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PREFACE 

In  studying a meteorological paper, the reader is prone to classify it in his 
mind either as “theoretical” 01’ “practical”; and, depending on his own back- 
ground, interest, and specific professional assignment, may peruse it in the 
minutest detail or leaf through it with hardly morc than the mildest of interest. 
This is quite understandable. Meteorology, today, is split between two groups. 
One is characterized by a researcher who is primarily intercsted in the physical 
aspects of cause and effect and in the understanding of the mechanics of weat,her 
processes. He attacks his problem by the mathematical manipulation of 
basic physical principles which he has applied to some model considered to 
contain the essence of the incteorological situation. The second group, on t,lla 
ot81ier hand, is characterized by the practicing meteorologist whose primary 
concern is in the interpretation of the weather today in terms of a prognosis for 
the weather tomorrow. His tools may not have qathcmatical rigor nor adliere 
to strict physical principles, but they are time-tested and for the most part, 
they work. It is only natural then that the theoretical meteorologist would 
tend to have little patience with the empiricism of a “practical” paper and the 
practicing meteorologist would consider of little value the mental exercise of a 
“theoretical” paper. 

Although the immediate efforts of these 
two groups arc directed along diff erent lines, the final goal is basically the same, 
namely, to unravel the intricate patter11 of the cause and effect of the weather. 
Thus, the findings of either groui) must be a step forward toward this final goal. 
The importance of an active interchange of ideas and information between t11ese 
groups was emphasized at  a symposium on this problem in a reccnt Ainerican 
Moteorologicd Society meeting.’ The author has intended this paper to fall 
within the scope of both of these groups. In leafing through the paper, tho  
reader will find both inathcrnatical formulae and synoptic maps. It would be 
unfortunate, however, if the sections on the mathematical development IVOre 
to be read only by the ~“theoretica1” meteorologist and the sections colltaining 
elle applications only by the “practical” meteorologist. Such a dissection would 
undoubtedly defeat the purpose of this paper. 

Thc author is particularly anxious to interest the forechstcr, the inotoorol- 
agist who Concerns himself with the analysis of weather information on a current 
basis, in the idcas suggested here. In  the last analysis, the only measure of the 
usefulness of a theory is in the extent of its applicability in explaining weather 
situations and in anticipating their occurrence. The cfforts prescntcd hcrc are 
admittedly limited. Nevertheless, it is believed that a start has bcen made. 
It is hoped that those meteorologists who analyzc today’s weathcr and forccast 
tomOrrO\v’S will find some additional analytical and forecast ̂ tools here; by 
understanding thc basis for the proposals made here \vi11 cnlargc the range 
of thc applications; and as a result of thoir OWII rich background in synoptic 
meteorology will arrive at  a morc complete set of useful forecasting criteria. 

Motoorologloiil socicty, Wnshingto11, D. C., May 1052% 

This situation is unfortunate. 

I ~ylnposlonl  011 Coordllintliig Moteorologlcnl Rasonroh ntid Wontllw I’orocnsthig, 115tll Nntfonnl Mcothig, Ainurfoml 
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THE APPLICATION OF THE HYDRAULIC ANALOGY 
TO CERTAIN ATMOSPHERIC FLOW PROBLEMS 

MORRIS Tsprrn 

U. S. Wanthsr Dnrsnu, Wnshinuton, D. C. 
[Mnnusoript maoivod June 3.19521 

ABSTRACT 

The nature of the hydraulic analogy is discussed, following which i t  is applied in the  
study of two stratified liquids. A “threc-layer” atinospherc is then iiitroduccd and showll 
$0 be equivalent t o  tlie two-liquid model. A discussion of the basic assuniptiolis contained 
in the atmospheric model reveals some of its deficiencies. Suggestiolls are made for coping 
with these deficicncies. 

I11 tlic application of this model t o  atmospheric f l o ~ s ,  a hypothesis is prcsentcd t o  
account for tlie erratic behavior of prefrontal squall lines. By adopting the hydraulic 
analogy, these meteorological phenornena can be logically explained as nia~iifestations Of 
pressure jump lines, which are the atmospheric analogue of hydraulic jumps in liquid flows 
and of shock waves in gas flows. Illustrative cases of pressure jump lilies reveal coiisistelicy 
with the theory. 

I n  thc Summary, suggestions are made relative to the inclusion of the theory discussed 
in this paper in the day-to-day analysis of the  weather. Indications are also givexi for the 
extension of the hydraulic analogy beyond the point covered in this paper. 

Some matheinatical remarks concerning the  single-wave problem are give11 in Appelldix 
A arid the conclusions arc shown t o  correspond to  those found in the tcxt. Finally, in 
Appendix 13, an analysis of the gcneral steady-state two-liquid problcln is give11 and attention 
is focused on the rcsults as they pertain to  the unsteady-state solution. 

INTRODUCTION-TIIE I-IYDRAULIC ANALOGY 

tinuity for a n  uitstcndy stnto, isentropic, one dimon- 
siond porfact gns two coinplatoly nnnlogous to tho 
unsteady ’ stn tc, incomprossiblo, oiic dimensiond 
open clinniiul flow in a gravity ficld, nnd further- 
more, tho iiioinoiitunl and continuity cquations 
nru also niinlogous for stciidy stntc conditions 
ncross n slioclc wnvo in tho forinor niid nn hydraulic 
jump in tlic latter. Tl:us, tho analogy lnay bo 
applied in two ways. For unstcndy statu flows, 
it applies to tho region wlioro thoro arc no cncrgy 
lossos (i. e., entropy cliangcs in a gns or turbulence 
in a liquid), ln tho stotdy stnto it may \)e gcnornl- 
izad to includo cnorgy lossos p r o d e d  those lossos 
iiro not escossivo. ‘L‘lic, tiotuils of this nnalogy are 
given in tho first two colunins of tablo I and slid1 
not bo ulnboratad on fwtlicr n t  this timc. For an 
npprniscil of tdlis nnnlogy tlic rundor is roforl*od to 
thcb rrfcronocs citcd ubovc as well us to [ll], [20], 

1 ‘I’ho nunibcrs in  bieckcts aoircspond to tho list of reIoronocrs t o  bo folll1d 
at tho utid of tlio ticullso. 

1 



TABLE 1-Table of analogies-the hydraulic analogy 

G'W TKO liquids Three-layer atmosphere One liquid 

Hypothetical compressible gas 
I-' = const x py 

u=c"=2 
C. 

Incompressible fluid with a free 
surface in a gravity field 

Three layers with an inversion 
separating tn-o fluids, each 
autobarotropic (0, 0'); one 
dimensional motion in lower 

A n  a1 o g o  u s 
Domains 

Interface separates two incom- 
pressible homogeneous liquids 
( p ,  p ' ) ;  one dimensional mo- 
tion in lower liquid; level free 
surface. (See Chapter I) fluid, Coriogs force neglected; 

b H  bh -<<- ax dx 
(See Chapter 11) 

A n  a1 o g o  u s 
1I agnitudes 

velocity (u) 
~~ ~ 

velocity (u) velocity (u) velocity ( 1 4 )  

density (p)  height of interface (h) height Af inversion (h)  height of free surface (h) 

wave of elevation An a 1 o g o  u s  
Corlcepts 

compression wave 
~~ ~ 

nave of elevation elevation-type wave 

depression-type wave expansion wave wave of depression n*ave of depression 

sound velocity 
.=($p)?, 

wave velocity 
c= (gh)' 

n-ave velocity 
c = [ (1 - f ) gh]  ' wave velocity 

c=[ (l-$)gh]'  

critical speed (c) sonic speed (a) critical speed (c) 

modified Froude No. 
I4 F= 

[(I - P'/P)9hI* 

critical speed (e )  

modified Froude Eo. 
F= U 

[(I --e/oghP 

U Froude So .  F =- 
(gh) + 

supercritical flow F>I supersonic flow A i  > 1 supercritical flow F> 1 

subcritical flow F<1 

shooting water F>l 

jubcritiwl flow F<1 subsonic flow M<1 

shock wave 

streaming water F<l 

hydraulic jump hydraulic jump pressure jump 



solution of t l i ~  siinultancous sct of nonlinear partinl 
clin’orcntial cquntiaiis nnd  its grnpliical rcprescnta- 
tion wc shall follow Clauscr [SI. For a more 
extmisivo discussion of tlic solu tioil of nonlincw 
partial diffcroiitial oquatioris by the mothod of 
charactoristics the rcader is rofcrrcd to [3], [32], 
and [48], or aiiy standard book on aerodynamics 
of suporsonic flow, The oinpliasis of this cliapter 
lics not in tlro actual “solution” of the basic 
cquatioirs, but rather in the extraordinary prop- 
ortics of the flow which aro expressed by the 
clraractei~istic lines. 

In chaptor 11, we investigate tho equivalence 
of columns 3 and 4 of tablo 1 and mal- \c some 
romarlcs on tho goiioral typo of atmosplioric 
problems which can bo handlod by tlio nrc thod- 
ology outlinod in chaptor I. Tlra remainder of the 
treatise deals with specific applications of this 
tlicory and is illustrated by case liistories which 
domonstratc certain fcatures of tho atmosplirre 
which may bo explaincd vory siinply and very 
directly by tho theory as outlined iii the table 

Thoro is an additional rcinarlc to br made on 
the gcnoral nature of tho problem. Basically, tho 
plicnomonon discussed hero, the prossuro jump 
line,” is an internal ---- - ~ T Y - ~ ~ Q  wave. Earlier 
discussions of gravity waves, wlicther in a com- 
prossiblo or incoinprossiblo incdium roliod asteii- 
sivrly on p~rturbat~ion thoory ( [25],  [2G], [36] ,  [ 3 T ] ,  
[50], [55]) or on n symmetrical form for tho 
solutioii of a solitary finito wave ([IO], [37], [5G]). 
I t  will bo oscocdingly obvious that, tho gravity 
typc wavo discussed licro approsimat,os most 
ncarly an liydi*aulic jurnp in ap~)oarmico--nrid as 
such can b o  dcscrilmd ncitlior as a pcrturbntiou 
nor as n syinnictrioal wave. This londs coiisidor- 
nblo support to t,lio oxp~annt ion of tlir plir\nbnicnotl 
by iiieaiis of tlic hydraulic txrinlogy. 

I t  has t$i*ct~dy bcoii inen t ioi!cd that for expwi- 
montd purposos it, has p1~oveii iiscfril to invcst igat o 
tlir propcrtios of tho ilow of a singlo liquid in n 
clinriiiol (column 2) in attuclring pro1)lcnrs in 
norod ynniiiirs. Siniilnrly , it is reronr~uondod to 
iiivcst igtito tho propcrtics of ttwo stmt ificd liquids 
in t i  olianiirl (column :$) in st utlyiiifi t h r  propcrtios 
of ccrtain ntmosplwric niot ions. Such a lwgin-tiing 
has boon bcgun u n d ( ~  tlic dit~~;tion of Dr. Goorgo 
I3onton in t,lict Ilpdi-nulics Lthortitol*y of tho 
Civil Engineering Ileynrt~ii~cnl,  Joliiis I-Popkins 
IJniversit~y, and pnrt of tho tvork rcpot*totl 011 

h o ~ c  is t h  rrsul t of this p r o g i ~ ~  in which tho 
author lind tho ploasurc of pdcipulilig. 

3 
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CHAPTER I 

THE UNSTEADY TWO-LIQUID FLOW PROBLEM 

In  this chapter wo shall investigate with con- 
siderable detail the properties of the flow indi- 
cated in column 3 of the table of analogies, table 
1 of the Introduction. I n  this flow we assume: 

1. 

2. 

3. 

4. 

Two incomprcssiblo fluids, p>p ' ,  with h 
equal to the height of the interface, de- 
scribe the nature of the flow domain. 
The horizontal velocity (u) of the lower 
liquid is independent of tlic lateral coor- 
dinate (y) and of the vertical coordinate 
(4 * 
Both the surface (z=0) and the top of 
the upper layer (the free surface, z=N) are 
horizontal surfaces., 
The pressure is hydrostatic (i. e., vertical 
accelerations are ncglco tcd) . 

I n  tliesc assumptions antl in the matlicmaticnl 
development to follow, tlic motion of the upper 
liquid is not considered. However, as we shall 
see later, the assumptions listctl above togother 
with some of the conclusions which we shall reach 
imply a definite restriction on the nature of the 
flow of tho upper liquid. 

The equation of motion for tho  lower fluid is 
given by 

and the,equation of continuity by 

a h  b -+- (hu)=O. dt ax 

Since thc pressure is liydrostatic, we have 

(3) p = ( H - h )  p'g+(h-z) p g  

a.nd therefore, 

(4) 

Substituting into (I), 

Equations (2) and (5 )  represent, our system of 
simultaneous difi'erential equations, in the do- 
pendent variables u and h. For convcnienco, WB 
introduce a new variable c, given by 

cz=( 1 -$) gh. 

Substituting into ( 5 )  ant1 (2) we get 

(7) 
bu au ac - t u  -+2c  -=o 
at dx dx 

ac dc au 
a x  a x  at 

2 --+2u --+c -=o. 

We have tlius transformed our original set of 
parlial ctifl'crmtial equations in u nntl h into a set 
of partial difl'erential eqiiations in u and c.  

li'irst adding antl then subtracting equatiops 
(7) and (8), we arrive at  

equations (0) antl (10) with the oqua- 
tion for a comprcmible isentropic gas given by 
Lamb [37, p. 4821). 

From elementary calculus we may write that 
if j=j{r(t),t} then the total derivative 

Thus if we consider any lino l? in t h  r,f-plane, 
the to tal cliangc with time of tlre fuiction .f dong 
this lino in the z,t-plane is givon I)y the esprcasion 

nbovc. 

of tdic linc I' a t  tlic point wlicro the total derivcttivo 
is being oomput c d .  Onh/ in the qiccinl  case where 

d r 
111 this expression ." rdcrs  to  t h o  slope dt 

4 



Prescribes the motion of a particle may we interpret 
dx 
% as a particle velocity. In  tlie more goneral case 
dX 

merely refers to the slope of a lino along which 

the total derivative of a function is desired. 
Thus, equations (9) and (10) specify that along 

those linos in the z,t plane whose slopes aro.givon 
by dX -- dx dI -u+c for (9) or -‘=u-c for (lo), the func- dt 
tions j (z, t )  =u+2c or j ( x , t )  = (u-2c) respoctivoly 
baVe a zero total derivative with time? 

These lines are called characteristic lines. 
repoat then, that along tlie characteristic 

lines givon by 

(11) dz (cliaracteristic lino) = u f i ,  
we have the rolation that 
(12) uf2C=constant=a, 8, rospoctivcly. 

If We supposo for convoni(?ncc tliat c>u, then 
figure 1 \vi11 represent schematically tho state- 

It should bo noted 
t h t  since u and c may both vary in tho field, not 

will a and 0 vary, but tlio charactoristic lines 
by t l m o  parametors need not be 

Straight lines. We shall now introduce tlirae 
which rolato to tho propertics of those 

charactoristic lines. 
’&initio;: A wavo is a family of characteristic 

linos. By (11) arid (12) wo lmvo the 
altornatc definition that a wavo ex- 
presses a functioncil rolntionship in- 
volviiig tho dopondcnt variables in the 

Definition: ~ i i  iclcntifiablo point oii tlio wave is 
givoii by n spclcifi? vduo of a (or 0). 

Definition: ’rho spoad of n point 011 tlio wavo a t  a 
givori point in tho x,t-pluuo is given by 
tho  slopc of tlio chnimtcristic lino 
passing through that point. 

Tlius, iii figure 1,  tlie a family, rsprwsiiig tIio 
fu1lctional relationsliip ~+2c=constniit, rrpro- 
W t s  a wavo trc~vcllittg i i i  tho positivo z-diroution 
and tho p fninily, c~s~~ressii~g t h c k  functioml ro- 
lationsllip u--2c= Coiistmt, roprcwi~ts t i  wnvo 
tlbbvcltiiig i 11 tl1c 1 w g i ~  t ivc x-(I i rc ction . FUY t li cr- 
lQoro, tho progress of ally point of tlio a wave, say 
Qt, is givoii by llio cl~tiri~ctoristic liiio at in tlio 

z 

given in (11)  and (12). 

2 ,t -plau C’ . 

\ 

* A poitit in tho r,tq)lniio rrhrs to n locntioti nnd a tlmo for tliu flow. A t  
tllls tioilit, ttio flow tins 1% vtslocity (21) imc1 n vniuo for c, ~ i v o i i  by (0) niid tho 
f”tfilfnccl Iiclgllt. ‘l%lpt [ I t  ~ r ~ y  poliit thoro is a wluo of u+c (or 21,-c). 
PI10 roc~llirod slo~los ( t k k c )  UlUS Chist. 

x,t-plane, and tho spnod of tho point is givcn by 
tho  local slope of tlie charactcristic liiia at. 

We shall soe lator tlint theso dofiiiitions nro in 
perfect accord with omr physically iiitui tive con- 
cepts of what nro n wnvc, (I point 011 a wavo, and 
tho spocd of a point 011 n wtivn. 

SINGLE WAVES 

Referring to figurc I ,  it is nppnrrnt tlint shin- 
tioiis may miso (as ivlieii c>>u) in wliic.11 thn two 
families of cliii,rnctcristic. lilws divcrgo snfiiciently 
such that nftcr s o m i  time tlia two fmiilios no longor 
intoixoct. Ench fnmiiy will tlion roprosrnt a singlc 
wavo ti’nvclling in tho tlirec tion indicntod by tlio 
slope cf tlic clinmctoristic linos. In the nwtcoro- 
logiccil probloms to which this thcory lins been 
appliod c is usuiilly muc+ ltirgc~ thnn u niid iiitlood 
tlio ovidciichc swnis to br tlmt wo tiro dcding with 
a singlv WILVO oiily. 

Consequently, IVC slitill now restArt, our ntten- 
tioii to thoso solu tioiis of our brwic problcni wliicli 
shall yiold siiiglo W ~ V O S  oidy , For conwtiioiicc WQ 
talx\ tlic positivo x-direction iii tlio dircctioii of tho 
wnvo propngation. ‘.l’hiis, \vn ( w i  stby tlint we we 
dcding with tlio a fruiiily otily, while tho 8 family 
is missing. Aiiotlier way of loolciiig ntd this is that 
tlin “points” 011 tho mvc\ of tlic fl ftitiiily are in- 
distinguishable olio from t h y  otlior. This implies 



1’ 
t 

p,=p2=p3= . . . =p.  
By (12) 

(13) u- 2c= p= constant 

ovcr tlic entire z,t-plane or from (6). 

(14) U-2 [( 1 -$) gh]’=constant 

ovcr the entire z,t-plane. 
If we have giver) the undisturbed values of the 

flow vclocity u and the interface height h, wc may 
solve for the constant in (14). This equation prc- 
scribes that any subsequent value of u dcfincs the 
corresponding lt,, and vicc vcrsa. 

We shnll also find uscfiil tlic following relation 
dcrivctl from (13) 

(1 5) Au= 2Ac 

ovw tlic cntircb z,t-plane. Tlirough thc definition 
of c, ( G ) ,  equation (15) prescribes the relation be- 
tween the variation of u bctwccn two points and 
tlir convspontliiig variation in the interface lieiglit. 

u I2c=cui  

u--2c-p. 

Along a given clini.rrctct’isti(: linc, e. g., al, th(w 
two ecluntions yield IL solution for u arid c in tcrms 
of ai and P. Sincr at is coristrmt along 11 chnrtic- 
tCJ’istiC h i e ,  wc liavc tlic csti-cmcly importunt N- 

we hnvc tlwr1 lor f L  Sillb’lC wave 

(1 6) 

sult that both u and c arc constant along any c l w  
actoristic linc. Again through (6), this means that 
not only tho flow velocity (u) but the interface 
height (h) is constant along any charactcristic liiio. 
Furthermorc, from (11)  the slopc of a charactel‘- 
istic line must be constant at cvcry point oftbe 
characteristic lina. 

Tlms, for a singlc wavc, the charactoristic line9 
arc straight linos along which u and c (and frofl 
(6) h also) are constant. 

We shall now dcmonstrate that the dcfinitiofl 
and propertics of a wavc as discussed abovc at0 
in accord with the customasy physical and intui. 
tivc ideas about waves. Consider a symmetric@] 
steady statc single wavc (fig. 3) and its position ab 
various timcs. Tho physical picture of the ovent 
is given in the diagmm to thc left. On the right 
the event has bocn transposcd on to an x k  
diagram, where instead of drawing the wavc profile 
we have merely indicated tho height valucs at the 
appropriate time and place. Since the wave i9 
steady-state, we may draw parallel linos tllrougb 
the same values of the wave height. Each lina 
represents a specific wave height (c. f., definitiofl 
of point on a wave) and furthermore the slope of 
tho line is the speed of that wave height (c. f . ,  
definition of spcod of point on wave). Thc entir(’ 
family of lines passes through the wave at  any 
time (c. f., definition of wave) and cxpressos t l lc 
functional relationship that along cnch line tho 
wave height is constant. 

(See fig. 2.) - 
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intorfaco lioight (h) by its correspond- 
ing value of c .  

a valuc of u and c. At oach point 

(u+c). Tlicsc arc characteristic lines 

t Step 2: Evpry point on the line t=O now has 

construct a line with a slope oqual to 

* along which the flow velocity (u) and 

t 

0 

0 
0 . / 

I 2  3 4  5 6 7 0 9 IOII I 2 1 3 W f 5 @ 1 ?  

0 

4 
0 

0 
0 

0 
0 

0 

0 
# ' 

c 

/ 

,/' 

x x 
Fiauiis S.-Sym~notricnl stendy-stnto slngla wavo. 

stant. 
Civcn (a) an iiiitial vnluo of the flow I'lalilZR 4.--hZC!lllVd 01 SOltltIo11, Case 1. 

velocity mid intCI'fRC0 height ( ~ 0 ,  h 0 )  plus 
(b) tho tomporal wavo profile (or velocity 
distribution) at a singlo point (x=O) 
(fig. 5). 

Step 1 ; Using (a), roplaco each value of tho 
interface height (h) by its corre- 4 
sponding value of C. 0 0 )  

Step 9: Every point on the line x=O now has 
a v a l ~ o  of u and c. At each pointl 
constr1lct a lino with a slope equal to 
(u+c), These n,rc the characteristic 
lines along which. the f l o ~  vclocity 
(u) and t h o  interface height (h) will 
be const8ant. 

Case 111. Given (a) an initial valuo of the flow 

plus (b) a distribution of interface 

X+ 

velocity rmd intorfaco height ( ~ 0 ,  h,) WOWRE 6.-Motllod of solution, i J ~ o  11. 

Car0 n 
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FIGURE &-Mothod of solution, Cnso 111. 

heights (or velocity) along any arbi- 
trary line G(x,t)=O in the x,t-plane (fig. 
6). 

Step 1: Using (6) replace each value of the 
interface height (h) by its corre- 
sponding value of c. 

Step 2: Every point on tho line G(x,t)=o 
now has a value of u and c. At 
each point construct a line with a, 
slope equal to (u+c). These are 
the characteristic lincs along which 
the flow velocity (u) and the inter- 
face height (h)  will be constant. 

(Note: The simplest procedure to follow is to 
convert 11. into c whenever i t  appears and to solve 
for u whenever necessary through the simple rela- 
tion (15) rather than thc: more cumbersome (14).) 

CLASSES OF WAVES 

In  the preceding section we noted the procedure 
to be followed in constructing the characteristic 
lines of a pcirticular flow when certain initial condi- 
tions arc givcn. The  general pattern formed by 
cliaracteristic lines can fall in any one of three 
classcs. In tho following tliscussion we shall con- 
sider the initial conditions as for Case I above. 
The argument for the other cases follows in an 
identical rnanr~or.~ 
UNIFORM FlAIW (NO WAVlS) 

Given: At time t=O a uniform interface height 
(ho) or a constarit flow velocity (uo). 

By (6) and/or (16) every point on the line t=O 
has the same value of u and c (i. e. ,  uo and eo>. 
Consequontly the characteristic lincs arc ti11 

(Fig. 7.) 

a Tho following is rssrntinlly n ararhiml discassion of tile ciilsses of wnvcs 
and of thrlr proportics. A mnthomntlcnl discussion yicldl~lg tho snmo rcsults 
Is given in Apporidlx A. 
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parallel and all have the identical values of the 
variables along them. Thus unijorm $ow (or no 
wave) is characterized by parallel characteristic 
lines. 
DEPRESSION-TYPE WAVE 

Given: Initial values of u and h (uo, ho) plus at  
time t=O a distribution of interface height (h)  such 
that h decreases in tho negative 2-direction in 
some interval ( s l<z lx , )  (fig. 8a). Outside of 
this interval the interface is undisturbed, such that 

h=h, for 212, 

(Recall that the positive d i rec t ion  is always 
taken in the direction of propagation of the wavc.) 

By (6) 
ahd/or (15) it follows that for xl<x,, (u+c),< 
(ufc),. Since tho slopcs of tho characteristic 
lines must decrease as we go toward the negative 
s-dircwtion, the cliaracteristic lines will fan out in 
the direction of propagation of the wave. 

To see what changes this wavo undergoes with 
increasing time, we take tliree cuts at '  time 
t=0,1,2 nnd using the values given by the charac- 
teristic lines, construct the wave profiles (fig. 8b). 
We note that with increasing timc, the slope of n 
depression-type wave becomes shdlowcr. Thus,  
a depression-type wave i s  characterizd h j  tliverging 
characteristic lines. A depression - t?jpe wave bc- 
comet? shallower with increasinfj time. 

Consequcntly ht<h, for x1 I z t < s j l  Q. 

EL EVATION -TY I'li: WA V E 

Given: Initial values of u and 11. (uo, h0) plus at  
time t=O a distribution of intcrfacc heights (11.) 
such that h increases in tho negative x-direction 
in some finite interval (q<s.<c8) (fig. 9a). 

4 Boo footnolo 1, D. 4. 
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Again, we suppose that the interface is undisturbed 
outside of this interval; such that 

h=hl for s l x l  

h=ha for ~ 2 x 8  

Consequently hi>h, for x1 5 xt<z,l sa. 
By (6) and/or (15)  it follows that for xi<%,, 

(u+c)~>(u+c),. Since the slopes of the charac- 
teristic lines must increase as we gd towards the 
negative z-dircction the characteristic lincs will 
converge in the direction of propagation of the 

To see what changes this wave undergoes with 
increasing time, we take four cuts at time t=0,1,2,3 
and using the values given by the characteristic 
lines, construct the wave profiles (fig. 9b). We 
note that with increasing time, the slope of an 
elevation-type wave becomes steeper and steeper. 
Thus, an elevation-type wave i s  characterized by 
converging characteristic lines. An elevation-type 
wave becomes steeper with increasing time. 

wave. 

THE HYDRAULIC JUMP 

Obviously tho conditions portrayed by figure 
9b cannot proceed very far beyond the point 
where the wave front has a vertical slope since 
thereafter we would have denser fluid (the lower 
fluid) overriding the lighter fluid (the upper fluid). 
What happens (fig. 10)  is that the wave “breaks” 
similar to $he breaking of a wave on a bcach. 
As the wave overturns with considerable turbu- 
lence, our assumption 2 relating to the one dimen- 
sionality of the flow is violated and the theory 
ceases to hold. 

This situation is handled on the x,t-diagram 
by drawing the envelope of the converging 
characteristic lines and attributing the effect of 
all the characteristics along this line-the hydraulic 
jump . 

If an envelope is not readily defined such as in 
the intcrscction of just a few charactcristic lines, 
a good approximation customarily used is the 
angle bisector of the intersecting characteristic 
lines. 

The slopc of the jump line is, of course, the speed 
of propagation of the jump. From thc properties 
of these three classes we can make an important 
observation about the nature of waves admissible 
under our theory. The above discussion implies 
that if a wave exists, the charactcristic lines cannot 

1.3 

1*2 

1.1 

be parallel. On the other hand, the discussion 
on page 8 produced the result that the character- 
istic lincs of a stcady state wavc are indeed parallel. 
Consequently, we must exclude the possibility of 
steady state wave solutions in our theory. 

THE NATURE OFTI-IE UPPER FLOW 
IN A SJNGLE WAVE 

It is our purpose now to investigate the restric- 
tions which we have implicitly placed on the 
uppcr liquid. We shall first domonstrate that 
the flow of the upper liquid must vary with height 
(2) in order to satisfy the previous solution: 

Assume that the flow of the upper liquid is in- 
dependent of the vertical coordinate (2). Thus 
u’=f(z, t) ,  where as before the primes refer to tho 
upper liquid. Therefore 

or 

(17)  
du’ - = O .  dt 

The continuity equation for the upper liquid is 

- a ( T J - h ) + Z  a [(II-h)u’]=O. 
at 

Combining this equation with the continuity 
equation for the lower liquid (2), we have 

- a [( 1’- h) U’ + J ~ u ]  = 0, 
ax 

whicli w h n  intcgratcd yields 

( H  - h) U’ + hu = k(t). 

From (14), we conclude that 

(18) U’ =u’(h,t). 

10 



Case 1.-Assumo u'=u+c, 01' t ho  patllis of tho  
Darticlos 01 tho uppor liquid coincide with tho 
characteristic lines. By (1 7) tbis asslimption im- 
plies that tlic incIividiia1 particles in any vrrtical 
column of t ~ i c  upper liquid al\vtiys rcrntiin ovcr 
tho same point on tlie wave. T I ~ I I S ,  aI011g tho  
Chractoristic linos, 

bh a?/?- -+u' --0. at bc 

bh ah b?L' -+u' --r+(lL--TT) =o. . bt bx bc 

of tho uppor fluid on tlliat side of the wave must 
be givon by U=u: (It ,*) for all t. Sinco h* is con- 
stant in a*, 77 must bc constant in a* and all tho  
purticlo path lirios arc partill01 too tho cliarar taristic 
linv a*. 'l'lic argiiment, can now bo rcpoutod for any 
o t h r  cliaractcristic line a**, But tho particlo path 
lines cannot, bo parallel to two cliarbctoristic lines 
at t,hc samo tinio, and we roti~h atiotlior contra- 
diction. 'l'lius, u'#?L+c is also not valid, 

Since noitlm u'=u+c or u' #u+c is possible, 
we ronc*lutlo tlint, our originti1 prcrnisc is not, valid 
and tho uppor flow must dopond on tho z coordi- 
nrtt,c. HOWQVW, wc slid1 sliow that ovon hero 
we mustj imposo roslriotions. If tho  iippor liquid 
is not, indcponcicntj of tho  vcrtictil coordinato, we 
may wi-ilx 

Now dofino 

- b b - (fI-h)T+- ( f~- - l1)U'"O.  bt 3.r 
- 

Introduciiig the varinnce C ~ = U ~ ' - ~ ~ ,  

22608rj"--62- - -3 
11 



Finally, by applying the equation of continuity, 
we arrive at the following for our equation of 
motion 

Combining the continuity equations for the upper 
and lower liquids, we have in addition 

(20) (H- h ) g +  hu= k (t). 

If u2 and its horizontal drrivative arc negligible 
relative to the terms on tho left-hand side of cqua- 
tion (19), equations (19) and (20) reduce, as 
expected to equatiorls (17) and (18) which repre- 
sent the conditions whore thc flow is independent 
of the vertical coordinate. This we have shown t o  
be unsatisfactory since we have no wave. Thus, 
u2 or its horizontal derivative must be significant 
and then (19) reproscnts tho acwlcration furnished 
to the mean flow by t,he passage of the wave. 

In  order to have some estimate of the required 
variance, let us consider. a steady statc flow varying 
linearly with hcight, or 

U'=U',i-p ( 2 - h )  

where ui is the uppcr flow spc?ed at tho interfaco 
and p is a constant. Substituting this equation 
into thc definition for the averagc?s, it follows that 

where u;, is the  wind speed at  H .  For flows whcro 
u;,>3uj, the valuo of thc fraction oxceeds 25 per- 
cent. Thus, we see that varianccs which nro not 
at  all excessive will yield suificimtly large relative 
values to  the right-hand side of (19), and OUT equa- 
tions will not degenerate to those implying no 

We have shown that our solution roquircs that 
the uppor fluid vary with h i g h  1, and, furthermore, 
that this restriction is not at all prohibitive to our 
modcl. On the otlicr hand, nowlic~rc in our solution 
have we inclutlctl tlio effect on the solution of the 
flow of the upper liquid. As a mattor of fact, we 
have implied that tliori? is no such cf€ect. l'his, 
however, violatcs one's physical reasoning on t h o  
nature of thc! flow. It seems rcasonablo to oxpcct 
that some offoot does exist. A discussion of this 
problem is given in Appendix 13, whcrc tho stcady- 
state two-liquid problem is discusscd and tho 
efcct of tlic upper flow analyzctl in greatw detail. 

wave. 
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TI 1 13 “T11 HEE-LAY 1JR” ATMOSPll ERE 

ASSUMII’IONS thrcte-layer atrnospliciric model. 
clifl’oroiit dnvclopment, see [14] and [17].) 

(For a slightly 

TI11C ISQUAl’iON OF M01’1ON 

We s1in11 start wit11 tlic cqiiatioi) of motion for 
t h  lower fluicl ,  

the ~ i ~ c l i t ~ i o n  of liytlrostat ic prossure in the lower 
niid middlo fluid, 

(3) 

As bcforr t ~ l l  pi.inicd quan t i l i c s  rcfcr t,o the uppor 

~o i i s i t~u r  t ~ i c  quntitjity ‘P, wlioro 6 p  iufcrs to 
of t>llC> two bot~tom hyers. 

any partid variation in p .  
P 

Prom (4) 

similnrly from (5), 
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From (2), wc have finally 

Integrating through a Iayclr from z arbitrary in the 
lower fluid to z=h, we have 

Since 7ri=al,, we may substitute (9) into (8) 
and obtain 

( I O )  A;[a-($f ~ ~ ( H - I ~ ) - - a l i  I 1  = g ( h - z ) .  

Differentiating partially with respect to z, we have 

but 

(whcrc the doubla prirnc rc~frrs to t h o  top fluid) ; 
tlicrcforc the right-lit~rid sitla of cquntion ( I  1 )  
bccomcs 

1 

($)’= (L) = constant 
P n  

Since 

, bu bu (13) Z+U-=- 
a x  - 

Sinw ($),is a Conshnt by (12), we have trans- 

formed thr oquation of motion for a “ t l 1 r ~ ~  Iayci”’ 
autolmotropic atmosphrrc! to th(! qilrLtion of mo- 
tion for a two liquid flow, whcro the ratio of tho 

clcnsitics is givcn 1)y (d) . 
P h  

a P  a -+- ( p u > + - - -  (pw1)=0. 
al ax dz 

13ut 

whrrr the qiitintity in parcntIic?sis roprcsc.ntjs tho 
c q i d o n  of conlinuit>y of an incornprossiblo layer 
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On the other hand, the investigator may apply 
the ru lp  of the science already at  his disposal 
and in this manner deduce the behavior of the 
phenomenon. In meteorology this usually means 
the application of certain physical “laws” such 
as the equations of motion and continuity and the 
First and Second Laws of Thermodynamics to 
the atmosphere. Unfortunately, the atmosphere 
involves so many complex features, that the oqua- 
tions completely describing the atmospheric flow 
have to this date defied mathematical solution. 
However, the benefits to be derived from this 
type of approach arc so numerous that the in- 
vestigator compromises his situation and resorts to 
mathematical models. These models are admit- 
tedly fictitious since they involve scvoral assump- 
tions about the atmosphcre which do not in fact 
describe the atmosphere a t  all. The investigator, 
however, is able to solve his model mathematically 
and arrive at  specific results. In  the last analysis, 
the realistic criterion as to whether or not tho 
choice of a model has been a good one, depends on 
whether repeated applications of the results of the 
model describe the behavior of the true phenomc- 
non and predict its future action. 

We shall now proceed to analyzo the nature of 
the assumptions of our model and show which 
assumptions appear to contain weakness. In  the 
succeeding chapters we shall show that daspite 
these weaknesses, we have been able to explain a 
great deal about certain atmospheric phenomena. 
From that point of view we may consider the model 
as a successful one. 

The assumptions which we have used follow: 
1. T h e  atmosphere consists of three layerg, the 

lower two o j  which are autobarotropic and separated 
by an inversion of zero thickness. In  all tho cases 
to which this theory has been applied an inversion 
of temperature is invariably found. The  maximum 
thickness of this inversion is under 50 mb. (about 
500 m.). . Considering the fact that the recording 
of a temperature lapse by means of radiosondes is 
not a continuous process and that in the evaluation 
of the radiosonde recorder trace considerable 
smoothing is practiced, the actual width of tho 
inversions may indeed be even shallower. On the 
other hand, estimates of the amplitude of the 
jump indicate that a conservative value for its 
normal amplitude is about 1,000 meters. Thus, 
we might reasonably expect that the fact that the 
inversion is not a sharp discontinuity, should not 
present too serious a difficulty. Thus, if wo 

choose a height (22) where the effect of the jump 
is essentially negligible, we may consider the 
atmosphere as consisting of three layers: (1) The 
bottom layer below the inversion, (2) the middle 
layer extending from the inversion to the hoiglit 
H ,  and (3) the rest of the atmosphere above T?. 

We have postulated that the lower two lrtyera 
are autobarotropic. In synoptic studies it hits 
been observed that the varticnl 11tpse ritte of 
teinpcraturc is basically constitnt mcl t h t  tho  
stratification is usually conditionitlly unstiiblr, 
i. e., the vertical lapse rnte of tempcrrtture lay 
between the dry and moist adithrttic lrtpsc rates 

( o m  I 0-45 -- bT< 1 .OX c. g. s.). I t  can bo 

easily demonstrated that a horizontdly homo- 
genous lnycr, in which tlic prcssurc! is 1iydrosttLtic 
and which has a constant vertictd lapse rata of 
temperature, is baro tropic and may be expressed 
in the form p=Kpa,  where K and a are constants 
only in the undisturbed Thus in clcvclop- 
ing tho equcttions for rttmospheric lnyers hitving it 

constant lapse rate of temperntui-a, equation ( 1  1) 
would contain additional tcrins corituining pttrtid 

b ?  derivatives of the form - K O .  These terms may 
b X  

be expected to bo significant for largo values of 
bK - (i. e., largo horizontrd variations in pressure 

and density) or lttrge values of 2 (L) (i. e., 

significant departures of the vcrtical lt~psc? rttto of 
temperature from tlic tdirtbntic* lapse rutc). 
Conversely, for rclittivcly weak jumps ttnd lnpse 
rates of tcmperitturc c~lose to  tlic adirtbntic, the 
model should be quito sittisfrtctory. 

We might give the following physical intcrprcta- 
tion to this assurription of rcplacing R nonadiabatic 
layer by one which is adiabatic. Sinco air parcels 
in an adiabatic stratification arc! in  thcrmodynarnic 
equilibrium, all energy changes which thoy utidcr- 
go are due to variations at, the invcrsioii lcvcl only, 
On the other li~iitl in a noiiadia1)atic stratilication, 
energy changes arc duc to variations in tlie entire 

bz - 

ax  

bx a 

3 ‘1%~ proof of this thoorom followmi: 
b ‘I‘ 
bz  Lot ----a. 

By tlro gnu Inw nnd hytlroatntlc rrlntlon 
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column. Thus, in replacing a nonadialmtic strati- 
fication by one which is adiabatic, wo arc in effect, 
concentrating tho ofl'octs of variations throughout 
the column, at one level, tho inversion height. 

2. Tlie horizontal velocity (u) of the lowest layer 
i s  indspcndent qf the lateral and vertical coordan ates 
(8 and z ) .  We do not conairier the motion o j  the 
middle and top layers. 
sontonco as follows: Wo I<now tdlat thr wind is 
rarely constant with elovalion. Novcrtlic4css, if 
we taka tlie ave~~ago of tho wind through the laycr, 
we may consider that our final results describo h i s  
moan flow ratlior than tlio actual one. Howovor, 
this intorprotation intriiisically pIacas a scrious 
restriction on tho vnriiition of tho witid with 
hight ,  if wo are to apply tlio equations of motion 
and continuity to the inoa~i fiow. Wo may dmnoii- 
stratc ibis by prococding as for t b o  discussion in 
Chaptor 1. Wo tlius show that in dofining an 
avorage through tlic laycr as 

One may interpret t l ic  first \ 

tho oqiiation of niotioii i*ctluccs to 

wliorc? uZ=G---Z2 is tho varianco. Tliis aqiiation 
will bo idcnticnl with tlir cquntion of motion for n 
flow wliicli is intIupciitlont of height if wc iiic~y 

l a  4ogIcct the torrri- - ( I d )  relativo to tlic otlior 
I L  ax 

torins. Tliis immcdiat rly plaoc~s a restriction on 
t~ho variunca arid i t,s sptwo variation. 

In C J i n p l ~ r  3 wo l,ook as an illusla*nIioii a 
stclady st,nio flow vnrying lin(wly wi th  Iwiglit, tlius 

u='llo+/Lc, 

Whoro uo js tho surfacc wind spced and p is a 
('onstant, arid found a rcltLtionsliip wliicli licro 
hlros  t l l c  fvrrn: 

oqiiation of motion for tho nicm flow without the 
term involving tho varianco, tho wind a t  the top 
of tho layer must not be too diflcrent from the 
wind at, tho surfaco. In  tho last analysis tlion, in 
applying tho tlioory, each CRSO must bo ctlrofully 
studied for the distribution of wind with lioight, 
in order to dctorniine whcltlior tho varinnco is 
sufficiently Iargc so as to nflcot, the i i s ~  of tho bssic 
e q u a t h  of molion. 

Omit,ting t,lio y co~iiponc~nt~ of tlic horizontal 
veIoc~ity is not at all scrious if wo Itcop in mind 
throughout that our results apply only to tho 
variations of that component of tlio wind which is 
in tlic diroction of tliv wave propagation. 

In invcstigt~ting tho cflcct of tlio flow of tho 
uppor liquid in tlic gcncral stcady state two- 
liquid pro1)lcni (SPC Appoiidix 13) wo find that, its 
rfl'oct tcmds to bo sinid1 for wraak jumps and for 
speeds of tlio uppor fiow near the junip velocity. 
For strong jumps or for upper flow spoods signifi- 
cantly diiferont from jump spcleds, tho motion of 
tlie uppcr liquid appmrs to hiivo a iiiarlred effect 
on tlio solution. Tliiis onc rniglit reasonably 
espoct that in tho iinstcady state problorn, tho 
u p p r  flows would contribute to tho nnturo of the 
solution. Unfortunatoly, tlio ofloct of this upper 
flow does not u(ppcar in tho unstcndy statn model. 
Of course, sonic estiniato (ovon if only qualitative) 
of this c f l e r t  mn~y br niado by rofrrciicc to tlic 
stcvidy st ti to solution giwn in tlw Appcndis B. 

3. l'he suo;fuce := 0 i s  hor*icoiifal arid azz ---<< -. aiL 
ax  ax 

T h c 2  first part of this nssump tion holds fairly woll 
in tlio flat l'lains arca. ~ ~ O I V C V H ~ ,  tho atinosplioric 
wnvos discussed l i c w  aro also found in nrons wlicre 

kwt. Since tlu. spec~d of t>lio wave is partly a 
function of tli(. invcmion liciglit8 nbovc~ a horizon tal 
surfnw, this vnriat ion in topography must liavo a 
marltod cfloct. In sctual practico i t  is recoin- 
nzrndcd that a ineaii olovution bo used for tho 
SlJ1.ftICY\ z= 0 tiiid that tlio prohlom be solvcid 0,s 
wquircd by tlio motlol. It should be ospwt(1d, 
Iiowovor, tliat, t h  rcsiiltjs woiild iiidicato oscossivc 
jump spcrds w l i t ~ o  tlio Lopogrc~pliy c w o c d s  thct 
niei~ii olovation nnd rrtluccd spccds ~ I i c r o  the 
topography is lowor thnn tho iiiettn. 

A similar probloin osists for t h o  hoiglit of tho 
iiivcrsioii. ?'ha tlioory implic*i tly tissulnos t~lint, the 
invwsion liciglit is luvc~l  in the undist,urbcti state. 
rl'his too mrLy not always bo tlio ctuo. 'l'lic pro- 

topog~~pl iy  ~Iitl~igos frolii SO~L I O V O ~  to 3,000-4,000 



cedure that is recommended is identical with the 
one for topography. A mean inversion height 
.may be selected for the computations. Again, 
discrepancies in the values of the jump speed as 
predicted by the model must be expected whenever 
the inversion height is substantially diff went from 
the average. 

The latter part of the assumption, that a level 

I2 exists such that - <- is ~~sual ly  quite satis- 

factory. Physical in tiii tion and ohscrvationnl rvi- 
dence indicate that t>hc aniplitude of thc jump 
decrcases with height such that eventually some 
level H will be reached satisfying the criterion that 
bH ah -<-- However, i t  should bo noted that in 

practice if the level H is very high the assumption 
that the layer between h and IiT is autobarotropic 
may not be satisfied. 

This assumption 
is a reasonably good one, provided we stay away 
from the jump zone. In this zone there is no 
doubt that vertical accelerations are appreciahlc. 
Furthermore, we shall see later (ch. 111) that under 
proper thermodynamic conditions, copious precipi- 
tation may be associated with a jump. This too 
may have an effect on the surface pressure. l'hi~s, 
we are in the unfortunate position of not knowing 
how much of the pressure rise is due to the vortical 
acceleration or falling rain and how much is due 
to the jump mechanism. Our only alternative is 
to consider the pressure as hydrostatic, but, we 
should keep it well in mind that this assumption 
is a particularly poor one in the jump zone. 

Lamb [37, p. 4251 in discussing Russell's solitary 
wave type argues that a steady state solution is 
possible for this finite wave specifically because of 
the vertical accelerations. I t  may very well be 
that the omission of a steady state jump in our 
solution arises directly from the assumption of 
hydrostatic pressure. 

There is another aspect of this assumption which 
is important. Tho condition of hydrostatic p'es- 
sure together with assumption 3 implics that jn the 
undisturbed state the surface pressure is constant 
in, the direction. This of course is rarely the 
case. However, pressure variations not due to the 
jump are usually balanced by geostrophic winds in 
the y-direction. In practice it is wisr to invcsti- 
gate only the pressure changes cauaed by the jump 
rather than to consider the absolute values of the 

b R  ah 
a x  a x  

a x  ax  

4. The pressure i s  hydrostatic. 

pressure. In  this manner any non-uniformity in 
the initial distribution of pressure does not enter. 

5. The cfcc2s of the Coriolis force are neglected. 
In  the cases to which this theory has been applied, 
the speed of propagation of tho disturbancc is 
much greater than the spccd of tjhe wind in the 
lowest layer. Consequcntly, any particle is under 
the influence of the disturbance only a very short 
time. As such in the nrighborhootl of the disturb- 
ance the partklas movr in  rcsponsc. to the prcssnrc 
gradicnf forw only ant1 nro aifrc.f,ctl 1)~r I ~ O  Coriolis 
force only slightly. F111tx [19] has intxoducml the 
Rossby number as a measure of relative impor- 
tance of the inertia forces to the Coriolis force. 
We are interested in the off ect of tho Coriolis force 
on the wave propagation, thus tho Rossby numbor 
in'our model is given hy 

V R , , = l  4f 
whrre R,,= Ross1 )y nitinl WI- 

v,=spccd of jiiinp 
L = char ac: ljc t*istic: leng 11 i 
f= Coriolis paramctcr 

Iteprcsentativc valurs of tlirso pnramctcrs are (in 
c. g. s. units): vj=2X10a, L=8X106 whilcf-IO-'. 
Thus, R0=25, and we may neglect the deet of 
the Coriolis force as being only II fow polmnt of 
thc inrrtia forocs. However, in t 1 1 ~  oarly stagrs of 
thc c4wation-typo wavv, whrn it COVCTS a relativrly 
largc distance and/or timr, inclivitliml pnrticlcs ro- 
main unchr the influence of the wave for an ap1)ro- 
ciablc period. Under tlirsr conditions the Coriolis 
force would tmd to deviate thc particles to 
thc right. 

While we have riot stntcd it 
explicitly, our modrl implics that tliciv is no mix- 
ing of air between the It~yci*s, i. e., that the invw- 
sion h is prcsorved as a simply connectcd bound- 
ary. In tho undisturhrd stnt(1, this assumption is 
quite valid. TIowevor, with the pttssage of tlin 
jump, applroin1)le coriv ion tl~I<('s placo and not 
infrcqucn tly tho lower Iaycr piorces tlio inversioii, 
and may ov(m dcstroy it coniplctoly. Although 
the jump may liavo progrcssed oilward by tho time 
this destruction of the invcraion has tiLlten place, 
it is not unrcnsonahle to suppose that tlir effects 
of this invcwion clrstruction may be propagated 
too, arid in some manner influeiice tlic future 
hislory of the jump. 

6. No mQing. 





CIIAPTEII JII 

MI1:TEOROJ~OGTCA JJ APPLICATIONS OF TI I I3 1 IYDRAUl ,I C ANA1,OGY 

Thcrc is no i-c~coid of wlicn inan first contchm- 

of wator. It was probably among the first and 
most obvious approaches that suggested them- 
selves to the serious investigator of meteorological 
plienomcna. As pertaining to the three layci 
model discussed here, i t  is possible that Helm- 
holtz [27] wns among the first (if not the first) to 
think of atmospheric waves on inversion surfaces 
by analogy to internal water waves on density 
discontinuities. Sliaw [52]  in 1913 really ap- 
proached tlie cssence of tlie hydraulic analogy 
(table I )  in describing a line squall. (He did not 
distinguish a t  the time bctween a cold front and 
a nonfrorital squall line.) He said, “these phenom- 
ena recall those of the advance of a bore up a tidal 
river which could give in a like manner a sudden 
increase of pressure upon a recording gage if we 
imagine it to be placed a t  the bottom of the 
river.” The first known attempt a t  a more 
direct application of the hydraulic analogy as 
dcscribccl in table 1 was by McGurrin [:39] in 
1942. McGurrin tried to apply this analogy to 
clevclop a mechanism for tornado formation. 
While it may be debatable whether his conc:lusions 
arc indeed realistic, the fact that he arrived a t  
these conclusions through the use of the h ytl rnulic 
analogy is noteworthy. In  1945, Rossby [46] 
suggested that internal waves in the atmosphere 
are capable of developing sharp forward boundaric~s 
by analogy to thc propcrties of dispersive waves 
in the ocean. While he did not use the hydraulic 
analogy in the strict scnsc in which wc liave 
clcscribed it here, his discussion of atmospheric 
waves with sharp forward boundaries (pressure 
jumps) by analogy to thc flow of water is indeed 
interesting. The first attempt a t  the application 
to meteorological situations of the unsteady state 
features of the hydraulic analogy was by Freeman 
[14] in 1948. Freeman argued that since Coriolis 
force effects are negligible in the tropics and morc- 
ovor, sincc thc stratiiication of thc  ntmosplirro in 
thc tropics approximates a two laycr autobaro- 

plntcd wc%thcr procc’sscs by annlogy to tltr flow 

tsopiv atmosphcrc, we may apply tlir nnnlogy. 
IJsiiig t l i c  mrnn wind i n  th(1 loww I t i - y y c ~  tis ivpoiot c l e l  
on thc C,-lioiii*ly pilot, ballooii ol)schi.vn t ioiis, t inel t 1 1 0  

vnriation of tlic inversion as r c p o r t d  by tho 12- 
hourly radiosonde observations nt one station (1Tol- 
landia) , he was able to construct the characteristic 
linos and show that thc jump with thc proper in- 
tensity arrived at a station 350 inilcs away (Bid<) 
a t  tlie approprinte time. In 1949 Abdullah 111 
dcmonstrated that if we assumc that the atmo- 
sphwc bcliavc~s as dcsc~ihcd in column :3 ,  tn hlo 1 ,  
wo arrive n t  many of thc fcnturcs of thc flow tlr- 
scribctl in Chaptcr I .  Al)tlullah’s mcthod of solu- 
tion follows the muthema tical metliod of 1-Iugoniot 
and for drtails tlic reader is refcrrcd to 111 or 1211. 
In cssencc, Abdnllah disousscs an olevation typc 
wave which progrosscs on a cold frontal surface 
and steepens as it moves forward. Abdullali’s 
main intcmst was to show that when this wnvc 
breaks on the surface (after dcsoc~nding the cold 
front) more than sufhcicnt cricrgy is liborntc~d for 
cyclogcncsis to occur. ‘I’his hypothcsis he dcm- 
onstratcd with n c:nse study. 

The first gcncrnlizntion of the problem with 
regard to the application of the analogy to vtiri(d 
atmospheric situations was in 1949 by ’I’cpper and 
Frccman [63] who statod the general atmosphcric 
conditions under which the hyctrnulic analogy mny 
lie utilized. I1=sscii tinll.y, tlicsc conditions are tho  
assumptions listed in Clitipt cr 11. 

APPLICATION TO PREFRONTAL SQUALL LINES 

A review of the mctcorological litcraturo will 
disc:losc that the term “squall line” is ainong ilio 
oldest in meteorology, but is p r ~ ~ h q ~ s  thc k?RSt 
clearly defined. Prior to thc gcncrnl ndoption 1)y 
meteorologists of t h o  frontal theory of cycIoItcs, 
it was custornnry to tlc+yiatc ns a squall linr, 
any line of storms proj~rting in a gonerd soutliwly 
and eastcrly dircction from a dcprrssion. Sudi 
storms wero tdinractcrized as bcing of strong 
intensity, accompanied by strong wind gusts, 
wind shifts, prcssurc riscs, trmpcw tnrc ftills, nntl 
heavy rain of the showery type. With tlic ntlop- 
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8. Tllcl ni r  ninss int,o which the squall line 
propagates is usually clinrnetcrized \)y 
two qnnsi-adiabatic lnycrs separated by a11 
inversion of tcnipcrnture. 
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' 05 
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and indicat cs the progression of the prcs- 
sur0 jump line. In  this figure, as in 
su1)soquent isodironc charts, the number 
to the right of tho station c-iidc refers to 
the time of passagc of the pressure jiiinp 
while the ratio to the left refers to the rise 
in pressure divided by the duration of the 
risc. in minutes. Figure 16 is the upper air 
sounding. It shows not only that thc 
stratification approximates that of tho 
three-layer atmosphere model, hut d so  
that, the air was very dry. As a t:onse- 
yuoncc wc would cxpt!':t that cvc'n con- 
sidrrable lift by t h o  prossure juinp rriiglit, 
be inadcquatc to ~)roducc c:on(lotisrLLion 
and precipitation. The  star s y m t d s  i n  
figure 14 refer to those stntions which Iiii(1 

recording rain gagcs but whicli tlicl  riot 
record m y  procipitA ion associutctl with 
the prossure jump line passage. I O  t*tm be 
noted that all of the corrcspoiitling ti*acos 

show I riiirlicv I 1) wss I I i*o i-iscbs II cv(i I' t 11 01 PSH . 
J his intist iwlo  out i8lio Iiypot licksis lliiit 011c 
rise in  prc!ssriro in squall lines is t l u c  orily Io 
falling piwipi tation or t h t b  nssoc:iatotl c*oltl 
air downdrafts (see [7], [49], ( 

this particiilar case was tho only oiio of tlic 
12 c:ascs stutlirtl in wliicli no station ro- 
cortlctl procipit ntion, it is of furthcr intcrcst 
that, in only o m  other cusc (lid a2Z of the 
stations report prrcipi( ation. Tlic rc- 
maini ng cases con tjainct1 niinicrous intli- 
vitlual exarnplcs of prc~ssurc jumps un- 
at:c:ompanictl by piwipiLation. 

5 .  Sporadic: prc!ssiiro jumps whit.11 could noi, 
t)c systcinatiaally alignotl were dvo found, 
The propt~rtic~s of suc:l~ jurnp  iieotl frirtllor 
invcstigat ion. Siri(lc oiir objcotive l~crc  i s  
to study c~ascs of prcssu~*c jrmps whicli arc, 
nligiicd, LVP slirill pui-sric tliis poiiitl no 
furthcr at thiu tiiiir. 

r 7  
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and llodgo City (lig. 18) wcrc all so vctry intcwst- 
iiig that a closcr cxnmiriritiori of thv cvrnt \vas 
matlc. It will bo rioted that the Goodland tratico 
rcprcwn ts u suddon rise in prc!ssurc-n prc’ssr~rc 
jump-followed by UTI oscillation which has all the 
iippearancos of a tlampctl wavc. A closw examitla- 
tion will r(.veill that tire period of the first two 
waves is ahout 8 minutes arid that of the su~c (~od-  
ing wavelcts is about 5 minutes. ‘J’hc traccis for 
Crrwdcn City and Dodg: City do riot produw the 
idantical wnvo structim, but, in gcnc1r1~1, i t  is c . l ( m  
that thc ovcr-all pattwri is mor(! 01’ Irss tlio siinic. 

I he answers to tho following two qwstioris wwe 

(1) Whnt produc:rtl thc initial and pronounocd 
rim in prcssrtrr n t  tlirse thtw stntions? 

(2) Wlrrr t is t h  ~xplitriti tion for tlw ~ I t i i ~ p d  

r ?  

Solrgh t : 



OOODLANO, KANSAS 

0801 CST 0901 GST 

GAROEN CITY, KANSAS 

0957 CST 1057CST 1157 CST 

DODGE GITY, KANSAS 

1221 C S T  
S H E &  t CHANGED 

MICROBAROGRAMS, MARCH 10, 1951 

By advrcLion of cold nir ns 11, v i i i iw for t h  pws- 
 SI^ rise, w o  rofcr LO possil)lc cold €ron tal cicbivity. 
Indocd on the dny in qucst,ion, I \ / l t i id~  10, 1951, 
a cold front did trnvcrso the rwea. On figurr 20 
we have plottocl tlic synoptic foritiwcs of tlic clay 
on an 2, l-dingrnin. ‘I’hc x-axis wns t tdrm iinr1111i~ 
to the oriontation of both tlw ~)rc~ssnrr juiup liiic 
and cold front. From tho rcgiilrw WRAN Aiidy- 
sis CcntJcr ~ - h o m l y  surfncc synopt it* 111idyscs, i t  
was possiblo to lo cat,^ tho surfucc position of tho 
cold front on tho diagrnm. ‘l’lieso swccssivo 
&hourly positions arc jndica lod wit11 solid tri- 
angles. Tho succcssivc! positions of tlic prcssure 
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B and G with any smooth wirve in order to allow 
tho front con tiniious velocities will iritlicn tc’ that 
somctimo during this :%-hoiirIy pcviotl tho front 
speed must ‘have cxcccdod I00 in. p. 11. On that 

I day, however, at no chvthon did the wind c~xccod 
45 m. p. h. behind tho front. Furthcrmore, 
figure 19 indicates that in each casc, we can find 
a later time (roprcscnted by a star) which r*cq)re- 
serits the cold frontal passage much more cloarly. 

17 
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20+ 
4 11125 
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979- io32 
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982 
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988 979,t,ii~~ 
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990-*- 
991 
992 
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Wc must thus diminntc tho ntlvcc%ion of cold air 
as II caiise for l,ho p w ~ s i ~ r ~  jumps. 

‘ 1 ’ 1 1 ~  cans(! of t d t c h  rupitl risc in prcssura lirs in tlio 
third altwnativo-i, e , ,  in wavc motion. As 
intlic~~tctl in tlrc prrvious 11aragrapli tlic weathor 
observations u t  (>noli of tho three key stations 
(fig. 19) show that following tlio timo of tho rapid 
rise in prcssurc there is, at  some later time, a 
rlcfinitc! itidictition of 11 cold frontal passage. 
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are oscillatory. To datc no cxplanation for this 

phcnomcnon has becn put forth. For 3 > 2  the 

oscillations cease (fig. 21). If this relation holds 
for the three-laycr atmosphere as well, tlicri in 

the case in question where - 1.8 there occurred 

tdic atmospheric analogue to the oscillatory 
hytlraiilic jump. It is quit(? possiblo that all the 
osc*illatior~s intlicat (it1 011 t h c b  mic*robarogrmns 
(fig. 18) arc tlirc to ttic os(*ilI~,tr)~*y prossiIrc! jump. 

h 
h 1 

h 
h 1 

l -  
hl t-- 

+ t - - i - - c - t  t-- 

Typicol profile of o w r o k  hydraulic jump (hdh,< 2). 

Fiorrrts 21. Typical profllcs of statioiinry hytlru~ilic j i~ i~ ips .  

On tjhe other hand, i t  may bn that the pcriod set up 
by the oscillatory prcssurc jump was resonant 
with a vcry short natural pcriod of oscillation of 
thc atmosphere (sec [12]). It is dificiilt to 
answer the question at this tirnc as to which of 
tlicse alternativcs is the morc lilrcly. 

There is one further bit of c?vitlcncc to support 
the conten tion that tho oscillat ions of tlic micro- 
1)arograrn rcflcct, tho oscillat ions of tlie inversion 

srrrfnca rose, cooling and oontlrnsn tion worild ~ J I I C C  
placc, and evcry time tdir invrrsion sui-facc fall 
hcating and evaporation would occi~r (c .  I. [33]). 
Fortunately, the solar radiation rccortls from 
Dodge City were avai1al)le for this comparison. 
On figure 22 tlic!~-c arc supwirriposcd tho solar 
radiation trace and tho microl)arog~.tim for Dodge 
City. This relationship is striJcivi,g: A maximum 
in prossurc (diic to tho  maximum risca of the 
inversion surface) corrrspolrds in time with a 
minimum valiic> of solar  adin in lion 011 tlir ground 
(duo to tQic intrri~aption of tho  solar brain by 
contlc~nsccl walcr. vapor). A minimiim in prcasurc 
(duo to a maximum fall of th(1 invorsion surface) 
corrc!sponds in time with a maximum vahic of 
solar radiation on tlic grorind (duo to tdic drci~caso 
in cloud particles, accompaiiying the ovaporation 
of watcr droplrts). Tlicb fact that tho solar 
ratliat ion oscillat ion pcrsisi A hcyond t h o  p~*cssnro 
oscillation may iricaii that tlic formci. (in this case) 

s11rface. wc wollltl oxp that ovc~i+y llinlc tho 





Interpretation: The interpretation of those cvcnt,s 
according to the pressure jump hypo tjhcsis may be 
as follows. The  cold front is quasi-stationary in 
western Kansas. A new push of cold air crosses 
thc Rockies (analyzed by the WBAN Analysis 
Center as a “cold front aloft”). This additional 
push produccs a wave on the cold frontalsurface 
and this tlistitrbnnoc moves along as a gravita- 
tional wave. (See [l].) A mnrlccd tcmpcratiirc 
inversion (AO=8“C.) a t  about 5,000 feet m. 5. 1. 
exists ahead of the cold front. AS the  wavc on 
the cold front pushes against the air beneath lhe 
invwsion, it produces an elevation-typc wnvc 
which moves out  ahcatl of tho cold front on tbe 
inversion. l‘tiis elevation-type wave “1)rraIcs” into 
a prcssore jump line in a mnnnor tlcsoribetl in 
Chapter I. Mranwhilo tha original wnvc on l h e  
cold front surface “breaks” on the surface oausing 
the front to accelerate cx~stwnrd. According tto 
Abdullah [l], this action is c.ontlucivo to oyc:lo- 
genesis and indeed a wave does dcvelop on the 
surface front. 

Graphical Represen,tation on the z,t-Diagram 
(fg. 24): The successive positions of thc surface 
cold front are plotted as oircles and a smooth 
curve is drawn through t,hcsc! points to rcprescmt 
the progress of the cold front. ’l’ho cold front 
motion is far from constant hut rather rcprc- 
sents first a constant, speed (up to about 1500 
CSI’, April 24), then a tlccderation (up to about 
1830 CSr) ,  then a uniform speed (up to 2100 
CST), then an accoloration (up to 2400 CSrl\), 
then a uniform s p e d  (up to 0330 CS7’ April 25), 
and finally a deceleration. Undoubtedly, some of 
these variations may be due to tlio cmrscncss of 
the reporting station network by means of which 
any pinpointing of a frontal position is difficult. 
I-Iowcvcr, in lieu of an alternative, we shall nccept 
as correct thrsc positions as tleterminctl without 
ang bias by thc WBAN Analysis Center. 

Since the height of the inversion in the air mass 
alicad of tho front was at 5,000 fect m.  s. l., we 
have includcd the position of t,hc intersection of 
tho frontal slopc with the 850-mb. surface. Pra- 
sumably, it is that, part of thc slopc from tdtc 
surface to tlie 850-mb. lcvcd whiclt would be 
pushing against the air hrneath the invrrsion. 
The  progress of th6 850-ml). posi tion of tJ i c  cold 
front was much more tliniciilt to follow on tltc 
2, t-diagram since tb(! irppc’r air mops arc! drawn 
only every 12 hoitrs. l ’ h c  April 25, 0300 GM‘I’ 

(April 24, 2100 CS’l’) map yicldctl the one posi- 
tion at, I~yons. ‘I’h subscqurnt map yielded 
another point at  1600 GM‘I’ (0900 CS’I’) of)‘ t he  
diagrnm, and so a linc drawn connccting tbcsc 
two points may be consitlerctl as representing t h o  
mean mot ion of tho c d t l  front nt, 850 mb. betwcen 
tbcsr  two timos. B,y constructing n time cross 
scation at nodgo City, wc could interpolat c for 
another position of the cold front, a t  850 mb. 
(1930 CSI’). We may draw a line botwrcn this 
point and the position of the front, at, 850 mb. at 
1500 GMT, April 24 (0900 CST April 24, ofl the 
diagram) to rcprcscnt, tho  mean motion of the 
front I L ~  850 mb. 1~Awccn 1500 GM‘I’ April 24 1 

ant1 0130 CM‘I’ April 25. Wr now have spec.ilicd 
complctdy the  progross of thc front at 850 mh. rs- 
ccpt 1)ctwecn 19:30 and 2100 CS’I’. Tn ortlrr to join 
thr two lines with IL smooth ciirvr, WP arc compellotl 
to draw t~ curve with II point of inflection. This 
mci~ns td ia t  the front first ac lcrat~ed and then 

Thus, wc havr spwificd oomplctclv on an 
z,t-diagrani both tlic surface and 850-mb. positions 
of tltc cold front. We havc roprcscnted these 
positions by c.ontinuous lines so that, we hava tlio 
continuous motion sproifirtl. 

The 1830 CST position (at NSC) of the wave 
on ttic cold front surfarr (tho front aloft) was 
available from the analysis of the surface synopt,ir 
maps. From prcvious maps we determine its 
spcctl rintl rrp~~cscn t that spccd by a line through 
its lcriown position nt 1830 CS’I’. All significant 
synoptic lines huvo now heen represented on thr 
5, t-di agram. 

The 
theory as we have tlovrlopctl it implics that wo 
arc’ tlealing wit 11 a horizon tal lower surface and 
uniform velocit ios (tlirotigh t he vert ical) 1)clow 
thc  inversion layer. Nr~turnlly, n cold front, hav- 
ing $1 slop. othcr than vw! i d ,  will not tillow 11s 

to mwt, those contlit ions. We must replace then, 
thc w1 ut~1  (*old frontal slopc brlow thr invcrsion, 
with II vrrt i o d  cold frontal  slop^. This approsi- 
mntiori may lie rnntlc! if we t8nlco the midpoint of 
t h  positions of the c.oltl front at the surfacc aut1 
at 850 in?). as the position of thc “ver’ticul” cold 
front. On the z,t-diagram thc line stnrting from 
A rcprcserits the untlistirrbrd motion of thc “vcr- 
tirr~l” c d d  front,. We stop this line at tho point 
whci-c it in1 wscvts  thcb line rcprcwn! ing the ~ a v e  
on the cold front. At this point the latter im- 

We iieetl make one motlifiration, however. 
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parts an acceleration to the vertioal cold front,. 
Similarly the line ending a t  B rcprcscnts the final 
motion of the “vertical” cold front. We join 
these two lines with a smooth curve (without in- 
tersecting, of course, the 850-mb. arid surface posi- 
tions of the front). l i n e  AB reprcscnts the mo- 
tion of the accelerating “vertical” cold front. 

The wave on the 
cold frontal slope hit the “vertical” cold front and 
accelerated it. This acceleration set o f f  an olova- 
tion-type wave on the inversion surface ahead of 
the front. The wave then broke into a prcssurc 
jump. There is a suggestion of a deceleration 
following the acceleration. This deceleration pro- 
duccd a depression-type wave whicli followod the 
prcssurc jump in tirnc. (The details for the con- 
struction of the characteristic lines arc omitted 
here, but may be found in ch. I.) 

The crosses and circles reflect all of thc synoptic 
data used in the construction of t h  .r,t-diagrain 
and the characteristic lines. We shnll now (win- 
pare our diagram with the mit~robarograms lor 
tho stations located along the distancbc line. These 
traces have been drawn in tlicir appivpriatc! p1ac:e 
(pressure increasing to thc 1t:ft). Ihch srririll di- 
vision represents .O1” Ilg. or i i I ) o i i t !  .8 ml). We 
shall connitlor the J J ~ C S S U ~ C  t r u c w  in f i n w  tlc~triil: 

Ness Cit2y (NJrQ) : As the wavr on tho c ~ l d  f ront  
passed over tho station (1830 UST) thcrc was a 
marlied pressure incrcase. 

Larned (LAB): ‘J’hc wavr on t h  c d t l  front 
passed at about 1926 CS‘J’, tlpproxirriatcly tlrc titrio 
that the pressure bcgan rising. 

Lyons (LYO) : The elcvt~t ion-t,ylw wrivo 11ri t l  

already hecn formed and i t  pnsscd J JYO at oxr~t*t ly 
the time that the marl<cd pressure rise lwgan 
(2032 CST). The total rise in p i ~ s u r e  must IN 
attributed not only to t h c  prcwurc! jump line but, 
in addition, td the w w e  on tlic cold frontal slope 
which passed shortly af terwarcls. 

The picture is now complete. 

Itofcrcncv to the x,t-tliagram will i*evcal that the 
time ol tho rapid rise in prcssuro at the remaining 
stations fits very well with the calculated time of 
arrival of the jump as computed by the graphical 
mcAhotl of characteristirs. 

Note the marlced fall in prcssurc following the 
risc at LYO, MCP, antl IIII,. Our t,heory does 
not anticipate this. TSowcvcr, it  is very intcrcst- 
ing tliat this drop oc~i~rred only while the wave on 
t h ~  cold frontal surface travcllcd down the slope 
of the cold front. It may be that as the wavo 
traveled down t!hc slope its shapc continued to 
change in such a way as to account for the prcssure 
variation. The  gentler fall in prcssurc a t  COT, 
LBO, and CAR (following the ~~ressurc jump) fits 
vcry wcll the tlcl)rc~ssiori-t,~pe wave oliarac:teris(,it: 
lincbs (sr:e oh. 1 V) . 

We also n o k  thf, tllrro was c~onsitlrrnblo agita- 
tion in pressure a t  MCI’ ant1 HIL between 1900 
and 2000 CST. We omit any explanation of this 
bclravior except to point out that therc? may bo 
some connection bctwcon this nctivity and the 
dcwleraLion antl stagtitition of the cold front 
during that pcriotl. 

Wc conolutlo them tlist our irif,cirpt’ci(fL~,iori of LIIO 

j ~ i r n p  11ypofhosis is cwisistmt wi t l i  tho presslire 
t l l~ tr i .  LILI<(YI ovw a d u t  i vdy (lcnso net,wo~k 

l~’inally, il, is of itit(wst to titltl t h o  lollowing 
piwipitatiou tlatti which t:ovcr the oritire period 
lwitig clisoussetl : 

- - _  Truoc. L Y O -  - -. Noiic:. (X)‘I’ _ _  
M C I ’ _ _ _ _  _ - _ - -  - .01” 1 ~ 1 3 0 -  - . .__ None. 
1111, _ _ _ _  _ _ _ _ _ - - - _  .02“ ( i A l t  _ _ _ _  - _ _  Noiic. 

SJ”lOpt~i0 (lata Of f l i t*  Cl2I.y 1)y JTlC’nllS of bl lC  prt’SSIlr0 

In athcr worth, inui~surua\)lc p rec ip i td  ion fell 
only during the intervd wlirii the wave on the 
cold front, and tlio pr~ssure jump line were fairly 
(*lost; togctl~cr. T l i t ~ i t ~  intlivitlual (+I’e(bts were 
inatlcquato to protluco any mct~surcd)le amount of 
rain frill. 



(21-1 Al’TER IV 

OTlIER IlYDRAULlC MODELS 

a 

In tlic previous clinpter wc linvc spccificd only 
one incclianisin for tho forinnt,iori of n pressure 
jump line-the nccclcrntion of n oold front int]o n 
rcgioii which could be described ns n tbrca-layer 
ntmosphcre. This mcclinnisni is tl cscribad sclie- 
innticnlly in figit re 25. T h o  cold front nccolcrntm 
from its spccd givcii by linc A13 to t h  spcod given 
by linc CD. Tho curvctl linc 13C intlicntcs the 
accclcrntion (its slope is conthunlly incronsing, 

implying its velocity - is also inamsing). We 

prescribe thnt thc air below thc inversion nnd 
ndjaccnt, to the (+old front iiiovos witli tho spcotl of 
tho  front. We hnvc tlicn n tlistri1)iit ion of vdo(it,y 
along n linc in tlic .x,l-plnnc. If in addition we 
know tlic ini Linl invcrsion hcigli t, tlien by Caso 
111, 11. 7, wo may solvo for. t h o  flow. we l1avc 
scon that this t,ype of a tlivtribution of conditions 
(1). 8) indirt~t,cs an rlovnl ion-t,ypc wn,vo. Figuro 
25 shows this clcvation-lypc wnve nnct tlia formn- 
tion of n prrssurc~ jump lino moving out nhoatl of 
tho cold fro11L. 

This pnttcrn is by no nicnns the only way in 
which a prcssni*c j u m p  liiici may bc protliioed. 
Following, we slinll prcscnt otrlior inodcls for tho 
formation of prcssuro jiinip linos ns wcll us n 
proprySnting tlcprcssion-type wnvc. This list, is 
far froin c*ornploto and t hi! autlior is ccrlnin tlint 
other motlcds (:an I)c nntl will bo suggcstod by any 
investigator conccrning hin~sc!lf with this tlicory. 

d x  
dt 

Standing Hydraulic Jump 

TIIE STANDING I’BESSURE .JUMP LINE 

Freemnii, Bailoy, nrid Byors [ I O ]  liavo found ovi- 
dcncc of a pr(~sstir~ jump forniccl in t i  ninnner vcvy 
similar to tlio formation of u standing liydrc~iilic 
jump at tlic base of n spillwny (fig. 20). This 
phcnorncnon, wcll linown to t h o  hydrnulic cngi- 
neer, is for~rird by t h o  ncoclcrt~t ion of WIJ~LW tlown 
t ho  spillwny. 1f this ncoclornlioii produces supcr- 
critical spccds in t h o  liquid, t l i c ~ n  at the bnsc of 
tho spillwny tlic wntcr lovd c*linngos t h r r ~ p l  ly 
froin tho higli cncrgy levo1 (shootdng wnt cr nncl  
low dcpth) to t h o  low oiiorgy love1 (stronining 

w n  t cr nntl liigli dcpth). F r ~ ~ n i n n ,  Bsilcy, nnd 
Hycrs proposcc.l t Iin 1, in tJic ntniosplicrc nccclcrnt ing 
air do\w tlic c*old frontd slope could by nunlogy 

1’ 

I 

Standing Prrirun Jump I w’”/”-””/’/f~- 
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produce a standing pressure jump ahead of the 
front. They present synoptic data and show that 
this evidence is compatible with their hypothesis. 
This type of pressure jump line is more or less 
stationary relative to the cold front. It may, of 
coiirse, move, but any such motion would be d u e  
to the fact that the cold front itself moves. Thus, 
if the cold front moved to thc right (fig. 261)) a 
station would experience a pressure sal1 with the 
passage of the pressure jump line. 

TIlE “DOUSLIS” IWESSURE JUMP LINE 

It is of particular interest that the synoptic 
case cited by I h e m a n ,  Bailey, arid Bycrs m h t  ivc 
to thc standing pressui-e jump line contained a n  
additional fcaturc. A region of prccipitation 13 
(fig. 27) traveled out ahcad of thc front tznd, with 
time, the distmcc AB increased. Thc authors 
suggest that the prccipitaf ion was due to the 
thunderstorm activity nssoc,iatetl witli t Iic prcssurc 
jump, A. However, this uloiic: canirot cxplnin 
why the distance AB inc~cnsetl with tiino. A 
more complete explanatio~i may he givon as 
follows : 

We start with an undistur1)cd invcmion Iwight 
level. We then let air accclorate down tdic cold 

front slope. These accelerations produce a 
(‘bump” on the inversion sur€ace. The forward 
half of this bump would be an elevation-type wave 
(see p. 8) which we have seen would move out) 
to the right and develop into a jump. This jump 
could then produce prccipitation in region B. 
With time, the length of the distance AB would 
naturally incroasc. On the other hand the back- 
ward half, A, would be the standing pressure jump 
described earlier . This experirnen t may easily 
be duplicated in a water channel. As a matter of 
fact, Freeman, Bailcg, and Byors present a photo- 
graph of just such hydraulic evidence in their 
paper. 

The double pressure jump lino was inferred in 
Topper’s [SO] model to cxplnin the E-W orientcd 
pressure jump lines which move northward into 
the Midwest. In this model, it was suggested 
that tlie fast-moving easterlies corning around the 
back side of the Bermuda  I-Tigh and meeting the 
land surface of the Gulf States wodd produce an 
E--W oriented pressure jump line which woultl 
move northward. Actually, a double pressure 
jump line would be formed. One would he n 
standing pressure jump whrw the supcrcriticnl 
flow would jump to a subcrit icnl flow at  a higher. 
elevation and the second would l m  the propagattion 
of this higher elevation northward and its dcvolop- 
mcnt into a pressure jump line. The authoi*, 
unfortunately, has no synoptic evidence to provo 
that this pattern actually O(TUI*S. 

‘FlJ15 1jA CK WA I{ I )  - hil( )V I NG I’ I{ IZSS U I< I!: J UM I’ 1,JNE 

Another mcclrnnism for tile formntion of a 
pressure jump line is proposcd in [B]. In the 
synoptic case citctl, the prc~ssi~r’e jump line movcd 
in u direction opposito to tho air flow in thc lower 
In ycr, consoqucntly the choice of thc naine 

backwnrd”-nioving p r c ~ ~ i i r c  jump .  ‘J’11c mecli- 
anisni for tho goiiclsis of the pr’cssare jiimp line is 
as follows: 7’ho ni t*  flow ‘bvnoti tli tho invcrsion \ Y ~ S  

turnrtl from a gcri~rnd southrI*lg flow to an cnst,cii4y 
ilow and direotly noixitd to a stntionnr,y front 
which wus oricwtcd N -S. As in the. ctisc! of water 
flowing against a bnrrier and piwluoing a bacltwnrd- 
movirig liptlrr~iilic jump (lig. 28), i h  WILS suggc~stctl 
tlint hy nrmlog,y a similar siturrtion took pliiw in 
tlie t~trnosphcrc. 7’110 air 1)olow the invcxi-sion 
fiowcd against the stntiomry front producing a 
presstire jumj) line whicli moved “backward” with 
respcct to the air Ilow. 

1 
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Tlio osplanation for tho gcncsis of the pressure 
jump line follows from figuro 9. Wo rocall that the 
1-direction is tlio direction of propagation of tho 
prossuro jump line. In  this case 5 is positive to 
tho east. At some initial Limo 1=0, wo havo a 
distribution of velocities such that the eastorlies 
diminish toward tho “barrior” (i. e., tho stationary 
front). Since u is positive for a westcrly wind, we 
might; interpret the previous remark as indicating 
u,>u, for xt<s,. This is osactly tho condition 
for an elovation-typo wavo and its final form-& 
pressure j ump line. 

GENERAL PRESSURE JUMP LINE MODELS 

For a moving prcssuro jump liiic, tho criterion 
We mist described on p. 8 must bo satisfied. 

havo a situation which produces citlior 
(a) ht>lLj for zi<rj (an olevation-typo wave) 

or (b) ui>u, for xt<r, (an nccolaration of thc air 

From cquation (14), clinptcr I, we have soon that 
(a) irnplirs (b), and (b) implics (a). H O W C V ~ ~ ,  in 
any specific situation i t  might bo more cvidont 
that we are donling with ono or the other. 

For stationary prcssuro jump lincs we must 
h a v ~  c~ndi t~ ions  as spcdictl in Appendis B. WC 
m u s t  be dealing with supcrcritienl flow below a11 
inversion and somo pattrrIi tliiit disturbs this NOW. 

l‘hc modcls discussed so Iur i&tc to prc’ssuro 
jump lirics only. In fact, pressure jump lines nro 
of ptirtieulnr intcrrst) bccarisr t ho  vertical mot,ion 
which t l i c y  impnit to the  ntinosphcro into which 
11 1 O;Y S U I ~ O  prod I i cis v io1 on L rcn c t i  011 s ( t u r b ~ l ~ n  00, 

thund el’s torm act ivi t~y , p wcipi tn t ion, otc.) . 11 OW- 
cvcr, tlic tlicory dcsciii)cd in clmp trr I allows for 
tlcpi~cssioii-t~pc w n v ~ s  ~ L R  wcll. Just tis clovation- 
t(ypc WILVCS nntl prcssirro jumps would tend to 
produce u p w t ~ t d  niotioii, clcl)i’cssion-typo \ V ~ V C S  
shoultl tcnd to protluco tlcscwitling motion. As 
such wo might o ~ p c c t  to fintl clcnring and gonerd 
irnprovcincnt of \ vr t~ t  Iirr conditions \vi th t 1 1 0  

I passr~gc of a tlcl,rcssioii-t,yl,c wuvc. 

brlow tho inversion). 

Ci 

iar cloud bank passcd o v o ~ h d .  Tho 1’01~1’ (\vest- 
ern) edge of this cloud bank ended very abruptly 
and had the upponranco of tlio odgo of tho  Ant- 
arctic Ice Barrier. A study of tho  synoptic con- 
ditions of tho day rovoalod that this prcssuro varia- 
tion was produced by n dcpression-typo wave 
which travolcd castn7nrd froin t ho hfidwcst and 
was propngated on an inversion surface with a 
spoed Iar in csccss of tho wind speed in that 
layor. Tho cloud bnnl< also ta’nvclod nt tho lcvel 
of tlio iiivcrsion surfneo, but wtis n d w c t  od by the 
prevailing winds. T h o  convlusion wns roached 
thnt t hc ciei)rcissiion-tyl>B wave wliicli progrcssivoly 
ovor(ook tlio cloud baiilr wns nssocintod wilh a 
rapid drop of tho isentropic surfaces w1iic.h in 
turn produc~.~l tlic aulinbnlic hcnt ing nccessury 
to drsiccntc tlio c*loiid prrrtinlly in 1110 west, niid 
c~oiiiplotdy ovcr Wusliington. Coiiiirnititioii of 
this c*oiicliision wns found in the solnr rctdin t io i i  

of t h o  solnr rntlititioii trnrcs is thnt  tlioy coiitniii 
two significnnt points---onc? is n nini*lml dccwtiso 
in riitlinlioii i i i i t l  t l i r  otlicr is IL subsoquolit sliiirp 
inci-cnsv in nulint ion. 

In (nblc :<, UT cwi i ipc i ix~  (1) tlio t h o  of dccrcnso 
in i+aditi t ion \vi th (hc t inio of onsrt of tlic c10uci 
bnrilr anti (2) tho time of incrcnsc in mdiation witili 
tlie t inir of pusstigu of tdio tlcprcssion-typo n w e .  
Considering tlic crrors t l i s t ,  mny nrisc in rcnding 
tdic ta.nccs, tho cliflcrcwco in lowtion of tlic instru- 

rccorc~s (fig. 39) or tilo (lay. rrilo g(~ncrt~i fctituro 
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Floun~ 20.--RadlnHon traces for Wn~hlnyton, 1). C:., Clrvi~lund, J'ut-In-Hny, nnd Columbus, Ohlo, and Indlnnnpolls, Tnd., Deccmbcr 0, 3040. A rc'lntlvoly 
clear-day rndlrrtlon trnco Is Indlontcd by tho dnshid Iltlr. 
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tions, the ngrccmcnt in tlic tiinc valucs is rcmnrk- 
I TIIW (EST) able. Wc inny snfcly nssociat>c tho dccrensc in 

of pressure pulse 
, 

d i n t t i o n  with thc onset of tlic cloud bank and 
tlic suddon incrcnsc in rndintiou with thc pnssngo 

1 Dccronso I Incrcnso 
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CHAPTER V 

SUMMARY 

In  this paper itj has been demonstrated that by 
applying the hytlraulic analogy to special classes 
of meteorological situations, a consistent synop- 
tically significant phcnomcnon may bc arrived at. 
This phenomenon is a pressure jump line. 

The pressure jump line is a particular kind of 
gravitational wave traveling along an inversion 
surface. Its main charactcristic is that it has a 
very steep slope so that it appears on microbaro- 
grams as a jump in pressure. This vcry steep 
slope (estimated a t  about 1:5 as compared with 
1:80 for cold fronts and 1:200 for warm fronts) 
is responsible for marked forccd lifting of thc 
atmosphere. Under favorable moisture concli- 
tions this lift produccs violent convection and 
thundcrstorm activity. 

In  order to identify a pressurc jump line, a 
meteorologist must use acceleratcd microbaro- 
graphs. These instrumcnts give a finer resolu- 
tion of the time scale and as such can diffcrcn- 
tiate between prcssurc jumps and more gradual 
pressure rises. Channcls could be devclopetl by 
means of which information about pressure 
jumps, identified by accelerator1 microbarograms, 
could be communicated to a central analysis unit. 
By plotting thc timc of the jumps on a map, 
isochrones marking thc progrcss of the linc coiiltl 
bo indicated. Then by referencc to the thermo- 
dynamic charactcr of the atmosphcrc, thc metc- 
orologist could anticipat,c tho  typc of wcathcr to 
expect with the progress of the prcssurc jump line. 

This procctlurc involves thc lcnowlctlgc about 
the existence of a prcssurc jump linc. Can any- 
thing bc said aboutj forecasting its tlcvclopmc~ t? 
Indccd thcrc can, but unfortunatc.ly not too mrich. 
First of all, the meteorologist miist bec~omc~ sus- 
picious whenever a cold front i s  moving int)o n 
rcgion tlcscri1)ctl in this papcr as a threc-hy(:r 
atmosphcrc. It is rc,c~ommcnt~ccI thatJ in such 
(’asps he cblioosc a clircvtion normal t o  tlia colt1 
front as his t-direction arid 1)egin plotting an ,s,t- 
diagram, similar to tlioso prcwntotl. 1icr.c. On tliis 
tliagrarn hr sl~oiiltl plot 

( I )  Thc suac:cusivc positions of the cold front. 

(2) Tho weather a t  thc various stations along 
his direction. 

(3) A continuous plot of the prcssurc, if 
availablc, of tho various stations along 
the 2-dircction. I n  the abscncc of this 
information, lie may plot) any prcssure 
information availablc to him. 

If thc cold front bcgins to show rapid accelora- 
tions, the mctcorologist could thcn construct the 
resulting charactcristic lincs. The weather d o -  
mcnts along thc direction of thcsc lincs should be 
earcfully scrutinizcd for any indications of a 
pressure jump linc. 

We might go one stcp furthcr and loolr for carly 
indications that a cold front might, be cxp 
accclorate in tho near future. Onc such in 
might be the appcarancc of a fresh surge of coldor 
air within the cold air mass itsclf (somcwhat like 
Abdullah’s typc of wave refcrrrcl to in ch. 111). 
We have scen (fig. 24) that such a surge bchind tho 
cold front could protlucc suhsequcnt ac 
of the cold front. Another sequcncc 
cold front accelcrations, and noted in scvcral pres- 
sure jump oases, sccms lo b o  as follows: A quasi- 
stationary E-W cold front, lies across tho Central 
Statm to the Rocliics. Whcn n small low prcssurc 
system crosses ovcr the mountains south of the 
cold front, thc portion of thc front lying west of 
the low ccntcr rushcs southward. 
tiori protlriocs IL prossure j uinp linc. Tlicsc: iwc 
but two medianisnis by means of w1iic.h (:old fronts 
scom to accclcratc. Untlout)tjodly, thci~o tirc innny 
ot hers. Once the prac+tic:ing mctcoi*ologist bcgins 
to loolc for prcssiirc jump Iiiws, it is incvit)ablo that 
a oompi~c~lic~nsivc~ listing of mcc.hanislns whioli pro- 
duce ncwlrrat ions of cold fronts will follow. 

W l i u t >  a l )on~  ~ I ’ C H R I I I Y \  juml i  lincs that, nrc startcd 
hy o~ntlit~ioiis ~ i o t  rolatrtl to a cold Ci-oiil? Wa 
linvc s(:cri thn t  m y  mot ooi~ological sitiitLt ion pro- 
(hi(-ing (lit hcr t ~ i i  noc~~lri71t ion of tbc nir Iwlow tho 
inversion, or an cilcvjLtion of tJic inveI*sion si1 r h o o  
could yicltl n prcssrire jump linr. It  is left, tlien, 
t,o the ingenuity of the intlivitl~~nl ~nrtcorologist~ LO 
rccognizc such a sitaation i ~ i i t l  l~i~ndlc it i n  a incm- 

This n 
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ncr similar to the one suggested here for the 
accelerating cold front. 

Tlic bulk of this paper lias c*oncwnctl itsclf with 
the pressure jump linc and a discussion of its 
~~ctcorologic~al pl’OpcrticS resid tdng from a con- 
sideration of tlie analogy bctwcon a pressure jmnp 
line, a hydraulic jump, and a shock wave. How- 
ever, the analogy necd not stop here. The inlicr- 
c’ht propertics of tlie flows, as drsc*riIwd in table 1, 
sliggest some interesting extensions of tQe analogy. 
We might, for example, look for 11iglily spccinlizetl 
properties of the phenomena in tdicir respective 
doninins and by means of the “dictionary” con- 
tained in t)able 1, translate these spceializcd pr01)- 
c r t k  so as to apply in another domain. 0 n c  such 
procotlure was suggcsted by Teppcr [80] in a 
speculation conccrning the origin of tornadoes. 

In gas flows, it has been demonstratd (sea [13] 
and [g]) that when two shock waves intorsect, they 
rwotluco a vortcs sliect in the flow bcliind tliem. 
Across this sliocf,, tho flow is para1101 butJ of dif- 
f ~ c n t  spccd so that n oonccntratcd z011c of ~01%- 

ticity is formcd. ‘I’ranslatcd into 1110 Inngungc~ of 
the threr laycr atniosp~wrcb, we might, stntc:  I.l‘h?~ 

two pressure jump lines intersect, +hey produce in tibe 
$ow behind them a vortex slheet. Across this sheet, the 
$ow i s  parallel but qf diyerent speed so that a 
concentrated zone of vorticity is ,formed. Tllc sug- 
gostioii was t’licn made that tornadoes could forin 
in this zoiie of vorticity. Several instances con- 
sistent with this hypothesis were prcscntod in [59] 
and [GO], where it, was shown that tornadoes were 
apparcntly associated in both time niid spnce with 
tho spaco-time locus of the iiitcrscction zone of two 
(or more) prcssuro junip lines.’ 

In conclusion, we may state that the analogy 
disciissed in this papcr betweon certain atmos- 
pheric flows arid liquid and/or gas flows opens up 
a new avenue of study in meteorology, one which 
it is hopcd will lead to a 1xtte1- underst,andirig of 
certain me teorological processes. 
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APPENDIX A 

SOME MATllEMATICAL REMARKS ON TIlE SINGLE WAVE PROBLEM 

I n  chapter I we investigated graphically tho 
threc possiblc classcs of single waves resulting 
from our basic cquations. Hcrcwith, we shall 
proscnt the same results but from a more matlie- 
matical point of view.' 

Let us investigate the local cliangc in tlic shape 
of tho wave profilc as we progress with a point 
on the wave, i. e., along a single characteristic 

line. Thus, wc aro intcrcstcd in $ (2) wliore 

the differentiation is along a givon characteristic 
line such that 

L ? + ( U + C )  i)z' a 
dt at 

Difl'crontiating equation ( O ) ,  C h p t c r  I, yiclds 

Since c is constant along tho clinractcristic linc, 
wc havc 

blr. a c  
ax ax 

rx- - 

along tlic sanic cliaractoristic linc. 
Tlius, to invcstignto the clii~ngc in shape of tho 

wave profilc as wo progrcss wit11 the point on 

the mave, wc prcfer to s t tdy-  (' (") Applying 
(1 ) , we may write 

ttt dL * 

Since c is constant along the characteristic linc, 
the esprcssion in the brackets vaiiislies, and w0 
have romaining 

( 5 )  

Tlic solution of (5) is given inimcdiatdy by 

(6) (z) bc - l  =3(t-f0)+(5J ac -l , 

w ~ m c a  (g) roprosrnt,s the local slope of tlic pro- 

filc nt t i n  initial time f = f o .  

Cin~form~flow ( n o  iuctw), If (*) -0, tlien for 

a11 1, (%)do. n y  (4) tliis incans - ( u + c ) + ~  

or the cliaracteristic lines arc parallcl. 

0 

ax 0 a 
d X  

Ilepression-type wane. I n  this cnse (%o. 
Thiis, with incrcwsing linir [&]-'most increasc. 

This iiicniis that the \vavc Aat,tcns out. 13y (4) 

w o  liavc - (u+c) dccrcnses or tlic characteristic 

lines must fan out. 
~ i c u c c t i o r t - t ! / p e  ionae. ~n t$liis case (%)<O. 

Tlius, with incrcnsiiig t h i o  c~iid until tlio value 
af f giwn below, 1 $ I must inercnse. This 

mrnlls that, tho \ V ~ L V C  strnpcns. I3y (4), Iu+cl 

inlist incrcww or tlic clinrr~ ristic lines conrcrpc. 
Equation ( 6 )  is ptwticrilarly Iiseful, in that it 

yiclds tho timo at wliicli tlic wavc of olcvetion 
(iu tho vicinity of tlic point, of tlio \V~LLVU under 
coiisitlemtioii) st crpolis into a vcrticnl slopc (the 
j uiiip). 

b 
bX 

a 

Tlio tiiiio is givrn for 

-----aw01' dC ; 3 ( t - - t  I ,  )-- --(%)-l. 
as 0 



APPENDIX B 

THE GENERAL STEADY STATE TWO-LIQUID PROBLEM 

In chapter I, we succeeded in arriving a t  a 
solution for the unsteady state flow in the two- 
liquid problem. However, in so doing, we have 
had to ignore completely the nature of the upper 
flow and consequently have becn unable to cvalu- 
ate the effect of the upper flow on the over-all 
pattern. 

We shall now restrict ourfattention to the steady 
state problem, but here we shall include the upper 
flow. In this manner we shall attempt to learn 
something specific about the importance of the 
upper flow. I n  particular, we shall seek the 
answers to the following questions: (1) Undcr 
what conditions does the upper flow produce 
negligible effects? I n  these circumstances we 
might expect that our unsteady state solution 
may be applicable. (2) When the effect of the 
upper flow is not negligible, in what manner does 
it affect the over-all flow pattern? I n  tlieso 
circumstances, the unsteady state solution may 
be considered as a first approximation only. 

The Problem: We establish our coordinate sys- 
tem with tho jump, so that the liquids appear to 
enter the jump at  ono level and leave it a t  another. 
All velocities are relativc to the jump speed. The 
variables used in tho problem are given in figure 30. 
The subscripts 1 refer to the conditions on that 
side of the jump whcrc the lower liquid appcms 
to enter the jump, and the subscripts 2 refer to 

t I 

the conditions on the ot,her side of tJhe jump 
where the lower liquid appears to lcavo thc jump. 
We retain assumptions 1, 2, and 4 given a t  t h o  
beginning of chapter I. I n  addition, we specify 
that while the surface z=O is a horizontal surface, 
the height of the free surface, z=EI, need not 
remain constant across the jump. This latter 
condition will later be amended in order that our 
model rcmain physically the samc. 

There are two continuity equations 

while by definition 

(2) hi + r~ I = Hi 
h2 + ?I 2 = a 

We have assumed the pressure hydrostatic, so 
that 

(3) p (at height> z in the lower liquid)= 
P’ @I- h) + P II ( 1 ~  - 2) 

p’ (at height 2’ in the upper liquid)= p’g(I2’-2’) 

I n  order to write the momentum condition, that 
the difference in thc pressure forco equals the 
difference in motncntum flux, we note that tho 
difrcrcncc in tho pressure force 

(p -p ’ )  (1 (h;-h:) 
2 

while thc tlill’cwncc in i r i~m~i i t i i in  flux is given by 

AM- ph27L: t+p ’ r ]2~ i ; -  p ? i , l ? L ~ - p ‘ ~ l ~ :  

Equating A/’=A/\f ,  using ( l ) ,  nnd ddining for 
con v cn i (in co 

46 



tho mornontum condition reduces to  

(5) r;(x-l) [--- x + 1  -;I+ 
s(y-1) p y  ---- d.3 =sr1(1-xry) 

Sinco wo have not restricted tlie free surfacc to 
be a constant across tlic jump, equation ( 5 )  
represents tlie moincntum equation for tlie gonural 
two-liquid steady-sta to  problem. In any given 
situation, yl, and s arc considerod known since 
they rcfcr to undistur1)cd'propcrtios of tho liquid. 
Tlius, if we arc givon in addition, oitlier t h o  flow 
velocities (roprcsontod by li; and $1) or tlio wt~vc 
profiles (roprcsentcd by n and 11) this oquation 
roduccs to a single equation in two unknowns. 
We ricod specify aiiotlior condition in order that 
the problcni be doterminod. In  our inodol this 
other condition is that I$, tlio hciglit of tho h e  
surfaco, is a conslant. Bcforo wo apply this 
restriction, wo shall inspect oqiiation ( 5 )  briefly 
and draw two very simplo rclations from this 
general cquation. 

1. A trivial solution is givcn by a=y=1, the 

2. Coiisidor tlic cnso s=O, or p'<p (tho condi- 
caw of 110 jump. 

tion for a single liquid) 
Equation ( 5 )  rcduccs imincdintcly to 

x + l  F:: _. 
2-' - x = O  

which is the standard equation rolating tlie lioight 
ralio to tlio Froudc number. 

We sliall now return to tho conditions of our 
basic modo1 and imposc tlio addit ioiinl condition 
tj1at 
(7) €& = H I  

It follows readily that 

(8)  ?/"T1+ 1 -r1x. 

Substituting into (s), we have 

whcrc F, and are modified Froudo iiuiiibors 
givon by 

Tli~,  case where cli, = O  prodiiccs iiniiicdiate 
rcsults. In tliis cast (9) reduces to 

(11) x + l  F:-o 
2 s  

which is analogous to ( 6 )  , the cquatioti for a singlc 
liquid where, liowovcr, we replace tlie Proud@ 
number by a modifiod Froude number. This 
equation can b o  solvod for u1 in terms of 5 (=k) 
to givc tlic spced of t~ jump moving as a steady 
sttibe pl1c1i0111en0n into n region wliorc the lower 
liquid is nt rest and tlio upper liquid is moving with 
tlio spood of Lho jump. 'Miu solution yields 

Returning to tho basic oquntion (9) where a1 
ncod not be zoro, wo noto that this oquatfion is n 
cubic in 5.' 

A graphical solution for x is given by 1% successive 
application of figurc 31 which is a nomogram 
solution for tliu equation 

The procodurc for tlie uso of this iioiiiograin is 
as follows: 
Stop 1:  Entar tho loft-hand side wit81i t>lie initial 

vnluos of r1 and s and find the corrospond- 

ing valuc of al=- on tho ordinate. 

Stop 2:  Entor t h o  riglit-linnd sido with this valuo 
of o1 and t ho  proper valuo of G1. Find tliu 
corrcsponding poiii t 011 the b curves. 

Stop 3:  Follo\v tho b curve until it iiitorsccts tlie 
propor value of F1. Tliis will give tlic 
first, approsimntion for tlio solution of 
(9) u q .  

S 

r1 

Stop 4: Conlpllte a*---------- S 
"-r1 (1 +r1 - r1xJ 
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S 

FIGUBE 31.-Somopam solution for the equation 



Step 5: Repoat Stop 2 ctc. usin* az iiistcad ofal 

Stop 6 :  Tlio series xl, rz, x3, . . ., if it convcrgos, 

Several numerical csamplrs in tlic rango of valuos 
clndor iiitcrcst liavo iridicatcd tliat> tho scrios 
xl, 4, x3 . . . convrrgcs very rapidly so that the 
solutioii for (9) can readily bo found. 

There nrc sevoral conclusions tliat, we inay draw 

tion (14) or figuro 31. Thc conclusions arc drawn 
only for our casa, iiainoly that in wliicli I’ roinains 
collstant. 

1. In order thnt a jump O C C I I ~  on t,lic iptwfacc 
(i. o., x>I) t81ie inotlificd Proutlc ~iiiiiibcr, 
F1, must also exccod 1. By rquations (10) 
and (4) of this appcndis and (6) of cliaptcr I, 
this implies that IuII>IcII. If \v(? intciprot 
c1 as a “critienl wave s])ood’’ chni*nctorizing 
tlic coritlitioiis alicad of tho jump, then 
this result implies that tij (stutionary) jump 
exists oridy Jor sujwtwitica81 ffow. Fiirtlicr- 
more, sincc \vo liavo consitlcrrd u1 ns the 
flow alioad of t h o  jump rclritivo to the 
jump, thon for n jump propngaling iiitlo 
ti liquid at rest lull= 1 1 1 ~ 1  ivlirra zj, is tho  
spcod of tlic jump. Thus, the speed of the 
jump exceeds the critical wave speed ahead 
of the jump.  

In  gas flow ant1 in onc-liquid Iiow (col- 
uiiiiis 1 and 2, tnblc 1) aildogous relations 
exist. In addition, i t  can bo sliown that 
for tlicso flows, tho flow bchind tho  shock 
wavr, or liydraulic jump, is subsonic OF 

subcritical, respectively. In two-liquid 
ilow, tlio flow tliat< we aro invcstigating, 
this rolation is vnlid oiily for thc- rasc 
cIq=O. It 1~ondilyfollowsfrom(l4),(1~), tirid 
(1) that for x>1, Iuzl<Iczl provitlccl +]=O. 
Tliiis, if we intrrprotJ cz ns 11 “crilirtil wnvo 

” boliiiid tlic jump, wo iriny stnto 
that when the upper biictuid i s  ant rest reladive 
to tlie jump, the Row belititid the j u m p  6~ sub- 
critical. Tllis rulo lins nol bccn proved for 

uppor liquid from tho  jiiiiip spood. 
2. Figure 3 1 rovonls nnotlior important cfll‘oct 

of t h o  flow of tlic upper liquid. 011 tlio 
riglit-liand sido of t h o  graph it can bo 

liavo tlicir minimuin a t  q)l=O. This incans 
that for tho same iiiitiiil doptlis of tliu 

4 and find tlio next appros~mation rz. 

will convorgo to tlio solut’ do11 2. \ 

about t l l C  llatuI% of tho no\v by rrrcl~cnco to (’qua- 

largo tlopnrturrs of tdlC llow spcctl of tl1o 

llotod tl1at all tho s-oquals-constall t CIIrvCs 

liquid (hl, T ~ )  and tho sniiio final dcptlis 
(h2, q2) ,  tlie valuo of tho jump speed (for 
a moving jump, tflio jump spcod is Iv,I= 
/ul I = Fl [ (1 -8) gh]’/*) is a iniiiiinuin whon 
tlio uppcr liquid is moving with tho  spood 
of the jump. For any othor vnliie of t h o  
spcod of tlie uppor liquid, tho jump spood 
is greater. 

3. It will bo rocnllod that in tho unsteady 
stri to davclopnicnt wc ignored tlio offoct 
of tho uppor liquid. Thus wo dial1 bo 
particularly in tcrosted in tliosc rcingos 
wlicro vnrin tioiis in the uppcr flow produce 
littlr modificntion in tho rcwilts. Wrom 
figuro 3 1 ,  it  will bo  notcd tliut such n range 
is given in tlic ncigliborhood of @l=O.  
For weak juinps (i. o., r n o w  I), tlic 
migo of vnluos ovcr which Q, may osteiid 
without cnusiiig a lnrgo porccn tun1 change 
in F1 is wide. I’lo~vovcr, for ltirgo vnlues 
of .r, such a rnrigo for +l is liniitod inoro 
closoly to tho  noigliborliood of +l=O.  

For moving juinps we iiiny intorprot 
this ns follows: For rolativoly wcnlc juinps 
tho spood of tho jump is nltrrod but 
littlo for n rrlntivoly wid0 raiigo of dc- 
pnrtures of tlio speed of tho uppor liquid 
from tlio juriip spood. 13owcvor, for 
strong jurnps, sigiiificiirit dopnrtiircs of tlin 
flow of tho uppcr liquid from jump spciod 
tond to incrmso tlic speed of tlio jump 
relative to whnt it would huvo boen woro 
tho uppcr liquid flowing witli jump speed. 

Energy Considerations. So far we linvo ro- 
strictod our nttoiitioii to tlio ~noinriitiiin and 
continuity considarntions only. Wliilc tlicsn yiold 
importnnt rolations, tlicy fail to shod my liglit 
on tlio roquirod direction of flow roliitivc to the 
jump. Wo liiivo csplicitly nssnniod tliat the 
lo\vor liquid ontors tlio jmnp a t  a lower lovol tlian 
t h o  0110 t i t  which it lc~avcs it. ‘Phis restriction 
that r>1 is, of coursc, not iioccsstiry for tllo 
matlicninticnl solution of tlio nioiiiemtuin oquntioii. 
Coiisistoii t solutions riro possi 1)lo involving z< 1. 
Tlicsc solutiolis on occasion will yiold F1 < 1. 

Wo slinll now prove that in most cnsos s<1 is 
iiot a pliysicully rcriliznblo situntion and that in 
tlic romainiiig cnsrs it applios to situtLtions ivliicli 
aro iiot of intcrost to us. This \vo s l d l  do by 
applying tlio following cnergy roquiranont : Sinco 
tlio flow is oscoedingly tiirbulrnt in tho jump zono 
wo postulutu tlmt tlicro iiiust bo a docroaso in 
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energy flux as the two liquids pass through the 

The energy flux (per unit width per unit time) 
of the lower and upper liquids arc given respec- 
tively by 

jump. 

We shall consider two cases. 
CASE I: u and v have the same sign. In this 
case, we postulate that the total energy flux 
must decrease through the jump since an exchange 
of encrgy between the two liquids is possible. 
Thus, using (1) and (7) and (15) 

Eliminating uz and q by the equations of con- 
tinuity and after a few simple algebraic manip- 
ulations, we arrive at  

AE +-I) [2 2- +l  1]+ 2 22 
E =  (1 --s)pguhh, 

Substituting the momentum condition (9), this 
reduces to 

where E must be larger than zero. 

satisfied provided 
(a) If z>l,  then the energy condition will be 

(b) If z<l, then the energy condition will be 
satisfied provided 

%> ?/ (5 + 1) [ (2 - 1] > 1 U]  z(y+1) 28@;(5+1) 

CASE 11: u and v have opposite signs. In this 
case we postulate that the energy flux of each 
liquid separately must decrease through the jump 
since an exchange of energy in the direction of flow’ 
is not possible. Thus, 

puh 

Eliminating u2 and vz and applying the momentum 
condition (9) l o  Ae we have 

The first of these is possible i f  and only if %>I. 
This implies y < 1 which automatically satisfies 
the second condition. 

If we transpose our coordinato systcm so as to 
be relative to the earth and assume that the steady 
state jump is moving into a liquid at rest, we may 
interpret these results as follows: 

The necessary conditions for the existence of a 
jump under these conditions are: 

whenever the upper liquid is moving in the same 
direction as the jump but usually with a s l o w ~ r  
speed. 

whenever the upper liquid is moving in an opposite 
direction than the jump. 

(4 x>1 

whenever the uppor liquid is moving in tlie same 
direction but faster than the jump. 

In the atmospheric situations to which this 
theory has been applied, the upper liquid is almost 
always moving in the same direction as tho junip. 
Thus, since (b) is rarely if ever applicnblc, we 
need rcstrict our attention only to the other two 
possibilities, namely wlrcn x>1. 
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