Any two unequal fegments AB, CD of a right-line
AD being given,, as will in foßtion as length ; to de-
termine a •point P in a line MN of any kind, given
by pofttion ; at -which the two angles APB, CPD, fub-
tended by tbofe fegments, ßall (г/poj/ible) be equal to
each other.

CON-
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CONSTRUCTION.

Make 80 and DC
parallel to each other,
taking the formerez
BA, and the latter =
,DC -, and thro' their
extremes draw caO, о
meeting DA produ-
ced, inO: Take OF
a rnean-prpporcjonail
between OB and ОС ; and from the center ,
with the interral OF, let a cirde FG be defcribed ï
which (whea the Problem is poffible) will cue (<?r
touch) MN, and the point of ioteríèiaion P,
be that required.

D EM O N S T R A T I O N.

Let PO, PA, PB, PF, PC, rod £t> be
Becau&OD : DC (DC) : : OB : Ba (BA;, it will

be (by dMßoH) OD : ОС : : OB í OA ; and confs-
quently OD x OA = ОС x OB Ä OP1 (by Cmißfj.
Therefore, feeing that OA : OP : : OP : OD, and
that the angle О is common to both the triangles
OAP, OPD, thcfe triangles muft bjp equiangular
(by 15. 4.) and confequently APF=OPF (OFP)
— OfACODP)^ DPF fo9. ï). In the Very
feme manner, becuufe Oß : OP : : OP :OC,- the
angle BPF will be=±CPF-, antf, contóqjiêfttífe
APB alio ss CPD. £. D. '

P R O -
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P R O B L E M XXXIV..
gty-Unes AB, АС &«5f ^Wí»

Itngtb anafoßtion \ from the faint of tbeir comoarjí
A, foie artet» another line AI, that two фгреюйся-
íars IP, IN, falling from the extreme thereof upon
the two given lines, ßatt cut off alternate fegtnexts
BP, CN in a given ratio each io the line AI f»
drawn*

C O N S T R U C T I O N .
Let the given

ratio of A1,BP f
and CN be that L
of the lines j>,
j and r, refpec-
tively.TakeBE
s= j, and CL
= r ; making
BD, EG, CD
andLG perpen-
dicular to AB
and AC, fo as
to meet in. D and G: Draw DA and DG, ana
from G tq AD, apply GH =^, and parallel thereto
draw AI, meeting DG produced (if needful) in I,
a»4 îbe ibiyg is dont.

D E M O N S T R A T I O N .
Becaufe of the parallel lines, AI : GH (: : ID :

GD) : : BP : BE -, whence, alternately, AI : BP : :
GH (p) : BE (ï). In the very fame manner Al :'

PRO-
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P R O B L E M XXXV.-

^ Between two lines AG, BH, given both in poß-
llon and length, to draw a line MN, which Jball bt
in a given ratio to each of the fegments MG, NH
eut off from ike two given lines.

C O N S T R U C T I O N .

Let the given ratio of
MN, MG and NH be
that of r, m and », refpec-
tively : In AG and BH
take Gg = w, and HA
== я ï and, having drawn
GH, parallel to it draw
Ъ1 ; to which, from g%

apply £K = г.; draw
GKN, meeting BH in
N, and parallel to Kg
draw MN, and the thing is done.

D E M O N S T R A T I O N .

Becaufe of the parallel lines, it will therefore be
MN : GM : : £K (r) : G£ (») ; and likewife
MN : £K (r) : : GN : GK : : NH : Hb (n) ;
which laft (by alternation) is MN : NH : : r : n.

P R O j



Geometrical Proèkms. 241

P R O B L E M xxxvi.
5Г» «farce» л Ше DF; ta tut tbrte otbir fínei AB,

ÃGj BC, íftvfc ^r ДО/ftg i /0 tóef ЛЬ* /toe farts
titer etfVJbt EFj mtrcèpttâ h tbafe lineíi jhàU be
refpeliivfò equal to tm given tines, dej ef.

G O N ß T R У C T ï O N.

Upon the
right-lines dft
eflet twoícg-
ments of cir-
cles, í/«/, w/,
be defcfibed,
f õ contain an-
gles, refpeo
lively equal
to BAG and
B€G: Then
(.fy Prob л 7". j dYàw/л, fö tKät the par
by the fvto péïipfierws, Й»аЙ be «paal te AÍ? j ioift
e, ^, and taftf Ai"=:.e/, AD= Wj the»
DF, e»</ /^ й>% is done.

U É Â l O N S t R A f ION.
friaWgle* FADy faa-f having AF == of,

AD Â íírf,. and1 A ±s л ̂ СотфгиШЬА), atenuai rã
sftt rjÈApeélss ? arid1 diefefóré (if A be dretf fr)- the
<íiaftèl*-ífCKy/?^ Raving F =/< FCE =M and

á* í/, \*i№ aifo Ш equal and dike : Therefor^
Wholes BK, <^r ándftÍjypA-ís-FEv/í are

thé: f ertvaitring part» &$ an* ^ imift Hk<h
wife beeqiM. %£. JR.



ConßruSlion of

P R O B L E M XXXVII.
Through a given point P, to draw a line DPF,

to cut three Unes AC, CB, ABb, given by poßtion ;
fo that the farts thereof DE, EF intercepted by thofe
lines, ßall obtain a given fatio.

C O N S T R U C T I O N .

In CA pro-
duced, take AT
to С A in the
given ratio of DE
to EF; and, hav-
ing joined В, Т,
draw PQ paral-
Jel thereto; and
from its interfec-
tion with BC,
draw QN, parallel to CT -, alfo draw AR parallel
to BC : And in RB take RH (by 18. 5.) fo that
NH x RH = PQ_x TR: Then draw AH, and
DPEF parallel to it, and the thing is done.

D E M O N S T R A T I O N .

Becaufe (by Cotißr. and 10. 4.) NH : TR : :
PQ : RH : : QE : AR (by 14. 4.) it follows (by
alternation) that NH : QE : : TR : AR : : ТВ : BC
(èy 12. 4.) : : BN : BQ: Therefore EH (when
drawn) will be parallel to QN or AD (by Cor. to
ia. 4) ; and fo DEHA being a parallelogram, we
have again (by fimilar triangles) as DE (AH) :
EF : : 1H : IE : : AT : AC. % £. D.

When the fegments AD, BE, cut off from the
given lines AC, BC, are required to be in a given
ratio (inrtead of DE and EF), the conftruftion will

be



Geometrical Probktiïs.
be the fame ; provided that CT be taken to BC
in the ratio given. " For» then AD (EH) : BE : :
CT : BC.

P R O B L E M XXXVIIÍ.
To draw a line A BCD to cut four other lines

MONP, NQ, ROT, SMT, given by foßtion\ fa.
that the three f arts thereofAB, BC, CD, intercepted
by thofe lines j may obtain the ratio of three givert
lines m, n, and p, refpe£iivelyt

C O N S T R U C T I O N .

From any point
/ in NP draw
fbg parallel to
TMS, interfeft-
ing NQ, in b ;
and,having taken
i>g to bf in the
given ratio of «
to m, draw NgE :
Moreover, hav-
ing taken OH to
MO in the given

243

XH I* A ^

Т Ль Ä

ĴP

•m-

ratio of я to p, draw THG ; and from (G) its in-«
terfeftipn with NE, draw GI and GF parallel to
MP and ST, refpeftively, cutting NQ. and TR
in В and C; thro' which two points draw ABCD,
and tbe thing is done.

D E M O N S T R A T I O N .

By fimilar TAB : BC : : BF : BG : : If: bg : : m :tii
triangles )BC: CD ::CG:CI::OH:MO:;»:j>.

C E. D.

R 2 PRO-



Gonßr-цШоп

To «ftvzw /wo /IBM CA, CB, /row 0
C, /o terminate in two otber lines PM, PN, given
by pojition^ and wbieb, together wiik the line AB,
jetting tbfir extreme ßeß fam. « tfiavglt* ABC,
fttnfar to a given Q»et ahc.

Upon ab let a
fcgment of a circle
apb be deíçribed»
to contain an an-
gleequaltoMPN,
and &C the wKole
circle be; comptet-
ed ; draw PC, ajna
alio í?í, rnjaking
the angl^ ïo£. 5=. CPN, and mterfeftin^ the p
phéry in e,\ a^i thrcugH, c, draw/#, rheeiing
peiipjifiry m^.i malte 3>e, angles ТСД and t
tefpéflively equal tp. pea zosij'ce; then join A

/ the thing ц- done.

P E .Ц 0 N

If $я ajid p
PRJ — f^, bpt,b

A "T I O-N.
,; then, vjíill. t;hg aíngje'

the' remaining angl-es ÀPC aj)d fl^
quemly be equal ; whence, às PCA = pcat

PCB =-pcif (fa Соф\.}, the, 1г.цпе1е* ДРС,
»nd BPC, fyc arc equiangular ; and therefore AC :
ее. (í •• PC :'p{) : : CB : c^- A'nd fo the triangles
ЛВС, лД?, Having. the fides. about thq equal) angle»
ACB, acb, proportional, they are like to each other

P R O -



Pro&ktâs.

P R O B L E M XL.
To defer ibe a triangle PQR, equal atid ßmilar to

è give» triangle pqr, ч&ЫсЬ ßfatt bavé its angular
ptimts placed hi tbret rtgbt-Кш ABC, BD;
given '

C O N S T R Ü G T ï ON.

Upon the twio fides ^f,. pr. let two fegmen
of eifctea pfy,par be iieferibed, to .contain angl

nents

y equal t<j> CJSD and CÁE : Tbendraw
/... 4^ . ,JÍ>. 2?7-)' fo1 ihat.tiie- part thereof 6át ÍA-
fercej)tts(i by the two peripheries,: fnall be equal Co

BA i and, .having Joined- ̂ vjr anã a^rf make BP
= íp, BQ sa Ъ^ AR = äf,. and W PQr í R, and
QR be drawn for the fides of thf triangle r£-
q.uircd.

1* S:T K A- T F O- N.
v PBQ,̂ , bëfig éijuaï

'
The

and aliki iri ali гефе^АХ'О' ^^л)»:' nöt' only
fides PR, />r ; FQi ̂ - büe the átigfetf QPR, ^;
will' be eqirali arid1,- conféqtwíntiy,- the1 iWo triatt-
elcs POR, «cr alfo equal and like" to' each' other-,
5, £. DT

PRO-



f 4$ ЧЪе Çonftrtí&ion of

P R O B L E M XLI.

f o defcribe a trapezium fimilar to a given one
efgh, having its angular points placed in four right-
lines CN, BM, AL, CBAK given by pofition.

C O N S T R U C T I O N .

Let three points p, q, r be found, from whence,
as centers, fegments of circles may be defcribed,
upon ef, eg, eh, to contain angles equal to the
three given angles KAL, KBM, KCN, refpec-
tfvely -, draw -pq, in which, produced (if neceflary)
cake qs to qp~ in the proportion of BC to AB ̂

and, having drawn rst, make ec perpendicular
thereto, interfering the three circles in a, £, r.
Take AE : AB : :ae:ab; and make the angles

. CEH, CEG, and CEF, refpeftively equal to ceb,
(eg, and «/; then let H, G and G, F be joined i
and, I lay, the trapezium EFGH wilj be fimilar to
$.he given one efgb,

RE-



Geometrical'

D E M O N S T R A T I O N .
: Let af, bg, ch, be drawn» and alfo ftv, jü, per-

pendicular to ее. So íhall ab = eb — ea == геи —_
ieva — 2V1JV ; and bc '•=. ec —- eb = 2f/ — 2ev =•
4-u/ : And therefore д£ : bc::vw.vt : : ЭД : qs (h
ï3. 4.) : : AB : БС (ty Conßr.}. Again,feeing the
triangles EAF, ^дД ËBG, ebg\ ECH, í^ are, re-
fpedively, equiangular (by Conßr.) it will be EG :
eg : : EB : eb : : AÈ : ae (by Conßr. and Compofttion)
: : EF : ef(by 14 4); and fo the triangles GEF,gef
(having the fides about the equal angles proportional)
are fimila'r. And, in the very fame manner, the two
remaining triangles EGH, egb (and confequencly
the whole trapeziums. EFGH, efgh) will appear to
be fimilar. Я. D.

P R O B L E M XLII.
'o defcribe the circumference of a circle through
given f oints А, В, -which fliall touch a right-lint
given by pofition.

C O N S T R U C T I O N .

Draw AB, which ;
bifeft in E by the '*
perpendicular EF,
meeting CD in F ;
from any point H
in EF, draw HG
perpendicular toCD;
and, having drawn
BF, to the lame ap-
ply HI = HG, and
parallel thereto draw BK, meeting EF inK; then
from the center K, with the radius BK, let a cir--
<Де be defcribed, and the thing is done.

R 4 D E~



В ЕМ О К S T R A T f О N.
fi» Д> W$ Ф*№ &k pWFn^tec t» PP :

Theo, heajvtfe $f th? ршУ<4 line$, BC : Ш ' <
: p. íijf 2i, A.) i w-Цепс^ ^ HQ ^4 Hl

^«4 Kft are ^W\ и1*.**>Гв : But i
thç Coní\iuá|iojj\, th^t ^Д is ='

to
, H/

DIH ц а

.
fifora. В UP .
br itjappffi-blc. And çhç bkÃ Ц v^ be
jn the conftruftion oif the fublcqu^nt

P R O B L E M XLJII.

fy 4tff?ib$ 4f VfWQfe*1?* °f « ЩЬ- ^-хл8~ ••
g'rvenpoint A, whichßall toucb,t(a^.KÍg^t-^ttu BC,
BD ^;w» by pofition.

From the point
of concouçie B
of the two given
lines, àrnw BÁ ;
and alfp BN., ta
bifeét the ^ngle
COP,-;, from алу;

point Ë in, BN«
upon BC, let fall

C O N S T R U C T I O N -

A

îar, KF, apd to,
8A apply fcQ,^

A



X parallel te whích áraw AH, meeting BN in
H ; then from «he center H, wîeh the interval
HA, let a circle bç defcribed, W >^/ iíw>/ ú
fone. '

D E M O N S T R A T I O N .

Upon BC and fiD lee fall die perpendiculars
HI and HK i which are manifeftly equal, be-
eauíè (by Соф.) theangte HBl = HBK : Mòre-
over, aj3 EF and EG are equaJ^ HI and HA, aie
Olio eqijat (Jy- 2:i. ̂ >. S^M'. &.

249

£0 defortàç a, с/*о5ь wMck Jpatf touck 4
circleAaM, and two right-lines BC, BD, givai
poßtion.

C O N S T R i r C T I Q N ,

^ ... ....j to. BC^atíhetdltâanefcof tbft
.._: AAV aod? tbreugh tube раин e€ coiKoude.

В of the two given lines, draw NBP, bifecting»
the angle CJJt^ зпё i»Wie& PQ in P i moreover,
fr.Qm an^ çojnt, E ia PN, uçpn PQ, let fall the

perpcn-



2CO
perpendicular EF, and from the fame pointy t»
PA, apply EG;= EF ; draw AH parallel to EG,
meeting the periphery of the given circle in M,
and the right-line PN in H, from which laft
point, as a center, through M, defcribe the cir-
cumference of a circle ; and tbe thing is done.

D EM O N S T R A T I O N.

- .Draw H S perpendicular to BD, and HK to
PQ, interfering ßC in I.

Then, becaufe EG and EF are equal (by Coriftr..),
HA and HK (by 21. 4.) are Hkewife equal; from
which take away KI = AM (Ал), and the re-
mainders HI'/HM will be equal : But, it is evi-
dent, that HI is = HS, becaufe BH bifecb
the angle IBS j therefore HI = HM =

P R O B L E M XLV.
To defcribe tbe circumference of a circle through

two nvsn points A, B, and -which foall alfoi.toueb
another circle Odb, -given in pofítion and

С О N S TR U C T I O N .

Bifeft the given diftance AB with the perpendi-
cular DE, in which (by Prob. 15.) let the point С

be



Geometrical'r Problems.
be fo determined, that CO (when drawn) ihall ex-
ceed CA by the radius Od of the given circle.
Then that pQirit,-it is manifeftj-will bç the center
of the circle to be defcribed.

251

P R O B L E M XLVI.

Through a given point A, to describe the eircum-*
f er еже of á circle, -which ßall touch a given circle B,

alfo a right-line PQgiven by pcßtion.

C O N S T R U C T I O N -

Make AH perpendi-
cular to PQ, and BD to
AH \ and having drawn
AB, in it take BF a
third-proportional to AB
and the radius B</, and
let A F be bifefted in G :
Then draw MN (by Prob.
35.) fo that MN, NH,
and MG may be in the fame given ratio, among
themfelves, as BD, В A, and Ed: And at M and
N let two perpendiculars be erefted on AB and
A G ; which will interfeft each other in the center
Ç of the required circle.

D E M O N S T R A T I O N ,

Let CA and CB be drawn, and alfo CK per-
pendicular to PQ. Becaufe MN : NH : : BD :
В A (by Conßr.) : : MN : AC (by 22. 4.), thence is.
NH (CK) = AC. And fince f by Conftr.) NH
(AC) : MG : : BA : Ed, it is alfo manifeft, from
the Lemma on p. 222. that BC = AC -f- Ш.

PR05



The Oottßrußlon üf

P R O B L E M
7e defcribe a circle Oambt wbicb ßall fouce two

given circles AEa, BFb, and alfo a right-line CD,
given by pofftión.

C O N S T R U C T I O N ,

From the radius BF of the greater circle, take
.away Fe equal to the radius AE of the leffer;
and from Ле center B, with th« inctfrval B£, de-
fcribe the circle Bfo; alfo draw F Q parallel to
CD, at the diftance.of F* 6t AE : Therïi by the

laft Problem, -lettíie center O ojf a. circle be Found,
whofe circumference ifialt pafs tKro'* A, and touch
P-Q and Beo>; and tbe- iame, point 0 will, likevwfe,
be- the. center oft tbe reqjjiied circle 00mb.

1 0'N-ST R A T IÖ №

Draw Оя, perpendicular to PQ, cutting;CO i»
i alfc let OA and OB be drawn interfecïmg the

circles



Д and 6 щ a and. v; Then.tfncc (by Conßr.)
ДР = í>Q = «Q, apd A« ( ДЕ) =5 *v (FÃ) = пщ
]ct thçfe Ц(1 b« rdpeíkivçjy taken from the for-

thçre will remain O# =? O^

P R O B L E M

Л defcri.be tie Circumference of a circle through a
given point A, wbicb jhatt touch itao other circles В
япа С, given inpoßtion and magnitude.

C O N S T R U C T I O N .

To the centers of the
given circles, draw AB
and AC; in which take
B£ = a third-propor-
tional to AB and the ra-
dius BE ; and Cf = a,
third-proportional to AC
and the radius CF : bi-
fecl A£ and Ac in^ G
and H, and let Fr be
drawn parallel to AB,
meeting BC in r. Then
(by Prob. 34.) draw АО, fo that OM and ON being
drawn perpendicular to AB and AC, the three
lines АО, GM and HN (hall have the fame given
ratio among themfelves, as AB, BE and Fr. Then
ihall the point О be the center of the required
circle : For, fince (by Conßr,) ДО î GM : : AB :
BE} and АО : HN (: : Aß : Fr) : : AC : CF -, it
is manifeft, from the Lemma on p. 222, that QB
= AO -l- BE i and QC = АО + CF. % E. D.

In



254 ^ ConßruEtion &c.
In'the very fame manner, a circle may be de-»

{bribed to touch three given circles ; the Problem
amounting to no more than, To find a point from
•whence linest drawn to three given points^ jhall have
given differences: Since a point fo found will aU
ways be the center of the required circle, as well
when the three given circles are to touch that circle
inwardly, as when they are all required to touch
it outwardly.

The End of ike G E O M E T R I C A L CONSTRUCTIONS.'

N O T E S



N O T E S

G E O M E T R I C A L a n d C R I T I C A L

O N T H E

Elementary Part of this WORK.

yf

^/У

10. Book I. What is here laid
down, as an Axiom, would, more properly,
have been made a propofuion, had it ad-

mitted of fuch a demonflration, as is perfeélly
confiftent with geometrical flricbefs and purity.
But the laying of one figure upon another, what-
ever evidence ic may afford, is a mechanical con-
fideration, . and depends on no Poflula'.e.

fheor. 4. and 5. Book I. There is fcarce any
thino- more obvious to fenfe, and at the fame time
more difficult to demonftrate, than the firft, and
moil fimple properties of parallel lines. Even
when we have (in Theor. 4.) proved the poffibility
of the exiftence of fuch lines, we cannot from
thence infer, that their diftance from one another
is every-where the lame -, without having recourfe
to an Axiom, which, though very evident to
fenfe, cannot be demonftrated. Thefe difficul-
ties wholly arife from our not having any proper-
ties, previoufly demonftrated, whereby ehe progrefs
of a right-line, produced out, can be traced, with
retpeft to its diftance from fome other right-line,

afligned. ;



256 Notes geometrical and critical
affigned ; nothing lefs being required here, than
the proportionality of the fides of equiangular tri-
angles ; which is not proved before the middle of
the Fourth Book, and which depends upon thefe
very principles.

Scbol. to Thecr. s- Bo°k I- As there are feveral
conditions requifite to make up the definitions of
a rectangle and fquaré, it was neceflary to ihew here,
that the feveral properties afcribed to thofe figures,
are not incompatible one with another. Euclid is
very ftrift in this particular, and nevtr undertakes
to demonftrate any thing relating to a figure, till
he has proved the pofiibility of the exiltence of
fuch figure by an actual conftruclion.

fbeor. 22. Beok I. This prôpaíítiOfí, whkfi is
not in Euclid, is of confideTáble üfe, being often
wanted in determining the МлхШа
m mathematical enquiries.

fbeor. 27- Book Í. This Thedrtfm, tftöürfi flot
in Euclid, is alfo very ufeful, at leaft, fO;ooT dfffigri :

by it we are not only enabled to divide a right-
line into any number of eqctal paffs-,- *ith'otrt the
help of prdportiof», but affo fo- deWoriftfatC fhat
molt important propöfiftofl, Vbât ïbi ЫянЛ<%ш

Jld&s «f equiangular triangles ttft pttiporfmai ti ís
true, the metliocf ptfrftied her«, fe nef efXaéïly édft-
formable to the idea of proportion* d^lïveYéd in
the 6th Def. of Eucftd's $ät ßttük. BuC,
in that Hghf, the démon ftfafiort- wi'll fee
ealy, without inferring- it from flie
»£ '
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Notes geometrical and critical.
'Theor. ï. Book II. This propofition, which is not

mentioned by Euclid, may be thought unneceflary ;
but it muft either be
demonftrated, or af-
fumed, as it is wanted
in almoft every pro-
pdfition of the fécond
book : By means of
it, we alfo arrive at a
general, and very eafy
demonftraiion of that
important Theorem,
fhat all parallelograms
(AEFD, aefd) which ßatfd upon equal bafes,
have equal altitudes, are ibemfelves equal ; For, when
it is known that thefe parallelograms AEFD, aefd
are equal, refpeftively, to rectangles A BCD, abed,
of the fame bafe and altitude (which is proved in
Prop. 2.) it is alfo manifeft that .they muft be equal
'to one another, as their equal redbngles ABCD,
abed are fhewn (by Theor. ï.) to be equal, the one
to the other. This -determination, is more general
than that given by Euclid, in the ^fe th Prop, of his
firft book -, where he demonftrates the equajuy of
parallelograms, whole equal bales are in the fame
ftraight line : Which may, perhaps,be thought fuffi-
cient for the whole -, becaufe, if the bafcs are not
in the fame right-line, one of ihe two figures may
be conceived to be removed, and Го placed,'that i:s
bale (hall be in the fame right-line w i t h thr bale or.
the other.—But, that thefe were not Eu.lid's fenti-
ments, is evident from this-, He hints at no fuch
thing: And had he approved of this iorc of de-
monftration, his 36th Prop, would have been in-
tirely ufelefs ; as nothing more (alter the 35th)
wonrd"be neceffary, in order to a gener-.il demon-

than barely to place, one bafe upon the
S other.

257



258 Notes geometrical and critical.
other. But it is certain, that this is a kind of de-
monftration, which Euclid never has recourfe to,
when the thing in hand can be done without it.
For which reaibn I cannot help wondering a little,
that that very accurate Geometer, Profejfor Simfoti
of G/afgoiv, mould make ufe of it, where (I ap-
prehend) Euclid would not. The place, I have
now particularly in my eye, is the addition (for
it cannot properly be called a corollary) made
by him to the firft propofition of the fixth book :
Which addition would have been quite unneceflàry,
had what is above remarked, refpecting the equa-
lity of parallelograms, been fully eftabliihed in
the fécond book: For then the demonitration, that
parallelograms, having equal altitudes, are as their
bafes, would nothing differ from that whereby pa-
rallelograms, Handing between the fame parallels,
are proved to be in proportion as their bafes.

<ГЬеог. p, ii, 12, 13. Bock II. Thefe four Theo-
rems, t ho' not in Euclid, are of very confiderable,
ufe, particularly the two fiift of them.

'Thecr. ï. Bcok III. This eafy propofition is add-
ed in order to give the learner a proper, and more
precife idea of the quantity of an angle, and of its
divifion in practical ufcs.

ïhcor. 2, 3, 4, 5, б, ;, 8, Book III. Thefe-feveft
propofuions comprehend all that is moil mate-
rial in the firit feventeen Theorems of Euclid's
3d book.—As there is no where, in this author,
ib long a run of propofmuns together that are lefs,
entertaining to learners, or of lels real importance,

.than the greater part of the laid Theorems ; I
thought it would be of ufe to reduce the fubftance
of them into a lefs compafs : And I flatter myfelf»
that 1 have not fucceeded ill, in this particular.

Wear.
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'Theor. 24, 25, 26, 27, 28. Book III. Thefe

Theorems, which are all of very confiderable ufe,
will not, I flatter myfelf, appear lefs plain by
being proved independent of proportions, as the
demonftrations here given are, not only more con-
cife, but depend alfo upon fewer principles.

Def. 12. and 13. Book IV. The explication here
given, is not ftriffly conformable to the idea of
ancient Commentators, but is delivered in a fenfe
fomewhat more general. With them, the compo-
Jîtion and divifion of ratios, extends to thofe cafes
only, where the fum, or difference of each antece-
dent and its confequent, is compared with the con-
fequent. "When the antecedent is compared with
its excefs above the confequent, this they call the
converjîon of ratios. But in fuch cafes where the
antecedent is lefs than the confequent, and where
the fum, or difference of the antecedent and con-
fequent is required to be compared with the ante-
cedent-, it does not appear that any terms have
been given to fignify fuch a comparifon. Profeffor
Simfon thinks, that the definitions we have, are not
Euclid's, but an addition by Tbeon ; which to nie
appears highly probable : This at lead feems clear,
that thefe definitions ought, either, со have been
extended to a greater number, or elfe to have been
rendered more general. For this reafon 1 have,
after the example of modern Geometers, given the
fignification of thoie terms, fo as to include all the
feveral cafes : And this, I thought, might be done e

with the greater propriety, as the truth of whatever
is here underftood, depends upon the fame demon-
ftration.

Tbeor. 20, 2i, 22, 23. Book IV. All thefe Theo-
tho* not in Euclid, are of confiderable ufe ;

S 2 by



26o Notes geometrical and critical*
by the two former, the demonftration of feveral
others is rendered .more eafy ; and the latter have
been applied, to good purpofe, in the analytical
determination of fome difficult geometrical pro-
blems.

Prob. 3, 4, 5, 6. Beck V. In the derrionftrations
here given, it may be thought, that I have'af-
fected an unnecefiar'y exactnefs, by making them
depend on Axions alone. But I was willing that
thefe fundamental propofitions mould have the
fame foundation and evidence, as they appear to
ftand upon in Euclid; without referring to any
thing derived in virtue of the 4th Poftulace.' But,
whether 1 judged well, or ill, in this particular, is
of little confequence, as the demonstrations here
given, are not lefs plain, and but very little longer,
than they otherwile would have been.—The Pro-
blems themfelves might, indeed, have been given
along with the Theorems, as they became necef-
fáry, according to the method purfiied by Euclid ;
whereby any objection, of this fort, might have
'been avoided. But, bdïdes fome fmall convenience
to the learner, there is a real advantage in having
the Problems all together, after the Theorems i
fince, from a great choice of properties, ready de-
monftrated ro our hands, we are often able to ar-
iive at a fhorter and better conftruction, than
could pofi'ibiy be given from fuch properties alone
as aw. antecedent to Euclid^ folution of the fame
Problem ; his method of writing having obliged
him to introduce the leading Problems as foon as
poííible, in order to evince and eilablifh the con-
íiílence of his definitions, and to open his way in
a regular manner to the many ufeful Theorems
thereon depending, And it is for this reafon alone,
that many of his Constructions are not fo well

to practice, -as thofe in common ufc.
Upoa
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Upon which account, fome have been precipitate
enough to biame him ; not Teeing, or eonfidering4,
that fuch Cooftruftions, tho' not fuited to anfwer
every purpofe, were the moft proper for his plan,
and the beft that could be given in the places
where they ftand.

Prob. 8. Book V. The reafoning in this propo-
fition, to prove that the two circles will cut each
other, may, to fome, appear needlefs. Profe/or
Simfon (at p. 359. of his Euclid) has been a little
fevere upon me, on this head, for attempting to
fupply, what I thought, a fmall defeit in Euclid.
** Who is fo dull (fays he) tho' only beginning to
" learn the Elements, as not to perceive that the
" circle defcribed from the center F, ÖV." It is
not without a real concern that I here fee this
able Geometer drop his own character fo far, as
to exprefs himfelf in a manner fo very ungecmstri-
cal. If the thing is, indeed, eafy to be perceived,
it mud be fo, either, as an immediate object of the
fenfes, that is, in plain terms, by infpeclion j or
elfe it muft be in coníèquence of geometrical rea-
fonings antecedent to the thing itfeJf. Now I am
clear that he would not be thought to mean the
former -, and, as to the latter, nothing had been
given from whence the evidence of the inference
could be fo clearly feen : For, tho' it is proved,
that any two fides of every triangle are greater
than the third fide, it would be abfurd to urge that
conclufion in the cafe before us -, becaufe the quef-
tion here, is, whether a triangle, under certain
fpecified conditions, can, or cannot be formed I
and, therefore, to conclude any thing from the
properties of triangles, would be ridiculous, and
nothing lefs than begging the queftion. That the
determination propofed limits the Problem, no body
will difpute : But then, is it not necceflary that

S this
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this mould be proved, in Elements of Geometry»
where a reafon, for every thing 4is, or ought to be
given ? From thus confideration, I cannot intirely
approve of the emendation propofed by this Editor
to Euclid's 24th Prop. Book I. For, tho' the addi-
tion there made, does indeed reftrain the propofi-
tion to one cafe ; yet this ought to have been de-
monftrated, by mewing that the point F (vid. p. 29.)
muft in confequence of fuch reftriction, necefiarily
fall below the line EG ; but this is not done.
Many other inftances might be produced to mew,
that this gentleman, who often appears a little too
hafty and fevere in his cetrfures, is not, himfejf,
every-where equally guarded. In Prop. I. Book III.
he bids you to draw a ftraight-line within a circle,
without fpecifying that it muft terminate in the
circumference ; and, what is a great deal worfe,
he here very improperly ufes the word within ;
when the propofition itfelf is laid down in order to
prove, in the fubfequent one, that fuch line muft
neceiTarily fall within the circle. Thefe are, it is
true, but little matters ; but lefs than thefe have
fallen under this gentleman's notice. At p. 358.
M. Clairaat is glanced at, for an inadvertency of
this fort. And, in the note at the head of p. 415.
it is faid, " The words, for a ßraigbt-Iine cannot
" meet a ßraigbt-line in more than one point, are left
" our, as an addition by fome unfkilful hand ; for
*' this is to be demonftrated, not aflumed.'' Now
can it poflibly ihew any want of ikill in an editor^
to refer to an Axiom which Euclid himfelf had laid

'down (Book I. № 14.) and not to have demon,'
ftrated, what no man can demonftrate ?

Prcb. J 6, /7, 18. Beck V. Thefe three Pro-
blems, tho' not fo frequently wanted as fome of
the preceding ones, are neverthelefs of very confi-
dcrable ufe. The two laft of them are the fame,

ia



Notes geometrical and critical. 263
în effect, with the 28th and sgth of Euclid's 6th
book ; but are here put down in a manner rather
naore commodious.

Axiom, p. 131. This Axiom is fubftituted m-
ftead of the common definition of equal folids,.
which, I really think, is too bad to be the work
of Euclid. It is not a definition, but a propofirion,
*' whofe truth or falihood ought (as a very judi-
*' cious writer obferves) to be demonftrated, not
" afiumed." Neither is it at all conformable to
Euclid's, manner of writing, where he eftabliflies the
foundation whereon the equality of plane figures is
grounded ; which he does, not by means of a de-
finition, but from the application of two of the
moft fimple figures to each other -, fo that, from
the coincidence of their bounds, their equality may
appear manifeft. And this method we have pur-
fued in treating of folids ; without which a clear
and diftincl: idea of their equality can be no more
obtained, than of the equality of plane figures in-
dependent of the 4th Prop, of the firft book, which
is our loth Axiom. I íhould have faid a good
deal more on this head, but I find that Proférer
Sim/on has already placed this matter in fo ilrong
and clear a light, as to render any farther apology,
or comment unnecefíary here. Tho' I muft con-
fefs, that, had this gentleman's work come into
my hands * before the elementary part of my own

had

* Thii did not happen till the middle of laß No-vernier ; when
Icing in town, in company i-jit/j my bookfcllcr, and being frcjjid by
him to ßnijh ; I acquainted him that every thing <UY« actually
ready, except the Preface, •which would coß тс Jomc fains, ßnce,
it ivoidd he necejfary to obviate fome olijeftioni, particularly luith
regard.to the rcafons for my rqcfling Euclid'/ definition ofeqvilju-
liíii, and building upon a dijfcicnf foundation. On which, be im-
ivediat:Iy let te( know, that Mr. Rob. JJimfon bad alrsadj cleared



264 Notes geometrical and critical,
had been intirely. printed off, the definition of &•
milar fplids, which J have given, from Euclid^ would
have been delivered under a form fomewhat dif-
ferent. For, tho1 it involves no abfurdity, as it
now ftands, yet there'are certain cafes (but fuch in-
deed as do not occur in any Elements of Geometry)
where it will not afford the precife idea it ought
to convey.

Poßulaium, p. 131. The unfatisfaftory and in-,
conclufive demonftration given to Euclid's'zd Prop.
Book XI. (by Euclid himfelf, or fome lefs íkilful Edi-
tor) feemed to render fomething of this fort necef-
fary. In that demonftration it is taken for granted,
than one part of the triangle, at leaft, muft be in
the fame plane. But it has been very juftly ob-
ferved, that a curve-furface may be bounded by
three right-lines : Nor does it feem eafy to form a
clear idea, that even a part of any one of the three
lines will be in the fame plane with one of the
others, unlefs by conceiving a plane to be turned
about upon the one, till ic meets with, or falls
upon fome point in the other. And I have the
fadsfaction in this particular, to fee my fentiments
ехаШу agree with thofe of a very good judge,
whole name, 1 have, more than once, had occafion
to mention in thefe notes. It is true, he makes
that a Theorem, which I lay down as a Poftulate.
But, imce a plane can no more be turned about
upon a line, than a line can be drawn from one
point to another, it feemed to me, that the one

up that point ; ar.d exprrffcd hi) furfrise that a ivori of fo much
nunte, nvhirfin (he told me) my o-wn name <was more than once
mtMttinra, hsa not come into »;>' beatas, A copy of ivbich I re-
frivíJ from him the next morning. In confluence whereof I
tbunftd n:\- jirfl ílejigu af writing a long Preface ; thinking it laoulct
be i'i'itrr lo <>i4v wi'at 1 bad to cffer, in notes, after the example of
if'ii LMiot:

was
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was as properly a Poftulate, as- the other. How-
ever, whether this be, or be not allowed, is imma-
terial, as the degree of evidence is precifely the
fame. There is, indeed, one reafon, why this Theo-
rem, or Poftulate, ought to have preceded that gerir
tleman's demonftration of Prop. ï. Book XI-, It i$
there wanted : For, in the Corollary on which
that-demonftration is made to depend, the lines
AB, BD, BC are fuppofed to be all in the fame
plane ; which ought by no means to be aflumed in
the ift of the nth. Euclid's loth Axiom, which
that Corollary is intended to fupply, and by which
the propofition is ufually demonftrated, is not li-
mited by any fuch restriction.

Theor. 12. Book VII. This propofition is added
on account of its ufe, being the foundation on
which the whole art of perfpeflive in a manner de-
pends.

Tbeor. 25. Baok VII. From this Theorem, which
is very extenfive in its application, feveral others
of confiderable note may be deduced : one, or
two of which, for the fake of the learner, I fliall
here derive, and put down by way of example.

Let A, B, C, D denote four lines in continual
proportion.

Then
fince1A : B

А: В
A : В

С • D l
u ! p' (It.follows (from: B : C ,

• А • В \ Theor- 25-) thac

AJ : В» : : СВА : CBD : : А : D (by 22.
7.) or that, of four lines in continual proportion,
the cube of the firft is to the cube of the fécond,
as the firft line is to the fourth.

Again, let, A : a : : B: b : :C : с (where A, a\
B, b ; С, с, may be fuppofed to reprefent the
homologous fides of two fimilar parallelepipe-
dcns).

Then,
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ть,п f A : e : В : £ 1
í hen' J A : a : : C : c } Л гНЬ follows,
1ШСС

that, A3 : аг : : ВСА :Ъса\ or, that fimilar pa-
rallelepipedons are to one another, as the cubes of*
their homologous fides.—The proportionality of fi-
milar parallelepipedons, defcribed upon propor-
tional lines, is alfo included in the fame Theorem ;
being no other than that cafe of it, where the
pofed ratios are all equal.

г. s. Book VIII. The demonftration of this
Theorem might have been delivered under a form
fomewhat different, by afluming two other folids
(without regard to figure) the one lefs, and the
other greater than the propofed parallelepipedon
IP, and proving that cylinder muft, alfo, be greater
than the one, and lefs than the other : which is
done by means of Lern. ï. that is, by taking P«,
or Pt, fo frnall a part of IP, as to be Jefs than the
difference between the given parallelepipedon and
either of the faid folids : from whence the de-
monftration will proceed on, in the fame manner
in- which we have given it. But, as thefe ad-
ditional confederations would have increafed the
number of fchemes, and lengthened the procefs,
without adding one jot to the degree of evidence,
it was thought proper, for the fake of the learner,
to omit them.

<Theor. 8. Book VIII. This Theorem is not fo
. ufeful as the Corollaries that follow from it, which
are all of very great importance : In the gd and
4th of them, the proportion of all kinds of prifms
and pyramids is affigned, without the afliftance
of the ufual demonftrations given for this purpofe ;
which, lho* íufficiently evident in themfelves, arc
often found a little perplexing to learners, on ac-

count
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count of the fchemes, wherein fo great a number
of lines is neceflary.

_ Nothing, in the courfe of thefe notes, has been
faid relative to the Theorems on proportions, tho'
io nice and critical a fubjecl:, and tho' the method
I have therein purfued may ftand in need of fome
apology. But, indeed, the whole of what I have
to offer on this head, was too much to be com-
prized in the compafs of one fingle note, and
could not fo properly be delivered in feveral de-
tached ones : For which reafon, I ihall here throw
together all that I have to advance on that fub-
jeft.

There are two objections that may be brought
againft the method in which proportions are treated
of in this work -, the one, grounded on the impof-
fibility of dividing every magnitude into equal
parts -, and the other, on the incommenfurability
of two or more magnitudes of the fame kind,
when compared with each other. The firft of
thefe objections appears, to me, to have very little
weight. For, tho* a magnitude may be fo con-
ftituted, that the divifion of it into an affigned
number of equal parts cannot be, attuallj, effected
by any geometrical conftruction -, yet it is no leis
evident, for that reafon, that every fuch magnitude
has not really its third, fourth, or other affigned
part, tho' we are at a lofs how to take it ; or, in
other words, it feems very clear to conceive, that
in every propofed magnitude, whatever its figure
may be, a lefs magnitude is contained, which, re-
peated an affigned number of times, ihall be equal
to the magnitude given. If, as the moft rigid
judges allow, every plane figure is equal to fome
fquare, and every folid equal to fome parallelepipe-
don ; then the parts of the fquare, or parallelepi-
pedon, which are. actually determinable by a geo-

metrical
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metrical conftructiori, will alfo be like parts of the
figure firft propofed, and fuch as we conceive to
be raken.

The other objection, depending on the incom-
menfurability of magnitudes, is a matter of real dif-
ficulty ; which we have taken fome pains to ob-
viate, in the Scholia to our 3d and ;th Theorems.
Euclid, himfelf, feems to have been not a little em-
barrafièd with it, if we may be allowed to judge
from the different methods he has left us in his cth
and 7th books ; the former whereof, which is
fuited to include the bufmefs of incommenfura-
bles, being nothing near fo eafy and natural as the
latter : It has, it is true, the advantage of being ger
heral ; but, that the principles whereon it is ground-
ed, are neither fo fimple, nor fo evident as might be
wifhed for, the many difputes about them, fince
Euclid's time, by Geometers of the firft rank, will
in a great meafure evince. And farther, it feems
fufficiendy plain, from Euclid's own authority, that
he himtelf was not intirely pleafed with his own per-
formance on this head ; or that he was convinced fat
lead) that i: had not every ad-vantage: For, other-
wife, it will be very difficult to account for his
having de-monftrated many things in his 7th book,
by another method, whofe demonftrations had been
actually given before, in the fth, under a different
form. For thefe reafons, when I fee the extrava-
gant commendations that have been laviihed on this
^th book of Euclid, I am no farther convinced by
them, than that great men may fometimes launch
out too far in behalf of opinions which they have
adopted. And I believe that, whoever has read
the notes on the 5th book, by that great' reftorer
of Euclid^ ProfeJJ'or Sim/on, will be apt to,conclude,
that thofe high encomiums are a little mifapplied.
Indeed, if all that is advanced in thofe notes be
allowed of, I think the author of them has proved

too
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too much -, and this fuperb fabric of proportions,
reared with fo much art, {lands upon a tottering
foundation. It is not by choice that I go out or."
my way to play the critic ; but as |he writers againft
the vulgar and indiftincl notion of proportions (as
they term ic) are very fevere in their cenfures, and
affume a great fuperiority, from the boafted accuracy
of ibeir reafonings, it may be neceflàry to ihcw my
readerj that, tho' what he is here taught on propor-
tions, is liable to fome objections, the method
which iome fo greatly prefer, has aifo its difficul-
ties i and that there are other objections to it befides
its obfcurity. And this I ihall make appear from
this learned Commentator's own authority and con-
ceiîïons -, and in order thereto, (hall firft refer to his
note on Prop. io» vrhich proceeds thus. *• It was
" neceiTary to give another demonftration of this
" propofmon, bècauíè that' which is in the Gree£,
." and Latin, or in other editions, is not legitimate.
" For the words greater^ i he fame, or 'ecua/, leffer^
" have a quite different meaning when applied to
" magnitudes and ratios, as is plain from the- 510.
" and 7th definitions of Book 5. by help of thefe let
" us examine the demonftration of the loth Prop.
" which proceeds thus, ÖV." He then goes on,
in a long note, to ihew ehe infufficiency of a de-
monftracion, which had b.een received, by all, as
perfectly genuine and fatisfaftory ; and at lail comes
to this conclufion. '• Wherefore the loth Propo-
" fition is not fufficiently demonftrated. And it
44 feems, that he who has given the demonftration
" ot the loth Propofition, as we now have it, in-
" ftead ofthat which Euclid or Ettdoxus had given,
" has been deceived in applying what is manifeft,
" when tinderftood of magnitudes, unto ratios,
" viz. that a magnitude cannot be both greater
" §nd lefs than another. That thofe things which
" a,ve equal to the fame are equal to one another,

" is
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*< is a moft evident Axiom when underftood of
*' magnitudes, yet Euclid does not make uíè of ic
«« to infer that thefe ratios which are the fame to
«' the fame ratio, are the fame to one another ;
" but explicitly íemonftrates this in Prop. л. of
" Book 5. The demonftration we have given of the
** icth Prop, is no doubt the fame with that of
" Eudoxus or Euclid^ as it is immediately and di-
•* redly derived from the definition of a greater
«* ratio, viz. 7th of 5."

Here the weight of the objection refis on its not
having been proved, that, of three given magni-
tudes A, B, C, the ratio of A to С could not, at
the fame time, be both greater and lefs than that
of В to C. But, if in the demonftration, here re-
jefted as infufficient, there is any real flaw, it is
chargeable on the definition of a greater and lefs
ratio, as the reafoning from it, is clear, ftrong, and
perfectly fcientific., And I would feriouQy aik the
Contemners of the vulgar and confufed notion of
proportions, if a definition, by which it cannot
be lyiown, whether the ratio of the firft to the fé-
cond of four given magnitudes, may not, at the
fame time, be both greater and lefs, than that of the
third to the fourth, is really calculated to afford
thofe very accurate ideas, they pretended to ? This
Commentator has too much penetration not to be
aware of the force of this objection, which he has
attempted to obviate in one particular cafe. But
the new propofition given by him, for, that purpofe,
ought to have preceded the loth, and to have been
demonftrated independent of it. This he alfo
feems apprized of, when he fays, that " it cannot
" be eafily demonftrated without the loth, as he that
" tries to do it wili find." Butj be this as it will,
I am not at all clear that his " demonftration of
*' the loth, is phe fame with that of Eudoxus or
" Euclid.1' Euclid or (if you pleafe) Eudaxus, does

never
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"never .(that I know of) refer to any definition, till
it has been proved, either by an actual conftrucíion,
or by fome demonftradon previous to that in hand»
that fuch definition involves no abfurdity, or con-
ditions that are incompatible one with another. If,
therefore, it was conceived, poffible, that the defi-
nition of a greater and lefs ratio, could involve fo
great an abfurdity, as that, by itt the ratio of A. to
С might at the fame time be both greater and leis
than that of В to С -, this point, according to the
method prefcribed by Euclid* ought to bave been
'cleared up, not by means of propofitions derived in
virtue of that very definition, but by others ante-
cedent thereto, and independent thereupon. And,
to me, the 8th Prop, feems the proper place for the
doing of this, where it might be éafily introduced,
cither in the Prop, itfelf, or by way of Corollary.
ï t is there proved, that if, of three magnitudes A,
B, C, the firft A is greater than(the fécond В, then
certain equimultiples of A and В may be taken fuch,
that being compared with fome multiple of C, the
multiple of A ihall be greater, and that of B lefs than,
the faid multiple of C. Whence, by the definition of
a greater ratio, the ratio of A to С is greater than
that of В to C. To which might be added—And,
becaufe A is greater than B, no equimultiples of
A and В can ppffibly be fo taken, that the multi-
ple of A ihall be equal to, or lefs than fome mul-
tiple of C, and that of В greater than the fame -,
becaufe A being greater than B, the multiple of A
is ever greater than that of B, and therefore alfo
greater than that of C, which is equal to, or leu
than the multiple of B. Wherefore the ratio of A
to С cannot (by the definition) be lefs'(as well as
greater) than the ratio of В to C.

But, notwithftanding all that has been proved on
this head, either here, or by that gentleman him-
felf, the fame, objection occurs again in Prop. 13.

where
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where it remains in its full force. For, tho' it be
allowed, that ** there are fome equimultiples of С
«« and E, and.fome of D and F fuch, that the
** multiple of С is greater than the multiple of D4

•' but the multiple of E not greater than the mul-
ct imle of F;" yet it is not demonftrated, nor in
any fort {hewn, that other equimultiples of thofe
quantities cannot be taken fuch, that the very con-
trary íhall happen.—If the demonftration of the
loth Prop, has been juítly rejected by this gentle-
man himielf, as inefficient, becaufe the impoffi-
bility of a contrary conclufion had not been (hewn. -,
can it be thought that this 13th Propofition is, at
this day, fufficiently demonftrated, where the fame
objection occurs, and that in a much greater lati-
tude ? I have a much better opinion of this Edi-
tor's difcernment, than to imagine, that his pafiing
this matter over in filence, proceeded from his not
being aware of the difficulty ; but it feems to me,
that his great diilike to the vulgar idea of propor-
tion" (fo often teilified in the courfe of his notes)
would not permit him to borrow any, thing from
thence, however evident, and though this objec-
tion, that ftrikes deep at the very root of propor-
tions, might: by means thereof be very eafily re-
moved. I fay, the very root of proportions is
deeply ftruck at in this objection ; becaufe both
'the alternation and equality of ratios (ex œquaii fc.
diß.) are grounded on the faid i3th Trop, and
which, therefore, till the objection is removed,
muft be allowed to ftand upon an uncertain foun-
dation.

The principle hinted at above, whereby the dif-
ficulty might-be obviated, is, that if a magnitude
of any kind be given, or propounded, there may
(or can) be another magnitude of the fame kind
which íhall have to it any ratio affigned. This
•aflumption Mr. Profejjor will by -no means admit of

(tho'
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(íhok £и(Г/Ш»гпГе¥, ih'P. гор: a:. of his' i^th book* has-
iritd1 it)."; and, in a long riote'oh Prop. -iS. is angry1

with. Clavius for having re'courfe to it ; 'affirming;
«V That thëdémonfïratibrV (given by; means-thereof)
** is of no force •," and that " the thing itfelfcan-
** not (asjfar as he ca'ri' difcern) be demoriftrated Ъу
•" the preceding propofitions, fo far is it from de-
" ferving to be reckoned an Axiom', "as Clavius,
" after other Commentarors, would have it." That
the aflumpüon cannot' be generally demonftrated
by the preceding propofitions (nor even by all the
propofitions in the Elements) I readily afient to ï
but then, becaufe a thing, exceedingly obvious in
its own nature,, cannot be demonftrated, is it there-
fore lels proper for ah Axiom ? I fhould rather
take thé other fide of the queftion, and maintain
that nothing ought to be made an Axiom, which
can btí demonftrated. But we are-not, it feems,
allowed1 to-have ariy idea of proportion but whac
is contained1 in the 6th and 8th (or; as this Author
makes them, the fth and yth) definitions of Etc
cltefs 5th book. And, in his note on the new-
Prop; marked A, He is: again difpleafed with Çla-
vÎHSt for thinking it fufficiehtly evident, from the
nature of proportionals,'that if, of four proportional
magnitudes, the firft antecedent is greater than its
confequent, the fécond antecedent will alfo be
greater than its confequent. " As if there was
" (fays he) any nature of proportionals antecedent
" to that which is to be derived and underftood
" from' the definition of them." Now I cannot
help- thinking, with Clavius, that there was a na-
ture, or idea of proportion antecedent to that
given in-the 6th and 8th definitions of Euclid's
5th book : For, that mankind, long before the
tithe of Euclid, had fome way to fhew, or exprefs,
in what degree one magnitude was greater or lefs-
than another, cannot be doubled: " And' this was '

' ; T the
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the firft, and natural idea of proportion : And
I look upon thofe definitions, as refinements,
only, on the fimple and natural idea, in or-
der to take in the bufinefs of incommenfurables ;
Whereby the original notion is fo much obfcured,
that it requires fome íkill, even to fee that it is
at all contained in thefe definitions. I intirely agree
with this gentleman, that every demonftration
ought to be ftrictly derived from principles before
eítabliíhed : But then, whether is it more eligible,
to have recourfe to an Axiom founded (as all other
Axioms are) on the evidence of fenfe and reafon,
or to an obfcure and perplexed definition, which
may, for any thing that has been proved to the
contrary, involve an abfurdity ?

That there is fomething very ingenious and fubtle
in the doctrine of proportions, as delivered in £и-
clid's 5th book, cannot be denied. All chat I con-
tend for, is, that the principles on which it is built
are obfcure, and not fo firmly eftabliihed, as to au-
thorize its partifans to affume that great fuperiority
they lay claim to, in point of geometrical ftriianefs.

I have intimated above, that the principle is re-
jected, by which the confidence of the definition of a
greater and lefs ratio might be eftabliihed, without
much difficulty : But I would not be thought to mean,
that the fame thing cannot poffibly be effected any
other way, becaufe I am fatisfied that it may be done
from the confideration of multiples alone: But a de-
monftration of this fort is not eafy.—Were I to treat,
of proportions from the plan laid down in the 5th
.book of Euclid, I would intirely reject the ï oth and
13th propofitions, and everything elfe founded on the
definition of a greater and lefs ratio, as being of no
other ufe in the Elements, than to open the way to
thofeimportantTheorems on the alternation and equa-
lity of ratios-, which may be better demonftrated with-
out them, from the definition of equal ratios alone \

which,
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•which, from the conditions of it,: can admit of-: no
abfurdity; and whofe ranfifterice is evinced in Prop«
15. and ftill more, clearly in the firft of the forth., • '

In the 14th of the 5th, whereon the alternation
of ratios is grounded, it is neceflàry to demonftrate,
*' That if, of four proportional magnitudes, of the
" fame kind, A, B, C, D, the firft be greater than
" the third, the fécond íhall be greater than the
". fourth -, and if equal, equal -, and if lefs, lefler."
Which may be very eafily done, independent both
of the loth and 13th, in the manner following.

Firft, let Abe greater than C.

Д . , Б . . С TV

G . , W

Of A and С (by Prop. 8.) let fuch equimultiples
be taken-, that the multiple of A ihall be greater,
and that of С lefs, than fome multiple of В ; -let E
and'G beany two fuch equimultiples of A and C,
and F the multiple of B; fo that E íhall be greater
than F, and G leis than F.; and Jet H be the fame
multiple of D, as P is of B. Therefore, becaufe
E and G are equimultiples of the firft and third,
and F and H alfo equimultiples of-the fécond and
fourth-, and feeing that (by Hyp J E is greater than
F; it is evident, from the definition of equal ra-
tios, that G muft likewife be greater than H:
Therefore much more íhall F (which exceeds G) be
greater than H -, whence alfo B íhall be greater than
D (by Ax. 4.) В and D being like parts of F and H.

When A is lefs than.C, it wi l l be demonftrated
in the fame manner, that В is alfo lefs than D. But
when A is equal to C, no new demonftration is
neceffary, fmce neither the i.oth nor the i3th have
any thing to do in this cafe.

Again, in the zoth Prop, (in which the icth and
alfo enter) we are to prove, " That if there be

". three
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n: Áree magnitudes (A, B, G) and other three (Di
**;E, F);which taken two and two have the fame ra-
« tio (A : В : : D : E, В : С : : E : F; if the firft(A)
*« be greater than the third (C), the fourth (D) {ball
*' be greater than the fixth (F); and if equal, equal;1

*' and if lefs, lefler." Which may likewife be done
without the affiftance of either the loth or thei^th,
in the fame manner, above fpecified.

-For, if A be greater than С ; then of A and С
(by Prop. 8.) fuch equimultiples may be taken, that
the multiple of A mall be greater, and that of С
lefs, than fome multiple of ß ; let G and I be two
fuch equimul-
tiples of A t §L
and C, and let
H be'thé mul-
tiple of B, fo
that G íhall be
greater than
Ы, and Г leis
than H ; moreover take L the fame multiple of
E, as H is of В ; and К and M the fame equimul-
tiples of D and F, as G and I are of A and C.
Therefore, fince of the fourvpnabortionals A, B, D,
E, equimultiples G, K of t&î^ft|fe&nd third, and
equimultiples H, L of the ftcond and ^fourth, are
here taken, it is manifeft, from the .definition of
equal ratios, feeing G is greater, than H (by Hyp.)
that К muft alfo be greater than L. And in the
very fame manner, becaufe B, C, E, F are propor-
tionals, and H is greater than I, L will likewife be
greater than M : Therefore much more íhall K,
which exceeds L, be greater than M. And con-
fequently (by Ax, 4.) D Ihall alfo be greater than F.
—When A is lefs than C, the demonftration is the
fame : The other cafe, when A is equal to C, does
not require, nor indeed admit of any improvement.

F I N I S .


